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ABSTRACT

Rational design strategies for self-assembly require a detailed understanding of both the equilibrium state and the assembly kinetics. While
the former is starting to be well understood, the latter remains a major theoretical challenge, especially in programmable systems and the
so-called semi-addressable regime, where binding is often nondeterministic and the formation of off-target structures negatively influences
the assembly. Here, we show that it is possible to simultaneously sculpt the assembly outcome and the assembly kinetics through the under-
explored design space of binding energies and particle concentrations. By formulating the assembly process as a complex reaction network,
we calculate and optimize the tradeoff between assembly speed and quality and show that parameter optimization can speed up assembly by
many orders of magnitude without lowering the yield of the target structure. Although the exact speedup varies from design to design, we
find the largest speedups for nondeterministic systems where unoptimized assembly is the slowest, sometimes even making them assemble
faster than optimized, fully addressable designs. Therefore, these results not only solve a key challenge in semi-addressable self-assembly but
further emphasize the utility of semi-addressability, where designs have the potential to be faster as well as cheaper (fewer particle species)
and better (higher yield). More broadly, our results highlight the importance of parameter optimization in programmable self-assembly and
provide practical tools for simultaneous optimization of kinetics and yield in a wide range of systems.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0304731

. INTRODUCTION nondeterministic interactions, are extremely important in prescrib-

ing both what structures are capable of assembling in principle and
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Predicting and controlling self-assembly processes is a funda-
mental challenge with major implications throughout nanotechnol-
ogy, medicine, and biology. ® A common and powerful approach
is to design particle-particle interactions so that the desired assem-
bly outcome is the thermodynamic ground state, meaning that as
the system equilibrates, this desired outcome naturally emerges. The
difficulty with this approach is that many self-assembling systems
do not equilibrate on experimentally accessible timescales, mak-
ing understanding and optimizing assembly kinetics one of the key
challenges in self-assembly.

Thermodynamic ground states can be engineered in a num-
ber of ways. For example, many experimental platforms dictate the
size and shape of constituent particles while also programming spe-
cific binding rules that govern where bonds are allowed to form [see
Fig. 1(a)]. These binding rules, which may include promiscuous,

which will assemble with high equilibrium yield.” "' Furthermore,
for a given set of binding rules, there is a secondary design space
composed of binding energies and particle concentrations that can
be used to further refine, or even dramatically alter, equilibrium
yield.'">"” However, this growing ability to precisely design equilib-
rium assembly outcomes has not addressed the challenge of kinetics.
In fact, assembly time and assembly quality are often in competition
with each other,'*'® meaning that the progress made in equilibrium
assembly design is severely held back unless and until kinetics can be
incorporated into the design process in a robust way.

Recent work on assembly kinetics has shed light on the effects
of particle geometry'” and target structure size'® and has high-
lighted different mechanisms for kinetic arrest, along with design
principles and assembly protocols for avoiding them.'”'>'”*" A key
kinetic bottleneck in programmable assembly is the formation of
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FIG. 1. Assembly kinetics as a complex reaction network. (a) Binding rules showing selectivity of binding. Only particle sides that are connected by edges may bind to each
other, thereby limiting what structures may form. (b) From the binding rules, we enumerate all possible structures, as illustrated here by sketching all possible monomers,
dimers, trimers, and so on. For the rules shown in (a), only 71 structures are possible, the largest of which is shown on the right. (c) To investigate the assembly kinetics,
we construct all possible reactions between all structures. Shown here is one of 268 possible reaction pairs resulting from the binding rules in (a). The rate constant for
two structures, a and b, to combine into a structure ¢ is given by ka—.¢, whereas the fragmentation of ¢ into a and b is controlled by the rate f_, . (d) Time evolution of
the assembly process for uniform binding energies fixed at 15kg T (dashed lines) and optimized unequal binding energies (solid lines), as discussed in the text. Shown are
the time dependent yields of three monomers (blue, red, and yellow), an off-target four-particle square (purple), and the seven-particle target structure (teal). Total particle

concentration is 0.01 /03. Time is measured in units of the monomer diffusion time, 7p.

misbound “chimeric” structures that cannot grow into the desired
target structure. Such chimeric structures may result from undesired
fluctuations in bond angles, promiscuous and nondeterministic
binding rules,””""*” or a combination of the two.””

Moreover, it has recently been shown that there is a high degree
of degeneracy in the design space of equilibrium programmable
assembly,'” meaning that equivalent assembly outcomes can be
achieved with a wide range of different design parameters. Exploit-
ing this degeneracy may make it possible to optimize kinetics while
leaving the equilibrium properties untouched and without the need
for complex, time-dependent assembly protocols. However, to per-
form this optimization in practice, we require an accurate, fast,
and general framework that can relate the attributes of the assem-
bling particles to the kinetics and equilibrium outcome of the
self-assembly process.

