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How functional protein sequences are distributed in sequence space is fundamentally
important for evolutionary theory and protein design, particularly if a large diversity of
protein functions are hidden in evolutionarily unexplored areas of the sequence space.
However, this question is understudied in part because experimental and computational
studies use extant sequences as a starting point to study sequence space. Here, we study
whether extant sequences are representative of the entire functional sequence space.
Across thousands of protein families from vertebrates and bacteria we calculate the
dimensionality and the volume of sequence space occupied by extant homologs. We find
that the observed dimensionality and volume of extant sequence space are minuscule,
many orders of magnitude smaller than what we estimated using a model of protein
evolution. Simulating sequence evolution we then quantify the impact of phylogeny,
selection, and epistasis on restricting the evolutionary exploration of sequence space. We
find that sequence evolution from a single common ancestor, or a single point of origin
in sequence space, is by far the largest limiting factor that reduces the dimensionality
and volume of extant sequence space. These results indicate that there are vast areas
of functional sequence space that have not been explored in evolution because of the
excessive restrictions on natural exploration of the protein sequence space imposed by
the point of origin effect. We suggest that protein design methods that rely on extant
sequences may be limited in their ability to discover truly novel functions.

protein evolution | sequence space | protein function | dimensionality

'The advent of complex statistical data analysis and Al is changing how we study and design
protein molecules (1). Among the successes of the application of Al is its ability to accu-
rately predict protein structure from sequence (2, 3). However, Al tools have not yet
reached the same level of success when tasked with predicting higher-level functions, such
as enzymatic activity or fluorescence (1). Existing approaches can accurately predict the
functionality of sequences that contain several mutations relative to known natural
sequences (4). However, despite individual success stories (5, 6), even function-specific
models cannot accurately predict functional sequences with many different mutations
relative to known sequences (7). A common approach is to train Al models on all natural
protein sequences (8) and have them predict sequences with a desired property that have
not occurred in evolution, in a similar manner that AlphaFold predicts structure. It is
unclear to what extent this approach may work because even the vast numbers of available
natural sequences represent a small proportion of all possible sequences (1).

AT models that were trained on natural sequences may be able to generalize more broadly
if natural sequences are representative of the properties of functional sequences as a whole
(9). Natural sequences are the products of molecular evolution, thus, an evolutionary
context of how natural sequences evolve is important for understanding the relevance of
natural sequences for generalized Al model training. Depending on the nature of the
fitness landscape, the distribution of natural sequences may be ecither rather limited, or
be vast and contain enough information for AI models to generalize across the entire
sequence space. In evolutionary biology, these issues have been studied for almost a century.
Thus, we provide a brief review of the issue of natural sequence distribution from the
perspective of evolutionary theory.

Sequence space—an abstract space of all possible amino acid sequences—is high-
dimensional and astronomically large (10, 11). Natural, extant protein sequences of any
given protein family are somehow distributed in this sequence space (12, 13), and this
distribution is the result of evolution from ancestral sequences (14). Over the course of
evolution protein sequences must remain functional to contribute to organisms’ fitness.
Thus, the distribution of extant sequences in sequence space forms a continuous network
of high fitness (15-19) that corresponds to the phylogenetic trajectory of how the protein
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sequences evolved in that sequence space. While the mechanisms
governing how sequences evolve have been the subject to extensive
scrutiny (20, 21), less attention has been given to how molecular
evolution shapes the resulting distribution of extant sequences in
sequence space (refs. 13, 14, and 22-25).

Due to the multidimensional and abstract nature of the
sequence space, it is prudent to define terms and construct a men-
tal picture of the subject of our research. The entire sequence space
is an abstract representation of all possible protein sequences.
However, protein length can vary extensively, so it is not conven-
ient to project the smallest and the largest proteins into the same
sequence space. Therefore, here we consider separately the
sequence space of individual protein families consisting of align-
able homologues. Thus, for an alignment of homologous sequences
with a roughly constant length L, the protein family can be rep-
resented in an L-dimensional space with 20" possible sequences.

Not all of these 20" sequences are functional, indeed, a vast
majority of them are not. Conversely, functional sequences are
extremely rare, with estimates of the proportion of functional
sequences for a handful of protein families range from 107" to
107'%° (26). From an evolutionary perspective, functional protein
sequences can be classified into four different types (Fig. 14): 1)
extant sequences, those found in currently living organisms (green
dots), some of which may have already been sequenced; 2) ances-
tral sequences (orange phylogeny), which were evolutionary pre-
cursors to extant ones; 3) extinct sequences, those which have not
led to any extant descendents (red branches on phylogeny); and
4) functional sequences that never existed (blue area).

When the fitnesses of all sequences are known, the resulting
shape is often referred to as the fitness landscape (10, 11, 18)
because it can be characterized by low-fitness valleys and
high-fitness ridges. Understanding the shape of the entire fitness
landscape, therefore, requires a definition of fitness for all sequences
in sequence space, regardless of whether or not those sequences
are functional or have ever existed. Complex fitness ridges emerge
among the fitness valleys due to epistasis, which, at the most basic
level, is the interaction between different allele (amino acid) states
at different loci (sites). Mathematically speaking, a nonepistatic
fitness function is €”, where P =x, + x, + ... + x,, x, is the fitness
contribution of allele x,, at site n. The reason why an exponential
function represents a nonepistatic case is because it ensures that
each allele impacts fitness independently from all other alleles at

other loci, so that the effect of an allele that increases fitness by
10% in one genetic context will have exactly the same effect in all
other contexts.

