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We present and test a protocol to learn the matrix-product operator (MPO) representation of an
experimentally prepared quantum state. The protocol takes as input classical shadows corresponding to
local randomized measurements, and outputs the tensors of an MPO maximizing a suitably defined fidelity
with the experimental state. The tensor optimization is carried out sequentially, similarly to the well-known
density matrix renormalization group algorithm. Our approach is provably efficient under certain technical
conditions expected to be met in short-range correlated states and in typical noisy experimental settings.
Under the same conditions, we also provide an efficient scheme to estimate fidelities between the learned
and the experimental states. We experimentally demonstrate our protocol by learning entangled quantum
states of up to N = 96 qubits in a superconducting quantum processor. Our method upgrades classical
shadows to large-scale quantum computation and simulation experiments.

DOI: 10.1103/rbg2-f61m

Probing the quantum state of an N— qubit system is a
crucial yet non-trivial step in the successful implementation
of many quantum simulation and quantum computation
protocols [1-11]. In this context, randomized measurements
provide an effective strategy to probe several physical
properties of experimental quantum systems [12—-14], such
as entanglement [ 15-21] and fidelities [22—26]. In particular,
the framework of classical shadows [27] has become a
routine tool to postprocess randomized measurement data-
sets. This is due to (i) provable performance guarantees for
statistical errors, that allow us to reach considerable system
sizes [21-23,27], (ii) minimal hardware requirements (apply-
ing one layer of single-qubit unitaries before measurements
suffices) [13], and (iii) robustness to measurement errors
[28-30]. While classical shadows are state-agnostic, typical
quantum states generated in noisy quantum devices admit
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simple descriptions. For instance, matrix-product operators
(MPOs) can accurately describe output states of one-dimen-
sional noisy quantum circuits [31,32], as well as one-
dimensional thermal states relevant to quantum simulation
[33,34], with only O(N) parameters. However, it remains
unclear how to efficiently reconstruct such quantum states
from classical shadows at large system sizes.

In this Letter, we introduce a protocol to learn the MPO
representation of quantum states in large-scale experiments,
which inherits the key properties (i)—(iii) of classical shad-
ows. This allows us to probe global properties of quantum
states with extensive entropies in experimental settings. We
show this by learning many-body states generated by a
superconducting quantum processor up to N = 96 qubits,
whereas randomized measurements have been previously
implemented only up to N = 13 [30]. The MPO representa-
tion provides direct access to several physical properties [35],
without the need for tailored estimation formulas, nor to
reprocess the dataset as in previous approaches [13].
Leveraging this full mixed-state description, we also inves-
tigate and quantify the effect of experimental noise and
demonstrate large-scale error mitigation.

The MPO representation of a quantum state o is specified

by a set of N tensors M) as

Published by the American Physical Society
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Learning protocol. (a) We present a protocol to learn the MPO representation ¢ of an experimental quantum state p from two

randomized measurement datasets. We use the first dataset to optimize o, and the second one to benchmark the output ¢ by estimating

the fidelity F (. 6). (b) We optimize each tensor M () by solving the linear system Eq. (4), represented diagrammatically. Note that
this requires experimental data depending only on the reduced density matrix p; , where I; = [j—7.j+ 7] (c) We experimentally

demonstrate the protocol by learning the state of the first N qubits out of N, = 96 qubits on a superconducting quantum processor,
where p is obtained by implementing Eq. (8) at depth D = 1. We set (¢,y') = (2,4) in the learning algorithm, and use a total of
N, x Ny = 2048 x 1024 measurements. We compare the AFC fidelity [Eq. (7)] of the experimental state p with the learned MPO o
(marked lines) and with the target state |y) (dotted lines). (d) We estimate the Rényi entropy S, using both our protocol (dashed line) and

the testing set using AFC (markers).
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where |{s;}) =®%_, |s;), with s; = 0, 1, the computational
basis corresponding to the Hilbert space of N qubits, while
mY >, are y; X yjy matrices. The bond dimension y =

