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Entropic size control of self-assembled filaments
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Controlling the size and shape of assembled structures is a fundamental challenge in self-assembly and is
highly relevant in material design and biology. Here, we show that specific but promiscuous short-range binding
interactions make it possible to economically assemble linear filaments of user-defined length. Our approach
leads to independent control over the mean and width of the filament size distribution and allows us to smoothly
explore design trade-offs between assembly quality (spread in size) and cost (number of particle species). We
employ a simple hierarchical assembly protocol to minimize assembly times and show that multiple stages of
hierarchy make it possible to extend our approach to the assembly of higher-dimensional structures. Our work
provides a conceptually simple solution to size control that is applicable to a broad range of systems, from DNA
nanoparticles to supramolecular polymers and beyond.
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I. INTRODUCTION

One of the hardest qualities to control in the design of
self-assembling structures is also among the simplest: size.
Nevertheless, achieving precise control over a structure’s
size—the number of subunits in the structure—is extremely
important in many areas, from biology [1–4] and biomedical
applications [5–7] to photonic materials [8–12] and nanofab-
rication [13–16], because size is often directly tied to the
function of the assembled object. To control the function, one
must first control the size.

The challenge is relating the global property of structure
size to the local properties of the assembling particles: How
should the particles “know” when to stop aggregating, and
how can that knowledge be communicated via the particles’
interactions? In some approaches to this problem, informa-
tion is encoded in the particle geometry, which can lead to
structures that self-close on controllable length scales. These
strategies have been successfully demonstrated in the assem-
bly of sheets, tubules, shells, or even more complex manifolds
[7,17–20]. Other approaches construct interactions such that
the energy of a structure contains terms that scale differently
with size, leading to a preferred size determined by the compe-
tition of these terms. Such cooperative effects can be mediated
through long-range repulsion [21,22], geometric frustration
[23–25], or even frustration between crystalline domains [26].

However, such approaches are particularly challenging for
one-dimensional (1D) structures such as linear filaments,
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as they allow only limited cooperativity between particles,
constraining the potential mechanisms through which infor-
mation can be transmitted from one end of the filament to
the other. Le Roy et al. [25] demonstrate a powerful, yet ex-
perimentally demanding approach to 1D size control through
geometric frustration with deformable particles, while other
approaches exploit complex, nonequilibrium mechanisms that
play an important role in biology [27–31]. Another potential
approach is through multiple particle species with specific
interactions. Whereas generic single-species assembly leads
to a wide distribution of filament lengths [Fig. 1(a)], Fig. 1(b)
shows a scheme for designing particles to assemble in a pre-
cisely ordered sequence. However, while this can lead to size
control [32], it requires as many particle species as the de-
sired filament is long, which makes experimental realizations
highly costly and impractical, even for only moderately long
filaments.

Here, we show how to achieve the size-control bene-
fits of such addressable assembly, but with a fixed and
reasonable number of species by exploiting configurational
entropy. Using multiple particle species with programmable
interactions, we assemble filaments whose length can be
freely tuned by adjusting particle concentrations or binding
energies—independently of the number of particle species.
This tunability allows us to smoothly explore design trade-
offs between assembly quality (spread in size) and cost
(number of particle species), where nonaddressable assem-
bly (low cost, low quality) and fully addressable assembly
(high cost, high quality) are recovered as limiting cases. We
find that high-quality assembly of long filaments requires
long assembly times, and we propose a simple hierarchical
assembly protocol that can speed up the assembly process
by over 5 orders of magnitude, thereby making high-quality
assembly feasible on experimentally accessible timescales.
Since our approach does not rely on any secondary interac-
tions beyond specific bond formation, it is directly applicable
to many programmable self-assembly platforms, such as
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FIG. 1. Different filament assembly strategies. (a) Nonaddress-
able assembly with short-ranged interactions leads to a very broad
length distribution. (b) Fully addressable assembly makes it possible
to target a specific length, but that length is limited by the number of
particle species, making this strategy not scalable. (c) Semiaddress-
able assembly, where particles bind promiscuously, makes it possible
to engineer a narrow and tunable distribution of structure sizes. In all
sketches, black arrows indicate the binding rules, i.e., the specific
bonds that are allowed to form.

DNA-based systems [11,18,20,33–39], systems with shape-
complementary interactions [40,41], and certain de novo
proteins [42,43] or other supramolecular polymers [44–46].

II. A TUNABLE EQUILIBRIUM SIZE DISTRIBUTION

The fundamental quantity of interest in this Letter is the
equilibrium length distribution p(n) of the filaments, and it is
our goal to design the mean 〈n〉 and width σ of this distri-
bution. The challenge of size control becomes apparent if we
look at nonaddressable (single species) filaments, as shown
in Fig. 1(a). The equilibrium length distribution can be com-
puted from the structure partition functions [32,47–52] and is
given by

pna(n) = e−λn

Cna
, (1)

where λ = −β(ε + μ) depends on the binding energy ε,
chemical potential μ, and inverse temperature β = 1/kT , and
where the normalization constant Cna is proportional to the
partition function of the system (see Appendix A).