Here, we introduce and apply a framework for predicting and
optimizing assembly times alongside assembly yield. By formulating
the assembly process as a complex reaction network, we calculate the
number density of each structure over time, similar to the approach
of Jhaveri et al.'> However, because we derive the underlying reac-
tion rates from the binding energies and chemical potentials, we
can optimize the kinetics through the same design space used to
optimize the equilibrium yield, allowing for simultaneous optimiza-
tion. Furthermore, by exploiting the structure enumeration tools of
Ref. 7 to identify possible reactions, we apply this deep into the semi-
addressable regime, where particle types are reused, and binding is
nondeterministic, leading to the formation of misbound, “chimeric”
structures.

Through this, we attain drastic assembly speedups, often of
many orders of magnitude, without having to compromise on
assembly yield. In extreme cases, this can drop the predicted
equilibration time from the age of the universe to under a day.
Internally, this is achieved by mitigating or outright avoiding
kinetic traps caused by unwanted off-target structures, while also
sculpting kinetic pathways to further minimize equilibration times.

The benefits of our approach are most striking in multifarious,
economical, or otherwise semi-addressable assembly designs, which
after optimization often assemble faster compared to their fully
addressable counterparts, where every particle in the desired struc-
ture is designed separately. These results demonstrate that even
seemingly insurmountable kinetic traps may be mitigated through
the control of kinetic pathways, while also presenting a practical, fast,
and broadly applicable method for achieving this control without
compromising yield.

Il. THE ASSEMBLY PROCESS AS A COMPLEX
REACTION NETWORK

Given a set of building blocks, each with multiple specific bind-
ing sites, we consider a fixed set of binding rules stipulating which
pairs of binding sites are complementary and may bind [Fig. 1(a)].
Imposing these discrete binding rules then allows us to carry out
an enumeration of the possible resulting structures [Fig. 1(b)]. We
focus throughout on “orientationally locking” binding rules that are
selective enough to lead to a finite set of possible structures, and
we use the Roly.jl software’ to enumerate all structures that are
compatible with the binding rules. While we do not allow binding
rules that make it possible for particles to aggregate endlessly, we do
allow for the possibility of particles binding multiple times, as long
as structures self-close or otherwise terminate. From the structure
enumeration, we can compute the equilibrium properties of the sys-
tem, most notably the equilibrium number density and yield of each
structure. However, to gain insight into the assembly kinetics, we
need an additional ingredient: the reactions between structures.

We model the assembly process as a complex reaction network,
where structures can dynamically aggregate and fragment. Given
the enumeration of structures, we identify a list of reactions, con-
sisting of all the ways the structures can break into two pieces and
all the ways two structures can combine to form a larger structure
[Fig. 1(c)]. Each pair of forward and backward reactions r consists
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of a triple of structures, a, + by = ¢, indicating that structures a,

and b, can combine to form structure c;, and that ¢, can fracture into
ar and b,. Once all reactions and their corresponding reaction rates
are identified, we can write down a system of ordinary differential
equations that describes the time evolution of the system. Denoting
the density of a structure i by p,(t), we have

dpi(t
Pdg ) - Z [8ic, - (61‘:1, + 8ibv)][ktl,b,—>c,Pa,(t)pby(t)
reR

= fesabpe ()], (1)

where R is the set of all reactions, §j; is the Kronecker delta, kg_,
is the aggregation rate constant for the formation of structure ¢
from a and b, and f;_,, is the fragmentation rate constant of ¢ into
aand b.

Making this formulation of the assembly process meaningful
requires reasonable expressions for the aggregation and fragmenta-
tion rates, kup—. and f._,4. This is a major theoretical challenge.25 30
While the diffusion-limited aggregation rate for isotropic spheri-
cal particles is given by the well-known Smoluchowski expression,”!
the situation for anisotropic particles is much more complicated
because their binding requires orientational alignment. Ignoring this
orientational alignment can lead to drastic overestimation of the
aggregation rates,”” " resulting in assembly times that are wrong
by orders of magnitude.

