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Filip Kovačević FILIP.KOVACEVIC@IST.AC.AT
Institute of Science and Technology Austria

Yihan Zhang YIHAN.ZHANG@BRISTOL.AC.UK
University of Bristol

Marco Mondelli MARCO.MONDELLI@IST.AC.AT

Institute of Science and Technology Austria

Editors: Nika Haghtalab and Ankur Moitra

Abstract
Multi-index models provide a popular framework to investigate the learnability of functions with
low-dimensional structure and, also due to their connections with neural networks, they have been
object of recent intensive study. In this paper, we focus on recovering the subspace spanned by the
signals via spectral estimators – a family of methods routinely used in practice, often as a warm-start
for iterative algorithms. Our main technical contribution is a precise asymptotic characterization of
the performance of spectral methods, when sample size and input dimension grow proportionally
and the dimension p of the space to recover is fixed. Specifically, we locate the top-p eigenvalues of
the spectral matrix and establish the overlaps between the corresponding eigenvectors (which give
the spectral estimators) and a basis of the signal subspace. Our analysis unveils a phase transition
phenomenon in which, as the sample complexity grows, eigenvalues escape from the bulk of the
spectrum and, when that happens, eigenvectors recover directions of the desired subspace. The
precise characterization we put forward enables the optimization of the data preprocessing, thus
allowing to identify the spectral estimator that requires the minimal sample size for weak recovery.

1. Introduction

Modern machine learning practices operate on high-dimensional datasets that are believed to pos-
sess low-dimensional structures, and multi-index models are a popular statistical framework for
studying such scenarios (Li, 1991, 1992; Li and Duan, 1989). Specifically, for a labeled dataset
D = {(ai, yi)}ni=1, where ai ∈ Rd and yi ∈ R denote features and responses respectively, a multi-
index model postulates that each data pair follows a generalized regression and the responses are
function of a low-dimensional projection of the high-dimensional features. In formulas:

yi = q
(
⟨ai, w∗

1⟩, · · · ,
〈
ai, w

∗
p

〉
, εi
)
, (1.1)

where the link function q is a known nonlinearity operating on a p-dimensional linear transformation
of ai, given by W ∗ =

[
w∗
1, · · · , w∗

p

]
∈ Rd×p, and on additional randomness from εi.

We study the problem of estimating the signals W ∗ given D under a Gaussian design where the
ai’s are i.i.d. standard Gaussian. We focus on the proportional asymptotic regime where n, d→ ∞
with n/d→ δ ∈]0,∞[, while keeping the dimension of the low-dimensional projection p fixed. Of
particular interest in this work is the weak recovery of the subspace spanned by w∗

1, · · · , w∗
p which

seeks an estimator Ŵ =
[
ŵ1, · · · , ŵp

]
∈ Rd×p s.t. at least one of ŵi’s is non-trivially correlated
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with some linear combination of the signals. Formally, there exists v ∈ Sp−1 and some ŵi in Ŵ
such that the normalized correlation (or overlap) |⟨ŵi,W

∗v⟩|
∥ŵi∥2∥W ∗v∥2

is asymptotically non-vanishing.
To solve the aforementioned problem, this paper focuses on spectral estimators that construct

the matrix D = 1
n

∑n
i=1 T (yi)aia

⊤
i , from the dataset D and then output its top-p eigenvectors.

Here, T : R → R refers to a user-defined preprocessing function, with popular choices including
binary quantization and truncation (Wang et al., 2018; Chen and Candès, 2017). Spectral estimators
are easy to design, efficient to compute, and effective in practice (Chen et al., 2021). However, such
class of methods remains understudied for multi-index models, with existing results falling short of
producing exact asymptotics (Chen and Meka, 2020) and being restricted to special cases, such as
single-index (for which p = 1, corresponding to generalized linear models (McCullagh, 1984)) (Lu
and Li, 2020; Mondelli and Montanari, 2019), polynomial link functions (Chen and Meka, 2020),
and mixed regression (Zhang et al., 2022), see also Section 2. In contrast, this paper tackles the
problem for fully general multi-index models, precisely identifying under what conditions spectral
estimators are effective.

A compelling motivation for the precise analysis of spectral estimators comes from the choice
of the preprocessing function T . In the single-index case, its optimization has led to significant per-
formance gains for Gaussian (Mondelli and Montanari, 2019; Luo et al., 2019), correlated (Zhang
et al., 2024) and rotationally invariant (Maillard et al., 2022) designs. Remarkably, the related opti-
mal spectral estimators have also been shown to achieve the computational limits of weak learnabil-
ity for a class of link functions. In the proportional regime of interest in this work (n = Θ(d)),1 such
limits have been connected to the performance of Approximate Message Passing (AMP) (Mondelli
and Montanari, 2019; Maillard et al., 2020) and, more precisely, to the stability of its trivial fixed
point. Here, AMP refers to a family of iterative algorithms that is provably optimal among first-
order methods (Celentano et al., 2020; Montanari and Wu, 2024) and, in fact, there is significant
evidence that AMP is optimal even among all polynomial-time algorithms, i.e., it achieves Bayes-
optimal performance unless a statistical-to-computational gap is present (Barbier et al., 2019, 2023;
Montanari and Venkataramanan, 2021; Rangan et al., 2019; Venkataramanan et al., 2022). Most
recently, the multi-index case has been considered by Troiani et al. (2024) and a threshold captur-
ing its computational limits has been computed by studying whether AMP is able to improve on a
non-trivial initialization, see Remark 5 for a connection with these results.

Main contributions. This paper tackles the two main problems mentioned above, i.e., (i) the lack
of a precise analysis of spectral estimators for multi-index models, and (ii) the design of an optimal
preprocessing function T . Specifically, our results are summarized below.

1. For any preprocessing function T satisfying mild assumptions, we precisely locate the top-p
eigenvalues of the spectral matrix D and characterize the overlaps between the top-p eigenvec-
tors and a basis of the subspace spanned by the signals. Our results describe a phase transition
phenomenon, akin to the classical BBP transition in the spiked covariance model (Baik et al.,
2005), with spectral outliers of D corresponding to eigenvectors employed for signal recovery.

2. Using the above characterization, we identify the optimal preprocessing function for weak re-
covery. Our optimality result guarantees that no other choice of preprocessing function results

1. Related, albeit different, perspectives are to consider a sample complexity polynomial in d (Damian et al., 2023,
2024) or information-theoretic limits (Barbier et al., 2019; Aubin et al., 2019).
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in spectral estimators with a lower threshold, and therefore it also implies the suboptimality of
existing heuristics to choose T .

2. Related work

Multi-index models. Several approaches have been proposed to perform statistical inference in
multi-index models, e.g., structural adaption via maximum minimization (Dalalyan et al., 2008),
projection pursuit regression (Yuan, 2011) and techniques from compressed sensing (Fornasier
et al., 2012). Andoni et al. (2014); Chen and Meka (2020) consider polynomial link functions,
with the latter work proposing a spectral warm start that requires a sample size n ≳ d(log(d))deg(q),
where deg(q) is the degree of the link. Due to the connection of multi-index models with two-layer
neural networks, the area has witnessed a recent renewed interest with a focus on the performance
of gradient-based methods. In particular, sample complexity bounds for gradient descent and statis-
tical query lower bounds are provided by Damian et al. (2022) when the link function is polynomial
and by Oko et al. (2024) when the multi-index model is the sum of single-index models. Abbe et al.
(2022, 2023) introduce the concept of leap complexity and show that a class of staircase functions is
learned via one-pass stochastic gradient descent (SGD) with n = Θ(d) samples. The leap exponent
also appears in (Bietti et al., 2023) as the time required by gradient flow to escape a saddle point.
Collins-Woodfin et al. (2024) prove a deterministic equivalent of the SGD dynamics. Ren and Lee
(2024) provide an algorithm that recovers orthogonal multi-index models with a sample complexity
matching the information exponent (Ben Arous et al., 2021). We note that none of these methods
pin-points exactly the sample complexity required to recover a multi-index model, which constitutes
the focus of our work and is achieved via the class of spectral methods reviewed below.

Spectral estimators. Spectral estimators have been applied to a variety of problems, e.g., com-
munity detection (Abbe, 2018), angular synchronization (Singer, 2011) and principal component
analysis (PCA) (Montanari and Venkataramanan, 2021). In the setting of Gaussian design and
proportional scaling between n and d, their asymptotic performance for single-index models is
characterized by Lu and Li (2020). Optimal weak recovery thresholds and optimal overlaps are
identified by Mondelli and Montanari (2019) and Luo et al. (2019), respectively. The above results
are extended by Dudeja et al. (2020) to subsampled Haar designs and by Zhang et al. (2024) to cor-
related Gaussian designs. Rotationally invariant designs are considered by Maillard et al. (2022),
which conjecture the form of the optimal spectral estimator using a linearization of AMP and the
analysis of the Bethe Hessian. Such conjecture is partly addressed by Zhang et al. (2024), when
the covariance of the ai’s is rotationally invariant. We note that, in the single-index case, optimal
spectral methods match computational thresholds obtained from the stability of AMP (Mondelli
and Montanari, 2019; Zhang et al., 2024) and, in special cases, information-theoretic thresholds
as well (Mondelli and Montanari, 2019). An optimally-designed spectral estimator is able to meet
the information-theoretic limits of weak recovery also for a class of heteroscedastic PCA problems
(Zhang and Mondelli, 2024). Most closely related to our setting is work by Zhang et al. (2022):
the authors consider mixtures of single-index models with independent signals and provide precise
asymptotics for spectral estimators by using a mix of tools from random matrix theory and the the-
ory of AMP. In contrast, our approach is purely random matrix theoretic, and it allows us to handle
a general class of multi-index models with arbitrary correlation among the signals.

We finally note that a parallel paper by Defilippis et al. (2025) also considers a multi-index
model with Gaussian design and introduces spectral estimators based on the linearization of AMP.
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Defilippis et al. (2025) then conjecture that such spectral estimators are optimal in the sense that they
achieve the computational threshold identified by Troiani et al. (2024), providing both numerical and
rigorous evidence in favor of the conjecture. Our work focuses on a family of spectral estimators
popular in the related literature (cf. Eq. (41) in Defilippis et al. (2025) and (3.2) in our work), and it
resolves the conjecture of Defilippis et al. (2025) for a wide class of link functions q, including all
permutation-invariant ones, see Remark 5 for details.

3. Preliminaries

Notation. Given a positive integer n, we use the shorthand [n] := {1, . . . , n}. We denote by 0n
the vector of length n with all zeros. For a symmetric matrix M , we denote its Moore-Penrose
pseudo-inverse as M †, the set of all its eigenvalues as ΛM , its i-th largest eigenvalue as λMi and the
corresponding i-th eigenvector of unit norm as vMi . We use (e

(d)
i )i∈[d] to denote the canonical basis

of Rd and suppress the superscript whenever there is no confusion. Unless otherwise specified, all
limits of sequences of random quantities are computed in an almost sure sense as n, d→ ∞.

Multi-index models and weak recovery. We consider the problem of estimating p signals using
n responses (yi)i∈[n] generated i.i.d. from (1.1), where εi ∈ R accounts for noise and q : Rp+1 → R
is the link function. We denote by A :=

[
a1, · · · , an

]⊤ ∈ Rn×d the design matrix, by W ∗ :=[
w∗
1, · · · , w∗

p

]
∈ Rd×p the signal matrix, and by y :=

[
y1, · · · , yn

]⊤ ∈ Rn the response
vector. Throughout the paper, we impose the following assumptions.

(A1) A ∈ Rn×d contains i.i.d. standard Gaussian elements, i.e., Ai,j
i.i.d.∼ N (0, 1).

(A2) (w∗
i )i∈[p] are linearly independent, have unit norm and, if random, they are independent of A.

(A3) p ≥ 1 is fixed and n, d→ ∞ s.t. n/d→ δ ∈]0,∞[.

(A4) ε1, · · · , εn are independent of A,W ∗, and they are i.i.d. according to a distribution Pε on R
with finite first two moments.

The linear independence requirement in Assumption (A2) is mild. For the purpose of subspace
recovery (formally defined below), the presence of linearly dependent signals does not change the
recoverability of a given estimator.

Definition 1 (Weak recovery) Consider the model Equation (1.1). Let Ŵ ≡ Ŵ (A, y) =
[
ŵ1, · · · , ŵp

]
∈

Rd×p be an estimator such that ∥ŵi∥2 = 1 for all i ∈ [p]. We say that Ŵ weakly recovers the sub-
space span

{
w∗
1, · · · , w∗

p

}
if

max
v∈Sp−1

lim inf
d→∞

∥∥∥Ŵ⊤W ∗v
∥∥∥
2

∥W ∗v∥2

 > 0, (3.1)

where the almost sure limit is taken with respect to the proportional scaling in Assumption (A3).
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In words, Ŵ weakly recovers W := span
{
w∗
1, · · · , w∗

p

}
if at least one of the ŵi’s attains non-

vanishing correlation with some linear combination of the signals w∗
1, · · · , w∗

p. Other notions of
weak recovery for multi-index models have been considered in the literature. For instance, Troiani
et al. (2024) also discuss the weak recovery of the whole subspace W , replacing the maxv∈Sp−1 in
Equation (3.1) with minv∈Sp−1 . This requirement is clearly stronger than Definition 1 since every
vector in W needs to be weakly recovered by some ŵi in Ŵ . In this work, we focus exclusively on
Definition 1.

Spectral estimators. For a preprocessing function T : R → R, let zi := T (yi) for i ∈ [n] and
Z := diag

[
z1, · · · , zn

]
∈ Rn×n. Furthermore, we define the matrix D ≡ Dn ∈ Rd×d as

Dn =
1

n
A⊤ZA =

1

n

n∑
i=1

ziaia
⊤
i . (3.2)

The spectral estimator then outputs the eigenvectors corresponding to the p largest eigenvalues of
D, i.e.,

[
vD1 , · · · , vDp

]
.

We now make a simplifying assumption on W ∗ without loss of generality. Note that, for any
W ∗ subject to Assumption (A2), by orthogonal invariance of the random design matrix A, the law

of
{
|⟨vDi ,W ∗v⟩|
∥W ∗v∥2

: i ∈ [p], v ∈ Sd−1

}
remains unchanged under the rotation mapping W ∗ 7→ W ∗O

for any orthogonal matrix O ∈ Rp×p. Therefore, for convenience, we take the unique rotation O
that, for all i, maps w∗

i to
∑i

j=1 ci,jej , with
∑i

j=1 c
2
i,j = 1, and study

{∣∣〈vDi , ej〉∣∣ : i, j ∈ [p]
}

, i.e.,
the overlap of the eigenvectors with the basis {e1, · · · , ep} spanned by the rotated signals. We note
that, after this rotation, W ∗ can be written as

W ∗ =

[
W̃ ∗

0(d−p)×p

]
∈ Rd×p, W̃ ∗ =


c1,1 c2,1 · · · cp,1

c2,2 · · · cp,2
. . .

...
cp,p

 ∈ Rp×p. (3.3)

We further define the random variables

(s, ε) ∼ N (0p, Ip)⊗ Pε, y = q((W̃ ∗)⊤s, ε), z = T (y), (3.4)

and make the following assumptions on the preprocessing function T .

(A5) T is bounded and P(z = 0) < 1.

4. Main results

Consider the model Equation (1.1) under Assumptions (A1) to (A4). Our first result accurately
locates, in the high-dimensional limit, the p largest eigenvalues of the matrix D in Equation (3.2)
for any preprocessing function T subject to Assumption (A5), thereby unveiling a spectral phase
transition phenomenon. To present it, a sequence of definitions is needed.