88
max (y;) controls the expressivity of this ansatz [36]: while
an MPO with y =2V can describe any quantum state,
typical noisy [31-33] or thermal [34] quantum states in one
dimension only require y = O(1). Other approaches to
quantum state tomography based on MPO have been
proposed in recent years. They consist of either numerical
methods without analytical performance guarantees [37—
41], or provably efficient proposals [(i)] [42-47], but
incompatible with local randomized measurements [(ii)]
or the robust classical shadow framework [(iii)]. Similar
considerations apply to protocols for the tomography of
Gibbs states [48-55], another candidate ansatz to learn
mixed states in experiments [56]. Here, we obtain proper-
ties (i)—(iii) by combining bounds on statistical errors from
the classical shadow framework with the analytical proper-
ties and computational efficiency of MPOs.

Our protocol is illustrated in Fig. 1: we perform random-
ized measurements on the state p in N, = N, + N7 random
bases with N, shots per basis, and assign N bases to the
learning set, and N7 bases to the testing set. The learning set
serves as input for a tensor network learning algorithm where
each tensor of a MPO ¢ is optimized sequentially, similarly to
density-matrix renormalization group (DMRG) and related
approaches [35,57-59]. Then, we use the testing set to
benchmark the result by estimating the max fidelity,

B tr[po]
Fmax(p, 0) = max(t[p?], tfo?]) )

which shares key properties with the more common
Uhlmann-Jozsa fidelity [60,61], and can be estimated using
classical shadows [24]. Importantly, we prove that the
optimization of the tensors M) and the estimation of
Fmax(p,0) can be performed with O(poly(N)) measure-
ments under mild technical assumptions. In the remainder of
the manuscript we illustrate our protocol and its experimental
implementation, together with a demonstration and discus-
sions of possible applications.

Learning algorithm—In order to illustrate and justify all
the steps of our algorithm, we make some assumptions on
the target state p to be learned: (a) p is a MPO with a bond
dimension y, and (b) both the density matrices p and p’ «
p? have finite, i.e. O(1), correlation lengths. The latter
assumption allows for an efficient estimation of fidelities,
as we discuss later, and implies the following approximate
factorization conditions (AFC) for the purity [21,55]:

tr[p? 5)trlp3
trp2 5] rlpisltrlpscl “1l < ae—\B|/§,<,2)’ (3)

trlpj]

where a > 0 is a constant, 5/()2) = O(1) is the correlation
length of p’ « p?, and p; = trj[p], where A, B, and C form a
tripartition for a connected subset of qubits. The correlation
length 5/()2) is also referred to as the Rényi-Markov length of
p [62,63]. Note that (f,(,Z) is not related to the injectivity

length of matrix-product states (MPSs) [64], which is the
relevant length scale in MPS tomography [65,66]. Later, we
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will comment on the applicability of our method when
these assumptions are only approximately met.

The learning algorithm starts from an initial MPO ansatz ¢
with a given bond dimension y’. Then, we sequentially
update the tensors M) in Eq. (1) by maximizing the
geometric-mean  (GM) fidelity Fgm(p, o) = (tr[po]/

tr[p?]tr[o?]) [24,61]. Unlike the max fidelity, the GM
fidelity is differentiable, but it is insensitive to certain types of
decoherence [24,67]. The key result of this Letter is that, if p
is an MPO satisfying the assumptions above, and given a

parameter £ > 0(5,(,2)), the tensor M) that maximizes the
GM fidelity approximately satisfies [67,68]

iy lor,Oymer ], (4)

VAV [01 o 61]

where the trace is taken over all the qubits in /; but j, and
I; =[j—¢.j+]; see Fig. 1(b) for a diagrammatic repre-
sentation. More specifically, when the algorithm is close
to convergence, we can prove that ||M{) —MU)||, =
O(trlp;, 01 lye™"/%r), where M) is the tensor solving
Eq. (4), and &, is the correlation length of the operator
po. This approximate update is convenient, since the right-
hand side of Eq. (4) can be estimated efficiently via classical
shadows, as we show later.