The important point is that the equilibrium assembly of
a single-particle species is characterized by a single control
parameter λ > 0 (nonpositive values are prohibited, as these
would lead to diverging particle concentrations [4]). Adjusting
λ allows one to tune the characteristic length of the aggregates,
but since the length distribution is exponential [53], the width
of the distribution is always comparable to the mean σ ∼ 〈n〉.
Achieving size control, i.e., lowering σ below this baseline, is
not possible without some additional design strategy [4,54].
As discussed above, one possibility is to introduce multi-
ple particle species with specific interactions, which allows
one to precisely select the length of the filaments [32,54]
[Fig. 1(b)]. However, a direct, fully addressable design re-
quires the number of species and interactions to grow linearly

with the desired target length, making this approach costly and
impractical in experiments [55].

To avoid both of these limitations, we now introduce
addressability in a more careful way. The resulting “semiad-
dressable” design [51] will allow us to freely tune the mean
and width of the length distribution. Our design consists of
m particle species that each can bind to themselves to form
single-species filaments, just as the nonaddressable system
discussed above. However, there are additional interactions
that allow the “right side” of particle species i to bind to the
“left side” of species i + 1, so that the single-species filaments
can be joined sequentially, as shown in Fig. 1(c).

The idea behind this design becomes clear if we imagine
for the moment that the assembly proceeds hierarchically, so
that the m species initially bind only to themselves and exclu-
sively form single-species filaments. Once the single-species
filaments have reached equilibrium, we freeze them and turn
on the cross-species interactions, letting the single-species
filaments combine in groups of up to m to form multispecies
filaments. The length of a multispecies filament is the sum
of m single-species filament lengths, which are uncorrelated
and exponentially distributed random variables, as discussed
above. Appealing to the central limit theorem, we may there-
fore expect that the length distribution of the multispecies
filaments approaches a normal distribution as the number of
species m is increased. If this is the case, the mean and vari-
ance of the filament length can be precisely and independently
controlled.

We now make these statements rigorous and show that
this design works as intended, even if the assembly does not
proceed hierarchically. We make the simplifying assumption
that all m particle species are supplied at the same chemical
potential μ, and we denote the same-species binding energy
by ε1 and the cross-species binding energy by ε2. We can
immediately write down the length distribution by noting that
the probability of observing a length-n filament is proportional
to the number of ways it can be decomposed into k single-
species filaments. Summing over all the ways k sequential
species can be picked out of m species, and keeping track of
the binding energies and chemical potentials, leads us to the
semiaddressable length distribution:

psa (n) = e−λn

Csa

m∑
k=1

(m − k + 1)ekβ�ε

(
n − 1

k − 1

)
, (2)

where �ε = ε2 − ε1 and λ = −β(ε1 + μ).
Analytic expressions for the normalization constant Csa,

mean 〈n〉, and standard deviation σ of psa (n) can be found in
Appendix A. We can gain valuable intuition by considering
the limit where the mean 〈n〉 of the distribution is much
larger than the number of species m. In this limit, we can
neglect partially assembled filaments (i.e., filaments that do
not contain all m species), and the general distribution can be
simplified considerably. Specifically, if

〈n〉 � 2me−β�ε, (3)

the assembly is dominated by “complete” filaments, and we
can neglect all but the k = m term in the sum of Eq. (2).
To simplify further, we also approximate the binomial coeffi-
cient as

(n−1
k−1

) ≈ (n − k/2)k−1/(k − 1)!, after which the length
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FIG. 2. Equilibrium properties of semiaddressable filaments.
(a) Scaled equilibrium length distributions for different numbers of
particle species m, with target lengths range from 〈n〉 = 500–1000.
The scaled distributions corresponding to different target lengths
lie on top of one another and are excellently approximated by the
limiting distribution given by Eq. (4) (dashed gray lines). For ease
of viewing, all distributions are scaled by their maximum value.
The inset shows how the relative peak width scales with m (colored
points); the black line shows theoretical m−1/2 scaling. The total
particle concentration is ρtot = 0.1φ0 and �ε = 0. (b) Peak width
as a function of the number of species m, for different �ε at fixed
〈n〉 = 200. The dashed gray line shows the limiting expression for
σ given in Eq. (5). (c) Peak width as a function of the same-species
binding energy ε1 at fixed 〈n〉 = 200, for different species m (indi-
cated by color and the numbers on the right). Dashed lines show the
approximate limiting peak widths σ̄ = 〈n〉/√m.

distribution assumes the simpler form

psa (n) ≈
{

0, if n < m
2 ,

λm

(m−1)!

(
n − m

2

)m−1
e−λ(n− m

2 ), else.
(4)

This limiting distribution is an Erlang distribution, shifted
by m/2. The Erlang distribution describes sums of expo-
nentially distributed variables, so it is not surprising that
our general distribution reduces to it in the limit where all
filaments are complete. Note that the limiting distribution
is independent of the cross-species binding energy ε2 be-
cause we are in a regime where filaments always contain
m − 1 cross-species bonds. The mean and standard deviation
of the limiting distribution have the convenient analytical
expressions:

〈n〉 = m

[
1

2
+ 1

λ

]
, σ =

√
m

λ
. (5)

Figure 2(a) shows that the semiaddressable length distri-
bution has a pronounced peak, whose width decreases as the
number of species increases, confirming the effectiveness of
our design. Moreover, in the large-〈n〉 limit, the distributions
for different target lengths can be collapsed onto a single
curve; Fig. 2(a) shows the scaled length distribution for differ-
ent numbers of particle species. We view the ratio of standard

deviation to mean, σ/〈n〉, which we call the “relative peak
width,” as a measure of the quality of the assembly—the
smaller the relative peak width, the higher the quality. The
inset in Fig. 2(a) confirms that the relative peak width scales
as m−1/2, which is expected from the central limit theorem and
also follows directly from Eq. (5) if 〈n〉 � m.