Conversely, any deviation from this exponential function is
defined as epistasis, with simple deviations, such as faster or slower
than exponential growth representing simple, or unidimensional,
epistasis. When a unidimensional function cannot be used to
define the fitness of any genotype in sequence space the fitness
landscape has fitness valleys and ridges (11, 18, 19, 28-31) driven
by complex, multidimensional forms of interaction between alleles
at different sites. Maynard Smith’s powerful analogy (15) for
sequence space helps to build an intuition of how context depend-
ence leads to complex fitness landscapes (32, 33). Several trajec-
tories between English words WORD and GENE can be made,
whereby only a single letter is changed at a time and only existing
words in the English language are acceptable, i.e., have high fit-
ness. These trajectories represent ridges of high fitness, surrounded
by nonsensical four letter word combinations, representing the
fitness valleys. The contribution of different letters at each position
is highly context-dependent; for example, the substitution of
O —> E at the second site has low fitness in the context of W _ RD
but has high fitness in the context of G _ NE. Such context
dependence, frequently detected in protein sequences (34), shapes
the fitness landscape in interesting and nontrivial ways (35). The
fitness landscape may contain independent, unconnected fitness
ridges (36, 37) surrounded by vast valleys of low fitness. The fitness
ridges themselves may be large but porous, or “holey” (38). Thus,
the functional sequence space may be sparse, i.e., not monolithic,
such that most functional sequences have more nonfunctional
sequence neighbors than functional ones, and yet functional
sequences may be found at substantial distances from each other
in sequence space (18, 28, 34).

Three empirical approaches can be used to ascertain the nature
of the fitness landscape. The first is to experimentally measure the
fitness or function of a set of sequences with deep mutational
scanning (39, 42, 43) or directed evolution [(44, 45) and refer-
ences within]. The second is to use extant sequences to calculate
a set of parameters to infer the nature of the fitness landscape (34,
46, 47). Finally, one can use extant sequences to build generative
computational models of the fitness landscape. Explicit models
such as Potts or Direct Coupling Analysis (48—50) specify fitness

as an interpretable function of site-specific amino acid frequencies
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Fig. 1. The dimensionality and volume of sequence space. (4) Conceptual representation of the four different types of functional sequences. In sequence
space (black square), extant sequences (green) represent a tiny subset of functional sequences that occurred in evolution (orange and red phylogeny), and
even smaller than the unknown subset of all possible functional sequences (blue area). The green outline represents the space defined by extant sequences.
(B) Maximum expected dimensionality of functional sequence space as a function of the fraction of allowed amino acid states, a. The effective topological
dimension is calculated as the log,, of possible number of sequences of length 300 with 20« possible amino acids per site (brown dashed line) and a binomially
distributed amino acid usage across sites with mean 20« (red solid line). The dashed line is adapted from (27) with x axis changed from number of amino acid

types to a.
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and pairwise couplings, while implicit ones, including variational
autoencoders (51) and the variety of protein language models
(1, 52) learn high-dimensional representations of sequence space,
from which fitness can be inferred.

In practice, all of these approaches characterize local areas of
the fitness landscape much better than they can extrapolate to
larger, global fitness landscapes. The definitions of local and global
areas of the fitness landscape are not precise, nevertheless, these
terms are useful in a variety of contexts (53). A local area of the
fitness landscape signifies a specific limited area of the sequence
space. For example, experimental assays that survey the function
of genotypes in proximal vicinity to a specific sequence survey the
local fitness landscape (ref. 41). A truly global fitness landscape
would encompass the entire sequence space of all possible proteins.
The complete sequence space of an entire protein, or protein fam-
ily, is also a rather global fitness landscape. However, no clear
threshold of similarity that would distinguish a local and a global
landscape exists, and a formalistic definition, such that a local
landscape is an area within 10% sequence divergence from some
point, is not useful. Yet we understand that the shape and prop-
erties of the local and global fitness landscapes may be quite dif-
ferent (7, 40, 54). It is also conceivable that some intermediate
fitness landscape scale between the local and global may have its
own utility. Perhaps a useful way to think about fitness landscapes
is to consider a continuum of locality, starting from immediate
single-nucleotide neighbors as the most local space that expands
to the entire sequence space on the ultimate, global end of this
continuum (55, 56).

