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Three-dimensional (3D) crystals offer a route to scaling up trapped-ion systems for quantum sensing and
quantum simulation applications; however, engineering coherent spin-motion couplings and effective spin-
spin interactions in large crystals poses technical challenges associated with decoherence and prolonged
timescales to generate appreciable entanglement. Here, we explore the possibility of speeding up these
interactions in 3D crystals via parametric amplification. For this purpose, we derive a general Hamiltonian
for the parametric amplification of spin-motion coupling that is broadly applicable to normal modes with
motion transverse to or along the spatial extent of the crystal. Unlike in lower-dimensional crystals, we
find that the ability to faithfully (uniformly) amplify the spin-spin interactions in 3D crystals depends
on the physical implementation of the spin-motion coupling. We consider the light-shift gate, and the
so-called phase-insensitive and phase-sensitive Melmer-Serensen (MS) gates, and we find that only the
phase-sensitive MS gate can be faithfully amplified in general 3D crystals. We discuss a situation where
nonuniform amplification can be advantageous. We also reconsider the effect of counter-rotating terms on

parametric amplification and find that they are not as detrimental as previous studies suggest.

DOI: 10.1103/h1m9-h3yw

I. INTRODUCTION

Generating entanglement between two or more qubits
on timescales that are short compared to the decoher-
ence times is an essential requirement for many quantum
information-processing tasks. Technical limitations typi-
cally cause the decoherence effects to become more severe
as we try to scale up the number of qubits. Moreover, in
systems such as trapped ions, the spin-motion coupling
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between a single ion and a single motional mode scales
down as 1/+/N with the number of qubits N. Further-
more, the very same lasers that activate the spin-motion
coupling are also responsible for elastic and inelastic light-
scattering processes [1,2] whose rates per ion remain
independent of system size. Hence, it is important to
design experimental protocols where the rates of coher-
ent entanglement-generating interactions can be increased
without a proportional increase in the rates of background
or accompanying decoherence processes.

Recently, parametric amplification (PA) was proposed
and experimentally demonstrated as a pathway to increas-
ing the coherent spin-motion coupling strength without
adding to the decoherence rate [3—6]. Very briefly, the tech-
nique involves squeezing the motional mode of interest by
applying an rf drive to the trap electrodes while simul-
taneously coupling the motion to the spins using lasers.
The combined effect of squeezing and laser driving can be

Published by the American Physical Society
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shown to give rise to an effective amplification of the spin-
motion coupling strength for fixed laser power, which in
turn, keeps the decoherence rate constant. To date, both
theory and experiment have considered PA in one- or two-
dimensional (1D or 2D) trapped-ion crystals, where the
set of normal modes often used for quantum information
processing is transverse to the spatial extent of the crystal.

A further scaling up of trapped-ion quantum hardware,
especially for quantum simulation and sensing experi-
ments, may rely on using three-dimensional (3D) crystals
[7-9], where no such set of normal modes exist. Hence,
the applicability of PA to 3D crystals must be re-examined
by relaxing assumptions on the ion crystal geometry that
have typically been made in prior studies focusing on
lower-dimensional crystals. We note that apart from the
1/+/N scaling with system size, other factors may also
lead to weaker spin-motion coupling in 3D crystals. For
example, the Lamb-Dicke confinement in 3D crystals may
be weaker because of high temperatures or contributions
from low-frequency modes, which may necessitate operat-
ing with an optical lattice of longer effective wavelength,
resulting in weaker spin-motion coupling for a fixed laser
intensity. Hence, it becomes important to understand the
applicability of PA in 3D crystals.

In this paper, we model and study PA in 3D crys-
tals by considering a general setting where the normal
modes used for spin-motion coupling can have some or
all of the motion along the spatial extent of the crystal.
A central finding of our work is that in the case of 3D
crystals, a faithful amplification of coherent interactions
depends on the particular physical realization by which
the spin-motion coupling is engineered. This finding is in
contrast to previous studies that were restricted to normal
modes transverse to the spatial extent of 1D or 2D crys-
tals, where the spin-motion coupling has the same form
regardless of the physical realization. We also show that
unfaithful amplification can have applications in systems
such as bilayer trapped-ion crystals [8], where it can be
used for layer-selective amplification and deamplification
of spin-motion coupling. We also examine the role of
counter-rotating terms in limiting the extent of amplifica-
tion. Our formalism enables us to analytically investigate
the effect of counter-rotating terms and shows how to cor-
rect for them, thereby making them less detrimental than
what has been suggested in previous studies [3].

Our theory and analysis readily apply to 3D crystals in
Penning traps, and also in rf Paul traps whenever micro-
motion can be neglected. For a generic 3D ion crystal in a
Paul trap, establishing precise criteria for when micromo-
tion effects can be ignored is nontrivial [10]; however, in
certain cases, micromotion can be eliminated along spe-
cific directions, e.g., in a linear chain, the micromotion
can be engineered to be perpendicular to the chain. More
recently, 2D planar crystals have been realized in which
two directions are free of micromotion [11]. Under such

conditions, our framework can be used to study the PA of
spin-motion coupling using, for example, the axial modes
along the extent of the chain.

The remainder of this paper is organized as follows.
In Sec. II, we review three physical realizations of
spin-motion coupling in trapped-ion systems, making no
assumptions about the crystal dimensions. Next, in Sec. I1I,
we derive the Hamiltonian for parametric amplification of
spin-motion coupling for a general ion crystal and dis-
cuss the 1D, 2D, and 3D cases. In Sec. IV, we show the
utility of unfaithful PA in a large bilayer crystal in a Pen-
ning trap. Subsequently, in Sec. V, we analyze the effect of
counter-rotating terms in limiting PA. We conclude with a
summary and outlook in Sec. VL.

II. PRELIMINARIES

The Hamiltonian of a general 3D ion crystal with N
trapped spins (ions) driven by a spin-dependent force
(SDF) is given by (h = 1)

=
I
g
>
Q>
S
+
M=
| &

o; + Hspr, (1

where w, are the frequencies of the crystal’s normal
modes, wy is the frequency of the spin transition, 8; is
the Pauli Z operator for the jth spin, and H SDF 1S a
spin-dependent force Hamiltonian. Hgpr couples the spin
and motional degrees of freedom, giving rise to effective
spin-spin interactions mediated by phonons.