Figure 2(a) makes it clear that our approach allows us to
freely tune the average filament length independently of the
number of species. This is in contrast to fully addressable as-
sembly, where the number of species imposes a hard limit on
the achievable length. Here, we can vary particle concentra-
tions or binding energies to adjust the mean of the distribution,
while adding more species to the system increases the quality
of the assembly. To put this in perspective: in DNA origami-
based systems, for example, it is possible to create over 20
distinct particle species [17,18], which would lead to a size
dispersity of roughly 20%.

Equation (3) implies that the value of �ε significantly
affects whether the large-〈n〉 limit can be reached. The con-
sequences of this are shown in Fig. 2(b), where the peak
width is shown as a function of the number of species for
different values of �ε and at constant 〈n〉 = 200. For small
�ε, the assembly quality deteriorates if too many species
are used, since �ε controls how favorable it is for different
single-species filaments to join together. If �ε is too low, not
all single-species filaments can aggregate, and the assembly
is dominated by incomplete filaments that contain fewer than
m segments, negatively impacting assembly quality. On the
other hand, if �ε is too high, the time it takes for filaments to
break apart becomes excessively long, and the filaments can
become kinetically arrested.

Another way to look at this effect is shown in Fig. 2(c),
where the peak width is shown as a function of ε1, for
〈n〉 = 200 and various m. As ε1 is increased, the peak width
decreases to a minimal value that depends on the number of
species, roughly given by σ̄ = 〈n〉/√m (as long as 〈n〉 � m).
However, if energies cannot be raised high enough to achieve
optimal σ , it is more favorable to employ a lower number of
particle species. For example, as shown in Fig. 2(c), using 100
instead of 50 species results in a lower peak width only if
energies are above ∼25 kT. Since high binding energies are
often associated with long equilibration times, this need for
high energies suggests a trade-off between assembly quality
and assembly time, which we will explore in the “Assembly
kinetics and the resulting design trade-offs” section.

III. SIZE CONTROL IN PRACTICE

To better understand how our theoretical results can be
applied in practice, we now walk through an explicit example,
with the goal of assembling size-controlled filaments of length
〈n〉 = 100 using m = 10 particle species, which is experi-
mentally feasible with current capabilities in DNA origami
nanoparticles [18], for example.

In our grand-canonical description, the equilibrium length
distribution is controlled by four quantities: the number of
species m, the two binding energies ε1 and ε2, and the chemi-
cal potential μ. Given these four quantities, we can determine
the mean filament length 〈n〉, the peak width σ , and the
total particle concentration ρtot, which are given by rather
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complicated nonlinear equations, Eqs. (A11)–(A13) in Ap-
pendix A. (The equations for 〈n〉 and σ reduce to the simple
limiting expression Eq. (5), for high 〈n〉 and/or �ε.) To find
the parameters required to achieve a desired assembly out-
come, we need to numerically invert Eqs. (A11)–(A13). Since
we have three equations and seven quantities in total, we need
to fix four of the quantities in order to solve for the remaining
three.

In our example, we want to find the binding energies re-
quired to assemble filaments of length 〈n〉 = 100 with m = 10
particle species. Thus, we need to fix two more quantities to
close the system of equations. Since experiments and simula-
tions are generally performed with fixed particle concentration
(canonical ensemble), we pick a total particle concentration
ρtot = 0.1φ0, where φ0 is the reference concentration de-
scribed in Appendix A. Finally, we also fix the desired peak
width σ , which we choose to be equal to σ̄ = 〈n〉/√m ≈
31.6, close to the maximum quality achievable with m = 10
particle species. We can now use Eqs. (A11)–(A13) to solve
for the required binding energies and chemical potential, lead-
ing to ε1 ≈ 29.6 kT, ε2 ≈ 29.1 kT, and μ ≈ −29.7 kT.

Whether these energies can be realized in practice depends
on the experimental system at hand. While achieving bind-
ing energies around and above 30 kT is feasible using DNA
nanotechnology [56], other experimental platforms may not
be able to reach energies as high. These systems will be lim-
ited to assemblies with shorter filaments or a broader length
distribution.

Finally, to realize a given design in experiments or sim-
ulations, we need to compute the particle concentrations of
every species. The concentrations are fully determined by our
assumption that all species are supplied at the same chemical
potential μ. However, even if the chemical potentials are
uniform, the concentrations are generally not. We calculate
the concentrations analytically via Eq. (C3) in Appendix C.
Once the binding energies and particle concentrations are
computed, the filament design is ready to be realized in
practice.

IV. ASSEMBLY KINETICS AND THE RESULTING
DESIGN TRADE-OFFS

The preceding discussion and the data shown in Fig. 2(c)
show that assembling long filaments with high quality can
require binding energies greater than 30 kT. This suggests
important practical limitations of our approach. Since the
binding energies determine the timescale on which bonds can
break and the system can equilibrate, we expect to find an
unavoidable trade-off between filament length, quality, and
assembly time.

