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—— Abstract

Simplicial approximation provides a framework for constructing simplicial complexes that are
homotopy equivalent to a given manifold, provided a CW structure is explicitly known. However, its
conventional implementation quickly becomes intractable on a computer: barycentric subdivision
produces poorly shaped simplices, and the star condition introduces many vertices. To address these
limitations, this article develops a subdivision scheme based on spherical Delaunay triangulations,
which attains better refinement properties than barycentric subdivisions. Moreover, the star condition
is reframed as two independent problems, one geometric and the other combinatorial, respectively
tackled in the language of locally equiconnected spaces and the list homomorphism problem, allowing
an exponential reduction in the number of vertices. Via a prototype implementation, we obtain
simplicial complexes homotopy equivalent to Grassmannians and Stiefel manifolds up to dimension 5.
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1 Introduction

1.1 Topology software

In computational topology, a popular way to represent a topological space is via a simplicial
complex. Once a space is triangulated, it can be explored algorithmically, and a range of
homotopy invariants can be evaluated [36, 37, 38, 69, 39, 64, 65, 66, 112, 90]. More generally,
triangulations open the door to many further developments: they allow us to test conjectures
and discover new properties [16, 15], they serve as a benchmark for comparing software [14,
9, 108] and they lay the foundation for new data analysis techniques [103, 106, 59, 111].
Over the past two decades, software for computations on simplicial complexes has advanced
substantially. Existing libraries span a wide range of goals, from algebra to geometry and data
analysis. They have underpinned numerous concrete advances: proofs and counterexamples
in 3-manifold topology with Regina and SnapPy [35, 48]; large-scale enumerations that
tested conjectures with BISTELLAR and Twister [18, 13]; new homotopy and cohomology
computations in Kenzo and HAP [50, 56]; and persistent homology pipelines that surfaced
new properties of datasets with GUDHI, Ripser, and TTK [91, 11, 110], among many others.
On the other hand, computational topology lacks explicit examples of triangulated
manifolds, as noted in [16, 66, 9, 108]. By explicit, we mean stored on a computer as a
list of simplices, or obtainable in reasonable time by an implemented algorithm. This is
especially striking in dimension 4 and above, as summarized in Table 1, which collects known
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triangulations of certain classical manifolds. Apart from the real and complex projective
spaces, most triangulations are “accidental”, i.e., arising from special homeomorphisms with
known spaces. The aim of this article is to develop an algorithm for triangulating new spaces.

Table 1 Known explicit triangulations of a selection of manifolds.

Space Known cases References / Known identifications
Real projective space RP™ n>1 [83, 8, 4]

Complex projective space CP" n >1 [84, 102, 6, 7, 101, 49]

Special orthogonal group SO(n) n <4 SO(3) 2 RP?, SO(4) = S% x SO(3)
Special unitary group SU(n) n <2 SU(2) = §3

Unitary group U(n) n=1 U(1) = st

Real Stiefel manifold V(d,n) d=1lorn<4 V(1,n) =2 S" 1 V(d —1,d) = SO(d)
Real Grassmannian G(d,n) d=lord=n—-1 G(1,n)=G(n—1,n) =2RP"!

1.2 Related work

Traditionally, explicit triangulations of manifolds are obtained by two main approaches. The
first is combinatorial and relies on specific descriptions of the manifolds under consideration.
For example, small triangulations of RP™ have recently been constructed by exploiting its
realization from a symmetric polytope [4]. Topological properties can also guide the enumer-
ation of combinatorial manifolds, as in the work of Lutz [87, 107]. However, combinatorial
complexity grows rapidly with the dimension. Thus, in dimensions 3 and 4, more structured
constructions are preferred, based on layered triangulations [76, 75, 77], Dehn fillings [52],
Heegaard diagrams [57, 74, 58], and Kirby diagrams [33, 34]. The present work follows this
perspective by exploiting the CW structure of the spaces involved, which is well understood.

Sampling-based methods offer a different viewpoint. A large body of work studies how
to reconstruct an embedded manifold M C R”™ from a finite sample X C R™. The goal
is usually not to recover a triangulation of M itself, but rather a simplicial complex with
the same homotopy type. A standard construction is the Cech complex. Recovery is
guaranteed when the sampling density is sufficiently fine relative to an appropriate condition
number, typically the reach of M [94]. Quantitative refinements use less restrictive geometric
quantities, such as the p-reach [40, 78], weak feature size [41], local feature size [42], convexity
defects [5], and convexity radius [61]. In higher dimensions, however, the Cech complex
may be prohibitively expensive to compute, and one may instead use the Vietoris—Rips
complex, which depends only on pairwise distances. Following the foundational results of
Hausmann and Latschev [73, 85], quantitative guarantees have been established in terms
of the reach [88, 89], the u-reach [78], and convexity defects [5]. Other approaches rely
on Delaunay complexes [23, 24, 22, 1], witness complexes [104, 70, 25, 26], and metric
thickenings [2, 3].