There are different ways to implement Hspr. We focus
on the light-shift (LS) [12,13] and Mglmer-Sarensen (MS)
[14,15] configurations, both of which use pairs of angled
lasers incident on the crystal to induce spin-motion cou-
pling. In an interaction picture taken with respect to
the free evolution of the spins, and under the Lamb-
Dicke approximation and the rotating-wave approximation
(RWA), His generically of the form

3N
A=Y wdla,+ Y f06. )
n=1 J

Here, a; (x, y, z) is the spin component that couples to the
motion along the z direction and Z; is the z displacement of
the j th ion from its equilibrium position. It is given by

= (cwln+ clyar)). 3)

n

Here, c,; are proportional to mode eigenvector elements
that correspond to the amplitude of displacement of ion j
in the z direction due to mode 7. In general, c,; can be com-
plex; this is the case, for example, in Penning traps, where
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complex mode eigenvectors arise because of the Lorentz
force resulting from the confining magnetic field [8].

For a frequency difference p between the angled lasers
incident on the crystal, the SDF Hamiltonian 4 can be
written as

3N
H =Y wudla,+ ) Fycos(ut — ¢;)%6;”,  (4)
n=1 J

where F; is the drive strength, which is proportional to the
laser intensity used, and ¢; is the relative phase of the SDF
drive on ion .

In the so-called “gate” regime of operation [1], the fre-
quency w is chosen to be close to the frequency w, of a
particular mode. Neglecting the far-off-resonant contribu-
tion of the other modes, the SDF Hamiltonian gives rise
to a unitary that factorizes into a spin-motion part and
an effective spin-spin part at all times [16,17]. At specific
times T = 2mn /(|0 — w,), the spin-motion unitary returns
to identity, and the net effect of the SDF is to engineer a
spin-spin interaction. At these times, the effective Hamil-
tonian governing the dynamics is an Ising interaction of
the form

A=) Jus" 8", )
jik

where

F;FyRe{c, c*
g~ TERAn ), ©
w— wp
In the subsections that follow, we provide a summary of
how the SDF Hamiltonian is realized using the LS and MS
configurations.
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FIG. 1.

A. Light-shift configuration

In the LS configuration, as shown in Fig. 1(a), two lasers
of frequencies wrs and wys + w are incident on the crys-
tal at angles £6; s with respect to the crystal plane and
off-resonantly couple the spin states to higher electronic
states [13]. For suitable choices of 6. s and the beam polar-
izations, this results in an ac Stark shift with a spatial
modulation in the z direction governed by the wave vector
Ak ~ 2ksin(fs), where k = wrs/c [18]. In an interaction
picture with respect to the free evolution of the spins, this
energy shift can be described by the Hamiltonian

N i Fy . n oz
H = Za)naZa,, — Z " sin(ut — Ak(zo, —1—zj))aj .

(N

Here, Fy is an effective SDF that is determined by the
laser parameters. The Stark shift experienced by each ion
depends on the position of the ion, which we have decom-
posed in Eq. (7) into two parts: a constant phase offset
¢; = —(Ak)zo, that depends on the equilibrium position
zo; of the ion, and a spin-motion coupling term AkZ;
that depends on the small-amplitude displacement Z; of
the ion about its equilibrium. In the Lamb-Dicke regime

(Ak /(%2) < 1) and dropping a motion-independent

term under the RWA, the SDF in Eq. (7) can be expanded
to first order in Z; as

3N
A~ wudla,+ Y Focos(ut+ ¢)%67.  (8)
n=1 J

This Hamiltonian matches the general form of an SDF
Hamiltonian, as shown in Eq. (4).

(b)

Schematics of the two SDF implementations for a generic 3D cloud of trapped ions. (a) Light-shift: a pair of angled lasers

with wave vectors in the yz plane is incident on the ion cloud. Their interference creates a moving optical lattice along z, causing spin-
motion coupling. (b) Melmer-Serensen: here, three lasers induce Raman transitions between spin levels. One arm (shown in green)
contains the “carrier” beam, and the other arm contains two copropagating beams called the red and blue sidebands.
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B. Melmer-Serensen configuration

The MS configuration uses Raman transitions between
the spin levels, implemented using a laser configuration
such as the one shown in Fig. 1(b). Like the LS configu-
ration, there are two arms of lasers incident on the crystal.
One arm contains a single beam of frequency w¢ (denoted
the “carrier” beam), and the other carries two coprop-
agating beams of frequencies wp and wp (denoted the
“red” and “blue” sidebands) [1,19]. By a suitable choice
of laser parameters, the carrier beam is used in conjunc-
tion with the red and blue sidebands to implement a pair
of two-photon Raman transitions that are also accompa-
nied by changes in motional quanta. To second-order in
perturbation theory, this interaction can be written in the
RWA as

E a)na a, +

n Z Qzeff (@Jrei(kBC'ﬁj —wpch) | H.C.)
J

Q , -
+ Z 2efT <6,j+e:|:z(ch~Rj —wRrct) 4 HC) , (9)
J

where ﬁj =r(; + I; is the position of the j th ion, with ry;
the equilibrium position and r; the quantum fluctuations
about the equilibrium. In addition, 6% = (&x +i6” ) /2,
ch = kB — kc, WBC = WB — WC (similarly for ch, ch),
and Q¢ is an effective two-photon Rabi frequency that is
arranged to be equal for the two pairs of Raman transi-
tions. We assume that |krc| ~ |kpc| & Ak, and that both
difference wave vectors are directed along the positive z
axis.

The MS gate can be arranged in two distinct config-
urations depending on the values selected for the three
frequency components w¢, wg, and wg [19,20]. The choice

{leat \ | 4o e
wp wB

we \ WR

) )

FIG. 2. Level diagram illustrating Raman transitions in the (a)
phase-insensitive and (b) phase-sensitive configurations of the
Mpolmer-Serensen gate. The qubit levels |1) and || ) are cou-
pled via excited states {|e;)}, using the red sideband, the blue
sideband, and the carrier beams of frequencies wg, wg, and wc,
respectively.

of configuration determines the sign of the exponent in the
third line of Eq. (9). These configurations are summarized
in Fig. 2 and are further discussed below.