To explore this trade-off, we investigate the assembly ki-
netics of our 〈n〉 = 100 example from the previous section by
performing Markov-based kinetic simulations, as described in
Appendix B. The results of these simulations are shown in
Fig. 3(a), which shows the time-dependent average ensemble
length 〈n〉(t ). We perform multiple simulations corresponding
to different designs, each targeting a different peak width. For
each target peak width, we solve for the required binding en-
ergies and particle concentrations, as described in the previous
section. We use the equilibration time of the nonaddressable

(a)

(b) (c)

FIG. 3. Kinetics of semiaddressable filaments. (a) Time-
dependent average ensemble length for m = 10 species and a target
length of 〈n〉(t = ∞) = 100, for target peak widths σ/σ̄ ranging
from 1 (dark purple) to 2.5 (yellow), which are achieved by varying
the binding energies. We use σ̄ = 〈n〉/√m, which is approximately
equal to the peak width of the limiting distribution, Eq. (5), as a refer-
ence. The red curve shows hierarchical assembly, targeting σ/σ̄ = 1.
Time is measured in units of the nonaddressable equilibration time
τna. (b) Assembly time τ97 as a function of the target peak width
for direct assembly (circles) and hierarchical assembly (diamond),
showing the trade-off between assembly quality and time. For non-
hierarchical systems, colors indicate peak width and are identical to
the ones used in the main panel. (c) Filament length distribution for
hierarchical assembly at τ97 (red) compared to the equilibrium length
distribution (black).

system, τna, as a reference timescale (see Appendix B and the
Supplemental Material [57] for details).

Figure 3(a) shows that the assembly time of an address-
able multispecies system can be orders of magnitude higher
compared to a nonaddressable system, and it confirms that
the target peak width σ has a strong impact, since smaller σ

requires higher binding energies (see Table S1 in the Supple-
mental Material [57]).

Illustrating this further, we can obtain a rough estimate
of the equilibration times for a typical experimental system.
For nanoparticles with a = 20 nm radius, their Smoluchowski
aggregation rate is given by α = 16π Da, where D ≈
10−11 m2/s is the particle diffusion constant. Using τna =
〈n〉/(αρtot ) (see Appendix B) at a total concentration of ρtot =
10 nM, this results in τna ≈ 1 s, implying that the assembly
of the higher quality assemblies shown in Fig. 3(a) becomes
difficult on experimentally accessible timescales. Moreover,
this estimate of the equilibration time was made under the
assumption of isotropic particles and equal aggregation rates
among all filaments, irrespective of their lengths. The aggre-
gation rate in real systems generally decreases with increasing
structure size; actual equilibration times are likely signifi-
cantly greater than this basic estimate.
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To promote the assembly of high-quality distributions on
experimentally feasible timescales, we now consider a hier-
archical strategy similar to the one we used to motivate our
design in the first place: We first form the single-species fila-
ments and only later turn on the cross-species interactions that
allow filaments to join sequentially. In this hierarchical ap-
proach, we initially choose ε1 such that all m species assemble
single-species filaments of average length 〈nna〉 = 〈n〉/(2m)
[58], while disallowing any cross-species bonds from form-
ing. Here, 〈n〉 = 100 is the desired eventual average length
of the fully assembled filaments. After a time th � τna, we
turn on the cross-species interactions and set both ε1 and
ε2 to the values required for equilibrium assembly with the
desired 〈n〉 and σ . Experimentally, such a rapid change in
interactions could, for example, be achieved through a change
of temperature [59,60] or through the addition of DNA linkers
[61,62]. While we assume here that the switching of interac-
tions is instantaneous, in the Supplemental Material [57], we
investigate the effects of a finite switching duration and find
that the instantaneous approximation is valid as long as the
switching timescale is small compared to τna.

The hierarchical assembly kinetics are shown as the red
curve in Fig. 3(a), demonstrating that hierarchical assembly
leads to a drastic speed-up compared to all-at-once assembly.
Figure 3(b) shows the measured assembly time, τ97, defined
as the first time at which 〈n〉(τ97) = 0.97〈n〉, as a function
of the target peak width, showing a stronger-than-exponential
dependence for nonhierarchical assembly. Compared to this,
hierarchical assembly times are more than 5 orders of magni-
tude lower.

Note though that the hierarchical system is not completely
equilibrated at τ97. Once the hierarchical step at th is com-
pleted, the hierarchical system assembles under the same
conditions as the highest quality nonhierarchical system [dark
purple curve in Fig. 3(a)], and the final relaxation to 〈n〉 = 100
is thus governed by a similar long timescale. However, hier-
archical assembly gets us very close to the equilibrium state
very quickly—for most practical purposes, the hierarchical
length distribution at τ97 will be indistinguishable from the
equilibrium distribution, Eq. (2), as shown in Fig. 3(c). In the
Supplemental Material [57], we also consider a stronger form
of hierarchy, where we freeze the single-species filaments af-
ter the initial equilibration period, which yields similar results.

V. DISCUSSION

Our results show that size control of linear filaments can
be achieved by carefully designing specific, short-range in-
teractions between an experimentally reasonable number of
species, following the semiaddressable scheme presented in
Fig. 1(c). This leads to an equilibrium distribution of fila-
ment lengths whose mean and width can be freely tuned.
We have identified two fundamental trade-offs that govern
optimal design. The first trade-off is between quality and cost:
As shown by Fig. 2(a), higher cost (higher number of species
m) leads to higher quality (lower σ/〈n〉). The second trade-off
is between quality and equilibration time: For fixed cost (fixed
m), both quality and equilibration times depend on binding
energies, with higher quality requiring higher equilibration

times (Fig. 3). This second trade-off can be mitigated through
a simple hierarchical protocol, as discussed.

