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DNA methylation is a primary layer of epigenetic modification that plays a pivotal role in the regulation of
development, aging, and cancer. The concurrent activity of opposing enzymes that mediate DNA methylation
and demethylation gives rise to a biochemical cycle and active turnover of DNA methylation. While the ensuing
biochemical oscillations have been implicated in the regulation of cell differentiation, their functional role
and spatiotemporal dynamics are unknown. In this work, we demonstrate that chromatin-mediated coupling
between these local biochemical cycles can lead to the emergence of phase-locked domains, regions of locally
synchronized turnover activity, whose coarsening is arrested by genomic heterogeneity. We introduce a minimal
model based on stochastic oscillators with constrained long-range and nonreciprocal interactions, shaped by the
local chromatin organization. Through a combination of analytical theory and stochastic simulations, we predict
both the degree of synchronization and the typical size of emergent phase-locked domains. We qualitatively test
these predictions using single-cell sequencing data. Our results show that DNA methylation turnover exhibits
surprisingly rich spatiotemporal patterns that may be used by cells to control cell differentiation.

DOI: 10.1103/89bj-79g5

I. INTRODUCTION

Epigenetics collectively describes biomolecular processes
that regulate cell behavior beyond what is encoded in the
DNA sequence. These processes involve the folding of the
DNA and chemical modifications of the DNA and histone
tails. DNA methylation primarily affects cytosines next to
guanines, termed CpG pairs. The positioning of DNA methy-
lation marks in the genome has been shown to be relevant
for the assignment of cell types during embryonic develop-
ment [1,2]. It is also closely associated with aging [3], and
alterations in related enzymes are one of the hallmarks of
blood cancer [4]. DNA methylation marks are established by
a family of DNMT3 enzymes, and they are maintained during
DNA replication by DNMT1 enzymes, among others. DNA
methylation marks can also be actively removed through a
chain of biochemical reactions involving TET enzymes. TET
enzymes modify the methylated cytosines (SmC) by oxidizing
5mC to hydroxymethyl-cytosine (ShmC), then to formyl-
cytosine (5fC), and finally to carboxyl-cytosine (5caC) [1,5,6]
(Fig. 1).

Paradoxically, in several biologically relevant contexts,
cells express antagonistic enzymes that methylate and

*Contact author: fabrizio.olmeda@ista.ac.at
fContact author: rulands @lmu.de

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2835-8279/2026/4(1)/013018(13)

013018-1

demethylate the DNA, namely members of the protein fam-
ilies DNMT3 and TET [1,7]. These contexts include the
priming of pluripotent cells for differentiation in early de-
velopment [5,8] and the differentiation of hematopoietic stem
cells [9]. This coexpression leads to a biochemical and largely
irreversible cycle, in which a CpG undergoes cyclic chem-
ical turnover involving the conversion of cytosines (C) to
methylated cytosines (SmC), then to hydroxymethylated cy-
tosines (5hmC), and via multiple intermediary steps back to
the unmodified cytosine. The periodicity of this oscillation is
approximately two hours, and the oscillation phase is cou-
pled genome-wide to a limited degree [8]. Oscillatory DNA
methylation turnover has been specifically linked to enhancer
regions [5,8] and to inducible genes targeted by the estro-
gen receptor « [10,11]. Active turnover of DNA methylation
seems to be necessary for the regulation of cell differentiation
in development [5].

Experimental work on active DNA methylation turnover
has mainly focused on DNA sequencing technologies such as
bisulfite sequencing [12]. State-of-the-art technologies cover
around one in five CpGs in a given cell and cannot distinguish
between more than two chemical modifications. Methods
that can distinguish between C, SmC, and 5ShmC in single
cells have orders of magnitude lower resolution [13]. Be-
cause sequencing also relies on destructive sampling of the
cells and DNA, dynamic information about DNA methylation
turnover can only be inferred indirectly. Therefore, despite
active turnover of DNA methylation being associated with
relevant biological scenarios, its spatiotemporal dynamics and
biological function are unknown. Theoretical predictions are
hence pivotal for understanding the spatiotemporal dynamics

Published by the American Physical Society
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FIG. 1. The biochemistry of DNA methylation turnover involves
a DNA methylation cycle that is divided into three phase intervals,
Y1, Y2, ¥3. CpGs in the first phase interact via restricted long-range
couplings with CpGs that are in the second phase.
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of DNA methylation turnover and inform targeted experimen-
tal approaches.

Here, we investigate the range of spatiotemporal behaviors
that DNA methylation turnover can exhibit. We map the inter-
play between DNA methylation turnover and the geometrical
configuration of chromatin onto a driven oscillator model
with nonreciprocal and nonlocal interactions. We show that
DNA methylation turnover leads to phase-locked domains that
are globally weakly coupled. Using analytical and numerical
calculations, we demonstrate that the degree of global syn-
chronization increases with the coupling strength and then
saturates, reaching a partially synchronized regime in the limit
of infinite coupling strengths. Phase-locked domains coarsen
over time much larger than a characteristic timescale, which
is much larger than timescales of active epigenetic turnover
for weak disorder in the frequencies of individual oscillators.
We further show that genomic disorder stemming from the
DNA sequence enhances local synchronization and leads to
an arrest of coarsening and a constant size of phase-locked
domains. Finally, we use sequencing data that simultaneously
identify C, SmC, and 5hmC states to qualitatively test key
predictions of our theory.