Let T be the collection of preprocessing functions T subject to Assumption (A5). For any
T ∈ T , let z = T (y) as in Equation (3.4) and let τ = inf{c : P(z ≤ c) = 1} be the right edge of
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the support of z (by Assumption (A5), τ < ∞). Define ψδ : ]τ,∞[→ R and its point of minimum
as

ψδ(λ) := λ

(
1

δ
+ E

[
z

λ− z

])
, λ̄δ := argmin

λ>τ
ψδ(λ).

Note thatψδ is convex and, thus, its minimum is unique. Finally, define ζδ : R → R andR∞ : ]τ,∞[→
Rp×p as

ζδ(λ) := ψδ(max{λ̄δ, λ}), R∞(α) := E
[
αss⊤z

α− z

]
, (4.1)

where s, z are jointly distributed according to Equation (3.4).

Theorem 2 Let T : R → R be a preprocessing function subject to Assumption (A5), and let D ∈
Rd×d be defined in Equation (3.2). Let α1 ≥ . . . ≥ αj > τ (for some j ∈ [p]) be all the solutions
to

det(ζδ(α)I −R∞(α)) = 0. (4.2)

Then, for the top j eigenvalues of D, it holds that

λD1 , . . . , λ
D
j

a.s.−−→ ζδ(α1), . . . , ζδ(αj), (4.3)

and for the remaining p− j eigenvalues, it holds that

λDj+1, . . . , λ
D
p

a.s.−−→ ζδ(λ̄δ).

In words, Theorem 2 shows a phase transition for the j largest eigenvalues of D as the (normalized)
sample complexity δ varies. In fact, by the definition of ζδ(·) in Equation (4.1), Equation (4.3)
implies that, for any k ∈ [j], if αk ≤ λ̄δ, then λDi asymptotically coincides with ζδ(λ̄δ), which
corresponds to the right edge of the bulk of the spectrum of D; conversely, if αk > λ̄δ, then the
asymptotic value of λDi is strictly larger than the right edge, thereby forming a spectral outlier. This
phenomenon mirrors the classical BBP phase transition for the spiked covariance model (Baik et al.,
2005).

We note that (4.2) has at most p solutions in ]τ,+∞[. Furthermore, if T satisfies

inf
∥x∥2=1

lim
α→τ+

E

[
αz⟨s, x⟩2

α− z

]
= +∞, (4.4)

we are guaranteed that (4.2) has exactly p solutions. Both statements are proved in Proposition 17
deferred to Section B.3. The condition in (4.4) provides a natural generalization of the assumption
made for p = 1 in previous work, see Equation (82) in (Mondelli and Montanari, 2019).

Our second result characterizes the asymptotic performance, in terms of overlaps, of the eigen-
vectors corresponding to the spectral outliers of D.

Theorem 3 In the setting of Theorem 2, let αk = αk+1 = · · · = αk+m−1 be solutions to Equa-
tion (4.2) of multiplicity m, i.e., αk−1 > αk > αk+m−2 (k ≥ 2, k +m− 2 ≤ j), and let E∞

k ⊂ Rp

be them-dimensional eigenspace ofR∞(αk). If λDi
a.s.−−→ ζδ(αk) > ζδ(λ̄δ) (i ∈ {k, . . . , k+m−1}),

then

max
l∈[p]

lim inf
d→∞

k+m−1∑
i=k

∣∣∣〈vDi , e(d)l

〉∣∣∣2 > 0. (4.5)

6



SPECTRAL ESTIMATORS FOR MULTI-INDEX MODELS

More precisely, under the additional assumption that either m = 1 or the eigenspace E∞
k stays

invariant in a neighbourhood of αk, for any l ∈ [p],

k+m−1∑
i=k

∣∣∣〈vDi , e(d)l

〉∣∣∣2 a.s.−−→
ζ ′δ(αk)

∑k+m−1
i=k

∣∣∣〈h∞i , e(p)l

〉∣∣∣2
ζ ′δ(αk) + h∞k

⊤ d
dαR

∞(αk)h
∞
k

, (4.6)

where {h∞i : k ≤ i ≤ k +m− 1} ⊂ Rp is an orthonormal basis of E∞
k and d

dαR
∞(·) denotes the

entry-wise derivative of the matrix R∞(·). Conversely, for all i s.t. λDi
a.s.−−→ ζδ(λ̄δ), then

max
l∈[p]

lim
d→∞

∣∣∣〈vDi , e(d)l

〉∣∣∣2 = 0. (4.7)

In words, Theorem 3 shows that, if λDk is an outlier (which happens when αk > λ̄δ by Theo-
rem 2), the corresponding eigenvectors Vk =

[
vDk , · · · , vDk+m−1

]
∈ Rd×m weakly recover W =

span
{
e
(d)
1 , · · · , e(d)p

}
and Equation (4.6) expresses the asymptotic (squared) overlap

∥∥∥V ⊤
k e

(d)
l

∥∥∥2
2

in

terms of p-dimensional equations. Conversely, if λDk converges to the right edge of the bulk (which
happens if either αk ≤ λ̄δ or k exceeds the number of solutions of Equation (4.2)), then the overlap
vanishes.

Let us further elaborate on the invariance of the eigenspace E∞
k required for Equation (4.6) to

hold. Specifically, if E∞
k is an eigenspace of R∞(αk), then it is also an eigenspace of R∞(αk+∆)

for small enough ∆. This condition ensures that the denominator on the RHS of Equation (4.6)
is independent of the choice of the vector from the eigenspace. If this was not the case, the norm
of the overlap vectors, i.e.

∑p
j=1

∣∣〈vDi , ej〉∣∣2, may not have an asymptotic limit, making analysis
hard. The condition appears to be a proof artifact, and it is not even clear how to construct a case
with eigenvalue multiplicity that violates the invariance condition. For example, the assumption is
satisfied by models in which the eigenvalue multiplicity arises from the permutation-invariance of
the link function q, see Proposition 19 in Appendix D.

Taken together, Theorems 2 and 3 generalize earlier work by Mondelli and Montanari (2019)
on the single-index model and by Zhang et al. (2022) on mixtures of single-index models with
independent signals. The independence of signals is crucial to the approach in (Zhang et al., 2022)
which decomposes Dn in (3.2) as the free sum of matrices each corresponding to one of the signals.
To circumvent this difficulty, we pursue a p-dimensional analog of the strategy in (Mondelli and
Montanari, 2019), with additional adjustments. Namely, all results for eigenvalues and overlaps in
(Mondelli and Montanari, 2019) (Eq. (95), (96), (97), and (99) therein) come from Eq. (94), for
which there is no direct p-dimensional analogue. Our work identifies appropriate alternatives in
the form of Equation (5.2) and Equation (5.4). We then show that the eigenvalues of Dn solve a
fixed point equation (see Equation (5.3)) and that the eigenvectors are related to a p× p matrix (see
Equation (5.4)). Finally, studying the limiting behavior (as n, d→ ∞) of the p-dimensional objects
gives the claimed asymptotic characterizations. For p > 1, eigenvalue multiplicities complicate
the analysis of the limits of eigenvalue derivatives and associated eigenspaces, which are needed
for characterizing asymptotic overlaps. We handle such complications via tools from perturbation
theory. The proof is outlined in Section 5, with several auxiliary results deferred to Appendices A
to C.
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Our result on overlaps in Theorem 3 concerns the basis vectors. However, unless the signals
have vanishing correlation, one needs additional side information to assemble the overlaps with the
basis into overlaps with the signals (w∗

i )i∈[p], due to the sign ambiguity of eigenvectors.
Finally, our third main result identifies an optimal preprocessing function allowing the spectral

estimator to attain the lowest weak recovery threshold as per Definition 1. For any δ > 0, let

δc(T ) := inf

{
δ > 0 : max

l∈[p]
lim
d→∞

p∑
i=1

∣∣∣〈vDi , e(d)l

〉∣∣∣2 > 0

}

be the recovery threshold for T , that is, the smallest aspect ratio above which it achieves weak
recovery. Then, define the optimal weak recovery threshold as

δc := inf
T ∈T

δc(T ). (4.8)

Finally, for random variables (s, y) ∈ Rp × R jointly distributed according to Equation (3.4), we
use p(y | s) to denote the conditional density of y given s.

Theorem 4 The optimal weak recovery threshold δc equals

δc =

 max
u∈Sp−1

∫
R

(
Es

[
p(y | s) · (⟨s, u⟩2 − 1)

])2
Es[p(y | s)]

dy


−1

, (4.9)

where expectations are intended over s ∼ N (0p, Ip). Furthermore, denoting by uc ∈ Sp−1 a
maximizer in the above expression, for any δ > δc, weak recovery is achieved by taking T ∗

δ (y) as in

T ∗(y) := 1− Es[p(y | s)]

Es

[
p(y | s) · ⟨s, uc⟩2

] , T ∗
δ (y) :=

√
δc · T ∗(y)√

δ − (
√
δ −

√
δc) · T ∗(y)

. (4.10)

In words, Theorem 4 shows that the preprocessing in Equation (4.10) leads to weak recovery
of the signal subspace with a sample complexity that is minimal among all spectral methods. As
for Theorems 2 and 3, the result generalizes earlier work (Mondelli and Montanari, 2019; Zhang
et al., 2022) to the multi-index case with arbitrarily correlated signals. The proof of Theorem 4 is in
Appendix E.

The design of the optimal preprocessing function does not require the knowledge of W̃ ∗, but
only of the link function q and of the limiting sample covariance matrix of the signals Σ :=
(W̃ ∗)⊤W̃ ∗. In fact, T ∗(y) remains unchanged under W̃ ∗ 7→ OW̃ ∗ for any orthogonal matrix
O ∈ Rp×p. Indeed, one can verify that under the above mapping, Es[p(y | s)] remains unchanged

and uc 7→ Ouc. We can then take O = (W̃ ∗⊤W̃ ∗)−1/2W̃ ∗⊤ and equivalently define

y = q
(
(W̃ ∗)⊤O⊤s, ε

)
= q

([
(W̃ ∗)⊤W̃ ∗

]1/2
s, ε

)
.

We note that the link q and the sample covariance Σ are assumed to be known e.g. when y is the
output of a neural network with p neurons in the teacher-student model. If q and Σ are unknown, the
problem is in general much harder, and a separate set of samples may be used to first estimate q,Σ
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(sample splitting, as in Sawaya et al. (2024)). If q is parameterized by θ of fixed dimension, then
one can obtain θ and Σ from the moments of the random variable y in Eq. (3.4) in some cases (e.g.,
y = s1s2 with generic Σ; q =

∑p
i=1 s

2
i + w with Σ = I and w of unknown mean and variance).

In such cases, θ and Σ can be consistently estimated using the empirical moments of the response
vector with o(n) samples. The same guarantees then continue to hold if one applies the optimal
spectral estimator on the remaining n− o(n) samples with the consistent estimate of q and Σ.

Remark 5 Let F(M) := Ey[E(y)ME(y)] with E(y) := Es

[
ss⊤ − Ip | y

]
. Then, the threshold

identified in Lemma 4.1 of Troiani et al. (2024) is given by

(
supM≻0p×p

∥M∥F=1

∥F(M)∥F

)−1

. One can

readily verify that this expression coincides with Equation (4.9) when the sup is achieved by a
rank-1 matrix. This is the case when the matrices E(y) are simultaneously diagonalizable for all
y, a condition satisfied by permutation invariant link functions and all examples in Appendix F of
(Troiani et al., 2024). The proof is outlined in Appendix G.

Note that the simultaneous diagonalizability ofE(y) also implies the simultaneous diagonalizability
of R∞(α). Namely,

R∞(α) = E
[
αss⊤z

α− z

]
= E

y

[
αT (y)

α− T (y)
E
s

[
ss⊤ | y

]]
= E

y

[
αT (y)

α− T (y)
(E(y) + Ip)

]
.

Thus, if (E(y) + Ip) has the same eigenvectors for every y, so does R∞(α) for every α. This
implies that the invariance condition on the eigenspace is satisfied, and Equation (4.6) holds for all
eigenvectors with eigenvalues outside the bulk.

Numerical results. In Figures 1 and 2, we consider instances of Equation (1.1) with d = 1500 and
p = 2, and we compute overlaps between vDi and w∗

j (1 ≤ i, j ≤ 2). Each data point is obtained by
averaging over 10 i.i.d. trials, and error bars are reported at 1 standard deviation. The corresponding
theoretical predictions are plotted using solid curves. Both numerical and theoretical values of
overlaps are plotted as a function of the aspect ratio δ and captioned ‘num’ and ‘thy’ respectively.

Figure 1: q(s1, s2, ε) =
s1s2. Overlaps∣∣〈vD1 , w∗

1

〉∣∣, ∣∣〈vD1 , w∗
2

〉∣∣ and
theoretical predictions from
Theorem 3 are plotted as a
function of δ.

In Figure 1, the link function is q(s1, s2, ε) = s1s2 and the
preprocessing function T is the optimal one, see Section F.1 for
the derivation. The signals are sampled i.i.d. from independent
isotropic Gaussians. Due to the permutation invariance of the
model, for any eigenvector vDi , the overlap

∣∣∣〈vDi , w∗
j

〉∣∣∣ is asymp-
totically the same for j ∈ {1, 2}. As there is a single outlier in the
model, we only plot

∣∣〈vD1 , w∗
1

〉∣∣ and
∣∣〈vD1 , w∗

2

〉∣∣.
In Figure 2, we consider a two-component mixed phase retrieval

model: q(ξ1, ξ2, ε) = |ξε|, where the mixing variable ε is {1, 2}-
valued with P(ε = 1) = 0.6. The signals are sampled from a bivari-
ate correlated Gaussian with correlation ρ = 0.3. The performance
of spectral estimators is compared among five choices of prepro-
cessing functions: (i) the quadratic function T (y) = min

{
y2, 10

}
used by Yi et al. (2014) for mixed linear regression; (ii) the trim-
ming function T (y) = y21

{
y2 ≤ 7

}
considered by Chen and

9
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Figure 2: q(ξ1, ξ2, ε) = |ξε|. Overlaps
{∣∣〈vDi , w∗

j

〉∣∣ : 1 ≤ i, j ≤ 2
}

and theoretical predictions from Theo-
rem 3 are plotted as a function of δ for five preprocessing functions. Our optimal preprocessing function in
Equation (F.2) attains both the lowest weak recovery threshold (as ensured by Theorem 4) and the highest
overlap.

Candès (2017) which zeros out labels with large magnitude; (iii) the subset function T (y) =
1
{
y2 > 2

}
considered by Wang et al. (2018) which quantizes the labels to binary values; (iv) the

optimal preprocessing function T (y) = min
{
1− 1/y2,−10

}
for the non-mixed phase retrieval

model derived by Luo et al. (2019); and (v) the optimal preprocessing function that is guaranteed
by our theory to maximize the asymptotic overlap

∣∣〈vD1 , w∗
1

〉∣∣, see Section F.2 for details. As we
assume boundedness of T (see Assumption (A5)), we truncate such functions whenever necessary.
The truncation levels in (i) and (iv) are taken to be large enough so as not to significantly affect
the performance; the truncation/quantization levels in (ii) and (iii) are taken from Mondelli and
Montanari (2019).

A few remarks on Figures 1 and 2 are in order. First, the numerical and theoretical results
exhibit accurate agreement even for d = 1500, suggesting a rapid rate of convergence. Second,
for mixed phase retrieval, the mixing effect and the correlation between signals have crucial effects
on the design of the optimal preprocessing function. Naively applying the optimal preprocessing

10
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function for non-mixed phase retrieval results in poor performance of vD2 which achieves positive
overlap with either signal only if δ > 19 (see the bottom row of Figure 2). In contrast, the weak
recovery threshold of vD2 resulting from our proposed choice of preprocessing is less than 7. Third,
while our choice of preprocessing is designed to minimize the weak recovery threshold of vD1 , the
performance is also competitive in terms of overlaps, outperforming all alternatives.