1. Phase-insensitive MS

In this configuration, the carrier beam is used to drive
the right (left) leg of a Raman transition in conjunction
with the blue (red) sideband, as shown in Fig. 2(a). [Here,
the terms “right” and “left” simply refer to the depiction
of the transitions in Fig. 2(a).] Accordingly, the sideband
frequencies are set to be wp/r = wc + 1 £ wy, and the
Hamiltonian (9) has a negative sign in the exponent in
the third line. Moving into an interaction picture with
respect to the free evolution of the spins, and expanding
to first order in the Lamb-Dicke parameter, the terms with
spin-motion coupling are

Hspm motion — Z eff(Ak)Zl <lO’ e_’(W+¢J + H.c. )

-y Q;“(Ak)fj (ior ) 4+ Hee. )
J 10)

This Hamiltonian can be simplified to obtain the phase-
insensitive MS interaction Hamiltonian as

ana an+ZQeﬁsm(,ut+¢])A k267, (11)

which has the form of Eq. (4). The label phase-insensitive
refers to the property that the same component of spin cou-
ples to the motion for all the spins, independent of the

phase ¢; .

2. Phase-sensitive MS

In this configuration, the carrier is used to drive the
right legs of a pair of Raman transitions in conjunction
with the blue and red sidebands, as shown in Fig. 2(b).
Accordingly, the sideband frequencies are set to be wp/r =
wc + wy £ 1, and the Hamiltonian (9) has a positive sign
in the exponent in the third line. In the interaction pic-
ture associated with the free evolution of the spins, the
first-order spin-motion coupling term is now given by

Spll‘l -motion — Z

+3 ;“(Ak)é_, (ig; et 4 He.).
J

(12)

<10 e ni+e)) +H.c.)
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Hence, the phase-sensitive MS interaction is described by
the Hamiltonian

. A@

1= oulhin + Y Qemcos(ut) AkZ;6 (13)

J

Here, o¢ = sin(¢; )o — cos(¢; )o denotes the spm com-
ponent in a d1rect10n angled at ¢j to the —y axis in the
Bloch sphere’s xy plane. This Hamiltonian differs from
(11) in that the component of the spin coupling to the
motion depends on ¢;, and hence it is called the phase-
sensitive configuration.

For state initialization and readout performed using the
same Raman lasers as those used for the MS gate, this spin
phase can be absorbed into the definition of a local frame
for each spin that can be consistently used throughout the

operation, i.e., we can replace c}j@ with c}j‘ under the under-
standing that the x axis is defined in a local, ion-specific
frame that is valid when using the same Raman lasers for
all operations. Hence, for the remainder of the article, we
write the phase-sensitive MS Hamiltonian as

Z i, + Z Qepcos(u) AkZ 67, (14)

III. PARAMETRIC AMPLIFICATION

The implementation of the SDF using laser-induced
spin-motion coupling additionally leads to scattering pro-
cesses at a rate that is proportional to the laser intensity.
The associated decoherence limits the fidelity of coherent
spin-motion and phonon-mediated spin-spin interactions.
One approach to mitigating the adverse effect of decoher-
ence is to use the technique of parametric amplification to
boost the spin-motion coupling strength for a fixed laser
intensity. In this section, we will analyze the net effect of
simultaneous PA and SDF driving on the spin-motion cou-
pling strength, and we will then discuss the effect of PA on
the spin-motion coupling in 1D, 2D, and 3D trapped-ion
crystals.

A. Analysis of simultaneous PA + SDF driving

Parametric amplification is the process of nonlinearly
amplifying the amplitude of a quantum harmonic oscil-
lator by subjecting it to a squeezing drive. In the context
of trapped-ion spin-motion coupling, applying PA on a
motional mode while simultaneously coupling it to the
spins via the SDF leads to an effective amplification of the
SDF [3.,4]. In practice, PA is achieved by adding a small-
amplitude time-dependent harmonic term to the trapping
potential that is modulated at twice the SDF beat frequency
w. The full expression for this additional term satisfies

Laplace’s equation and has the form [21]

1
Vealt) =V, cos(Qut — 0) > <zj? — Epj2> . (15)
7

where V), is a voltage amplitude, p; = ,/xj2 + yj2 is the
radial distance of ionj from the origin, and 6 is the modu-
lation phase. As shown below, this modulation generates a
squeezing Hamiltonian Hpa which amplifies the effective
spin-motion coupling strength when it is simultaneously
applied with the SDF.

Taking the LS gate Hamiltonian as an example, the total
Hamiltonian including the parametric drive for the most
general ion crystal geometry is given by

H = Ho + Hspr + Hpa, (16)
=" w,a}an, 17
Hspr = ZFO cos(iut + ¢;)z; 67, (13)

J
Hpp = Q, cos2ut — )

Z((ZO,/ +2j)2__(x0,/ +xj ——(Vo,l +y/ >7
J
(19)

where €2, o V), is the effective drive that depends on the
applied modulation voltage and the trap size. This Hamil-
tonian is in an interaction picture taken with respect to
the free evolution of the spins. Furthermore, we note that
we have dropped a motion-independent ac-Stark-shift term
proportional to sin(uf + ¢;) in H spr under the RWA.

In the case of ion crystals in Penning traps, the crystal is
typically rotating in the lab frame about the z axis at a pre-
cisely controlled frequency. We note that Hp, is invariant
under a rotating-frame transformation, and the equilibrium
positions and displacements entering Hps can be taken
to represent quantities in the frame rotating at the crystal
rotation frequency, which is commonly used in modeling
Penning-trap experiments [16,22].

1. Normal-mode decomposition

We can decompose the ion displacements in terms of the
quantized normal modes of the ion crystal. For any ion j,
we can write its displacement &; (for o € {x,y,z}) using
the ladder operators of the normal modes as

& =1, (u U T), (20)

where /, is a normalized zero-point fluctuation of the mode
n and u,; are complex numbers representing the compo-
nents of the mode » along direction « for ion j, with the
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constraint that

E u()t O(* —

e2))

In writing Eq. (20), we have allowed for the possibility of
complex normal-mode eigenvectors, which arise in Pen-
ning traps because of the confining magnetic field [8]. In
the special case of 2D planar crystals in Penning traps, the
in-plane and out-of-plane (parallel to the magnetic field
and taken as the z direction) motion decouple, and the
latter can be decomposed purely in terms of real eigen-
vectors [16]; however, in the general case of 3D crystals,
motion parallel and perpendicular to the magnetic field
no longer decouple, and we require complex eigenvec-
tors to decompose the z-direction motion. Furthermore,
the Lorentz force also modifies the orthogonality condi-
tion of the complex normal modes in Penning traps [22].
Hence, our formalism does not assume the usual mode-
orthogonality condition, which for two modes n # m is

givenby >, uyupt = 0.