These methods nevertheless remain computationally demanding. Vietoris—Rips complexes
are the cheapest to compute, but their guarantees are weaker and they typically require many
vertices. Cech complexes present the same difficulty, as they may contain a large number
of simplices, potentially of high dimension. In contrast, more refined constructions such as
Delaunay complexes require substantial computation time and scale poorly with dimension.

Grassmannians G(d, n) are a notable example, regarded as difficult to triangulate. Theo-
retical results indicate that the minimal number of facets increases exponentially with n [68].
Knudson considered triangulating G(2,4) by embedding it into R and constructing a
Vietoris—Rips complex [79]. In practice, the approach amounted to increasing the scale until
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obtaining a complex with the expected homology. This proved too costly in memory, and
a witness complex was used instead. Although a complex with the correct homology was
found, this construction does not satisfy the hypotheses of the available theorems.

1.3 Contributions

In Algorithm 2 we present an implementation of simplicial approximation to CW complezxes,
a framework well established in theory yet overlooked in practice. Given a CW structure on a
topological space, the algorithm outputs a homotopy equivalent simplicial complex. Although
not homeomorphic, such a complex still suffices for many of the applications mentioned
above. Crucially, our complexes are equipped with a point location routine, making them
practical surrogates for the manifold in data-driven applications.

Turning the textbook construction into a practical implementation requires several
adjustments; in particular, we aim to keep the resulting complexes as small as possible. To
this end, in Section 2, we adopt Delaunay refinement instead of barycentric subdivision; in
Section 3, we build a simplicial mapping cone that avoids subdividing the complex; and in
Section 4, we substitute the star condition for a more efficient constraint satisfaction problem.

We implemented two versions of the algorithm, using either global or local refinement.
Only the first is currently proven to terminate, but the second often produces smaller com-
plexes. In both cases, when the algorithm terminates, the output is correct (see Theorem 13).

The software is provided as supplementary material.! The repository includes complexes
homotopy equivalent to G(2,4) and V(2,4) (of dimensions 4 and 5), which were not available
prior to this work. We intend to address higher-dimensional examples in future work by
increasing computational resources; the current results were obtained on a personal laptop.

The algorithm is sketched in the next section. In Sections 2-4 we develop the theoretical
results required for its implementation. Proofs appear in the full version of the article.

1.4 Overview and discussion of the construction

CW complexes. The theoretical background can be found in Hatcher’s book [72, Section 2.C].

A CW complex of dimension n is a topological space X endowed with a decomposition

X=X">X"1>...5 X0 where X° is finite and each X is equal to a disjoint union
Xd _ del H ed

(
1<i<m(d)

where each ef, called a d-cell, is homeomorphic to an open ball of dimension d, and m(d) is
their number. It is required that the homeomorphism extends to the closed ball B¢, yielding
a map <I>§l: Bd — éf C X%, called the characteristic map. Its restriction to the boundary of
B¢ —i.e., the sphere S9! — is called the gluing map and is denoted qﬁf: Sd=1 5 X941 In
other words, X¢ is homeomorphic to the gluing of d-balls along their boundary on X~ !:

X=X Uye BYUye BYU - - Ust B4,

Figure la shows a CW structure on S?, made of one 0- and 1-cell and two 2-cells. Figure 1b
depicts the usual structure on RP?: one cell per dimension and a gluing map ¢?: S' — S!
of degree 2. Similarly, all the manifolds in Table 1 admit a well-known CW structure. We
refer the interested reader to [92, Section 6] for the classical structure on Grassmannians,
[72, Section 3.D] for Stiefel manifolds and orthogonal groups, and [113] for unitary groups.

1 Fully implemented prototype in Python: https://github.com/raphaeltinarrage/cw2simp
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(a) 5. (b) RP2.

Figure 1 Examples of CW structures on the sphere S? (four cells in total) and the projective

plane RP? (one cell per dimension). If only one d-cell is attached, we omit the subscript in ed.

