Journal of Applied and Computational Topology (2026) 10:5
https://doi.org/10.1007/s41468-026-00233-3

®

Check for
updates

Maximum persistent Betti numbers of Cech complexes

Herbert Edelsbrunner! - Matthew Kahle? - Shu Kanazawa3

Received: 21 April 2025 / Accepted: 9 February 2026
© The Author(s) 2026

Abstract

This note proves that only a linear number of holes in a Cech complex of 1 points in R?
can persist over an interval of constant length. Specifically, for any fixed dimension p <
d and fixed ¢ > 0, the number of p-dimensional holes in the Cech complex at radius 1
that persist to radius 14-¢ is bounded above by a constant times n, where 7 is the number
of points. The proof uses a packing argument supported by relating the Cech complexes
with corresponding snap complexes over the cells in a partition of space. The argument
is self-contained and elementary, relying on geometric and combinatorial constructions
rather than on the existing theory of sparse approximations or interleavings. The bound
also applies to Alpha complexes and Vietoris—Rips complexes. While our result can be
inferred from prior work on sparse filtrations, to our knowledge, no explicit statement
or direct proof of this bound appears in the literature.
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1 Introduction

What is the maximum number of holes created by n possibly overlapping closed unit
balls in a Euclidean space, and how big can they be? To move toward a more precise
formulation of this question, let p < d be two positive integers, and consider the
asymptotic behavior of

M,.4(n) = max {ﬂ,, (UxeA B(x, 1)) |AC R card A = n} (1

as n — oo. Here, B(x, 1) is the closed ball of radius 1 centergd at x, and B, of the
union of such balls is the p-th Betti number of this space. The Cech complex of A for
radius r, denoted by C, = C,(A), is the simplicial complex whose vertices are the
points in A, and whose simplices are the subsets of points such that the closed balls of
radius r centered at these points have a non-empty common intersection. By the Nerve
Theorem, the Cech complex for radius » = 1 has the homotopy type of the union of
the unit balls in (1). Therefore, M, 4(n) is also the maximum p-th Betti number of
C}, for any set of n points in R?.

Recently, Edelsbrunner and Pach (Edelsbrunner and Pach 2024) proved that
M 4(n) = O (nmintp+1.14/21}) For example, M; »(n) grows linearly inn, but My 3(n)
and M» 3(n) grow quadratically in n. The upper bound is easily derived from the Upper
Bound Theorem for convex polytopes, see e.g. (Ziegler 1995), and their main contri-
bution is the actual construction that proves that this upper bound is asymptotically
tight. However, most holes in their construction appear to be small: they vanish when
the balls are slightly enlarged. In the language of persistent homology, they have short
lifetimes. This motivates us to fix ¢ > 0 and to look at

Mp.a.:(n) = max{B,(C1, Ciie) | A CRY, card A = n}, 2)

where ,61,(6’1, CV’1+8) is the p-th persistent Betti number of the inclusion of él in
C 1+¢- In other words, this is the number of p-dimensional holes in C 1 that are still
holes in C 1+¢. Note that the scale need not be fixed at » = 1: by rescaling the point
configuration that attains the maximum, we may consider the persistent Betti number
ﬁp(C,, C(1+8)r) for any » > 0. When we fix the parameter ¢ > 0, most of the holes in
Edelsbrunner and Pach’s construction are no longer counted since they do not persist
even to radius 1 + ¢, so it is not surprising that the asymptotic behavior of M, 4 . (n)
is different from that of M, 4(n), and we show that M, 4 .(n) grows only linearly in
n. In words, the number of holes that cover a fixed interval of positive length in the
Cech filtration is at most some constant, depending only on & and the dimension d,
times the number of points. It may also be of interest to consider the case in which the
constant ¢ > 0 depends on 7. For further details, see Section 5.

