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1 | INTRODUCTION

A classical theorem of Kirszbraun [9] says that any L-Lipschitz mapping defined on A C R™ with
values in R" can be extended to an L-Lipschitz mapping R”™ — R”". This is one of the fundamental
results of Lipschitz analysis with a wide range of applications.

Whilst there is no obstruction to the extendability of Lipschitz mappings in the realm of
Euclidean spaces, the story is very different in the case of bilipschitz mappings. Every bilipschitz
f: AcR? - R%isan embedding of A into R¢ and any bilipschitz mapping R¢ — R? is a homeo-
morphism. Thus, if f does not preserve some topological invariant of the pair (R%, A), then there
is no hope of extending f to a homeomorphism R? — R?, let alone to a bilipschitz one. As an
illustrative example, let A be a unit circle in the plane together with its centre and consider f that
is equal to the identity on the circle, but maps its centre to a point outside the circle. Then there
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is no homeomorphic extension of f to the whole plane, since every homeomorphism of the plane
maps the inside of the circle onto the inside of the image of the circle.

To add to the subtlety of the picture, even if there is a homeomorphic extension to R? of a
bilipschitz f : A - RY, there still might not be a bilipschitz one; for an example, see [19].

Another difference from the Lipschitz case stems from the fact that even if we know that for
A C RY every bilipschitz f : A — R can be extended to a bilipschitz mapping R¢ — R, it might
not be possible for an extension to have the same bilipschitz constant as f; see, for example,
[10, Example 5.2]. Controlling the bilipschitz constant of extensions (when they exist) therefore
emerges as an additional facet to extension problems; see, for example, [5, 10, 11].

For convenience in the continuing discussion, we fix some terminology:

The bilipschitz extension problem for a set A CRY is the task of determining whether every
bilipschitz mapping f : A — R admits a bilipschitz extension F : R% — RY,

Naturally, the investigation of the bilipschitz extension problem for A C R¢ begins with the
simplest forms of sets A. From a linear structure point of view, these are lines, and from a metric
topology point of view, these are uniformly discrete sets, where the most basic example, beyond
finite sets, is the integer lattice A = z%. Whilst the bilipschitz extension problem for lines has
a positive solution in R? [18] and a negative solution in R? [12, 3.10], [17, 14], bilipschitz exten-
sion from the integer lattice Z¢ has remained elusive. The bilipschitz extension problem for
79, or, more generally, for separated nets’” of RY, is therefore fundamental for advancing the
understanding of bilipschitz extendability.

Accordingly, the bilipschitz extension problem for separated nets A of R¢ has received signif-
icant exposure and attention. Formally, it dates back to 2003: Alestalo Trotsenko and Viisili [2,
4.4(a)~(b)] pose the bilipschitz extension problem for A = Z¢, and also, more generally, for the
case where A is a separated net in R?. Both these questions have remained open in all dimen-
sions at least two, despite the two-dimensional form of the A = Z¢ question being distinguished
by Navas as one of the open problems [1, Problem 2.6.1] considered by the Arbeitsgemeinschaft
on Mathematical Quasicrystals, held in Oberwolfach in 2015. The problem has further appeared
explicitly in [4, Remark 7] and [15, p 6205] in the context of rectifiability and bilipschitz equiv-
alence of separated nets of R%. The latter topic has gained much investigation and research
following since the landmark papers of Burago and Kleiner [3] and McMullen [14], which show
the existence of so-called non-rectifiable separated nets of R%. These are separated nets which do
not permit any bilipschitz bijection to the integer lattice.

In the present work, we provide a positive solution for the two-dimensional bilipschitz
extension problem for separated nets. In particular, this is a complete positive solution of
Navas’ problem [1, Problem 2.6.1] at Oberwolfach. It is also a positive solution of Alestalo
et al.’s problems [2, 4.4(a)—(b)] in dimension two.

Whenever the bilipschitz extension problem for a set A C R? has a positive solution, this opens
up a further question of the optimal bilipschitz constant with which an extension can be found.
For applications, it is crucial to have a bound on the bilipschitz constant of the extension depend-
ing only on the bilipschitz constant of f, the set A and the dimension d. Alestalo et al. [2,
4.4(a)-(b)] specifically ask for this in their formulation of the bilipschitz extension problem for
separated nets.

A is a separated net in R? if there are r, R > 0 such that for every x € R? there is a € A such that ||x — a|| < R and for
everya,b € A,a # b, ||la — b|| > r. These sets are also called Delone sets in the literature.
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In addition to extending bilipschitz mappings of separated nets in R?, we will provide an explicit
bound on the bilipschitz constant of our extension, determined by the bilipschitz constant of the
initial mapping and the separation and net constants of the separated net.

Most positive results on bilipschitz extension occur in dimension two. In two key settings,
progress has started with a solution to a bilipschitz extension problem and then developed further
to describe and improve control of the bilipschitz constant of the extension. Given a bilipschitz
mapping to R?, defined on the boundary of a square or on a line in R?, there is a bilipschitz exten-
sion of the mapping to the whole square or to the whole of R? respectively. Both of these results
were first proved by Tukia [17, 18], however, without providing any explicit dependence between
the bilipschitz constant of the extension and that of the original mapping. An explicit bound in
the case of the boundary of a square was first obtained by Daneri and Pratelli [5]. Currently, the
best dependence, due to Kovalev [11], extends any L-bilipschitz mapping of the unit circle to a
2 - 10" L-bilipschitz mapping of the whole unit disk. An explicit bound has also been established
in the case of the line: Kovalev [10] proves that any L-bilipschitz mapping of a line in R? to R? can
be extended to a 2000L-bilipschitz mapping of R2.

The absence of positive results and the significant additional difficulty of bilipschitz extension
in dimensions higher than two is perhaps best demonstrated by the situation surrounding the
Jordan-Schoenflies theorem (see, e.g., [16, Theorem 3.1]). The Jordan-Schoenflies theorem states
that any embedding of the circle in the plane extends to a homeomorphism of the plane. However,
its analogue fails for embeddings of S4-1in R4 for all higher dimensions d > 3 [13, Theorem 3.7],
even if such an embedding, known as a wild sphere, is additionally assumed to be bilipschitz
[7, Theorem 7.2.1]. We discuss the higher dimensional situation in greater detail in a companion
article [6]. The main results of [6], as well as the positive extension results discussed above, for
the boundary of a square and for a line, play an important role in the present work.

There is a justifiable potential for the methodology and strategy introduced in the present solu-
tion of the two-dimensional bilipschitz extension problem for separated nets to form a basis for
the future research objective of achieving a solution in general higher dimension. This is sub-
stantiated in our companion article [6]. In particular, in [6, Theorem 1.5] we reduce the higher
dimensional problem to two conjectures concerning bilipschitz extension to or from (d — 1)-
dimensional hyperplanes in R¢. The proof of these two conjectures is completed in the present
work in dimension d = 2; significant and powerful new tools would need to be added in, in order
to implement our strategies in higher dimensions.

1.1 | Main results and strategy

The main result of the present work extends any L-bilipschitz mapping f : Z?> — R? to a p(L)-
bilipschitz mapping F : R? — R?, where p is a polynomial.

Theorem 1.1. There is a polynomial function p: R — R such that for any L > 1 and any L-
bilipschitz mapping f : 7*> — R? thereis a p(L)-bilipschitz mapping F : R?> — R? such that F|,, =
f

Although above we do not determine the polynomial p(L), we later state a version of the result,
in Theorem 1.5, where this polynomial is given explicitly. In our companion article [6] we prove,
in all finite dimensions d > 2, that the bilipschitz extension problem for separated nets of R? is
equivalent to the bilipschitz extension problem for the integer lattice Z¢. This allows us to replace
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7? in Theorem 1.1 with an arbitrary separated net X of R?, gaining a dependence on the separation
and net constants of X in the expression bounding the bilipschitz constant of the extension F.
More precisely, Theorem 1.1 and [6, Theorem 1.1] admit the following immediate corollary:

Corollary 1.2. Let the polynomial function p : R — R be given by Theorem 1.1. Then, forany L > 1,
any r,R > 0, any r-separated R-net X C R? and any L-bilipschitz mapping f : X — R?, there is a
bilipschitz mapping F : R*> — R? such that F|y = f and

bilip(F) < Kp(50R*K°L),

where K .= 16 max { %, 1}.

In what follows, we set out the main extension tools which we develop in the paper and explain
how they combine to prove our main result Theorem 1.1.

One key tool in the proof of Theorem 1.1 comes from our companion article [6]. Informally, the
result says that given a bilipschitz mapping f : Z?> — R?, existence of a bilipschitz extension of
f to the whole of R? is equivalent to the existence of a bilipschitz mapping G : R*> - R? which
behaves appropriately to an extension on a sequence of horizontal lines partitioning R? into strips.
Crucially G itself need not be an extension of f: it does not care about the ‘precise values’ of f(x)
for x € 72, only that these points are correctly partitioned by the G-images of the horizontal lines.

Theorem 1.3 ([6, Theorem 1.2 (special case of dimension d = 2)]). For any L > 1 and any
L-bilipschitz mapping f : Z> — R?, the following are equivalent:

(i) There exists a bilipschitz mapping F : R?> — R? such thatF|,. = f.
(ii) There exist T € N and a bilipschitz mapping G : R?> — R? such that the mapping

- ~ [ ifxez?,
Fu(ex(reed)) - Ro= {00 ST

is bilipschitz and for every i € Z it holds that
2 . 1. 1] c [ . 1. 1]
f(Z n(le[T(z 1)+2,Tz+2 ))_G(Rx T(i 1)+2,Tz+2 )

Furthermore, whenever (ii) holds with M, > bilip (F) and M, > bilip(G), the bilipschitz extension
F of f in (i) may be found with

bilip(F) < 10%M;2M3*T.
To briefly explain the role of Theorem 1.3, it will be helpful to state one further result from [6]:
Theorem 1.4 [6, Theorem 3.1 (special case of dimension d = 2)]. Let X C R2. For each x € X let

Yy € R2, r, be a positive real number and U, := B([x,y,],r,) (the set of points in R? with distance
less than r, to the line segment [x,y . ]; see Section 2). Suppose that (2 ,),.cx is pairwise disjoint,
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r 1 Ve —X
X X
sup ——— < = and sup M < 0.
XEX, Y #X ||yx - x” 2 XEX, Y #X ry

Then there is a bilipschitz mapping T : R?> — R? such that

i) I'(x)=y,andI(y,) =xforallx € X.
(ii) F(P) = Pfor all J S R? \ UxeX,yx;éx ux'

2
(iii) bilip(T') < max {1, SUPyex, y x % }

Roughly speaking, Theorem 1.4 can be used to turn the ‘almost extension’ G of f in Theorem 1.3
into a true extension. Composing G with mappings I" given by Theorem 1.4 allows us to ‘alter the
values’ of G on a family of specified points. In this way, with significant and delicate additional
work involved, we may ‘correct the values’ of G on Z? so that G becomes an extension of f. In
particular, G already determines the final extension of f on the horizontal lines R X {T i+ % } for
iez.

