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Abstract
Despite its pivotal role in optical manipulation, high capacity communications, and quantum
information, a general measure of orbital angular momentum (OAM) in structured light remains
elusive. In optical fields, where multiple vortices coexist, the local nature of vortex OAM and the
absence of a common rotation axis make the total OAM of the field difficult to quantify. Here, we
introduce the R index—a metric that captures the intrinsic OAM content of any structured optical
field, from pure Laguerre–Gaussian modes to arbitrary multi vortex superpositions. Not only does
this metric quantify the total OAM, it also assesses field purity, providing insight into the fidelity
and robustness of the OAM generation. By unifying OAM characterization into a single figure of
merit, the R index enables direct comparison across diverse beam profiles and facilitates the identi-
fication of optimal configurations for both foundational studies and applied technologies.

1. Introduction

Since the seminal work of Allen et al [1], which demonstrated that electromagnetic waves can carry
well defined orbital angular momentum (OAM), this discrete, and in principle unbounded, property
of light has evolved from a theoretical concept into a practical resource. The ladder of OAM eigenstates
offers high dimensional encoding capacity for classical and quantum communication [2–4], facilitates
the transfer of rotational torque in optical micromanipulation [5, 6], and underpins emerging OAM-
enhanced spectroscopic techniques [7]. Recent advances in wavefront-shaping optics, spiral phase plates,
computer generated holograms, and spatial light modulators (SLMs), now permit the routine generation
and analysis of OAM beams [8–12], thereby broadening their applicability across photonics and related
disciplines [13–16], also including quantum information processing [17], particle manipulation [18], and
light–matter interaction [14, 19–21].

The total angular momentum of an optical beam comprises an intrinsic component, determined
solely by the internal field distribution, and an extrinsic component that depends on the displacement
of the beam axis relative to the observation axis. Within the intrinsic part, one distinguishes spin angu-
lar momentum (SAM), related to the polarization of light, and OAM, which stems predominantly from
the optical vortices [1]. In a coherent light wave, represented by a complex scalar field propagating in
free space, optical vortices arise at points of zero intensity, called nodes, where the phase is undefined.
Around these singularities, the phase gradient forms a circulating pattern, characterized by an azimuthal
phase dependence of the form exp(ilϕ), where l is the topological charge and ϕ is the azimuthal angle.
Such a phase structure in an optical vortex corresponds to a quantized angular momentum of magnitude
lh̄ per photon. As clarified in reference [22], the helical phase factor exp(ilϕ) is the principal descriptor
of the intrinsic OAM. It gives rise to a precession of the Poynting vector and the associated azimuthal
orbital flow density (OFD). In contrast, SAM arises from the rotation of electric field vectors and is
quantified by the spin flow density (SFD) [23]. Together, OFD and SFD exhaust the intrinsic angular
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momentum content of an optical beam. These complementary flow densities offer experimentally access-
ible measures of the respective angular momentum contributions.

For an ideal paraxial beam containing a single vortex, all photons share the same helical phase factor,
and the OAM can be unambiguously defined with respect to the common propagation axis. But, in
practice, many beams are spatially structured optical fields (SSOFs) that contain multiple vortices. In
such cases, three considerations preclude a straightforward definition of the total OAM:

1. Local character of a vortex OAM. Each vortex is associated with a unique phase singularity ,whose
topological charge may differ from charges of other vortices. The associated OAM remains local to
the singularity and does not extend globally on the beam.

2. Vortex interference. Superposition of individual vortex wavefronts generates intricate interference
patterns and secondary phase singularities, such that a simple sum of single vortex OAM does not
describe the composite field.

3. Absence of a common rotation axis. Whereas a single vortex beam, such as a Laguerre–Gaussian (LG)
mode, has a single optical axis, the vortex array in a generic SSOF is described by several, in general
different, rotational axes. Subsequently, the overall field lacks global rotational symmetry.

Collectively, these factors imply that the total OAM content of an elaborately structured field cannot
be deduced by enumerating vortices or by projecting onto a standard mode basis. Accessing the fitness of
the field for applications, for instance, OAM enhanced spectroscopy [7] requires a quantitative measure
of the rotational energy flux in terms of a more rigorous metric.