In Appendix D, we perform a sensitivity analysis of the
example shown in Fig. 3, where we investigate the effects of
noisy binding energies and particle concentrations. We find
that the general shape of the length distribution is robust
against perturbations. However, setting ε1 and ε2 precisely
are essential to achieving the desired mean of the length
distribution. Moderate cross-talk interactions and variations in
particle concentrations do not significantly affect the results.

In our approach, size control is achieved through a compe-
tition between bulk free energy and configurational entropy.
This entropy arises from the possible arrangements of the
domain walls separating different particle species: Longer
filaments allow for a larger number of domain wall con-
figurations [which are counted by the binomial coefficient
in Eq. (2)], and are therefore entropically favored. On the
other hand, adding particles to a filament comes with a free
energy penalty quantified by λ. The balance between these
two effects, which scale differently with structure size, leads
to a preferred filament length that is continuously tunable by
varying binding energies or particle concentrations.

We have focused our analysis on the assembly of one-
dimensional filaments, which pose a particular challenge for
many other strategies for size control. However, our approach
could be extended to form higher-dimensional structures with
controlled size and shape. In Appendix E, we show how
pairing our approach with additional layers of hierarchical
assembly makes it possible to control the size and shape
of two-dimensional sheets. In short, we introduce “vertical”
interactions so that size-controlled filaments stack on top of
each other, which allows us to iterate our approach and also
achieve size control in the second dimension. By introducing
multiple bond types for these vertical interactions, the height
h and width w of the 2D sheet can be controlled in a way
that is closely analogous to the 1D case. We demonstrate this
in Fig. 4, which shows an example where 〈w〉 ≈ 〈h〉 ≈ 100,
and with σw/〈w〉 ≈ 0.05 and σh/〈h〉 ≈ 0.38. This is only one
of many potential ways our approach could be generalized to
higher dimensions, and we expect that exploiting the trade-off
between binding energy and configurational entropy will be
a fruitful approach to steering self-assembly outcomes in a
variety of contexts.
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APPENDIX A: THE EQUILIBRIUM DISTRIBUTION

Here, we provide a detailed derivation of the semiaddress-
able length distribution [Eq. (2)]. As in the main text, we
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w

h

FIG. 4. Size distribution of hierarchically assembled two-
dimensional sheets. The main panel shows the probability p(w, h)
of observing a sheet with width w and height h, where width is
defined as the mean length of the constituent filaments and height
is given by the number of filaments in a sheet. Data points corre-
spond to individual sheets and contour lines show a two-dimensional
histogram. The panel on the left shows the marginal distribution
of sheet heights p(h). The inset shows a cartoon sketch of sheet
assembly, starting from two filament species (shown in blue and red,
different shades indicate the different particle species needed for the
initial filament assembly), each with the same length distribution but
distinct vertical binding sites. These filaments first come together
to assemble single-species sheets, which then, in turn, combine into
multispecies sheets.

assume that all particle species are supplied at equal chemical
potential μ and that all bonds between the same species have
the same binding energy ε1, and that bonds between different
species have binding energy ε2. Particles of species i may only
bind to other particles of species i, or to particles of species
i + 1. Under these conditions, the partition function of any
filament of length n that consists of k different single-species
segments is given by

Z (n, k) = V �(n, k)φn
0eβ[nμ+(n−k)ε1+(k−1)ε2], (A1)

where V is the system volume, φ0 is an arbitrary reference
concentration, and �(n, k) is the rotational and vibrational
partition function of the filament, which depends on the
binding interactions between the particles. If we neglect in-
teractions between non-neighboring particles, then a filament
is one-particle reducible [64], so that the entropy of a filament
can be written as

�(n, k) = 8π2 ωn−1, (A2)

where ω is the per-bond entropy (assumed, for simplicity, to
be the same for both bond types), and the factor of 8π2 is
due to center-of-mass rotations of the entire chain (in three
dimensions). The per-bond entropy ω, which depends on the
microscopic interactions between the particles, can then sim-
ply be absorbed into the binding energies,

ε1/2 → ε1/2 + 1

β
log(ωφ0), (A3)

making our description agnostic to the system-dependent mi-
croscopic details.

To obtain the partition function of all structures of length
n, we need to count the ways in which a length-n filament
can be subdivided into k segments, which is given by (n − 1

k − 1).
Moreover, we need to keep in mind that the segments need not
start at species 1 and end at species m, so we need to sum over
all the m − k + 1 ways we can select k contiguous species.
Combining these considerations with Eq. (A1), and defining
�ε = ε2 − ε1 and λ = −β(ε1 + μ), gives the partition func-
tion for an arbitrary length-n filament

Z (n)

8π2V φ0
= e−λn−βε2

m∑
k=1

(m − k + 1)

(
n − 1

k − 1

)
ekβ�ε. (A4)

The probability of observing a filament of length n is propor-
tional to Z (n), so to obtain the length distribution, we need to
compute the normalization constant

Z =
∞∑

n=1

Z (n). (A5)

To this end, we first reorder the sums so that we can
perform the sum over n first. Looking at only the factors that
depend on n in Eq. (A4), we have

z(k) =
∞∑

n=k

(
n − 1

k − 1

)
e−λn, (A6)

where the lower summation bound starts at k, since a filament
containing k segments cannot have fewer than k particles. This
sum can be performed with help from the generating function
of the binomial coefficients,