We first express the Hamiltonian in the absence of the
parametric drive using the normal modes. Transforming
the modes into a frame rotating at the frequency u of the

SDF drive, we obtain
Ho+ Hspr = —Z(S &%&n

+an (u e e *l‘f’f) . (22)

where 8, = u — wy, f = Foly/2, and we have neglected
the terms rotating at frequency 2u. The full Hamiltonian
without this RWA is shown in Appendix A1, and the
effects of the fast-rotating terms are discussed in Sec. V.

To express H pa 1n terms of the normal modes, we first
drop the constant terms of H pa and write it as

ﬁpA = Q, cos2ut — 0)

x Z( x +)’ + 2202 — x0,%; _yOJJA’j) .
(23)
We now define
g = 2plulm,
(24)

These quantities are helpful in compactly expressing Hp,
in terms of the mode creation and annihilation operators.
Here, g, can be understood as the strength of an effective

nonlinear drive involving modes » and m, and A4,,, can be
interpreted as a parameter quantifying an overlap between
the modes and the PA drive. For 1D and 2D crystals, the
target normal modes for spin-motion coupling are usually
taken to be transverse to the spatial extent of the crys-
tal. Such modes are typically decoupled from the motion
along the crystal extent and satisfy the usual orthogonality
condition. As a result, 4,,,, = 3, is a valid assumption for
analyzing PA in 1D and 2D crystals; however, more gen-
erally, A, # 8, for arbitrary pairs of modes m,n in 3D
crystals. As an example, in Fig. 3, we plot 4,,,, over a select
range of drumhead modes (modes predominantly along the
z direction) in bilayer and 3D spheroidal crystals formed
in Penning traps. We observe that 4,,, is typically nondi-
agonal, although specific modes such as the center-of-mass
(COM) mode do not couple to other modes. In addition, we
note that as a mode eigenvector is only uniquely defined
up to a global phase, the phase of the complex number 4,,,
depends on the global phases chosen for the 3N normal
modes; however, observable quantities are independent of
this choice.

Now, moving into a frame rotating at the SDF frequency
W, writing the position operators in terms of normal modes,
and keeping only the time-independent terms under the
RWA (derived in Appendix A 1), we obtain

HPA_Zgnn e 4, +aT2 zeA*)

+ Z g;m &n,\me

n#m

O A + alate”A%,) . (25)

2. Bogoliubov transformation

Since H pa 1s now a time-independent Hamiltonian that
is quadratic in the ladder operators, we can transform
Ho + Hp, into a set of free, noninteracting modes using
a Bogoliubov transformation. In principle, the transforma-
tion should account for the mode mixing terms (n # m
terms) in Eq. (25); however, in practice, we are typically
interested in coupling near-resonantly with specific modes,
such as the COM mode, that have negligible coupling A4,
to other modes. For example, for the two crystals consid-
ered in Fig. 3, the off-diagonal 4,,, terms vanish exactly
for the COM mode of the harmonic crystal [Fig. 3(b)],
whereas for the COM mode of the anharmonic bilayer
[Fig. 3(a)], Auzm < 1072, Hence, we neglect the mode-

mixing terms and introduce new mode operators b, and
bl, which are related to a, and Ezj; as

4, = b, cosh(r,) — ISZ sinh(r,)e™", (26)

where 7, is a real parameter that quantifies the amount of
squeezing and ¢, specifies the quadrature that is squeezed.

Expressing Hp, in terms of b, and b}, we can write the
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(a) Ay (enlarged, bilayer)
1.00
399 | |
0.75
3 0.50
EO COM 4
e 0.25
m
—1 0 1
- z (arb. units
I . oot AL Lo
388 COM 399
Mode n

FIG. 3.

(b) Ay (enlarged, 3D crystal)

239 A
.}

1.00

..’ 25 0.0 2.5
207 o z (arb. units)

207 CdM 2é9
Mode n

0.00

Plots of \A,,, matrix for the highest few drumhead modes of (a) a bilayer crystal of 200 9Bet ions in a Penning trap with an

anharmonic trapping potential (see Figs. 3 and 4 of Ref. [8] for the list of trap parameters leading to the formation of this crystal), and
(b) a 3D crystal of 120 °Be™ ions in a purely harmonic trapping potential of a Penning trap with magnetic field of 4.4588 T, an axial
trapping frequency of 1.62 MHz, a rotating-wall frequency of 400 kHz, and a dimensionless rotating-wall strength of 0.015. The inset
in each plot shows the crystal for which the A, values were calculated. The definitions of various trap parameters can be found in

Ref. [8].

coefficients of the two-phonon annihilation term (lA)ﬁ) for
the nth mode as

8, sinh(r,,) cosh(r,)e "

8 (4 OSN30 4, S 1) 200)
(27)
Similarly, the coefficient of the IAJ,T,IA)n term is
— 8,(cosh®(r,) + sinh?(r,))
— 2g,, cosh(r,) sinh(r,) Re {Anne_i(a_‘p”)} . (28)

To diagonalize Hopa, we can solve for r, and ¢, such that
the coefficient of IA)ﬁ vanishes.

Now, using the transformation (26) on the Hamiltonian
Hgpr results in an effective spin-motion coupling with the
new set of modes that has the form

[_A[SDF = Z (f,,:,gn +f/ZJl;Z> (Asz,

Jon

(29)

where the new, modified coupling strengths are given by

Soi =1 (ufy e cosh(r,) — e sinh(rn)e*""’”>
(30)

B. Parametric amplification of transverse modes in
1D and 2D crystals

In this section, we review the effect of a parametric drive
in 1D and 2D crystals, where the objective is to amplify
the spin-motion coupling between the ions and one or more

normal modes that are transverse to the spatial extent of the
crystal [3,4]. We will generalize the analysis to 3D crystals
in the next section.