To understand why Theorem 1.4 holds, we recommend that the reader consider its statement for
the case where X is a singleton. Then it just asserts the existence of a bilipschitz mapping which
efficiently swaps a specified pair of points x and y. Such a bilipschitz mapping can be devised
without great difficulty. The full statement of Theorem 1.4 is then obtained by gluing a family of
these individual swapping mappings together. In the present work, we use Theorem 1.4 formally
in just one place: in one step of the proof of Theorem 5.1.

We may now establish our main result, Theorem 1.1, by verifying for the given bilipschitz
f: 7> - R? the condition (ii) of Theorem 1.3. This task can be broken down into two steps: First,
extend f on a sequence of separated horizontal lines partitioning R? into large strips. That is,

extend f to Z? U <R X (TZ + %)) for T € N chosen suitably large, to obtain the mapping F. Next,

restrict F to the horizontal lines R X (TZ + %) ‘throwing away 72 and f’, and extend this map-

ping to the whole of R? to get G. The first step in this strategy, the extension of f to F, is the most
difficult and requires preparation in all subsequent sections of the paper, before it is completed in
Section 5:

Theorem 5.1. LetL > 1, T €N, T > 10°L1® and f : 7> — R? be an L-bilipschitz mapping. Then
there exists a 103°L1>-bilipschitz extension

F: ZZU(RX<TZ+%))—>IR2

of f such that bilip (Fle(TZ+%)> < 10%*L and, letting V,, for each i € Z, denote the (unique)
connected open subset of R? with boundary equal to F (IR X {T(i -1+ %, Ti+ % }), the following
statements hold:

() VinV; =@ wheneveri,j € Zandi# j.

(i) f (ZZ n (IRX [T(i —D+1,Ti+ %])) CV, foreachi € Z.

The proof of Theorem 5.1 essentially reduces to the task of constructing a single bilipschitz
curve as the image of the line R X { % } This same construction can then be repeated on each line
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of the form R x <Ti + %) with i € Z, provided the separation T of these lines is taken sufficiently

large. The first step in the construction of Fle 1) is to come up with a bilipschitz curve taking
2
approximately the correct course. This is the objective of Section 3:

Proposition3.1. LetL > 1andy : R — R? bean L-Lipschitz mapping such thaty|, is L-bilipschitz,
Then there exists a 40L-bilipschitz mapping & : R — R? such that ||y — &|| , < 8L°.

Taking y as an L-Lipschitz extension of the mapping Z — R?, i — f(i,0), the curve £ of Propo-
sition 3.1 is a crude approximation of Fle 1\, but lacks its most subtle essential property: the
2
image of F | { 1 } must separate f(Z X Z,) from f(Z X Z,). We modify § to achieve this. The
2
tool we need for ‘separating a subset Y of Z%’ is developed in Section 4:
Theorem4.1. Let0 < s <1 < w, X CR X [s,w — s] bes-separated and letY C X. Then there exists
a @-bilipschitz mappingy = (y1,7,) : R = R? such that the following statements hold:
Q) @) —t] < % and0 < y,(t) Sw forallt € R.
(i) dist(x,y(t)) > %for allt e Rand x € X.
(ili) Letting W, and W _ denote the connected components of R? \ y(R) containing R X (w, o) and
R X (—o0, 0) respectively, we haveY C W_and X \Y C W,.

Let us return to the setting of Theorem 5.1 and imagine that the image points f(Z X Z,) are
coloured red, whilst the image points f(Z X Z) are coloured green. Suppose further that £ from

Proposition 3.1 provides an approximation of our extension F to be constructed on R X { % } Ifwe

stand on the curve £ and look out to either side, then far out to the horizon on one side we will see
a ‘red sea’ of points and far out to the horizon on the other side a ‘green sea’. Only relatively near
the curve & will we see a mixture of both red and green points. Theorem 4.1 gives the means to
separate ‘red’ and ‘green’ if these points occur only inside a horizontal strip. However, our curve
¢ may be very winding. To overcome this difficulty, we apply a bilipschitz mapping to transform
the picture, so that this ‘twisting band of uncertainty’ around &, where red and green points mix,
becomes a horizontal strip. Such a bilipschitz mapping exists, since, viewing R as a subset of R?,
£ : R — R? may be extended to a bilipschitz mapping of R2.

With Theorem 5.1 providing a suitable way to define the mapping F from Theorem 1.3(ii) on

the set R X <T Z+ %) the only thing that remains to establish (ii) is to extend the restriction of

F on this set to the whole of R? (to get G). At this point we may forget about the original given
mapping f : Z> — R?; any bilipschitz extension of F |R>< (TZ+ 1 ) will suffice! Since the restricted
2

F is defined on a sequence of separated horizontal lines partitioning R? into strips, we need to
extend it on each strip. The bilipschitz extension problem for the boundary of a strip is resolved
in Section 6:

Theorem 6.1. Let L > 1, h > 0and f : R X {0, h} — R? be an L-bilipschitz mapping. Then there is
a 10V L7-bilipschitz mapping F : R X [0, h] — R? extending f.

Together, Theorems 5.1 and 6.1, allow for the verification of Theorem 1.3(ii), giving the proof
of our main result Theorem 1.1. Before giving the formal proof of Theorem 1.1, we restate it for
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the reader’s convenience. This time, we actually state a stronger version of Theorem 1.1 which
expresses the polynomial bound on the bilipschitz constant of the extension explicitly.

Theorem 1.5 (Stronger version of Theorem 1.1). Let L > 1 and f : Z?> — R? be an L-bilipschitz
mapping. Then there is a bilipschitz mapping F : R?> — R? such that F|,. = f and

blllp(F) < 1020000L6000.

Proof of Theorems 1.1 and 1.5. Theorem 1.5 is a more detailed version of Theorem 1.1, so we only
need to prove 1.5. Let

T :=[10"L%], M, :=10"LY, K :=10*L', andthe

o1 . . =. 52 1 2 . s =3
M, -bilipschitz mapping F : Z“U (IR X <TZ + 5)) — R with bilip <F|[R><(TZ+%)> <K,

be given by Theorem 5.1. Next, for each i € Z, let F; : R X [T(i -1+ %,Ti + %] — R2 be the

10K 7-bilipschitz extension of F| } given by Theorem 6.1 (appropriately shifted).

Rx{T(i—1)+%,Ti+§
We define G : R? — R? as the ‘gluing together’ of the family of mappings (F;);c,. More precisely,
in the notation defined in Definition 2.5, we set G := iez Fi- It is an exercise to verify, using
induction and Corollary 2.7, that G is bilipschitz with

bilip(G) < sup bilip(F;) < 10¥K7 < 10°°L”7 =: M,.
i€z

As ahomeomorphism R2 > R2, G hasto map, for each i € Z, the connected open set with bound-
ary equal to R X {T(i -+ % Ti+ %} onto the connected open set with boundary equal to

G(Rx {T(i—1)+ %,Ti+ %}) =f5<IR{>< {T(i—1)+ %,Ti+ %}).Inotherwordswehave
, 1. 1 .
G(RX(T(I—1)+E,TI+E)>=Vi foralli € 7,

where V; fori € Z is defined in the statement of Theorem 5.1. The proof is now completed by The-
orem 1.3: observe that T, G verify statement (ii) of Theorem 1.3 and M, M, satisfy the hypothesis
of its ‘Furthermore’ statement. To refine the upper bound on bilip(F) from Theorem 1.3 to the
form in the present statement, we apply T < 10*'L'°, O

2 | PRELIMINARIES
2.1 | Basic notation and facts

We use largely a common notation in the present work and its companion article [6]. We write
: = to signify a definition by equality. For n € N, the notation [n] refers to {1, ..., n}. Moreover, for
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P € R, the notation Z p stands for {i € Z : i > P}. We write e, e, for the standard basis of R?. The
orthogonal projection to the i-th coordinate in R? is denoted by proj; fori = 1, 2.
Given two sets A, A’ C R2 we let

dist(A,A") :=inf {|la—d'||: a €A, d’ € A’}

In the case that A = {a} is a singleton we just write dist(a, A’) instead of dist({a},A’). The
expression diam(A) stands for the diameter of the set A.

Given A C R? and r > 0, we say that A is r-separated if ||a — a’|| >rforeverya,a’ € A,a # ad’.
We say that A is an r-net if dist(x, A) < r for every x € R2. If there are r, s > 0 such that A is an
s-separated r-net, we call A a separated net.

We write B(x, r) and B(x, r) respectively for the open and closed Euclidean balls with centre
x € R? and radius r > 0. Moreover, we use the same notation for neighbourhoods of sets, that is,
B(A,r) :=J, e B(x,r),where A C R?, and similarly for B(A, r). The letter B is reserved for balls
generally. Occasionally, we also use balls with respect to the # -norm; these are denoted by B,
(or Eoo for the closed version).

For x,y € R?, by [x,y] we mean the closed line segment with endpoints x and y.

Given A C R2, by 0A,Int A and Z, we denote the boundary, interior and closure of A in R2,
respectively. For a mapping f : A’ C R? — R? such that A C A’, we write f| , for the restriction
of f to A. Given a second mapping g : A’ — R?, we write f = g if f(x) = g(x) for every x € A’.
The notation dom(f), image(f) refer to the domain and the image of f, respectively. We say that
f is a homeomorphism if f is injective, continuous and its inverse mapping f~!: f(A’) — R?is
also continuous (sometimes the term embedding is used instead in the literature).

2.2 | Lipschitz and bilipschitz mappings

For a subset A of R or R? and a mapping f : A — R? we let

IS &) = FGl

Lip() i=sup { DIy ey .

In the case that f is injective, we further define

bilip(f) := max {Lip(f), Lip(f ")}

Given L > 1, we say that f is L-Lipschitz if Lip(f) < L and that it is L-bilipschitz if bilip(f) < L.
Further, we say that f is Lipschitz (bilipschitz) if there is L < oo such that f is L-Lipschitz (L-
bilipschitz).