∑∞
n=k

(n
k

)
e−λn = e−λ(k+1)/(1 −

e−λ)k . Using this identity for our purposes, we obtain

z(k) =
[

1

eλ − 1

]k

. (A7)

Inserting this expression back into Eq. (A4), we have

Z

8π2V φ0
= e−βε2

m∑
k=1

(m − k + 1)qk, (A8)

where we defined q = eβ�ε/(eλ − 1) for convenience. We can
now easily perform the sum over k and finally find

Z

8π2V φ0
= eβμ

1 − e−λ

qm+1 − (m + 1)q + m

(1 − q)2
. (A9)

Canceling the common factors contained in both Z (n) and
Z from the above expression leads to the normalization con-
stants Cna (if m = 1) and Csa (if m � 2) of the main text.

From Eq. (A9), we can compute the average length of the
structures in the ensemble

〈n〉 = 1

Z

∞∑
n=1

Z (n)n. (A10)

After a somewhat lengthy calculation, we find

〈n〉 = mqm+2 + (m + 2)(1 − qm)q − m

(1 − e−λ)(qm+1 − (m + 1)q + m)(q − 1)
. (A11)
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Similarly, for the second moment,

〈n2〉 = m(rqm+3 − rqm+2 + rq2 − (r + 1)q − 4qm+1 − 1)(q − 1) − 2(rq2 − (r + 1)q − 2)(qm − 1)q + m2qm+1(q − 1)2

(1 − e−λ)2(qm+1 − (m + 1)q + m)(1 − q)2
,

(A12)

where we also defined r = e−β�ε(1 − e−λ). From the mo-
ments, we can then compute the width σ =

√
〈n2〉 − 〈n〉2 of

the distribution. The total particle concentration is given by
ρtot = 〈n〉Z/V , which gives

ρtot

8πφ0
= eβμ mqm+2 + (m + 2)(1 − qm)q − m

(1 − e−λ)2(q − 1)3
. (A13)

We can rederive the limiting expressions, Eq. (5), directly
from these general relations. Taking the limit �ε → ∞ and
keeping only the leading terms, we have

〈n〉 ≈ m

1 − e−λ
= m

[
1

2
+ 1

λ

]
+ O(λ), (A14)

σ ≈
√

meλ

(eλ − 1)2
=

√
m

λ
+ O(λ), (A15)

where we have also expanded in a power series around λ =
0, corresponding to large 〈n〉. The total particle concentration
also simplifies to

ρtot

8π2φ0
≈ meβμ

(1 − e−λ)2

[
eβ�ε

eλ − 1

]m−1

, (A16)

in the �ε → ∞ limit.

APPENDIX B: ASSEMBLY KINETICS
AND SIMULATION DETAILS

In simulations, we treat the assembly process as a Markov
chain, consisting of N = 5 × 107 particles in a volume V ,
and simulate it using the Gillespie algorithm [65]. We as-
sume that two particles (more precisely: two binding sites)
encounter each other at a constant rate α/V , and that every
encounter between compatible species leads to the formation
of a bond. The bonds between particles of the same species
break at a constant rate δ1, and the bonds between particles of
different species break at a rate δ2. These rate constants are
related to the binding energies via α/δ1 = eβε1/(8π2 φ0) and
α/δ2 = eβε2/(8π2 φ0) [66], where φ0 is the reference concen-
tration from Appendix A. For single-species assembly, this
model describes the stochastic kinetics of Flory-Stockmayer
polymerization [67–69]. It is important to note that the as-
sumption of a constant aggregation rate for all filaments is a
significant approximation and generally leads to an underes-
timation of equilibration times. Actual aggregation rates are
highly system specific, and a more detailed description in-
volving orientational, steric, or even long-range (electrostatic)
interactions will be important to establish in the future on a
case-by-case basis.

As mentioned in the main text, we use the single-species
(nonaddressable) equilibration time τna = 〈n〉/(αρtot ) (see
the Supplemental Material [57] for a derivation) as a ref-
erence time scale, where ρtot = N/V is the total particle
concentration.

We can gain a more intuitive understanding of the long
equilibration times reported in Fig. 3 if we consider the assem-
bly kinetics more closely. At early times, a system consists
predominantly of free monomers, and bond-breaking events
are rare compared to binding events, which means that bonds
can be viewed as unbreakable early on. Depending on particle
concentrations, any particle has a roughly 50% chance of
encountering either another particle of the same species or
one of the subsequent species, which means that the expected
filament length at the end of this initial growing phase is about
2 m. Note that this is not exact, since we use nonuniform
particle concentrations to maintain constant μ, as described
in the main text and Appendix C.

After this initial growth, filaments become kinetically ar-
rested. While they can still grow from the ends, to grow
one of the segments in the bulk, the filament has to break
open first. Equilibrating the lengths of all filament segments,
therefore, requires a large number of bond-breaking events,
which means that the approach to equilibrium is governed
by the bond-breaking timescales δ1 and δ2. These timescales
are determined by the binding energies required to assemble
filaments with a given length 〈n〉 and peak width σ . Due to
the exponential relationship between energies and rates, even
a small change in binding energies can have a large effect on
the equilibration time.