5. Proof techniques

Equivalent spectral characterization. Let us write ai =
[
si ui

]⊤, with si
i.i.d.∼ N (0, Ip) and

ui
i.i.d.∼ N (0, Id−p). Thus, as w∗

i ∈ span{e(d)1 , . . . , e
(d)
p } (see Equation (3.3)), yi only depends on si

and, more precisely, yi = q
(
⟨si, w∗

1⟩, · · · ,
〈
si, w

∗
p

〉
, εi
)
, with the abuse of notation that the si’s are

now vectors in Rd with the last d−p coordinates set to 0. Extending the notation to matrices, we have
that A =

[
S U

]
, where S :=

[
s1 · · · sn

]⊤ ∈ Rn×p and U :=
[
u1 · · · un

]⊤ ∈ Rn×(d−p).
Thus, we can re-write the spectral matrix Dn in (3.2) as

Dn =
1

n
A⊤ZA =

1

n

[
S⊤

U⊤

]
Z
[
S U

]
=

1

n

[
S⊤ZS S⊤ZU
U⊤ZS U⊤ZU

]
=

[
a q⊤

q P

]
, (5.1)

where a := 1
nS

⊤ZS ∈ Rp×p, q := 1
nU

⊤ZS ∈ R(d−p)×p and P := 1
nU

⊤ZU ∈ R(d−p)×(d−p).

Figure 3: Plot of the functions L̃1, L̃2 (as well as L1, L2) de-
fined in Equation (5.2) for the model yi = ⟨ai, w∗

1⟩⟨ai, w∗
2⟩

(1 ≤ i ≤ n), where w∗
1 , w

∗
2 ∈ R1500 are orthogonal unit vec-

tors and n = 5d. The preprocessing function is taken to be the
optimal one given in Equation (F.1).

We start by working with a generic matrix D of the form in the RHS of (5.1), such that a, P
are symmetric and, for all eigenvectors vai of a, it holds that qvai ̸= 0 (this is the case for the
matrix Dn in Equation (5.1) as showed in Lemma 7 in Appendix A). For simplicity, we assume that
all eigenvalues of a are different (if any multiplicity exists, notation and exposition can easily be
adjusted accordingly). Let Li : R \ Λa → R (for i ∈ [d − p]) and L̃i :]λai ,+∞[\Λa → R (for
i ∈ [p]) be defined as

Li(µ) := λi(P − q(a− µIp)
−1q⊤), L̃i(µ) :=


L1(µ) if λai < µ < λai−1,

...
Li(µ) if λa1 < µ < +∞,

(5.2)

see Figure 3 for a plot. The L̃i’s are piecewise continuous, since the Li’s are continuous in the
respective domains. Furthermore, the domain of L̃i can be continuously extended to Λa (Lemma 8
in Appendix A), and L̃i(µ) is non-increasing in this domain (Lemma 9 in Appendix A).

11
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We use the functions in Equation (5.2) to characterize the top p eigenvalues (λDi )i∈[p] of the
matrix D. Specifically, Proposition 12 in Appendix A shows that, for i ∈ [p], λDi is the unique
solution to

L̃i(µ) = µ, for µ ∈]λai ,∞[. (5.3)

Moving to eigenvectors, we write vDi :=

[
hi
gi

]
(hi ∈ Rp, gi ∈ Rd−p) and characterize hi in terms of

the function R(λ) := a−q⊤(P −λId−p)
−1q defined for λ ∈]λp1,+∞[. Specifically, Proposition 13

in Appendix A shows that, for all i s.t. λDi > λP1 ,

hi =
h̃i√

1− h̃⊤i
d
dλR(λ

D
i )h̃i

, (5.4)

where h̃i is the eigenvector of R(λDi ) and d
dλR(λ) is the entry-wise derivative of R(λ). Finally,

Lemma 14 in Appendix A expresses the entries of R(λ) and d
dλR(λ) in terms of

Li(µ) := λ1(P + µqiq
⊤
i ), Li,j(µ) := λ1(P + µ(qi + qj)(qi + qj)

⊤), (5.5)

where qi is the i-th column of q.
In summary, the eigenvalues of D are given by the fixed points of L̃i (see Equation (5.3)); the

eigenvectors are computed in Equation (5.4) via the p × p matrices R(λ) and d
dλR(λ), which are

in turn related to Li,Li,j (see Equation (5.5)). The rationale for this equivalent spectral character-
ization is that L̃i,Li,Li,j are all low-rank perturbations of P (the first is rank-p, the other two are
rank-1). Thus, when considering the proportional asymptotic regime (n, d → ∞ with n/d and p
fixed), we can leverage the wide random matrix theoretic literature on low-rank perturbations and,
specifically, results from (Bai and Yao, 2012). As a final, more technical note, the diagonal entries
of R(λ) and d

dλR(λ) are given by

R(λ)i,i = ai,i +
1

L−1
i (λ)

,
d

dλ
R(λ)i,i = − 1(

L−1
i (λ)

)2L′
i(L

−1
i (λ))

, (5.6)

which is reminiscent of the expressions for the single-index case, see (Lu and Li, 2020, Lemma
3.1). In contrast, the off-diagonal entries are more cumbersome (see Equation (A.14)), and they are
linked to the multi-index nature of the model.

Sketch of the proof of Theorem 2. We start with some manipulations: (4.2) is equivalent to∏p
i=1(ζδ(α) − λ∞i (α)) = 0, where λ∞i (α) is the i-th largest eigenvalue of R∞(α). Thus, the

assumption of the theorem implies that αi is the unique solution to ζδ(α) − λ∞i (α) = 0. Let
µ∗i := λ∞i (αi) and L̃∞

i (µ) := ζδ
(
(λ∞i )−1(µ)

)
. Then, µ∗i is the unique solution to L̃∞

i (µ)− µ = 0.
Next, recall that λDi is the unique solution to (5.3). Proposition 16 in Appendix B establishes

the limit of L̃i, by relying on the classical results by Bai and Yao (2012) adapted to the analysis of
single-index models in (Lu and Li, 2020; Mondelli and Montanari, 2019). Formally, this gives that

L̃i(µ)− µ
a.s.−−→ L̃∞

i (µ)− µ. (5.7)

As µ∗i is the unique solution to L̃∞
i (µ)− µ = 0, we conclude that

λDi
a.s.−−→ L̃∞

i (µ∗i ). (5.8)

12
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Substituting µ∗i = λ∞i (αi) in Equation (5.8) gives the desired result in (4.3) for the top-j eigenval-
ues.

The passages to show the claim for the remaining p−j eigenvalues are similar. As (4.2) has only
j solutions by assumption, ζδ(α)−λ∞i (α) = L̃∞

i (λ∞i (α))−λ∞i (α) = 0 has no solutions for α > τ
and i > j. Thus, L̃∞

i (µ) − µ = 0 has no solutions for µ ∈]λa∞i , t∞i [, with t∞i := limα→τ λ
∞
i (α).

This in turn implies that, for large enough n, the solution to L̃i(µ)− µ = 0 must be for µ > t∞i .
At this point, we use again Proposition 16 to show that, for µ > t∞i , L̃i(µ)

a.s.−−→ ζδ(λ̄δ), which
implies that λDi

a.s.−−→ ζδ(λ̄δ) for i ∈ {j + 1, . . . , p}, thus proving the desired result. The detailed
proof is in Section B.2.

Sketch of the proof of Theorem 3. As for the eigenvectors, we start with an asymptotic charac-
terization of R(λ) and d

dλR(λ). Specifically, Proposition 18 in Section C.1 shows that

R(λDk )
a.s.−−→ R∞(αk),

d

dλ
R(λDk )

a.s.−−→ 1

ζ ′δ(αk)

d

dα
R∞(αk), (5.9)

where αk is the k-th largest solution of Equation (4.2) and αk > λ̄δ. To obtain Equation (5.9), the
idea is to analyze the functions in Equation (5.5), as n, d→ ∞. We do so by using results from Bai
and Yao (2012), which give

Li(µ)
a.s.−−→ ζδ ◦Qi

−1 ◦G(µ), Li,j(µ)
a.s.−−→ ζδ ◦Qi,j

−1 ◦G(µ), (5.10)

where G(µ) = −1/µ, Qi(α) := E
[
s2i z

2

z−α

]
and Qi,j(α) := E

[
(si+sj)

2z2

z−α

]
. As αk > λ̄δ, Theorem 2

guarantees that λDk
a.s.−−→ ζδ(αk) and therefore

L−1
i (λDk )

a.s.−−→ G ◦Qi ◦ ζ−1
δ ◦ ζδ(αk) = G ◦Qi(αk). (5.11)

By the law of large numbers, a a.s.−−→ a∞ := E
[
zss⊤

]
. Thus, by combining Equations (5.6), (5.10)

and (5.11) we conclude

R(λDk )i,i
a.s.−−→ a∞i,i −Qi(αk) = E

[
s2i z
]
− E

[
s2i z

2

z − αk

]
= E

[
αks

2
i z

αk − z

]
= R∞(αk)i,i. (5.12)

Moreover, Li(µ) is differentiable (see Lemma 14 in Appendix A), so for its derivative it holds that

L′
i(µ)

a.s.−−→ ζ ′δ ◦Qi
−1 ◦G(µ) ·

(
Q−1

i

)′ ◦G(µ) ·G′(µ).

Plugging this into (5.9) we get

d

dλ
R(λDk )i,i

a.s.−−→
d
dα(R

∞(αk)i,i)

ζ ′δ(αk)
.

By performing similar calculations on the off-diagonal entries of R(λ) and d
dλR(λ), Equation (5.9)

follows (the complete proof is deferred to Section C.1).
We are now ready to prove Equation (4.6) when there is no multiplicity (m = 1). Having a mul-

tiplicity adds technical complications (and also the assumption on the invariance of the eigenspace
E∞

k ), which are handled in Section C.2 where we also prove Equations (4.5) and (4.7).

13



KOVAČEVIĆ ZHANG MONDELLI

First, note that the desired overlaps can be expressed as∣∣∣〈vDk , e(d)j

〉∣∣∣2 = (e
(p)
j )⊤hkh

⊤
k (e

(p)
j ). (5.13)

Furthermore, recall that (i) hk is related to the unit norm eigenvector h̃k of R(λDk ) and to d
dλR(λ

D
k )

via Equation (5.4), and that (ii) the limits of R(λDk ) and to d
dλR(λ

D
k ) are given by Equation (5.9).

Then, applying the results from (Kato, 1995, II.1.4), the orthonormal projection to the eigenspace

corresponding to the k-th eigenvalue also converges, i.e., Πhk

a.s.−−→ Πh∞
k
, where Πhk

=
hkh

⊤
k

∥hk∥22
=

h̃kh̃
⊤
k and Πh∞

k
=

h∞
k h∞

k
⊤

∥h∞
k ∥2

2

= h∞k h
∞
k

⊤. As a consequence, we have that

∥hk∥2 =
1√

1 + h̃⊤k
d
dλR(λ

D
k )h̃k

a.s.−−→
√
ζ ′δ(αk)√

ζ ′δ(αk) + h∞k
⊤ d

dλR
∞(αk)h

∞
k

.

Combining these results, we obtain that

hkh
⊤
k

a.s.−−→
ζ ′δ(αk)h

∞
k h

∞
k

⊤

ζ ′δ(αk) + h∞k
⊤ d

dλR
∞(αk)h

∞
k

,

which, together with Equation (5.13), proves the claim.

6. Concluding remarks

This paper provides the first asymptotic characterization of spectral estimators for multi-index mod-
els: we unveil a phase transition in the top-p eigenvalues of the spectral matrix D in Equation (3.2),
giving a low-dimensional (and simple to check) condition for spikes to emerge from the bulk of
the spectrum; the eigenvalue phase transition is associated to the recovery of the subspace spanned
by the signals via the corresponding eigenvectors and, under some technical conditions, we prove
a precise expression for the asymptotic overlap; finally, we optimize the data preprocessing and
identify the spectral estimator that weakly recovers the signal subspace with the smallest sample
complexity.

Spectral methods are commonly used as a warm start for other procedures, often of itera-
tive nature. Thus, our analysis provides the starting point to combine spectral estimators either
with a simple linear estimator (Mondelli et al., 2022; Zhang et al., 2022) or with AMP (Mondelli
and Venkataramanan, 2022), with the objective of achieving – at least in absence of statistical-to-
computational gaps – the Bayes-optimal limits of inference as characterized by Aubin et al. (2019).
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Appendix A. Formal statements and proofs for the equivalent spectral
characterization

We start with two auxiliary results.

Lemma 6 Under Assumption (A5), almost surely for all sufficiently large n it holds that

rk(ZS) = p.

Proof Notice first that, for all sufficiently large n, there are almost surely at least p elements in
the array [z1, z2, . . .] that are non-zero. This follows from Assumption (A5) that P(Z = 0) < 1, as
done in the proof of (Lu and Li, 2020, Proposition 3.2). Now, the i-th column of ZS is obtained by
scaling a standard p dimensional Gaussian by zi. As the columns of S are almost surely independent
and, for sufficiently large n, at least p elements zi’s are non-zero, it must be that at least p columns
of ZS are linearly independent, which proves the claim.

Lemma 7 For every eigenvector vai , it holds almost surely that

qvai ̸= 0.

Proof By definition, it holds that vai ̸= 0. Thus, Lemma 6 implies that almost surely ZSvai ̸= 0.
Furthermore, the elements of the matrix U are sampled independently from Z and S, so we can fix
xi := ZSvai ̸= 0 and conclude

P
(
U⊤xi = 0

)
= 0,

for the probability measure associated to the elements of U . This is due to the fact that, for xi ̸= 0,

P
(
U⊤xi = 0

)
= P

(
∀ j ∈ [d− p],

〈
uj , xi

〉
= 0
)
=

d−p∏
i=1

P(⟨uj , xi⟩ = 0) = 0,

as each uj ∈ Rn is sampled from a multi-variate Gaussian. Lastly, using the union bound, we have

P
(
∃ i ∈ [p], U⊤xi = 0

)
≤

p∑
i=1

P
(
U⊤xi = 0

)
= 0,

implying that almost surely qvai ̸= 0 for every eigenvector of the matrix a.

For i such that p+ 1 ≤ i ≤ d− p, let us define

L̃i(µ) :=


Li−p(µ) if λap < µ < λap−1,

...
Li(µ) if λa1 < µ < +∞,

(A.1)

where we restrict the domain to µ ∈]λap,+∞[\Λa. This complements the definition of L̃i(µ) for
i ∈ [p] in Equation (5.2). For 1 ≤ i ≤ d − p, all functions L̃i can be continuously extended, as
proved below.
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Lemma 8 For i ∈ [p] and j ≥ 2, it holds that

lim
µ1→λa

i
+
Lj(µ1) = lim

µ2→λa
i
−
Lj−1(µ2).

Proof To simplify exposition, let us denote byMµ := P−q(a−µIp)−1q⊤, as well as by r = qvai
∥qvai ∥2

which is well defined as qvai ̸= 0. Using Weyl’s inequality (see e.g. (Horn and Johnson, 2013,
Section 4.3)), one has

λj(Mµ1) ≤ λj−1(Mµ2) + λ2(Mµ1 −Mµ2).

Note that Mµ1 −Mµ2 = q
(
(a− µ2Ip)

−1 − (a− µ1Ip)
−1
)
q⊤ and that the SVD decomposition of

(a− µId)
−1 is

(a− µIp)
−1 =

p∑
k=1

vakv
a⊤
k

λak − µ
.

Plugging that in, we get

(a−µ2Ip)−1−(a−µ1Ip)−1 = vai v
a⊤
i

(
1

λai − µ2
+

1

µ1 − λai

)
+

p∑
k ̸=i

vakv
a⊤
k

(
µ2 − µ1

(λak − µ2)(λak − µ1)

)
.