In this paper, we introduce a unified measure, the R-index, based on the relative amplitude of the
solenoidal component of the OFD, which provides an estimate of the photon fraction available for OAM
mediated interactions. Our calculations demonstrate its efficacy in identifying the OAM content across a
broad range of beam types, including LG, Gaussians, superpositions of Hermite–Gaussian (HG) beams
and vortex-bearing optical lattices making it a universal tool for structured light analysis. The ability of
the R-index to reduce the OAM content characterization to a single figure-of-merit makes it an attractive
tool for selecting the appropriate structure of the electric field for OAM-enabled fundamental studies
or technological applications. Moreover, we demonstrate its ability to act as a quality factor by assessing
the mode purity of LG modes generated by spiral phase plates. This application is particularly important
for mid-infrared (Mid-IR) applications where high-fidelity optical vortex generating apparatuses, such as
SLMs are unavailable.

Beam purity is an important aspect of analysis, as it helps determine the most suitable beam profile
for a given application. Previous studies on modal decomposition have shown that higher-order beams
often contain components of various topological charges [24], an observation that is particularly relev-
ant for optical communication systems employing OAM multiplexing. In this work, we evaluate beam
purity based on the phase distribution, quantifying the fraction of photons that are converted into states
carrying OAM. While the method of beam generation or conversion may vary, the purity analysis given
by the R-index, remains consistent as a given beam profile corresponds to a specific R-index. This also
enables the assessment of the purity of experimentally generated beams, as imperfections that alter the
OAM content will be reflected in a modified R-index when compared to the ideal case.

Our paper is structured as follows. In section 2 we review how the OFD of a light field can be
extracted from its phase gradients. In section 3 we introduce our main tool the Helmholtz–Hodge
decomposition (HHD), via which we can separate the solenoidal, OAM bearing, phase gradients from
the irrotational part. In section 4 we define the main quantity discussed in our paper, the R-index.
Section 5 summarizes the numerical techniques employed for the evaluation of the R-index. The focal
parts of our work are section 6 describing our numerical findings for various field profiles and section 7
providing the analytical evaluation of the R-index for LG beams. Section 8 summarizes our findings and
provides future perspectives. Finally, appendix A provides extended data tables for various superpositions
of HG modes.

2. Orbital flow characteristics

Our approach consists of tracing the internal energy flows of the field, also known as optical currents,
one of its intrinsic features that reveals details of its structure and dynamics [25]. These paths can
be represented as curves that are everywhere tangent to the Poynting vector, a quantity that links to
the dynamical attributes of optical fields. We consider a monochromatic field ψ(r) = |E(r)|eiφ(r) and
E(r) = Êpψ(r) and Êp is the polarization of light, assumed here to be homogeneous so we can treat the
electric field as scalar.
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The optical current associated to the field ψ(r) is j(r) [25], it equals the time-averaged energy flow
and is given by

j(r) = I(r)∇φ(r) , (1)

where I(r) = cϵ0
2 ψ(r)ψ

∗(r) is the intensity and ψ∗(r) is the conjugate of ψ(r), c represents the speed
of light, ϵ0 is the electrical permittivity of free space, ∇ represents the gradient operator, and φ(r)≡
arg(ψ(r)) is the phase of the optical field. The optical current is closely associated with the Poynting vec-
tor P(r), indicating the flow of energy and is directly proportional to the canonical energy flow density.
The Poynting vector reads

P(r) =
Im [ψ∗∇ψ]

2µ0ω
=

|ψ|2∇φ(r)

2µ0ω
=

1

k
I(r)∇φ(r) . (2)

Here, µ0 denotes the vacuum permeability, ω is the angular frequency, k is the wave vector and λ rep-
resents the wavelength of the optical field.

The right hand side of the above directly yields the relation P(r) = j(r)/k. This expression also
shows the association of both j(r) and P(r) with the the probability current in quantum mechanics
Im[ψ∗(r)∇ψ(r)] and which is sometimes used synonymously with the Poynting vector in electromag-
netic fields. P(r) is essential for calculating the OAM of any optical field and aids in understanding how
small particles interact with the field [26]. This momentum density has a transverse azimuthal com-
ponent produced by the helical phase of the optical vortex and is a signature of the vortex modes. It is
canonical and proportional to the local gradient of the phase of the field, that is, to the local wave vec-
tor. Therefore, the canonical orbital energy flow is independent of the polarization in uniformly polar-
ized fields and can be equally defined for a scalar wave field ψ(r).