APPENDIX C: CONVERTING BETWEEN GRAND
CANONICAL AND CANONICAL ENSEMBLE

As discussed in the main text and Appendix A, we carry
out our analytical calculations at uniform chemical potentials
for all particle species. In order to compare our equilibrium
calculations to the kinetic simulations, which are performed at
fixed particle concentrations, we first need to relate the chem-
ical potential μ to the concentrations. To this end, we now
analytically compute the particle concentrations as functions
of μ.

The concentration ρi of particle species i ∈ (1, ..., m) is
given by

ρi = 1

V

∑
s∈S

ns
i Z (s), (C1)

where s is a specific structure, S is the set of all filaments,
and ns

i is the number of particles of species i in s. Because
ns

i enters directly into this sum, we cannot immediately group
filaments by their total length, as we did above, and we need
to be mindful of the filaments’ compositions.

The trick to computing this sum is to split it into three parts:
the section of the filament to the left of the species i whose
concentration we want to compute, the section consisting only
of species i, and the section to the right of the species i.
We denote the length of the section to the left by �−, and
the number of species in that section by k−. Similarly, the
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length and number of species on the right are denoted by �+
and k+. We also denote the number of particles of species i
simply by n. With this notation, the expression for ρi takes
the form

ρi

8π2φ0
=

[
e−βε1

∞∑
n=0

ne−λn

]

×
⎡
⎣ ∞∑

�−=0

e−λ�−
i−1∑

k−=0

(
�− − 1

k− − 1

)
eβ�εk−

⎤
⎦

×
⎡
⎣ ∞∑

�+=0

e−λ�+
m−i∑

k+=0

(
�+ − 1

k+ − 1

)
eβ�εk+

⎤
⎦, (C2)

where independent sums have been separated by brackets.
The sums over �± and k± are almost identical to the sum

we already computed in Appendix A. After a straightforward
calculation, we find

ρi

8π2φ0
= eβμ

(1 − e−λ)2
× 1 − qi

1 − q
× 1 − qm−i+1

1 − q
, (C3)

where q is defined as above and also depends on μ. Note
that this expression is only valid for 1 < i < m. If i = 1, the
second factor on the right-hand side needs to be replaced
by 1, as there cannot be a segment to the left of the first
species. Similarly, if i = m, the last factor needs to be replaced
by 1.

This calculation shows that the concentrations of the dif-
ferent particle species are not necessarily uniform, even if the
chemical potential is uniform. The particle numbers Ni = V ρi

and binding energies used in simulations are listed in Table
S1 in the Supplemental Material [57], which shows significant
variations between species.

APPENDIX D: SENSITIVITY ANALYSIS
VIA A TRANSFER MATRIX METHOD

In our analysis of the equilibrium length distribution so
far, we have assumed that all particle species are supplied at
equal chemical potential, that all binding energies are equal
to ε1 or ε2 (depending on the contact), and that there are no
nonspecific crosstalk interactions. In this section, we investi-
gate what happens if these assumptions are relaxed. In other
words, here we investigate the length distribution as a function
of m(m + 1) parameters: m2 binding energies and m particle
concentrations.

Allowing all energies and concentrations to vary makes
the problem much more complicated and prevents us from
writing down an explicit expression for the length distribution.
To make progress, we adopt and extend the transfer matrix
(“Feynman diagram”) method of Ref. [32], which allows us
to quickly compute all relevant quantities through matrix ma-
nipulations.

The basic idea is that the partition function of any one-
dimensional aggregate can be expressed using a transfer
matrix

Ti j = Ei jy j, (D1)

where the (nonsymmetric) matrix Ei j = eβεi j is given by the
binding energies εi j controlling the contact of the left of parti-
cle species j to the right of particle species i, and yi = eβμi is
a vector of exponentiated chemical potentials. Our analytical
calculations from before correspond to a special case of this,
where Ei j is a banded matrix with equal elements along the
diagonals, and all elements of yi are equal.

Using the transfer matrix, the partition function of a length-
n filament can be written as

Z (n)

8π2V φ0
=

∑
i j

yi[T
n−1]i j, (D2)

and the full partition function Z = ∑
n Z (n) is given by

Z

8π2V φ0
=

∑
i j

yi[I − T ]−1
i j . (D3)

These two expressions make it possible to compute the
full-length distribution, p(n) = Z (n)/Z , as a function of all
m2 energies and m particle concentrations.

We can also apply the transfer-matrix approach to directly
compute the mean filament length and peak width. Straight-
forward calculations lead to the following expressions for the
first two moments of the length distribution:

〈n〉
8π2V φ0

= 1

Z

∑
i j

yi[I − T ]−2
i j , (D4)

〈n2〉
8π2V φ0

= 1

Z

∑
i jk

yi[Iik + Tik][I − T ]−3
k j , (D5)

from which we can compute the width σ =
√

〈n2〉 − 〈n〉2 of
the distribution.

As before, we need to relate particle concentrations to
chemical potentials if we wish to carry out calculations in the
canonical ensemble. Using the transfer-matrix formalism, the
concentrations ρi = (βV )−1∂Z/∂μi of each particle species
are given by

ρi

8π2φ0
=

⎛
⎝∑

j

y j[I − T ]−1
ji

⎞
⎠

(∑
k

[I − T ]−1
ik

)
. (D6)

By numerically inverting this relation to solve for μi as a
function of ρi, we can compute the length distribution and all
its properties as functions of the particle concentrations.