Throughout the paper, we will construct many polygonal curves as images of piecewise lin-
ear mappings defined on R. The following criterion, providing sufficient conditions for such a
mapping to be bilipschitz, is going to be used several times.

Lemma2.1. Lety : R — R? be a mapping, (p,),cz be a strictly increasing double-sided sequence
of real numbers and o € (0, ) be such that for every n € Z the restriction Y pppnsal affine and
the angle at y(p,,) in the (possibly degenerate) triangle with vertices y(p,_,), y(p,) and y(p,,) is at
least a. Let Cy, C,, C5,C, > 0 be constants satisfying the following conditions:
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(a) Cil < ||[Y®| < C, for almost every t € R.
(b) Forany n,m € Z with |n — m| > 2 we have that

dist ([y(pp—1), Y21 [Y(Pr—1), ¥(P)]) = Cs.

(¢) (i) Foranyt,,t, € Rwith|t, —t;| > C; we have ||y(t,) — y(t)|| > ci |t, — t1], or
4
(ii) 7lip, : nez} is Cy-bilipschitz and ||y(p,) — y(p,—1)|| = Cs foralln € Z.

Then y is max { %,Q‘, % }-bilipschitz if (i) holds and y is max{ \/;‘C_l, 102_103}_
—Ccosa 2 —Ccosa 2
bilipschitz if (ii) holds.

Proof. The fact that y is piecewise affine and the second inequality in (a) imply that y is C;-

Lipschitz. It remains to check the lower bound in the bilipschitz condition. Let ;, t, € Rwitht; <
|7y
|t2=t1]
below by a constant depending only on Cy, ..., C, and a. We distinguish three cases: n; = n,, n, =
n; + land n, > n; + 2. In the first case, n; = n,, we may apply the first inequality of (a) to deduce

[l7(t) =yt = Ci |t, — t;]. In the second case, n, = n; + 1 we have, using (a) again, that
1

t,andletn; < n, be the indices for which¢; € [p,,_;, p,, ]. We will bound the quotient

Cil‘ti - pnl < ”V(ti) - Y(pnl)H’ fori = 1’2‘

Hence e =y + 7@ = v@a)|| 2 & (| = Pu| + 2= Py |) = £ 112 = 1a]-
Without loss of generality we may assume that ”y(tz) —y(pnl)” > Hy(tl)—y(pnl)u so that
@) = va)| 2 5 162 = 1] X [yt = ¥(pa)|| < 5 [782) = 7Py | we get

v(t) —y@)| > Hy(tz) —7(Pp,)

= [t —r(pn)

1
B (ORI |~ t]-

> L
4C1

Otherwise, ﬁ ta —t1] < % HJ/(tz) = ¥(Pn,) ) < ”y(tl) —¥(pp)| < ”y(tz) —v(py)|| and y(t),
7( Pn, ), and y(¢,) are vertices of a triangle where the two sides meeting at y(pnl) have lengths at
least é |t, — t;| and the angle at which they meet is at least a, by hypothesis. This information
implies a lower bound on the length of the side opposite y(p,, ), namely

—Ccosa

1 2
’(l—cosoc) > " |”.
1

e =yl = 2|y = v -1,

||V(tz) = ¥(Pn,)

In the last remaining case, n, > n; + 2, we will obtain different bounds depending on whether
we assume (i) or (ii). First, we assume (i). This provides the lower bound of 1/C, for the specified
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quotient when |t, — t,| > C;. On the other hand, if |t, — ;| < C3, we may apply (b) to get

[l7(t2) = y(e)|| S G
|t, — 1] e

Now suppose that instead of (i) we have (ii). We will make use of the following bounds:

|12 = uy| < Caly @) = 71| < C1[r(pa) = ¥(Py, )| = €1C5, and

We distinguish two cases: If

Pn, — pn2_1| > 8C,C3, then |t, — t;| > 8C,C; and we deduce

pn2—1 - pnl

—-2C3 2

@) =y @) > [¥Pay-) = 7))

Jla=tl o le=tl
C, 2C,

If |Pp, = Pn,—1| < 8C1C3, then |t; — £;] < 10C, C; and, from (b), we get

r(t) = y(t)|| = Cy 2 1OCfC3 |t, = t,].

[y ()= )|
[t2—t1]

-1 -1
4c c . . 4c 10C,C
at least { max { ——,C,, = , assuming (i), and at least | max L 13 ,
< { \/1—COS(Z 4 CZ }) g() < { \/1—COSO( C2 })
O

assuming (ii) instead of (i).

It remains to note that all the lower bounds we obtained for over all cases are

Extensions

Kovalev’s bilipschitz extension results [10, 11], from the circle to the disc and from the line to
the plane, will have an important role in the present paper. Of course there is no meaningful
difference between bilipschitz extension from the circle and from the square; the next lemma is a
bridge between them.

Lemma 2.2. There is a 10-bilipschitz bijection between B(0,1) C R2 and [0, 1]

Xy e # 0,
Proof. We will show that the mapping ® : R?> — R? defined by ®(x) = {(')'x“oo o is
2(1 + ﬁ)—bilipschitz. Since ‘I’|§(o,1) is a bijection from B(0,1) to [—1,1]?, and the latter set is
clearly equivalent via a 2-bilipschitz bijection to [0, 1]?, the result then follows.
We first show that @ is 2(1 + \/5)—Lipschitz. Since ® is continuous, it suffices to derive, for
X,y € R?\ {0}, the following
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Iyl 1 1 x
|[@(0) —2(X)|| = ||7=— O = x) + x]|yl| - + Ayl = Nxih
Iyll IVl 11Xl 1%l oo
Iyl [l x|yl [|x||
< =y —xll + ————— Il = IVl&] + Iyl = NIl
Iyl 1Mo 1Y 1l o [Ixlls il 1%l &
<(V2+2+V2)ly -2l
. Moo i x # 0, . . .
Since @~ 1(x) = < Il , a symmetric argument, interchanging the norms ||-|| and
0 ifx=0
Il o » shows that Lip(®~1) < 24/2 + 1. O

It will be convenient for us to work with the next restatement of Kovalev’s bilipschitz extension
[11, Theorem 1.1], formulated for the square rather than the circle using Lemma 2.2.

Theorem 2.3 Kovalev [11, Theorem 1.1]. Let f : 3[0,1]*> — R? be an L-bilipschitz mapping. Then
thereis a 2 - 10'°L-bilipschitz mapping F : [0,1]> — R? extending f.

Proof. Let ®: B(0,1) — [0,1]? be a 10-bilipschitz bijection given by Lemma 2.2. Then, [11, The-
orem 1.1] provides a 2 - 10 - 10L-bilipschitz extension G : B(0,1) — R? of the 10L-bilipschitz
mapping fo®|q1. The desired extension of f is now given by Go®~1. 1

Similarly, we formulate Kovalev’s bilipschitz extension from the line to the plane in the form
most convenient for our use. We also add some extra details about connected components to the
statement.

Theorem 2.4 Kovalev [10, Theorem 1.2]. Let L > 1, £ : R — R? be an L-bilipschitz mapping and
W_, W, denote the two connected components of R* \ £(R). Then there exists a 2000L-bilipschitz
mapping ® : R? — R2 such that ®o&(t) = (¢,0) forallt € R,

d(W_) =R X (—0,0) and D(W,) =R x(0,00).

Proof. By [10, Theorem 1.2] there exists a 2000L-bilipschitz mapping A : R? — R? such that
A(t,0) = £(¢) for all t € R. Then A~1o&(f) = (¢,0) for all ¢ € R. Moreover, as a homeomorphism
of R?, A~ maps the two connected components W_ and W of R? \ £(R) onto the two connected
components of R? \ A~1o&(R) = R? \ (R X {0}). Accordingly we have that A=1(W ) is either equal
to R X (0, 00) or to R X (—c0, 0). In the former case we take ® = A~! and in the latter case we take
® = RyoA~!, where R, : R?> — R? denotes the reflection in the line R X {0}. O

Gluing of maps
We will often build a mapping on a set A C R? from two or more mappings defined on subsets of
A. Assuming the latter are Lipschitz or bilipschitz, we usually want then to guarantee the same
type of property for the new mapping.

We refer to the operation of putting several mappings together as gluing. We introduce this
terminology formally below together with a special notation for it:
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12 of 34 | DYMOND and KALUZA

Definition 2.5 (Gluing of mappings.). Given two mappings f; : A; C R? —» R?,i € {1, 2}, we say
that f, U f, is well-defined if 1|4 4, = f2la,n4,- In this case f, U f, denotes the mapping

f1Uf21 Al UAZ—)Rz

defined as (f; U f,)(x) := f;(x) whenever x € A, fori € {1,2}.

More generally, if (f;);c7 is a collection of mappings f; : A; C R? » R%,i € T, such that for
every i, j € 1,i # j the mapping f; U f; is well-defined, then the gluing operation yields also a
well-defined mapping

Ufii UAi—HRZ

i€l i€l
setting (U;e7 fi) (%) 1= fi(x) whenever x € A, fori € I.

The following easy observation about gluing of Lipschitz mappings is a restatement of [12,
Lemma 2.22].

Lemma 2.6. Let f;: A; CR*> - R?, i € {1,2}, be two L-Lipschitz mappings such that f, U f, is
well-defined. Ifthereis C > Osuch that foreveryx € A; \ A,,y € A, \ A, thereisz(x,y) € A; N A,
satisfying C ||x — y|l > ||x — z(Ce, »)|| + ||y — 2(x, y)||, then f, U f, is CL-Lipschitz.

Proof. Foreachx € A; \ A,andy € A, \ 4,

[(f1 U f) = (F1 U )0 = [[F160 = f1(26e, ) + fo(z(x, ) = fL0)||

< L|x = zCxe, y)|| + L|2(x, y) — y|| < CLIIx = y]I. O

‘We will use the following consequence of Lemma 2.6 to glue bilipschitz mappings in a situation
where there is an obvious choice of z(, -) making C = 1.

Corollary 2.7. Let f; : A; C R? - R?, i € {1, 2}, be two L-bilipschitz mappings such that f, U f, is
well-defined. If0A; C A, N A, and f1(A;) N f,(A,) = f1(A; N A,), then f, U f, is L-bilipschitz.