As demonstrated in equations (1) and (2), both the optical current and the Poynting vector can be
expressed in terms of the phase gradient, given by

∇φ(r) = Im [∇ logψ (r)] = Im

[
∇ψ (r)

ψ (r)

]
. (3)

This gradient points in the direction where there is a maximum change in phase. Gradients are normal
to contour surfaces, and hence the phase gradient is always normal to the wavefront [27]. The phase
gradient ∇φ(r) is a vector field that can provide information about light propagation as ∇φ(r)∝ k(r),
with k(r) the local wavevector, and the associated energy flow.

We are mainly concerned with the energy flow on a plane perpendicular to the propagation axis of
the beam, which dictates how a planar probe interacts with light. The associated phase gradient field
reads

F(r)≡∇φ(r)− k

k2
k ·∇φ(r) . (4)

By applying the HHD, discussed in section 3, we isolate the rotational energy flows or solenoidal phase
gradients within the field [28], enabling us to distill the OAM content of the beam.

3. HHD

The HHD is grounded in the Helmholtz theorem [29], which asserts that any field f(r), defined in a
region Ω on a bounded, simply connected domain, can be segregated into an irrotational (curl-free)
fIR(r) and a solenoidal (divergence-free) fR(r) component, determined by

f(r) =∇Φ(r)︸ ︷︷ ︸
≡fIR(r)

+∇×A(r)︸ ︷︷ ︸
≡fR(r)

, (5)

where Φ(r) and A(r) are the scalar and vector potentials of f(r), respectively, not to be confused with the
corresponding scalar and vector potentials of the electric and magnetic field.

An intuitive understanding of the Helmholtz–Hodge decomposition (HHD) follows by considering
the vector identities

∇·(∇×A(r)) = 0,

∇×(∇Φ(r)) = 0,
(6)

which hold for any vector A(r) and scalar Φ(r) field [28, 30].
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Taking the divergence of equation (5) yields the Poisson equation

∇·f(r) =∇2Φ(r) =∇·fIR (r) (7)

and therefore the divergence of a field is solely contained in the irrotational component fIR(r) =∇Φ(r).
Similarly, taking the curl of equation (5) gives

∇× f(r) =∇× (∇×A(r)) =∇× fR (r) (8)

showing that the curl structure of the field is carried only by the solenoidal part fR(r).
Taken together, equations (7) and (8) provide the intuitive picture that the HHD is possible exactly

because the structure of a vector field in terms of divergence and curl provides information associated
with different components of the field. Indeed, the divergence encodes the tendency of the field in the
vicinity of a point to orient towards or away from it, while the curl encodes the tendency of the field to
circulate around the point by orienting in a perpendicular fashion.

Equations (7) and (8) are also useful for the exact calculation of the HHD. More specifically, for
a given vector field f(r), the inhomogeneous Poisson equation corresponding to the first equality of
equation (7) for Φ(r) can be solved directly. Using the Green’s-function method, the formal solution
is

Φ(r) =− 1

4π

ˆ
V

∇ · f(r ′)
|r− r ′|

dV ′. (9)

The irrotational component of the field then follows immediately from its definition,

fIR (r) =∇Φ(r) . (10)

The solenoidal component can subsequently be obtained from equation (5) as

fR (r) = f(r)− fIR (r) . (11)

An equivalent reconstruction strategy can be formulated from equation (8) by first evaluating the curl
∇× f(r) and then solving a vector Poisson equation to recover A(r) (or directly fR(r)). Within the
Green’s-function framework, the corresponding solution is

A(r) =
1

4π

ˆ
V

∇× f(r ′)

|r− r ′|
dV ′, (12)

where the Coulomb gauge condition ∇ ·A(r) = 0 has been imposed.
These potentials Φ(r) and A(r) allow the field f(r) to be segregated into the curl-free and divergence-

free components within a volume V. The boundary conditions that are imposed in this decomposition
ensure a normal boundary flow on the curl-free component and a tangential flow on the divergence-
free component. Considering n̂ as the outward normal to the boundary Ω, this implies that for a unique
decomposition:

• the irrotational component is normal to the boundary dΩ of Ω, i.e. fIR(r)× n̂= 0, and
• the solenoidal component is parallel to the boundary dΩ of Ω, i.e. fR(r) · n̂= 0.

Under these boundary conditions the HHD is unique up to a gauge transformation of Φ(r) and A(r),
that does not affect the field components fIR(r) and fR(r).