To obtain aggregation rates that qualitatively take orientational
alignment into account, we adopt a coarse-grained description of the
assembled structure’s diffusive behavior. Following previous stud-
ies on protein aggregation,l’;‘}“ we model two aggregating structures
as spheres with axially symmetric patches, where contact between
the patches indicates the formation of the “reactive complex,” a
short-lived intermediate state that rapidly relaxes to the stable bound
state. For this spherical geometry, binding rates can be computed
analytically and take the form

kab—>c = 47-[(Da + Dh)(Rll + Rb) Yab—c> (2)

where D; is the translational diffusion coefficient of structure i, R;
is the radius of structure i, and y,,_, _is the orientational correction
factor that determines the reduction of the aggregation rate com-
pared to the Smoluchowski expression. This factor depends on the
translational and rotational diffusion constants of the particles and
on the area of the interaction patch. In the limit of fast rotational
diffusion and/or large patch area, y,, . — 1, and Eq. (2) converges
to the Smoluchowski result for isotropic particles. We calculate the
diffusion constants of a structure by modeling it as a rigid sphere-
array,”” " and we estimate the fractional patch area by considering
the distance between a structure’s binding sites and its center of dif-
fusion.” All details regarding these calculations can be found in the
supplementary material.

Once all aggregation rates k,,_,. are known, the fragmenta-
tion rates f._,,, can be determined by requiring detailed balance to
hold.”"" If the equilibrium concentrations of structures are given by
pfq, we must have

kab—c Pa'Py = fisab Pes 3)

for the steady state of the reaction network to coincide with the
imposed equilibrium concentrations.”’

ARTICLE pubs.aip.org/aipl/jcp

Since the equilibrium concentrations can be calculated analyt-
ically using statistical mechanics,”'*"*"” the fragmentation rates are
obtained straightforwardly. Importantly, the fragmentation rates are
controlled by the bond energies of the bonds that break when a
structure ¢ fragments into 4 and b,

froay oc S0 (Bt (@

C

where the E; is the sum of binding energies and €; is the entropic
partition function’®” of structure i. This means that tuning the
binding energies between building block particles allows us to tune
the fragmentation rates f,_, ;. In addition to tuning particle concen-
trations, this is the main way assembly kinetics can be controlled in
our approach.

Following Jhaveri et al,’> we neglect cooperativity between
bound particles and, therefore, approximate the entropic partition
functions as

87’

Qi ~ ,
Voyi

()

where y; is the symmetry number of structure i and V) is the average
volume a bound particle can explore. The value of Vi depends on
the microscopic interactions between the assembling particles and is
therefore highly system specific. For simplicity, we set Vo = 0.01¢° in
all calculations; different choices of Vi mainly affect the overall time
and concentration scales but do not affect our qualitative results (see
the supplementary material for details).

lll. OPTIMIZED DESIGN PARAMETERS SPEED
UP ASSEMBLY BY ORDERS OF MAGNITUDE

A. Uniform binding energies lead to kinetic traps

With these tools in hand, we are ready to investigate the kinetics
of various self-assembly processes. We begin with the binding rules
shown in Fig. 1(a),"” which lead to 71 possible structures, the largest
of which is the seven-particle shape shown on the right in both
Figs. 1(b) and 1(c). Note that even though all structures are planar,
we assume that they assemble in three dimensions when calculat-
ing the rate constants, which is also the case in many experimental
systems.

To favor assembly of the seven-particle structure, we begin by
making a simple and sensible choice for the assembly parameters:
we choose particle concentrations to follow the stoichiometry of the
target, and we set the binding energies of all six possible bonds equal
to 15k T. It was shown in Ref. 7 that this leads to high equilibrium
yield, even though there exist various misbound off-target structures
that are also compatible with the binding rules in Fig. 1(a). The
resulting equilibration trajectory for these “uniform” parameters is
shown by the dashed curves in Fig. 1(d). We choose the reference
unit of time to be the characteristic diffusion time of the parti-
cles, Tp = 0%/ Dy, where ¢ is the particle length scale and Dy is the
(translational) particle diffusion constant.

Even though the equilibrium yield of the target is high, the tra-
jectory clearly shows signs of kinetic trapping: starting at around
10°1p, the yield of the target structure (teal dashed curve) starts
stagnating because all blue monomers are used up by the 4-particle
square, an off-target structure acting as a kinetic trap (purple dashed
curve). Equilibration is significantly delayed because the relatively
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high binding energies stabilize this 4-particle square, meaning that
it takes a long time for the blue monomers trapped in the off-
target structure to break free. Due to this, the final relaxation to
equilibrium only occurs around ¢ ~ 10%7p.

This highlights a general feature often observed in self-
assembly: the tradeoff between equilibrium yield and equilibration
time. Reaching high equilibrium yield requires high binding ener-
gies to stabilize the target structures, but these interactions often also
stabilize unwanted off-target structures, leading to kinetic arrest.

B. Two minimization procedures
for equilibration times

To what extent is the kinetic trapping caused by our naive
choice of design parameters (stoichiometric particle concentrations
and uniform binding energies)? Can we optimize our design para-
meters to avoid the kinetic trap caused by the four-particle square,
while maintaining the same target yield? To answer these questions,
we now introduce two optimization procedures for minimizing
equilibration time.