Sketch of the approach. One can “convert” a CW complex into a simplicial complex by
gluing simplicial balls instead of cells; the idea is sketched in Figure 2. The construction
proceeds inductively on the dimension. Suppose we have already built a simplicial complex
L? homotopy equivalent to the d-skeleton X?; we denote by |L¢| its geometric realization.
For each (d + 1)-cell efﬂ, we perform the following steps:
We apply simplicial approzimation (see below) to the gluing map gb;“'l: S¢ — |L%|. This
yields a triangulation K¢ of S? and a simplicial map gf“ : K¢ — L4 homotopic to gbf"“.
From K , we construct a simplicial ball B(K} 4) with boundary K 4 and glue it to L%
along this boundary via ngr This amounts to the simplicial mapping cone of gdH.
After all (d+ 1)-cells have been attached, the resulting complex L9*! is homotopy equivalent
to the skeleton X%+, and the procedure can be iterated in the next dimension.

e OUel ————— Ul e ———— PUel Uef U e}

SO c B! St c B? St c B?

(a) Diagram induced by the CW structure on S? in Figure la.

%O ‘\

(b) Geometric visualization of the diagram above.

L P!
N O\ W~

(c) Simplicial approximation of the diagram.

Figure 2 Schematic view of the simplicial approximation procedure for CW complexes.
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Computational obstacles. Conventionally, the simplicial approximation of ¢{*1: S% — |L9|
is obtained as follows: one starts from any triangulation K of S% and repeatedly applies
barycentric subdivision until the triangulation is fine enough. More precisely, one stops when
the map satisfies the star condition: each closed star of a vertex v € K is mapped by q[)f“
into the open star of some vertex w € L¢. The simplicial approximation theorem ensures that
this procedure terminates [72, Theorem 2C.1]. The assignment of vertices v — w defines a
d+1 d+1

simplicial map g; i

homotopic to ¢

In practice, this approach quickly becomes intractable for two reasons. First, barycentric
subdivision introduces a large number of vertices: a d-simplex is converted into a complex
with 291 — 1 vertices. In Section 2, we propose to use instead the Delaunay complexes
and their refinements. We show in Theorem 4 that Delaunay refinement enjoys better
approximation properties than barycentric subdivision: the simplices shrink more rapidly.

Secondly, the star condition itself is too coarse: each facet of L? requires d + 1 vertices of
K that are mapped into it. This contributes further to the exponential growth in the number
of vertices. In Section 4, we avoid the star condition altogether by decomposing the problem
into two parts: a geometric step (constructing a homotopy equivalence) and a combinatorial
step (constructing a simplicial map). Proposition 12 ensures that this procedure is correct.

Last, the standard construction of a simplicial mapping cone, going back to Cohen [47],
relies on the barycentric subdivision of K, which again leads to large complexes. In Section 3,
we consider a lighter triangulation, based on staircase triangulation of products. Proposition 7
shows that this object is homotopy equivalent to the standard mapping cone.

2  Successive refinements of spherical Delaunay triangulations

Our construction begins with a refinement scheme for spherical Delaunay complexes, which
generates arbitrarily fine triangulations and is well suited to concrete implementation.

2.1 Spherical Delaunay triangulations
Definition

Let X C R% be finite. A subset of d+1 points has the empty circle property if its circumscribing
(open) ball is empty of points of X. These subsets form the facets of an abstract simplicial
complex Del(X), called the Delaunay complex. Under the genericity assumption that no
subset of d + 2 points lies on the same sphere, Del(X) is naturally embedded in R? [20].

These definitions adapt to the spherical case: given a subset X of the unit sphere
8% c R the empty circle property is understood with respect to the geodesic distance
on S%; the resulting complex is called the spherical Delaunay complex and is still denoted
Del(X). If no subset of d + 2 points lies on the same geodesic sphere, then it is naturally
embedded in R¥T!. We shall implicitly make this assumption throughout the article.

It is well-known that the spherical Delaunay complex coincides with the boundary of the
convex hull of its vertices, thus reducing the computation of Del(X) to conv(X) [31]. In our
implementation, we used Qhull, a popular software package for computing convex hulls [10].

Point location

A natural map |Del(X)| — S¢ is given by the scaling = + x/||z||, which is a homeomorphism
provided that the origin is included in the interior of the convex hull of X. A set X satisfying
this assumption will be referred to as admissible, and Del(X) as an admissible triangulation.

(through a homotopy that is linear on each simplex).
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We call the inverse homeomorphism r: S? — |Del(X)| the radial projection. Computationally
speaking, the radial projection of z € S¢ is found by identifying a facet o € Del(X) to which
r(z) belongs, then computing a simple line/hyperplane intersection.