Taking the limits µ1 → λai
+ and µ2 → λai

−, one readily obtains that λ2(Mµ1 −Mµ2) := εµ2 → 0.
Before continuing, let us denote by Πr := rr⊤ the orthogonal projection to the subspace defined by
r, and by Πr⊥ the orthogonal projection to the subspace r⊥. Obviously it holds that

Πr +Πr⊥ = Id−p.

Thus,

λj−1(Mµ2) = λj−1((Πr +Πr⊥)Mµ2(Πr +Πr⊥))

≤ λj−1(Πr⊥Mµ2Πr⊥) + λ1(ΠrMµ2Πr +Πr⊥Mµ2Πr +ΠrMµ2Πr⊥),

where the last line is due to the fact that the matrix ΠrMµ2Πr + Πr⊥Mµ2Πr + ΠrMµ2Πr⊥ is
symmetric and through a subsequent application of Weyl’s inequality. Let us analyze the eigenvector
corresponding to the largest eigenvalue. Namely, for an eigenvector t = Πr⊥t+Πrt =: tr⊥ + tr of
the discussed matrix with corresponding eigenvalue λ, we have that

ΠrMµ2Πr tr +ΠrMµ2Πr⊥ tr⊥ = λ tr,

Πr⊥Mµ2Πr tr = λ tr⊥ .

If tr is the 0 vector, then λ = 0. Otherwise, as ΠrMµ2Πr⊥ tr⊥ has a convergent, finite limit as
µ2 → λai

− and t⊤r ΠrMµ2Πr tr → −∞, it must hold that λ → −∞. This gives the following
inequality

λj(Mµ1) ≤ λj−1(Mµ2) + εµ2 ≤ λj−1(Πr⊥Mµ2Πr⊥) + ε′µ2
,

where ε′µ2
→ 0 as µ2 → λai

−.
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Let us now lower bound λj(Mµ1). In a similar manner as before, we have that

λj(Mµ1) = λj((Πr +Πr⊥)Mµ1(Πr +Πr⊥))

≥ λj

(
1

2
ΠrMµ1Πr +Πr⊥Mµ1Πr⊥

)
+ λd−p

(
1

2
ΠrMµ1Πr +Πr⊥Mµ1Πr +ΠrMµ1Πr⊥

)
≥ λj

(
1

2
ΠrMµ1Πr +Πr⊥Mµ1Πr⊥

)
− εµ1 ,

where as µ1 → λai
+ it holds that εµ1 → 0 with the same arguments as above.

Note that each of the eigenvectors of 1
2ΠrMµ1Πr corresponding to a non-zero eigenvalue is

orthogonal to each of the eigenvectors of Πr⊥Mµ1Πr⊥ corresponding to a non-zero eigenvalue.
Furthermore, λ1

(
1
2ΠrMµ1Πr

)
→ ∞ as µ1 → λai

+. Lastly, since Πr⊥Mµ1Πr⊥ has a convergent,
finite limit, it holds that

λj

(
1

2
ΠrMµ1Πr +Πr⊥Mµ1Πr⊥

)
= λj−1(Πr⊥Mµ1Πr⊥),

as µ1 → λai
+. This allows us to conclude that

λj−1(Πr⊥Mµ1Πr⊥)− εµ1 ≤ λj(Mµ1) ≤ λj−1(Mµ2) + εµ2 ≤ λj−1(Πr⊥Mµ2Πr⊥) + ε′µ2
.

Finally, by taking the limits µ1 → λai
+ and µ2 → λai

− we get

lim
µ1→λa

i
+
Lj(µ1) = lim

µ2→λa
i
−
Lj−1(µ2) = λj−1

(
Πr⊥Mλa

i
Πr⊥

)
. (A.2)

From now on, we will refer to the function L̃i as the one extended to the whole ]λai ,+∞[ for
i ∈ [p], and to the whole ]λap,+∞[ for i ≥ p + 1. The next result characterizes the behavior of L̃i

at the edges of its domain.

Lemma 9 For i ∈ [d−p], L̃i is non-increasing with the limit on the right edge of the domain given
by

lim
µ→∞

L̃i(µ) = λi(P ).

Moreover, for i ∈ [p], the limit on the left edge of the domain is

lim
µ→λa

i
+
L̃i(µ) = +∞.

Proof First, we prove that each Li(µ) is non-increasing in an arbitrary domain ]λaj , λ
a
j−1[. In fact,

for any µ1 > µ2 in that interval, it holds that

Li(µ1)− Li(µ2) = λi(P − q(a− µ1Ip)
−1q⊤)− λi(P − q(a− µ2Ip)

−1q⊤)

≤ λ1(q(a− µ2Ip)
−1q⊤ − q(a− µ1Ip)

−1q⊤)

= λ1

(
q

p∑
k=1

vakv
a⊤
k

(
µ2 − µ1

(λak − µ2)(λak − µ1)

)
q⊤

)
≤ 0,
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where the first inequality is due to Weyl’s inequality.
Thus, by the definition in (5.2) and by Lemma 8, we have that the function L̃i is non-increasing

in ]λai ,+∞[, for i ∈ [p]. In the same manner, for i > p, it also holds that L̃i is non-increasing in
]λap,+∞[. Moreover, since qvai ̸= 0 and

P − q(a− µIp)
−1q⊤ = P − (qvai )(qv

a
i )

⊤

λai − µ
−

p∑
k ̸=i

(qvak)(qv
a
k)

⊤

λak − µ
,

it holds that, for any i ∈ [p],

lim
µ→λa

i
+
L̃i(µ) = lim

µ→λa
i
+
λ1(P − q(a− µIp)

−1q⊤) = +∞.

Finally, using the same formula, one also obtains that, for i ∈ [d− p],

lim
µ→∞

L̃i(µ) = lim
µ→∞

λi(P − q(a− µIp)
−1q⊤) = λi(P ),

which concludes the proof.

Having proven this properties, let us get back to discussing the eigenvalues λDi . We do so by
considering two cases.

Lemma 10 An eigenvalue λDi /∈ Λa, i ∈ [d− p], is a solution to

Lk(µ) = µ, (A.3)

for some k. Conversely, any solution to the previous equation is an eigenvalue of D that is also not
an eigenvalue of a.

Proof All eigenvalues of D are exactly the solutions to

det(D − λId) = 0. (A.4)

Applying the formula for the determinant of a block matrix implies

det(D − λId) = det
(
P − λId−p − q(a− λIp)

−1q⊤
)
det(a− λIp).

As by assumption det(a− λId) ̸= 0, (A.4) is equivalent to

det
(
P − λId−p − q(a− λIp)

−1q⊤
)
= 0.

Moreover by definition of the determinant and the fact that the matrix in questions is symmetric, it
holds that

det
(
P − λId−p − q(a− λIp)

−1q⊤
)
=

d−p∏
i=1

λi

(
P − λId−p − q(a− λIp)

−1q⊤
)

=

d−p∏
i=1

(Li(λ)− λ).
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Therefore, we have that

det
(
P − λId−p − q(a− λIp)

−1q⊤
)
= 0,

if and only if there exists a k and µ such that

Lk(µ) = µ.

The case in which the eigenvalues of D and a overlap is covered by the result below.

Lemma 11 An arbitrary eigenvalue λDi ∈ Λa is equal to λaj if and only if

lim
µ→λa

j
+
Lk(µ) = λaj , (A.5)

for some k ≥ 2.

Proof Let us first prove the if part of the statement. We denote the eigenvector corresponding to

λDi as vDi =

[
hi
gi

]
, where hi ∈ Rp, g ∈ Rd−p. It follows that

DvDi =

[
a q⊤

q P

] [
hi
gi

]
= λaj

[
hi
gi

]
.

Splitting this equation into p and d− p coordinates gives

ahi + q⊤gi = λajhi, (A.6)

qhi + Pgi = λaj gi. (A.7)

Since (a− λaj Ip) is singular, its SVD decomposition is

(a− λaj Ip) =

p∑
k=1

(λak − λaj )v
a
kv

a⊤
k =

p∑
k ̸=j

(λk − λj)v
a
kv

a⊤
k .

From (A.6), it follows that (a − λaj Ip)hi = −q⊤gi. Then, plugging in the SVD, it holds that∑p
k ̸=j(λk−λj)v

a
kv

a⊤
k hi = −q⊤gi. Multiplying both sides by vaj , due to the matrix being symmetric

and thus eigenvectors orthogonal, it holds that

p∑
k ̸=j

(λk − λj)⟨vak , hi⟩
〈
vak , v

a
j

〉
= 0 = −

〈
q⊤gi, v

a
j

〉
.

From there, we can conclude that q⊤gi ⊥ vaj , which is equivalent to gi ⊥ qvaj . Moreover, (A.6) can
be rewritten as

hi = −(a− λaj Ip)
†q⊤gi + αvaj ,

for some α. Plugging this result into (A.7) gives

−q(a− λaj Ip)
†q⊤gi + αqvaj + Pgi = λaj gi, (A.8)
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for some α. Let us, as before, denote by r = qvaj /∥qvaj ∥2, and by Πr⊥ the orthogonal projection to
the subspace defined by r⊥. As noted before, gi ⊥ qvaj , which implies that gi = Πr⊥gi. Plugging it
into Equation (A.8) gives

−q(a− λaj Ip)
†q⊤Πr⊥gi + αqvaj + PΠr⊥gi = λajΠr⊥gi.

Multiplying the previous equation on the left by Πr⊥ results in

−Πr⊥q(a− λaj Ip)
†q⊤Πr⊥gi +Πr⊥PΠr⊥gi = λajΠr⊥gi.

This means that Πr⊥gi is an eigenvector of the matrix −Πr⊥q(a−λaj Ip)
†q⊤Πr⊥ +Πr⊥PΠr⊥ with

the corresponding eigenvalue λaj , i.e.,

λk(Πr⊥(P − q(a− λaj Ip)
†q⊤)Πr⊥) = λaj ,

for some k. From (A.2) we can see the LHS is exactly limµ→λa
j
+ Lk(µ) for some k. As proved in

Lemma 9, it holds that limµ→λa
j
+ L1(µ) = +∞, so it must be that k ≥ 2.

Conversely, by following the same steps in reverse, if limµ→λa
j
+ Lk(µ) = λaj , then there is a

vector gi that solves
−q(a− λaj )

†q⊤gi + αqvaj + Pgi = λaj gi,

for some α. By setting
hi = −(a− λaj Ip)

†q⊤gi + αvaj ,

it follows that w =

[
hi
gi

]
is an eigenvector of D with eigenvalue λaj as stated.

Combining the previous properties, we are now ready to state and formally prove the character-
ization in Equation (5.3).

Proposition 12 For i ∈ [p], the eigenvalue λDi is the unique solution to the equation

L̃i(µ) = µ, (A.9)

in the respective domain ]λai ,∞[.

Proof Let us first prove that (A.9) has a unique solution, for i ∈ [p]. Since L̃i(µ) is non-increasing
and continuous, we have that L̃i(µ) − µ is decreasing and continuous. Moreover, for i ∈ [p] it has
limits

lim
µ→λa

i
+
L̃i(µ)− µ = +∞, and lim

µ→∞
L̃i(µ)− µ = −∞,

due to Lemma 9. Then, applying the intermediate value theorem implies that there must be a unique
µi for which L̃i(µi)− µi = 0.

Next, let us prove that the unique solution µi of (A.9) is indeed an eigenvalue of D. First,
suppose that µi = λaj , for some j ∈ [p]. Then, (A.2) would imply that

lim
µ→λa

j
+
Lk(µ) = λaj ,
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for some k ≥ 2. Then, Lemma 11 implies that λaj is an eigenvalue of D. Next, suppose that
µi /∈ Λa. Then, by definition of L̃i, it holds that

Lk(µi) = µi,

for some k. Lemma 10 then implies that µi must be an eigenvalue of D.
Finally, let us prove that µi is exactly the i-th eigenvalue of D. To do so, we first prove that

every eigenvalue of D that is larger or equal to λap is a solution to the following equation in µ:

L̃m(µ) = µ,

for some m ∈ [d − p]. This follows from Lemmas 10 and 11, which imply that any eigenvalue of
D is covered by checking the conditions

Lk(µ) = µ or lim
µ→λa

j
+
Lk(µ) = λaj ,

which are all covered by considering L̃m(µ) for m ∈ [d− p].
As L̃1(µ) ≥ L̃2(µ) ≥ · · · ≥ L̃p(µ) ≥ · · · ≥ L̃d−p(µ) and λD1 ≥ λD2 ≥ . . . λDp , it must be that

the solution to (A.9) is exactly the i-th eigenvalue of the matrix D, and the proof is complete.

Next, we prove the eigenvector characterization in Equation (5.4).

Proposition 13 Let j ∈ [p] be s.t. λDi > λP1 for all i ≤ j. Then, for all i ≤ j, it holds that

hi =
h̃i√

1− h̃⊤i
d
dλR(λ

D
i )h̃i

,

where h̃i is the eigenvector of R(λDi ) and d
dλR(λ) is the entry-wise derivative of R(λ).

Proof Note that the eigenvector equation is equivalent to the system of two equations

ahi + q⊤gi = λDi hi, (A.10)

qhi + Pgi = λDi gi. (A.11)

As we consider only the eigenvectors vDi for i ≤ j, the matrix (P − λDi Id−p) is invertible, and
solving (A.10) gives

gi = −(P − λDi Id−p)
−1qhi.

Substituting in (A.11) yields

ahi − q⊤(P − λDi Id−p)
−1qhi = λDi hi.

Let us denote by h̃i = hi
∥hi∥2

the unit norm eigenvector of a−q⊤(P −λDi Id−p)
−1q corresponding to

the eigenvalue λDi , and also define g̃i := −(P − λDi Id−p)
−1qh̃i. Then, h̃i and g̃i satisfy equations
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KOVAČEVIĆ ZHANG MONDELLI

(A.10) and (A.11), so ṽDi =

[
h̃i
g̃i

]
is aligned with an eigenvector corresponding to eigenvalue λDi .

However, ṽDi does not necessarily have unit norm. It holds that

[
hi
gi

]
= vDi =

ṽDi∥∥ṽDi ∥∥2 =

[
h̃i
g̃i

]
√
h̃⊤i h̃i + g̃⊤i g̃i

=

[
h̃i
g̃i

]
√
1 + h̃⊤i q

⊤(P − λDi Id−p)−2qh̃i

,

from which follows that

hi =
h̃i√

1 + h̃⊤i q
⊤(P − λDi Id−p)−2qh̃i

.

The last thing to notice is that

q⊤(P − λId−p)
−2q = − d

dλ
(a− q⊤(P − λId−p)

−1q),

from which the statement of the proposition follows.

We conclude by expressing the entries of the matrix R(λ) and its derivative in terms of the
auxiliary functions in Equation (5.5).

Lemma 14 Let us assume that λ > λP1 . Then, for the diagonal elements of R(λ), it holds that

R(λ)i,i = ai,i +
1

L−1
i (λ)

, (A.12)

d

dλ
R(λ)i,i = − 1(

L−1
i (λ)

)2L′
i(L

−1
i (λ))

. (A.13)

Moreover, for the off-diagonal elements, we have

2R(λ)i,j = 2ai,j +
1

L−1
i,j (λ)

− 1

L−1
i (λ)

− 1

L−1
j (λ)

, (A.14)

2
d

dλ
R(λ)i,j =

1(
L−1
i (λ)

)2L′
i(L

−1
i (λ))

+
1(

L−1
j (λ)

)2
L′
j(L

−1
j (λ))

− 1(
L−1
i,j (λ)

)2
L′
i,j(L

−1
i,j (λ))

.