1. Speeding up assembly by minimizing binding
energies (“convex optimization”)

Long equilibration times generally result from metastable mis-
bound states [compare Fig. 1(d)], and since the time for these
misbound states to break apart is governed by the binding ener-
gies, one may expect that simply lowering the binding energies may
already speed up equilibration. Minimizing binding energies with-
out compromising equilibrium yield may, therefore, be a viable
method for speeding up the assembly.

Assuming that the entropic partition functions Q; [Eq. (5)]
do not depend on binding energies or chemical potentials, we
can identify the minimal, nonuniform binding energies and parti-
cle concentrations required to reach a given target yield via con-
vex optimization. Specifically, as discussed in Ref. 12 and in the
supplementary material, we can write the equilibrium yields as

pil(u )

€q _ _ . -1
Yi (nu’s) - ij]e_q(y’s) - [1 +R1(.ur€)] > (6)

where Ri(4,€) = ¥, p;q(,u, €)/p;%(u, €) is a convex function of the
binding energies & and chemical potentials g. Since maximizing Y;*
is equivalent to minimizing R;, we can employ tools from con-
vex optimization to optimize equilibrium yields in a controlled
manner.' > Most important for our purposes here is that we can
leverage convexity to directly solve the inverse problem: using
convex optimizers, we can directly solve for the particle concen-
trations and minimal binding energies required to obtain a desired
equilibrium yield and total particle concentration.

We will show below that this simple binding energy minimiza-
tion procedure (which we refer to simply as “convex optimization”
from now on) already leads to significant speedups compared to a
naive choice of parameters in which binding energies are uniform.

2. Speeding up assembly by “kinetic optimization”

The simple “convex optimization” method introduced above
does not take into account any information about the assembly

ARTICLE pubs.aip.org/aipl/jcp

kinetics, so it is almost certainly suboptimal. We now introduce
a more elaborate “kinetic optimization” method that numerically
optimizes the equilibration time as a function of binding energies
and chemical potentials while keeping the final equilibrium yield and
the total particle concentration unaffected.

While it is possible to “brute-force” optimize the energies and
chemical potentials by calculating the equilibration time and its gra-
dient from the full solution of Eq. (1),'° we find that it is much faster
to exploit the relationship between the equilibration time and the
correlation time of the system. Since the equilibration and correla-
tion times of a system are generally positively correlated with each
other, it is reasonable to expect that minimizing one will minimize
the other (this will be verified a posteriori below). The correlation
time, however, can be calculated much faster simply by a linear sta-
bility analysis around the equilibrium state. Importantly, we already
know the equilibrium state from statistical mechanics and, therefore,
do not need to solve the dynamical system, Eq. (1), at all during the
optimization process.

To compute the correlation time, we linearize Eq. (1) around
the equilibrium state so that for perturbations dp, around equilib-
rium, we have

ddp;
= Si(ee) dpy, )
j

where S is the linear stability matrix, which depends on particle
chemical potentials g and binding energies &, and whose full expres-
sion is provided in the supplementary material. The eigenvalues of
S are related to the decay times of their corresponding eigenmodes.
For a system with n,, particle species, S has n, zero-modes, which
correspond to changes in the particle concentrations. Since chang-
ing particle concentrations alters the equilibrium state, these modes
do not decay. All other eigenvalues of S must be negative. From
the largest non-zero eigenvalue, A4, +1, we can define the correlation

time as 7 = —/\,_,:H. Note that S is similar to a symmetric matrix*’

$¥™ = D7'SD, where Dj; = \/p;3 8jj, which guarantees that 7., as
defined earlier, is always real, while also bringing with it numerical
benefits (see the supplementary material).

The linearization procedure described earlier gives 7.(p, €) as
a function of g and &. 7. can then be minimized through gradient-
based optimization, but there are some difficulties due to eigenvalue
degeneracy. We use a generalized version of degenerate perturba-
tion theory"”"* to compute a “generalized-gradient” that gives a
well-defined descent direction even if eigenvalues become degen-
erate, which makes the regular gradient ill-defined. Moreover, to
allow for meaningful comparison between unoptimized and opti-
mized parameters, we impose constraints that keep the final equi-
librium yield and total particle concentration fixed at the initial
value.

Our kinetic optimization method is iterative in nature, and
the results generally depend on the initial value of the design para-
meters. We find that the best results are achieved when we start
the kinetic optimization from the result of the convex optimiza-
tion, which has been performed in all calculations in this paper. See
the supplementary material for further details on the minimization
of Tc.

