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Kinetically constrained models were originally introduced to capture slow relaxation in glassy systems,
where dynamics are hindered by local constraints instead of energy barriers. Their quantum counterparts
have recently drawn attention for exhibiting highly degenerate eigenstates at zero energy—known as
zero modes—stemming from chiral symmetry. Yet, the structure and implications of these zero modes
remain poorly understood. In this work, we focus on the properties of the zero mode subspace in quantum
kinetically constrained models with a U(1) particle-conservation symmetry. We use the U(1) East, which
lacks inversion symmetry, and the inversion-symmetric U(1) East-West models to illustrate our two main
results. First, we observe that the simultaneous presence of constraints and chiral symmetry generally
leads to a parametric increase in the number of zero modes due to the fragmentation of the many-body
Hilbert space into disconnected sectors. Second, we generalize the concept of compact localized states
from single-particle physics and introduce the notion of collective bound states, a special kind of non-
ergodic eigenstates that are robust to enlarging the system size. We formulate sufficient criteria for their
existence, arguing that the degenerate zero mode subspace plays a central role, and demonstrate bound
states in both example models and in a two-dimensional model, the U(1) North-East, and in the pair-
flip model, a system without particle conservation. Our results motivate a systematic study of bound states
and their relation to ergodicity breaking, transport, and other properties of quantum kinetically constrained
models.
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I. INTRODUCTION

Out-of-equilibrium properties of quantum many-body
models have been one of the central questions in quan-
tum physics in recent years. In this context, many such
features can be linked to the spectral properties of the stud-
ied models, which are often strongly influenced by their
symmetry structure [1,2] (e.g., in random matrix theory).
The most commonly studied cases involve the presence or
absence of time-reversal invariance. However, there also
exist special symmetry classes that can lead to unique
spectral features, such as protected states at zero energy,
with Majorana zero modes being among the most notable
examples [3,4].

Although Majorana zero modes [3,4], which require
particle-hole symmetry, were mostly studied in the con-
text of noninteracting systems [5,6], several early works
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demonstrated their stability to certain interactions [7–9].
More recently, exponentially degenerate subspaces at zero
energy were observed in the context of kinetically con-
strained and other spin and bosonic models [10–14]. These
zero mode (ZM) subspaces instead rely on the presence of
chiral symmetry, which also imposes a symmetric energy
spectrum, and can thus be thought of as many-body coun-
terparts of a special symmetry class.

The presence of a subspace with a large degeneracy
pinned to zero energy also warrants exploration from
the perspective of the eigenstate thermalization hypothe-
sis (ETH). The ETH conjectures that the expectation val-
ues of local observables over eigenstates coincide with the
thermal expectation values at a corresponding temperature
and puts further assumptions on the structure of the off-
diagonal matrix elements of local operators between eigen-
states [15–17]. Thus, eigenstates from the ZM subspace,
where the density of states typically peaks, should have
observables that agree with thermal expectation values
at infinite temperature. Although degeneracy prevents the
immediate application of the ETH to the ZM subspace, it
has been suggested that the entire subspace can feature
deviations from thermal behavior [11]. Additional evi-
dence for nonthermal behavior was given by the existence
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of exact [18–22] or approximate [12] area-law entangled
eigenstates within the zero-mode subspace.

Despite the progress mentioned above, the majority of
the studied models feature a single conserved quantity,
the energy. However, many physically relevant models
conserve additional charges, such as the total particle num-
ber, leading to additional symmetries. Such particle or
spin-conserving models can also exhibit degenerate ZM
subspaces. However, the effects of the U(1) symmetry in
such cases are not yet understood [23]. In this work, we
focus on the properties of U(1) symmetric models with
ZM subspaces and kinetic constraints. In particular, we
present two main results: the parametric enhancement of
the ZM subspace degeneracy and the existence of collec-
tive bound states within the ZM subspace, both attributed
to the nontrivial interplay of constraints and particle num-
ber conservation.

In order to illustrate our general results, we focus on two
particular families of models dubbed the U(1) conserving
East and East-West models, which both have exponen-
tially degenerate ZM subspaces due to chiral symmetry.
Notably, the U(1) East model breaks inversion symme-
try, whereas the U(1) East-West model (a generalization of
the Gonçalves-Landim-Toninelli model [24,25]) is inver-
sion symmetric. First, we derive a lower bound for the size
of the degenerate subspace and illustrate the mechanism
of its enlargement in the presence of Hilbert space frag-
mentation [26]. Then, we define the notion of collective
bound states and demonstrate their existence in both mod-
els, highlighting the critical role played by the degenerate
ZM subspace. These eigenstates are a special kind of Fock
space or many-body cages [27–29]. Many-body cages are
eigenstates that are localized in Fock space: they have a
low number of product states contributing to the state and
amplitude zero on the rest. Collective bound states are
many-body cages that are not only localized in Fock space
but also robust to increasing the size of the system. Finally,
we discuss that combining bound states for smaller system
sizes together leads to factorizable eigenstates—featuring
zero entanglement across certain cuts—in larger systems.

For the inversion-breaking U(1) East model, we demon-
strate the intuitive principle behind the construction of
such bound states and show that their number grows
with system size. Moreover, we show that the inversion-
breaking nature of the U(1) East model enables bound
states to “poison” the spectrum of the model with non-
thermal factorizable eigenstates away from zero energy.
For the case of the inversion-symmetric East-West model,
we present a specific MPO construction for collective
bound states and discuss the generation of factorizable
eigenstates, which in this case only arise within the ZM
subspace. In addition, we show that collective bound states
are not just a special feature of the U(1) East and East-West
models by discussing two more models: the North-East
model, a two-dimensional system, and the pair-flip model,

therefore showing that collective bound states can also
arise in two dimensions and in systems without particle
conservation.

The remainder of this paper is organized as follows. In
Sec. II, we review chiral symmetry in models without U(1)
symmetry and then introduce the U(1) conserving East and
East-West models. This is followed by Sec. III, where we
lower bound the number of ZMs for a generic U(1) con-
serving model with chiral symmetry and compare with the
numerical results for the U(1) East and East-West mod-
els. In Sec. IV, we present our results on collective bound
states and factorizable ZMs. Specifically, in Sec. IV A, we
present a generic definition, construction, and sufficient
conditions for the existence of these states. Then, in Secs.
IV B and IV C, we perform these constructions for the U(1)
East and East-West models, respectively. In Sec. IV D, we
discuss the North-East and pair-flip models that general-
ize our results to two dimensions and to models without
particle conservation. Finally, in Sec. V, we discuss the
implications of our results, their potential extensions, and
relevant open questions.

II. PARTICLE-CONSERVING CHIRAL MODELS
WITH KINETIC CONSTRAINTS

In this section, we introduce two different classes of one-
dimensional particle-conserving interacting models that
feature a ZM subspace. First, we review how these degen-
erate subspaces can arise in spin models without U(1)
symmetry due to the presence of chiral symmetry. Then,
we introduce two specific models with both chiral and U(1)
symmetries that will be used to illustrate the general results
obtained in our work.

A. Chiral symmetry without U(1) conservation

Zero mode (ZM) subspaces can arise due to the presence
of chiral symmetry, defined via a unitary and Hermi-
tian operator Ĉ that anticommutes with the Hamiltonian,
{Ĥ , Ĉ} = 0. Due to this anticommutation relation, chiral
symmetry does not lead to an additional conserved quan-
tity, but instead, it leads to the symmetry of the energy
spectrum around E = 0. Specifically, for every eigenstate
at energy E, |ψE〉, we can obtain an eigenstate at energy
−E via the action of Ĉ operator, |ψ−E〉 = Ĉ|ψE〉.

Let us first review the simplest class of interacting
models with chiral symmetry by analyzing a spin-1/2
chain. Consider the family of interacting Hamiltonians
constructed by summing strings of Pauli operators that
contain an odd number of σ̂ x and an arbitrary number of
σ̂ z matrices acting on different sites. The Hamiltonian of
this large class of models reads

Ĥ =
∑

i

(aσ̂ x
i + bσ̂ z

i−1σ̂
x
i + cσ̂ x

i−1σ̂
x
i σ̂

x
i+1 + . . .), (1)
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where {a, b, c, . . .} are arbitrary coefficients and we denote
the set of Pauli matrices acting on a local spin i by σ̂ x,y,z

i . In
this case, the operator Ĉ corresponds to the total spin parity
along z-direction, Ĉ = ∏

i σ̂
z
i [12]. Although these models

are not constrained, there are kinetically constrained mod-
els, such as the PXP model [10,11], that also anticommute
with this chiral operator Ĉ.

In such a class of models, chiral symmetry results in
an intuitive splitting of all product states in the Hilbert
space into two classes: those with even parity and those
with odd parity with respect to the total number of ↓-spins.
As all terms in the Hamiltonian perform an odd number
of spin flips, the Hamiltonian only connects product states
with opposite parities, and can thus be written in a block
off-diagonal form

Ĥ =
(

0 C
C† 0

)
, (2)

by adequately ordering the product states. The structure
of the Hamiltonian matrix induced by chiral symmetry
exposes the origin of the ZM subspace. The difference
between the numbers of rows and columns in C corre-
sponds to the difference in the numbers of states in odd
and even-parity sectors, No and Ne. This mismatch puts a
lower bound on the dimension of the kernel of Ĥ , i.e., on
the number of ZMs,

dim ker Ĥ ≥ M = |Ne − No|, (3)

because it limits the maximum number of linearly inde-
pendent rows in Ĥ . This is the same mechanism that leads
to noninteracting localized states on defects in bipartite
lattices [30,31]. Note that ZMs here simply refer to eigen-
states with energy zero. They are different from strong
zero modes, operators that commute with a Hamiltonian in
the thermodynamic limit and do not commute with a dis-
crete symmetry of the system, making the energy spectrum
composed of pairs of nearly degenerate eigenstates [32].