Deep learning and Al-driven approaches have the best track
record in predicting functional sequences from available data
(5, 6,40, 42, 57-60), in part because they are designed to depart
from the study of the local areas of the fitness landscape restricted
to extant sequences and a few of its experimental derivatives (7).
However, these approaches are in their infancy and have not yet
led to robust descriptions of global features of the fitness landscape.
Moreover, despite certain ability to generalize, even most sophisti-
cated generative models are biased toward their training data which
are limited to the evolutionary sequence records (1, 61). To what
extent the reliance of training on natural sequences fundamentally
limits these models depends, on the one hand, on the interplay
of selection and epistasis, and, on the other hand, on evolutionary
contingency of nature having explored a sufficient area of the
sequence space. If extant sequences occupy a large area that is
representative of the sequence space as a whole, it may be possible
to create generalizable models from natural sequence data. By
contrast, if protein sequence space is defined by complex fitness
landscapes and natural sequences do not reveal all possible aspects
of complex epistatic interactions of that landscape then models
relying on natural sequences may never be able to generalize using
natural sequence data alone.

Thus, there is a persistent need to elucidate the global properties
of the fitness landscape. As a case in point we have hardly pro-
gressed in answering the four fundamental questions about the
fitness landscape that were formulated by John Maynard Smith
half a century ago (15): 1) Are all extant sequences located on the
same fitness ridge? 2) Did evolution pass through fitness valleys?
3) What fraction of functional sequences has been explored by
evolution? 4) What fraction of functional sequences are inacces-
sible? Here, we consider the geometric properties of the sequence
space occupied by extant sequences to determine whether natural
sequences are sufficiently representative of the global fitness
landscape.

PNAS 2026 Vol.123 No.14 2532018123

Results

Estimating Dimensionality of Extant Sequence Space. We follow
a similar approach employed previously on a smaller number of
sequences (23, 55) and calculate the intrinsic dimension of extant
sequence distribution in sequence space. In discrete sequence
space every protein site corresponds to a dimension axis with 20
possible states (amino acids) with the maximum dimensionality
equal to the total sequence length. The effective dimensionality
of the occupied sequence subspace can be obtained by calculating
the intrinsic dimension—a measure of the number of axes that
describe the underlying space. Correlation dimension (D,,,) is
one of the estimators of the intrinsic dimension and is calculated
by measuring how the number of pairs of points N (r) within a
certain distance 7 grows as that distance increases: V() ~ yPeor
(62, 63) (Fig. 2 and SI Appendix, Methods). As a distance-based
measure, correlation dimension depends both on the number of
variable sites and the amino acid usage, U, the average number of
different amino acids found at each site. Correlation dimension
allows “stacking” of partially occupied dimension axes of different
sites, leading to the estimate which might be smaller than the
number of variable sites. This contrasts with the topological

sequence dimension (D,,,), which we define as the number of

top
sites with nonzero amino acid variation, independent of U.

The volume or size of occupied sequence space can be calculated
from dimensionality as V' = 7, Per, where 7, is the maximum

distance between two sequences in a given family in amino acids.
We derive the relationship D, ~ log; (V) = logy; (7, oo linking
the estimated correlation dimension to topological sequence dimen-
sion under the assumption of uniform usage of U amino acids per
site (81 Appendix, Methods). To compare the space sizes of different
protein families we define effective topological dimension (similar
to the notion of “effective” sequence length in ref. 65) which uses
the common base of the logarithm 20—for the maximum possible
amino acid usage. To demonstrate the logic behind this, consider
the following example. A set of sequences of length 11 varying at
all sites with an amino acid usage of only five and an effective top-
ological dimension of ~7.5 will occupy the same amount of sequence
space (and correspond to the same number of sequences) as a set of
sequences of length six having maximal usage of 20 at each site
(81 Appendix, Fig. S5B). Topological sequence dimension (equal to
sequence length) for the same example would overestimate the
amount of occupied space for the first set by five. Throughout the
text we use the effective topological dimension as a more intuitive
measure, which we calculate from the correlation dimension (which
we report in SI Appendix).

Selective constraint reduces the dimensionality of the sequence
space. For example, strong purifying selection that allows only a
single amino acid at an invariable site reduces the topological
dimension of sequence space (66). Similarly, variable sites in which
natural selection restricts evolution to accepting fewer than 20
amino acids will have a lower correlation dimension. Thus, the
maximum theoretical dimensionality of a protein family strongly
depends on «, the fraction of allowed amino acid states at any
given time (Fig. 1B). Protein families typically have very few invar-
iable sites and many have a relatively high o (67), which can be
approximated using the rate of protein evolution (dN/dS > 0.2,
SI Appendix, Methods). These observations lead to a naive expec-
tation that protein family sequence distribution would have a high
correlation dimension. However, for a handful of proteins the
dimensionality was estimated to be at least an order of magnitude
smaller than the theoretical maximum (23, 55). Here, we expand
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Fig. 2. Correlation dimension on points and protein sequences. Top: points simulated in 1D (circle), 2D (surface of the sphere) and 3D (volume of the sphere).
Middle: projections of the metric multidimensional scaling embeddings of ~200 sequences for three protein families in 3D. Bottom: curves used for correlation
dimension estimation (also called correlation integrals) for corresponding sets of points from the Top (blue) and Middle (red) panels and the estimated correlation
dimension D, + 95% CI (Insets, calculated as a slope of the depicted regression line log(N(r)) = D, log(r) + const, S/ Appendix, Methods). The corresponding
effective topological dimensions for shown protein families are 1.27, 3.26, 4.17 (Left to Right). The Top and Bottom sections are adapted from ref. 64.

on these studies by undertaking a proteome-wide study of corre-
lation dimension in three selected phylogenetic groups with the
aim to understand the biological factors that restrict the distribu-
tion of extant sequences in sequence space.