Finally, we simulate the dynamical system, Eq. (1), using the
optimized parameters to obtain the optimized equilibration time.
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C. Optimized parameters improve equilibration
times by orders of magnitude

The result of the kinetic optimization is shown by the solid lines
in Fig. 1(d). The difference in equilibration time is drastic: optimiz-
ing particle concentrations and binding energies speeds up assembly
by over three orders of magnitude, while leaving the final yield nearly
identical.*® This speedup is achieved by completely removing the
stagnation plateau that was caused by the kinetic trap. In the opti-
mized system, the yield of the four-particle square never surpasses
5%, and the system always maintains a sizable pool of free blue
monomers.

To illustrate these results further, in Figs. 2(a)-2(c), we com-
pare the assembly yield and the required assembly time for three
different structures with target yields ranging from 0.000 01 to 0.999.
Figures 2(a-i)-2(c-i) show the tradeoff between assembly yield and
equilibration time 797, here defined to be the first time the tar-
get yield reaches 97% of its equilibrium value. The figure shows
that our kinetic optimization procedure (red lines) identifies Pareto-
optimal'* combinations of time and yield that lead to a speedup
of multiple orders of magnitude, with the largest speedups often

attained at the highest yields. Convex optimization (dashed lines)
also results in significant speedups compared to our initial naive
choice of parameters, but these speedups are usually still orders of
magnitude lower than those achieved through kinetic optimization.

The benefits of parameter optimization depend on the sys-
tem being optimized. As an additional example, Fig. 2(b) shows a
semi-addressable 14-particle structure made from triangular build-
ing blocks, for which optimization (optimizing 11 particle concen-
trations and 13 bond energies; 24 parameters in total) results in
assembly speedups of over 11 orders of magnitude. In contrast, for
the structure shown in Fig. 2(c), our optimization procedure only
leads to speedups of less than a factor of four.

Unfortunately, it is difficult to predict a priori by how much
assembly can be sped up, but structural topology and the number
of possible off-target structures can sometimes be good indicators.
The structure shown in Fig. 2(c) is a tree, and all off-target struc-
tures are also trees where, due to bond promiscuity, one or more
“leafs” are bound at the wrong place [the blue particle species in
particular can (mis)bind in many places]. Little to nothing can be
done to prevent those misbound structures from forming, which is
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FIG. 2. Yield and equilibration time tradeoff. Equilibrium yield as a function of equilibration time for the seven-particle square shape from Fig. 1 (a), a 14-particle triangle
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structure as the yield approaches 1.
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FIG. 3. Relationship between equilibration time g7 (the time at which target yield
first reaches 97% of the equilibrium value) and correlation time 7. for different
methods of parameter optimization (colors). Marker shape corresponds to the
system: squares correspond to Fig. 2(a), triangles correspond to Fig. 2(b), and
hexagons to Fig. 2(c). Data points labeled “random” correspond to randomly sam-
pled particle concentrations (always normalized to a total concentration of 0.010°)
and binding energies given by the absolute value of a normally distributed random
variable with zero mean and standard deviation of 15 kgT. Since target yield is
generally very small for the ‘random’ systems, we define g7 for these to be the
first time at which the yields of all structures reach 97% of their equilibrium values.
The black dashed line marks equality, o7 = 7¢.

why our optimization method does not lead to large speedups. On
the other hand, the structures in Figs. 2(a) and 2(b) are more con-
nected (“bulky”), which generally means that there are many kinetic
pathways into the target structure, so that our optimization proce-
dure can identify and optimize the most favorable pathways for fast
assembly.

For both convex and kinetic optimizations, it is important to
note that these speedups are only possible because we allow the
binding energies to vary from bond to bond. The gray dotted line
in Figs. 2(a-1)-2(c-1) shows the results of another convex optimiza-
tion where concentrations are free to vary, but binding energies are
constrained to remain uniform: The constraint of uniform binding
energies precludes any speedup. The final binding energies from
the (unconstrained) convex and kinetic optimizations are shown
inFigs. 2(a-ii)-2(c-ii), where the spread in energies is indicated by
the shaded regions. It is interesting to note that the mean of the bind-
ing energies obtained through kinetic optimization is often larger
than the naive uniform energy.

Figures 2(a-iii)-2(c-iii) show the relative particle concentra-
tions of each particle species for different target yields. With the
exception of a brief spike in Fig. 2(b-iii), optimal concentrations
remain close to stoichiometric for all but the lowest target yields.

Finally, Fig. 3 shows the relationship between the correlation
time (which we have been optimizing for) and the equilibration time
of the different systems. It can be seen that the two times are strongly
correlated, which justifies our optimization procedure.

D. Speedups are largest for nondeterministic systems

Figure 2 demonstrates that equilibration times can be low-
ered, sometimes dramatically, without compromising yield. We
now address the generality of these results by investigating a large
ensemble of target shapes and binding rules.