(A.15)

Proof Note that

R(λ)i,i = ai,i − q⊤i (P − λId−p)
−1qi, R(λ)i,j = ai,j − q⊤i (P − λId−p)

−1qj . (A.16)

Transforming (A.16) with the matrix determinant lemma yields that, for any λ > λP1 ,

R(λ)i,i = ai,i − q⊤i (P − λId−p)
−1qi = ai,i +

1

L−1
i (λ)

. (A.17)
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Moreover, it holds that

R(λ)i,j = ai,j−
(qi + qj)

⊤(P − λId−p)
−1(qi + qj)− q⊤i (P − λId−p)

−1qi − q⊤j (P − λId−p)
−1qj

2
.

From the same transformation with the matrix determinant lemma, it follows that

(qi + qj)
⊤(P − λId−p)

−1(qi + qj) = − 1

L−1
i,j (λ)

.

Substituting the previous identity in Equation (A.17) gives Equation (A.14). Note that, for µ such
that Li(µ) > λP1 , it holds that Li is an increasing differentiable function, so its inverse and derivative
are well defined. Finally, by differentiating Equation (A.12) and Equation (A.14), we get the other
two equations.

Appendix B. Proofs for the characterization of eigenvalues

B.1. Auxiliary results

As a consequence of Proposition 12, the top p eigenvalues of D are entirely characterized by the
functions L̃i. As these functions are nothing more than patches of the functions Li on different
domains, we first direct our attention to analyzing asymptotic behavior of Li(µ) = λi(P − q(a −
µIp)

−1q⊤). Notice that

P − q(a− µIp)
−1q⊤ =

1

n
U⊤MnU, (B.1)

where Mn := Z − 1
nZS(a− µIp)

−1S⊤Z is a rank p perturbation of the matrix Z.

Lemma 15 For each µ > 0, let α1 ≥ . . . ≥ αj > τ be all the solutions to the equation

det(µIp −R∞(α)) = 0. (B.2)

Then, for the top j eigenvalues of Mn, it holds that

λM1 , . . . , λ
M
j

a.s.−−→ α1, . . . , αj , (B.3)

and for the remaining p− j eigenvalues, it holds that

λMj+1, . . . , λ
M
p

a.s.−−→ τ.

Proof Let us denote by v := ZS. An arbitrary eigenvalue λMk of Mn satisfies the equation

det

(
Z − 1

n
v(a− µIp)

−1v⊤ − λMk In

)
= 0.

Thus, for α > max{zi}, consider the following equation

det

(
Z − 1

n
v(a− µIp)

−1v⊤ − αIn

)
= 0.
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As Z − αIn is invertible for α > max{zi}, we can apply the matrix determinant lemma to obtain
the equivalent equation

det

(
µIp − a+

1

n
v⊤(Z − αIn)

−1v

)
= 0. (B.4)

Moreover,

a− 1

n
v⊤(Z − αIn)

−1v =
1

n

n∑
i=1

zisis
⊤
i − 1

n

n∑
i=1

z2i sis
⊤
i

zi − α
=

1

n

n∑
i=1

αzisis
⊤
i

α− zi
.

Thus, (B.4) becomes

det

(
µIp −

1

n

n∑
i=1

αzisis
⊤
i

α− zi

)
= 0. (B.5)

Let us prove that, for n large enough, this equation indeed has its top j solutions for α > max{zi}.
First, note that

det

(
µIp −

1

n

n∑
i=1

αzisis
⊤
i

α− zi

)
=

p∏
i=1

(µ− λi(α)),

where through abuse of notation we define λi(α) :]max{zi},+∞[→ R as λi
(

1
n

∑n
i=1

αzisis
⊤
i

α−zi

)
.

Each function λi is continuous and strictly decreasing. This can be seen by taking arbitrary α2 > α1

to get

λi(α1)− λi(α2) ≥ λp

(
(α2 − α1)

1

n

n∑
i=1

z2i sis
⊤
i

(α1 − zi)(α2 − zi)

)
> 0,

by using Weyl’s inequality and the fact that there are almost surely at least p linearly independent
vectors zisi by Lemma 6. Consequently, to prove that (B.5) has j solutions for α > max{zi}, it
equivalent to prove that, for each i,

λi(β
′
i) > µ > λi(β

′′
i ), (B.6)

for some β′′i > β′i > max zi.
Note that, for any fixed α, it holds that

1

n

n∑
i=1

αzisis
⊤
i

α− zi

a.s.−−→ E
[
αzss⊤

α− z

]
= R∞(α), (B.7)

due to the law of large numbers. Due to the continuity of eigenvalues, it further follows that

λi

(
1

n

n∑
i=1

αzisis
⊤
i

α− zi

)
a.s.−−→ λi

(
E
[
αzss⊤

α− z

])
= λ∞i (α),

where λ∞i (α) is continuous and strictly decreasing. This can be seen as, for any α > τ and any
arbitrary vector x ∈ Rp, it holds that

d

dα

(
x⊤
(
E
[
αzss⊤

α− z

])
x

)
= −E

[
⟨x, s⟩2z2

(α− z)2

]
< 0, (B.8)
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since P(z = 0) < 1. Moreover, for i ∈ [p],

lim
α→∞

λ∞i (α) = λa
∞

i ,

where the matrix a∞ = E
[
zss⊤

]
is the limit of the matrix a. The condition of the lemma states that

there exist α1 ≥ . . . ≥ αj > τ such that

det(µIp −R∞(α)) = 0.

Let us denote by k ∈ {0, . . . , p} the index such that λa
∞

k+1 ≤ µ < λa
∞

k , with the abuse of notation
λa

∞
0 := +∞ and λa

∞
p+1 := −∞. By assumption

det(µIp −R∞(α)) =

p∏
i=0

(µ− λ∞i (α)), (B.9)

has j solutions in α ∈]τ,+∞[. Note that λ∞i is a strictly decreasing continuous function, so the
only way that λ∞i − µ does not have a solution in α ∈]τ,+∞[ is if either limα→τ+ λ

∞
i (α) < µ

or limα→∞ λ∞i (α) > µ. Moreover, since limα→∞ λ∞i (α) = λa
∞

i , it will exactly hold for i ∈
{1, . . . k} that

lim
α→∞

λ∞i (α) ≥ λa
∞

k > µ. (B.10)

The fact that there are only j solutions to (B.9) and λ∞i (α) > λ∞i+1(α) implies that

λ∞i+k(αi) = µ,

for i ∈ [j], as well as
lim
α→∞

λ∞i (α) < µ, (B.11)

for i ∈ {j + k + 1, . . . , p}.
As each λ∞i is a strictly decreasing continuous function, this further implies that there exists

some constant ε > 0 and α′
1, . . . , α

′
j > τ such that

λ∞i+k(α
′
i) = µ+ ε.

Applying the convergence of (B.7) it further holds that

λi+k

(
1

n

n∑
i=1

α′
izisis

⊤
i

α′
i − zi

)
a.s.−−→ λ∞i+k(α

′
i) = µ+ ε.

Thus, for each i and ε > ε1 > 0, there exists n0 s.t. for n > n0∣∣∣∣∣λi+k

(
1

n

n∑
i=1

α′
izisis

⊤
i

α′
i − zi

)
− (µ+ ε)

∣∣∣∣∣ < ε1.

Developing the absolute value, it holds that

λi+k

(
1

n

n∑
i=1

α′
izisis

⊤
i

α′
i − zi

)
> µ+ ε− ε1 > µ,
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e.g. by taking ε1 = ε/2. As λi+k(α) = λi+k

(
1
n

∑n
i=1

αzisis
⊤
i

α−zi

)
is a continuous decreasing function,

starting from some n0 there exists β′i > τ s.t. λi+k(β
′
i) > µ. Notice that by definition τ > max zi

almost surely. In the same way as for β′i it can be proved that there exists β′′i > τ such that
λi+k(β

′′
i ) < µ.

Thus, we conclude that, for large enough n, λi+k(α) = µ has j solutions larger than max{zi}.
These are indeed λMi for 1 ≤ i ≤ j. Due to monotonicity, each λi admits a functional inverse and
it holds that

λMi = λ−1
i+k(µ).

As λi+k
a.s.−−→ λ∞i+k, applying (Lu and Li, 2020, Lemma A.1) implies that

λMi
a.s.−−→ (λ∞i+k)

−1(µ), (B.12)

for 1 ≤ i ≤ j, which is exactly the statement (B.3) of the lemma.
Let us now prove the second part of the statement. To do so, we prove that, for large enough n,

(B.5) has no more than j solution for α > max{zi}. As stated in (B.10) and (B.11), it holds that
limα→∞ λ∞i (α) > µ for i s.t. 1 ≤ i ≤ k and that limα→τ+ λ

∞
i (α) < µ for i s.t. j +1+ k ≤ i ≤ p.

Thus, using the same argument as before, we also have that, for large enough n and any α > τ ,
λi(α) > µ for i s.t. 1 ≤ i ≤ k and λi(α) < µ for i s.t. j + 1 + k ≤ i ≤ p. Since max{zi}

a.s.−−→ τ ,
as τ is the right edge of the support of z, such inequalities also hold for α > max{zi} (and n large
enough). Hence, there cannot exist β′i and β′′i that satisfy (B.6), so (B.5) cannot have more than j
solutions in α > max{zi}.

From this, it directly follows that, for n large enough and any l ∈ {j + 1 . . . p},

λMl ≤ max{zi},

almost surely. Furthermore, from the interlacing theorem, it holds that

λZp+1 ≤ λMl ,

for any l ∈ {j + 1, . . . , p}. Thus, the λMl ’s are sandwiched between the first and the p-th largest
value of Z, both of which converge to the right edge of the bulk τ as a finite order statistic, which
gives the desired result.

Proposition 16 For any fixed µ ∈]λa∞i , t∞i [, it holds that

L̃i(µ)
a.s.−−→ L̃∞

i (µ) = ζδ
(
(λ∞i )−1(µ)

)
. (B.13)

Furthemore, for any fixed µ ∈]t∞i ,+∞[, it holds that

L̃i(µ)
a.s.−−→ ζδ

(
λ̄δ
)
. (B.14)

Proof Let k be such that λa
∞

k+1 ≤ µ < λa
∞

k , with the abuse of notation λa
∞

0 := +∞. Then, by the
definition of L̃i in (5.2), it holds that

L̃i(µ) = Li−k(µ), (B.15)
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for n large enough. This is true since λai
a.s.−−→ λa

∞
i , as a a.s.−−→ a∞.

To obtain the convergence of the RHS in (B.15), we rely on the results from Bai and Yao (2012).
Towards this end, we recall the definition of Li−k(µ) = λi−k(P − q(a − µIp)

−1q⊤) as in (5.2).
Given the equality in (B.1), we turn our attention to the eigenvalues ofMn. Recall that the functions
λ∞i (α) are strictly decreasing with limits

lim
α→τ+

λ∞i (α) = t∞i , and lim
α→+∞

λ∞i (α) = λa
∞

i .

Then, as µ ∈]λa∞i , t∞i [, the equation
λ∞i (α) = µ

has a unique solution in α > τ . Let us denote that solution by αi−k. Due to the fact that

λa
∞

i · · · ≤ λa
∞

k+1 ≤ µ < λa
∞

k and µ < t∞i · · · < t∞1 ,

using the same argument as in the proof of Lemma 15 below (B.9), we conclude that there are
unique solutions α1, . . . , αi−k s.t. λj+k(αj) = µ for j ∈ [i − k]. Then, it holds that α1, . . . , αi−k

satisfy the conditions of Lemma 15. From its proof, specifically (B.12), it follows that

λMi−k
a.s.−−→ λ∞i

−1(µ) = αi−k.

Furthermore, the empirical spectral distribution ofMn converges almost surely to the distribution of
z. This claim follows from Cauchy’s interlacing theorem, using the same argument as in the proof
of (Lu and Li, 2020, Proposition 3.2). Assuming that the preprocessing function T is positive, we
can apply (Bai and Yao, 2012, Theorems 4.1 and 4.2) to get

Li−k(µ)
a.s.−−→ ζδ

(
(λ∞i )−1(µ)

)
,

following the steps in (Lu and Li, 2020, Proposition 3.3). Finally, the adjustment in (Mondelli and
Montanari, 2019, Lemma 3) covers the case in which the preprocessing function is not necessarily
positive, and the proof of Equation (B.13) is complete.

Let us now consider µ ∈]t∞i ,+∞[ and prove Equation (B.14). Note that, in this interval of µ,
the equation

λ∞i (α) = µ

has no solutions in α > τ . Let us examine the equation (B.2) in Lemma 15:

det(µIp −R∞(α)) =

p∏
l=1

(µ− λ∞l (α)) = 0.

The previous equation has a solution µ− λ∞l (α) = 0, as long as

λa
∞

l < µ < t∞l , (B.16)

due to the monotonicity of each λ∞l (α). As

λa
∞

i · · · ≤ λa
∞

k+1 ≤ µ < λa
∞

k and µ > t∞i · · · ≥ t∞p ,
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it follows that (B.16), thus also (B.2), can have at most i − (k + 1) solutions. Thus, applying
Lemma 15 it follows that

λMi−k
a.s.−−→ τ,

implying that Mn in limit has at most i− (k + 1) spikes outside the bulk. Moreover, the empirical
spectral distribution of Mn converges almost surely to the distribution of z, so we conclude that

L̃i(µ) = Li−k(µ)
a.s.−−→ ζδ(λ̄δ),

as the limit of the right edge of the spectral distribution of 1
nU

⊤ZU by (Bai and Yao, 2012, Lemma
3.1), which is due to (Silverstein and Choi, 1995, Section 4).

B.2. Proof of Theorem 2

We start by recalling some definitions. For each i, let λ∞i (α) = λi(R
∞(α)) be the i-th largest

eigenvalue of R∞(α) and let t∞i be

t∞i := lim
α→τ

λ∞i (α).

Furthermore, due to the law of large numbers, we have

a
a.s.−−→ a∞ := E

[
zss⊤

]
∈ Rp×p.

Lastly, consider
L̃∞
i (µ) := ζδ

(
(λ∞i )−1(µ)

)
, (B.17)

on the domain µ ∈]λa∞i , t∞i [. Note that L̃∞
i (µ) is a continuous non-increasing function, as it is the

composition of a non-decreasing function and a strictly increasing function. We are now ready to
prove our characterization of the eigenvalues of Dn.
Proof Note that (4.2) can be reformulated as

det(ζδ(α)Ip −R∞(α)) =

p∏
i=1

(ζδ(α)− λ∞i (α)) = 0. (B.18)

The assumption of the theorem implies that α1 ≥ · · · ≥ αj > τ satisfy (B.18). Recall that each
function ζδ(α)−λ∞i (α) is strictly increasing on ]τ,+∞[, with the right edge limit +∞. Therefore,
the implicit assumption that j ∈ [p] is justified as there could be at most 1 solution to the equation

ζδ(α)− λ∞i (α) = 0,

for each i ∈ [p]. Moreover, it holds by definition that λ∞1 (α) ≥ · · · ≥ λ∞p (α). Thus, it must be that
each αi is the unique solution to

ζδ(α)− λ∞i (α) = 0,

for i ∈ [j] and α > τ . Let us denote by µ∗i := λ∞i (αi) ∈]λa
∞

i , τ∞i [. Then µ∗i is a solution to the
equation

L̃∞
i (µ)− µ = 0,
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in the domain of definition L̃∞
i (µ), as L̃∞

i (µ∗i ) = ζδ((λ
∞
i )−1(λ∞i (αi))). Moreover, µ∗i is the unique

such solution, due to the strict monotonicity of L̃∞
i (µ)− µ on its domain ]λa

∞
i , τ∞i [.