We are now in a position to evaluate the sensitivity of the
length distribution to variations in the binding energies and
particle concentrations, which we do here in the context of
the example system discussed in the “Size-control in practice”
section and shown in Fig. 3. From this ideal baseline, we
then iteratively increase the noise level η and observe the
changes in the mean and the relative peak width of the length
distribution.

First, we investigate what happens when the binding en-
ergies ε1 and ε2 vary among different species. Specifically,
we set the same-species and cross-species binding energies of
particle species i to εi

1/2 = ε1/2 + ξ i
1/2, where ξ i

1/2 are random
variables drawn from a normal distribution with a mean of
zero and a standard deviation of η. Figure 5(a) shows that the
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noise on main binding energies(a)

noise on particle concentrations(c)

non-specific crosstalk(b)

FIG. 5. Sensitivity of the length distribution for a system of m = 10 species targeting the assembly of a 〈n〉 = 100 filament with peak width
σ = 〈n〉/√m. All panels show histograms of the shift of the mean (left), the relative peak width (center), and a subset of the sampled length
distributions (right) for 1000 realizations of random parameter noise. (a) Sensitivity with respect to binding energies ε1 and ε2: Both main
binding energies were subjected to normal-distributed noise of standard deviation η. (b) Sensitivity with respect to crosstalk. Main binding
energies remain unaffected, but there are random nonspecific (all-to-all) interactions sampled from a folded normal distribution with standard
deviation η. (c) Sensitivity with respect to concentrations. All particle concentrations ρi were scaled by a factor 1 + ξi, where ξi are normally
distributed random variables with standard deviation η.

mean of the length distribution can shift by a factor of up to 10
in both directions, especially at η = 5 kT (about 18% of ε1),
and the distribution also tends to broaden at high noise. At
lower noise levels, the effects are more manageable: while the
mean of the distribution may shift by about a factor of 3 for
η � 2 kT , the relative peak width remains mostly unaffected.

This indicates that it may be challenging to program a specific
length if energies cannot be tightly controlled (less than about
10% variability).

Second, we investigate the effects of nonspecific crosstalk
interactions. For this, we keep the main binding energies ε1

and ε2 noise-free but add random, nonspecific interactions
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between all particle species. These crosstalk interactions are
given by the absolute values of random variables sampled
from a normal distribution with a mean of zero and a standard
deviation of η (folded normal distribution). Interestingly, the
equilibrium distribution is not very sensitive to this nonspe-
cific crosstalk, as long as its magnitude is small compared to
the main interactions ε1 and ε2.

Finally, we also investigate the effects of noise on particle
concentrations. For this, we leave binding energies unaf-
fected but scale each particle concentration ρi by a factor
1 + ξi, where ξi are again normally distributed with zero
mean and a standard deviation of η. Figure 5(c) shows that
the assembly is rather insensitive to variations in particle
concentrations—even with variations as large as η = 25%,
the equilibrium length distribution remains almost completely
unaffected.

APPENDIX E: ASSEMBLY OF TWO-
DIMENSIONAL SHEETS

Figure 4 shows the size distribution of two-dimensional
sheets, which are assembled from vertically “stacked” fila-
ments. The assembly protocol employed here is the following:
We first assemble filaments consisting of m1 = 10 species and
targeting a peak width of σ = 〈n〉/√m, which corresponds
to the same conditions as in the hierarchical system shown
in Fig. 3. After this initial stage of assembly is complete,
we freeze the distribution of filaments and activate binding
sites on the sides of the filaments, so that the filaments can
aggregate vertically. We assume that filaments are rigid and
that no branching occurs; i.e., every filament may only bind to
a single other filament above and below. The total binding en-
ergy between two filaments then depends on their overlap; we
assume that the vertical binding energy between two filaments

of length ni and n j is given by

εv = εv,0 min(ni, n j ), (E1)

where εv,0 is the per-particle vertical energy; we set εv,0 =
0.1 kT. We neglect any entropic contributions resulting from
the different possible binding offsets between two filaments,
and assume that filaments are always overlapping without any
“overshoot,” resulting in min(ni, n j ) particle contacts.

For only a single species of filament, the “height” distribu-
tion of the resulting sheets, p(h), is monotonically decaying
and is not well controllable, analogously to the single-species
filament distribution, Eq. (1), as shown in Fig. S2 in the
Supplemental Material [57]. To obtain more control over sheet
heights, we introduce m2 = 10 species of filaments, each con-
sisting of m1 = 10 distinct particle species, leading to a total
species count of m = 100. (Even though m = 100 species is
pushing the boundaries of current experimental feasibility, the
crucial point is that this does not scale with the size of the
system, motivating an experimental challenge for the coming
decade.) In full analogy to the one-dimensional case shown in
Fig. 1(c), each filament species can bind vertically to itself or
to the subsequent filament species. For simplicity, we further
assume that all interactions during the final assembly step of
assembly are infinitely strong, meaning that bonds no longer
break and that each assembled sheet contains all 10 filament
species.

Under these assumptions, we can obtain the size distribu-
tions for the multispecies sheets by sampling different sheets
obtained from a single-species simulation and concatenating
them together. We start from a population of 16 698 single-
species sheets (the size distribution of which is shown in
Fig. S1 in the Supplemental Material [57]), and then sample
106 groups of 10 sheets each, which we concatenate vertically
to simulate a multispecies sheet, leading to the size distribu-
tion as shown in Fig. 4.
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