4. Main quantities: the definition of the R-index and the solenoidal current

The R-index is defined as the fraction of the solenoidal current, jR(r) = I(r)fR(r), over the sum of the
solenoidal and irrotational, jIR(r) = I(r)fIR(r), components

R(z) =

˜
|fR(r)|I(r) dA˜

(|fR(r)|+ |fIR(r)|) I(r) dA
. (13)

The intensity weight appears naturally because the optical current j(r) already contains I(r) (cf
equation (1)). Multiplying the magnitude of the solenoidal component |fR(r)| by I(r) therefore yields
the actual flow associated with that component. Consequently R(z) can be interpreted as

4
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‘the fraction of the total transverse optical flow that circulates azimuthally (and hence,
contributes to the OAM)’.

Since the denominator also contains the irrotational contribution, a value R= 1 means that ‘all’ of
the transverse power is rotating (a pure vortex), whereas R= 0 means that the flow is purely radial.
Intermediate values quantify the purity of the OAM mode. The weighting by I(r) is indispensable:
without it, the ratio would reduce to a simple geometric average of the magnitudes, which does not
reflect the actual current enabling OAM transfer. In the remainder of this paper we show that the R-
index serves as a valuable metric for determining the available intrinsic orbital flow in structured fields,
offering insight into their suitability for various OAM-based applications.

It is important to note that the R-index does not quantify the absolute strength of the solenoidal
current; rather, it reflects only its fraction relative to the irrotational component. Consequently, com-
paring two beams using the R-index alone does not allow one to infer which beam possesses a larger
solenoidal current amplitude. To address this limitation, we additionally compute a normalized measure
of the solenoidal current strength in our analysis,

J̄s (z) =

˜
|fR(r)|I(r) dA˜

I(r) dA
, (14)

which directly probes the amplitude of the solenoidal currents in the beam. It should be noted that this
quantity is not dimensionless; instead, it scales inversely with the characteristic length scale of the field’s
spatial structure. For beams, one has J̄s ∝ w−1

0 , where w0 is the beam width parameter, indicating that
tighter beams exhibit stronger currents due to the larger associated phase gradients, equation (1).

5. Numerical approach

The HHD of the phase gradient vector field was carried out by employing fast Fourier transform (FFT)
techniques. The field F(r) was first sampled on a uniform Cartesian grid by employing equations (3)
and (4) for its extraction from ψ(r) and its on-plane projection respectively. The grid was chosen such
as it corresponds to a FFT discrete variable representation (DVR) [31] enabling the efficient calculation
of derivatives and integrals. Since FFT introduces periodic boundary conditions the value of ψ(r) at the
edges of our numerical grid were masked by Tukey windows to avoid artifacts. Notice that the mask
of the Tukey windows addresses only regions of I< 10−6I0, which are subsequently dropped from our
analysis.

The HHD was performed by numerically solving the Poisson equation

∇2Φ(r) =∇ · f(r) , (15)

This equation can be solved by calculating Φ(r) using equation (9). The individual components are cal-
culated by using fIR(r) =∇Φ(r) and fR(r) = F(r)−∇Φ(r) as described in section 3. The right hand side
∇ · f(r) can exhibit steep behavior close to the vortices, we resort to a FFT-based finite difference solver
for the Poisson equation [32] in order to avoid issues with spectral ringing. Within this approach the
solution in Fourier space reads

F [Φ]
(
kx,ky

)
=
1

2

cos 2π kx
Nx

− 1

∆x2
+

cos
2π ky
Ny

− 1

∆y2

−1

F [∇ · f ]
(
kx,ky

)
, (16)

where kµ, Nµ, ∆µ, with µ= {x,y} are the grid positions, number of grid points, grid spacing for the
µ direction respectively and F represents the FFT. The boundary condition fIR(r)× n̂= 0 is enforced
geometrically by the mirror symmetry of the source ∇ · f(r) for x→−x and y→−y that we impose by
appropriately choosing the orientation of the beam ψ(r) and the periodic boundary conditions naturally
stemming from the FFT.

All calculations were performed in MATLAB. The FFT-based DVR employed 4096 points in each
spatial direction and extended over the region |x|, |y|< 4

√
ow0, where o⩾ 1 denotes the maximum mode

order of the LG or HG components. Tukey windows were applied to taper the outer 20% of the grid.
The above choices provide sufficient resolution to capture both the fine structure of the field and allow
for the smooth decay towards the boundaries.

5
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Figure 1. The normalized solenoidal current strength, J̄s, as a function of the topological charge for LG beams (p= 0 and l= 1–9)
for z= 0.