Furthermore, Proposition 12 implies that each λDi is the unique solution to (A.9). For each µ
where L̃∞

i (µ) is defined, it holds that

L̃i(µ)− µ
a.s.−−→ L̃∞

i (µ)− µ, (B.19)

by Proposition 16 in Appendix B.
As both L̃i(µ) and L̃∞

i (µ) are non-increasing, the functions L̃i(µ) − µ and L̃∞
i (µ) − µ are

strictly decreasing. Hence, by (Lu and Li, 2020, Lemma A.1), it holds that

λDi
a.s.−−→ L̃∞

i (µ∗i ). (B.20)

Substituting µ∗i = λ∞i (αi) in Equation (B.20) gives (4.3) for i ∈ [j].
It remains to show the claim for the remaining p− j eigenvalues. As (4.2) has only j solutions

by assumption, it follows that

ζδ(α)− λ∞i (α) = L̃∞
i (λ∞i (α))− λ∞i (α) = 0

has no solutions for α > τ and i > j. Denoting µ = λ∞i (α), it further holds that

L̃∞
i (µ)− µ = 0

has no solutions for µ ∈]λa∞i , t∞i [. Since

lim
µ→λa∞

i

L̃∞
i (µ)− µ = +∞,

it must be that L̃∞
i (µ)− µ > 0 for all µ ∈]λa∞i , t∞i [. Using (B.19), we have that

L̃i(µ)− µ > 0,

for all µ ∈]λa∞i , t∞i [ and n large enough. As λai
a.s.−−→ λa

∞
i and each L̃i(µ) is defined on ]λai ,+∞[,

the solution to the equation
L̃i(µ)− µ = 0

must be for µ > t∞i . Then, applying Proposition 16, for any fixed µ it holds that

L̃i(µ)
a.s.−−→ ζδ(λ̄δ).

Lastly, as both µ− L̃i(µ) and µ− ζδ(λ̄δ) are increasing functions, Lemma A.1 in Lu and Li (2020)
implies that

λDi
a.s.−−→ ζδ(λ̄δ),

for all i > j, which proves the claim.
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B.3. Number of solutions to Equation (4.2)

Proposition 17 The equation in Equation (4.2) has at most p solutions. Furthermore, if Equa-
tion (4.4) holds, then Equation (4.2) has exactly p solutions.

Proof As stated in the proof of Theorem 2, it holds that

det(ζδ(α)I −R∞(α)) =

p∏
i=1

(ζδ(α)− λ∞i (α)). (B.21)

Note that the function ζδ(α)− λ∞i (α) is continous and strictly increasing for α ∈]τ,+∞[, so that

lim
α→∞

ζδ(α)− λ∞i (α) = +∞.

Thus, the equation in Equation (4.2) has at most p solutions. Furthermore, the assumption in Equa-
tion (4.4) implies that

inf
∥x∥2=1

lim
α→τ+

x⊤R∞(α)x = +∞,

which is equivalent to
lim

α→τ+
λ∞i (α) = +∞.

As limα→τ+ ζδ(α) = λ̄δ < +∞, it then holds that

lim
α→τ+

ζδ(α)− λ∞i (α) = −∞,

proving there must be exactly p solutions to Equation (4.2) due to the intermediate value theorem.

Appendix C. Proofs for the characterization of eigenvectors

C.1. Auxiliary results

Proposition 18 Let k ∈ [p] be such that αk > λ̄δ, where αk is the k-th largest solution of Equa-
tion (4.2). Then, it holds that

R(λDk )
a.s.−−→ R∞(αk), (C.1)

and
d

dλ
R(λDk )

a.s.−−→ 1

ζ ′δ(αk)

d

dα
R∞(αk). (C.2)

Proof By Lemma 14, it suffices to understand the behavior of the functions in Equation (5.5), as
n, d → ∞. However, we first need to verify the assumption that λDk > λP1 almost surely. From
Theorem 2, it follows that

λDk
a.s.−−→ ζδ(αk),

and ζδ(αk) > ζδ(λ̄δ) as αk > λ̄δ and ζδ is strictly increasing on ]λ̄δ,+∞[. Furthermore, λP1
a.s.−−→

ζδ(λ̄δ), hence λDk > λP1 almost surely.
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Let us denote by G the function

G(µ) = − 1

µ
,

which we will use in the continuation of the proof. Using Bai and Yao (2012) as in the proof of
Proposition 16, we get that

Li(µ)
a.s.−−→ ζδ ◦Qi

−1 ◦G(µ),

where Qi(α) := E
[
s2i z

2

z−α

]
. Notice that Qi(α) is invertible by (Lu and Li, 2020, Remark 3.3), which

is stated for the analogous function Q. In the same manner, it holds that

Li,j(µ)
a.s.−−→ ζδ ◦Qi,j

−1 ◦G(µ),

where Qi,j(α) := E
[
(si+sj)

2z2

z−α

]
. As αk > λ̄δ, we have that ζδ is strictly increasing and invertible,

hence

L−1
i (λDk )

a.s.−−→ G ◦Qi ◦ ζ−1
δ ◦ ζδ(αk) = G ◦Qi(αk),

which follows from (Lu and Li, 2020, Lemma A.1). Plugging this into (A.12) we get

R(λDk )i,i
a.s.−−→ a∞i,i −Qi(αk). (C.3)

Note that

a∞i,i −Qi(αk) = E
[
s2i z
]
− E

[
s2i z

2

z − αk

]
= E

[
αks

2
i z

αk − z

]
= R∞(αk)i,i.

Similarly, it holds that

R(λDk )i,j
a.s.−−→ a∞i,j −Qi,j(αk),

which combined with (C.3) proves (C.1).
Moreover, we have that Li(µ) is differentiable (see Lemma 14), so for its derivative it holds that

L′
i(µ)

a.s.−−→ ζ ′δ ◦Qi
−1 ◦G(µ) ·

(
Q−1

i

)′ ◦G(µ) ·G′(µ),

which follows from (Lu and Li, 2020, Lemma A.2). Plugging this into (A.13) we get

d

dλ
R(λDk )i,i

a.s.−−→
d
dα(R

∞(αk)i,i)

ζ ′δ(αk)
.

Similarly, it holds that

d

dλ
R(λDk )i,j

a.s.−−→
d
dα(R

∞(αk)i,j)

ζ ′δ(αk)
.

Combining the last two equations we obtain (C.2).

35
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C.2. Proof of Theorem 3

Proof We start by proving Equation (4.5). Let vDi =

[
hi
gi

]
, for i ∈ {k, . . . , k + m − 1}. Since

αk > λ̄δ, the conditions of Proposition 13 are satisfied as in the proof of Proposition 18. Thus, it
holds that

hi =
h̃i√

1− h̃⊤i
d
dλR(λ

D
i )h̃i

, (C.4)

where h̃i = hi
∥hi∥2

is the unit norm eigenvector of R(λDi ). Note that the vectors h̃i are orthogonal.
Furthermore, Proposition 18 gives that

R(λDk )
a.s.−−→ R∞(αk),

d

dλ
R(λDk )

a.s.−−→ 1

ζ ′δ(αk)

d

dα
R∞(αk). (C.5)

Then, applying the results from (Kato, 1995, II.1.4), it holds that the orthonormal projection to the
eigenspace corresponding to the k-th eigenvalue also converges, that is

ΠEk

a.s.−−→ ΠE∞
k
, (C.6)

where Ek is the space spanned by the eigenvectors hk, . . . , hk+m−1 and E∞
k is the eigenspace of

the limiting matrix R∞(αk), corresponding to the eigenvalue ζδ(αk) of multiplicity m. Due to
orthonormality of h̃i, we can write the orthonormal projection more explicitly as

ΠEk
=

k+m−1∑
i=k

hih
⊤
i

∥hi∥22
=

k+m−1∑
i=k

h̃ih̃
⊤
i ,

and

ΠE∞
k

=
k+m−1∑
i=k

h∞i h
∞
i

⊤

∥h∞i ∥22
=

k+m−1∑
i=k

h∞i h
∞
i

⊤, (C.7)

where h∞k . . . , h∞k+j−1 is any choice of the orthonormal eigenbasis of E∞
k . From (C.4), it follows

that
k+m−1∑
i=k

1

∥hi∥22
= m−

k+m−1∑
i=k

h̃⊤i
d

dλ
R(λDi )h̃i ≥ m−m · λp

(
d

dλ
R(λDi )

)
.

Moreover, due to (C.5) and the continuity of eigenvalues, the RHS has a convergent limit

m−m · λp
(
d

dλ
R(λDi )

)
a.s.−−→ m−m

1

ζ ′δ(αk)
λp

(
d

dα
R∞(αk)

)
. (C.8)

Note that the matrix d
dαR

∞(αk) = −E
[

ss⊤z2

(αk−z)2

]
is strictly negative definite for αk > τ , which im-

plies that λp( d
dαR

∞(αk)) < 0. As αk > λ̄δ, it holds that ζ ′δ(αk) > 0 and the RHS of Equation (C.8)
is finite. This further implies that, for each i s.t. k ≤ i ≤ k +m− 1, it must hold

lim inf
d→∞

∥hi∥2 > 0. (C.9)
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Note that
k+m−1∑
i=k

∣∣∣〈vDi , e(d)l

〉∣∣∣2 = k+m−1∑
i=k

∣∣∣〈hi, e(p)l

〉∣∣∣2 = k+m−1∑
i=k

∥hi∥22
∣∣∣〈h̃i, e(p)l

〉∣∣∣2
≥ min

t∈{k,...,k+m−1}
∥ht∥22

k+m−1∑
i=k

∣∣∣〈h̃i, e(p)l

〉∣∣∣2
= min

t∈{k,...,k+m−1}
∥ht∥22 · e

(p)
l

⊤
ΠEk

e
(p)
l .

(C.10)

Let us pick e(d)l such that ΠE∞
k
(e

(p)
l ) ̸= 0. Then, (C.5) implies that

ΠEk
(e

(p)
l ) ̸= 0, (C.11)

for all d large enough. Finally, combining (C.9), (C.10) and (C.11) proves

lim inf
d→∞

k+m−1∑
i=k

∣∣∣〈vDi , e(d)l

〉∣∣∣2 > 0,

which gives the claim in (4.5).
Next, we prove Equation (4.6) for m > 1. We assume, as in the statement, that E∞

k is also
the eigenspace corresponding to the k-th eigenvalue of R∞(α + ∆) for any small enough ∆. For
arbitrary eigenvectors hi1 and hi2 from E∞

k , it holds that

h∞i1
⊤ d

dα
R∞(αk)h

∞
i1 = lim

∆→0

h∞i1
⊤R∞(αk +∆)h∞i1 − h∞i1

⊤R∞(αk)h
∞
i1

∆

= lim
∆→0

h∞i2
⊤R∞(αk +∆)h∞i2 − h∞i2

⊤R∞(αk)h
∞
i2

∆

= h∞i2
⊤ d

dα
R∞(αk)h

∞
i2 ,

(C.12)

since h∞i1
⊤R∞(αk +∆)h∞i1 = h∞i2

⊤R∞(αk +∆)h∞i2 for any small enough ∆. Note that, for any ε
and large enough d, it holds that ∥∥ΠEk

−ΠE∞
k

∥∥
2
< ε. (C.13)

due to (C.6). Let us now fix h̃i, for some i ∈ {k, . . . , k+m−1}. As we can choose any orthonormal

basis when writing out ΠE∞
k

in (C.7), let us choose one such that h∞i =
ΠE∞

k
(h̃i)∥∥∥ΠE∞

k
(h̃i)

∥∥∥
2

. Then, (C.13)

implies that ∥∥∥∥∥
k+m−1∑
i=k

h̃ih̃
⊤
i −

k+m−1∑
i=k

h∞i h
∞
i

⊤

∥∥∥∥∥
2

< ε.

From the orthonormality of the chosen eigenbasis, it holds that∥∥∥h̃i −ΠE∞
k
h̃i

∥∥∥
2
=
∥∥∥(ΠEk

−ΠE∞
k
)(h̃i)

∥∥∥
2

≤
∥∥ΠEk

−ΠE∞
k

∥∥
2

∥∥∥h̃i∥∥∥
2

< ε.
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This also implies 1 + ε >
∥∥∥ΠE∞

k
h̃i

∥∥∥
2
≥ 1− ε, hence

∥∥∥h̃i − h∞i

∥∥∥
2
=

∥∥∥∥∥∥h̃i − ΠE∞
k
(h̃i)∥∥∥ΠE∞

k
(h̃i)

∥∥∥
2

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥ h̃i −ΠE∞
k
(h̃i)∥∥∥ΠE∞

k
(h̃i)

∥∥∥
2

+ h̃i
1−

∥∥∥ΠE∞
k
(h̃i)

∥∥∥
2∥∥∥ΠE∞

k
(h̃i)

∥∥∥
2

∥∥∥∥∥∥
2

≤ ε

1− ε
+

ε

1− ε
< 4ε.

Thus, (C.5) implies that, for large enough d,∥∥∥∥h̃⊤i d

dλ
R(λDk )h̃i −

1

ζ ′δ(αk)
h∞i

⊤ d

dα
R∞(αk)h

∞
i

∥∥∥∥
2

< c · ε,

for some constant c independent of ε. Plugging in the expression (C.12) makes h∞i not depend on
h̃i anymore, resulting in

h̃⊤i
d

dλ
R(λDk )h̃i

a.s.−−→ 1

ζ ′δ(αk)
h∞l

⊤ d

dα
R∞(αk)h

∞
l , (C.14)

for an arbitrary unit norm eigenvector h∞l ∈ E∞
k . Finally, combining (C.4) and (C.14) with (C.6)

implies
k+m−1∑
i=k

h̃ih̃
⊤
i

a.s.−−→
ζ ′δ(αk)

∑k+m−1
i=k h∞i h

∞
i

⊤

ζ ′δ(αk) + h∞k
⊤ d

dαR
∞(αk)h

∞
k

,

which proves Equation (4.6).
Finally, we prove the converse statement in Equation (4.7). Let us assume that ζδ(λ̄δ) ̸= λa

∞
l

for all l. This is without loss of generality, as justified at the end of the argument. By assumption,
we have

λDi
a.s.−−→ ζδ(λ̄δ). (C.15)

Thus, for n large enough, it follows that λDi /∈ Λa, since λal
a.s.−−→ λa

∞
l . We denote by k ∈ [i] the

index such that λak < λDi < λak−1, with the abuse of notation that λa0 = +∞. By Proposition 12, it
holds that

λDi = Lk(P − q(a− λDi Ip)
−1q⊤). (C.16)

Recall that the eigenvector condition for vDi is

DvDi =

[
a q⊤

q P

] [
hi
gi

]
= λDi

[
hi
gi

]
.

Splitting this equation into p and d− p coordinates gives

ahi + q⊤gi = λDi hi, (C.17)

qhi + Pgi = λDi gi. (C.18)
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Solving (C.17) gives
hi = −(a− λDi Ip)

−1q⊤gi,

where (a− λDi Ip) is invertible as λDi /∈ Λa. Substituting in (C.18) yields

Pgi − q(a− λDi Id−p)
−1q⊤gi = λDi gi.

Let us denote by g̃i = gi
∥gi∥2

the unit norm eigenvector of P−q(a−λDi Ip)−1q⊤ corresponding to the

eigenvalue λDi , and also define h̃i := −(a− λDi Ip)
−1q⊤g̃i. By (C.16), it holds that g̃i is the eigen-

vector corresponding to the k-th eigenvalue of the matrix P − q(a− λDi Ip)
−1q⊤. Moreover, h̃i and

g̃i satisfy equations (C.17) and (C.18), so ṽDi =

[
h̃i
g̃i

]
is aligned with an eigenvector corresponding

to eigenvalue λDi . However, ṽDi does not necessarily have unit norm. It holds that

[
hi
gi

]
= vDi =

ṽDi∥∥ṽDi ∥∥2 =

[
h̃i
g̃i

]
√
g̃⊤i g̃i + h̃⊤i h̃i

=

[
h̃i
g̃i

]
√

1 + g̃⊤i q(a− λDi Ip)
−2q⊤g̃i

,

from which follows that

hi =
h̃i√

1 + g̃⊤i q(a− λDi Ip)
−2q⊤g̃i

.