For each tensor, Eq. (4) can be solved numerically as a
linear system in M) if ' < 47 [67]. The algorithm then
proceeds by sweeping through the tensors M) from j = 1
to j = N and back, performing a total of Ny sweeps. After
each sweep, we estimate F ., (p, o), which is the control
parameter of the algorithm. Importantly, it is not necessary

to know the values of af,(,z) and y exactly: in order for the
algorithm to accurately reconstruct p, it is only necessary

that £ > O(£%) and 4/ > y (however, similarly to MPS
tomography [65,66,69,70], the number of measurements
and postprocessing operations increase with them). When p
is only approximately described by a MPO with bond
dimension y, we could use this approach until we reach the
desired accuracy, which will be constrained by truncation
errors.

Randomized measurement protocol—At this stage, we
are left with the task of estimating (a) the right-hand side of
Eq. (4) and (b) F u(p, 0) using respectively the learning
and the testing set of randomized measurements obtained
from p. A key feature of randomized measurements is that
we can re-evaluate both these functions for any o using
the same dataset. For simplicity, we will consider local
randomized measurements. Using the classical shadow

formalism [27] we can estimate trj \{]}h 01] as
(1/NENy) Z tr,/\{J}U), »07,], where each

NG )ty (r r r

P :jg(3u§.> |s§)><s§>|u§)—nj> (5)

Here, {s(.r) =0,1} are the

measurement outcomes in the computational basis, u( ¢
the random unitary transformations applied to each qublt J»
and ]I is the identity. Crucially, this estimation can be done
in norm -2 error & with N4 = O(2%/y'¢~2) measurement
bases [67,71]. Note that N. is exponential in #, but
independent of N. This implies that statistical errors in
learning each M) can be made arbitrarily small with a
number of measurements that does not grow with the total
system size. One could further reduce N4 by employing
“shallow shadows,” obtained by applying a shallow quan-
tum circuits before measurements [72-78].

We now propose a scheme to estimate F .. (p,o)
[Eq. (2)] with a controlled measurement budget. While
its estimation generally requires NN, = O(4") random-
ized measurements [18,24,25], it is possible to drastically
reduce this overhead under the previous assumption that the

is a classical shadow of P,

are

correlation lengths 5,(,2> and &, are finite. In this case, we
prove that [67]

k|-1
HLN/ e t[paa,,,0a,4,,,]
NJk]-1
HL ) tr[pa,04,]

trlpo] = . (6)

AFC( ,0) =

where A; are neighboring regions with |[A;| = k > O(&,,).
The same assumptions yield a similar result for the purity,
ie., tr[p?] ngf}\FC(p) = 0ll(p.p) 121]. Defining the
AFC max fidelity

OX%C (/)7 0) (7)

(k)
Farc(p.0) = ,
max [Pgl,(/)\FC (r), P(zl,(/)ch (0)]

Eq. (6) yields Fu(p,0) = F X‘}C(p, o). This approxima-
tion finally allows us to estimate F .. (p,o) efficiently.
Indeed, N/N,, = O(4**N3) measurements are sufficient to

estimate F E\k]zc (p, o) with finite statistical errors, while the

systematic error | F .. (p,6) — F X?:C (p, )| decreases expo-
nentially with k£ [21,67]. Now, we can quantitatively test the

output o of the learning algorithm by estimating F XCIZC (p,o)
for various k > ¢#. Note that this method relies on the
assumption that p satisfies AFC for some finite k, and, in
contrast to MPS verification [65,66], the efficient verifi-
cation of AFC is an open problem.