B. Chiral symmetry with U(1) conservation

The models introduced above, where chiral symmetry
relies on total spin parity, do not have U(1) symmetry.
In order to introduce a U(1) symmetric model, we draw
inspiration from noninteracting systems. The simplest chi-
ral model is given by a single particle on a one-dimensional
lattice with nearest-neighbor hopping, Ĥ = ∑

i(ĉ
†
i+1ĉi +

h.c.). We assume particles to be hard-core bosons, such
that there are only two states per site [33]. Here, the chi-
ral operator that anticommutes with the Hamiltonian may
be constructed as a particle number parity of one sublat-
tice, either the set of even or odd sites. For the even sites,

the operator reads

Ĉ =
�L/2�∏

i=1

(2n̂2i − 1), (4)

where n̂i = ĉ†
i ĉi is the particle occupation number on each

site i, which yields values 0 or 1 for hard-core bosons and
L is the number of sites. The noninteracting Hamiltonian
only couples states with opposite parities: those with an
odd number of particles in one sublattice to those with an
even number of particles. Adding generic interactions to
the above Hamiltonian violates the anticommutation rela-
tion {Ĥ , Ĉ} = 0 that defines the chiral symmetry. Indeed,
any diagonal density term commutes with Ĉ, and thus
yields a nonzero anticommutator, {Ĥ , Ĉ} �= 0. However,
chiral symmetry is robust to the addition of correlated
hopping terms such as n̂i+2(ĉ

†
i+1ĉi + h.c.), as those are

off-diagonal and only couple product states with opposite
parities.

The arguments above show that hard-core bosons with
correlated nearest-neighbor hopping provide a family of
models with chiral symmetry given by the operator Eq. (4).
One might simplify these models by ignoring the uncor-
related hopping terms, which leads to a family of kinet-
ically constrained models. In particular, we will focus
on the particle-conserving East model and the particle-
conserving East-West model, denoted as U(1) East and
U(1) East-West, which describe hard-core bosons in a
one-dimensional lattice. These models consist of a nearest-
neighbor hopping of hard-core bosons, that is enabled
by the presence of certain particle configurations on r
nearby sites and have chiral symmetry generated by the
operator Eq. (4). Both models were studied in the litera-
ture, however focusing on different aspects: the U(1) East
model was first proposed in the context of localization
physics [34], and Hilbert space fragmentation [35–37], and
both the U(1) East and East-West models were studied in
the context of particle number transport [35,38].

Specifically, we define the range-r East model [35] by
the following Hamiltonian:

Ĥr,E =
L−1∑

i=r+1

K̂i,r

(
ĉ†

i+1ĉi + h.c.
)

,

K̂i,r =
r∑

�=1

t�n̂i−�
i−1∏

j =i−�+1

(
1 − n̂j

)
,

(5)

where the projector K̂i,r enforces the constraint that a par-
ticle can hop if and only if there is at least one particle
on the r left neighboring sites, see Fig. 1(a). This projector
has r free parameters t� that specify the hopping amplitudes
enabled by a neighboring particle at a certain distance. For
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all these models, where the hopping is enabled by the pres-
ence of particles only to the left of the moving particle,
the inversion symmetry is strongly broken. In the range-
r East-West model [38], inversion symmetry is restored by
adding a spatially inverted Hamiltonian, which allows hop-
ping conditioned on the presence of particles to the right,
see Fig. 1(b). This leads to the total Hamiltonian

Ĥr,EW = Ĥr,E + Ĥr,W, (6)

where Ĥr,W is the mirror-reflection of Ĥr,E .
Although our results below are valid for general r, we

will mostly focus on r = 2 range models. At this range,
setting the values of all hoppings t� = 1, we obtain the fol-
lowing expressions for the U(1) East Hamiltonian and its
mirror image:

Ĥ2,E =
L−1∑

i=2

(n̂i−1 + n̂i−2 − n̂i−1n̂i−2)(ĉ
†
i ĉi+1 + h.c.), (7)

Ĥ2,W =
L−2∑

i=1

(ĉ†
i ĉi+1 + h.c.)

(
n̂i+2 + n̂i+3 − n̂i+2n̂i+3

)
, (8)

where we fix n̂i<1 = n̂i>L = 0. The kinetic constraints in
the U(1) East model can freeze particles in a certain posi-
tion through the lack of neighboring particles to their
left. For example, the leftmost particle is always frozen
for open boundary conditions, which we use through-
out this work. In addition, the model exhibits Hilbert
space fragmentation [26]: the Hilbert space is composed
of dynamically disconnected sectors of varied dimensions
that increase exponentially in number with the size of the

East model

East-West model 

 If there is at least one particle in the 
  left neighbors, hopping is allowed

East model 
arbitrary

(a)

(b)

FIG. 1. Illustration of the kinetic constraints of the U(1) East
and East-West models. Allowed hoppings for a kinetic constraint
(a) of arbitrary range in the U(1) East model and (b) of range
r = 2 in both models.

system. We fix a particle filling through L = (r + 1)N − r
sites, where N is the particle number, which naturally
arises from this fragmentation structure (see Sec. III B).
In contrast, the U(1) East-West model can only feature a
few frozen states, which are dynamical sectors of dimen-
sion one, due to its less restrictive kinetic constraint. As we
will discuss in the next section, fragmentation can have an
important enhancement effect on the number of ZMs of the
model.

III. COUNTING OF ZERO MODES

In this section, we derive a general lower bound for the
number of ZMs in any U(1) conserving model with chiral
symmetry and two local degrees of freedom per site. Then,
we discuss the enhancement effect of fragmentation on this
lower bound and compare the numerical results for the
U(1) East and U(1) East-West models to their analytical
bounds.

A. General counting without fragmentation

For a given number of particles N and sites L, the Hamil-
tonian matrices of ĤE,r and ĤEW,r can be interpreted as
adjacency matrices representing undirected graphs. Each
product state corresponds to a vertex in the graph, while
each matrix element corresponds to an edge. As a result
of chiral symmetry, the matrices can be written in block
off-diagonal form (2) by ordering the product states as
[{|si

e〉}, {|si
o〉}] or [{|si

o〉}, {|si
e〉}], where {|si

e〉} ({|si
o〉}) are the

product states with an even (odd) number of particles on
the even sites. Consequently, the graph is bipartite or two-
colorable, with two sets of vertices {|si

e〉} and {|si
o〉} such

that edges only exist between these two subsets of ver-
tices. As discussed in the previous section, any interaction
term that would couple a product state to itself, yielding a
diagonal term, would break chiral symmetry.

The mismatch between the number of states {|si
e〉} and

{|si
o〉}, M = |Ne − No|, will give a lower bound to the

dimension of the kernel of the matrix, i.e., the number
of ZMs [see Eq. (3) and illustration in Fig. 2]. Specifi-
cally, consider a bipartite lattice where the edges denote
the hopping terms, with LA sites in one sublattice and
LB sites in the other (L = LA + LB), and two local states
per site. Given a U(1) symmetry related to particle con-
servation, the Hilbert space dimension for each particle
sector is given by the binomial coefficient D = (L

N

) =
L!/(N !(L − N )!). Then, the mismatch between the number
of odd and even product states in this sector reads

M =
∣∣∣∣∣∣

min(N ,LA)∑

n=max(0,N−LB)

(−1)n
(

LA
n

) (
L − LA
N − n

)∣∣∣∣∣∣
, (9)

where the sum is taken over n, the number of particles
in the A sublattice. The lower bound on the number of
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fragmentation

even
odd

total:total: total:

FIG. 2. Adjacency graphs for the U(1) East model with N = 4 particles on L = 10 sites before [Eq. (5) without the constraint
operator K̂i,r] and after fragmentation. The mismatch M between the number of blue vertices (with an even number of particles in the
odd sublattice) and orange vertices (with an odd number) is indicated below. Fragmentation enhances the mismatch considerably, and
thus it increases the lower bound on the number of zero modes. The increase is determined by those sectors where the dominant set of
vertices is the opposite of the one before fragmentation.

ZMs (M) grows exponentially with the number of par-
ticles, in a modulated manner, which is dependent on the
particle filling. In Fig. 3, we represent M as a function
of the number of particles for a 1D bipartite lattice with
particle filling determined by the relation L = 3N − 2. We
note that for such a fixed relation between system size and
particle number, the lower bound on the number of ZMs
simplifies to

M(N ) =
{

2
(3N/2−1

N

)
for N even,

3
(3N/2−5/2

N−1

)
for N > 1 odd,

(10)

which scales asymptotically as M(N ) ∝
∼

21−N 33N/2/
√

6πN for even N , revealing exponential growth. Note
that the relation between even and odd particle numbers is
simply Modd(N ) = 3

2Meven(N − 1). Let us now consider
the effect of constraints on this bound.

B. Additional zero modes from fragmentation

For the U(1) East model, the kinetic constraints are
known to induce classical Hilbert space fragmentation.
When a system is classically fragmented, the dynamically
disconnected sectors of the Hilbert space are visible in the
product state basis. Alternatively, if the sectors are only
apparent in an entangled basis, the system is said to present
quantum Hilbert space fragmentation [39]. In our case, the
fragments appear through two mechanisms. First, due to
the choice of boundary condition, the leftmost particle is

always frozen, as there are no particles to its left that can
enable hopping. Therefore, product states where the left-
most particle occupies different positions are dynamically
disconnected. Second, any particle preceded by r empty
sites and with too few particles to its left will also be
frozen and thus, it will generate further fragmentation (e.g.,
for r = 1, the third particle in this configuration is locked
| • • ◦ ◦ ◦ • • ◦〉). In contrast, the U(1) East-West model

100

101

102

103

104

100

101

102

103

104

2 3 4 5 6 7 8 9 10

fit
M

ZM East-West r = 2

N

ZM East r = 2
Mfrag East r = 2

N

FIG. 3. Number of zero modes in the U(1) East and East-West
models for r = 2 and L = 3N − 2 as function of the number of
particles N , and the analytical lower bound given by the mis-
match M, Eq. (9), and the asymptotic expansion of Eq. (10).
Due to chiral symmetry, the number of zero modes increases
exponentially, while the fragmentation in the U(1) East model
yields a faster exponential growth given by Mfrag, which tightly
bounds the number of zero modes from below.
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is dynamically connected for L < (r + 2)N − (r + 1). For
more dilute particle fillings, only isolated frozen states
appear, as two close particles can always propagate indef-
initely (e.g., for r = 1, | ◦ • • ◦◦〉 → | ◦ • ◦ •◦〉 → | ◦
◦ • •◦〉).