Moreover, notice that

∥hi∥22 =
g̃⊤i q(a− λDi Ip)

−2q⊤g̃i

1 + g̃⊤i q(a− λDi Ip)
−2q⊤g̃i

= 1− 1

1 + g̃⊤i q(a− λDi Ip)
−2q⊤g̃i

. (C.19)

The term at the denominator can be simplified as

g̃⊤i q(a− λDi Ip)
−2q⊤g̃i = g̃⊤i

(
d

dλ
q(a− λIp)

−1q⊤
)
(λDi )g̃i

=

(
d

dλ
λk(q(a− λIp)

−1q⊤)

)
(λDi )

=
d

dλ
Lk(λ

D
i ).

(C.20)

Here, when the eigenvalue λDi is simple, the second equality follows from (Lancaster, 1964, The-
orem 5) and the fact that g̃i is the eigenvector corresponding to the k-th eigenvalue of the matrix
q(a−λDi Ip)−1q⊤. The case in which the eigenvalue λDi has multiplicitym > 1 is handled similarly
via (Lancaster, 1964, Theorem 7), and it is discussed at the end of the argument.

Note that, by definition, it holds

d

dλ
Lk(λ

D
i ) =

d

dλ
L̃i(λ

D
i ).

We will prove that
d

dλ
L̃i(λ

D
i )

a.s.−−→ 0, (C.21)
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which implies ∥hi∥22
a.s.−−→ 0 and hence gives the desired statement in Equation (4.7). Recall that the

assumption underlying Equation (4.7) is that Equation (C.15) holds. This happens if either the αi

associated to λDi is s.t. αi ≤ λ̄δ or i exceeds the number of solutions of Equation (4.2) (i.e., λDi is
not associated to any solution of Equation (4.2)). We handle these two cases separately.

Case 1: λ ∈]λa∞i , t∞i [. This corresponds to the case in whichαi ≤ λ̄δ. Applying Proposition 16,
we have

L̃i(λ)
a.s.−−→ L̃∞

i (λ) = ζδ((λ
∞
i )−1(λ)).

By combining Equation (C.15) and Lemma A.2 in Lu and Li (2020), it follows that

d

dλ
L̃i(λ

D
i )

a.s.−−→ ζ ′δ((λ
∞
i )−1(ζδ(λ̄δ))) ·

1

λ′∞i ((λ∞i )−1(ζδ(λ̄δ)))
,

where the denominator is non-zero, as λ∞i is strictly decreasing. As (λ∞i )−1(ζδ(λ̄δ)) = αi ≤ λ̄δ,
the derivative ζ ′δ computed at that point is 0, which gives Equation (C.21).

Case 2: λ ∈]t∞i ,+∞[. This corresponds to the case in which λDi is not associated to any αi.
Applying again Proposition 16, we have

L̃i(λ)
a.s.−−→ ζδ(λ̄δ).

Then, again by (Lu and Li, 2020, Lemma A.2) it follows that

d

dλ
L̃i(λ)

a.s.−−→ d

dλ
(ζδ(λ̄δ)) = 0,

as the LHS is a constant function that does not depend on λ.
We conclude by handling the two special cases mentioned during the argument above. If λDi has

a multiplicity m > 1, then the m derivatives d
dλLk(λ

D
i ) corresponding to the m eigenvalues vanish

using the same argument. An application of (Lancaster, 1964, Theorem 7) gives that such derivatives
are the eigenvalues of the m × m matrix obtained by replacing g̃i in the LHS of Equation (C.20)
with a basis of the m-dimensional eigenspace associated to λDi . As the eigenvalues of such matrix
vanish, so does its trace and therefore the m norms ∥hi∥2.

Finally, if ζδ(λ̄δ) = λa
∞

l for some l, we can just add a vanishing perturbation to the matrix
a such that ζδ(λ̄δ) ̸= λa

∞
l . Applying the proved result, the overlaps vanish for any such small

perturbation, and due to continuity, taking the perturbation to 0 would give the claim.

Appendix D. Invariance of the eigenspace for permutation-invariant link functions

Proposition 19 If the link function q is permutation invariant in m coordinates, then the matrix
R∞(α) has eigenspaces that do not change with α, of combined dimension m− 1.

Proof Let us denote by wi the i-th column of the matrix W̃ ∗ as in (3.3), representing the top-p
entries of the reparametrized signal. Without loss of generality, we can assume that q is permutation
invariant in the first m coordinates, i.e.,

q(t1, . . . , tm, tm+1 . . . , tp, ε) = q(tπ(1), . . . , tπ(m), tm+1 . . . , tp, ε),
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for any permutation π : [m] → [m]. Let E be the span of {wi − wi+1 : i ∈ [m − 1]}. Note that
E has dimension m− 1, due to the linear independence of the signals wi. We will prove that E is a
direct sum of eigenspaces of R∞(α), neither of which depends on α.

Let us define ui as the image of wi − wi+1 under R∞(α), that is

ui := R∞(α)(wi − wi+1) = αE
[
s⟨s, wi − wi+1⟩T (y)

α− T (y)

]
,

for i ∈ [m − 1]. Let us denote by xi the component of ui that is orthogonal to wi and wi+1, i.e.,
xi := Π{wi,wi+1}⊥ui. Then, it holds that

ui = a1wi + a2wi+1 + xi, (D.1)

for some coefficients a1 and a2. We will first prove that xi = 0. Towards that end, let Si : Rp → Rp

be an isometric reflection that sends wi to wi+1, wi+1 to wi, and keeps wj fixed for j /∈ {i, i+ 1}.
Such a reflection exists due to the assumed linear independence of the wi’s. Notice that the normal
distribution in Rp is invariant to the transformation Si. Thus, it follows that

⟨ui, xi⟩ = αE
[
⟨s, xi⟩⟨s, wi − wi+1⟩T (y)

α− T (y)

]
= αE

[
⟨s, xi⟩⟨s, wi⟩T (y)

α− T (y)

]
− αE

[
⟨s, xi⟩⟨s, wi+1⟩T (y)

α− T (y)

]
= αE

[
⟨Sis, xi⟩⟨Sis, wi⟩T (q((W̃ ∗)⊤Sis, ε))

α− T (q((W̃ ∗)⊤Sis, ε))

]
− αE

[
⟨s, xi⟩⟨s, wi+1⟩T (y)

α− T (y)

]

= αE

[
⟨s, xi⟩⟨s, wi+1⟩T (q((W̃ ∗)⊤s, ε))

α− T (q((W̃ ∗)⊤s, ε))

]
− αE

[
⟨s, xi⟩⟨s, wi+1⟩T (y)

α− T (y)

]
= 0,

due to the permutation invariance of q, the fact that Sixi = xi and Siwi = wi+1. Therefore, it must
be that xi = 0. Moreover,

⟨ui, wi⟩ = αE
[
⟨s, wi⟩⟨s, wi − wi+1⟩T (y)

α− T (y)

]
= αE

[
⟨Sis, wi⟩⟨Sis, wi − wi+1⟩T (q((W̃ ∗)⊤Sis)

α− T (q((W̃ ∗)⊤Sis)

]

= αE

[
⟨s, wi+1⟩⟨s, wi+1 − wi⟩T (q((W̃ ∗)⊤s)

α− T (q((W̃ ∗)⊤s)

]

= αE
[
⟨s, wi+1⟩⟨s, wi+1 − wi⟩T (y)

α− T (y)

]
= −⟨ui, wi+1⟩.

Combining this with the decomposition in (D.1) implies that a1+a2⟨wi, wi+1⟩ = −a1⟨wi+1, wi⟩−
a2.As by assumption the signalswi andwi+1 are linearly independent, it cannot be that ⟨wi, wi+1⟩ =
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KOVAČEVIĆ ZHANG MONDELLI

−1, so it must be that a1 = −a2. This proves that wi − wi+1 are indeed eigenvectors for every α.
By definition, it holds that

E =
m−1⊕
i=1

span{ui}.

Thus, it is left to prove that any pair of eigenvectors ui and uj , for i, j ∈ [m − 1], either have the
same eigenvalue for all α, or for no α. We denote by λui(α) the eigenvalue that corresponds to the
eigenvector ui. Similar to before, let S(i) : Rp → Rp be an isometric reflection that sends wi to
wi+2, wi+2 to wi, and keeps wj fixed for j /∈ {i, i+2}. Such a reflection exists due to the assumed
linear independence of the wi’s. Also, the normal distribution is invariant to the transformation S(i).
Then, it follows that

λui(α) · ∥wi − wi+1∥22 = ⟨ui, wi − wi+1⟩ = αE

[
⟨s, wi − wi+1⟩2T (y)

α− T (y)

]

= αE

[〈
S(i)s, wi − wi+1

〉2T (q((W̃ ∗)⊤S(i)s, ε))

α− T (q((W̃ ∗)⊤S(i)s, ε))

]

= αE

[
⟨s, wi+2 − wi+1⟩2T (q((W̃ ∗)⊤s, ε))

α− T (q((W̃ ∗)⊤s, ε))

]
= ⟨ui+1, wi+1 − wi+2⟩ = λui+1(α) · ∥wi+2 − wi+1∥22.

This proves that λui(α)/λui+1(α) does not depend onα and, hence, λui(α)/λuj (α) does not depend
on α for all i, j ∈ [m − 1], implying the existence of an eigenspace of dimension m − 1 that does
not change with α.

Appendix E. Proof of Theorem 4

Proof By Theorem 3, we have that

max
j∈[p]

lim
d→∞

p∑
i=1

∣∣∣〈vDi , e(d)l

〉∣∣∣2 > 0

holds if and only if there exists α > λ̄δ that solves Equation (4.2).
Note that ζδ(α) is a strictly monotone function for α > λ̄δ, and it is constant for α ≤ λ̄δ. Thus,

the existence of α solving Equation (4.2) s.t. α > λ̄δ is equivalent to ζ ′δ(α1) > 0, where α1 is the
largest solution of (4.2). Thus, α1 is the largest solution to

det(ζδ(α)Ip −R∞(α)) = 0,

or equivalently
λ1(R

∞(α)) = ζδ(α).

This means that, for (4.2) to have solutions larger than λ̄δ, there has to exist α1 > τ such that

max
∥u∥2=1

u⊤R∞(α1)u = ζδ(α1),

ζ ′δ(α1) > 0,
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or equivalently

max
∥u∥2=1

u⊤R∞(λ̄δ)u > ζδ(λ̄δ). (E.1)

This follows from the fact that ζδ(α) is strictly increasing for α > λ̄δ, and u⊤R∞(α)u is strictly
decreasing, as proved in (B.8). Recall that λ̄δ is defined as the unique point that satisfies ψ′

δ(λ̄δ) = 0.
This is equivalent to

E
[

z2

(λ̄δ − z)2

]
=

1

δ
. (E.2)

By definition, it holds that

R∞(λ̄δ) = E
[
λ̄δz

λ̄δ − z
s⊤s

]
.

Therefore, the condition in (E.1) becomes

max
∥u∥2=1

E
[
λ̄δz

λ̄δ − z
⟨s, u⟩2

]
> λ̄δ

(
1

δ
+ E

[
z

λ̄δ − z

])
. (E.3)

Note that Dn and D′
n := Dn/β have the same principal eigenvector for an arbitrary scalar β > 0

so, without loss of generality, we can take λ̄δ = 1. This transforms (E.3) and (E.2) into

max
∥u∥2=1

E

[
z(⟨s, u⟩2 − 1)

1− z

]
>

1

δ
,

E
[

z2

(1− z)2

]
=

1

δ
.

We turn our attention to finding the critical threshold δc such that no preprocessing function T
exists which would satisfy these equations. To start, plugging in the definition of the expectation we
get

max
∥u∥2=1

∫
R

T (y)

1− T (y)
E
s

[
p(y | s) · (⟨s, u⟩2 − 1)

]
dy >

1

δ
,∫

R

(
T (y)

1− T (y)

)2

E
s
[p(y | s)]dy =

1

δ
.

(E.4)

Let us denote by f(y) := T (y)
1−T (y) . Note that

1

δ
< max

∥u∥2=1

∫
R
f(y)E

s

[
p(y | s) · (⟨s, u⟩2 − 1)

]
dy

= max
∥u∥2=1

∫
R
f(y)

√
E
s
[p(y | s)]

Es

[
p(y | s) · (⟨s, u⟩2 − 1)

]
√
Es[p(y | s)]

dy

≤ max
∥u∥2=1

√∫
R
f2(y)E

s
[p(y | s)]dy

√√√√∫
R

(
Es

[
p(y | s) · (⟨s, u⟩2 − 1)

])2
Es[p(y | s)]

dy (E.5)

= max
∥u∥2=1

1√
δ

√√√√∫
R

(
Es

[
p(y | s) · (⟨s, u⟩2 − 1)

])2
Es[p(y | s)]

dy,
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where the third line follows from Hölder’s inequality and the fourth line from the second condition
in (E.4). This means that, regardless of which preprocessing function T was chosen, if it satisfies
(E.4), then it must hold that

1

δ
< max

∥u∥2=1

∫
R

(
Es

[
p(y | s) · (⟨s, u⟩2 − 1)

])2
Es[p(y | s)]

dy =:
1

δt
.

This directly implies that
δc ≥ δt. (E.6)

Now, let us prove that, for any δ > δt, there exists a preprocessing function that achieves weak
recovery. Towards this end, we turn our attention to when equality holds in (E.5), as this gives us
the preprocessing function that exactly matches the upper bound. Namely, this is true if and only if
almost everywhere

f2(y)E
s
[p(y | s)] = c ·

(
Es

[
p(y | s) · (⟨s, uc⟩2 − 1)

])2
(Es[p(y | s)])2

,

where uc = argmaxũ
∫
R
(Es[p(y|s)·(⟨s,ũ⟩2−1)])

2

Es[p(y|s)] dy and c is some constant. Thus, we have that

f(y) =
√
c
Es

[
p(y | s) · (⟨s, uc⟩2 − 1)

]
Es[p(y | s)]

,

which in turn gives the choice

T̄ :=

√
cT ∗

1− (1−
√
c)T ∗ , (E.7)

with

T ∗(y) = 1− Es[p(y | s)]

Es

[
p(y | s) · ⟨s, uc⟩2

] .
The second condition in (E.4) determines c. Namely,

1

δ
=

∫
R

(
T̄ (y)

1− T̄ (y)

)2

E
s
[p(y | s)]dy =

∫
R
c ·

(
Es

[
p(y | s) · (⟨s, uc⟩2 − 1)

])2
Es[p(y | s)]

dy = c
1

δt
. (E.8)

Therefore, c = δt
δ . (E.8) immediately proves that the second condition in (E.4) is satisfied for T̄ .

The first condition in (E.4) is also satisfied since

max
∥u∥2=1

∫
R

T̄
1− T̄ E

s

[
p(y | s) · (⟨s, u⟩2 − 1)

]
dy ≥

√
c ·
∫
R

(
Es

[
p(y | s) · (⟨s, uc⟩2 − 1)

])2
Es[p(y | s)]

dy

=

√
δt
δ
· 1
δt
>

1

δ
.

Thus, T̄ achieves weak recovery, hence
δc ≤ δt,

44



SPECTRAL ESTIMATORS FOR MULTI-INDEX MODELS

which combined with (E.6) proves δc = δt. This also implies that the expression in Equation (E.7)
coincides with T ∗

δ as defined in Equation (4.10).
Lastly, we need to verify that T ∗

δ satisfies Assumption (A5). Let us first prove that T ∗
δ (y) is

bounded. Since T ∗(y) ≤ 1, it follows that

√
δ − (

√
δ −

√
δc) · T ∗(y) ≥

√
δc,

and

T ∗
δ (y) =

√
δc · T ∗(y)√

δ − (
√
δ −

√
δc) · T ∗(y)

≤
√
δcT ∗(y)√
δc

≤ 1.