Experimental results—We now demonstrate the practical
feasibility of our protocol by learning entangled quantum
states from a partition of N = 96 qubits of the IBM
Brisbane superconducting quantum processor. We prepare
entangled states by running the kicked Ising model quan-
tum circuit at low depth D, defined as [79]
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]vlol_l Nlol D
|l//> _ ( H e5ZiZj He—igx,-) |O>®N’ (8)

J=1 J=1

where X;, Y;, Z; are Pauli operators. However, the
preparation and the detection of the target state |y) are
affected by experimental noise, resulting in the observation
of a mixed state p which we analyze with our protocol.

For D =1 and D = 2, we perform local randomized
measurements with Ny, = 1024 shots per basis and N% +
NT = 2048 x D bases, and postprocess the experimental
data with the previously introduced learning algorithm. As
a slight modification, we perform two-site updates (instead
of one-site updates) of the tensors M (), as this allows us to
dynamically increase the bond dimension up to y’ [67]. In
addition, we implement common randomized measure-
ments in the estimation of Eq. (4) to reduce statistical errors
[80] (although this step does not drastically change the
results [67]). We always initialize the algorithm in the
ansatz ¢ = (I/2)®"V and perform Ng = 20 sweeps.

We report the results in Figs. 1 and 2. First, we benchmark
the results of the algorithm by comparing the fidelities
Foax(p,0) and (y|p|lw). We observe that F . (p,0) >
(w|p|y), meaning that the learned MPO o correctly captures
the effect of experimental noise. For N =96 and D =1, 2
we obtain fidelities of F . (p, 6) ~ 75% and ~50% respec-
tively, mainly due to statistical errors (as we similarly
observe in numerical examples [67]). In a product state,
the observed values would correspond to a fidelity per qubit
(Fmax(2:6)N > 99%. Additionally, we study the mag-
netization (Z;) and the two-body correlation functions
(Y;Y.4), see Figs. 2(c) and 2(d). We compute them for
the states p, o and |y), using standard shadow estimation [27]
from the testing set for the former. We observe that the
expectation values obtained from p and ¢ are in good
agreement, and both highlight nonideal features of the
experimental quantum state.

These observations corroborate that p is well described by
a mixed state. To quantify this feature, we now analyze the
second Rényi entropy S»(p) = —log(tr[p?]) [81] of the full
state, which can also be estimated using randomized mea-
surements together with AFC [21]. In Figs. 1(d) and 2(b) we

compare its AFC estimate — log(Pélf/lFC) from the testing set
with S, (o), observing that they are in perfect agreement at
large k. While previous experimental approaches were
limited to N = 12, 13 qubits [30,82], here we measure
large-scale entropies to a high degree of accuracy, that
correspond to exponentially small purities. By doing so
we observe that the entropy of these states obeys a weak-
volume law S, ~ aN, where the coefficient a ~ 0.14-0.15,
compared to a =1 for a fully mixed state. The modest
increase of the global entropy from D = 1to D = 2 suggests
that readout errors are dominant in the low-depth regime.
Overall, these results demonstrate experimental tomography
of N = 96 qubits entangled quantum states, going beyond

(@)  p=ant=3072,¢=3 () p=2NL=3072.¢=3

1.00
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FIG. 2. Experimental results. Results for a kicked Ising model
with depth D =2, NL+NT =4096 and N, = 1024, and
(¢.7) = (3.8). (a) Fna as a function of N, with respect to
the experimental quantum state (markers) and the ideal target
state (dotted line). (b) Global purity as a function of N, obtained
from the learned MPO o (dashed line) and from the testing set
using Eq. (6) (markers). (c),(d) Expectation values of the
magnetization and two-body correlation functions (averaged over
J €3, 88]), comparing values obtained from the learning protocol
(blue lines), classical shadows from the testing set (red lines), and
the pure state |y) (dashed lines).

the state-of-the-art of N = 20 qubits obtained for MPS [69]
and Gibbs states [51].