In this setting, all the ions lie in a single plane perpen-
dicular to the direction of the optical lattice generated by
the SDF lasers, taken here to be the z direction. Hence,
all ions can be taken to lie in the z = 0 plane and the
phase offset ¢; = 0 Vj. Furthermore, the normal modes in
the z direction are decoupled from motion in the xy plane
and the corresponding eigenvectors are purely real. In rf
Paul traps, this decoupling ensures that expression (24) for
A, reduces to the orthogonality relation of the transverse
modes, which makes 4,,,, = §,,,. In Penning traps, an addi-
tional subtlety must be considered in general 3D crystals,
namely that the mode-orthogonality relations are modified
due to the Lorentz force associated with the magnetic field
[22]; however, in 2D Penning-trap crystals, the decoupling
of transverse modes from the in-plane modes ensures that
there is no effect of the magnetic field on the orthogonality
conditions for the transverse modes, and hence 4,,, = S,
even for this case.

Hence, in this setting, the Bogoliubov transformation
neglecting the mode-mixing terms is exact. Concretely, for
the LS gate considered above, we set the coefficient of l;i
in (27) to zero and obtain

Op = 0 e_"n — <8n +gnn>1/4
! ’ 8n — &nn

(3
We note that », as obtained from Eq. (31) is a negative
real number. This property arises because of the minus-

sign convention adopted in the Bogoliubov transformation
in Eq. (26).
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Substituting these values, the full Hamiltonian (16) in
terms of the new modes b, and b} is given by

A=Y\ =8,1bu+ 1o (BaSi + B}, Zuz 57 |

(32)
S, = cosh(r,) — sinh(r,)e". (34)

Equation (32) shows that the effect of the parametric
drive is to scale the spin-motion coupling strength by a
factor |S,| for each mode. In particular, for 6 =0, S, =
e~ > 1 implying amplification of spin-motion coupling.
Importantly, the quantity S, is the same for all ions, and
we refer to this feature as uniform or faithful amplifi-
cation since there is no distortion of the relative cou-
pling strengths inherent in the original SDF Hamiltonian.
Notably, the above analysis carries through in exactly the
same manner for all three gates considered in this work,
namely the LS, the phase-sensitive MS, and the phase-
insensitive MS gates, with the change that 67 — ¢/ in
Eq. (32) for the latter two gates. Hence, all three gates can
be faithfully amplified using a parametric drive, provided
that the normal modes used are transverse to the spatial
extent of the crystal.

C. Parametric amplification in 3D

We now turn to the case of 3D crystals, which is the
focus of this work. In general, the effect of a parametric
drive on the spin-motion coupling in 3D crystals can be
richer than in 1D and 2D crystals, primarily for three rea-
sons. First, since the crystal has spatial extent in all three
dimensions, there is no set of transverse modes, and hence
¢; cannot be set to 0 for all ions, introducing spatial inho-
mogeneity in the phase offset of the SDF across the crystal.
This property is a feature of the SDF itself and is indepen-
dent of whether a parametric drive is applied. Second, the
modes in the direction of interest, taken again to be the z
direction, do not in general decouple from motion in the xy
plane, thereby making 4,,,, inequivalent to an orthonormal-
ity condition. Hence, in general, 4,,, # 0 for n # m, and
Ay # 1. Third, 3D crystals in Penning traps support chiral
modes with complex eigenvectors, even in mode branches
that are primarily along the z direction [8].

Assuming that the modes of interest do not mix or mix
very weakly, such as the COM mode (see Fig. 3), we
neglect the mixing terms A4,,,, and consider the modified
modes described by Eq. (26). Requiring that the coefficient
of 13,21 vanish leads to the solution

—r On +gnn-/4nn A
on =0, e":(—8 ) ) . 35)

In terms of the new modes i)n and 132, the full Hamiltonian
is now given by

AH=>"
8}/’! = \/ gnnA%n’ (37)

Uy = Uy e’¢f cosh(r,) — uf;e_"d’f sinh(r,)e ™. (38)

8,bbu +fu Y by +vEbDET |, (36)
J

We note that o7 is replaced by o, for the MS gates.
From these expressions, one can see that the Hamilto-
nian retains the form of an SDF, but with modified mode
amplitudes (i1, % — v). Equivalently, we can write

Uy = Syj €' %, where

—i(0+2¢; +2 arg uz

S, = cosh(r,) — e ) sinh(r,) (39)

is the scaling factor for the spin-motion coupling strength,
now dependent on both the mode n and the ion ;.

In 1D and 2D crystals, ¢; = 0 Vj and the eigenvectors
are real, which makes S,; independent of the ion index ;.
In the case of 3D crystals, ¢; is dependent on j and the
mode eigenvector can be complex, making S,; dependent
on j, in general. This inhomogeneity in the scaling factor
prevents a parametric drive from faithfully amplifying the
SDF in the most general setting.

Nonetheless, in the specific situation in which the phase-
sensitive MS configuration is used to couple the ions to
(predominantly) real normal modes, such as the COM
mode, ¢; can be absorbed into the definition of a local ref-
erence frame for the spins, provided that the same set of
Raman lasers is used to perform global single-qubit rota-
tions as well as implement the MS gate. Hence, ¢; can
be set to 0. Further, for real eigenvectors, e =& i =1,
ie., S, can be made independent of j, resulting in faithful
amplification. Hence, using the phase-sensitive MS config-
uration and an appropriate choice of mode, the challenges
presented by a 3D crystal can be circumvented.

IV. UNFAITHFUL PARAMETRIC
AMPLIFICATION: AN APPLICATION

Although certain SDF configurations are not amenable
to faithful amplification under a parametric drive, unfaith-
ful amplification can become a useful resource for con-
trolling interactions in certain settings. In this section, we
demonstrate one such application of unfaithful parametric
amplification to the case of bilayer trapped-ion crystals in
Penning traps.
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FIG. 4. Layer-selective amplification of the COM mode of a bilayer crystal with 10 log;,(e~>") = 13 dB of squeezing, obtained by
setting 8, = 2 x 1 kHz and g = 27 x 10 kHz. (a) Spin-spin interaction strength, averaged over all ion pairs with the two ions in the
same (blue, orange) or different layers (gray), as a function of relative phase 6 between the PA drive and the SDF for an interlayer
phase ® = /2, (b) Histogram of spin-spin interaction strengths between all the ion pairs in the absence (top) or presence (bottom)
of a parametric drive at a relative phase & = 0 with respect to the SDF. In both panels (a),(b), the “scaffolding” ions—i.e., ions at the
extremities of the crystal and not belonging to any layer—have not been considered [see inset of Fig. 3(a)].