II. RESULTS

We first derive a stochastic lattice model of DNA methy-
lation turnover to investigate the potential spatiotemporal
patterns emerging from these interactions. To this end, we
consider a lattice of N sites describing CpG positions along
a single chromosome. The state of the DNA methylation
turnover cycle at each position, i, is described by a phase
variable ¢;, which can take values in {1, ..., @}, Fig. 1. The
phase variable describes different configurations of the cyto-
sine, such as the unmodified cytosine, the cytosine bound by a
DNMT3 enzyme, the bound cytosine after the recruitment of
the methyl group, and so on. The number of states, €2, is given
by the number of cytosine configurations with comparable
lifetimes. The state of the system is then described by a vector
containing the phase values at each site, ¢ = (¢1, ..., dy).
The phase at site i is cyclically advanced by 1 with a rate
@; = w; + k;(¢). This rate has a site-dependent, but constant
in time, contribution w;, denoting the intrinsic rate of chemical
conversions at that position i. The function k;(¢) captures the
contribution of the phases at other sites.

These interactions with other sites are local in physical
space. The folding of the DNA and chromatin leads to long-
range interactions along the one-dimensional DNA sequence.
On the scale of thousands of base pairs, these interactions
have been shown to correlate with DNA methylation [14].
Longer scale interactions through DNA loop formation or
contacts between chromosomes do contribute, but with com-
paratively small statistical weight. The conformation of DNA
and chromatin is reflected in enzyme binding rates, as the
establishment of DNA methylation marks is associated with
the local compaction of chromatin [15—-17]. We describe the
local structure of chromatin in terms of an exponent A defin-
ing the inner contact probability, such that k;(¢) decays like
li — j|~*. This exponent A takes values like 2.1 for a self-
avoiding random walk and 1/3 for space-filling chromatin.
On the nanoscale, chromatin is organized into heterogeneous
structures (“clutches”) [18]. On the associated lengthscale,
we therefore assume that long-range contacts are exponen-
tially suppressed and k;(¢) is exponentially cut off [19].
This cutoff also ensures the existence of the thermodynamic
limit.

The local compaction of chromatin influences the chemical
conversion rates in earlier steps of the cycle, such that interac-
tions are nonreciprocal. For example, methylated sites recruit
more DNMT3 enzymes and thereby increase conversion rates
of unmethylated sites in the vicinity [15]. The reverse is
generally not true. To explicitly capture changes in the bio-
chemical cycle driven by enzyme kinetics, we define the set
of chemical states associated with compacted chromatin as
Y¥,. Biologically, these states correspond to the binding of
DNMT3 enzymes and the subsequent methylation of CpG
sites. Chemical states in ¥, induce an increase in the rate of
state transitions in a set of states preceding v,. We denote
these preceding states by yr; (Fig. 1). In the mean-field limit,
i.e., neglecting spatial correlations, the interaction leads to a
contribution to the transition rate of the form [15,20,21]
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where J denotes the coupling strength between sites. The
indicator function Zyp is 1 if A€ B and O otherwise.
m=N"! Zy:l Iy, .y, is then the fraction of sites in phase
interval ¥,. The DNA methylation dependence of the expo-
nential cutoff in Eq. (1) is a consequence of screening due to
a feedback between DNA methylation and chromatin [15,19].
The time evolution of the joint probability of finding a given
lattice configuration ¢ at time ¢ follows the master equa-
tion (Al). Here, we consider the case that the coupling J is
positive. This implies positive feedback, such that progression
through the biochemical cycle is not rate-limited by the avail-
ability of enzymes. While in the context of histone-modifying
enzymes such competition has been discussed [22], in the
case of DNA methylation, in vitro experiments indicate that
enzyme availability is not a limiting factor [23].

A. A continuum theory of DNA methylation turnover

We now ask under which conditions DNA methylation
turnover can synchronize, and we characterize potentially
emerging spatiotemporal structures. To gain an initial un-
derstanding, we first neglect the fact that CpG positions are
unevenly spaced in the genome. To begin, we derive a de-
scription in terms of continuous phase variables. To this end,
we separate the phase variable ¢; into a deterministic part,
which scales as the number of states in the cycle, €2, and a
stochastic component, which scales as the square root of 2
(system size expansion) [24,25]. In doing so, we promote ¢; to
a continuous variable that satisfies ¢; = Q®;(¢) + Q'72&;(¢).

After substituting this expression into the time evolution
equation for the probability density and collecting terms of
equal order in 2, Appendix A, we obtain a Langevin equa-
tion describing the time evolution of the phase at each site,

dep; N
vt i) Y

dt k=1,ksi

Je—mlk—il
;;_—mfzwsk) + V20, (2)

Here, &;(r) is Gaussian white noise with zero mean
and unit variance, (£(¢)&;(t")) = 8(t —t')8; ;. The functions
f12(¢) are the continuous versions of Zy y, ,, respectively.
Equation (2) is similar in form to a stochastic version of
the Kuramoto model, which has been extensively studied to
understand synchronization phenomena of coupled oscillators
[26]. In the case of DNA methylation turnover, the oscillators
are coupled via nonreciprocal, restricted long-range interac-
tions. We can therefore apply known methods for oscillators
with a continuous phase [26,27]. An additional advantage of
the continuous formulation of our model is the flexibility to
explore different functional forms of f, which may in turn
reveal novel dynamical features of stochastic oscillators. In
the following section, we will use an exact, coarse-grained
description of Eq. (2) (Appendix B) in order to investigate the
emergence of locally synchronized states.