6. Results: evaluation of R-index across various field profiles

We conducted extensive numerical calculations to compute the R-index for diverse SSOF profiles,
demonstrating its universal applicability in quantifying the OAM content. This quantity, defined as the
intensity-weighted fraction of solenoidal optical currents, equation (13), serves as a direct metric for
OAM accessibility in photons. To quantify the solenoidal field flow we also evaluate the normalized
solenoidal current strength, J̄s, see equation (14).

Throughout our analysis we use scaled units with respect to w0 and zR. Since we consider fixed z/zR,
the precise value of λ for fixed w0 does not affect our calculations except for a shift of the phase ∼ e−ikz,
that affects neither J̄s or the R-index.

Our key findings are summarized below:
Pure LG beams—the profile of these beams reads

ψLG
p,l (r) = E0

w0

w(z)

( √
2r

w(z)

)|l|

L|l|p

(
2r2

w(z)2

)
exp

(
− r2

w(z)2

)
exp

(
−i

kr2

2R(z)

)
× exp(−ikz)exp(iξ (z))exp(ilϕ) , (17)

where E0 is the field amplitude, w0 the beam waist, w(z) = w0

√
1+(z/zR)2, zR = πw2

0/λ is the Rayleigh
range, R(z) = z[1+(zR/z)2] is the radius of curvature, and ξ(z) = (|l|+ p+ 1) tan−1(z/zR) is the Gouy
phase.

Exactly at the focus z= 0, these beams have a purely azimuthal F(r), leading to a purely solenoidal
current since ∇ · f(r) = 0, and hence an R-index of 1. The strength of this solenoidal current increases
with the topological charge J̄s ∼

√
2l as revealed in figure 1. However, as the beam propagates away from

its focus its divergence leads to additional radial currents that cause the reduction of the R-index. Details
on the z/zR dependence of the R-index for LG beams are discussed in section 7. For comparison to
other field profiles, here, we consider a beam propagated to z= 0.1 zR. Table 1 reveals that such a beam
with p= 0 and l= 1 achieves an R-index of 0.87 thus retaining near-ideal OAM purity (87% rotational
energy flow).

The fraction of solenoidal orbital optical current density values were computed for LG beams with
varying topological charges, revealing the increasing relationship (see table 2 and figure 1).

Phase imprinted Gaussian beam (Hypergeometric Gaussian (HyGG) beams)—a common method for experi-
mentally generating vortex beams is by imprinting the azimuthal phase of a LG mode onto a Gaussian
beam. This is because Gaussian modes can be generated with very high fidelity [33, 34] and phase
imprinting can be achieved with readily available methods such as spiral phase plates or SLMs [35]. To
consider such a phase imprinting process, we examine the ideal case of a focused Gaussian beam with an
additional spiral phase corresponding to l= 1

ψIM (r,ϕ,z= 0) = E0 exp

(
− r2

w2
0

)
eiϕ. (18)

6
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Table 1. Numerically obtained OAM content characteristics for three example SSOF profiles. The OAM is characterized in terms of the
R-index and J̄s and the corresponding intensity pattern (the phase appears in the inset) is additionally provided. For the comparison of
the beam and lattice J̄s and phase λ= 0.0035w0 is considered.

SSOF
profile

Pure LG beam
(l= 1 and z= 0.1zR)

Gaussian beam=with
imprinted LG phase
(l= 1 and z= 0.1zR) Honeycomb optical lattice

J̄s/w
−1
0 1.247 1.856 27.95(0.0978λ−1)

R-index 0.87 0.11 0.70

Intensity
profile of
SSOF

Table 2.Magnitude of extracted solenoidal phase gradient J̄s and R-index for pure LG beams (topological charges 1–9) at z= 0.1zR
from focus.

Topological Charge l J̄s units of w
−1
0 R-index

1 1.247 0.869
2 1.871 0.889
3 2.338 0.896
4 2.728 0.899
5 3.069 0.901
6 3.376 0.902
7 3.657 0.903
8 3.918 0.904
9 4.163 0.905

The solution of the paraxial equation with the above field at the focus z= 0 is known to be an example
of a HyGG mode and in particular a modified Bessel–Gauss mode [36]. The field of this beam reads

ψIM (r̃,ϕ, z̃) = E0

√
π

2

r̃
√
z̃(z̃+ i)3/2

exp

(
− ir̃2

z̃

)[
I0

(
r̃2

2z̃(z̃+ i)

)
− I1

(
r̃2

2z̃(z̃+ i)

)]
× exp

(
− r̃2

2z̃(z̃+ i)
+ iϕ − ikz

)
,

(19)

where we have introduced the scaled coordinates z̃= z/zR and r̃= r/w0. A distinctive property of this
beam is the factor e−ir̃2/z̃ corresponding to a steep phase gradient in the direction away from the focus.
This gradient correspond to a radial current j(r) that forces the intensity away from r= 0 where the
optical vortex is imprinted.