To estimate correlation dimension for a protein gene family it is
necessary to calculate distances between homologous sequences in
the gene family. In principle, considering homologous proteins from
the entire tree of life for each protein family would allow us to study
a large area of the sequence space. However, in our experience, large
multiple sequence alignments of broader phylogenetic groups are
of poor quality. Thus, we settled on Vertebrata, Enterobacterales,
and Gammaproteobacteria as the main datasets, because Vertebrata
and Enterobacterales had a comparable number of sequences with
similar sequence divergence across gene families and also included
Gammaproteobacteria to compare with Enterobacterales, con-
trolling for phylogenetic depth of our data.

Using multiple sequence alignments of hundreds of homologous
protein families from these three phylogenetic groups we estimated
their correlation and effective topological dimension. We found that
the estimated dimensionality was much smaller than what may be
expected (Fig. 1B) for long proteins in all protein families in all three
phylogenetic groups (Fig. 34). For some gene families the effective
topological dimension was on the order of 1; in just a few families
it was larger than 10 (Fig. 3A4). Such low dimensionality cannot be

https://doi.org/10.1073/pnas.2532018123

explained by low sequence divergence because high pairwise
sequence divergence is common across multiple gene families
(81 Appendix, Fig. S8B). Gammaproteobacteria, a deeper phyloge-
netic group with a higher number and more distant sequences, had
higher dimensionality across different gene families. However,
unlike sequence divergence, the number of sequences does not
increase dimensionality when considering evolution along a phy-
logenetic tree (ST Appendix, Fig. S44), thus, the higher dimension-
ality in Gammaproteobacteria cannot be explained simply by

sample size (S] Appendix, Fig. S4 and SI Appendix).

Evolutionary Factors that Limit the Dimensionality of Ex-
plored Sequence Space. Three factors that may cause a small
dimensionality of extant sequences have been considered previously.
Selective constraint limits the exploration of sequence space (67),
so slow-evolving gene families should have lower dimensionality
than faster-evolving ones (Fig. 1B). Epistasis also prevents the
exploration of sections of sequence space (11), potentially reducing
dimensionality of extant sequences (23). Finally, extant sequences
are not uniformly distributed in sequence space because they share
an evolutionary history through a phylogenetic process, likely
having a strong effect on their dimensionality (23).

To better understand why the dimensionality of extant
sequences is so small across all protein families, we undertook a

pnas.org
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systematic analysis of how these three factors impact correlation
dimension. We simulated sequence evolution under varying extent
of selective constraints, different extent of epistasis and different
phylogenetic tree shapes. An ideal modeling approach would be
to simulate sequence evolution on a predefined, complex, and
multidimensional fitness landscape. However, since the number
of underlying sequences that are needed to define a fitness land-
scape is greater than the number of elementary particles in the
universe, a different approach is needed. Thus, we modeled protein
evolution using the fitness matrix approach (68) that models pro-
tein evolution along an evolutionary trajectory with epistasis but
without defining an impossibly large fitness landscape. We used
the fitness matrix model to estimate the expected dimensionality
of simulated protein sequences under a range of realistic param-
eters. We describe how we did the simulations in detail in
SI Appendix, Methods, Simulated Protein Families, but provide a
brief description here. In our model fitness is binary, so substitu-
tions are either allowed or not allowed to occur. The model explic-
itly considered the extent of selective constraint (o) as the
proportion of amino acid states allowed at any given moment.
The extent of epistasis was modeled by the parameter y. When y
was 0, there was no epistasis and the fitness matrix was constant
so that the same amino acid substitutions were always allowed.
However, when epistasis is present, after one nonsynonymous
substitution, on average y allowed substitutions become not
allowed and vice versa. We also considered four different phyloge-
netic tree shapes—a starlike tree, random topology, and trees with
branch lengths dependent on their distance from the root
(SI Appendix, Fig. S9). The simulations resulted in protein families
consisting of 300 sequences located at an equivalent pairwise dis-
tances as what we observed in real protein families.

When we simulated sequence evolution along a phylogeny the
effective topological dimension of these sequences was similar to

PNAS 2026 Vol.123 No.14 2532018123

that in real gene families across all dN/dS values (Fig. 3B).
Slow-evolving protein families (with low average dN/dS) tended
to have a smaller dimension, showing a diminishing returns rela-
tionship in vertebrates but not in bacterial phylogenetic groups
(Fig. 3C). The plateau of dimensionality at high dN/dS values
might be due to the fact that more amino acid states are available
than are realized during evolution of fast evolving families. Thus,
the lack of the diminishing returns relationship in the bacterial
clades may reflect the lower dN/dS values for most bacterial fam-
ilies. Crucially, even for gene families with high dN/dS values the
effective topological dimension remained orders of magnitude
below the theoretical maximum (Fig. 1B). Thus, selective con-
straint may explain why the effective topological dimension of a
specific gene family is 1 rather than 2, but it cannot explain why
the effective topological dimension is 2 and not 200.