1. Layer-selective amplification for bilayer crystals

Bilayer crystals, such as the one shown in the inset
of Fig. 3(a), are an attractive platform for quantum sim-
ulation experiments [8]. In particular, their applications
can be versatile if the strengths of the interlayer and
intralayer spin-spin interactions can be dynamically tuned.
In Ref. [8], a method was proposed to tune the relative
strengths of interlayer versus intralayer spin-spin interac-
tions using two SDF drives applied to two separate modes.
Here, we show how to achieve a complementary capabil-
ity: we propose a method to tune the relative strength of
the intralayer interactions in the upper and lower layers
of the crystal, using only one mode in conjunction with
unfaithful parametric amplification of a global LS or a
phase-insensitive MS gate.

To illustrate the central idea, we consider an ideal
bilayer crystal in a traveling-wave optical lattice, such that
¢; = 0 for all ions in the top layer and ¢; = ® for all ions
in the bottom layer. We assume that the SDF generated by
the optical lattice couples primarily to the COM mode in
the direction transverse to the plane of the layers, taken
to be the z direction. As the COM mode is predominantly
real, arg u,; ~ 0, and S,; [Eq. (39)] is constant for all ions
in a single layer, with

[Sn,Top| = \/cosh(2rn) + cos(f) sinh(2r,),
(40)

|S,.Bottom| = v/cosh(2r,) + cos(6 — 2®) sinh(2r,).

For the case of ® =7/2,0 =0, S, 1op| = €” < 1 and
|SyBottom| = €~ > 1, corresponding to deamplification
(amplification) of spin-motion coupling in the top (bottom)
layer.

In the so-called gate regime of operation, spin-motion
coupling is mediated by a single mode 7, leading to effec-
tive Ising-type spin-spin interactions of the form given in
Eq. (6) at the decoupling times [3]. In the presence of a
parametric drive, the resulting amplification leads to a scal-
ing of the effective spin-spin coupling strengths, such that
[compare with Eq. (6)]

 EFiRe {(Sy ) (Syini)*}
Jk U — wy ’

(41)

In Fig. 4, we present the scaled spin-spin coefficients
for the numerically simulated bilayer crystal shown in the
inset of Fig. 3(a). In Fig. 4(a), we show the average value of
this quantity computed over all pairs of ions, where the two
ions belong to the upper (blue), lower (orange), or different
(gray) layers. As the parametric drive phase 6 relative to
the SDF is varied, we observe that the strength of intralayer
interactions in the two layers can be continuously tuned
over a range of values, while the interlayer interactions
remain constant, as expected from Egs. (40) and (41). In
Fig. 4(b), we consider the case when ® = /2 and 6§ = 0
and compare the histograms of the intralayer and inter-
layer spin-spin interaction strengths in the absence and
presence of the parametric drive. For this choice of param-
eters, the histograms show that almost all pairs of ions
in the upper (lower) layer have significantly suppressed
(enhanced) interactions, while the interlayer interactions
for all pairs are unaffected by the parametric drive. The
histograms show that the suppression and enhancement of
intralayer interactions in the upper and lower layers are
robust to variations in the z positions of ions in realistic
bilayer crystals, which we neglected while obtaining the
scale factors in Eq. (40).
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V. EFFECT OF COUNTER-ROTATING TERMS

In Ref. [3], the effect of several experimental imperfec-
tions and modeling assumptions on PA was considered
in detail. While most of these analyses carry through
directly to the 3D crystal case, here, we revisit the effect of
counter-rotating terms that were neglected in our analysis
in previous sections. Our analysis provides further insight
into the physical implications of the counter-rotating terms
and also suggests that they may not be as detrimental as
reported in previous studies.

In this section, we will analyze the effect of counter-
rotating (CR) terms for the phase-sensitive MS configura-
tion of the SDF. The CR terms in the other configurations
contribute in a similar manner and the insights gained
from this analysis can be generalized across all three
configurations considered in this paper.

As we show below, in the frame rotating with the fre-
quency u of the SDF drive, the full Hamiltonian of our
system under a parametric drive can be written in the form

(42)

o0
] = E He™,
[=—00

For time-dependent periodic Hamiltonians of the above
form, the Floquet theorem guarantees that the evolution
of the whole system at times A¢ = 2nm/u can be exactly
described using a time-independent Hamiltonian called the
Floquet Hamiltonian [23].

As the frequency p is much larger than all the other fre-
quencies in our problem, we can approximately obtain the
Floquet Hamiltonian Hg using a high-frequency expan-
sion in powers of 1/u [23], i.e.,

[Hi, H-] ( 1 )
Hr =Ho + — 40 . 43)
; Ihp (hw)?

We now proceed to write down the counter-rotating
terms in the present setting. We group the counter-rotating
terms into different Hamiltonians depending on whether
they come from the SDF or the parametric drive. Defining
fn = QegAkl,/2, we obtain the counter-rotating contribu-
tions to be (see Appendix A 2)

Qeff .y ;
€ U]y (emt + e—tut)

Hcr spr = >

J

+3 % (u;;f&;e"@”f—@) n H.c.) 6%, (44)
jon

[:ICR,PA = Z g;m (&n&me*i(““”rg)Anm + H.c.)

+ Zg (@@ =OB! + H.c)dlan

+ZK]n ape ™"

mt+e 3””)—}—HC)
(45)

Here, B,,, is a quantity similar to 4,,,, and is given by

uy* y
_ %z ny nmy nmy
Bnm - Z (uilj mj - f) 5 (46)

J

whereas K, is a mode- and ion-dependent complex num-
ber whose explicit form we do not provide here; it is not
important for further calculations since we find that the
odd harmonic terms do not mix with other terms at lead-
ing order, and they only contribute a constant shift to the
Hamiltonian.