Adding a kinetic constraint removes matrix elements
from the Hamiltonian, or, equivalently, in the graph
description, this removes edges from the graph. If the sys-
tem becomes classically fragmented, the Hamiltonian can
be written in a block diagonal form in the product state
basis, as the graph is no longer connected. Since the graph
remains bipartite, i.e., chiral symmetry is preserved, each
diagonal block retains the off-diagonal structure given by
Eq. (2). Then, the lower bound to the number of ZMs for
the entire Hilbert space comprises the contributions from
all sectors i, Mfrag = ∑

i Mi, such that M ≤ Mfrag ≤ D,
where M is the mismatch before fragmentation given by
Eq. (9). The increase in this lower bound is given by

Mfrag − M = 2
∑

i

Mi|flipped, (11)

where the sum includes all sectors where the largest set
of vertices before fragmentation becomes the one with
the fewest vertices in that sector. Figure 2 shows the col-
ored adjacency graphs of the U(1) East model for N = 4
particles on L = 10 sites before fragmentation [Eq. (5)
without the constraint operator K̂i,r] and after, along with
the corresponding mismatch.

The mismatch M or Mfrag provides a lower bound on
the number of ZMs, which is generally not saturated, as
nothing prevents the Hamiltonian matrix from having addi-
tional linearly dependent rows. One mechanism to produce
additional ZMs is the presence of local reflection sym-
metries in the many-body graph (see Fig. 8 for r = 2).
Similar to the fragmentation mechanism, one must first
resolve these symmetries, which yields a block diagonal
structure for the Hamiltonian, before analyzing the mis-
match in each block. Figure 3 compares the number of
ZMs in the U(1) East and U(1) East-West r = 2 models
for the particle filling determined by L = 3N − 2, against
the mismatch before fragmentation predicted by Eq. (9) as
a function of the number of particles. While the U(1) East-
West model saturates the M bound, the U(1) East model
presents a much faster exponential growth compared to the
lower bound. Figure 3 reveals that the bound that takes
fragmentation into account, Mfrag, provides a much better
approximation to the number of ZMs in U(1) East model;
however, this model features extra ZMs even with respect
to this bound. In the next section, we provide additional
insights into the structure of the ZM subspace, demonstrat-
ing that many ZMs can be understood as originating from
collective bound states.

IV. CONSTRUCTING FACTORIZABLE ZERO
MODES FROM BOUND STATES

In this section, we delve into the structure of the zero
energy subspace. In Sec. IV A, we give generic defini-
tions of two special subclasses of ZMs: bound states and
factorizable ZMs. Bound states are entanglement-carrying
many-body eigenstates that remain localized on a limited
section of the lattice, while factorizable ZMs can be built
as a collection of decoupled bound states. Both types of
ZMs were first reported in the U(1) r = 2 East model [35].
Here, we provide the theoretical framework to understand
these states and discuss a larger class of models that exhibit
them. As an example, we analyze two classes of models
that exhibit these types of states, the family of U(1) East
models, in Sec. IV B, and the family of U(1) East-West
models, in Sec. IV C.

A. Definitions and generic construction

In order to define the notion of a bound state, we draw
inspiration from compact localized states in the context of
single-particle physics, and generalize the concept to the
many-body scenario (Sec. IV A 1). In the interacting case,
the construction of these states becomes highly nontrivial,
yet we show that these states can arise within degener-
ate subspaces and provide a sufficient condition for their
existence. Then, we discuss how bound states can be used
to construct factorizable eigenstates in systems with larger
system sizes (Sec. IV A 2). Finally, we discuss the relation-
ship between bound states and Hilbert space fragmentation
(Sec. IV A 3).

1. Bound states

Compact localized states (CLSs) have been extensively
studied in the context of flat band systems [40–55]. These
single-particle eigenstates typically have a nonzero ampli-
tude on a few nearby sites and a strictly vanishing ampli-
tude on the rest of the system due to geometric frustra-
tion [40,48]. Then, the periodic structure of the lattice can
create many copies of such states and, thus, a single parti-
cle flat band [56]. Regardless of the number of sites that a
CLS occupies, its distinguishing feature is the following: it
remains an eigenstate even when any number of additional
sites are added to the lattice. Note that this is not the case
for arbitrary eigenstates, which are not robust to the addi-
tion of lattice sites. This localization phenomenon arises
due to one of two mechanisms that can be understood
if one depicts the lattice sites and the particle hopping
between them on a graph. Given an eigenstate with ampli-
tude zero in some vertices (sites), adding a new vertex with
an edge (hopping) to a vertex with amplitude zero will pre-
serve the state as an eigenstate of the enlarged graph. If the
new vertices are instead adjacent to vertices with a nonzero
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amplitude, the state can only remain an eigenstate through
destructive interference at the new vertices.

Let us extend the notion of CLS to the many-body case.
Now, the relevant graph is not the real-space lattice, but
the graph associated with the matrix of the many-body
Hamiltonian, where each vertex represents a product state.
Adding one site to the lattice will add many new vertices
and edges to the many-body graph. First, let us propose a
definition,

a. Left and right bound states. Let |ψ�〉 be an eigenstate
of a 1D many-body Hamiltonian on a lattice with � sites
that fulfills Ĥ �|ψ�〉 = E|ψ�〉. Given the linear decomposi-
tion of |ψ�〉 in the product state basis, |ψ�〉 = ∑

i αi|s�〉i,
the state |ψ�〉 is bound if and only if Ĥ �′ |ψ̃�′ 〉 = E|ψ̃�′ 〉
with �′ = �+ q and q ∈ N where |ψ̃�′ 〉 is

(a) |ψ̃�′ 〉 = ∑
i αi|kL〉⊗q ⊗ |s�〉i (left bound) or

(b) |ψ̃�′ 〉 = ∑
i αi|s�〉i ⊗ |kR〉⊗q (right bound)

and |kL(R)〉 are product states (padding) with support over
�L(�R) sites.

The definition of a bound state directly follows from the
above property:

b. Bound state. An eigenstate |ψ�〉 of a 1D many-body
Hamiltonian is a bound state if and only if it is simultane-
ously left and right bound.

The simplest example of a bound state can naturally
arise in the U(1) East and East-West models when the
padding states are both a single empty site, |kL〉 = |kR〉 =
|◦〉. Then, the bound state |ψ�〉 lives within a given sec-
tor of the Hilbert space with a fixed particle number
(see Secs. IV B and IV C). These kinds of bound states
have a clear physical interpretation, they are collections
of particles that remain bound in one section of the lat-
tice. Thus, these bound states provide a direct analogy to
the concept of CLSs in single-particle systems. However,
the rich structure of the many-body Hilbert space allows
us to extend the notion of bound state to cases where
the padding states are any product state configuration.
Thus, more generally, bound states are eigenstates that
remain stable upon expansion of the lattice by additional
sites. Collective bound states are different from eigenstates
in many-body-localized systems [57], whose localization
stems from disorder and presents an exponential tail in
Fock space instead of being compactly localized. Also, in
contrast with other previously proposed notions of local-
ization in the many-body space [58–64] and nonergodic
states [65–67], collective bound states do not rely on the
presence of flat bands in the single-particle spectrum.

The operation of adding a site to the lattice has a highly
nontrivial effect in the many-body Hilbert space: take, for

example, a spin-1/2 chain, adding one site doubles the
dimension of the Hilbert space. As a consequence, typical
eigenstates are not generally bound. We present a sufficient
condition for the existence of a bound state by treating
the Hamiltonian as an adjacency matrix with an associated
graph. This condition imposes a special structure on the
wave function, namely, that it is localized on a part of the
graph that is not affected by enlarging the system size.

c. Sufficient conditions for a bound state. Let G� be a
graph with a set of vertices {|s�〉i} associated to the matrix
of Ĥ � in the product state basis. Similarly, let G�′ be the
graph with vertices {|s�′ 〉i} that corresponds to Ĥ �′ , where
�′ = �+ n�L + m�R for n, m ∈ N. Consider the following
three conditions:

(i) Recursivity: There exists an induced subgraph [68]
of G� with vertices {|s�〉i,S} that is an induced
subgraph of G�′ with vertices {|kL〉⊗n ⊗ |s�〉i,S ⊗
|kR〉⊗m}. We denote this induced subgraph of G�′ as
S�

′
, while S̄�

′
denotes the induced subgraph which

contains all vertices of G�′ not included in S�
′
.

(ii) Sparse connectivity: There is a subset of vertices V1
of S�

′
that are not adjacent to any vertex in S̄�

′
. We

denote the set of vertices that are adjacent to the
vertices in S̄�

′
as V2.

(iii) Compactness: There exists an eigenstate Ĥ �|ψ�〉 =
E|ψ�〉, where |ψ�〉 = ∑

i∈V1
αi|s�〉i, i.e., the vertices

in S�
′
adjacent to vertices in S̄�

′
have amplitude zero.

If these three conditions are met for any n, m ∈ N, then
the state |ψ�〉 satisfies the definition of a bound state given
above. However, for some models, if conditions (i)–(iii)
are fulfilled for n = m = 1, then they are fulfilled for any
n, m > 1, as we will discuss in Sec. IV B. Intuitively, these
conditions guarantee that the state |ψ�〉 occupies the ver-
tices of the graph that are not adjacent to the new vertices
in the enlarged system. Thus, this state constitutes a bound
state, in analogy with a single-particle CLS, without rely-
ing on destructive interference. Note that this is a sufficient
but not necessary condition for a bound state to exist. In
principle, one could find a bound state that has a nonzero
amplitude on the vertices V2 such that destructive inter-
ference makes the eigenstate robust to the increase in the
lattice size. However, one expects these cases to be very
rare in generic many-body quantum systems, as the addi-
tion of sites to the physical lattice results in an exponential
increase in the order of the graph describing the Hilbert
space and Hamiltonian.

Let us discuss how conditions (i)–(iii) can be fulfilled
in a physical system. Condition (i), recursivity, is guaran-
teed by the locality of the Hamiltonian: the increase in the
size of the system might add or remove some vertices of
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G�, but these alterations are limited by the range of the
Hamiltonian terms. Thus, for a large enough system size,
one can always find an induced subgraph S�

′
. Condition

(ii), sparse connectivity, can either be guaranteed by U(1)
symmetry, not all vertices in S�

′
can be coupled to a vertex

in S̄�
′

due to particle conservation, or by the presence of
kinetic constraints, which remove some edges in the graph.
Finally, condition (iii) is the most nontrivial to be fulfilled,
as generally we expect that the wave functions of eigen-
states have nonzero amplitudes on nearly all computational
basis states (for generic interacting models). Below, we
show that for the considered models, condition (iii) can be
fulfilled within the degenerate subspace of ZMs induced by
chiral symmetry.