The Cech complex has the same homotopy type as the Alpha complex for the same
points and the same radius (Edelsbrunner and Harer, 2010, Section II1.4), which is a
subcomplex of the Delaunay mosaic of the points (Delaunay 1934). Hence, M, 4(n)
is also the maximum p-th Betti number of the Alpha complex of n points in R?, and
M 4.¢(n) is also the maximum p-th persistent Betti number of the Alpha complex for
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unit radius included in that of radius 1 4 ¢. Less obviously, our linear upper bound for
M, 4. (n) extends to the inclusion of Vietoris—Rips complexes for unit radius in that
of radius 1 + ¢. While we do not know of a direct connection, every step in our proof
of the bound for Cech complexes extends to Vietoris—Rips complexes. The resulting
linear upper bound for the persistent Betti numbers should be compared to the bounds
of Goff (Goff 2011) on the (non-persistent) Betti numbers of Vietoris—Rips complexes.
For p = 1, he shows a linear upper bound in all dimensions, which is stronger than our
linear upper bound for the persistent Betti numbers. However, for p > 1, his bound is
only o(n?), which is much weaker than our linear upper bound for the persistent Betti
numbers.

Related work on sparse approximations of filtrations

Although our initial motivation was to contrast the asymptotics of the maximum Betti
number M, 4(n) with those of the maximum persistent Betti number M, 4 (1) in
the context mentioned above, we recognize that our main result is closely related to
the literature on sparse approximations of filtrations. In this line of work, a substantial
body of literature shows that the Cech and Vietoris—Rips filtrations can be sparsified—
significantly reducing their size—while still capturing similar topological information.

Persistent homology records how topological features (such as components, loops,
and voids) appear and disappear as the scale parameter varies in a filtration; the
birth-death intervals (bars) of these features are summarized in a barcode. Many spar-
sification results are stated in terms of (multiplicative) interleavings. Informally, and
sufficient for our purposes, a (1 + ¢)-interleaving between filtrations means that there
are natural comparison maps consistently relating the complex at scale « in one fil-
tration to the complex at scale (I + &)« in the other, and conversely. In particular,
each topological feature whose lifetime strictly exceeds a factor of 1 + ¢; that is: a
bar that strictly covers an interval [«, (1 + €)a) for some « > 0 in one filtration has a
corresponding feature in the other.

A seminal result is Sheehy’s sparse Vietoris—Rips filtration (Sheehy 2013). For
an n-point set in Euclidean space (more generally, for an n-point metric space of
bounded doubling dimension), he constructs a linear-size (O (n)-size) filtration, based
on a hierarchical net-tree, that is (1 + ¢)-interleaved with the exact Vietoris—Rips fil-
tration. The hidden constant depends only on ¢ and the dimension of the point set. The
same philosophy has been developed for Cech filtrations. Of particular relevance is
Kerber—Sharathkumar’s sparse Cech filtration (Kerber and Sharathkumar 2013), which
introduces the well-separated simplicial decomposition (WSSD), ahigher-dimensional
analogue of the well-separated pair decomposition. Using a WSSD, they construct a
linear-size filtration that is (1 + ¢)-interleaved with the exact Cech filtration. Further
refinements and alternative viewpoints include Botnan—Spreemann’s Cech approxi-
mation via sequences of good covers (Botnan and Spreemann 2015) and the geometric
perspective of Cavanna—Jahanseir—Sheehy, who show that a sparse complex can be
realized as a nerve in one dimension higher (Cavanna et al. 2015). A high-dimensional
lattice-based approach by Choudhary—Kerber—Raghvendra yields polynomial-size
approximations—independent of the dimensionality of the point set—together with a
super-polynomial lower bound on the size required for a high-accuracy approximation,
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thereby demonstrating the inherent accuracy/size trade-off in high dimension (Choud-
hary et al. 2019). For developments in the two-parameter setting, we refer the reader
to (Buchet et al. 2023; Lesnick and Mccabe 2024) and the references therein.