Proof. Weset f := f, U f,. The assumptions ensure that f ! is well-defined and that A, is closed.
Since f, is bilipschitz, f;(A;) is also closed, so df(A4,) C f,(A4,). Using Brouwer’s Invariance
of Domain [8, Theorem 2B.3], we conclude that df,(A4,) C f1(0A;). Hence df,(4,) C f1(4; N
Ay) = f1(A)) N f,(A,). Thus, the assumptions are symmetric with respect to (f, f, f) and
7 Lf 5 L, f~1) and it suffices to show that f is L-Lipschitz, as follows: Given any x; € A4, x, €
A, \ A;, we take z(x;, x,) as any point of [x;, x,] N dA; and invoke Lemma 2.6 withC =1. []

3 | FIRST APPROXIMATION OF THE SHORE

To place the present section in context, recall that the overarching aim of the paper is to construct,
for a given bilipschitz mapping f : Z?> — R?, a bilipschitz extension F : R?> — R2. The objective
of this section is to construct what may be thought of as a first approximation of the extension on
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a horizontal line, more precisely, of the mapping F| (. ,y, for some fixed integer i. The latter
RXx +3

can be thought of as a bilipschitz curve loosely following the points f(x, i) for x € Z in the correct
order. To get such a curve, we may start with a Lipschitz curve y going from f(x,i) to f(x,i + 1)
along straight line segments and then modify it in steps. In the present section, we show that
such a Lipschitz curve y admits a relatively close-by bilipschitz curve, which will later be modified

further to become F| - { il } The title of the present section comes from our imagination of the
2

set f(Z X Z;,,) as a sea and the curve Fle {H 1 } as defining its coastline.
2

Proposition3.1. LetL > 1andy : R — R? bean L-Lipschitz mapping such thaty|, is L-bilipschitz.
Then there exists a 40L-bilipschitz mapping & : R — R* such that ||y — &|| , < 8L>.

In the proof of Proposition 3.1, we will use a simple geometric fact:

Lemma 3.2. Letu,v € R? be such that ||v — u|| = 1. Then

et ) o) 5),

>. Our task is to show that x € B <u ﬁ) U

Proof. (elementary exercise) Let x € B <[ »

u,vl, %
Blv, ‘/75 . We may assume that dist(x, [u, v]) is attained at 0 € [u,v] \ {u, v}, making x and u

(and x and v) orthogonal. We also assume, without loss of generality, that ||u|| < 1/2 (otherwise
interchange u and v). Then ||x — u||*> = |lu|* + ||x|* < i + % O

Proof of Proposition 3.1. We fix a polynomial w(L), whose precise value will be specified later in
the proof. We aim to construct an increasing double-sided sequence of points (p;),c, in R so that
l¥(p;) — ¥(pi_1)|| = (L) for all i € Z and with additional properties to be specified later. Next,
we define £(p;) := y(p;) for every i € Z and then extend £ to each interval [p;, p;,,] affinely.

Claim 3.2.1. Lets,t € R satisfy |s — t| > 4L2. Then ||y(s) — y(t)|| > |S;'.
Proof. Without loss of generality, we assume that s > t. We get
I[s] — [¢]] |s —t] |s — 1]
”V(S) - Y(t)” = “7([SD - V(LtJ)” —2L> 7 2L > I " 2L > T 0

Consider the set
P i={(t_,t;) € (-0,0]x[0,00): ||y(t_) —y(t)] < w(@)}.

By continuity of y, we observe that P is closed. Moreover, by Claim 3.2.1, it is also bounded,
and thus, it is compact. Consequently, p, : = min proj,(P) is well-defined. This definition of p,
together with lim,_, , ||¥(t)|| = oo, which follows from Claim 3.2.1, implies
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dist(y(t), y([0, ))) > w(L) for every t < py. €8]

Next, we set p; :=sup{t €R: ||y(t) = y(p;_))|| <@(L)} assuming i>0 and that p, ; is
already defined.

Similarly, we set p; :=inf {t € R: |[y(t) = y(pi;1)|| <@@)} if i <0 and p;,, is already
defined. It follows that p; > p; ; and ||y(p;) — y(p;_1)|| = w(L) for all i € Z, implying the first
inequality below:

U b= b <o) forallicz. @

The second inequality is given by Claim 3.2.1 when we impose the condition
w(L) > 4L’ ®3)

on w(L). We also point out that since (p;);c7 is increasing and p; € proj,(P), we have that p; > 0
for everyi > 0.

We now define £ : R — R? by prescribing that £(p;) = y(p;) and that £ is affine on each of the
intervals [p;, p;,;] for each i € Z. Note that

||§(Pi) - §(Pi—1)|| = ||V(Pi) - V(Pi—1)|| = w(L) foreveryi € Z. 4)

Subsequently, applying (2), we deduce
S <[] <1  forallie Zandt € (piy, p). ©
Next, we argue that
”y(pi) — y(pj)” > w(L) whenever i, j € Zand |j —i| > 2. (6)

To see this, we assume thati + 1 < j. We note that when i > 0 or j < 0, the claim is a direct con-
sequence of the definition of (p;);c,. Thus, we are left with i < 0 and j > 0. Then p; < p, < 0 and
pj > 0; therefore, (1) applies and proves the claim.

Now we bound ||y — &|| , above. Givent € R, we may find, by (2),i € Zsuchthatp, ; <t < p;.
Since & is affine on [p;_;, p;], we see that

[l7(®) = §@®|| < max {[|y(®) = (0|, [ly®) = E@)| }

and theny(p;) = &p ;) forevery j € Z,(2) and Lip(y) < L imply that the latter is at most 2L%w(L).
Hence

¥ = €|l < 2L%(L). )

It remains to provide the lower bilipschitz bound on &. To this end, we seek to establish the
conditions of Lemma 2.1. In what follows we make frequent use without reference of (4) and (6).
First, we note that the angle between consecutive segments of £(R) is at least 7z/3; this holds
because, for each i € Z, we have
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1Ei_) = &) = 1) — Epi)|| < ||EPiz1) — E(Piy1)]|-

We now derive conditions on constants C;, C,, C; > 0 so that £ and (p;);c, satisfy conditions (a)-
(ii) of Lemma 2.1 with & = 7 /3. By (5), (a) is satisfied for any C; > 2L. To check (b) weleti, j € Z
with |j —i| > 2. For k € {j — 1, j} we have

w(L) = ||€(pi_y) — Ep)|| < min {||E(p;_1) — E@O|- 1€ — E|| )

and therefore dist(§(py), [£(p;_1), E(p)]) = @ for k = j—1,j. By Lemma 3.2, the latter

implies that dist ([£(p;_1), £(p))] , [€(pi—1), E(P)]) = % This verifies that condition (b) holds

for any C, < % Finally, to check (ii), note that |y, . jcz; is L-Lipschitz, since § coincides with
yon {p; : i € Z}. Adding in (3), (2) and Claim 3.2.1, we deduce that §|{pl_ . iezy 1s 2L-bilipschitz.
Finally, with (4), we conclude that (ii) is satisfied for C; > 2L and C; = w(L). Hence £ and (p;);c»
satisfy conditions (a)-(ii) of Lemma 2.1 with « = 7 /3, C; = 2L, C, = w(L)/ \/E and C; = w(L), so
we get

10(2L)w(L)
e < 40L. (8)

V2

bilip(§) <

To finish the proof, we note that the only requirement on w(L) is (3), so we set w(L) = 4L3. Now
the assertions of the lemma are given by (7) and (8). O

4 | SEPARATION OF DISCRETE SETS BY A BILIPSCHITZ CURVE

In this section we prove the following theorem:

Theorem4.1. Let0 < s <1< w, X CR X [s,w — s] bes-separated and letY C X. Then there exists
q 1200w -bilipschitz mappingy = (y,,7,) : R — R? such that the following statements hold:

N
@) ) —t] < % and 0 < y,(t) Sw forallt € R.
(i) dist(x,y(t)) > 1f)—sofor allt e Rand x € X.
(ili) Letting W, and W _ denote the connected components of R? \ y(R) containing R X (w, o) and
R X (—o0, 0) respectively, we haveY C W_and X \Y C W,.

Proof. Let r :=s/100. For each x € X let g, € rZ? be a choice of point g € (rZ \ 4rZ) X rzZ
minimising the distance ||g — x|| and let

Q, 1= B, (q,.4r). )

Note that each q,, for x € X, is one of the 4 vertices of a square of side length r containing x in
the standard square tiling of R? with vertex set rZ2, so, in particular,

llax — x| < \/5r<2r, x € X. (10)
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Y(p1) A ¥(p2)
|
i
|
|
Do D2 D4 I8 Sr
B R o e
8r 8r i
- - |
1/)(]70) Yo 0—1“?4)
¥(p3)
FIGURE 1 Definition of .
Moreover, writing g, = (q, 1, g ), we have
qx1 €ETZ\ 417, x eX. 1)

Observe that the #_-balls Q,. := B, (q,,4r) with x € X are pairwise disjoint, because X is s =
100r separated. In fact, this ensures

dist (Q,,Q,) > 100r — 10V/2r > 80r  whenever X, yEXandx #y. 12)

We further note that for each x € X, proj,(Q,,) and proj,(Q,) are both intervals of length 8r and
from (10) and proj,(X) C [s, w — s] we have

proj,(Q,) C [94r,w —94r], x€X. (13)

We define 3 : [0,16r] — R? as follows (see Figure 1). Let

(an) t=p0:=0,

_ ._ 8Swr
O, w) t=p YT w8’
P(t) =1 (8r,w) t=p, :=38r, (14)
_ . Swr
8r,0) t=p;:=8r+ s

(16r,0) t=p, :=16r.

This defines ¥ at 5 points of the interval [0, 16r] including the endpoints of this interval. These
5 points determine a partition of [0, 16r] into 4 closed subintervals. We now extend ¢ to the whole
interval [0, 16r] by requiring that ¢ = (¢;,%,) be affine when restricted to each of these 4 subin-
tervals. The points py, ..., py are chosen so that ||)’|| is constant almost everywhere; we have

' ®] = for all t € [0,16r] \ {pPy> P1s--» Pa}- (15)

w + 8r
8r

Finally we define ¢ = (¢;,¢,) : R — R? by

p(16nr + t) = (16nr + P, (1), P,(1)) forallt € [0,16r], n € Z. (16)
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It will be useful to note
|, () —t] < 8r forallt € R. 17)
Let the sequence (p,,),c7 be defined by
Danyl = 16nr + py; nez1le{o,1,2,3}, (18)
where p,, ..., p; are defined in (14). To avoid using double subindices later on, we will on occasion

write p(j) instead of p; for j € Z. We also record the following useful identities, immediate from
the construction, for future reference

¢ ([Pans> Pans]) = {16nr} x [0, w],

¢([Pans1: Pansz]) = [16nr,(16n + 8)r] x {w},

{(16n + 8)r} x [0, w],

)
)
$([Pant2s Panss])
)

& ([Pant 3> Pansa]) = [(16n + 8)r,16(n + 1)r] x {0}, nez. (19)

This also implies that for any n, m € Z with |[n — m| > 2 we have

dist (¢([Pim—1: P D) (L Pp-1> Pn D) = 81 (20)

Claim 41.1. ¢ is K-bilipschitz for K := =.