First, we randomly generate 1000 different target shapes, each
made up of between 5 and 15 square building blocks. For each shape,
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we then generate different sets of binding rules (“designs”) capa-
ble of assembling the shape at high yield. We start from the fully
addressable design, where the number of particle species is the same
as the number of particles in the structure (i.e., each particle species
has its own designated location in the target), and then iteratively
reduce the number of particle species. At each step of the procedure,
we remove one particle species and simultaneously increase bond
promiscuity so that one of the remaining species can fit in multiple
locations and take the place of the removed species. This proce-
dure is explained in more detail in Ref. 7 and in the supplementary
material.

For convenience, we reject designs that lead to more than 500
possible structures, as well as designs in which the target shape is not
“asymptotically designable”'” (meaning that the equilibrium yield of
the target cannot reach 100% no matter how the design parameters
are chosen).

The end result of this process is an ensemble of 3958 bind-
ing rules, each of which is capable of assembling one of 1000
target shapes at high yield. For each system in the ensemble, we
then compute two sets of parameters: (i) “unoptimized” parameters,
consisting of stoichiometric concentrations and a uniform bind-
ing energy chosen to make the target yield exactly 90% and (ii)
“optimized” parameters, which are the results of the full kinetic
optimization.

Figure 4(a) shows the unoptimized and optimized equilibra-
tion times for all 3958 systems, showing relative speedups of many
orders of magnitude across the board. The data suggest that sys-
tems that take longer to assemble also tend to have a higher speedup
ratio, defined as 7, Pt/ T;)gt. In other words, our optimization pro-
cedure seems to be most effective where it is needed the most. This
can also be seen in Fig. 4(b), which shows the distribution of the
speedup ratio, i.e., the ratio between the unoptimized and opti-
mized equilibration times, separated according to whether or not
the binding rules are deterministic. Deterministic here means that
all possible structures are substructures of the target; in other words,
no chimeras exist: every partially assembled structure may grow into
the target without breaking any bonds, provided there are enough
monomers or other compatible structures in the solution. For deter-
ministic designs, we are able to achieve a nontrivial speedup, often
by a factor of 10. However, speedup ratios in nondeterministic sys-
tems are significantly higher, averaging’® around 10* and sometimes
even reaching 10",

To put these results in perspective, we can estimate the
monomer diffusion time as 7p ~ 1 0>/ (ks T), where 7 is the sol-
vent viscosity and o is the particle size. Assuming a particle size
of 20 nm, which is typical for DNA-origami-based particles,” """’
and assembly at 300 K in water, this gives p ~ 10 us. Using this,
an assembly time of 10'7p roughly corresponds to 1 day, sug-
gesting that the assembly of most optimized systems in Fig. 4 is
conceivable on experimental timescales, while many of the unop-
timized equilibration times are well over 100 years. However, note
that since the diffusion time scales with ¢°, this estimation is strongly
size dependent; the assembly timescales, moreover, depend on the
overall concentration and the value of Vy (see the supplementary
material).

As already hinted at previously, the most clearly identifiable
predictor of speedup is structure topology: we find that the assem-
bly of tree-like structures (i.e., structures with no cycles) can only
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FIG. 4. Yield-time optimization on an ensemble of 3958 systems. (a) Scatter plot showing the relationship between unoptimized and optimized equilibration times. Each
marker corresponds to one design. Marker colors indicate the size (number of particles) of the target structure. Diamond markers correspond to fully addressable designs,
square markers to semi-addressable and deterministic designs, and circular markers to semi-addressable and nondeterministic designs. Empty markers correspond to
systems where the target structure is a tree. The inset shows a zoomed-in view around the origin on a linear scale. (b) Histogram of the assembly speedup ratio for 1059
nondeterministic systems (yellow) and 2899 deterministic systems (blue). (c) Relationship of the equilibration time and binding energies of unoptimized (gray) and optimized
(red) systems. The range bars indicate the lowest and highest energies within one system; markers correspond to the average energy. (d) Histogram of equilibrium yields
after binding energies and particle concentrations are subjected to multiplicative noise of magnitude # € (1%, 3%, 5%, 10%, 30%). () Histogram of equilibration times
under the effects of different noise magnitudes. The colors are the same as in (d). (f) and (g) show the same noise analysis for optimized parameters.

rarely be sped up dramatically. This can be seen in Fig. 4(a) and its
inset, which shows a zoomed-in view around the plot origin. We find
that 94.3% of the 1091 tree systems, both fully and semi-addressable,
fall within this region, all of which exhibit speedups of less than 1.3.
However, beyond the binary classification into trees and non-trees,
there is no obvious correlation between the speedup ratio, the size,
or the number of bonds or “bulkiness” of a structure, as shown in
Fig. S2 in the supplementary material.