How sparse approximation implies our linear bound on M, 4 - (n)

We herein explain how earlier results on sparse approximation imply our linear bound
on the maximum persistent Betti number M, 4 . (n). For a fixed ¢ > 0, suppose that in
the Cech filtration (é +)r>0 there exists a super-linear number of bars that strictly cover
an interval [«, (1 + ¢)) for some o > 0. Any proper sparsification scheme described
above produces a linear-size filtration that is (multiplicatively) (1 +¢)-interleaved with
the exact Cech filtration and therefore still carries all such bars. However, a linear-size
filtration can support only a linear number of bars, because each bar requires at least
one simplex to witness its creation or destruction. This contradiction shows that, in the
exact Cech filtration, the number of bars whose death-to-birth ratio is strictly greater
than 1 + & grows only linearly. Note that this argument handles all such longer bars
simultaneously, across all scales.

Our contributions

As mentioned already, our main result is a linear upper bound on the maximum per-
sistent Betti numbers over any fixed interval of positive length. Precisely, for fixed
0 < s < t, the p-th persistent Betti number g p(C‘S, Cv‘t) is bounded above by some
constant times the number of points in R?, where the constant depends only on the
ratio 7 /s and the dimension d. By rescaling the point configuration, we may therefore
focus on ,BI,(CV], él+8) withe =¢/s — 1 > 0.

Our method proceeds as follows: we mesh the Euclidean space into hypercubes of
diameter at most ¢ and identify the points lying in each cell. Applying this identification
to the Cech complex C 1 produces a smaller simplicial complex Q1, which we call a
snap complex (see Definition 2). The key observation can be summarized as follows:
there is a triangle of simplicial maps formed by C‘l — 01— C’HE and él — él+5,
which commutes on the homology level. Consequently, the rank of the induced map
H (Cl) — HP(C1+8)—that is, ,BP(Cl, C1+5)—1s bounded above by dim(H,(Q1)),
Wthh is in fact linear in the number of the input points by a packing argument (see
the remarks in Section 3 for details).

Our snap complex is akin in spirit to earlier work, particularly the constructions
of (Kerber and Sharathkumar 2013) and (Choudhary et al. 2019). Both also mesh
Euclidean space into hypercubes or permutahedra, yet their foci differ from that of
our snap complex argument.

1. In (Kerber and Sharathkumar 2013), the construction of a multiplicatively
(1 + e)-interleaved filtration exploits the well-separated simplicial decompo-
sition (WSSD). Intuitively, a WSSD decomposes the points into small clusters
whose diameters are tiny compared with the distances separating them and groups
these clusters into tuples so that every Cech simplex is captured by at least one
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such tuple. The construction is more sophisticated and delicate because the clus-
ters must be small relative to their mutual distances to guarantee a multiplicative
approximation across all scales. Our snap complex approach, based on a uniform
mesh size, avoids this technical step and proceeds directly to the bound on the
persistent Betti number, since we essentially focus on a single scale.

2. In (Choudhary et al. 2019), Euclidean space RY is meshed into permutahedral
cells. For a given finite point set, each cell containing at least one input point is
taken as a vertex of a new simplicial complex, and simplices are defined as the
nerve of these occupied cells. Taking an arbitrary base scale § > 0 and varying
the mesh size over the geometric progression Ac¥ with ¢ = 4(d +1)?, they obtain
a discrete tower of such complexes, connected by natural simplicial maps, which
approximates the Vietoris—Rips filtration within an O(d) multiplicative factor
while achieving smaller size bounds than Sheehy’s sparse Vietoris—Rips filtration.
In contrast, our snap complex construction takes into account not only the mesh
size but also the scale r, which allows us to build a sparse filtration (Q, ) >0 of snap
complexes that approximates the classical filtrations with arbitrary accuracy—
though only in an additive sense—by refining the mesh.