Proof. We will determine conditions on constants C,C,,C5,C,4 > 0 so that ¢ : R - R? and
(Pn)nez satisty conditions (a)-(i) of Lemma 2.1 with « = 7/2. From (16) and (15) we verify (a)
for C; > w+r8r. Moreover, (b) for C, < 8r is given by (20). To check the remaining condition (i),

consider t,t, € R with |t, — t;| > C;. Then we use (17) to deduce

o) — Pt = |#1(t2) — P1(t)| = |t —t1| —16r > <1 - 1C_63r> |t —t1]- (21)

G
I£C, > Cy—16r’
choices C; = %, C, = 8r,C; = 32r and C, = 2 satisfy all the conditions we have encountered and

so Lemma 2.1 asserts that ¢ is %-bilipschitz. O

this verifies condition (i). It remains to note, recalling 100r = s < 1 < w, that the

The constant K defined in Claim 4.1.1 will appear often in the remainder of the proof.

Claim 4.1.2. For each x € X there exist n, € Z and i,, € {0, 2} so that the following statements
hold:

(@ ¢ '(Q,) is a non-empty closed interval [a,,b,] and [a,,b,]C
(p(4n, +1i,),p(4n, + i, +1)).

(b) The points ¢(a,), $(b,) are vertically opposite points on the upper and lower horizontal sides
of 0Q,.

(©) r < |projy(q,) — ¢1([p(4n, + i), p(dn, + iy + D] < 3r,
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18 of 34 | DYMOND and KALUZA

(@) dist ([¢(Pyn), $(Pns1)], Qu) > 7 for every m € Z,m # dn, +i,.

Proof. Given x = (x;,x,) € X, choose k € Z such that, writing q, = (¢, 1,4y ), we have r <
|q,.1 — 8kr| < 3r; this is possible due to (11). Since x, € [s,w — s], we have g, , € [s — 2r,w —
s+ 2r]. These bounds on the coordinates of g, ensure that Q, intersects the line segment
{8kr} x [0, w] and satisfies

dist(Q,,{8nr}xR) > r foralln € 7z \ {k}, and

dist(Q,,Rx{0,w}) > r
It follows, in view of (19), that

B # $(R) N Q, = ({8kr} x [0,w]) N Q = ¢([Pansi> Pansinn]) N Qs

where

k if k is even, L 0 ifkiseven,
n=n,=1< 2, . and i=i, = o
- if k is odd, 2 ifkisodd.

Parts (c) and (d) also follow. Note that the endpoints of the vertical line segment
{8kr} x [0,w] = ¢([p(4n, + iy), p(4n, + iy + 1)])

lie outside of Q,, with one above Q, and the other below. Writing [a,, b, ] for $71(Q,), we infer
(a) and (b). O

As a preparation for the definition of y, for every x € X we choose g}, g to be a pair of diag-
onally opposite vertices of Q,.. By construction of ¢, exactly one of the two vertical half-lines
emanating from g or g does not intersect ¢(R); without loss of generality, we choose the labels
so that the half rays g} + [0, o)e, and g + (—o0,0]e, do not intersect ¢$(R). Additionally, we
introduce a curve ¢, : R — R? as follows:

(A) ¢, (t)=¢() forallt e R\ (a,,b,).

(B) ¢l b, is the constant speed parameterisation of one of the two paths along 0Q, from
qu(ax) = ¢(a,) to ¢,(b,) := ¢(b,); we choose the one that contains g} if x € Y, otherwise
we choose the one containing q;.

Obviously, ¢, is continuous and by Claim 4.1.2(a) it is also injective.

Ifx €Y, then [x,q;]U (g + (—o0,0]e,) is a path disjoint from ¢,(R) by (B), and thus, shows
that x is in the same connected component of R? \ ¢,.(R) as R X (—o0, 0). Analogously, we verify
that x € X \ Y is in the same connected component as R X (w, o0). Since ¢,(R) C R X [0, w] and
lim,_, , ., proj; ¢,(t) = o0, the sets R X (—o0,0) and R X (w, co) are in different components of
R? \ ¢, (R). Hence, we have shown that for every x € X

x is in the same component of R? \ ¢, (R)as R X (—0,0) <= x €Y. (22)
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Using Claim 4.1.2(b) and (B), we note that there are precisely two points c,,d, € (a,,b,) with
¢, <d,suchthat¢, (c,)and ¢,(d,) are the endpoints of one of the vertical sides of 0Q, and each
of the mappings ¢, | c 1> Pxlic,.a,) and ¢x (4, p 1 is affine.

Moreover, Claim 4.1.2(b) and (B) allow us to easily compute bounds on the constant speed of
$:lia,b,]- The length of the path ¢, ([a,, b, ]) is between 8r and 24r. Thus, we have the central two
inequalities below:

1

1 8
z < T <||g @) <

24r
b, —

< 3K forallt € (a,,b,) \ {c..d,}. (23)
X

The first and last inequalities in the sequence are verified by combining Claims 4.1.2(b) and 4.1.1.
Finally, we note that (A) and (B) imply

||¢x — <;5||oo < diamQ, < 16r. (24)
Next, we estimate the bilipschitz constant of ¢,
Claim 4.1.3. For every x € X, ¢, is 12K-bilipschitz.

Proof. Recall the parametersn, € Zand i, € {0,2}given by Claim 4.1.2(a). We assume thati, = 0;
the case i, = 2 is similar. Consider the double sided sequence (p),), defined by

Dn ifn <4n,,

a, ifn=4n, +1,
ifn=4n,+2,
ifn=d4n, +3,
b, ifn=4n,+4,

(25)

Dpa ifnzdn, +5

We find conditions on constants C;,C,,C3,C, > 0 so that ¢, : R — R? and (p)),c, satisfy
conditions (a)—(i) of Lemma 2.1 with 0« = /2.

By (23) and Claim 4.1.1 we have that (a) holds for any C; > 3K. For (i), let t;,t, € R with
|t, — t;| = C;. Then, using (21) and (24) we get

|6:(t2) — ¢ (tD)]| = [|p(t2) — d(t)]| — ||#(t2) — b (ED]| — [P (t1) — Pt = <1 - %) |ty —t,].

_S
C3—48r"

It remains to check (b). For I, := [¢x(pllc—1)’ ¢x(P;/{)] for k € Z and given m,n € Z with

Thus, (i) is satisfied if C, >

|m — n| > 2, we need to derive a lower bound on dist (I,,,, I,,). By (20), we may restrict our atten-
tion to the case where at least one of the segments I,,, and I,, is a part of dQ,.. If they are both
contained in 0Q,, then dist(Z,,,, I,)) > 8r by (9). Otherwise, parts (c) and (d) of Claim 4.1.2 ensure
that dist(I ) = r. Therefore, Lemma 2.1(b) is satisfied by any C, > r.

m’In
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8r

> 94r

€ [r,7r]

@
87| | —>

8r

> 94r

8r
-

FIGURE 2 The position of Q, with respect to $(R).

To finish the proof, we note that the choices C; = 3K, C, =r, C; = 96r and C, = 2 satisfy all
the conditions we encountered, so Lemma 2.1 with a = 77/2 applied to ¢, and (p)]),c, gives
bilip(¢,) < 12K. O

Finally, we define y : R — R by the following two conditions:

@ y@®) =¢@) forallt € R\ J,ex(ay, by).
(II) forevery x € X wesety(t) = ¢, (¢t) forallt € [a,,b,].

Note that (I) and (A) ensure that y(t) = ¢,.(t) for every t € R\ |J,x(a,,b,) and every x € X.
Thus, several properties of ¢, are directly inherited by y. First, y is continuous and injective.
Second, Claim 4.1.1 and (23) yield

% <||Y/(®| <3K  foralmost every t € R (26)
and (24) translates to

ly — ¢l < 167. (27

Lastly, (I) and (IT) imply the first inclusion below:

y®) c ¢®R)U | ] 8Q, cRx[0,w], (28)

xeX

whist (19) and (13) verify the second. Thus, y(R) separates R X (—o0,0) from R X (w, o0).

We are ready to verify the properties (i)-(iii) of the present theorem. The first part of (i) follows
from (27) and (17), whereas the second from (28).

For every x € X, (10) implies that dist(x, dQ,.) > 2r. Thus, property (ii) is a consequence of the
first inclusion in (28), Claim 4.1.2(a), (II) and (B).

85URD| SUOLILIOD BAIER1D) 3|qeoljdde 8y} Aq peusenob ake ssjoNe O ‘@SN JOSa|ni 104 ARiq1T8UIUO A8]IA UO (SUORIPUOD-PUR-SLLBI LD A3 1M ARe1q1jBul|u0//Sty) SUORIPUCD pue Swie | 8u) 88S *[9202/50/.0] Uo Aeiqi8ulUO A8|IM B HISNBURIY00D AQ 0SOL SWI/ZTTT OT/I0pAL00 A8 |IM AReIq 1 BUI|UO"00SYTepUO /Sty Wo1) papeojumod ‘ ‘9202 ‘0SLL69T



PLANAR BILIPSCHITZ EXTENSION FROM SEPARATED NETS | 210f34

To see that y satisfies (iii), we fix x € Y (the argument for X \ Y is symmetric). Let V_ denote
the connected component of R? \ ¢.(R) containing R X (—c0,0) and recall, from (22), that x €
V. Thanks to parts (a) and (d) of Claim 4.1.2 and the separation between Q,, Q,, asserted by
(12) for all y,y" € X,y # )/, every path in V' intersecting some Q,,y € X \ x, can be slid along
the boundary of Q, so that the perturbed path avoids Q, whilst staying in V~ and so that we
do not introduce any new intersection with any of Qy,,y’ # y, in the process. Therefore, the set
U 1=V \ Uyex\py Qy is connected. Note that x € U. Asy(R) € ¢,.(R) U U ex\y} Qy» it follows
that either U ¢ W~,or U C WT. Since R X (—c0,0) C U, we infer that U ¢ W~. This proves (iii).