We perform point location via a conventional Jump-and- Walk strategy [93]: it consists
of choosing a first candidate o € Del(X), hopefully close to r(z), then walking through its
neighbor facets until reaching one that contains r(x). Unlike popular software packages such
as STRIPACK or CGAL [109, 98], our implementation does not make use of spherical geometric
predicates. Instead, we project Del(X) into the tangent space of S% at z via the stereographic
projection p: S%\ {—x} — T,5? and work in the induced Euclidean triangulation (the
simplices are replaced with the convex hull of their vertices). This approach lets us reuse
Euclidean routines already present in our code. In this step, we exclude from Del(X) all
simplices incident to —x, since their images under p are not defined.

A caveat is that stereographic projection distorts geodesics: in general, the image geodesic
simplex p(]o|) need not coincide with the linear simplex conv({p(vp),...,p(vq)}) on the
image of its vertices. Consequently, a point might map to the “wrong” linear simplex. The
next lemma shows that this cannot happen at the pole x, which justifies our procedure.

» Lemma 1. Let 0 = [vg,...,v4] € Del(X) and v € S¢ such that r(x) € |o|. Then
p(z) € conv({p(vy),...,p(vq)}), where p is the stereographic projection at x.

2.2 Global Delaunay refinements

Given a spherical Delaunay triangulation Del(X() with vertex set X C S9, one obtains a
finer triangulation by choosing additional points Yy C S¢ and building the Delaunay complex
on X7 = XgUYy. The new points are called Steiner points, and this procedure is known
as a Delaunay refinement. This construction can be iterated, yielding a sequence of Steiner
points Yy, Y1, Ya, ... and complexes Del(Xy), Del(X7), Del(Xs2), ...

In computational geometry, Delaunay refinement lies at the core of popular algorithms for
generating and refining Euclidean meshes; see [43] for a modern presentation. For instance,
Chew’s and Ruppert’s algorithms [44, 45, 99] take a set of input constraints (e.g., boundary
segments that must appear as edges) and iteratively improve the mesh by eliminating poor-
quality triangles. The refinement step consists of marking a bad triangle and inserting its
circumcenter as a new vertex, after which the Delaunay triangulation is recomputed.

Our objective here is different: we seek triangulations whose simplices can be made
arbitrarily small, enabling the simplicial approximation of maps described in Section 1.4. To
this end, we introduce several families of Delaunay-based refinements, visualized in Figure 3.
Barycentric refinement: Inspired by barycentric subdivision, we let the Steiner points Y;

be the barycenters of all simplices of Del(X;), except its vertices.

Edgewise refinement: We may instead insert the midpoints of all edges of Del(X;), in
analogy with the popular Coxeter-Freudenthal-Kuhn subdivisions of simplices, also called
edgewise subdivisions [17, 54, 67, 97, 82, 80, 46, 27, 32, 19, 28, 29].

Minicenter refinement: Closer in spirit to conventional Delaunay refinement, we also con-
sider inserting the minicenters of the facets (centers of minimal enclosing balls). We favor
minicenters over circumcenters because, unlike circumcenters, they always lie inside the
simplex that defines them, which better reflects the local nature of classical subdivision.

Centroid refinement: Finally, we may insert the barycenters of only the facets of Del(X;)
(the maximal simplices), standing as a cheaper alternative to barycentric refinement.

In all cases, the spherical Steiner points are considered (i.e., spherical barycenters or mini-

centers). This is equivalent to computing their Euclidean counterpart in the ambient space

R+ and projecting them onto the sphere; see, for instance, Fiedler’s book [63, Section 5.4].
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Initial complex Barycentric Edgewise Minicenter Centroid

(a) Local picture: A Delaunay complex on a set of four points in R? and the four refinements proposed.

Initial complex Barycentric Edgewise Minicenter Centroid

(b) Global picture: Spherical Delaunay complexes after three or four refinements of an initial triangulation
of §2 (the boundary of the standard simplex). The colors indicate the simplex ratio inradius/circumradius.

Figure 3 We employ Delaunay refinement as a subdivision scheme for triangulations of S¢.

Note that, strictly speaking, Del(X;y1) is not a subdivision of Del(X;): when realized

on the sphere, a simplex of Del(X;;1) need not be contained in a single simplex of Del(Xj).

This can be seen in Figure 3a, where only the edgewise and minicenter refinements are
subdivisions. As a consequence, it is not immediate that simplices become smaller under
refinement. In particular, adding a point to a Delaunay triangulation can increase the
maximal edge length, as illustrated in Figure 4 (shown in the plane for clarity). Instead, we
show that the mazimal (spherical) circumradius of Del(X;), denoted peirc(Del(X;)), decreases
monotonically to zero. Since the maximal diameter of the simplices of Del(X;) is at most
twice its maximal circumradius, it follows that the maximal diameter also tends to zero.