While our main result—a linear upper bound on persistent Betti numbers over a
fixed interval of positive length—can be deduced from earlier results on linear-sized
approximations of filtrations as discussed above, our objective is of a different nature.
We present a direct and self-contained proof based on elementary geometric and com-
binatorial arguments. Our approach circumvents the technically more involved steps
of filtration approximations that deal with all scales simultaneously in a multiplicative
sense, and addresses directly the bound on the maximum persistent Betti number at a
single scale, thereby offering a more accessible and clear exposition of this fundamen-
tal fact. Moreover, to the best of our knowledge, no explicit statement of this linear
bound on persistent Betti numbers exists, despite its noteworthy contrast with the tight
polynomial upper bounds on (non-persistent) Betti numbers of Cech complexes by
Edelsbrunner and Pach (Edelsbrunner and Pach 2024). We believe it is worthwhile
to clearly articulate and prove this fact, both for its intrinsic interest and for potential
applications in stochastic topology (see Section 5 for further discussion).

Outline

The outline of this paper is as follows. Section 2 proves technical lemmas about how
cycles are maintained if we glue vertices in a simplicial complex. Section 3 introduces
the snap complex of a Cech complex and relates its Betti numbers to the persistent
Betti numbers of the Cech complex. Section 4 combines these preparations to prove
the linear upper bound on the persistent Betti number of Cech complexes. Section 5
concludes the paper.

2 Gluing vertices

Let A C R be finite. By definition, the Cech complex of A for radius » > 0 consists
of all subsets B C A such that the closed balls of radius » centered at the points in B
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have a non-empty common intersection. Writing r(B) for the radius of the smallest
enclosing sphere of B, we have B € C,(A) iff r(B) < r. Letting B’ C R4 be another
finite set, the Hausdorff distance between B and B’ is

H(B, B') = max {max min ||b — b'||, max min ||b" — bll} . 3)
beB b'eB’ b'eB’ beB

We show that the difference between r(B) and r(B’) is at most the Hausdorff distance

between the two sets.

Lemma1l |r(B) —r(B’)| < H(B, B).

Proof Let x be the center of the smallest enclosing sphere of B, whose radius is r (B).
By definition of Hausdorff distance, B’ is contained in the union of balls of radius
& = H(B, B’) centered at the points in B. Hence, the sphere with center x and radius
r(B) + ¢ encloses B’, so r(B’) < r(B) + . Symmetrically, r(B) < r(B’) + ¢, so
r(B') — e < r(B) < r(B’) + &, which implies the claim. O

We employ Lemma 1 to reduce the size of a cycle. To explain how, we briefly review
standard terminology from homology. For simplicity, we work over the coefficient
field Z /27, though the results extend to any field (see the remark immediately after
Corollary 5 for amore algebraic approach). A p-chain, y,1is acollection of p-simplices,
and the vertices of y are the vertices of its p-simplices. To add two p-chains means
taking their symmetric difference: y + y’ = y @ y’. The boundary of a p-simplex
are its (p — 1)-dimensional faces, and the boundary of y is the sum of the boundaries
of its p-simplices. A p-cycle is a p-chain with empty boundary, denoted by dy = 0.
Two p-cycles are homologous, denoted by y ~ v/, if there is a (p + 1)-chain, T, that
satisfies dT" = y + y’. In this case, we say I is a filling of y + y’. Finally, y is frivial
if y ~ 0.

Definition 1 Lety bea p-cycleand x # y vertices of y. To glue x and y, we substitute
anew vertex, z, for x and y inall p-simplices, and write y |~ for the resulting p-chain.

After the substitution, a p-simplex that contains both, x and y, is a (p — 1)-simplex
and thus implicitly removed from the p-cycle by the gluing operation.

As illustrated in Figure 1, it is possible that after substituting z for x and y, we have
two p-simplices with the same p + 1 vertices, which, by definition, are two copies
of the same p-simplex. By the logic of modulo-2 arithmetic, the two copies cancel
each other. Substituting a new vertex z for two distinct vertices x and y in a simplicial
complex defines a simplicial map, as every simplex is mapped to a simplex in the new
complex with x and y replaced by z. Since the p-chain y |~y is nothing but the image
of the p-cycle y under this simplicial map, |~ is also a p-cycle. We state the fact
without proof, as it is elementary.