Application: Quantum error mitigation—We now lever-
age the access to a MPO description of p to perform
quantum error mitigation. Quantum error mitigation con-
sists in partially removing the effect of errors in the
estimation of properties from a quantum experiment via
classical post-processing [83]. Conventional approaches
are usually based on assuming specific noise models [84],
or require additional experiments [85—-88]. Our approach
consists instead in quantum principal component analysis
(QPCA) [89,90], where we mitigate experimental noise by
reconstructing the pure state |y4) with the largest eigen-
value in the spectral decomposition p = ", A,|y%) (wWal,
where A, > A, [91]. While this idea is powerful, it has
been implemented only approximately by virtual distilla-
tion [92-95].

Here we perform QPCA by running the DMRG algorithm
[35] onthe MPO H = —o, obtaining the state |y{) asa MPS.
Note that this approach does not require additional experi-
ments nor data analysis. In Fig. 3 we illustrate the results of
DMRG-QPCA on the experimental data using N = N
[96]. In this way, we obtain |y§) for D =1, 2, and their
corresponding eigenvalues Ay = 9.11 x 1073,3.13 x 1073,
Remarkably, we obtain high fidelities between the MPSs
lw§) and the target states |y), even larger than 90% for
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FIG. 3. Experimental quantum principal component analysis.

(a) Running the DMRG algorithm on H = —¢ allows us to
approximately find the principal component |y§), which approx-
imates the principal component of the experimental state p.
(b) Fidelity between |p§) and the target state |y) for the
experiment at depth D = 1, as a function of # and N,,. (c) Expect-
ation values of a local observable for depth D = 1, compared
between the learned MPO ¢ and the error-mitigated state to the
theory prediction. (d) Bipartite Von Neumann entropy as a
function of the cut for D = 1, 2, compared between |y§) and |y).

D =1, corroborating the power of this error mitigation
method. This is also reflected by expectation values of local
observables, that show a dramatic improvement from the
MPO prediction of ¢. Finally, we leverage the MPS repre-
sentation to observe the growth of the bipartite von Neumann
entropy S; = try [p’ log p'] with the circuit depth, where we
take p’ = trz[|y) (w3l and A = [1, |A[]; see Fig. 3(d). These
results experimentally demonstrate QPCA at large scales,
and provide a strong case for the application of our learning
protocol to quantum error mitigation.

Conclusions and outlook—Our protocol provides a
quantum-to-classical converter [97] that compresses
N,N,, randomized measurement outcomes from an exper-
imental quantum state p in a single classical object, the
MPO 6. Having access to an MPO approximation of p not
only allows us to estimate several physical properties
efficiently [35], i.e., without reprocessing experimental
data each time [13], but also to apply powerful error-
mitigation based on tensor-network algorithms.

Our ability to combine quantum experiments with
classical tensor-network methods opens up further possibil-
ities. For instance, MPO tomography can be associated with
MPS preparation algorithms which take as input an MPO ¢
represented classically and devise the quantum circuit that
efficiently forms the corresponding state p in a universal
quantum computer [98,99]. This gives us the possibility to

interact with a quantum system multiple times, or even
connect different experiments to perform quantum comput-
ing beyond the possibilities of each individual device.

An interesting use case consists in quantum circuit cutting:
by saving an intermediate state of a quantum algorithm as a
MPO and performing QPCA on it, one could resume the
quantum algorithm by reloading the (error-mitigated) state
with a MPS preparation circuit. Another concrete application
consists in modular experiments where a fault-tolerant
quantum computer is used to analyze the state of a noisy
quantum simulator. For instance, one could prepare a
quantum state of interest in a quantum simulation experi-
ment, and perform MPO tomography, then use a quantum
circuit to prepare its MPS purification on a fault-tolerant
quantum computer, and finally apply a quantum algorithm to
measure the von Neumann entropy [100-102].
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