An epistatic fitness landscape may contain impassible fitness
valleys and isolated fitness peaks (ref. 19), which is frequently
invoked as a factor that can limit evolutionary exploration of the
sequence space (18, 69). These features may reduce correlation
dimension because the distribution of extant sequences on such
a landscape may be more sparse than on a nonepistatic one. Thus,
we considered how the extent of epistatic interactions affects the
distribution of extant sequences. As expected (34), when epistasis
was common, the number of variable sites, amino acid states per
site (amino acid usage), and pairwise sequence divergence were
higher (Fig. 44 and SI Appendix, Fig. S10). By contrast, more
epistatic interactions between sites reduced the dimensionality of
sequences evolving along a phylogeny. The reduction of dimen-
sionality in simulations with epistasis is likely due to clustering of
extant sequences from subclades of the phylogenetic tree due to
epistatic entrenchment (70, 71) (S/ Appendix).

It may seem contradictory that epistasis increases amino acid
usage (34) and pairwise sequence divergence but does not increase

https://doi.org/10.1073/pnas.2532018123 5 of 11


http://www.pnas.org/lookup/doi/10.1073/pnas.2532018123#supplementary-materials
http://www.pnas.org/lookup/doi/10.1073/pnas.2532018123#supplementary-materials
http://www.pnas.org/lookup/doi/10.1073/pnas.2532018123#supplementary-materials
http://www.pnas.org/lookup/doi/10.1073/pnas.2532018123#supplementary-materials

Downloaded from https://www.pnas.org by Institute of Science and Technology Austriaon May 3, 2026 from IP address 81.223.14.210.

6 of 11

A B Simulated families
= 12 . 15.0 : & ;é %‘
o )
9 .. % ) > 0.8 ot
Beol 1 R TR IE: A
2 RTINS T P A S
S5 81 & = 75 * * * o Zela® Amount of
o € o * i 8 0.41 ¥ epistasis y
23 c 9] 0.0
SRS € 07 202 1.0
& < i 8 X 10.0
w 2514 # w 100.0
44 & 0.0 .
< 300 L s . g o— o— 0.8 1 % ; Natural families
= ]
v ° * g e % * + ?? Vertebrates
_ >384
@ 250 * u:) 0.61 %9 ?% ﬂ oﬁ w08 Enterobacterales s
'r% o o A --- Expected=Observed -~
= 200 1 Y % 0.6 .
«: D 0.4 Amount of S
150 A () epistasis y D 0.4
N g . 0.0 9]
g S . 10 Q
Jé 100 A ‘1>JO.2_ 1'00 %0.2-
5 < = 1000 | WY
Z 501 0.0 1
0.150.230.310.390.46 0.54 0.62 0.70 0.150.230.310.390.46 0.54 0.62 0.70 0.0 0.2 0.4 0.6 0.8

Fraction of allowed states a

Fraction of allowed states a

Observed dN/dS

Fig. 4. Effect of epistasis on the exploration of the sequence space and dimensionality of simulated sequences. (A) Effective topological dimension, average
amino acid usage, number of variable sites and average pairwise distance as a function of o, the fraction of allowed states, and y, epistasis strength (color).
The simulations are for a binary phylogenetic tree with no branch lengths scaling with depth. (B) Epistasis in natural and simulated sequences estimated using
amino acid usage. Top: dN/dSy in sequences simulated without epistasis (purple) is equal or below the observed dN/dS. Bottom: dN/dS, of natural sequences
is mostly above the observed dN/dS, resembling the dN/dS, of the simulated sequences with epistasis from the Top plot.

the dimensionality of the distribution of extant sequences
(Fig. 44). This apparent contradiction can be resolved when we
consider that epistasis can have different effects at different scales.
On a local scale, within the vicinity of an evolving sequence,
epistasis may have a restrictive role, preventing substitutions into
amino acid states that are not available in the current genetic
context (70, 71). However, on a global scale, epistasis allows for
the exploration of very distant areas of the sequence space (15,
46, 72), eventually allowing the incorporation of the locally
restricted amino acids. Thus, epistasis can make some amino acid
states inaccessible in the short term, but in the longer term it will
eventually allow evolution to explore a larger amino acid state
diversity.

The discrepancy between the local and global availability of
amino acid states, as estimated by mean dN/dS and amino acid
usage (U), respectively, allows us to quantify the extent of epistasis
affecting the analyzed proteins (34) (Fig. 4B). Without epistasis the
measured mean dN/dS should equal dN /dS; = (U —1)/19,
or the fraction of the globally available amino acid states. Even
though there is extensive epistasis that shapes evolution of the
protein families, within a realistic parameter range of dN/dS and
a (Fig. 4B), epistasis cannot substantially reduce dimensionality
of extant sequences (Fig. 44) (23). Thus, epistasis is a restrictive
factor on the local fitness landscape scale but globally it is a per-
missive one.