Table 1 manifests that while the solenoidal current J̄s is similar in amplitude to the case of the vortex
beam, the R-index is very small taking a value of 0.11. This behavior occurs exactly because of the large
radial current described above which contributes to the irrotational part of the phase gradient, FIR(r).

The above shows that the R-index is a sensitive probe of the purity of the generated OAM mode.
By quantifying SPP-generated beam purity, the R-index provides a tool for optical vortex generation
protocols. Its measurement by state-of-the-art phase measurement approaches such as phase-shifting
holography [37], provides a detection pathway for optimizing fabrication tolerances of optical elements
and alignment protocols. This is particularly crucial for Mid-IR applications where SLMs are unavailable
necessitating the development of novel optical vortex creation techniques.

Honeycomb optical lattice—an interference of three plane waves produces an optical vortex lattice, the
field profile of which reads

ψL (r) = E0

3∑
j=1

exp
[
−ik

(
sinθ cosϕj x+ sinθ sinϕj y+ cosθ z

)]
, (20)

where k= 2π/λ, θ = 1.7◦ is the angle of the plane-waves with respect to z-axis, and ϕj are the corres-
ponding azimuthal angles (ϕ1 = 120◦, ϕ2 = 240◦, ϕ3 = 360◦).

7
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Table 3. Comparison of different SSOFs generated by superpositions of Hermite–Gaussian modes. The OAM is characterized in terms
of the R-index and J̄s and the corresponding intensity pattern (and phase in the case of phase imprinted Gaussian profile) is additionally
provided. In all cases the field at the focus z= 0 is considered.

SSOF profile HG2,0 +HG0,2 HG2,0 +HG0,2 HG1,3 +HG3,1

Phase difference π/2 π/4 π/2
J̄s/w

−1
0 1.410 1.383 1.653

R-index 0.74 0.66 0.83

Intensity profile

This lattices exhibits an R-index of 0.70, when measured in the z= 0 plane, see table 1. This struc-
ture yields a large local solenoidal current as indicated by J̄s, but fragmentation of dark cores leads
to low percentage of OAM content. Notice that in the case of the lattice J̄s is only dependent on λ.
Here the value of J̄s in terms of w−1

0 = 0.0035λ−1 is provided for comparison of the lattice and beam
currents.

HG superpositions—HG beams of order m,n, HGm,n, are described by the well-known expression:

ψHG
m,n (r) =E0

w0

w(z)
Hm

(√
2x

w(z)

)
Hn

(√
2y

w(z)

)
exp

(
−x2 + y2

w(z)2

)
exp

(
−ik

x2 + y2

2R(z)

)
× exp(−iξ (z))exp(−ikz) .

(21)

where Hm and Hn are Hermite polynomials of orders m and n, and w(z), R(z), and ξ(z) = (m+ n+
1) tan−1(z/zR) denote the beam radius, radius of curvature, and Gouy phase, respectively. The expres-
sions for w(z) and R(z) are identical to the case of LG beams, see equation (17).

Complex modes exhibiting optical vortices are formed by superpositions of such HG modes [38, 39]
with varied phase differences introduced between them.

HG superposed profiles showed reduced R-index values, underscoring mode interference as a crit-
ical purity-limiting factor. It is evident that the phase difference between superposed modes significantly
influences the R-index, as anticipated. For example, table 3 shows that a superposition of HG2,0 and
HG0,2 modes with a phase difference of π/2 yields an R-index of 0.74, which decreases to 0.66 when
the phase difference is modified to π/4. In comparison, a superposition of HG1,3 and HG3,1 modes with
a phase difference of π/2 achieves an R-index of 0.83, indicating that nearly 83% of the photons in this
configuration are available for OAM-based experimental applications.

Table 4 in appendix presents R-index values for a more diverse collection of structurally singular
optical fields formed through HG mode superpositions.