Lemma2 Let y be a p-cycle and x # y two vertices of y. Then y |x~y is a p-cycle.

Writing St,, (x) and St,, (y) for the p-simplices in y that contains x and y, respec-
tively, we define

Y1 =z [Sty, (x) USt, (»)],
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Fig. 1 Left: a portion of a 2-cycle in which x and y belong to two triangles that share an edge different
from the edge connecting x to y. For better visibility, we shade the triangles in the stars of x and y dark,
light, and in between depending on whether they share such an edge, they belong to both stars, and neither,
respectively. Middle: the contraction of the edge connecting x to y produces two bi-gons and two triangles
that share the same three vertices. Right: these bi-gons and duplicate triangles are removed.

where the multiplication means taking the cone over the p-simplices in the union of
two stars; in more combinatorial terms, this corresponds to adding the new vertex z to
each set of p + 1 vertices. Intuitively, y [*~ is the (p + 1)-chain that is swept out by
the p-simplices in St (x) U St,, (y) as we move x and y on straight lines to z. In the
configuration displayed in Figure 1, this corresponds to the 3-chain whose boundary
consists of the 10 and 6 triangles in the left and right drawings, respectively. It is not
difficult to see that the boundary of this (p + 1)-chain is the sum of the two p-cycles.

X~y

Lemma3 Let y be a p-cycle, x # y two vertices of y, y' = y|x~y, and I’ = y|
Then 0T =y +y'.

Proof The p-simplices in y that neither belong to St, (x) nor to St,, (y) also belong to
y’.Indeed, they exhaust "\ St,,(z), which implies y 4+ = St,, (x) USt,, (y) USt,(2).
By construction of I' = y|*~Y, and the assumption that y is a p-cycle, the right-hand
side of this equation is the boundary of I". O

3 Snap complex

For values 0 < s < t, we write CV‘S = CV‘S (A) for the Cech complex, ﬂp(Cv‘s) for the
rank of its p-th (reduced) homology group, H p(Cv’x), and B p(CV’S, Cv‘t) for the rank of
the image of Hp(és) in H,,(é,) induced by the inclusion Cs C Cv‘t.

Definition 2 Let W be a partition of R into cells, and call the supremum diameter of
the sets in W the mesh of the partition, denoted by mesh(W¥).

The snap complex, Qy, of the Cech complex C; along W is defined as follows:
the vertices of Qg are the cells that contain at least one point of A, and a set
{Vo,¥1,...,¥p} C© W of distinct cells is a p-simplex in Qy iff there exist vertices

x; € y; for 0 <i < p such that {xg, x1,...,xp} € CV‘S.

Note that mapping each p-simplex {xo, x1,...,xp} € C with x; € Yi e ¥ (0 <
i < p)toa simplex {Yo, ¥1,...,¥,} € Q1 defines a surjective simplicial map
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q: C — Q1. Letting y be a p-cycle in Ci1, we call @ = q(y) its image, and y a
preimage p-cycle of a. Given two preimage p-cycles of «, they may or may not be
homologous in C1. The next lemma, however, guarantees that they are homologous
in C1ymesh(w)-

Lemma4 Let ¢ = mesh(V), a a p-cycle in Q1, and y, y3 two preimage p-cycles of
ain Ci. Then y ~ y3 in Ciye.

Proof We construct a sequence of homologous p-cycles that interpolates between y
and y3 in C 1+¢- There is an initial sequence interpolating between y and y;, a mid-
dle sequence interpolating between y; and y», and a terminal sequence interpolating
between y» and y3.