It remains to show that y is bilipschitz and estimate its bilipschitz constant:

Claim 4.1.4. The mapping y : R — R?, defined by (I) and (1I), is 12K -bilipschitz.

Proof. Since y is piecewise affine, (26) implies that y is 3K-Lipschitz. Given t,,t, € R it remains
to determine conditions on a constant E > 1 so that

1
vt —r(t)| > E|t2 — 1. (29)
If {t,,t,} intersects at most one interval of the form [a,, b,] with x € X, then (29) for E > 12K
follows from Claim 4.1.3. Otherwise there exist x,y € X with x # y such that ¢, € [a,,b,] and
t, € [ay, by]. Let M = M(w, s) > 0 be a parameter, depending only on w and s, to be determined

later. If |t, — ;| < M then, by (12), (II) and (B) we have

I7(e2) = 7(e)| > dist(@s, Q) > S [ty = 1]

and if |t, — ;| > M then by (27)

72 = 7@l > 19(62) = ¢ = 320 > (£ = 22 )ty — 1.

The last two lower bounds are equal with value ﬁ when we set M = 112Kr. Thus, in the case
t, € [a,,b,]and t, € [ay, b,] with x # y, we have that (29) holds for any E > 15)1{.
The strictest condition on E which we needed for (29) over all cases was E > 12K. O

To verify the bound on bilip(y) in the statement of Theorem 4.1 we plug in the value of K from
Claim 4.1.1 into the expression of Claim 4.1.4:

12w _ 1200w

1
12K = :
r s U

5 | EXTENSION TO HORIZONTAL LINES

The purpose of the present section is to prove the following statement:

Theorem 5.1. LetL > 1, T €N, T > 10°L'® and f : 7> — R? be an L-bilipschitz mapping. Then
there exists a 103°L1>-bilipschitz extension
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F: ZZU<IR><<TZ+%)>—>IR2

of f such that bilip <F | >> < 10%*L' and, letting V;, for each i € Z, denote the (unique)

Rx(TZ+3
connected open subset of R? with boundary equal to F (IR X {T(i -1+ %, Ti+ % }), the following
statements hold:

(i) VinV; =@ wheneveri,j € Zandi # j.
(i) f(zzn(u;ax[T(i—1)+§,Ti+§])>gviforeachiez.

We immediately reduce Theorem 5.1 to the following simpler version:

Lemma 5.2. LetL > 1,k € Z and f : Z*> — R? be an L-bilipschitz mapping. Then there exists a
103°L13-bilipschitz extension

. 2 1} 2
F:Zz U([Rx{k+2 >—>|R
of f such that bilip (Fl[Rx{k+l}> < 10%L" and for any x,y € 72 we have
2

x and y belong to the same connected component of R? \ (R X {k + % })

¢
f(x) and f(y) belong to the same connected component of R? \ F(R X {k + % })

Lemma 5.3. Lemma 5.2 implies Theorem 5.1.

Proof. We prove this statement in general dimension d > 2 in [6, Lemmas 6.2 and 6.3]; the proof
goes along the ‘expected path’. What follows is a concise proof, referring to [6] for some of the
details. In particular, we explain how the reader can quickly verify all of the constants associated
to Lemma 5.3, using [6].

Let L, T and f be given by the hypotheses of Theorem 5.1 and let F;, for each i € Z, be given by

the conclusion of Lemma 5.2 with k = Ti. Then F := |J,., F;: Z*U (IR X <TZ + %)) - R?is

<

well-defined and T is large enough to ensure F is 103°L-bilipschitz with bilip <F|RX (TZ+ l)
2

10%*L'1; to verify these constants apply [6, Lemma 6.2], with d = 2,J = 10*°L> and K = 10*4L!!,

Finally (i) and (ii) follow from the definition of F and the last stated property of F; from the

conclusion of Lemma 5.2; this is confirmed by [6, Lemma 6.3]. O

Lemma 5.4. Let 1< L <K, M > 10K, 6 € (0,1/10), f: 7> —» R? be an L-bilipschitz mapping
and y : R — R? be an M-bilipschitz mapping. Suppose that ||y(i) — f(i,0)|| < K forall i € Z and
l¥@® — f(x)|| > 6 forallt € R and x € Z*. Then the mapping F : Z* U (R X {1/2}) - R? defined
by

F(x)= f(x) forallx € z?>, and F(t,1/2)=y(t) whenevert € R,
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is A%-bilipschitz.

Proof. 1tis clear that the A% — bilipschitz condition is satisfied between pairs of points x, y which

either both belong to Z? or both belong to R X {%} So assume x € Z*,t €ERand y = (t, %) S

R X {%} Then, for ' € Z chosen so that |t —t| <1/2, we have

[IFO) = FCO| < [ly(®) =y @] + [ly(t") = f(&", 0| + || £, 0) = fO|

<%+K+L(||y—x||+1)

ML
< (M +2K +3D)lly - xI| < -y = xl.

Now we seek the lower bound on ||F(y) — F(x)||. Let P = P(L,K,M,6) > 1 be a quantity to be
determined later in the proof. If ||y — x|| > P, observe

[FO) = FOO|| > [|£(',0) = fGO| = [| £, 0) =y (]| = [l¥(¢") = ¥ @]

M
“(ly-xl-)-K-=
> 20y —xl -1 -

.

1y M aM
1
Lt >||y x| > (1 =55 )y = xI.
On the other hand, if ||y — x|| < P then

hl'—'

L

IFG) - Fl _ r® - f&|| .
Iy —xIl ly—xI =P

Thus, we establish the optimal Lipschitz estimate for F~! when

1 3M . 3M
—-——— ==, or, equivalently, P= L(@ —>
L 4P P 4 Y + 4
Plugging this value of P into the estimates above, we verify that F is %-bilipschitz. 1

Proof of Theorem 5.1 and Lemma 5.2. We give a proof of Lemma 5.2; together with Lemma 5.3
this also provides a proof of Theorem 5.1. We may assume that k = 0. Let Kirszbraun’s Theorem
[9] provide an L-Lipschitz mapping u: R — R? such that u(i) = f(i,0) for all i € Z. Next, let
£ : R — R? be the 40L-bilipschitz mapping satisfying ||£(t) — u(t)|| < 8L° for all t € R, given by
Proposition 3.1. We record that

|£G) — £(i,0)| < 8L° foralli € Z.
Suppose that x € Z2, P > 0, dist (x, R X {0}) > P and that x’ € Z* with ||x" — x|| < 1. We deter-

mine a large enough value for P which ensures that f(x) and f(x’) belong to the same connected
component of R? \ £(R). Note || f(x") — f(x)|| < L, whilst for any ¢ € R we may write
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[FG) = D) = [[f ) = £(LeL, 0] = [[§@ = ECLeD|| = [|ECLe D) = f(Le ], 0]

> P — 40L — 8L°.
L

If P := 10°L° then the latter quantity is at least 50L°. Since this inequality holds for an arbitrary
t € R, we get that dist(f(x), {(R)) > 50L> > || f(x") — f(x)|, implying that f(x) and f(x") belong
to the same connected component of R? \ £(R).

We may now conclude that the set f (Z XZ, P) belongs to one connected component of R? \
&(R), whilst the set f ( ZXZ_ P) belongs to the other. Apply Theorem 2.4 to £ to get a bilipschitz
mapping ® : R? — R? such that

®o(t) = (t,0) forallt €R, bilip(®) < 2000(40L) < 10°L,

Pof(ZxZ,p) CRX(0,00) and  Pof(ZXZ _p) CRX(—c0,0). (30)
We now determine a large enough value of R > 0 so that
o f(Z X (ZN[-P,P])) CRX[—R,R]. (31

Letx € Z X (Z N [—P,P)). Then

dist(®o f(x), R x {0}) < Lip(®) dist(f(x), §(R))
< Lip(®)( || f(x) = f(proj, (x), 0)|| + || f (proj, (x), 0) — &(proj, (x))||)
< Lip(®)(LP +8L%) < 2-107LE.

Thus, setting R := 2 - 107L%, we verify (31).

Our aim is now to apply Theorem 4.1 on the strip R X [-R, R] to obtain a curve separating
®of(Z X Z,,)and Pof(Z X Z ), however, note that the points of the separated set in Theorem 4.1
must have at least some uniform positive distance s > 0 from the boundary of the strip. Thus,
we need to apply a further bilipschitz transformation I': R? — R? so that To®o f(Z?) does not
intersect two thin strips centred at the lines R X {R} and R X {—R}. At the same time, we want the
transformation by I to preserve the properties in (30) and (31).

To construct T we will use Theorem 1.4 to move points of ®o f(Z?) lying too close to the two
lines R X {—R,R}. For 77 := —— and each x € ®of(Z2) let

10°L2
x + Ze, if proj,(x) € |[~R,~R + g] U(RR+1
Yx = x—ge2 if proj,(x) € —R—%,—R)u R—g,R ,

X otherwise,

and let r, := % and U, :=B([x,y.],r,). Since ®of(Z?) is n-separated, and U, C
B(x, ||yy — x|| + 1) € B(x,1/2) for each x € ®of(Z?), we have that the family U revof(z2) is
pairwise disjoint. Let the 16-bilipschitz mapping I' : R? — R?, with

85URD| SUOLILIOD BAIER1D) 3|qeoljdde 8y} Aq peusenob ake ssjoNe O ‘@SN JOSa|ni 104 ARiq1T8UIUO A8]IA UO (SUORIPUOD-PUR-SLLBI LD A3 1M ARe1q1jBul|u0//Sty) SUORIPUCD pue Swie | 8u) 88S *[9202/50/.0] Uo Aeiqi8ulUO A8|IM B HISNBURIY00D AQ 0SOL SWI/ZTTT OT/I0pAL00 A8 |IM AReIq 1 BUI|UO"00SYTepUO /Sty Wo1) papeojumod ‘ ‘9202 ‘0SLL69T
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[(x) =y, forallx € ®of(z*) and T(p)= pforall p e R?\ U u,
XEDof(Z2),y #x

be given by Theorem 1.4 and set Y := I'o® so that
Yo&(t) = (t,0) forallt € R, and bilip(Y) < 4% - 10°L.