Our analysis demonstrates that LG beams are optimal for efficient OAM transfer to planar targets.
However, realizing high-purity LG beams necessitates the use of high-fidelity beam generation, which
can be challenging, particularly in the Mid-IR spectral range. Given the absence of SLMs in the Mid-
IR and the current limitations in continuous SPP fabrication, it may be advantageous in some cases to
employ superpositions of HG modes or structured alternatives like vortex arrays which become viable
substitutes, as they achieve comparable intrinsic OAM densities despite variations in spatial profiles and
mode compositions. For instance, consider the HG3,1 +HG1,3 (π/2) superposition, with an R-index of
0.83. This finding is particularly relevant to our intended application in Mid-IR OAM-enhanced spectro-
scopy, which fundamentally depends on phase gradient driven effects [7]. Our industrial collaborators
have confirmed that phase plates corresponding to the HG modes, including their controlled superposi-
tions, can be fabricated with high precision. These considerations establish the HG mode superposition
as a viable and experimentally accessible alternative to LG modes for mid-IR OAM generation. This flex-
ibility enables adaptable OAM system design. The R-index thus serves as a fundamental metric for field
optimization across the entire electromagnetic spectrum, enabling performance equivalent substitutions.
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Critical insights

• Universal purity quantification: the R-index enables direct comparison of OAM content across arbit-
rary fields, from single vortices to complex superpositions, addressing a longstanding gap in structured
light characterization.

• Phase-imprinting performance validation: by quantifying the beam purity of beams generated by
phase manipulation, the R-index provides a tool for optimizing experimental vortex creation meth-
odology. This is particularly crucial for Mid-IR applications where SLMs are unavailable.

• Design optimization: the metric identifies LG modes as theoretical optima while revealing HG super-
positions as viable alternatives when LG generation is impractical, guiding experimental design choices.

R-index and J̄s Interpretation
The R-index quantifies the fraction of solenoidal currents relative to the net optical current, indicating
the percentage of photons in the field that possess OAM. This is useful for quantifying the OAM con-
tent relative to other sources of phase gradient/optical current and is therefore a direct measure of how
OAM-dominated a beam is. Due to its normalization 0⩽ R⩽ 1, it is unaffected by the scale paramet-
ers of the beam (w0, k, λ, zR) and hence can be used as a measure of how perfect the generated beam is,
i.e. how close the generated beam is to the ideal OAM-bearing beam profile.

The solenoidal current strength J̄s, in contrast, represents the absolute strength of solenoidal currents.
It is useful for assessing the interaction strength. For example, consider two self-similar beams such as
LG modes with identical topological charge l, but different waist parameters w0. Both beams exhibit the
same R-index, as their optical current scales equivalently under the corresponding similarity transform-
ation. However, since J̄s ∝ w−1

0 , the beam with the smaller waist exhibits stronger phase gradients and
consequently imparts a higher torque on particles.

For a pure LG beam, the R-index attains a value of 1 at the focal plane, independent of the topolo-
gical charge. However, as the charge increases, the associated solenoidal energy circulation around the
phase singularity becomes more pronounced. When the beam is tightly focused to a smaller waist, the
magnitude of the solenoidal current Js correspondingly increases, whereas an expansion of the beam
waist leads to a reduction in Js. Therefore, the pair (R, J̄s) provides complementary measures of the rel-
ative and absolute value of the OAM content, enabling a more fine-grained differentiation of topological
profiles.

7. Analytical calculation of the R-index for LG beams

To analytically corroborate our numerical findings in this section we analytically evaluate the R-index for
all LG beams, equation (17), with p= 0 and arbitrary l.

The intensity profile of these beams is

I(r) = I0

(
w0

w(z)

)2( √
2r

w(z)

)2|l|

exp

(
− 2r2

w(z)2

)
, (22)

with I0 =
cϵ0
2 |E0|2, and the phase profile reads

φ =− kr2

2R(z)
− kz+ ξ (z)+ lϕ. (23)

The phase gradient can be analyzed in simple terms when expressed in cylindrical coordinates

∇φ(r) =
∂φ

∂r
r̂+

1

r

∂φ

∂ϕ
ϕ̂+

∂φ

∂z
ẑ. (24)

By taking the curl and divergence of each component in the above expression, it is easy to verify that
only the azimuthal component is of solenoidal character, fR(r) =

l
r ϕ̂. The radial component is irrota-

tional, fIR(r) =− kr
R(z) r̂, while the z component does not contribute to f(r) = fIR(r)+ fR(r) since f(r) lies

on the plane perpendicular to the propagation axis z, see equation (4).
The R-index of equation (13) can then be calculated analytically by employing the integral [40]

ˆ ∞

0
r2ke−

2r2

w2 dr=
(2k)!