Phylogeny has a large effect on dimensionality (23) and we
explored the effect of tree shape on gene families in our dataset.
We found that simulated evolution on trees in which internal
branch lengths increase from root to leaves resulted in higher
dimensionality (Fig. 54). Nevertheless, when trees with long ter-
minal branches were used the dimensionality was still much
smaller than the theoretical maximum (Figs. 1B and 5B). We thus
considered the tree with longest possible terminal branches—a
starlike phylogeny. As expected, evolution on a starlike phylogeny
resulted in an even higher dimensionality; however, even then it
was much lower than the theoretical limit (Fig. 5A4).

https://doi.org/10.1073/pnas.2532018123

Indeed, the only way to obtain a dimensionality equal to the
theoretical maximum was to randomly sample the functional
sequence space that was determined by a nonepistatic fitness
matrix (Fig. 5B). The difference between a starlike phylogeny and
a random exploration of sequence space is that in the former case
exploration the sequence space occurs starting from a single point
of origin, while in the latter case the sequence space is sampled
uniformly across the space without the restriction by a single point
of origin. Thus, the main factor that limits dimensionality of
extant sequence space is that sequence evolution of a gene family
starts from a single point of origin, which is the common ancestor
sequence.

Scaling the Point of Origin Effect. Sequence evolution from a single
point of origin limits evolutionary exploration of the sequence
space to an extreme extent. Phylogenetic tree topology has the
second strongest effect, in part because the phylogenetic nature of
evolution is effectively a series of local point of origin effects: each
branching point on the tree is a new point of origin limitation for
subsequent evolution. Because of the point of origin effects, when
two homologous sequences are aligned to measure correlation
dimension, a substantial fraction of sites will have identical states
by descent from a common ancestor (Fig. 64). By contrast random
sequences sampled from the entire nonepistatic fitness landscape
are combinations of all allowed amino acid states, which were
never tested by evolution because these combinations are many
substitutions away from any sequences that ever existed. Thus,
two such randomly sampled sequences will be mostly different
from each other, except for rare instances when the same amino
acid was independently chosen in the same site (Fig. 64). Indels
and recombination will be subject to the same point of origin
effects and are also not expected to substantively contribute to
deep exploration of protein sequence space.

The extent to which the point of origin effect limits exploration
of protein sequence space is best illustrated with an example.
Assuming constant o and y, we can use dN/dS to derive the upper
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Fig. 5. Impact of phylogenetic tree topology on dimensionality. (A) Effective topological dimension of protein families as a function of «, fraction of allowed
amino acid states, with no epistasis (y = 0). We simulated different tree topologies while maintaining the same distribution of the pairwise sequence divergence
among simulated sequences. (B) Simulated evolution of a protein family from a single point of origin considerably decreases dimensionality, while the dimension
of randomly sampled sequences matches the expectation (from Fig. 1B). We simulated protein families with 1,000 sequences 300 amino acids long each and
no epistasis. Ten replicates per parameter set are shown, error bars represent 95% Cl.

limit of the functional volume of sequence space that takes into
account the limitation of selection () and epistasis (y). For the
DnaA protein, we estimate that the hypothetical upper limit of
the functional volume of sequence space has 10”” more sequences
than the extant sequence space of its Enterobacterales homologues.
Assuming constant ® and y is unrealistic and leads to an overes-
timate of the volume of functional sequence space. However, 10
is such an astronomically large volume of sequence space that it
seems certain that among these sequences is a very large number
of functional DnaA sequences that were unexplored in evolution
due to the point of origin effect. DnaA is not exceptional, and the
differences between the observed extant volume of sequence space
and the dN/dS-derived hypothetical maximum is many orders of
magnitude across most gene families (Fig. 6D and S/ Appendix,
Fig. S11).

How much the point of origin effect restricts exploration of the
sequence spaces depends on how long sequences evolve from their
common ancestor. With sufficient time the difference between
random sampling of a fully connected ridge on a fitness landscape
and its exploration through an evolutionary phylogenetic process
disappears (Fig. 6B). Thus, the reason why the dimensionality of
extant sequences from the older Gammaproteobacteria was higher
than of its younger Enterobacterales subgroup (Fig. 34) is likely
because Gammaproteobacteria diverged for a much longer time.
The common ancestor of Gammaproteobacteria existed ~1.5 Bya,
and across all protein families the effective topological dimension
of extant sequences was from five to eight (Fig. 34). Evolution
since last universal common ancestor (LUCA) proceeded only
about 2.5 x longer than evolution since the common ancestor of
Gammaproteobacteria, correspondingly, the effective topological
dimension taken from a prokaryote-wide sequence dataset
[Clusters of Orthologous Genes (74), SI Appendix, Methods] was
proportionally larger, from 10 to 16 for most protein families
(81 Appendix, Fig. S8A). Thus, Gammaproteobacteria explored,
on average, only 107 (107°® under nonepistatic scenario) of the
hypothetical functional sequence space, while prokaryotes, in the
course of about 4 billion years of evolution, explored only about
eight orders of magnitude more (Fig. 6D). The number of substi-
tutions per site since LUCA is thought to be ~1 (75) and sufh-
ciently high dimensionality of evolving sequences can be reached
when the length of the tree reaches an average of ~9 amino acid
substitutions per site (Fig. 6B). Thus, looking into the distant
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future, protein families are unlikely to fully explore the functional
sequence before stellar evolution of the Sun eliminates life on

Earth altogether.