Given a set of C degenerate eigenstates {|ψi〉}, any
superposition |ψ̃i〉 = ∑C

i=1 αi|ψi〉 is also an eigenstate of
the system. Therefore, one can search for a rotation of
the degenerate subspace that yields eigenstates that satisfy
the compactness condition (iii), and thus have amplitude
zero on the set of vertices V2. In a particular model, bound
states can be identified by constructing an operator Ô that
discriminates between the sets of vertices V2 and V1. The
operator Ô must be positive semidefinite and give Ô|ψ〉 =
0 for those eigenstates that only have support on the ver-
tices in V1, |ψ〉 = ∑

i∈V1
αi|si〉, and give 〈ψ |Ô|ψ〉 > 0

otherwise. Numerically, one can find such states by resolv-
ing the operator Ô in the degenerate subspace, by defining
a matrix �(Ô) with matrix elements,

�ij (Ô) = 〈ψi| Ô
∣∣ψj

〉
. (12)

Then, the kernel of the matrix�(Ô)will contain the ampli-
tudes αi to construct the bound states from the set of states
{|ψi〉}. In chiral systems, the degenerate subspace appears
at zero energy, such that if condition (iii) is fulfilled, it
leads to a bound state that is a ZM.

2. Factorizable eigenstates

Bound states are the building blocks of the second sub-
class of ZMs that we will discuss, factorizable ZMs, which
are built from ZMs of smaller system sizes. Let us first
consider a more general definition.

a. Factorizable eigenstate. An eigenstate |ψ�〉 that can
be decomposed as the tensor product of m eigenstates
of smaller system sizes �i (building states) separated by
strings of product states |Kd〉 with support over di sites
(decoupling states),

|ψ�〉 = |ψ�1〉 ⊗ |Kd1〉 ⊗ |ψ�2〉 ⊗ · · · ⊗ |ψ�m〉, (13)

where the states used as building blocks fulfill Ĥ �i |ψ�i〉 =
E�i |ψ�i〉 and m ∈ N with m ≥ 2.

As the energy of |ψ�〉 is given by E� = ∑
i E�i , if all

the building states in Eq. (13) are ZMs, E�i = 0, then, the
resulting state is also a ZM, E� = 0. We call these states
factorizable ZMs.

Note that an arbitrary construction of the form (13)
does not necessarily yield an eigenstate. A possible way
to build such a state is to fulfill the following three condi-
tions: (I) The building states |ψ�i〉 with i = 2, 3, . . . , m − 1
are bound states, while |ψ�1〉 can be just right bound and
|ψ�m〉 can be just left bound. (II) The decoupling prod-
uct states |Kd〉 must be constructed from the states |kR〉
and |kL〉, which leave the building states invariant, and
thus make them bound states. (III) The decoupling product
states |Kd〉 must be dynamically inert and have a support
d large enough to ensure that the building states are not
directly coupled through interactions.

For example, assuming the padding states are the same
for |ψ�1〉 and |ψ�2〉, one can use |Kd〉 = |kR〉 ⊗ |kL〉 as a
decoupling configuration. The simplest case arises in the
U(1) East and East-West models, where |kL〉 = |kR〉 = |◦〉,
such that |Kd〉 simplifies to a string of empty sites |Kd〉 =
|◦〉⊗d. If conditions (I)–(III) above are fulfilled, then |ψ�〉
is a factorizable eigenstate. These states will generally
present a characteristic feature in their bipartite Von Neu-
mann entanglement entropy, S = − tr(ρA ln ρA), where ρA
is the reduced density matrix of subsystem A. If one rep-
resents S as a function of the last site of subsystem A, the
entanglement presents a dip to zero entanglement for each
string of empty sites in the factorizable eigenstate. Such a
structure is unexpected for highly excited states, which are
usually strongly entangled.

3. Generalizations and relation to Hilbert space
fragmentation

The notions of bound and factorizable eigenstates that
we have proposed above can be easily extended to other
systems. For example, we give a definition of bound states
for 1D lattices, which sharply defines a left and a right
boundary and the derived notions of left and right bound
states. However, one could expand this definition to d-
dimensional geometries, such that an eigenstate would be
completely bound if it remains robust to the addition of
product state configurations along its (d − 1)-dimensional
edge. Similar to the 1D case, one could reduce the prob-
lem to its many-body graph representation to find an
analogous sufficient condition for the existence of bound
states. Also, while the present definition of 1D factoriz-
able eigenstates assumes open boundary conditions, one
can generalize it to periodic boundary conditions by sim-
ply adding an additional decoupling state between the first
and last building states. One might also consider a gener-
alized notion of bound state that is robust to the addition
of any state, including entangled states. In this case, the
localization mechanism of the eigenstate in the many-body
graph would only be apparent in a suitable entangled basis.
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Finally, the presence of bound states in a many-body
Hamiltonian can also be related to Hilbert space fragmen-
tation. Take, for example, a Hamiltonian Ĥ � on � sites
with an associated graph G� such that all its eigenstates are
bound states. As this set of bound states forms a complete
basis, all vertices in G� must have weight on at least one
of these states. However, the compactness condition (iii)
requires bound states to only occupy the vertices of the
graph that do not acquire any new edges in the enlarged
graph G�′ (see Sec. IV A 1). Thus, for compactness (iii)
to be fulfilled for all eigenstates, no vertices in G� can
acquire new edges in G�′ . That is, according to the suffi-
cient condition presented above, G� will in general be a
connected component of G�′ such that Ĥ �′ takes a block
diagonal form in the product state basis. If the number of
sectors grows exponentially with system size (e.g., as in
the U(1) East model), there is classical Hilbert space frag-
mentation. This fragmentation is classical because this set
of bound states admits a product state basis, as they com-
prise all eigenstates of Ĥ �. Also, these states are trivially
bound because the connected graph component that hosts
them does not change when adding more sites. The pres-
ence of nontrivial bound states that do not admit a product
state basis can also lead to quantum Hilbert space frag-
mentation, which is only readily apparent in an entangled
basis. We discuss an example of quantum fragmentation in
the U(1) East model in Sec. IV B.

B. East model

In this section, we analyze the U(1) East model as an
example of a local and chiral Hamiltonian that exhibits
a large degenerate subspace. We discuss how this model
fulfills the existence conditions (i)–(iii) for bound states
(see Sec. IV A 1) and explain how to find them numerically
within the ZM subspace. Then, we show how one can con-
struct factorizable eigenstates and discuss how these affect
the whole energy spectrum. Finally, we discuss how both
classical and quantum fragmentation in this model can be
understood in terms of the boundedness of its eigenstates.

1. Bound state construction

The kinetic constraint in the U(1) East model induces a
pattern of classical fragmentation where the largest sec-
tor can be generated from a domain wall state of the
form |•〉⊗N ⊗ |◦〉⊗(L−N ). In this sector, the system has a
natural particle filling determined by L = (r + 1)N − r,
which gives the size of the most diluted state (|•〉 ⊗
|◦〉⊗r)⊗(N−1)|•〉. For example, for range r = 2 and N = 3,
the domain wall state |• • • ◦ ◦ ◦ ◦〉 can expand to the
most diluted state | • ◦ ◦ • ◦ ◦ • 〉. Any additional sites do
not change the dynamics of the system, as the particles
cannot reach them, while fewer sites would make the
boundaries affect the dynamics. All other sectors present
frozen regions composed of empty sites, such that their

dynamics can be understood from those of smaller system
sizes. Thus, in what follows, we focus on the largest sector.

For U(1) conserving systems, when the Hilbert space is
enlarged by adding sites to the lattice, bound states can
arise within a fixed sector of the U(1) charge. For the
U(1) East model, these states emerge for a given parti-
cle number, which makes them robust to the addition of
empty sites. Here, we analyze the largest components of
the graphs G�

n and G�+1
n , where n is the fixed particle num-

ber and � is the number of sites, and fix both padding states
to |kL(R)〉 = |◦〉. Figure 4 illustrates the conditions and pro-
cedure for the construction of ZM bound states discussed
in the previous section. Figures 4(i) and 4(ii) show an
example of the largest connected component of the graph
G�

n, while Fig. 4(iii) shows the graph corresponding to the
lattice with one additional site and the same particle num-
ber, G�+1

n . The sets of vertices V1 and V2 that determine the
sparsity condition (ii) are indicated in Fig. 4(ii).

In this case, the recursivity condition (i) is fulfilled
because the induced subgraph of G�′

n contains all vertices in
G�

n, i.e., it is the whole graph. This occurs because adding
empty sites does not constrain the dynamics or enhance the
mobility of particles in G�

n. This is illustrated in Fig. 4(iii),
where the new vertices (in red) are those that have the last
site full, while the ones with the last site empty (in blue and
green) form the induced subgraph given by G�

n in Figs. 4(i)
and 4(ii). The sparse connectivity condition (ii) is guaran-
teed by particle conservation (U(1) symmetry). The range
of the kinetic constraint r determines a small set of vertices
V2 (green) where a particle can jump to the last site, making
them adjacent to the new vertices (red), while the vertices
in V1 (blue) are not adjacent [see Figs. 4(ii) and 4(iii)]. A
possible operator that distinguishes between the two sets
of vertices is Ô = n̂L

∑r
j =1 n̂L−j , which can then be used

to search for ZMs that fulfill the compactness condition
(iii), i.e., ZMs that have amplitude zero in the vertices in
V2. These states are constructed from the kernel of the
matrix �(Ô) defined in Eq. (12). For example, for r = 2,
the operator can take the form Ô = n̂L−1n̂L + n̂L−2n̂L.