As a first step, we define a quantity that describes the
degree to which CpG states synchronize systemwide. This
quantity is given by the Kuramoto order parameter r(t) [26],
which is defined as

N

. 1 .
r(t)e? " = v > e, )

i=1

Mathematically, the order parameter r(¢) is the amplitude
of a complex number that represents the average phase of
oscillators. It has a range that goes from 0, where all CpGs
oscillate statistically independently, to 1, where all oscilla-
tors are perfectly synchronized. Intermediate values of r(¢)
indicate partial synchronization, where a subset of oscillators
share the same phase. Figure 2(a) shows representative sim-
ulations corresponding to intermediate values of r(¢): while
local groups of sites oscillate in a synchronized manner, the
global coupling between these groups is limited. We now aim
to relate the order parameter r to the kinetic parameters of the
model. To this end, we define the density of oscillators with
phase ¢, position z, and frequency w at time ¢ as p(¢, w, z,1).
The time evolution of p follows a continuity equation derived
by coarse-graining Eq. (2) (Appendix B),

(9, w,2) 9 -
o = 3¢[(a) +)p(d, w,2,1)]. “
This equation is a transport equation, and it describes the
translation of the density p along the phase cycle with a
velocity given by the constant term w, and an additional
contribution stemming from long-range interactions. This
contribution to the phase velocity is given by

N, —m7
v=Jfi (d))[[ %fz(d)’)ﬁ(d)’, o',z — z’)}, ®)
where the triple integral goes over 7/, o', ¢’, Appendix B.
The function g(w) denotes the distribution of intrinsic fre-
quencies of DNA methylation turnover. It is determined by
enzyme binding and unbinding rates, and by the availability of
metabolites and chemical reaction products necessary for the
conversion between different chemical states of the cytosine.
Spectral analysis of a sequencing-based time course revealed
that oscillation frequencies are region-specific but constrained
to an overall period between 1 and 2 h [8]. Nevertheless, be-
cause enzyme activities in DNA methylation turnover depend
sensitively on the sequence context of a given CpG position,
we expect significant variability in the intrinsic frequencies.

The phase cycle velocity in Eq. (5) depends only on the
global fraction of sites that carry DNA methylation marks
(sites in the phase interval v,), m, and the order parameter,
r. As the average DNA methylation m and the Kuramoto
order parameter r depend on the coarse-grained density p
and vice versa, they must be obtained self-consistently. In the
next section, we use an analytical solution for the distribu-
tion of phases and report the full analytical calculations in
Appendixes C and D.

B. Coarsening of phase-locked domains

To investigate whether the coupling between CpGs gives
rise to spatiotemporal structures, we numerically solved the
deterministic part of Eq. (2). We set the initial conditions
such that the phase variables at each CpG were drawn from
a uniform distribution. We sampled their intrinsic frequencies
w; from a § distribution, thus neglecting genomic variability in
enzyme activities. Figure 2(a) shows typical illustrative real-
izations for different coupling strengths, J. DNA methylation
turnover at short times synchronizes in finite-size domains,
Fig. 2(a), inset, meaning that within these domains, phase
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FIG. 2. (a) Heatmaps showing the spatiotemporal evolution of the deterministic part of Eq. (2) starting from random initial conditions and
identical intrinsic frequencies for all sites, i.e., w; = 1 for all i. The insets show enlarged heatmaps for a subset of sites. (b) Spatial distribution of
phases after 10° time steps, highlighting the phase-locked structures for a high coupling strength (J = 10). (c) The Kuramoto order parameter
r and average DNA methylation m exhibit fluctuations and oscillations before approaching a steady state (/ = 10). Details of the numerical

simulations are given in Appendix E.

differences between neighboring sites remain constant in
time, which we refer to as phase locking. In this initial
transient, biochemical oscillators are weakly synchronized
systemwide.

After the initial transient, the long-term behavior is quali-
tatively independent of the coupling strength. Domains slowly
coarsen over time, and at late times the system achieves
systemwide phase-locking. This is apparent in the gradual
disappearance of lines reflecting discrete phase differences in
Fig. 2(a). Figure 2(b) shows the phase of each CpG site along
the one-dimensional domain at the end of the simulations for
coupling strength J = 10. It is evident that neighboring CpGs
have a constant phase difference, and only a small number of
sites deviate from this behavior. We explain this behavior later
by analytical solutions of the model. To obtain a qualitative
understanding of the global dynamics, we calculated the time
evolution of the average DNA methylation and the degree of
global coupling quantified by the Kuramoto order parameter,
Fig. 2(c). Both quantities show strong fluctuations over time,
and they ultimately converge. This is caused by the merging
of phase-locked domains, resulting in abrupt changes in both
quantities.

From Fig. 2(a) it is qualitatively clear that the coarsening
dynamics of phase-locked domains depends nonmonotoni-
cally on the coupling strength: For small values of the cou-
pling, J = 0.1, neighboring phase-locked domains coarsen
slowly. However, for larger values of the coupling, J =1,
coarsening occurs faster. Interestingly, for / = 10, once larger
domains are formed, their coarsening slows down again com-
pared to the intermediate coupling strength, J = 1. These
observations were consistent across 1000 simulations with
randomly sampled initial conditions. In the following, we
study how the specific couplings between CpGs shape the
partial synchronization of DNA methylation domains. We
then develop a method called strong-disorder renormalization

that quantifies the coarsening time and its dependence on the
interaction strength J.

We first investigate how the strength of the interaction
J, which is controlled by the activity of enzymes, changes
the average DNA methylation and global synchronization of
the epigenetic states. To this end, we compute the stationary
solution of Eq. (4) (Appendix C). We find that there are two
possible solutions: Oscillators may be phase-locked at iden-
tical frequencies such that w + o = 0. Secondly, oscillators
can rotate with frequencies given by (v + 9)p = C(w), where
C(w) is a constant, which is determined by the normalization
of the density p of oscillators [28]. In Appendix D, we solve
for both branches of the solution and find an explicit integral
solution for the fractions of sites carrying DNA methylation
marks. In the limits of either strong or weak interactions, these
solutions can be evaluated explicitly: for / — O we obtain
m = 1/2, and for / — oo we obtain m = 2/3. Intuitively, in
the strong interaction limit, J — oo, oscillators that are in
the phase interval being affected by interactions, v, spend
an infinitesimally small amount of time in that phase inter-
val. The density p of oscillators is effectively restricted in
the phase domain [7 /2, 27]. The oscillators in this interval
do not interact. Here, on average, m = f do fr(¢)/(3m/2),
which for our specific choice of f, gives the value 2/3. We
attribute the small discrepancy between numerical simulations
and theoretical results [Fig. 3(a), inset] to finite-size effects
and the formation of spatial structures. The Kuramoto order
parameter, r, can be computed numerically from Eq. (D2). As
m converges to a constant value in the long-term limit, » must
be strictly smaller than 1, and full synchronization cannot be
achieved in the limit of infinitely many CpGs, N — oo.