Furthermore, for T ∗(y) ̸= 0, we have

T ∗
δ (y) =

√
δc√

δ
T ∗(y) − (

√
δ −

√
δc)

,

and it holds that
√
δ

T ∗(y) − (
√
δ −

√
δc) ∈]−∞,−(

√
δ −

√
δc)[ ∪ ]

√
δc,+∞[. Thus, for T ∗(y) ̸= 0,

T ∗
δ (y) ≥ −

√
δc√

δ −
√
δc
,

whereas T ∗
δ (y) = 0 for T ∗(y) = 0. This proves that T ∗

δ (y) is bounded.
Finally, by contradiction, suppose that P(T ∗

δ (y) = 0) = 1. Note that T ∗
δ (y) = 0 if and only if

T ∗(y) = 0. This holds whenever

P
(
E
s
[p(y | s)] = E

s

[
p(y | s) · ⟨s, uc⟩2

])
= 1. (E.9)

However, Equation (E.9) implies that

P
(
E
s

[
p(y | s) · (⟨s, uc⟩2 − 1)

]
= 0

)
= 1,

giving that δc = +∞, for which the statement of the theorem trivially holds. Consequently,
P(T ∗(y) = 0) ̸= 1 and the proof is complete.

Appendix F. Optimal preprocessing for the numerical experiments

F.1. q(s) =
∏2

i=1 si

In the numerical experiment, we employ the function T ∗(y) in place of T ∗
δ (y), as the latter is

introduced for technical reasons. Recall that

T ∗(y) := 1− Es[p(y | s)]

Es

[
p(y | s) · ⟨s, uc⟩2

] .
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We calculate term by term. First, we have

E
s
[p(y | s)] = 1

2π

∫∫
R2

e−
s21
2 e−

s22
2 δ(y − s1s2)ds1ds2

=
1

2π
2

∫ ∞

0

∫ ∞

0
e−

s21
2 e−

s22
2 δ(y − s1s2)ds1ds2,

where we have assumed that y > 0 (similar passages hold for y ≤ 0). The constant 2 pops out,
since there are two symmetric cases for y > 0, namely s1, s2 > 0 and s1, s2 < 0. Continuing with
the change of variable x1 = s1s2 and x2 = s1

s2
, we have

1

2π
2

∫ ∞

0

∫ ∞

0
e−

s21
2 e−

s22
2 δ(y − s1s2)ds1ds2 =

1

π

∫ ∞

0

∫ ∞

0
e−

x1x2
2 e−

x1/x2
2 δ(y − x1)

1

2x2
dx1dx2

=
1

π

∫ ∞

0
e
−y

(
x2
2
+ 1

2x2

)
1

2x2
dx2

=
1

2π

∫ ∞

−∞
e−y cosh(t)dt

=
1

π

∫ ∞

0
e−y cosh(t)dt

=
K0(|y|)
π

,

where we did the change of variable et = 1
x2

, and K0 is the modified Bessel function of the second
kind. Let us now calculate the second term for the choice uc = 1√

2
(1, 1), which can be verified to

be optimal,

E
s

[
p(y | s)⟨s, uc⟩2

]
=

1

2π

∫∫
R2

e−
s21
2 e−

s22
2 δ(y − s1s2)⟨s, uc⟩2ds1ds2

=
1

2π
2

∫ ∞

0

∫ ∞

0
e−

s21
2 e−

s22
2 δ(y − s1s2)

1

2
(s21 + s22 + 2s1s2)ds1ds2,

where, as before, we have assumed that y > 0 (similar passages hold for y ≤ 0). Continuing with
the change of variable x1 = s1s2 and x2 = s1

s2
, we have

E
s

[
p(y | s)⟨s, uc⟩2

]
=

1

π

∫ ∞

0

∫ ∞

0
e−

s21
2 e−

s22
2 δ(y − s1s2)

1

2
(s21 + s22 + 2s1s2)ds1ds2

=
1

π

∫ ∞

0

∫ ∞

0
e−

x1x2
2 e−

x1/x2
2 δ(y − x1)

1

2
x1

(
x2 +

1

x2
+ 2

)
1

2x2
dx1dx2

=
1

π

∫ ∞

0
e
−y

(
x2
2
+ 1

2x2

)
1

2
y

(
x2 +

1

x2
+ 2

)
1

2x2
dx2

=
1

2π

∫ ∞

−∞
e−y cosh(t)y(cosh(t) + 1)dx2

=
1

π

∫ ∞

0
e−y cosh(t)y(cosh(t) + 1)dx2

=
yK0(|y|) + |y|K1(|y|)

π
,
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where K1 is the modified Bessel function with parameter equal to 1. Moreover, the absolute value
in the final result is readily obtained after analyzing the case y < 0, which is analogous. Thus, we
get

T ∗(y) = 1− K0(|y|)
yK0(|y|) + |y|K1(|y|)

. (F.1)

Finally, let us calculate the weak recovery threshold δc:

1

δc
=

∫
R

(
Es

[
p(y | s)(⟨s, u⟩2 − 1)

])2
Es[p(y | s)]

dy =

∫
R

(
yK0(|y|)+|y|K1(|y|)

π − K0(|y|)
π

)2
K0(|y|)

π

dy ≈ 1.68421 ≈ (0.5937)−1,

where the exact value was calculated in WolframAlpha. We note that this value exactly matches the
threshold in (Troiani et al., 2024, pg.9).

F.2. Mixed phase retrieval

Let η = P(ε = 1) and define the following auxiliary quantities:

γ =
1

2

[
1 +

√
4ρ2η(1− η) + (2η − 1)2

]
,

a1 := 1 +
2(γ − η)

η
+

(
γ − η

ηρ

)2

,

a2 := η + (1− η)ρ2 +
2(γ − η)

η
+

(
γ − η

ηρ

)2[
(1− η) + ηρ2

]
,

a3 := (1− η)(1− ρ2) +

(
γ − η

ηρ

)2

η(1− ρ2),

b := a1 − a3.

Denote by ℓ∗ the unique solution in ℓ ∈](γ/η)2 − b,∞[ to the following equation:

(ℓ− a3)

∫ ∞

0

√
2

π
e−y2/2 (y

2 − 1)2

a2y2 + ℓ
dy =

1

γ2δ
.

Then, the optimal preprocessing function is given by

T (y) =
y2 − 1

[a2 + γ(ℓ∗ − a3)]y2 + ℓ∗ − γ(ℓ∗ − a3)
. (F.2)

This expression maximizes the asymptotic overlap
∣∣〈vD1 , w∗

1

〉∣∣ obtained by specializing our general
formula in Theorem 4 to the mixed phase retrieval model. The derivations are along similar lines as
detailed in Section F.1 for the model y = s1s2, and we leave out the explicit calculations.

Appendix G. Equivalence to Troiani et al. (2024)

Proposition 20 For simultaneously diagonalizable matrices E(y) and orthogonal signals, the re-
covery threshold from Theorem 4 matches the one in Lemma 4.1 of Troiani et al. (2024). This
equivalence holds for all permutation-invariant link functions.
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Proof The weak recovery threshold in Troiani et al. (2024) is characterized as

1

αc
= sup

M∈S+
p

∥M∥F=1

∥F(M)∥F .

Here, F is an operator defined as

F(M) := E
y
[E(y)ME(y)],

where E(y) := Es

[
ss⊤ − Ip | y

]
. As noted in the proof of Lemma 4.1 in Troiani et al. (2024),

the linear operator F is a self-map on the cone of positive semi-definite matrices. Indeed, for
any positive semi-definite matrix M and any vector v, v⊤F(M)v = Ey

[
v⊤E(y)ME(y)v

]
=

Ey

[∥∥M1/2E(y)v
∥∥2
2

]
≥ 0, meaning that F(M) is also positive semi-definite. By the generalized

Perron–Frobenius theorem for cone-preserving maps (Kreı̆n and Rutman, 1948) (see also Theorem
1.1 in (Du, 2006), or Theorem 19.2 and Exercise 12 in (Deimling, 1985, §19)), it holds that 1/αc is
the largest eigenvalue of the linear operator F . That is, there exists a positive semi-definite matrix
M∗ with ∥M∗∥F = 1 for which it holds

sup
M∈S+

p

∥M∥F=1

∥F(M)∥F = ∥F(M∗)∥F .

The corresponding eigen-equation F(M∗) = λ∗M∗ implies ⟨F(M∗),M∗⟩F = λ∗. The LHS
must be non-negative since ⟨F(M∗),M∗⟩F =

∑
i λ

M∗
i

〈
F(M∗), vM

∗
i (vM

∗
i )⊤

〉
F

≥ 0 due to the
cone-preserving property of F and non-negativity of each λM

∗
i . Now we have ∥F(M∗)∥2F =

λ∗⟨F(M∗),M∗⟩F = ⟨F(M∗),M∗⟩2F , from which it follows that ∥F(M∗)∥F = ⟨F(M∗),M∗⟩F ,
by non-negativity of the RHS just shown. So, one can rewrite the optimal threshold as

sup
M∈S+

p

∥M∥F=1

∥F(M)∥F = sup
M∈S+

p

∥M∥F=1

⟨F(M),M⟩F .

Let us assume first that this maximum is obtained for a certain rank-1 matrix. Then, it would hold

sup
M∈S+

p

∥M∥F=1

⟨F(M),M⟩F = max
∥u∥2=1

〈
F(uu⊤), uu⊤

〉
F
, (G.1)
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where u ∈ Rp. Writing this out, we have

max
∥u∥2=1

〈
F(uu⊤), uu⊤

〉
F
= max

∥u∥2=1
Tr

(
E
y

[
E(y)uu⊤E(y)

]
uu⊤

)
= max

∥u∥2=1
E
y

[
Tr
(
u⊤E(y)uu⊤E(y)u

)]
= max

∥u∥2=1
E
y

[(
E
s

[
⟨s, u⟩2 − 1 | y

])2
]

= max
∥u∥2=1

E
y

[(
E
s

[
p(y | s)
p(y)

(⟨s, u⟩2 − 1)

])2
]

= max
∥u∥2=1

E
y


(
Es

[
p(y | s)(⟨s, u⟩2 − 1)

])2
(Es[p(y | s)])2


= max

∥u∥2=1

∫
R
p(y)

(
Es

[
p(y | s)(⟨s, u⟩2 − 1)

])2
(Es[p(y | s)])2

dy

= max
∥u∥2=1

∫
R

(
Es

[
p(y | s)(⟨s, u⟩2 − 1)

])2
Es[p(y | s)]

dy

=
1

δc
,

where δc is exactly the threshold from Theorem 4.
Let us prove that when E(y) has the same eigenvectors regardless of y, the equality in (G.1)

holds. Towards that end, we denote by ui (i ∈ [p]) the orthonormal eigenbasis of E(y). We
introduce the matrices

Ai := uiu
⊤
i , Bj,k =

uju
⊤
k + uku

⊤
j√

2
,

for i, j, k ∈ [p] s.t. j ̸= k. It holds that

⟨Ai1 , Ai2⟩F = 0,

⟨Ai1 , Ai1⟩F = 1,

⟨Ai1 , Bj1,k1⟩F = 0,

⟨Bj1,k1 , Bj2,k2⟩F = 0,

⟨Bj1,k1 , Bj1,k1⟩F = 1,

for any i1, i2, j1, j2, k1, k2 ∈ [p] such that i1 ̸= i2 and (j1, k1) ̸= (j2, k2). Due to the fact that
u1, . . . , up form an orthonormal basis, the set

U := {Ai, Bj,k; i, j, k ∈ [p], j < k}

is an orthonormal basis of the symmetric matrices Sp equipped with Frobenius inner product. Notice
also that

sup
M∈S+

p

∥M∥F=1

⟨F(M),M⟩F ≤ sup
M∈Sp

∥M∥F=1

⟨F(M),M⟩F ,
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since all positive definite matrices are by definition symmetric. By the previous discussion, we
decompose the matrix M ∈ Sp such that ∥M∥F = 1, as

M =

p∑
i=1

αiAi +
∑

1≤j<k≤p

βj,kBj,k,

where αi, βj,k ∈ R such that ∑
i=1

α2
i +

∑
1≤j<k≤p

β2j,k = 1.

Since the ui’s are eigenvectors of E(y), it follows that every element of the set U is an eigenvector
of the operator F . Let us denote the corresponding eigenvalues as λAi and λBj,k

. Furthermore, it
holds that

λBj,k
= ⟨F(Bj,k), Bj,k⟩

= E
y

[
u⊤j E(y)uj · u⊤k E(y)uk

]
≤
√

E
y

[
(u⊤j E(y)uj)2

]
·
√

E
y

[
(u⊤k E(y)uk)2

]
=
√

⟨F(Aj), Aj⟩ ·
√
⟨F(Ak), Ak⟩

=
√
λAjλAk

,

where Hölder’s inequality was used to get the bound. Then, it holds that

⟨F(M),M⟩F =

〈
F

 p∑
i=1

αiAi +
∑

1≤j<k≤p

βj,kBj,k

, p∑
i=1

αiAi +
∑

1≤j<k≤p

βj,kBj,k

〉

=

〈
p∑

i=1

αiλAiAi +
∑

1≤j<k≤p

βj,kλBj,k
Bj,k,

p∑
i=1

αiAi +
∑

1≤j<k≤p

βj,kBj,k

〉

=

p∑
i=1

α2
iλAi +

∑
1≤j<k≤p

β2j,kλBj,k

≤
p∑

i=1

α2
iλAi +

∑
1≤j<k≤p

β2j,k

√
λAjλAk

≤ max
i
λAi ·

∑
i=1

α2
i +

∑
1≤j<k≤p

β2j,k


= max

i
λAi

≤ max
∥u∥2=1

〈
F(uu⊤), uu⊤

〉
F
,

(G.2)

which proves (G.1).
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Lastly, we verify that E(y) is diagonalizable when the link function q is permutation invariant.
Towards that end, it holds for arbitrary i, j ∈ [p] that

(E(y))i,i = E
s

[
s2i − 1 | y

]
= E

s

[
s2i − 1 | q(. . . , si, . . . , sj , . . . ) = y

]
= E

s

[
s2j − 1 | q(. . . , sj , . . . , si, . . . ) = y

]
= E

s

[
s2j − 1 | q(. . . , si, . . . , sj , . . . ) = y

]
= (E(y))j,j ,

since the link function q is permutation invariant. Similarly, for arbitrary i1, i2, j1, j2 ∈ [p] such that
i1 ̸= j1 and i2 ̸= j2, it holds that

(E(y))i1,j1 = E
s
[si1sj1 | y]

= E
s
[si1sj1 | q(. . . , si1 , . . . , si2 , . . . , sj1 , . . . , sj2 , . . . ) = y]

= E
s
[si2sj2 | q(. . . , si2 , . . . , si1 , . . . , sj2 , . . . , sj1 , . . . ) = y]

= E
s
[si2sj2 | q(. . . , si1 , . . . , si2 , . . . , sj1 , . . . , sj2 , . . . ) = y]

= (E(y))i2,j2 .

Thus, if we denote by a(y) := E(y)i,i for arbitrary i ∈ [p] and by b(y) := E(y)i1,j1 for arbitrary
i1, j1 ∈ [p] s.t. i1 ̸= j1, it follows that

E(y) =


a(y) b(y) · · · b(y)
b(y) a(y) · · · b(y)

...
...

. . .
...

b(y) b(y) · · · a(y)

 . (G.3)

Notice that this matrix is going to have an eigenbasis

u1 := (1, 1, 1, . . . 1)/
√
p,

u2 := (1,−1, 0, . . . 0)/
√
2,

...

up := (0, 0, . . . , 0, 1,−1)/
√
2,

regardless of the value of y, which proves the final claim.
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