The initial sequence reduces the number of vertices until the preimage p-cycle
contains at most one vertex per cell in W. Indeed, if y has vertices x # y in the
same cell, then we can glue x and y, as described in Section 2, which produces a new
p-chain, y’ = y|c~y. This operation introduces a new vertex, z. We are free to choose
its location, and to facilitate the repetition of this argument, we choose it where y used
to be. By Lemma 2, ' is a p-cycle with one fewer vertices than y. Let T = y|*™ be
the (p + 1)-chain from Lemma 3. If all simplices in I" belong to (v?H_g, then y and y’
are homologous in C 1-+e, SO assume that at least one simplex v € I' does not belong to
él+5. Then r(v) > 1 + e. By construction of I', and the choice of z’s location in the
cell that also contains x and y, there is a p-simplex t in y that has a vertex in every
cell that contains a vertex of v. Since the points in the same cell have distance at most
¢ from each other, Lemma 1 implies r(t) > r(v) — ¢ > 1. But then 7 is not in él
and neither is y, which contradicts the assumptions. This implies y ~ y’ in Cv'1+5. By
repeating the argument, all p-cycles in the initial sequence are homologous in C I+
and, in particular, y ~ yj in C I4e-

The terminal sequence of p-cycles reduces the number of vertices of y3 if read from
the end forward. Appealing again to Lemmas 1, 2, and 3, all p-cycles in the terminal
sequence are homologous in (fprg and, in particular, y» ~ 3 in élﬂ.

Since y and y;3 are preimage p-cycles of the same p-cycle, «, their vertices lie in the
same cells of W, and so do the vertices of y; and y,. The middle sequence interpolates
between the latter two p-cycles by changing one vertex at a time to a possibly different
point in the same cell. Appealing to Lemmas 1, 2, and 3, the p-cycles in the middle
sequence are again homologous in C’Hs and, in particular, y; ~ y» in C 1+e- But now
we have y ~ y1 ~ y» ~ y3in CV’1+8 and therefore y ~ y3 in CV'1+€, as claimed. O

Remark on Vietoris—Rips complexes. Lemma 4 generalizes to Vietoris—Rips com-
plexes. Indeed, its proof generalizes provided we adapt Lemma 1, which in its current
formulation is specific to Cech complexes. For the Vietoris—Rips complexes, we read
the radius r (B) as half of the maximum distance between any two vertices in B. Then
it is still true that the difference in radii is bounded from above by the Hausdorff
distance between the two sets of vertices. In other words, Lemma 1 also applies to
Vietoris—Rips complexes.

By Lemma 4, any two preimage cycles of a cycle in Q1 that already exist in C
are homologous in C 1+¢. We can therefore bound the persistent Betti numbers by the
Betti number of the snap complex.
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Fig.2 Left: the Cech complex for six points inside four cells in the partition of the plane. Assuming the
two triangles are isosceles, right-angled, and have smallest enclosing circles of radius 1 + ¢, the narrow
rectangle between the two triangles has a smallest enclosing circle with radius strictly larger than 1 + ¢.
Hence, the boundary of the convex hexagon that passes through the six points is a non-trivial 1-cycle in
él+g, and for & < +/2 — 1, it already exists in C\. Right: the image of the hexagon is a quadrangle in the
snap complex. Its boundary is a trivial 1-cycle in Q1. because the rectangle collapses to a single edge
shared by the images of the two triangles.

Corollary 5 With & = mesh(¥), we have B,(C1, C1+4¢) < B,(Q1) for every p.