For intermediate values of the coupling strength J, analyti-
cal solutions are not feasible. We therefore perform numerical
simulations. In Fig. 3(a) we show the analytical prediction
for both DNA methylation and the Kuramoto order parameter,
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FIG. 3. (a) Kuramoto order parameter (r) and (m) (inset) as a
function of the interaction strength J. The average is taken over 100
realizations of deterministic (points) and stochastic (crosses) numer-
ical simulations of the model in Eq. (2). Different colors represent
different values of the lattice size, N. Theoretical predictions from
Egs. (D5) and (4) are shown as a black dashed line. For the stochastic
simulations, we set the number of states to 100. Here, the frequencies
w; are random numbers drawn from an exponential distribution with
unitary mean. (b) Long-term behavior of oscillators with exponen-
tial distribution of frequencies with intermediate-coupling strength,
J = 1. Details of the numerical simulations are given in Appendix E.

compared to stochastic and mean-field lattice simulations for
different lattice sizes (Appendix A). For the stochastic simu-
lations, we varied the number of phase states between 10 and
100 with consistent results. For a very low number of states,
we do not find any synchronization, which is analogous to the
findings in Ref. [25]. This is due to the fact that there are not
enough states that act as a source of interaction, such that the
model is identical to a noninteracting system. In this case, a
continuum description as in Eq. (2) is not valid. While the
effective, empirical number of phase states depends on the
specific values of the kinetic parameters of enzyme binding
events and chemical reactions, the empirical observation of
local synchronization in Ref. [8] suggests that the number of
states is indeed high enough to facilitate effective interactions
between oscillators.

As anext step, we now investigate the role of heterogeneity
for synchronization. In DNA methylation turnover, there are
two predominant sources of heterogeneity: First, the intrinsic
frequency may differ between CpGs due to the dependence of
enzyme activities on the genomic context [29-31]. Secondly,
the strength of the couplings between pairs of neighboring
sites depends on their genomic distance, which is strongly

heterogeneous. We begin by focusing on understanding the
effect of variability in the intrinsic frequencies, w;. Figure 3(b)
shows simulations where the distribution of intrinsic frequen-
cies is sampled from an exponential distribution. Unlike the
case of equal frequencies, this heterogeneity prevents the for-
mation of large phase-locked domains, but it yields smaller
synchronized domains. However, these smaller domains do
not coarsen over the same temporal scale as oscillators with
identical frequencies. Taken together, our calculations and
simulations reveal that DNA methylation turnover does not
exhibit a phase transition from an asynchronous to a syn-
chronous state, which is common in typical driven oscillator
models [28]. Rather, we find that the degree of synchroniza-
tion and DNA methylation increase continuously with the
interaction strength, but with partial synchronization for all
positive values of the coupling strength J > 0.

C. Effect of genomic disorder on phase locking

In the genome, the positions of CpGs are heterogeneously
distributed, with many of them clustered in so-called CpG
islands. Because the effective strength of interactions decays
with genomic distance, Eq. (1), the coupling strength varies
randomly with the genomic position i (quenched disorder).
To investigate the role of such disorder on the degree of
phase locking, we performed numerical simulations of Eq. (2),
with distances between sites equal to those of different re-
gions of chromosome 1 of the mouse genome, Figs. 4(a)
and 4(b). We rescaled distances so that the average distance
between neighboring CpGs is equal to 1. With genomic dis-
order, the coarsening dynamics of phase-locked domains are
slower, Fig. 4(a), compared to the regular, one-dimensional
lattice, Fig. 2(a). After approximately le4 oscillation peri-
ods, Fig. 4(c), the coarsening is arrested, resulting in stable,
phase-locked structures, Fig. 4(b). In the steady state, domain
boundaries are determined by the distribution of distances
between neighboring CpGs: they tend to coincide with ge-
nomic regions in which the density of CpGs changes strongly,
Fig. 4(d).

To investigate the coarsening dynamics of phase-locked
domains, we now employ strong disorder renormalization
of Eq. (2) [32,33], Fig. 4(e). This iterative renormalization
procedure defines a coarse-graining scheme on blocks of
neighboring CpGs. Initially, each block contains exactly one
CpG. At each renormalization step, we select the pair of
neighboring blocks with the closest genomic distance, and
hence the strongest coupling strength. We then define a new
block that incorporates the pair of chosen CpGs. We define the
phase of the new block, ¢;, as the average phase of the coarse-
grained blocks, weighted by the number of CpGs. The size of
the coarse-grained block, V;, is given by the sum of the num-
ber of CpGs of the blocks that were averaged, N; = n; + n;y 1,
and its intrinsic frequency by the average weighted by the
number of CpGs in each block, 2; = (n;w; + niv1wiv1)/(n; +
n;+1). We stop the renormalization procedure when the typical
distance between blocks is greater than the average distance
between CpG sites. After these renormalization steps, Eq. (2)
is effectively approximated by a model with interactions be-
tween neighboring blocks.
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For visualization, CpGs are indexed by their order in the genome, such that CpG index 1 refers to the first CpG, index 2 to the second, and
so on. Color denotes the phase at a given CpG index and time. We tested different regions of the genome and found consistency in the
results. (b) At times ten times larger than the one shown in (a), phase-locked domains have not yet coarsened. This is in accordance with
our theoretical scaling result. Here we show a simulation with coupling strength J = 10, which would be expected to increase the coarsening
dynamics compared to lower values of J. (¢) Number of phase-locked domains over time for different coupling strengths, J = 0.1, 1, 10, for
simulations with 1000 sites. Details on the inference of domain numbers are given in Appendix E. (d) Comparison of the distance to the nearest
CpG and phase variable ¢. Strong changes in the density of CpGs are associated with changes in the phase variable. Data points were taken
at le4 oscillation periods. (e) Schematic illustrating the strong-disorder renormalization-group scheme. At each step, we merge the closest
neighboring blocks. We repeat this process until the distances between the chosen adjacent blocks are larger than the average distance between
CpGs.