As discussed before, nonuniform binding energies are essential
to achieving these speedups. In Fig. 4(c), we show the relation-
ship between the binding energies and the equilibration time for

optimized (red) and unoptimized (gray) systems. Most optimal solu-
tions converge to highly nonuniform binding energies; the spread in
energies is indicated by the range bars.

In any experimental implementation, binding energies can only
be set with finite precision. To investigate the robustness of our
results to variations in parameters, we randomly select 100 systems
and add random noise to both the unoptimized and optimized para-
meters. Specifically, we multiply each binding energy and particle
concentration by a factor (1+#4u;), where u; are normally dis-
tributed random variables, and # is the noise magnitude. For each
selected system, we sample 10 perturbed sets of parameters for five
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different noise magnitudes and then reevaluate the equilibrium yield
and the equilibration time.

The results of this analysis can be seen in Figs. 4(d)-4(g) and
suggest that the susceptibility to noise is similar for both unopti-
mized and optimized systems. Perturbing binding energies by more
than 1% (roughly 0.2 kgT on average) results in a noticeable decay
in equilibrium yield, and a perturbation of 30% (roughly 6 kgT on
average) often leads to a complete failure to assemble the target.
Assembly times usually increase with increasing #, but it is also
possible for the times to decrease: if a perturbation lowers bind-
ing energies, this may decrease assembly times at the cost of also
decreasing equilibrium yield.

E. Lower addressability can lead to faster assembly

The systems shown in Fig. 4 often contain multiple designs
that assemble the same target shape but with a different number
of particle species, i.e., different “degrees of addressability.” Designs
with fewer particle species generally require higher bond promis-
cuity and, therefore, often lead to more off-target structures, which
often negatively impact the assembly kinetics, and it is interesting to
compare the optimization outcomes as a function of the degree of
addressability.

Figure 5 shows how the equilibration times of three differ-
ent target structures change as the number of particle species is

(a) (b)
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varied. Figure 5(a) shows the structure for which our optimization
method performs the best. For the fully addressable design (11 parti-
cle species), our optimization already reduces the equilibration time
by a factor of 50 [Fig. 5(a-i)]. As the number of particle species is low-
ered the designs become increasingly nondeterministic [Fig. 5(a-ii)],
meaning that more off-target structures become possible. The unop-
timized equilibration time remains unaffected until the 8-species
design, but it increases exponentially for the designs with 7 and 6
particle species, which allow for hundreds of off-target structures to
form.

Strikingly, the optimized design is almost completely insen-
sitive to the number of off-targets; the optimized assembly time
for the 6-species design is even 12% lower than that of the opti-
mized fully addressable design, demonstrating that lower address-
ability can result in faster assembly. The equilibration trajectory for
the 6-species design is shown in Fig. 5(a-iii), indicating that the
unoptimized design results in a kinetic trap where multiple oft-
target structures prevent relaxation to equilibrium over an extremely
long timescale, whereas the optimal design approaches equilibrium
without the formation of any long-lived off-targets.

Structures where the optimization method is not as success-
ful are shown in Figs. 5(b) and 5(c). Figures 5(b-i) and 5(b-iii)
show a structure where our optimization results in a roughly
20-fold speedup across all designs. While still significant, our
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FIG. 5. Addressability and equilibration time for three target shapes from the ensemble: the structure with the largest speedup ratio (a), the structure with the median
speedup ratio (b), and a deterministic tree-like structure (c). The top of each subplot shows the target structure, colored by the design with the fewest particle species. In all
subplots, (i) shows the equilibration time 797 as a function of the number of distinct particle species for different designs of the same target shape. For all data points, the final
yield of the target structure is 90%, and the total particle concentration is 0.01/a>. Shown are the equilibration time for unoptimized parameters (black curve), parameters
optimized with convex optimization (dashed curve), and kinetically optimized parameters (red curve). (ii) shows the number of off-target structures for different designs of
the same target shape. Here, off-target structures are defined as any possible arrangement of particles that is not a substructure of the target. Designs for which the number
of off-targets is zero are deterministic. (iii) shows the yield of every possible structure allowed by the binding rules as a function of time, with unoptimized (dashed) and
optimized (solid) parameters. The line colors indicate the number of particles in the structures. The line corresponding to the target structure is shown in bold.
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optimization procedure cannot do much better here because there
are no long-lived kinetic traps, even with unoptimized parameters.**

Figures 5(c-i) and 5(c-iii) show a deterministic tree-like struc-
ture, where our optimization achieved a speedup ratio of only 1.1.
However, this example shows that if no off-target structures are
possible, equilibration times still tend to decrease as the number
of particle species is lowered. Here, the 6-species design assembles
roughly 40% faster than the fully addressable, 11-species design.
Reducing the number of distinct particle species increases the con-
figurational entropy of the target structure,”*””’ and if a particle
can fit in multiple places, it has a higher attachment rate, thus lead-
ing to faster assembly. However, the unoptimized equilibration time
usually increases for nondeterministic systems as the number of
off-target structures increases.