In summary, the procedure to generate a bound state is
the following. Consider a ZM subspace with three hypo-
thetical states that live in G�

n, whose area of support is
depicted qualitatively in Fig. 4(i). We perform a unitary
rotation using the operator Ô that yields a ZM, |ψBS〉, that
has support only on the set of vertices V1 [Fig. 4(ii)]. When
adding an additional site to the lattice, |ψBS〉 ⊗ |◦〉 remains
an eigenstate, as it has no support on V2 (green vertices),
and is thus unaffected by the new vertices (red) [Fig. 4(iii)].
As this model features nearest neighbor hopping, when one
adds a second site to the right boundary, only some red
vertices will be adjacent to the new vertices in G�+2

n , such
that |ψBS〉 ⊗ | ◦ ◦〉 will also remain an eigenstate. One can
repeat this process iteratively, which shows that the state
|ψBS〉 is right bound, as it is robust to the addition of an
arbitrary number of empty sites to its right. Additionally,
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ZM bound state 

 unitary 
rotation

1 site 
addition

ZM subspace

(i) (ii) (iii)

FIG. 4. Illustration of the procedure to construct a bound state within the zero mode subspace of the U(1) East model restricted to
the largest classical fragmentation sector. (i) Consider a set of zero modes {|ψ〉} on a graph G�

n of a lattice with � sites and n particles.
(ii) Rotate the subspace to construct a zero mode localized on the set of vertices V1 (blue vertices), |ψBS〉. (iii) Add one site to the
right boundary of the lattice, which yields the graph G�+1

n . Note that G�+1
n contains G�

n as an induced subgraph and also an extra set
of vertices of the form | · · · •〉 (red vertices). As the red vertices are only connected to the vertices in the set V2, the state |ψBS〉 ⊗ |◦〉
remains an eigenstate of the model, and thus, |ψBS〉 is a right bound eigenstate. For the U(1) East model, adding one site to the left also
yields the same graph, G�+1

n = G�+2
n , as no particle can reach that site, and thus, |ψBS〉 is not only right bound but is a full bound state.

adding empty sites to the left boundary leaves the graph
invariant, as the leftmost particle is always frozen, which
also makes |ψBS〉 left bound, and thus, a bound state.

2. Factorizable zero modes

In order to build factorizable eigenstates, we also need
a suitable decoupling state, which in this case is composed
of a string of empty sites. The minimum number of empty
sites needed to prevent coupling between adjacent bound
states is r + 1, where r is the range of the kinetic con-
straint. For example, for r = 2 and a state of the form
|ψ�1

n1 〉 ⊗ |◦ ◦ ◦〉 ⊗ |ψ�2
n2 〉, the leftmost particle in the bound

state |ψ�2
n2 〉 does not interact with the rightmost particle in

the bound state |ψ�1
n1 〉. In order to find these states numer-

ically, one can use the operator Ŵj = ∑r
t=0 n̂j +t to search

for inert configurations at different sites j of the lattice. In
analogy with bound states, the kernel of matrix �(Ŵj ),
defined in Eq. (12), will give the factorizable eigenstates,
while the total number will be the number of linearly
independent solutions obtained through this method.

Figure 5 shows the fraction of factorizable ZMs to the
total number of ZMs as a function of the number of parti-
cles, N , for the largest sector and r = 2, 3. For both ranges,
the fraction rapidly increases with N ; r = 2 seems to reach
a saturation value ∼0.7 while r = 3 exhibits an even-odd
modulated behavior and reaches ∼0.9 for N = 8. There
is always a remaining fraction of ZMs that cannot be
decomposed into smaller ZM bound states. Appendix A
contains supplementary data on the number of ZMs and

ZM factorizable eigenstates for the family of U(1) East
models. These results reveal the high degree of structure
of the ZM subspace: at each system size, a large propor-
tion of the ZMs can be constructed from ZM bound states
from smaller system sizes. Additionally, if these factor-
izable states are also bound, they can in turn become the
building blocks for more complex factorizable states when
increasing the system size further.

0.0
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0.4

0.6

0.8

1.0

3 4 5 6 7 8 9

East r = 2
East r = 3

N
F

S
/N

Z
M

N

FIG. 5. Ratio of factorizable zero modes to the total number
of zero modes as a function of the number of particles N for the
largest sector of the U(1) East model and r = 2, 3. The propor-
tion of factorizable zero modes increases with N , reaching a high
saturation value for r = 2 and exhibiting a modulated behavior
for r = 3. As the zero mode subspace grows exponentially with
N , any nondecreasing ratio NFS/NZM suggests that the number of
factorizable zero modes also increases exponentially with N .
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FIG. 6. Comparison of the energy differences |Ei − Ei+1|
between the (a) U(1) East and the (b) U(1) East-West models.
The factorizable eigenstates with nonzero energy are highlighted
by yellow crosses, and the exact degeneracies are fixed at 10−20

for visibility. The stronger kinetic constraints in the East model
allow zero mode bound states to affect the whole energy spec-
trum, giving rise to degenerate eigenenergies away from E = 0
due to factorizable eigenstates. (a) Largest sector for r = 2, N =
7, and L = 19 and (b) full Hilbert space for r = 2, N = 6, and
L = 16.

The U(1) East model presents a special feature: all
eigenstates are left bound states due to the kinetic con-
straint, as any leftmost particle with only empty sites on
its left is always frozen. As a result, the rightmost building
state in Eq. (13) can be an arbitrary eigenstate, as long as
it has the appropriate number of sites and particles. The
resulting state is a factorizable eigenstate that can have
nonzero energy, which leads to the appearance of addi-
tional degeneracies besides the ZM subspace. Figure 6(a)
shows the energy differences Ei+1 − Ei for r = 2 and N =
7 with the factorizable eigenstates with nonzero energy
indicated by yellow crosses and the exact degeneracies
fixed at 10−20 for visibility. For N = [3 − 7], all extra
degeneracies are due to the presence of factorizable eigen-
states, behavior that we expect to hold for arbitrary N . At
N = 7, only a pair of factorizable eigenstates do not come
from a degenerate subspace.

3. Classical and quantum fragmentation

The family of U(1) East models presents classical and
quantum Hilbert space fragmentation due to the pres-
ence of bound states and factorizable eigenstates. The first
mechanism of classical fragmentation, the localization of

the leftmost particle, appears due to the fact that all eigen-
states for a given system size are left bound. The second
mechanism arises from the largest sector of a sufficiently
dilute Hamiltonian Ĥ �

n such that � ≥ (r + 1)n − r. As the
particles cannot spread further to the right, all eigenstates
of Ĥ �

n are bound states, and one can form dynamically dis-
connected sectors by padding a bound state from a dilute
region with r + 1 empty sites such that the next particle on
the right becomes frozen.

As discussed above, the U(1) East models present addi-
tional bound states in the ZM subspace. Those do not
admit a product state basis, and thus the resulting frag-
mentation is quantum. Consider for example, the follow-
ing set of states for r = 2 [35], |ψ�1

BS〉 ⊗ |◦ ◦ ◦〉 ⊗ |ψ�2〉,
which is composed of a ZM bound state (e.g., |• • ◦ ◦ •〉 −
|• ◦ • • ◦〉/√2) separated by three empty sites from an
arbitrary eigenstate on �2 sites on the right. Each bound
state generates a dynamically disconnected sector with
nontrivial dynamics due to the arbitrary eigenstates on
the right. As the set of bound states on �1 sites, {|ψ�1

BS〉},
does not support a product state basis, the resulting frag-
mentation is quantum, as it is only apparent in a suitable
entangled basis.

4. Dynamical signatures

In this section, we briefly examine the consequences
of the presence of bound states on the dynamics of the
U(1) East model. We consider the time evolution of the
fidelity F(t) = |〈ψ0|ψ(t)〉|2 of a certain initial state |ψ0〉
with weight on a bound state and partial overlap with a
factorizable state. The initial state is given by the tensor
product

|ψ0〉 = |ψBS〉 ⊗ |◦ ◦ ◦〉 ⊗ |• ◦ • ◦ ◦〉, (14)

where |ψBS〉 is a bound state with four particles,

|ψBS〉 = 1
2
(|• • ◦ ◦ • ◦ ◦•〉 − |• • • ◦ ◦ ◦ ◦•〉)

+ 1
4
(|• ◦ ◦ • • • ◦◦〉 + |• ◦ • • ◦ • ◦◦〉

+ |• ◦ ◦ • ◦ • •◦〉 + |• • • ◦ ◦ • ◦◦〉
− |• • ◦ • • ◦ ◦◦〉 − |• • ◦ ◦ • • ◦◦〉
− |• ◦ ◦ • • ◦ ◦•〉 − |• ◦ • ◦ • ◦ •◦〉), (15)

and the right part is a product state that includes three
empty sites that implement the padding that decouples the
bound state from the particles on the right. Figure 7 depicts
the evolution of the fidelity of this initial state compared
to that of a random product state |f 〉. The fidelity of |ψ0〉
exhibits perfect revivals (solid gray line), while the fidelity
of the random product state decays rapidly to zero and fluc-
tuates near that value (solid purple line). These revivals
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are a direct consequence of the presence of bound states
and the quantum Hilbert space fragmentation they gener-
ate: the left part of the state is completely frozen such that
the dynamics are completely determined by the two par-
ticles on the right. As the dynamics only depend on the
right part of the state, analogous revivals can be obtained
by introducing other bound states on the left, regardless of
the number of physical sites or Fock states they occupy (a
similar case is analyzed in detail in Ref. [35]).

In order to check the robustness of the bound states, we
introduce a perturbation to the model, namely, we add a
term to the Hamiltonian that implements uncorrelated hop-
ping with strength ε, δĤ = ε

∑L−1
i=1 (ĉ

†
i+1ĉi + h.c.). This

term destroys both classical and quantum Hilbert space
fragmentation by adding hopping terms to the Hamilto-
nian which break the kinetic constraints of the U(1) East
model. As a result, the degeneracy of the ZM subspace is
partially lifted as the chiral mismatch lower bound [Eq.
(9)] becomes saturated (see discussion in Appendix B).
However, the effects of the fragmentation structure in the
unperturbed case persist up to relatively strong perturba-
tions. For the initial state |ψ0〉 and different perturbation
strengths ε = {0.1, 0.01}, Fig. 7 shows the evolution of the
fidelity in the perturbed model (top panel). Even for rela-
tively strong perturbations, ε ∼ 0.1, that are much larger
than level spacing, the state exhibits strong revivals which
indicate a long term memory of the initial state that is not
present for the random state in the absence of perturba-
tions (ε = 0). This indicates that the bound states are quite
robust to the addition of uncorrelated hopping terms.