Since I'(x) = y, and x belong to the same connected component of R? \ (R x {0}) for every x €
®o f(Z?), (30) becomes

Yof(ZxZ,p) CRX(0,00) and  Yof(ZXZ. p) < RX(—00,0). (32)
Moreover, I['(x) € R x [—R, R] for every x € ®of(Z?) n (R X [—R, R]), so (31) becomes
Yof(Zx(Zn[-P,P])) CRX[-R,R]. (33)

Using ||T(x) — x|| = ||y, — x|| < n/5 for every x € ®of(Z?), we get that Yo f(Z?) is 3?’7—separated.
Note also that

proj, oYof(2%) n <<—R— g,—R+ g) u (R— g,R+ g)) = 4. (34)

Thus, the conditions of Theorem 4.1 (appropriately shifted) are satisfied for

n__2
5 10712’

X :=Yof(ZHNRX[-RR]), Y :=Yof(ZxZ,)N([RX[-R,R]).

s = w .= 2R,

We obtain a bilipschitz mapping y = (y1,7,) : R = R? such that

bilip(y) < M = 2400 - 10110 < %1018L1°,
107L2
-t <=5 and [0 <R=2-10L° foralltek, and
dist(Yo f(x),y(R)) = 2 __4 for all x € Z°.
100 _ 10°L2

The last stated property for x € Z? comes from the conclusion of Theorem 4.1, if Yo f(x) € R X
[—R,R], and from (34), otherwise. Moreover, the mapping y we get from Theorem 4.1 has one
further property: letting W, and W_ denote the connected components of R? \ y(R) containing
R X (R, 00) and R X (—oco, —R) respectively, we have

Yof(ZXZ)N(RX[-R,R))CW_ and Yof(ZXZ,)Nn(RX[-R,R]))CW,. (35)
Define F : Z? U <IR>< {%}) - R%by

F(x) = f(x) forallx € z>, and F(t,1/2) =Y loy(t) whenevert € R.
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Combining (35), (32) and (33), we deduce that f(ZXxZy) CY !Y(W_) and f(Zx27,)C
Y~1(W,). Finally, the inequalities

bilip(Y oy) < 4% - 10°L - %IOISLIO <10%LM =: M,

1
bilip(Y)

dist(f(x), Y " oy(R)) > dist (Yo f(x), y(R))

s_ 1 .4 1
42.105L 109L2 ~ 10153

[[¥~"or() = £, 0)|| < bilip(W]|y (@) = Y& ]| + [I§0) — £ 0)|

<bilip(Y)([y1 () = if + [r2D)]) + @) = [, 0))|
<4*-10°L- (1+2-107L%) +8L° < 10"L° =: K foralli € Z,

=:0 forallx € 72, and

allow us to apply Lemma 5.4 to establish bilip(F) < % = 10°°L!5. We also get bilip <F |R><{ 1 } > =
2
bilip(Y~'oy) < 10LM, O

6 | BILIPSCHITZ MAPPINGS ON A STRIP

The aim of the present section is to build upon Theorem 2.3 to show that bilipschitz mappings
can be extended from a boundary of a strip to the whole strip in the plane:

Theorem 6.1. Let L > 1, h > 0and f : R X {0, h} — R? be an L-bilipschitz mapping. Then there is
a 10V L7-bilipschitz mapping F : R X [0, h] — R? extending f.

As a preparation for the proof of Theorem 6.1, we note that whilst Theorem 2.3 is stated for
mappings on the unit square, we can readily extend it to any domain of the form T'([0, 1]?), where
T is a bilipschitz mapping [0, 1]> — R?, by composing the relevant mappings with T or T~!. For
convenience, we state it formally.

Proposition 6.2. Let K,L>1 and T: [0,1]> > R? and f: 3(T([0,1]*)) > R? be K-
bilipschitz and L-bilipschitz mappings respectively. Then there is a 2 - 10'K?L-bilipschitz mapping
F: T ([0,1]*) — R? extending f.

Proof. We define g(x) := f(T(x)), which is a KL-bilipschitz mapping 3[0,1]> — R2. By The-
orem 2.3 we get its 2 - 10'K L-bilipschitz extension G to [0,1]2. Setting F(x) := G(T~!(x)) we
obtain the desired extension of f. O

We also recall the gluing operation from Definition 2.5. Lemma 2.6 about gluing of Lipschitz
mappings will be used frequently, and thus, in the present section the letter z always refers to
z(+, -) from its statement.

Whilst it is clear that every trapezium is a bilipschitz image of [0,1]?, the purpose of the
following lemma is to record an explicit bound on the bilipschitz constant of such a bijection.
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Lemma 6.3. Let P be a trapezium of height h, with bases of length b, and b,, with b; < b,, and legs
of lengths 1, ,, where l; < 1,. Then there is a bilipschitz bijection T : [0,1]> — P with

Lip(T)< b, +1, and Lip(T™") <

Proof. Up to a rotation, we may assume that the bases of P are horizontal. The mapping T is then
defined to map the vertices of [0, 1]? onto the vertices of P in the natural order (i.e., the left bottom
vertex of [0, 1]? is mapped onto the left bottom vertex of P, and so on). We split [0, 1]? into two
triangles A; and A, using one of the diagonals of [0, 1]*. Now we define T as the unique affine
extension of T' to each of these two triangles. We denote the length of the common side of T(A,)
and T(A,) by d. Note that this side is a diagonal of P. The indices are chosen in such a way that
T(A;) has sides of lengths by, [, d.

Itis enough to bound the bilipschitz constants of T'| , and T, separately, since these mappings
and their inverses satisfy the assumptions of Lemma 2.6 with C = 1; to see this, we just note that
forevery x; € A;andy; € T(A)),i € {1, 2}, it suffices to take z(x;, x,) as the intersection of [x;, x, ]
with the common side of A; and A,, and similarly, z(y;, y,) as the intersection of [y;, y,] with the
common side of T(A;) and T(A,). We estimate the bilipschitz constant of T on A,; the other case
is the same. Up to a reflection, we may assume that the chosen diagonal goes from the top left
vertex of [0, 1]? to the bottom right vertex and that A, is beneath it. Up to a translation, we may
also assume that T(0,0) = (0,0) and T(1,0) = (b,,0). Moreover, we write T(0, 1) as (a, b,, a,b,),

with appropriately chosen a;, a, € R. Hence, we can view T as a composition of ascaling by b, an

. . . . . 12

a linear mapping T = < . o ) The defining relations for a,, a, are a, = bﬁ >0andaf +aj = 3,
2

as h is the height of T(A,) and L, is the length of T(0, 1). It remains to bound ”T” and “T‘l
op

Op'
We fix x, y such that x?> + y? = 1 and bound ”T(x, y)” from above as follows:

b + b, + 15
by

s

2
_ 2
HT(x,y)” = (x+ay)’ + a3y’ = x> +2axy + (a} + a})y* <1+ gy | + b_22 <
2

12
where we used that 2xy < x> + y? = 1, that x2, y? < 1 and also that a% < b—zz. We conclude that
2

Lip (T|A2> = b, ||T’||Op <A/b2+boly + 12 <by+1,.

_4a
By a direct calculation, we see that T~! = ( o 2 ) The same way as above, we get
az

2 2
. 2 1 a +|ajay| +a +1
[T )| = 5 ((@x -y +5?) < ;
a; a4
312
1+§(a§+af) b + =2
< —2 < 2
= 2 )
a
2
. N b§+ﬁ
Therefore, we obtain that Lip (T ¢ A2)> < e h22 .
2
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By an analogous computation for A,, we get that Lip(T|, ) < b; +; and Lip (T‘1|T(A1)) <

312
b2+ 2L
lb;rhzz Clearly, the bounds for Lip(T) and Lip(T~!) in the statement of the lemma are upper
1
bounds for Lip (TIAZ,> and Lip (T‘1 IT(Ai)>, i € {1, 2}, respectively. 1

Let a,w, p € R? such that a # p and w # p. We denote by y(w, p, a) the size of the angle at p
in the (possibly degenerate) triangle apw. Obviously, y is a continuous function. We will need a
lower bound on y(w, p, a) on triples a, w, p such that w, p lie in a certain compact convex set X
and a & Int K.

Lemma 6.4. Let K be a compact convex set in R?> and w, p € K, w # p such that the open line
segment (w, p) lies in Int KC. Then y(w, p, -) constrained to the set

Ayp i={aeR*\(IntLU{p}: lla—pll < lla—w|}
attains its minimum at an intersection of 0 KC with the bisector of [w, p].

Proof. By the convexity of £ and the assumptions on w, p, the bisector of [w, p] intersects K
at exactly two points a,, a,. As a;,a, # p, we see that a;,a, € A, ,. Now we take a € A, and
assume for contradiction that

V(W, b, a) < min {Y(w7 b, al)? V(LU, D, az)}- (36)

This means that a lies in the interior of the convex cone containing w and bounded by the lines
a, p, a, p; this cone together with the bisector of [w, p] defines a triangle T. By our assumptions,
a € T. On the other hand, T C K by the convexity of K. Asa € TN A, C T and since (a;, a,) N
Ayp = @, we have a € [ay, p] U [a,, p], which contradicts (36). O

Lemma 6.5. Let B be an open disk in R? and w, p € B,w # p. We write B, for the open disk with
diameter (w, p). Let a € R*\ ((BNBy,) U{p}) such that |la - pl| < |la —wl|| and y(w, p,a) <
/2. Then

. V2 |lw = pl|
siny(w, p,a) > = demB
Proof. Let A, be the set from Lemma 6.4 applied to w, p and K = BNB, pandleta,, €A,
be the minimiser provided therein. Note that, by the assumptions, a € Awp as well, and thus,
y(w, p,a) > y(w, p, awp). Therefore, since y(w, p, a) < 7 /2, to lower bound sin y(w, p, a), we only
need to bound y(w, p, a,, p) below.

If Ayp ¢ 0B, then by Lemma 6.4, ayp € 6Bwp and y(w, p,a) > /4 = y(w, p, awp). Thus,

\f \f V2 w-pl

sin , D, _
y(w,p,a)> 4 diamB
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‘We can now assume that a,, » € 0B. Without loss of generality, we assume that B is centred at 0.
Let b stand for the midpoint of [w, p], d := ||w — p|| and r : = diam B/2. By the reverse triangle

inequality, we see that ”b - awp“ >r—|bll=r—r2—(d/2)>.
On the other hand,

[o-aus] - [lo-au]

lo—aus] V-l + (47

ismonotone increasing on (0, o), we may apply the lower bound

siny(w, p, awp) =

t

(3]
“b - awp” >r—\r:— (d/2)22 to get

Since the functiont —

siny(w, p, awp) > =

1(d
N 5<5) V24
z - TE:
2 2
d d
P (=) (@)
where we used that for every ¢ € [0,1] it holds that 1 — \/?S V1-¢<1- % O

Now we are ready for the proof of Theorem 6.1.