IV. DISCUSSION

We have shown how formulating a self-assembly process as a
complex reaction network enables us to predict and design both
the assembly outcome and the assembly kinetics. Optimizing over
the binding energies and particle concentrations makes it possible
to dramatically speed up the assembly, often by many orders of
magnitude, without compromising equilibrium yield. The potential
for speedup is particularly high in semi-addressable systems, which
can in some cases even assemble faster than their fully address-
able counterparts. This demonstrates that assembly speed, quality,
and economy do not always have to be mutually exclusive—careful
design of binding rules (the “primary design space” in pro-
grammable assembly) and optimization over the binding energies
and particle concentrations (the “secondary design space”) can min-
imize, and sometimes completely alleviate, the tradeoff between
them.

In many cases, the optimized solutions lead to fast assembly
by suppressing the (transient) formation of kinetic traps. We gener-
ally observe that our optimization procedure increases the energies
of bonds that are formed in substructures that can grow into the
desired target, and decreases the energies of other bonds. In this
way, the target structure can be energetically stabilized while at the
same time destabilizing the off-targets. It would be interesting to
see if identifying the optimal high-energy and low-energy bonds is
possible a priori, without resorting to numerical optimization, by
following a design rule that takes into account the compositions of
the target and off-target structures. With many possible structures
and high bond promiscuity, this quickly becomes a daunting combi-
natorial problem, but perhaps the mathematical tools for designing
equilibrium assembly introduced in Ref. 12 could be helpful for
designing kinetically optimized interactions as well.

We find that programming binding energies precisely is impor-
tant to take maximal advantage of the parameter optimization. As
shown in Figs. 4(f) and 4(g), deviation from the optimal parameters
by more than a few percent leads to significant deterioration of
yield and assembly time—however, at a target yield of 90%, opti-
mized parameters are not significantly more sensitive to parameter
noise than uniform binding energies [Figs. 4(d) and 4(e)]. In addi-
tion to the error in the desired interactions, real systems also exhibit
entirely unwanted “crosstalk” interactions between particles that are
not designed to bind.'””' Extending our approach to account for
crosstalk is, in principle, possible as long as the enumeration of
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structures remains finite or can at least be well-approximated by a
finite enumeration.”"”

To enable easy comparisons between different parameter val-
ues, we added a constraint to fix total particle concentration at
0.01¢”. Our kinetic optimization method can be extended to incor-
porate other constraints as well, including imposing maximal or
minimal binding energies, enforcing equality between some, but not
all, binding energies, or even limiting the (linear) sensitivity of the
optimized parameters to perturbations. If the constraints are convex
functions of the parameters, they can also be included in our “convex
optimization” method.

A recent study by Jhaveri et al.'® used a similar reaction-
network description to investigate kinetic arrest in fully addressable
assemblies, which, in the very high yield regime, is often caused by
monomer starvation.'””’ In contrast, we focused mostly on semi-
addressable systems where misbound off-target states are the most
dominant kinetic bottleneck; however, we also find that our opti-
mization procedure can lead to speedups even when no off-target
structures are possible [Fig. 4(a)]. Importantly, we operate on a
related but different design space: whereas the biologically inspired
work of Jhaveri et al. tunes the reaction rates between structures
directly, we only tune binding energies and particle concentrations,
which are more accessible control knobs in many diffusion-limited
synthetic self-assembly systems but offer fewer degrees of freedom
with more constraints. A similar design space was considered by
Trubiano and Holmes-Cerfon,'* who optimized folding pathways of
colloidal polymers and also found significant potential for assembly
speedups.

Our optimization tools are general and can be applied to a wide
range of systems relevant to biology and nanotechnology. The main
requirement is an enumeration of structures that can form during
the assembly process, which is generally only possible in systems
leading to structures containing fewer than a few dozen particles. In
the future, developing approximate methods like unbiased sampling
techniques or systematically exploiting a separation of timescales
in the kinetics will allow for the treatment of increasingly larger
problems, with increasing experimental applications.

SUPPLEMENTARY MATERIAL

Additional calculations and figures are provided in the
supplementary material, including more details on rate calculations
and optimization methods, as well as supplementary data on the
ensemble of binding rules.
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