The damping of the oscillations for ε > 0 can be directly
related to the leakage through the padding sites, which can
be observed in the expectation value 〈n̂9〉, the first empty
site of the padding (bottom panel of Fig. 7). For ε = 0.01,
the oscillations are barely damped, as 〈n̂9〉 barely grows
and stays below 0.04, while for ε = 0.1, the revivals decay
more rapidly, as 〈n̂9〉 grows much quickly, approaching
the random state value. In contrast, the leakage is exactly
zero at all times for the state |ψ0〉 and ε = 0, denoting
quantum fragmentation. In Appendix B, we examine the
consequences of another type of disorder, hopping disor-
der, which preserves a high lower bound on the number
of bound states. In Sec. IV D, we discuss further dynami-
cal signatures of bound states in another model, the U(1)
North-East model.

C. East-West model

In this section, we analyze the family of U(1) East-
West models, which present an additional kinetic term in
the Hamiltonian that restores inversion symmetry. While
these models also present bound states and factorizable
ZMs, inversion symmetry makes them different than those
found in the U(1) East models. First, we find an analyti-
cal description of bound states and describe the generation
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FIG. 7. Dynamical signature of bound states and quantum
Hilbert space fragmentation in the U(1) East model for N = 6
particles. Top panel: time evolution of the fidelity of an initial
state with support on a bound state, |ψ0〉 [Eq. (14)], and a ran-
dom product state | f 〉. The fidelity revivals are quite robust to the
introduction of an uncorrelated hopping term with perturbation
strength ε. The bottom panel shows that the damping of fidelity
revivals correlates with the particle leakage through the padding
sites, as represented by the expectation value 〈n̂9〉.

of factorizable ZMs. Then, we discuss the effect of these
states on the energy spectrum and the structure of the
Hilbert space.

1. Bound states

The inversion symmetry of the U(1) East-West models
can be used to analytically construct a ZM bound state for
arbitrary N and r. Let us first consider the case of two par-
ticles separated by r empty sites, for example, | • ◦ ◦ •〉
for r = 2, and assume that additional empty sites surround
this pair (not depicted here). Moving the particles closer
together generates the product states | ◦ • ◦ •〉, | • ◦ • ◦〉,
and | ◦ • • ◦〉, which form a symmetric diamond struc-
ture where only the inversion asymmetric states, | ◦ • ◦ •〉
and | • ◦ • ◦〉, are adjacent to the other vertices of the
graph. This structure supports a ZM of the form (| • ◦ ◦
•〉 − | ◦ • • ◦〉)/√2 that arises due to the destructive inter-
ference at the inversion asymmetric states, | ◦ • ◦ •〉 and
| • ◦ • ◦〉. One can generalize this ZM construction for an
arbitrary even range r by populating only the inversion-
symmetric states with the same amplitude and alternating
phases,

∑r/2
j =0(−1)j |◦〉⊗j |•〉|◦〉⊗(r−2j )|•〉|◦〉⊗j . For exam-

ple, for r = 4, the state is (| • ◦ ◦ ◦ ◦ •〉 − | ◦ • ◦ ◦ • ◦〉 +
| ◦ ◦ • • ◦ ◦〉)/√3. We represent these ZMs for r = 2, 4, 6
in Fig. 8, which illustrates how this pattern of destructive
interference is a direct result of the inversion symmetry of
the model. Note that this construction is not possible for
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FIG. 8. Representation of the two-particle zero mode bound
states for the U(1) East-West model for an arbitrary even range
r = 2, 4, 6, . . ., where the circle radii indicate the amplitude and
the color (green or purple) indicates the phase (π or 0, respec-
tively). This construction arises from destructive interference
induced by the inversion symmetry of the model, and it can
be generalized to an arbitrary number of particles, forming the
building blocks to construct arbitrarily large factorizable zero
modes.

odd r, as it requires a symmetric compressed state of the
form |◦〉⊗r/2|•〉|•〉|◦〉⊗r/2.

This ZM construction can be further generalized to
an arbitrary number of particles by using the most
diluted configuration, (|•〉 ⊗ |◦〉⊗r)⊗(N−1)|•〉, as a seed
state. For example, for N = 3 and r = 2, the seed state is
|• ◦ ◦ • ◦ ◦ •〉. The product states that are populated can
be obtained by taking each local particle pair in the seed
state, · · · |•〉|◦〉⊗r|•〉 · · · , and moving both particles closer
together such that the state remains symmetric with respect
to the center of the particle pair. These two-particle swaps
eventually yield the most compressed state and can be
performed for each particle pair independently, which gen-
erates many configurations. The amplitude will be constant
for all these product states, while the phase will be given by
the parity of the minimum number of two-particle swaps
required to reach the diluted configuration. For example,
for r = 2 and three particles, the phases of the product
states are the following: | • ◦ ◦ • ◦ ◦ • ◦ ◦ •〉 (zero particle
swaps, phase 0); | • ◦ ◦ ◦ • • ◦ ◦ ◦ •〉, | ◦ • • ◦ ◦ ◦ • ◦ ◦ •〉,
and | • ◦ ◦ • ◦ ◦ ◦ • • ◦〉 (1 particle swap, phase π ); | ◦ • •
◦ ◦ ◦ ◦ • • ◦〉 (2 particle swaps, phase 0). The resulting
state can be generated by a matrix product operator with
bond dimension χ = 3,

F̂ =
L−1
r+1∏

i=1

⎛

⎝1 −
r/2∑

j =1

(−1)j F̂ j
(r+1)i−r

⎞

⎠ , (16)

F̂ j
i = ĉiĉ

†
i+j ĉ†

i+r+1−j ĉi+r+1 + h.c. (17)

acting on the most diluted state (|•〉 ⊗ |◦〉⊗r)⊗(N−1)|•〉,
where F̂ j

i acts on the sites {i, i + r + 1}. The opera-
tor can be expressed in matrix product form as F̂ =
〈L| ∏(L−1)/(r+1)

i=0 M(r+1)i+1|R〉, where

Mi =
⎛

⎝
1 Â+ Â−

σ̂+
i 0 0
σ̂−

i 0 0

⎞

⎠ , (18)

with

Â+ = σ̂+
i

r/2∑

n=1

(−1)nσ̂−
i+nσ̂

−
i+r−n+1, (19)

and Â− = Â+†. The left and right vectors are |L〉 = |R〉 =
(1; 0; 0).

Here, we have discussed open boundary conditions.
However, as particle pairs can travel indefinitely in the
U(1) East-West model, periodic boundary conditions are
also a natural option to consider. In this case, one could
also construct ZM bound states by introducing additional
empty sites to the seed state to separate the first and last
particles, (|•〉 ⊗ |◦〉⊗r)⊗N .

2. Factorizable zero modes

The construction of factorizable eigenstates from these
bound states is similar to the U(1) East case: the decou-
pling states are strings of empty sites given by the range of
the model, |◦〉⊗(r+1), and they can be found numerically
as described in the previous section. However, there is
an important difference in the East-West models: arbitrary
eigenstates are not left bound, as both the right and the left
neighbors of a given particle can enable hopping. Thus, all
building states of a factorizable eigenstate must be bound
states, with the exception of the leftmost and rightmost
building states with open boundary conditions, which can
be merely right and left bound states, respectively. As a
consequence, there are no additional degeneracies besides
the ZM subspace, where all the factorizable eigenstates
reside [see Fig. 6(b) for r = 2, N = 6, and L = 16]. In
Table III of Appendix A, we summarize the number of ZM,
ZM bound states, and factorizable ZMs for different num-
bers of particles and increasing system size. Both types of
ZMs, bound states and factorizable eigenstates, exhibit an
approximately exponential growth in their number with the
size of the system.

In the U(1) East-West model, any state where all parti-
cles are separated by r + 1 or more empty sites is a bound
state and also a frozen state, as these are product states that
are dynamically disconnected from all other states. How-
ever, as there is no extensive number of bound states, as is
the case in the East model, there is no classical fragmenta-
tion. In addition to these frozen states, there are nontrivial
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ZM bound states generated by Eq. (18) that live in the
connected component of the many-body graph and can be
used to generate factorizable ZMs. Consider for example
the subspace of factorizable states |ψ�1

BS〉 ⊗ |◦〉⊗q ⊗ |ψ�2〉,
where the left state is a particular bound state on �1 sites
and the right state |ψ�2〉 is an arbitrary bound state on
�2 sites. As the states on the right |ψ�2〉 can only be
composed of ZM bound states, which are degenerate, the
unitary rotation into this subspace does not lead to quantum
fragmentation, with a sector with nontrivial dynamics, but
instead yields a set of frozen states with energy zero. That
is, the Hamiltonian matrix in this basis becomes partially
diagonalized as it presents a diagonal block of ZMs.

D. Generalization

In this section, we show that bound states are not a
particular feature of the U(1) East and East-West models
by briefly describing two additional models with distinct
properties. First, we discuss a two-dimensional (2D) gen-
eralization of the U(1) East model, the U(1) North-East
model, which hosts 2D bound states. Secondly, we discuss
the pair-flip model, an inversion-symmetric model that
lacks a U(1) symmetry related to particle-conservation,
which hosts bound states both within the zero mode sub-
space and at nonzero energies. These examples illustrate
the generality of our bound state construction discussed
above.

1. North-East model

Here, we consider a 2D version of the U(1) East model
for a kinetic constraint range of r = 1. A hard-core boson
can hop horizontally (x axis) or vertically (y axis) to its
nearest neighbor if it has both a particle below and one to
its left [see Fig. 9(i)]. The Hamiltonian reads

ĤNE =
∑

x,y

n̂x−1,y n̂x,y−1(ĉ†
x,y ĉx+1,y + ĉ†

x,y ĉx,y+1 + h.c.).

(20)

This model also presents chiral symmetry, as it contains
nearest neighbor hoppings that only couple opposite sub-
lattices, which leads to a ZM subspace that can host bound
states. Considering a square lattice, these sublattices form
a checkerboard configuration, such that the operator

Ĉ =
�L/2�∏

x,y=1

(2n̂2x,2y − 1)
�L/2�∏

x,y=1

(2n̂2x−1,2y−1 − 1), (21)

anticommutes with the Hamiltonian. Similarly to its 1D
counterpart, this model exhibits classical Hilbert space
fragmentation, as any particle that does not have enough
particles below or to its left is frozen. For example, all the
lowest particles in each column and the leftmost particles
in each row are frozen.