Using Eq. (43) and considering only A crspr, we find
the correction terms (denoted using the script symbol H)

2 * i(Pr—¢))
Z[Z—uzuze : }ak 7)

jk Lo 2u

HCR,SDF

Similarly, considering only cr.pA, We evaluate the Flo-
quet correction term

*
gnmgn/m’AnmAn/m/

16/1, [an me an’am’]

HCR,PA ==
nn ,mm’
gnmgn’m/Bntn’m’ ATA At A
——laam a,an]

nn' mn’

Z anan (Zgnmgn mAnmAn m) . (48)

nn'

Here, the contribution of the 2u term becomes zero due to
its antisymmetry under an exchange of indices n <> m. We
observe that the CR terms coming from the SDF contribute
an extra XX-coupling between the spins. On the other
hand, for the CR terms coming from the parametric drive,
the diagonal (n = ) terms contribute (Bloch-Siegert-like)
frequency shifts and the off-diagonal (n # n’) terms lead
to beam-splitter-type couplings between modes. We also
observe that the 24 terms in the SDF and PA drives can
mix together to give another correction of the form

A

o’.x
2u’
(49)

Hcr sprpa = — Z (gnmfnule Bf ¢ a, +H. c)

Jnsm
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which just amounts to an extra SDF-type term. Finally, tak-
ing into account all these contributions, we can write the
effective Floquet Hamiltonian as

Hr = Ho + Hcrsor + Herpa + Hersprra,  (50)

where H is the corotating contribution of the full Hamil-
tonian in a frame rotating with the SDF drive [the expres-
sion for Hj for the phase-sensitive MS gate is given by
Eq. (A13)].

We see that only the CR terms from the parametric drive
cause shifts in the mode frequencies, and they therefore
enter the Bogoliubov transformation in Sec. I1I A 2 through
the detunings §,. Neglecting the cross-terms in Eq. (48)
and denoting G2 = )", g2 A2 we find that the detuning
8, must be shifted to

2
b, —> 8, — 2 (s1)
4u
to compensate for the frequency shift arising from the CR
terms. Provided that the detuning is suitably shifted, the
gain expression is still given by Eq. (35). Conversely, if
the detuning is not adjusted to compensate for the fre-
quency shift, the effective amplification of the spin-motion
coupling is instead given by

(5n + G2 /An +gnnAnn>l/4
5;1 + G%/4/'L - gnnAnn ’

—rn

(52)

We note that, for most modes of interest, A, = 8,,, and
hence we assume G2 = g2 in our discussion below.

Figure 5 plots the amplification factor e~* for the
effective spin-spin interactions generated by the paramet-
rically amplified spin-motion coupling, as the strength
g = g A, of the parametric drive is varied. The colored
curves correspond to different durations t for which the
SDF and parametric driving are simultaneously applied.
The effective detuning 8, [Eq. (37)] is chosen such that
8, = 2m /v, which ensures that the motion decouples at
the end of the interaction time, leading to purely spin-
spin interactions [3]. The solid lines plot Eq. (52), where
the detuning §, is not compensated to account for the CR
terms and is hence obtained as §, = /52 — g2. We note
that the solid lines obtained from our analytical expression
(52) are in excellent agreement with the numerical results
plotted in Fig. 4 of Ref. [3], thereby validating our theory
[24]. We plot these numerical results as markers in Fig. 5
for a direct comparison. The dotted lines show Eq. (35),
which assumes that §, is suitably shifted in the presence
of the CR terms. The shifted §, can be obtained from 4,
as 8, = /(8, + g2/4)* — g2. The dotted lines in Fig. 5
demonstrate that the leading-order corrections from the CR
terms do not present a fundamental limit to the amplifica-
tion of spin-motion or spin-spin interactions provided the
detuning is suitably adjusted.

6—2rn

g/2m (kHz)

FIG. 5. Amplification factor =2 for the effective spin-spin
interactions versus the parametric drive strength g = g,,,.A,,,, for
various decoupling times t. Here, we set © = 27 x 3.045 MHz
as in Fig. 4 of Ref. [3]. The solid (dotted) lines show the amplifi-
cation when the detuning is not adjusted (is adjusted) to account
for the mode frequency shift arising from the CR terms. Markers
represent data from numerical simulations performed in Ref. [3],
which are shown in Fig. 4 of that paper.

Finally, we note that our analysis only considers the
leading-order corrections from the CR terms and also does
not exhaust other effects that can potentially limit the
amplification. Importantly, the next-to-leading-order cor-
rection from the CR terms would scale as approximately
max(8,, Fo, G,) - G>/u?, whose effects we expect to be
significant only at very large g values beyond that con-
sidered in Fig. 5. Due to the reasonably small effect of
the higher terms, we expect that other factors like the
higher-order terms in the Lamb-Dicke expansion or mode
frequency fluctuations might play a more important role in
limiting the maximum achievable amplification.

VI. CONCLUSION AND OUTLOOK

In this work, we have investigated the possibility of
parametric amplification of spin-motion coupling in gen-
eral 3D crystals. We find that unlike in lower dimensions,
where the spin-motion coupling is amplified uniformly for
each spin (i.e., “faithfully”), the amplification in 3D is
in general unfaithful and depends on the realization of
the spin-motion Hamiltonian; however, with the specific
choice of the phase-sensitive Malmer-Serensen configu-
ration, the coupling to modes such as the center-of-mass
mode can still be amplified faithfully. We also demonstrate
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a use case for the nonuniform (i.e., “unfaithful”’) amplifi-
cation: in a bilayer crystal in a Penning trap, the light-shift
configuration can be used to selectively amplify interac-
tions within one layer and suppress them in the other, while
maintaining the strength of the interlayer coupling. Finally,
we have reanalyzed the effects of counter-rotating terms on
the limits of parametric amplification using Floquet theory.
Our analysis indicates that the leading-order corrections
do not hinder the amplification as severely as previously
suggested, since they can be compensated for by simply
changing the detuning of the SDF drive from the target
mode.

Our findings have implications for trapped-ion systems
in quantum sensing and simulation, where it is desirable
to speed up entanglement generation without increasing
the rate of decoherence. Our work demonstrates the fea-
sibility of faithful PA in 3D crystals and also shows that
unfaithful PA can be a resource to engineer nontrivial
dynamics. Another setting where the latter can have inter-
esting effects is when the longitudinal modes of an ion
chain are used for spin-motion coupling [25] instead of
the transverse (radial) modes. In this case, assuming nearly
uniform spacing between the ions, applying a parametric
drive can lead to suppression of all (2n + 1)th neighbor
interactions (i.e., nearest, third-nearest, etc.) and amplifi-
cation of all 2nth neighbor (i.e., second-nearest, fourth-
nearest, etc.) interactions. This tunability can allow for the
generation of interesting spin phases. Finally, nontrivial
mixing between nearby modes induced by the PA drive
[e.g., modes 395 and 396 in Fig. 3(a)] could be used as a
resource to generate unconventional spin-motion coupling
Hamiltonians.
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APPENDIX: FORM OF COUNTER-ROTATING
TERMS

In this appendix, we derive the full Hamiltonian for the
light-shift gate and the phase-sensitive Melmer-Serensen
gate in the Lamb-Dicke approximation, including the
counter-rotating terms.