We now ask whether these distinct blocks coarsen a typical timescale given by
over time, which would ultimately lead to systemwide
synchronization. To estimate the typical time of coarsen- _ N 1 1\
ing, we evaluate how the phase difference between two T~ Je—m (17, + m)
adjacent coarse-grained blocks, ¢; — ¢;_1, evolves in time.
If all oscillators have identical intrinsic frequencies, this This result shows that the coarsening time scales quadrati-
coarse-grained phase difference decreases exponentially with  cally with the typical number of CpGs in a coarse-grained
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FIG. 5. (a) Representative experimental sequencing data, with individual CpG sites colored according to their measured state in the
biochemical cycle. (b) Empirical probability of finding two consecutive CpGs with the same state in the biochemical cycle (solid line) compared
to the case of statistical independence (dashed line). (c) Empirical probability of finding neighboring CpG states in adjacent states of the
biochemical cycle (solid line, in this case C and 5SmC). Dashed lines depict the prediction under the null hypothesis of statistical independence.
Parts (d) and (e) show, respectively, the same analysis as in (b) and (c) but filtered for sites that putatively undergo DNA methylation turnover.
The distance dependence of the probabilities is a consequence of systematic variations of the CpG density in the genome [34]. This also applies

to the probability under the null hypothesis.

block. In particular, localized regions, such as CpG islands,
which have approximately 100 CpGs, will be phase-locked for
approximately le4 oscillations for a value of Je™ of order
1. This result is confirmed by our simulations (Fig. 4) for
even smaller domains. For a typical oscillation period of 2 h,
this translates to at least 27 months, which is longer than the
typical lifetime of the model system that was used to exper-
imentally determine the periodicity (mouse). Therefore, we
expect that arrested phase-locked domains are stable across
all biologically relevant timescales.

Our theoretical work shows that the dynamics of DNA
methylation turnover exhibit behavior that is not predicted by
driven oscillator models studied in the theoretical literature
[28]. The Kuramoto model with long-range interactions [27]
exhibits global synchronization if the coupling strength ex-
ceeds a threshold value. Here, nonreciprocal interactions lead
to the formation of phase-locked domains which coarsen over
time. This leads to global phase locking but not to global syn-
chronization. Driven oscillator models have also been studied
with disorder in the couplings. The Kuramoto model with
disordered interactions leads to partial synchronization if the
couplings can take negative values [35]. In the biochemistry
of DNA methylation turnover, the coupling must be positive.
The disorder in the coupling between oscillators induced by
the DNA sequence qualitatively changes this behavior in the
asymptotic limit: it leads to an arrest of coarsening such that,
in this case, global phase locking is not achieved.

D. Validation of theoretical predictions using sequencing data

The precise quantitative validation of the spatiotemporal
patterns predicted by the theory is highly challenging due
to the lack of resolution in time, space, and biochemical
phase of current sequencing technologies. To qualitatively test
the existence of phase-locked domains, we use data recently
generated using the SIMPLE-seq method that can distin-
guish between the states C, 5SmC, and ShmC, even with low
coverage in single cells [13]. We performed the primary bioin-
formatics analysis comprising sequence alignment and quality
control as described in Appendix F. We focused our analysis
on mouse embryonic stem cells (mESCs) in 2i and serum
conditions. These cells co-express the Dnmtl or Dnmt3 and
TET genes, and therefore fulfill the biochemical conditions
for active turnover of DNA methylation. mESCs in serum
conditions have been shown to exhibit oscillatory dynamics
in DNA methylation [8] and globally in nascent transcription
[36] with a similar oscillation period of 2 h. Figure 5(a) gives
an overview of the spatial distribution of the three states mea-
sured in mouse embryonic stem cells. As has been previously
reported, the ShmC mark occurs with a lower probability
compared to the C and SmC states.

To test whether DNA methylation turnover leads to
phase-locked domains, we aim to detect two signatures of
phase-locked domains. First, we expect that CpGs in close
proximity should show correlations in their DNA methylation
state. Second, we expect that CpGs in close proximity should

013018-7



OLMEDA, GUPTA, BEKTAS, AND RULANDS

PRX LIFE 4, 013018 (2026)

also exhibit a higher than expected tendency to be in adja-
cent states of the biochemical cycle. To begin, we first asked
whether CpGs in genomic proximity correlate in the stage
of the DNA methylation cycle. To this end, we calculated
the probability of finding two neighboring CpGs in the same
DNA methylation state as a function of their distance. We
compared this probability to the null hypothesis of statistical
independence. Specifically, we sampled CpG states from a
multinomial distribution using probabilities estimated as the
empirical fractions of the different states for each genomic
distance. Because of systematic variations in the density of
CpGs across the genome, the probability corresponding to
the null hypothesis changes with distance. Figure 5(b) shows
that the probability that pairs of CpGs have the same DNA
methylation mark is consistently higher than expected from
statistical independence. This shows that the SmC, ShmC, and
C states are locally correlated, as has been reported before in
the cases of C and 5SmC.

We also calculated the probability that neighboring
CpGs are in consecutive stages of the biochemical cycle.
Specifically, we computed the probability of finding pairs of
CpGs in adjacent states of the cycle (SmC and C) and com-
pared to, as in Fig. 5(b), the case of statistical independence.
Because neighboring sites tend to have a small but constant
phase difference [cf. Fig. 2(b)], we predict that these probabil-
ities should also be enriched. In contrast to this prediction, we
find that methylated CpGs are less likely to be in an adjacent
state than expected by statistical independence.