Bound state

North-East
Bound
state

Seed 
State

(i)

(iii)

(iv)

(ii)

FIG. 9. Bound states in the North-East model and their effect
on dynamics. (i) Diagram of the allowed hoppings in the U(1)
North-East model. (ii) Graph of the largest sector with N = 9
particles in L = 16 sites with two zero mode bound states, which
are represented with the circle radii indicating the amplitude and
the color (green or purple) indicating the phase (π or 0, respec-
tively). Time evolution of the (iii) fidelity and the (iv) local
occupation number 〈n̂2,2〉 for N = 13 particles in L = 25 sites
for the product state |f1〉 belonging to the bound state in Eq. (22)
and the average of 50 random product states. The dashed green
line in (iv) represents the infinite-temperature expectation value,
around which the expectation value of the random states oscil-
lates. The seed state that generates the sector and the measured
site, x = y = 2, are represented as insets.

In this model, we can consider the generalization of
bound states to 2D. In the graph formalism, the concept is
the same: a bound state is an eigenstate that is localized to a
part of the graph which remains unchanged when increas-
ing the size of the system, i.e., it has no weight on the set of
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vertices V2, which acquire new edges in the larger graph.
In the square lattice, the vertices in V2 have a particle in the
top row or the right column, which is mobile, with a par-
ticle below and one to its left, |• •∗ •〉. Note that all states are
robust to increasing the system to the left and to the bot-
tom, as the particles in those boundaries are always frozen.
Here, bound states can arise because the increase in the
degrees of freedom in 2D is compensated by the stronger
kinetic constraint, which reduces the number of edges in
the graph and thus the number of vertices in V2. Figure
9(ii) presents the graph of the largest sector of the system
with N = 9 particles in L = 16 sites with colored vertices
indicating the sets V1 (blue) and V2 (green). This sector is
obtained from the domain wall seed state in 2D [see inset
in Fig. 9(ii)].

The graph presents several tree structures that host zero
modes compactly localized in a few vertices, similar to
those appearing in Erdős-Rényi random graphs [28]. As
those states only populate the blue vertices, they are bound
states. These tree structures naturally appear on the graph
of this model due to its 2D nature: a mobile particle that can
move to either the right or to the top, creates a bifurcation
that can host a zero mode,

∣∣∣
◦ • ◦• ◦ ◦◦ • ◦

〉
↔

∣∣∣
◦ ◦ ◦• • ◦◦ • ◦

〉
↔

∣∣∣
◦ ◦ ◦• ◦ •◦ • ◦

〉
=⇒

∣∣∣
◦ • ◦• ◦ ◦◦ • ◦

〉
−

∣∣∣
◦ ◦ ◦• ◦ •◦ • ◦

〉

√
2

.

Then, the combination of this configuration with other
mobile particles generates more complex tree structures,
as those depicted in Fig. 9(ii). For this case, 23 out of 24
ZMs are bound states due to the low number of vertices in
V2.

Figures 9(iii) and 9(iv) illustrate the effect of these tree
structures on a quench in a sector with N = 13 particles
in L = 25 sites [see sector seed in Fig. 9(iii)]. This sector
hosts the following ZM bound state in a tree structure

|f1〉 − |f2〉√
2

=

∣∣∣∣
◦ ◦ • ◦ ◦• ◦ ◦ • ◦• ◦ ◦ • ◦• ◦ • • •• • • • ◦

〉
−

∣∣∣∣
◦ ◦ • ◦ ◦• ◦ ◦ • ◦• • ◦ • ◦• ◦ ◦ • •• • • • ◦

〉

√
2

. (22)

We quench the system to the first of these two product
states, |f1〉, and compare their evolution to the averaged
evolution of 50 random product states in terms of the (iii)
fidelity and the (iv) expectation value of a local density for
a single site, 〈n̂2,2〉 (indicated in the inset). As |f1〉 has a
50% weight on the bound state, its fidelity remains around
0.25 throughout time evolution, while the fidelity of ran-
dom product states rapidly decays to a small value close
to zero as the states spread across the whole Hilbert space.
Thus, a snapshot measurement of the whole system would
show a high concentration on the particle configurations in
Eq. (22), with measurement outcomes robust to increas-
ing the size of the system. The expectation value 〈n̂2,2〉

for the random states reaches a saturation value around
0.48, which corresponds to the infinite temperature expec-
tation value of the occupation of the site x = y = 2 for that
Hilbert space sector. In contrast, 〈n̂2,2〉 fluctuates around
0.25 for |f1〉, as part of the population remains trapped in
the bound state, which does not have this site occupied.
Thus, the presence of bound states makes this model retain
some memory of the initial state for some special initial
states, which can be detected through local observables.

2. Pair-flip model

In this section, we discuss the pair-flip model, a 1D
chain of hard-core bosons with inversion symmetry and
without particle conservation. The Hamiltonian reads

ĤPF =
∑

j

n̂j +1

(
ĉ†

j ĉ†
j +2 + ĉj +2ĉj

)
, (23)

such that the only allowed process is |◦ • ◦〉 ↔ |• • •〉: if
there is a particle in the center site and the pair of adja-
cent sites have the same state, the state of this pair of sites
can be flipped. This model is the dual of a modified ver-
sion of the U(1) East-West model, as it can be obtained by
mapping the sites to the bonds of the original lattice [23].
It also has chiral symmetry, {Ĉ, ĤPF} = 0, given by the
operator Ĉ = (−1)N̂ (N̂−1)/2, where N̂ = ∑

i n̂i is the total
particle number operator. The strong kinetic constraint in
this model yields a classical fragmentation pattern that can
be characterized in terms of irreducible strings [23]. As
flips require the presence of a particle, the largest sector
is generated by the seed configuration where all sites are
occupied, as this maximizes the number of possible flips.

As this model does not conserve the particle number,
increasing the size of the system corresponds to adding
either an empty or filled site. Table I shows the con-
figurations in the rightmost boundary that belong to the
vertex sets V1 and V2, while those of the left boundary
can be obtained by reflecting those configurations. The
vertex always belongs to V1 if the last site is empty, as
this prevents dynamics involving the extra site. If the last
site is occupied, the vertices in V1 will be the ones where
the added site is not in the same configuration as the
second-to-last site, which also prevents dynamics.

The graph of the Hamiltonian exhibits many diamond
and tree structures whose bifurcations reflect which pairs

TABLE I. Boundary conditions to generate bound states. Par-
ticle configurations in the vertex sets V1 and V2 for the right
boundary of the pair-flip model.

Add a filled site Vertex set Add an empty site Vertex set

|· · · ◦ •〉 ⊗ |•〉 V1 |· · · ◦ •〉 ⊗ |◦〉 V2
|· · · • •〉 ⊗ |•〉 V2 |· · · • •〉 ⊗ |◦〉 V1
|· · · ∗ ◦〉 ⊗ |•〉 V1 |· · · ∗ ◦〉 ⊗ | ◦〉 V1
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Pair flip model

(i)

(ii)

(iii)

(iv)

FIG. 10. Simplest bound states in the pair-flip model. The cir-
cle radii indicate the amplitudes, and the colors (green or purple)
indicate the phase (π or 0, respectively). The graph in (iv) hosts
two states with nonzero energy, as represented by the upper and
lower semicircles.

of sites are flipped. These structures can host localized
eigenstates due to the presence of destructive interfer-
ence, and, if only vertices in V1 are populated, these states
become bound states by sequentially adding the allowed
configurations in Table I. Figure 10 depicts the smallest
configurations of particles and their graphs that generate
these localized states. If only two pairs of particles can be
flipped, this generates a diamond structure [Fig. 10(i)]. On
the other hand, 5 consecutive filled sites generate a dan-
gling tree structure [Fig. 10(ii)], and 6 consecutive filled
sites generate a dangling diamond [Fig. 10(iii)]. One can
combine these simple configurations with other unfrozen
configurations to form more complex trees. These trees can
host not only ZMs but also states at nonzero energy, which
can also form bound states [see Fig. 10(iv)].

V. DISCUSSION

In this work, we studied the zero mode (ZM) subspace in
kinetically constrained models in the presence of both chi-
ral symmetry and U(1) conservation. First, we show that
Hilbert space fragmentation notably increases the lower
bound on the size of the degenerate subspace predicted
by U(1) and chiral symmetry. This yields a ZM subspace
whose dimension increases exponentially with the size of

the system. In order to study the structure of such a sub-
space, we propose a definition of a collective bound state
which extends the notion of single-particle compact local-
ized states [40–55] to many-body systems. We establish
the sufficient conditions for the existence of these states
and discuss how they might arise in degenerate subspaces.
Finally, we also argue that bound states may be used as
building blocks to construct factorizable eigenstates that
feature zero entanglement across certain real-space cuts.

We then demonstrate that our sufficient conditions for
the existence of bound states are satisfied in two families
of toy models, namely the U(1) East and U(1) East-
West models. While both of the considered models feature
U(1) particle conservation, our construction is general and
can be applied to other models. In order to demonstrate
the generality of our construction, we briefly examine
two additional models with quite distinct properties. In
the North-East model, we show the existence of two-
dimensional bound states, and in the pair-flip model, we
show that bound states can also arise in the absence of a
U(1) symmetry related to particle conservation, and that
they can have both zero and nonzero energy. Furthermore,
we demonstrate the influence of bound states and factor-
izable zero modes studied in our work on the physical
properties of the system, such as dynamics from simple
initial states. In this respect, they bear a parallel to quan-
tum many-body scars [10,26,69,70], but have a different
physical origin.