Proof Recall that 8, (€1, C 1+e) 1s the rank of the persistent homology group that
captures all p-cycles in Cv'1+5 that already exist in C. It suffices to prove that the
images of non-trivial p-cycles in C 1+ that already exist in C) are non-trivial p-cycles
in Q1. To derive a contradiction, let y be a p-cycle in C 1 that is non-trivial in C I4e»
and assume that @ = ¢(y) is trivial in Q. Hence, there exists a (p + 1)-chain, A, in
Q1 with 0A = «, and because ¢ is surjective, there also exists a (p + 1)-chain I in C‘l
with ¢g(I') = A. Noting that y and dI" are both p-cycles in C1 whose images under g
are equal to o, we obtain y ~ dI' ~ 0 in CV’1+3 by Lemma 4. This contradicts that y
is non-trivial in C 1+¢ and implies the claimed inequality. O

Remark on the proof of Corollary 5. Alternatively, Corollary 5 can be deduced using a
more algebraic argument based on contiguous simplicial maps. Starting with a simplex
inC 1, one may either include it directly into C 14¢ or first map it to Q1 and then further
to CV‘Hg, which is possible by Lemma 1. These two simplicial maps are contiguous,
meaning that for every simplex in C1, the union of its images under the two maps is also
asimplex in C 1+e. Itis a standard fact that contiguous simplicial maps induce the same
homomorphism on homology groups. Consequently, the triangle of simplicial maps
formed by C 1 —> 01 —> C 1+¢ and C 1 — C 1+¢ commutes on the homology level,

which immediately yields Corollary 5. Although this proofis arguably cleaner, we have
chosen to present the current proof to make the geometric ideas more transparent.

Remark on the right-hand side of the inequality. It is easy to see that the bound in
Corollary 5 is not tight. Take for example three points equally spaced on a circle of
radius strictly between 1 and 1 4 . Then C) has a 1-cycle of three edges, while in
C1 e this cycle is filled by the triangle. Hence, Bi(C1, Ci4e) = 0, which is strictly
smaller than 81 (Q1) = 1.
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5 Page100f13 H. Edelsbrunner et al.

Note also that we cannot replace the upper bound 8,(Q1) in Corollary 5 with
Bp(Q 1+5) in general. The reason is that the image of a homologically non-trivial
cycle in C 1+ may be homologically trivial in Q1+, even if it already exists in Cr;
see Figure 2 for an example. Indeed, we have 1 = (C1 CH_8) > B1(0Q1+¢) =0in
this example.

Remark on Vietoris—Rips complexes. As mentioned earlier, Lemma 4 generalizes to
Vietoris—Rips complexes. With this, the proof of Corollary 5 generalizes to Vietoris—
Rips complexes.

4 The upper bound

We use a packing argument together with Corollary 5 to prove that for every ¢ > 0,
the number of homology classes born before or at 1 and dying after 1 + ¢ in the Cech
filtration of 1 points in RY is bounded from above by a constant times 7. This constant
depends on ¢ and d but not on n.

Theorem 6 For every ¢ > 0, there exists ¢ = c(g, d) such that Bp (él, él+g) <c-n.

Proof We partition R4 into translates of [0, S/ﬁ)d . The diameter of every cell is €, so
we call this partition ¥ and apply Corollary 5. Fixing ¥ = [0, ¢/va)? € W, the cells
that are connected to ¥ by an edge in 1 must contain a point at distance at most 2
from a point in vo. Therefore, such cells lie inside the hypercube [—2 —¢/va, 24-2¢/va)“.
Its volume is (4 + 3/va)?. Comparing this with the volume of a single cell, which is
(¢/va)?, the number of such cells is at most

C(e,d) =

4
(e//d)4 @

(4 + 3¢ //d)! ( 4ﬁ)d
— =3+
e

To span a p-simplex in Q1, we pick the fixed cell and add p from the at most C =
C (g, d) cells within the mentioned distance. We thus have at most (C)n p-simplices in
01, where n is the number of ways we can fix the first cell. The number of p-simplices
is an upper bound on the p-th Betti number. By Corollary 5, the same upper bound
applies to the number of p-cycles born before or at 1 and dying after 1 + . We have
non-zero persistent Betti numbers only for p < d, soc = (g) < 2€ is a constant for
which the claimed inequality holds. O

Remark on Vietoris—Rips complexes. Since Corollary 5 generalizes to Vietoris—Rips
complexes, so does Theorem 6.