The reason for this discrepancy is that active turnover of
DNA methylation is restricted to accessible and typically ac-
tive regions of the genome [1]. As these regions form only
a small fraction of the entire genome, the analysis conducted
is statistically dominated by “passive” sites not undergoing
active turnover. Because this analysis reflects the strong and
generic correlations of DNA methylation marks, it serves as a
negative control for the analysis below.

To specifically test our predictions for genomic regions that
undergo active turnover, we filtered for putatively oscillating
sites. We defined these sites by the requirement that the ShmC
mark was detected in at least one of the sequenced cells. For
these sites, we also found that nearby sites are more likely
to be in the same state of the cycle compared to the null hy-
pothesis. Significantly, unlike the negative control in Fig. 5(d),
CpGs in close proximity are simultaneously enriched to be in
adjacent stages of the cycle [Fig. 5(e)]. This effect is stronger
in serum conditions than in 2i conditions. The relatively
weaker effect for cells in 2i conditions is expected from the
fact that these cells do not express the Dnmt3 genes, such
that active turnover of DNA methylation is limited by the
relatively inefficient de novo catalytic activity of DNMTI.
Taken together, these empirical findings indicate signatures of
phase locking. This phase locking is specific for putatively
oscillating sites and, as expected, is not found in the rest of
the genome.

Testing our predictions in more detail will require the pro-
filing of several stages of the biochemical cycle with high
spatial and temporal resolution in single cells. While such
experimental technologies are not available, we propose an
experimental approach that overcomes these limitations par-
tially. As a first step, putative genomic regions undergoing

active turnover could be identified using SIMPLE-seq ex-
periments, as in Fig. 5. Temporal information could then be
inferred by synchronizing cells and genomic loci with re-
spect to their position along the biochemical cycle. In mouse
embryonic stem cells this can be achieved by long-term cul-
turing cells in 2i conditions [8]. By releasing cells to serum
conditions, Dnmt3 genes are upregulated and active turnover
of DNA methylation is facilitated. The final step would be
performing a time-course of high-coverage sequencing ex-
periments, such as amplicon-seq, of the genomic regions
identified in the first step.

III. DISCUSSION AND CONCLUSION

DNA methylation turnover is an active, epigenetic phe-
nomenon that has been associated with the control of key cell
fate decisions. Yet, its genomic distribution, temporal evolu-
tion, and functional role remain unknown. This is due in part
to limitations in experimental technologies, which put empha-
sis on approaches guided by theoretical predictions. In this
work, we combined analytical calculations, simulations, and
analysis of sequencing data to show that chromatin-mediated
interactions between local biochemical cycles can give rise
to emergent phase-locking dynamics. We found that phase-
locked domains coarsen and that genomic disorder arrests
the coarsening dynamics, resulting in the formation of sta-
ble phase-locked domains. DNA methylation interacts with
modifications of histone tails [37,38], and both are coupled
to chromatin structure [39]. While similar irreversible cycles
have not been shown for histone tail modifications, their dy-
namics might follow that of DNA methylation and exhibit
similar spatiotemporal dynamics.

Our theoretical predictions assume that the progression
through the biochemical cycle describing DNA methylation
turnover has a strong deterministic component. This would be
the case if the number of effective cytosine configurations, €2,
is approximately larger than 10. Significantly smaller values
of © do not give rise to any kind of order [25]. The biological
value of © depends on the detailed kinetic rates describing
enzyme binding, unbinding, and catalytic reactions. Because
these rates are largely unknown, the biological value of €2 can-
not be estimated. Experimental evidence [8] shows, however,
local synchronization in small genomic domains, suggesting
a largely deterministic dynamics of the phase variable.

We qualitatively tested these results using single-cell
sequencing data. We detected qualitative signatures of phase-
locking behavior that are specific to regions undergoing DNA
methylation turnover. Such tests are currently limited by the
constraints of sequencing technologies, which cannot capture
dynamic information and have a tradeoff between the res-
olution of the biochemical cycle and the genomic coverage
in individual cells. Our work suggests that understanding the
role of active DNA methylation turnover may require novel
experimental approaches that capture multiple states of DNA
methylation turnover in single cells with high coverage, but
they may be limited to small genomic regions, such as en-
hancers or inducible promoters.

Oscillators are a ubiquitous feature of biological systems.
They are used to perform a variety of functions, including
timing, as in the cell cycle or the circadian rhythm, and signal
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processing, as in neuronal oscillators. In somitogenesis, cou-
pled genetic oscillators lead to traveling waves that are used
to pattern the early embryo. Our work demonstrates the emer-
gence of surprisingly complex patterns arising from DNA
methylation turnover. This raises the question of whether the
functional significance of DNA methylation turnover might
lie in these emergent patterns as opposed to the turnover of
individual CpGs. Driven oscillator models have been exten-
sively studied to understand synchronization phenomena. Our
theoretical work highlights that chromatin-mediated nonre-
ciprocal interactions give rise to phase-locking behavior that
differs from models that have been studied so far in this field.
It shows that active processes in a chromatin context provide
an interesting testing ground for nonequilibrium physics.
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APPENDIX A: DISCRETE PHASE EXPANSION

In this appendix, we give details for the system size expan-
sion of the master equation. From the definition of the rates
[Eq. (1)], the master equation is

N
0P($.0dt = Y (B — Dlwy + k(@)IP@.1).  (AD)

i=1

Here, we made use of the the shifting operator E;, which raises
or lowers the phase variable in a function G on a given site by
LEF'G@)=G(@i, ..., ¢ £ 1,...,¢n) [24].