The models considered in our work are realizable on
digital quantum platforms by mapping hard-core bosons
to qubits and trotterizing the Hamiltonian. While time dis-
cretization may lead to additional overhead, we expect the
dynamical signatures of simple bound states and Hilbert
space quantum fragmentation to be robust with relatively
large time steps. For example, the range r = 1 U(1) East
model can be implemented with a brickwork circuit of uni-

tary gates U = e−iθ
[
n̂j

(
c†

j +2cj +1+H.c.
)]

, which correspond to
a three-qubit control partial swap gate of the form |0〉〈0|c ⊗
Iab + |1〉〈1|c ⊗ e−i(θ/2)(σ x

a σ
x
b +σ y

a σ
y
b ), where σ x,y

a,b denote Pauli
matrices, also known as a generalized Fredkin gate [71].
This gate is realizable on digital quantum platforms, either
natively, in neutral (Rydberg) atom arrays [72], or by
decomposition, using superconducting qubits [73].

Bound states also naturally connect to Hilbert space
fragmentation [26] and may provide new insights into this
phenomenon. For example, in the U(1) East model, it is
possible to differentiate between classical and quantum
fragmentation by considering the entire family of bound
states on some fixed number of sites. If the space spanned
by these bound states admits a product state basis, then the
construction leads to classical fragmentation; if it does not,
then it leads to quantum fragmentation. Furthermore, the
same mechanism works in the PXP model and charge and
dipole conserving models, where bound states are simply
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the eigenstates for which adding an extra site results in an
inert configuration, thus leading to fragmentation. There-
fore, studying bound states in other models could lead to a
new approach to both finding and distinguishing between
classical and quantum fragmentation.

Additionally, dynamical symmetries, corresponding to
operators Ĵ , that fulfill the following commutation rela-
tion with the Hamiltonian, [Ĥ , Ĵ ] = ωĴ [74–77], naturally
arise from the collective bound states and factorizable
states. Take the projector Ĵ = |ψ�

1 〉〈ψ�
2 | ⊗ |◦ ◦ ◦〉〈◦ ◦ ◦| ⊗

1, built from two bound states with the same number
of particles and sites, a padding configuration, and the
identity acting on the remaining sites on the right. This
projector, which is localized on a few sites, commutes
with the Hamiltonian, [Ĥ , Ĵ ] = 0, and is thus a localized
dynamical symmetry with ω = 0. Dynamical symmetries
have been shown to lead to persistent oscillations and can
be used to compute autocorrelation functions [78], out-
of-time-ordered correlators [79,80], and quenches [81]. It
is an interesting open question if the dynamical symme-
tries emergent from collective bound states can be used
to obtain new analytical insights into the dynamics of the
U(1) East models.

Note added. During the final stage of preparing this
manuscript, two related works [27,28] appeared on arXiv,
while a third work appeared shortly afterwards [29]. These
studies investigate analogues of compact localized states in
many-body quantum systems. Using the terminology intro-
duced in our work, these states may be potential candidates
for realizing collective bound states, provided they remain
stable under spatial extension of the system.
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APPENDIX A: COUNTING OF ZERO MODES

In the main text, we have considered particular cases
of the U(1) East and U(1) East-West models. Here, we
illustrate how the appearance of bound states and fac-
torizable eigenstates in the ZM subspace generalizes to
other instances of these families of models. Table II gives
the number of factorizable ZMs for the U(1) East model
with ranges r = 1, 2, 3. We consider the largest sector of
the Hilbert space for different numbers of particles, N ,
and numbers of sites L = (r + 1)N − r. We indicate the
mismatch M within the largest sector, the number of
ZMs, NZM, and the number of factorizable eigenstates NFS.
For this particle filling, all ZMs are bound states, and
all ranges, r = 1, 2, 3, exhibit ZM factorizable eigenstates,
with their numbers increasing with the number of par-
ticles for both r = 2, 3. Table III presents the ZM state
counts for the largest sector of the U(1) East-West model
with r = 2, i.e., excluding the frozen states. As this model
does not have a natural lengthscale, we consider a range
of system sizes L ∈ [10, 17] for each number of particles,
N = 4, 5, 6. For both N = 4 and N = 5, the number of
bound states and factorizable eigenstates increases with the
size of the system. In both families of models, bound states
and factorizable eigenstates can exist even for M = 0, as

TABLE II. Number of zero modes, NZM, and factorizable eigenstates, NFS, in the largest sector of the U(1) East model with ranges
r = 1, 2, 3. For each number of particles we consider L = (r + 1)N − r sites and we indicate the mismatch after fragmentation in the
considered sector, M.

r = 1 r = 2 r = 3

N L M NZM NFS L M NZM NFS L M NZM NFS

2 3 0 0 0 4 1 1 0 5 0 0 0
3 5 1 1 0 7 2 2 0 9 2 2 0
4 7 0 0 0 10 3 7 2 13 0 4 2
5 9 2 2 0 13 7 11 6 17 9 11 3
6 11 0 4 1 16 12 22 15 21 0 12 8
7 13 5 7 3 19 30 58 39 25 52 68 20
8 15 0 4 2 22 55 127 91 29 0 62 56
9 17 14 16 3 25 143 315 210
10 19 0 10 6
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TABLE III. Number of ZMs, NZM, bound states, NBS, and factorizable eigenstates, NFS, in the largest sector of the U(1) East-West
model for N = 4, 5, 6 particles and r = 2. For each number of particles we consider L = [10 − 17] sites and we indicate the mismatch
after fragmentation in the considered sector, M.

N = 4 N = 5 N = 6

L M NZM NBS NFS M NZM NBS NFS M NZM NBS NFS

10 10 10 1 0 0 0 0 0 10 10 0 0
11 10 14 5 3 10 10 0 0 10 10 0 0
12 15 27 15 12 0 0 0 0 20 20 0 0
13 14 46 34 30 15 15 1 0 20 20 0 0
14 20 80 65 61 0 6 6 4 35 35 0 0
15 18 126 111 107 21 39 21 18 35 35 0 0
16 25 193 175 171 0 56 56 52 56 56 1 0
17 22 278 260 256 27 147 125 121 56 62 7 5

a nonzero mismatch only provides a lower bound to the
number of ZMs.

APPENDIX B: BOUND STATE AND ZERO MODE
ROBUSTNESS

In this Appendix, we examine the stability of zero
modes and bound states in the U(1) East model against per-
turbations. We consider two classes of perturbations that
preserve chiral symmetry: perturbations that preserve the
kinetic constraints and perturbations that do not. As an
example of a perturbation that does not affect the kinetic
constraints, one can introduce randomness in the hopping
terms. The Hamiltonian for the range 2 model with random
tunneling terms reads

ˆ̃H2,E =
L−1∑

i=2

(1 + gωi)(n̂i−1 + n̂i−2 − n̂i−1n̂i−2)(ĉ
†
i ĉi+1

+ h.c.), (B1)
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FIG. 11. Robustness of bound states and zero modes against
tunneling disorder for the U(1) East model. We depict the num-
ber of bound states and zero modes for a single random disorder
realization with r = 2, N = 7 particles in L = 18 sites as a
function of the disorder strength g. The dashed horizontal lines
indicate the number of unperturbed zero modes and bound states.

where ωi ∈ [−0.5, 0.5] is a random number that we draw
from a uniform distribution, and g is the disorder strength.
Figure 11 shows the number of zero modes and bound
states as a function of the perturbation strength g for the
range r = 2 model with N = 7 particles in L = 18 sites. As
an example, we show a typical disorder realization, which
shows how both types of states are robust to tunneling
disorder. The number of zero modes only decreases from
32 to 30 and stays constant at this value for any nonzero
disorder strength. Similarly, the number of bound states
decreases from 19 to 16, but it exhibits fluctuations above
the lower threshold, which increase for strong disorder
strengths away from the perturbation regime.

As an example of a perturbation that affects the kinetic
constraints, we add a term to the Hamiltonian that imple-
ments uncorrelated hopping. The range r = 2 case reads

ˆ̃H2,E =
L−1∑

i=2

[
(n̂i−1 + n̂i−2 − n̂i−1n̂i−2)(ĉ

†
i ĉi+1 + h.c.)

+ε(ĉ†
i+1ĉi + h.c.)

]
, (B2)

where ε is the strength of the perturbation. For any ε > 0,
the Hilbert space is no longer fragmented, which partially
lifts the degeneracy of the ZM subspace. In Fig. 12, we
inspect this process by considering an energy window,
[−�, +�], where � is the mean-level spacing for highly
excited states close to zero energy in the unperturbed
case. We plot the number of states within this energy
window normalized to the number of unperturbed ZMs,
N∼ZM/NZM, as a function of the perturbation strength ε for
different numbers of particles. The inset shows the collapse
of the curves when the perturbation strength is scaled to the
mean-level spacing, which decreases exponentially with
the system size. As the perturbation preserves chiral sym-
metry, the number of states N∼ZM does not decay to one, as
it is lower bounded by the chiral mismatch [Eq. (9)]. In all
cases, this lower bound of ZMs is saturated, which we also
expect to hold for larger system sizes. As the mismatch
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FIG. 12. Lifting of the degeneracy of the zero mode subspace
for the U(1) East model with r = 2 with an uncorrelated hop-
ping perturbation. Number of states with energy E ∈ [−�, +�],
N∼ZM , where � is the average level spacing of the excited states
close to zero energy in the unperturbed model normalized to the
number of unperturbed ZMs, NZM, as a function of the pertur-
bation strength ε. The inset shows the collapse of the curves
with different numbers of particles N for a perturbation strength
rescaled by the average level spacing �.

grows exponentially with the system size but at a lower
rate than the number of ZMs in the unperturbed U(1) East
model (see Fig. 3), we expect the ratio N∼ZM/NZM to go to
zero for N → ∞.

In summary, hopping disorder preserves both chiral
symmetry and kinetic constraints and barely affects the
number of ZMs and bound states of the model. Uncorre-
lated hopping only preserves chiral symmetry but not the
kinetic constraints, such that the enhancement of the num-
ber of ZMs given by the fragmentation in the unperturbed
U(1) East model is lost. However, as discussed in the main
text, the initial states with a high overlap with a bound state
and factorizable eigenstate exhibit fidelity revivals even in
the presence of uncorrelated hopping. For more generic
perturbations that might not preserve the chiral symmetry,
bound states are not expected to be robust. For example,
a random on-site potential of the form gωi

∑
i n̂i removes

chiral symmetry, which makes the zero-mode subspace
that hosts the bound states disappear. Still, the dynami-
cal signatures of bound states might be resilient to small
enough chirality-breaking perturbations as they are for the
case of uncorrelated disorder.
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