1. Light-shift gate

The total Hamiltonian in the presence of parametric
amplification is

Ak

A atA Fo . A
H = Za)naj,an - Z — sin(ut — Ak(zo; + zj))ajz
n J

. 1 .
+ €, cosut — 0) 2}: ((Zo,; +2) — E(XO,/ +3)

L
- 300 +5)7). (A1)

Under the Lamb-Dicke approximation, the SDF term
can be expanded as follows, replacing — Akzo; with ¢;:

A Fy . N
Hspp=—) A—‘;{ sin(ut + ¢;)67
7

+ ) Focos(ut + ¢;)% 67 (A2)
J

Written out using the mode expansion [Eq. (20)],

N Fo . A
Hgspr = — Z " sin(ut + ¢;)6;
J
+ ) Foly cos(ut + ;) (1 &y + 135a})57,
Jjn

. . 0 0
Fivn = £, cosut — ) (OPA,Z - %) ,

(A3)
where
Ovnz=) 20, +2) 20, + 17a)
J Jjn

) byl + 16580, (3 Gy + 137 01).
J.m,n

(A4)

Here, épA’x and OPA,y follow the same pattern as z. In the
above expression, the % terms in Opa ., give rise to mode

034004-12



PARAMETRIC AMPLIFICATION OF SPIN-MOTION COUPLING. ..

PHYS. REV. APPLIED 25, 034004 (2026)

couplings d,dy,. In addition, the z3 ; term is operator-free
and is hence neglected from here on.
In going to a frame rotating with the SDF drive, via

~ ; ita oA
U = &t 2 nnin | [ transforms as follows:

/\T A _ AT A

Wpd,ay — (Wn ‘ W)y, (AS)
a, — aye "™,

We look at the different time-dependent terms in H. In
Hspr, both the drive and the mode operators rotate at u.
This gives rise to stationary terms, terms that rotate at u,
and terms that rotate at 2u:

N Fy . N
Hspr = — Z A_(I)c sin(ut + ¢;)6;
J

F()l A —i(2 . i
3 Bl i o o)
j.n

+ MZ*AT(el(Zu.H-(ﬁJ +e —ig; )] ’\Z (A6)

Similarly, in Hopa, the PA drive rotates at 214 whereas
the mode operators rotate at ;. We write out the resulting
expression for Hpa , = €2, cos(2uut — 0)Opa

I-A]PA,Z = Qp Z[nZOJ (uzj&n(ei(mfe) + e*i(SMFQ)) + H.c.)
Jj.n

- % >l (u;jam(u;j ape ™ +aial) + H. c)
J.n,m

% ( Q@ui=6) | e—i(zm—e)). (A7)

It can be seen that the zy;Z; term has contributions of 1 and

3u. The 2} term contains two mode expansions and results

in rotating contributions at 2 and 4, as well as stationary

terms.

Finally, we can group together terms in the full Hamil-
tonian that have the same time dependence, which in this
case corresponds to rotations of frequency nu (with 0 <
n < 4). We first look at the stationary terms with n = 0,
which are

Hgrwa = — E 8 (’,\szln Z] Ane@/ + Hc)&f
n

Jshn
Q,luly, R Wi\
+ Z 2 [aman (umj un] — w) e i0

J.nm

+ H.c.:| ,

where the first line, containing terms from the free evolu-
tion and SDF, matches Eq. (22). Separating the m = »n and

(A8)

m # n terms in the second line (PA terms), and defining
expressions as in Eq. (24),

Enm = S.Zplnlmzv

+u
_ J n/ i “mj
Ay = Z (unj umj - 5 ) ,

J
A gn
= =27
n
8mm o~ A _ig
+Z 5 (Gnlime ™ Ay + H.c.).
m#n

(@e4,, + Hc)

Hence, Eq. (25) is also obtained. Moving on to the counter-
rotating terms, we get

. Fo . ..

Hcrspr = — Z " sin(ut + ¢_,-)oj
J

Fol,

+2

Jon

A~ n . xou’? —|—y01/[y
HCR,PA = Z Qpln |:an (ZO,/‘ unj — %

Jn

—i2 . ~
e~ iCui+d) 4 H.c.)67,

X(ei(;tt—e) + e—i(3,ul—9)) + HC}

Z S (Bnmana + H.c. )(el(zw 4+ H.e. )

g”’” (Gyiyme =04 1+ He),

(A10)

with B, := Zj (”f; }Z’nj (MZ]* mj n] "U)/Z)

2. Phase-sensitive MS gate

For the phase-sensitive MS gate, we start similarly to
Eq. (Al). Here, the zeroth-order term coming from the
Lamb-Dicke expansion of the phase-sensitive MS Hamil-
tonian [Eq. (9)] is

y Qefr (. i(Akzq i —
H yotion-free = Z 2e (O_'jJrel(A 0 ~HD) +H.C.)

Z (’\+ I(AkZO,I—H’”)_i_Hc), (All)
J
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where /2% =~ 1 to zeroth order. Simplifying, and replac-

ing —Akzy; with ¢;,

Hmotlon free = Z Qefrcos(pt) (COS(¢1) + Sln(¢j) ) .
J
(A12)

Under the definition of local spin frames using the same
Raman lasers [see Eq. (14) and above], the spin oper-
ator cos(qu)&jx + sin(qu)?fj is nothing but a . Clearly,

H motion-free CONtains only counter-rotating terms.

The remaining terms in the Hamiltonian are the same
as in Eq. (A1), with Fo/ Ak — Qe, ¢ — O and 67 — 67
in the SDF. From here, the analysis proceeds exactly as
before, giving us the following RWA Hamiltonian:

R Qe Ak,
HRWA—_ZaaTan ZGT( i an + H.c)o!
] n
gnm A n —io
(amandmme™™ + H.c.) . (A13)

Among the counter-rotating terms, only the form of
H cr spr is different between the two gates:

Herspr = Z Qefr cos(un)6;

Qeffln Fob el
30 G e 4 He)d . (Ald)

Together with fAICR,pA [see Eq. (A10)], this recovers

Egs. (44) and (45).
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