After expanding the variables with respect to the sys-
tem size as ¢; = Q®;(t) + Q'/2&(¢), the left-hand side of
Eq. (Al)is

dP($.1) _dTl
Z d¢i — dr Z[Q

i

de; dIl
1/2;’5_ . (A2)
dt d§;
The operators EfE in the system size expansion are approxi-
mated to the highest order in €2 as

2
ot lganpd
' o5 T2Y e

L

(A3)

Upon using the expansion of the operators and collecting the
highest order terms in €2, we get

dll. 5[ 124 ®i 91
ar s

dt 0&;
_Z wl|: 1/2

1 92
——— |
2 987
0 ok
- 91/28—5 [k(@» + Q—‘/Z—a}n.

5, (A4)

Collecting terms in powers of Q!/2, and using the chain rule,
we arrive at

7m|k

— Lo, @)

do;
I —w1+fl(q))z

which is the mean-field equation and where we simply made
k(®) explicit. The next lowest order in €2 expresses the dy-
namics of fluctuations as a Fokker-Planck equation,

oIl H k(D) a(&11;
——Z[[w,+k<¢>] w, ) 26 )]. (A6)

9&? 0od; 0§

For small values of k(®), the noise is dominated by w; and it
is a Gaussian white noise, Eq. (2).

APPENDIX B: DERIVATION OF THE
CONTINUITY EQUATION

To quantify the degree of system-wide synchronization, we
study the behavior of the Kuramoto order parameter r(¢) [26],

N

% 3 i)

i=1

rt)eV " = (B1)

To find an analytical expression for r(¢), we first define the
generator of moments [28,41,42],

ka . § tkdn eldi\w

(B2)

where (-) is the average over the distribution g(w) of intrinsic
frequency w;, and ((-)) is an average over all possible realiza-
tions of noise. In Eq. (B2), we employed a Fourier transform
of the fields. Hence, k is dual to ¢, and ¢ is dual to the position
along the DNA sequence.

In Eq. (B2) we introduced the moment generating function
for w; with respect to both stochastic noise and intrinsic noise
given by the possible non-§ distribution of intrinsic frequen-
cies. In Itd convention, the time evolution of an arbitrary
function F () of a given stochastic process ¢; (i =1, ..., N)
and with noise amplitude /2D; is

0°F
OF ()= [a¢fF(¢)a,¢,» +y p ¢j§ﬁ2¢m]- (B3)
k

J

As the previous equation is valid for any function F, we
compute the function 9, (e'*®i 1)) We substitute in Eq. (B3)
the stochastic process where a trajectory is given by Eq. (2)
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hence obtaining (after using the standard property of stochas-
tic calculus)
3 (ki gla]y
at
We then multiply the previous equation by wf,

_ ikeik¢,»eiqu(¢j) N kzeik¢feiquj- (B4)

sum over all

j=1,...,N, divide by N, and average over the frequency
distribution,

10t Yieidl)w

N <= ot

J

=% Zw;[zkelk%ewc(qu) — k2ek®ieiaiD;],  (BS)

with G(p)) = w; + fi()) Ty [ f2(@u). The left-
hand side of the previous equation is simply 9, H;", as defined
in Eq. (B2). To simplify the right-hand side, we introduce the
Fourier representation of fi,f> as

fi(@;) = Z a,e™?,

L) =D b (B6)
I=—00

—m|w—j|

As &—+ oo is just a function of the difference, we can define its
Fourler transform as
e—mlw—jl =)
T Z ree (B7)
§=—00

The first term on the right-hand side of Eq. (B5) is given by

J ; . .o .
e 1 ik+n)g; i(q—s)j Lilgy Lisw ¢
N E E E a,brgike e e ws. (B8)

j nls ¢

ilpw gisw — the previous equation simplifies to

As >, e

l s?
. . 0
GK)IN Y anbirHy,, , HY (B9)
nl,s
The other terms can be computed in a similar way, and the
resulting dynamical equation for the moments is
. 0
O Hf , = (k)N Y anbirsHY,, , HY,
n,l,s
; +1
+ (lk)HkC’q
To obtain a more compact expression, we define the generat-
ing function

x (@, v, z,1)= Z Z Z ek, —zq‘ H,iq,

—00 =00 g=—

— KHH (B10)

(B11)

and we show how all the terms of Eq. (B10) can be rewritten in
terms of this function. We analyze, at first, the second term on
the right-hand side of (B10), which can is 51mp11ﬁed to (upon
summing over m, k, g and multiplying by 2m,)
c+1
_9 e—”“f’e—iqzi T gt (B12)
d¢

dy 2wl Ka
k.c.q

In terms of the function yx, the previous equation is
2

3¢y

Following the same procedure, the third term on the right-
hand side of Eq. (B10) is rewritten as

19 0

x(@,y.z,1). (B13)

(y)—x(¢ V. 2,1). (B14)

2 9y ¢ a¢
We proceed now to write the terms describing interactions in
terms of the moments. Initially, we write them as

—]N

o D anbirie™ e x (¢, y, 2, OHY |,

nl,s

(B15)

where we multiply and divide by e™ e so that Hy, —
Hitp,g—s- We further define a term

g,y =0,2,0)=JIN| Y abire™ e H |,  (BI6)

n,l,s

and writing Eq. (B6) inversely and going back to the space of
function defined on ¢, we obtain

v(ig,y=0,z,t) =JN| fi(¢) Zb,rse’“H,?S (B17)
l,s
We show all the other terms in the same way as
. e—m?
v=J[f1(¢)/d¢fdA o }
(B18)

with z € (0, 1). Altogether the time evolution of the moment
generator x is given by

3 0
hx (@, y.2.1)=— %[vw e 0xl+ goas
ax

xD(y)—¢X(¢ 2 )—%, (B19)

where the drift term takes the form
—I?‘lZ
V—y+1[f1(¢)/d¢dz| B H@x .0,z — t)}

(B20)

where the diffusion term is D(y) = 2y. We define p(¢, w, z, t)
as the density of oscillators with phase ¢, position
z, and frequency w at time 7. The continuity equa-
tion is given by exploiting the relationship x(¢,y,z,t) =
f dwg(w)e’”p(¢, w, 7, t) and setting the diffusion to zero for
the deterministic limit.