Limitations and Assumptions. The point of origin effect has
a markedly stronger influence on the dimensionality of extant
sequences than the other factors we considered. However, the
reported dimensionality values for each extant or simulated
protein family are not exact. Indeed, the underlying data are
subjected to a variety of influences entrenched in data selection
and analysis. On a fundamental level, accuracy of the correlation
dimension estimate can be influenced by just three factors: the
number of points, bias of their sampling or by inaccuracies in
measuring distances between them. Because sequence space is
highly dimensional, a large number of points in space is needed
for an accurate estimate of correlation dimension (63). Thus, at
first glance, it seems that the best scenario for accurate dimension
estimates would be to use all available orthologs per gene family.
However, many thousands of highly diverged sequences are hard
to align accurately (76) due to the large number of indels that
may ultimately distort the measured distances between sequences.
Selection of a specific phylogenetic group for such an analysis can
also introduce biases, including overrepresentation of sequences
from culturable and model species, or nonrandom sampling
of sequence space due to evolutionary entrenchment (71). Our
choice of using Gammaproteobacteria and vertebrates is, therefore,
a compromise between size, sampling bias, and phylogenetic depth
created to include enough sequences for estimating dimensionality
while maintaining feasibility of the needed computational time to
calculate pairwise distances between a large number of sequences.
Even though the exact datasets used for most of the analysis cover
only certain phylogenetic groups, because of the similarity of our
results for such dissimilar taxons (vertebrates and Bacteria) we
believe they can be generalized. Finally, we used the Clusters of
Orthologous Genes (COGs) dataset (74) of all prokaryotes to get
an idea of the maximum attainable dimensionalities.

Estimated dimensionality of simulated sequences is subject to
the same three factors, which guided our modeling approach. We
simulated a similar number of sequences to that observed in our
extant dataset to be able to compare the two (see S/ Appendix,
Fig. S4A for results of simulation of a large number of sequences).
We simulated evolution on binary tree topology, which did not
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take into account extinction and horizontal transfer events. The
simulated protein families thus represent a simplified view of
sequence evolution, possibly influencing correlation dimension
estimates. We used dN/dS to estimate the strength of selective
constraint and the expected dimension and volume of the func-
tional sequence space. These estimates will be biased by positive
selection (77) and be more noisy in short genes (78). Further, dN/
dS measurements in large clades can bias average estimates as the
fraction pairs satisfying dS < 0.8 cutoff decreases with evolutionary
distance.

Perhaps the most important limitation of our work is how we
model the global fitness landscape. We use the fitness matrix
model, which is a good approach to study the evolution of
sequences along a phylogeny, but it has inherent assumptions that
bias its representation of the entire sequence space. This model
assumes that y and « are constant, which may hold for sequences
located on a phylogeny, but is clearly not true across larger regions
of the sequence space—the probability that a sequence is non-

functional is much lower in the vicinity of a wildtype (WT)

https://doi.org/10.1073/pnas.2532018123

sequence than in the vicinity of a random sequence (26, 41). Some
parameter of the rate of change of « (and y) as a function of dis-
tance may make the fitness model applicable across wider areas of
the sequence space. The study of how a and y changes across
sequence space is in its infancy (40) and remains, in our opinion,
the most interesting question about the global nature of the fitness
landscape.

Discussion

The inefficiency of exploring functional sequences space through
a phylogenetic process due to the point of origin effects has
interesting implications about the distant evolutionary past.
How did molecular evolution lead to the protein sequences that
were found in LUCA? Our data support the hypothesis that a
substantial proportion of protein functional diversity found in
LUCA must have appeared from independent evolution. We
have shown that within each protein family extant sequences
populated only a very small area of the sequence space over the
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course of the last ~3.5 billion years of evolution. It seems highly
improbable that in the relatively short period of 0.5 billion years
of evolution preceding LUCA evolution would have been able
to explore a much wider area of the sequence space and have
created a multitude of different protein functions from a single
point of origin. A much more likely scenario appears that most
of the protein functional and sequence diversity found in LUCA
do not share a common ancestor (Fig. 6C). These data lend
independent support to studies suggesting that pre-LUCA pro-
tein evolution proceeded not through accumulation of amino
acid substitutions in long sequences but through combination
of smaller protopeptides into larger ones (79-81). Similarly, a
substantial proportion of clade-specific protein families may have
also evolved de novo rather than by virtue of common descent
from existing protein sequences (82, 83).

The argument that out of 10°° hypothetically functional
sequences of DnaA a large fraction must actually be functional
but have not been explored by evolution is an adaptation of the
argument for the existence of nonhuman intelligent life in the
Universe because it is likely given the estimated 10'® planets in
existence. We can extend this analogy to the Drake equation and
derive a simple equation that estimates the probability of emer-
gence of de novo functional protein sequences. The number of
useful functional de novo sequences that emerge on Earth per
unit time (generation or germline cell division), N, is the number
of all existing genomes, G, multiplied by the rate of emergence
of expressed de novo protein sequences, R,, multiplied by the
fraction of those that are functional, f;; multiplied by the fraction
of those that are selected for in the specific genome in which they
emerged, f.