5 Discussion
The main result of this paper is a linear upper bound on the number of holes in the

Cech complex of n points in RY that persist from radius r = 1tor = 1 + ¢, in
which ¢ is a fixed constant strictly larger than 0. The upper bound generalizes to the
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Alpha complex and the Vietoris—Rips complex and thus holds for three of the classic
types of complexes used in topological data analysis (Carlsson 2009; Edelsbrunner
and Harer 2010). The work reported in this short note raises a number of questions,
and we mention two.

The first natural question is how small we can make ¢ > 0 in our linear upper
bound on the persistent Betti numbers when we think of ¢ as a function of n that tends
to 0, rather than a fixed positive constant. The construction in (Edelsbrunner and Pach
2024) shows that the maximum p-th Betti number of a Cech complex with n vertices
in R? is ®®™), with m = min{p + 1, [4/2]}. A detailed look at the analysis shows
that for even d > 4, the persistence of the counted cycles is proportional to !/»> (and
smaller for odd d > 3), in which we simplify by assuming that d is a constant. In other
words, in even dimensions the lower bound extends to the persistent Betti numbers,
B p(él, CV’HS), provided ¢ = o(!/x2). The upper bound for the constant of proportion-
ality in Theorem 6 depends on ¢ and d in a way that suggests it grossly overestimates
the number of holes that persist. Indeed, for ¢ = !/»2, the constant C in the proof
grows as O (n2¢) and the constant ¢ grows as ® (n2?(@=1)_ Can this upper bound be
improved to showing that the polynomially many holes in the lower bound construc-
tion of Edelsbrunner and Pach (Edelsbrunner and Pach 2024) are asymptotically as
persistent as possible? Alternatively, can this lower bound construction be improved
to increase the persistence of the holes? As a related result to this question, it is shown
in (Choudhary et al. 2019) that if e < O(1/ logH"(n)) for some ¢ € (0, 1), then the
Cech filtration of an n-point set must have n*1°219¢") bars whose death-to-birth ratio
is strictly greater than 1 4 e. However, this result holds under the assumption that the
dimension satisfies d = @ (logn).

The second question is motivated by the last author’s quest to prove the large
deviation principle for persistent Betti numbers and persistence diagrams of random
Cech filtrations (cf. (Hirsch and Owada 2023; Kanazawa et al. 2024)). Let A be a
finite set of points in a large d-dimensional cube, partitioned into points L and R to
the left and right of a vertical hyperplane, respectively. Our goal is to approximate the
persistent Betti numbers of the Cech filtration of A by the sum of those for the Cech
filtrations of L and R. Writing a, = B,(C1(A), C11¢(A)), £, = (C1(L), C11¢(L)),
andr, = 8, (C‘ 1(R), ¢ 1+¢ (R)), we desire a bound on the absolute difference between
ap and €, +r). Letting M C A contain the points at distance at most 2(1 + ¢) from
the hyperplane, the vertices of every simplex in C‘HS (A)\ (Cv’1+g(L) U é1+5 (R))
must belong to M, so it is natural to estimate the absolute difference in terms of M:
assuming ¢ > O is afixed constantand 0 < p < d, is it true that there exists a constant
such that

lap — (€p +71p)| < const - card M? )

In other words, is the absolute difference between these persistent Betti numbers
bounded from above by a constant times the number of points in the narrow strip
next to the hyperplane? The absolute difference is of course bounded by the number
of simplices spanned by these points (see, e.g., (Hiraoka et al., 2018, Lemma 2.11)
and (Kanazawa et al., 2024, Proposition 16)), but this only implies that the left-hand
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side of (5) is bounded from above by f,(C1(M)) + fp41(Ci4e(M)), and thus by
2(card M)P*2 . Therefore, the significance of the inequality (5) lies in the linear bound
with respect to the number of points in the narrow strip.
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