23k+1k!

√
π

2
w2k+1. (25)
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Table 4. Same as table 3 but for an extended selection of Hermite–Gaussian superpositions.

SSOF profile Phase difference J̄s units of w
−1
0 R-index Intensity profile

HG3,0 +HG0,3 π/2 1.549 0.71

HG3,0 +HG0,3 π/4 1.546 0.62

HG1,2 +HG2,1 π/2 2.227 0.73

HG1,2 +HG2,1 π/4 2.209 0.64

HG1,3 +HG3,1 π/4 1.634 0.67

HG1,3 +HG3,1 π/3 1.643 0.75

HG2,4 +HG4,2 π/2 2.665 0.69

HG2,4 +HG4,2 π/4 2.636 0.61

HG2,4 +HG4,2 π/3 2.648 0.65

HG3,2 +HG2,3 π/2 2.840 0.74

HG3,2 +HG2,3 π/4 2.822 0.64

HG3,4 +HG4,3 π/2 3.319 0.74

The numerator straightforwardly evaluates to

¨
|fR(r)|I(r) dA=

√
π3

2

|l|(2|l|)!
22|l||l|!

I0w0√
1+(z/zR)

2
. (26)

The integral for |fIR(r)| can also be straightforwardly calculated

¨
|fIR(r)|I(r) dA=

√
π3

2

(2|l|+ 2)!

22|l|+2 (|l|+ 1)!

I0w0√
1+(z/zR)

2

z

zR
. (27)

Therefore, by using equations (26) and (27) the R-index yields

R(z) =

(
1+

2|l|+ 1

2|l|
z

zR

)−1

. (28)

10



J. Phys. Photonics 8 (2026) 015071 M Bahl et al

This expression reveals that at the focal plane (z= 0) the transverse optical current of a LG beam
is purely solenoidal, such that a planar probe detects a purely OAM-bearing flow. As the observation
plane moves away from the focus, diffraction-induced radial phase gradients increasingly contribute to
the irrotational component, leading to a monotonic decrease of the R-index as the beam diverges. This
decrease is more pronounced for low topological charge, e.g. for l= 1, R(z)≃ 1− 3

2 z/zR, while for l≫ 1
the decay is smoother, approaching R(z)≃ 1− z/zR. This scaling independently corroborates the numer-
ical results of table 2 and demonstrates the sensitivity of the R-index to low-l OAM states.

Importantly, the reduction of R with propagation does not indicate a loss of OAM, which remains
conserved under free-space propagation, but rather a decrease in the fraction of transverse optical cur-
rent that circulates azimuthally on a given plane. The R-index therefore quantifies the locally accessible
intrinsic OAM relevant for planar light–matter interactions and should be evaluated at the interaction
plane. Its propagation dependence is thus an essential feature, capturing how effectively OAM can be
accessed in realistic experimental geometries.

8. Conclusion

In this work, we introduced the R-index, a robust metric to quantify the intrinsic OAM content of
SSOFs. It establishes a unified framework for quantifying intrinsic OAM content. By directly measuring
the relative intensity-weighted solenoidal energy, the R-index provides a quantitative assessment of mode
purity and the fraction of photons available for OAM-mediated interactions, even in complex fields with
multiple vortices.

Unlike traditional approaches based on vortex counting or modal decomposition, the R-index
decouples beam purity from topological charge and provides a quantitative measure of mode purity. It
offers a robust tool for enabling empirical optimization of OAM sources. Our calculations demonstrate
its applicability across a range of beam types, including LG, Gaussian, spiral phase plate-generated, and
HG beams, making it a universal tool for structured light analysis. To our knowledge, this is the first
demonstration of a universal OAM quantification method based on a single index, enabling direct com-
parison of disparate field structures, including LG beams and complex multi-vortex superpositions, on
an equal footing. This facilitates the identification of the most OAM-efficient configuration, regardless
of field complexity. Future directions include extending the R-index framework to vectorial fields, exper-
imental validation through interferometry or modal decomposition, and exploring its behavior under
beam propagation or turbulence.
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Appendix. Solenoidal phase gradient magnitudes and R-index values for various SSOFs

This appendix includes the table 4 providing an extensive array of examples of SSOFs with their associ-
ated J̄s and R-index values.
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