Proof of Theorem 6.1. First we argue that we may assume h = 1: Suppose the theorem holds if & =
landwearegivenL > 1, h > Oand an L-bilipschitz mapping f : R X {0, h} - R?.Thenletg: R X
{0,1} —» R? be defined by g(x) = % f(hx)forall x € R x {0, 1}. The version of the theorem for h =
1 provides a 10'°L7-bilipschitz extension G : R X {0, 1} — R? of g. Then the mapping F : {0, h} —
R? defined by F(x) = hG (%) is a bilipschitz extension of f, verifying Theorem 6.1.

We may now assume that & = 1 and fix a polynomial g(L), whose precise value will be spec-
ified later. We also write £, := R X {0} and 8y := R X {1}. We start by selecting a sequence
(X1)kez C R so that the points are increasing in their first coordinate and with distance exactly
q(L) between consecutive points. Our aim now is to come up with two sequences (x;),c, C £
and (yy);ez C £, such that the segments [x;, y; | are pairwise non-crossing, and moreover, so
that we can extend f to each of these segments in a bilipschitz way simply by interpolating from
f(x) to f(yy) linearly, for every k € Z.

To this end, we first define B; := B(f(X;),L). We want to make sure that these disks are
pairwise disjoint, so we require that

q(L) > 2L2. (37)
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Fix k € Z and observe that Ek intersects f(£,;). By compactness, there are two points x; € &
and y;, € &, such that f(x;), f(y;) € By and

£ G — fF)|| = dist(f(8y) N By, £(8,) NBy) < L. (38)

As a consequence, [ f(x;), f(y,)] meets image(f) only at the endpoints. This allows us to define
an injective mapping F) : £, U &, U [x;,y,] = R? extending f by interpolating linearly between
f(x,) and f(y;) along [xy, ¥, ]. For future use, we also record that

[l = iells [1ve = %l 1 = viel| < L2 (39)

Claim 6.5.1. The mapping F) satisfies Lip(F) < 2L° and Lip(F, ") < 12L°.

Proof. The points x,, y lie on two parallel lines £, &, with distance 1. Therefore, letting o, denote
the smallest of the angles between [x;, y; ] and &, (or &,), by (39) we have

1 1

_ > —. 40
o=l ~ 72 4o

sinay =

The mapping Fy | (e ] 18 affine and thus its bilipschitz constants are realised on the pair x, y;,
where F) is equal to f. Because f is L-bilipschitz, we have that Fy ||, ,, | is L-bilipschitz as well.

Since we know that Fy|q e is L-bilipschitz, it is enough to bound the bilipschitz constants
of F| Lulx ] L€ {0, 1}, separately. We discuss only the case i = 0, as the other one is the
same.

We again use Lemma 2.6. To this end, given x € 8, and y € [x;, y,], we set z(x,y) := x;. By
the sine theorem and (40), we get that

il

_ _ X =Y oy -
= ze ] + Iy = 2 < 322 < 282y, )

which proves the first part of the claim.

Now we are given a € f(8,) and b € [f(x;), f(y,)]. We can assume that b # f(x;), f(y)-
We set z(a,b) := f(x;) if |la—fCq)|| <|la—=fQy)|; in the opposite case, we set
2(a,b) i= f().

We denote the angle in the triangle z(a, b)ab at the vertex z(a,b) by y,. If y, > %, then ||a — b||
is the longest side of the triangle, and hence, ||a — z(a, b)|| + ||b — z(a, b)|| < 2]la — b]|.

When vy, < %, wesetz := z(a,b) = f(x;) andw := f(y,) (or the other way around) and note
that y, is also the angle at z(a, b) in the triangle af(x;)f(y;). Moreover, we observe that a ¢
By N B, as otherwise a would be a point of f(£,) N By, closer to f(y;) € f({,) N B, than f(x;),
contradicting the definition of x; and y,; see (38). Thus, we can apply Lemma 6.5to a,w,p = z
and B = B, and obtain that

V2 [f&) - FoRl

42
4 diam By, “42)

siny, =siny(w, z,a) >
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Now we use again the sine theorem and deduce 2lla=bl o, |la — z(a,b)|| + ||b — z(a, b)||. By the

siny, =
bilipschitz property of f, ”ﬂzg%")” > IZ/—LL =
k

that given any a € f(R,) and b € [f(xy), fOi)],

1/2L2. Combining it with (42), we have shown

lla — z(a, b)|| + ||b — z(a, b)|| < 8V2L?[la — b|| < 12L%[|a — b
By Lemma 2.6, we conclude that Lip(F a 1y g 1213, O

By definition, ||x; — X || = g(L) for k € Z, and thus, by (37) and (39), the relative order of
both (x), ez and (i) 7 along £, and &, respectively, is the same as that of (X} ), . Therefore,
the segments [, y; ] are pairwise non-crossing.

Next, we would like to use Lemma 2.6 to show that the mappings (F)), ., combine to give a
bilipschitz mapping.

Claim 6.5.2. Let G : £y U £, U Jyes %k, ¥i] — R? be the mapping extending F, for every k € Z.
Then Lip(G) < 4L3 and Lip(G~!) < 24L3.

Proof. We note that F} U F; and F,_ LuF - ! are well-defined according to Definition 2.5 for every
k,l € 7. As G is L'-bilipschitz if and only if each F) U F; is L’-bilipschitz for every k,l € Z, it is
enough to argue that there is C > 0 such that for every k, | € Z the mappings F, F; as well as the
mappings F,- LF T ! satisfy the assumptions of Lemma 2.6 with the constant C. In fact, to obtain the

claimed Lipschitz constants, in light of Claim 6.5.1 it suffices to show that we can choose C = 2.
For this, we additionally assume

q(L) > 4L°. (43)
Wefixk < l,k,l € Z, p;, € [x;,y]and p; € [x;, y;]. We set z(py, p;) := X; and argue that this

choice satisfies the assumptions of Lemma 2.6 for F; and F,.
By the triangle inequality, we can write

ok = 2(pi, PO|| + 1P — 2> POl < [P = il + |2 = %[l + || Pic = p]|- (44)
On the other hand, by (39), (43) and the definition of (X;),c, (applied in this order), we have
2||p — x| < 2L < q(L) — 2L < || pi — pi|- (45)
Combining (44) and (45), we directly obtain that
| px = 2(pi PO|| + || P = 2(p1> PD|| < 2|| P — -
For F;l and Fl_1 we choose z := z(f(py), f(p) := f(%;) and use exactly the same method

as for Fy, F; to show that the assumptions of Lemma 2.6 are satisfied with C = 2. Thus, we write
only the relevant inequalities without further justification:

I/ (pi) = 2| + [|f (P — 2| < ||F (i) = FEO + [/ (Pi) = fF & + (| f (i) = F(pD-
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Instead of (39) we use (38) and the bilipschitz property of f:

20l 7e0) — fE0l < 2L < B2 o < 1 1o0) - o).
Altogether, we get that
£ (i) = 2| + ||f(pD = 2| < 2| £ (i) = f(PD|- O

We summarise where we currently stand. For every k € Z, we have a trapezium P, with vertices
Xie» X415 Vi and yy. ;. Two consecutive trapezia P, and P, ,, share an edge. Additionally, we have
a bilipschitz extension G of f to | J;c, 9Py.

Claim 6.5.3. For every k € Z, there is a bilipschitz bijection T} : [0,1]> — P, with bilip(T}) <
79(L)
Y

Proof. We fix k € Z. In line with the notation of Lemma 6.3, we call by b; < b, the lengths of the
bases of P, and by [; < I, the lengths of the legs of P,. The height of P, is 1. By the definition of
(X);c7 and (39), the bases of P, satisfy

q(L) —2L* < b; < b, < q(L) +2L?
and the legs of P, satisfy

1<L <L <L

By Lemma 6.3 there is a bilipschitz bijection T} : [0,1]*> — P, satisfying some explicitly stated
bounds on Lip(T} ) and Lip(T;l) in terms of the quantities b,, b,, l,. From the bound on Lip(T} )
and (43), we obtain

7q(L
Lip(Ty) < q(L) + 2L* + L* < %_

Next we show that Lip(T, ') < 4. This will complete the proof, since 7qT(L) > 7L% > 7by (43). In
view of the bound on Lip(Tl; 1) from Lemma 6.3, it suffices to argue that

312

aby > /b3 + ="

By the upper bounds on b, and I, stated above and (43), we get that

l2 2 2
b2 + 372 <(qL) 420 + “LTZ)Z < <3qT(L)> + %(@) < 3¢*(L).

On the other hand, the lower bound on b, and (43) imply

16b? > 16( 2)’ IO} R
12 16(q(0) = 2L%)" > 16( —= ) = 4g*(L).
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A comparison of the two inequalities establishes the claimed upper bound on Lip(T,;l). O

As a direct consequence of Claims 6.5.2 and 6.5.3 combined with Proposition 6.2, we can extend
each G|gp, defined in Claim 6.5.2 to a bilipschitz mapping G : Py — R? and directly compute the
following upper bound for its bilipschitz constant:

7q(L) \*
bilip(G;,) < 2 - 10'¢ - <#> 2413 < 2-108L3q(L)>. (46)

It remains to argue that the mapping F : R X [0, 1] — R? defined as F| p, =Gy foreveryk € 7
is bilipschitz as well. First, consider an arbitrary k € Z and recall the mapping G from Claim 6.5.2.
Since d dom(Gy) = 8P, ¢ dom(G), Corollary 2.7 applies to G, and G, so we get that G, UG
is bilipschitz with bilip(G; U G) = max {bilip(G), bilip(G; )}. Second, for every k,l € Z, Corol-
lary 2.7 applies to G, U G, G; U G verifying that bilip(F|p, ,p,) < max {bilip(G; U G), bilip(G; U G)}.
Therefore, F is bilipschitz and bilip(F) obeys the bound of (46) as well.

Finally, noting that the strictest requirement on gq(L) has been (43), setting q(L) := 4L? and
plugging this value into the bound of (46) finishes the proof. 1
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