N=G6*Rt*]5[*ﬁ. [1]

Unfortunately, the values of these parameters are extraordinarily
difficult to estimate. Nevertheless, a back of the envelope calculation
can be instructive. G, has been estimated as ~10°° (84, 85) while it
is harder to estimate R.. One R_ estimate can be derived by taking
estimates of de novo transcription of ORFs. On the order of 1,000
de novo genes with protein coding potential were found in
Drosophila melanogaster (86), which may have a 3global census pop-
ulation size of ~ 10", making R, = 1,000/10"> = 10™'°. Another
way to obtain a rough estimate is to consider that the probability
that a new organism expresses a sequence not found in its parents
must be substantially lower than the rate of mutation, or < 107,
Both these approaches suggest 107" > R, > 107", implying that
functionally useful protein sequences of any length emerge de novo
each generation on Earth if f;* £ is > 107 (G, * R/f;* £ > 1). Thus,
throughout Earth’s history if f * £, ~ 1, approximately 10" func-
tionally useful de novo sequences emerged (~10” y of evolution with
100 generations per year), out of which only ~1% would have
survived genetic drift (87). This estimate appears to be broadly con-
sistent with independent observation that de novo genes appear at
a modest rate in a number of different lineages (88-90).

Taking aside the obvious issue of the accuracy of the order
of magnitude estimates of G, and especially R, the fraction of
functional sequences among random ones, fj, appears to be the
central question to understanding the nature of protein sequence
space. Only one comprehensive empirical estimate was per-
formed for ATP-binding function (61, 91, 92), measuring
f~ 10" for a protein segment 80 amino acids long. For 18 pro-
teins a rough computational attempt to estimate the number of
functional sequences have been made, ranging from 10° to 10"
for various sequences 35 to 153 amino acids long (26, 49, 93).

PNAS 2026 Vol.123 No.14 2532018123

Although direct modeling of functional proteins may be used to
estimate f; in some circumstances (94), direct empirical data are
desired as much as they are lacking. The difficulty is that if the
sequence space for many protein functions may be very sparse—
if 107" random sequences are functional, it would be impossible
to find even a single functional sequence among randomly syn-
thesized ones. Thus, at present such an approach may be feasible
only for relatively short sequences in a fortuitously permissive
functional context such as ATP-binding (91). Furthermore, the
number of possible sequences grows exponentially with sequence
length, thus, f; likely decreases substantially with length (see
table 2 in ref. 26).

The practical implication of our results is that extant or ances-
tral sequences do not fully describe the entire functional sequence
space. Thus, predictions of functional proteins based on extant
protein sequences or structures potentially miss a vast majority
of all possible useful protein functions. Al-based approaches for
“deep” sequence space exploration look promising (5, 7, 95),
however, they have been successful mostly for relatively short
proteins that likely have a large fi. A key existing limitation of
these types of studies is that experimental validation often con-
sists of verification of expression, solubility, and folding, but not
the biological function. When functions are experimentally
tested they include mainly binding other molecules (proteins,
nucleic acids, etc.) (5, 95), but even several examples of de novo
enzyme design proved successful (6, 96). Presently, truly de novo
design of larger proteins with complex functions (such as
enzymes) with low or even undetectable similarity to known
sequences remains a challenge (see ref. 1 for a more complete
review). We suggest that an experimental exploration of sequence
space that has not been explored in evolution is a necessary
component to train the new generation Al models for successful
de novo protein design.

The vastness of the evolutionarily unexplored functional sequence
space suggests that many novel protein functions are still to be
discovered by evolution or by protein design. Researchers interested
in designing new proteins are likely restricted to starting from
known functional protein sequences (either natural or designed and
experimentally validated) and encroaching into the evolutionarily
unexplored territory (1, 92). One approach to explore such novel
territory of the sequence space is to preferentially incorporate amino
acid states that have not been observed in extant or ancestral proteins
(40, 56). Another approach is a stepping stone empirical explora-
tion, whereby a local fitness landscape of a WT sequence is used to
predict a functional protein in an unexplored area of the fitness
landscape (8), then another local fitness landscape is created for this
novel protein that predicts an even more distant protein, ad infin-
itum. Thus, the key to understanding the global nature of the fitness
landscapes will be to accumulate information on the functional
artificial proteins far outside the functional sequence space that has
been explored by evolution.

Methods

We used homologous sequence alignments from several major phylogenetic
groups, Vertebrata, Enterobacterales, Gammaproteobacteria, and Prokaryota (COGs).
For each protein family in each group, we measured all pairwise distances between
homologues, estimated the correlation dimension, amino acid usage, and mean
pairwise dN/dS from among all pairs of sequences with dS < 0.8. We performed
simulations of protein evolution using vertebrate gene trees as a model template
of branch length distribution. The single simulated gene sequences after evolution
on a phylogeny were subject to the same measurements of pairwise distance, cor-
relation dimension, amino acid usage, and mean dN/dS.
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all figures: https://github.com/oist/sequence-space-dimension (97). Data are
available at Figshare: (98).
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