APPENDIX C: PHASE-LOCKED SOLUTION

Equation (4) does not admit asynchronous stationary so-
lutions. The control functions fi, f» break the rotational
symmetry such that the equations are not invariant under a
shift of the fields (oscillators). Indeed, the first integral in
Eq. (4) will never vanish for an asynchronous solution as
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long as f d¢ f>(¢) # 0. We also have to consider consistency
with the biological reality: the distribution of frequencies for
each oscillator, g(w), has positive support as, on average, the
biochemical cycle advances in the positive direction. Typi-
cally one can shift the distribution by moving to a rotating
reference frame with an angular velocity given by the median
of g(w) [28]. However, in our model, due to the lack of
rotational symmetry, this transformation does not simplify the
analytical calculations. For general functions fi(¢;)f2(¢;), it
is sometimes possible to change to a coordinate system that
allows the asynchronous solution to be stable [43], as long
as the product fi(¢;)f>(¢;) can be written as a 2 -periodic
function of the phase difference ¢; — ¢;, with g being a func-
tion that is 2w -periodic and well defined. As the fi2(¢) are
step functions, it is not always possible to write the prod-
uct in the rotationally symmetric form. Moreover, since the
asynchronous solution is never stable, a stability analysis as
in [44,45] or a power series expansion [46] around this state
does not give any useful insight for this process; the stationary
states are nontrivial even for a vanishing strength of inter-
actions J. We thus look for an alternative order parameter,
which still remains experimentally accessible. A natural order
parameter is the fraction of sites for which f>(¢) = 1, namely
m. Biologically, this is the average DNA methylation. For the
biological control functions, m = 1/2 in a phase where the
oscillators are uncoupled, and it is greater than 1/2 whenever
J > J.. We are now interested in finding possible behaviors of
the collective dynamics of oscillators. To this end, we search
for a stationary solution of Eq. (4)

APPENDIX D: STATIONARY SOLUTION

A spatially homogeneous stationary solution of Eq. (4) is
(w > 0 in the model definition)

C(w)

P o r HGr /2= 9AIT ®1)
where
A n./)d(uw _||
A = (n/dw M) / o
. ’ Iy|*

and I'(1 — A,0,m) = fom dye P/|y|* is the generalized in-
complete gamma function. H (x) denotes the Heaviside step
function. C(w) is set by the normalization of the probability

density function p [28] (f02” dop = 1),

Cloy = HIAG + ol

= . D3
w[lwl + 3|A)J ] ®3)

To understand how the degree of synchronization changes as a
function of the coupling strength, J, we compute m using the
stationary distribution of p [Eq. (D1)],

m— fwdww ().
0

3AO) + 4w © (D4)

where A(L) = A(L) = m*T(1 — A, 0, m).

For an exponential distribution of intrinsic frequencies,
g(w) = n~ ' exp(uw), the average DNA methylation satisfies
the self-consistent equation,

1 MJA()\.) 3uJAG) 3MJA()\.)
=< ] (i) ) D5
) g ¢ M 4 ©5)
where Ei(x) = — [ dye™/y is the exponential integral
function.

APPENDIX E: NUMERICAL SIMULATION METHODS

All mean-field simulations are run with a fourth-order
Runge-Kutta method with a discrete time-step of dt =
1073 and L = 10° lattice sites, of which the first 200 are
shown. The exponent of the long-range kernel [Eq. (1)] is
A =1/3. Domain boundaries in Fig. 4(a) are defined whenever
two neighboring sites have a phase difference greater than
dt max;(w; + k;).

For the stochastic simulations of Eq. (Al), we used the
Gillespie algorithm [47]. Each point on the lattice, set equidis-
tant from each other, mimics a single CpG site, with the
genome size being 1000 sites under periodic boundary condi-
tions. Each site i € [1, 2, ..., 1000] is defined by its position
along the genome, i, its clock state, CS;, and an intrinsic rate
parameter, w;, drawn from an exponential distribution with
the unitary mean. We tested a simulation with the number of
clock states, Nyyes, ranging between 10 and 100 with qual-
itatively consistent results. We also tested the clock state at
each site, which was was initialized randomly from a uniform
distribution.

We defined the region v, to be between 7 — 25 and
37” — 75. The value of m was defined as the fraction of sites in
phase interval yr,. We also calculated the Kuramoto order pa-
rameter for each time step defined as r = [, cos(2n CS D1 +
D sin(2wCS;)*1"/2, where CS; € {1,2, ..., Nyawes}./ Each
simulation was run for a maximum time of 7 = L? /Nyes and
we measured the average methylation once every 100 time

steps.

APPENDIX F: DATA PROCESSING AND ANALYSIS

Raw sequencing used in this study is openly openly avail-
able from the Gene Expression Omnibus (GEO) [40] and
sample number GSM5929312 (embryonic stem cells, mouse).
The bioinformatics analysis is carried out as described in
Ref. [13] with a slight modification. Briefly, we aligned the
sequencing data to the mouse (GRCh38) genome reference
and used default parameters for both alignment and quality
control using a custom pipeline. Upon extracting methylation
and hydroxymethylation states of cytosines in CpG contexts,
we did not perform any binning. The pipeline used for the
bioinformatics analysis is available in Ref. [48]. In Figs. 5(b)
and 5(c) we use the data in bulk, with the only restriction being
that we needed sites that were tested for both SmC and ShmC.
In Figs. 5(b) and 5(c) we subset the data to sites where at least
one site in all cells has positive reads for ShmC and negative
reads for SmC.
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