Figure 4 Adding a point to a Delaunay complex may increase the maximal edge length.

A convenient quantity to study a Delaunay complex on a subset X C S? is its covering
radius (also known as sampling radius) [21, 20]. On the sphere, it is defined by

Peov(X) = sup inf d(z,y),
yeSdzeX

where d(z,y) is the geodesic (great-circle) distance on the sphere. We note that the set X is
admissible as long as peoy(X) < 7/2 (i.e., X is not contained in a closed hemisphere).

The maximal circumradius and covering radius are related by the following standard result.

» Lemma 2. For every admissible finite subset X C S%, it holds that peirc(Del(X)) = peoy(X).

93:7
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We take advantage of this shift to the covering radius to prove the following lemma.

» Lemma 3. Consider a finite subset X C S and let Y denote the Steiner points associated
with Del(X). Assume that peoy(X) < /3. Then

Peov(X UY) < apeoy(X),

where a = o/ cos(peov(X)), and o/ depends on the chosen refinement, as given in the table

Refinement ‘ Edgewise Minicenter Centroid

o | 1/v2 1/v2 d/(d+1)

The quantity cos(pcov(X)) reflects the spherical distortion of lengths; it goes to 1 as the
covering radius goes to zero. A similar lemma can be obtained in the Euclidean case, without
this factor. We point out that we have not been able to obtain a satisfactory bound for
barycentric refinement; for lack of a better estimate, we use the bound for edgewise refinement.

By iterating this lemma, we obtain our main result on Delaunay refinement.

» Theorem 4. Assume the initial sample Xo C S¢ is sufficiently dense so that a < 1, where
a = aXo) is defined in Lemma 3. Then the n'™ iteration of Delaunay refinement satisfies

pCOV(Xn) S anpcov(XO)-
In particular, the mazimal diameter of simplices of Del(X,,) goes to zero.

» Remark 5. This result highlights a notable distinction between Delaunay refinement and
standard subdivision. While barycentric refinement reduces diameters asymptotically by
1/4/2 (at most), the best bound for barycentric subdivision is d/(d + 1). Likewise, centroid
refinement reduces them by d/(d + 1), even though it introduces only one vertex per facet.

3 Simplicial mapping cones with staircase triangulations

In this section, we assume that a simplicial approximation g: K — L of f: S — |L| is given.
We build a simplicial mapping cone Cyimp(g) and show it is homotopy equivalent to the usual
mapping cone C(f). The construction proceeds by building a simplicial ball B(K) through
staircase triangulation, which we first recall. Although this construction already appears
in the literature, notably in [105, Exercise E, p. 151] and [12, Proposition 2], we include a
detailed account here in order to collect the properties that will be used in the sequel.

3.1 Triangulation of the ball
Staircase triangulation of the prism

To triangulate the Cartesian product of a d-simplex ¢ with an interval I = [0, 1], the staircase

triangulation consists of first ordering the vertices {vo, ..., vq} of o, taking a copy {v(, ..., v},
and inserting the simplices oy, = [vk, ..., V4, V), - . ., v}] for all k € {0,...,d} [86]. We shall
refer to the product |o| x I as a prism, and its face [vg, ..., vq] (vesp. [vg, ..., v}]) as the inner

face (resp. the outer face). Geometrically, they correspond to |o| x {0} and |o| x {1} C |o| x I.

The relation o), < 041 defines an order on the prism’s d + 1 facets. In particular, the
following observation will be useful later: wvertical straight lines in the prism — i.e., of the form
t — (x,t) for a certain x € |o| — cross each facet consecutively. Indeed, for k € {1,...,d—1},
the only neighboring facets of o), are o;_1 and oi1; see Figures 5a and 5b. On the other
hand, horizontal sections of the prism — i.e., sets |o| x {t} for ¢ € [0, 1] — inherit subdivisions
in polyhedral cells; see Figure 5c. These are closely related to mized subdivisions [86, 100].
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0 1
(0,t) (2,1)
0 1 (1,)
(a) The square |A'| x I is triangu- (b) The prism |A?| x I is triangu- (c) Horizontal sections inherit a
lated with two triangles. lated with three tetrahedra. subdivision into polygonal cells.
Figure 5 A triangulation of the prism |o| x I is obtained by ordering the vertices {vo, ..., vq} of o,
taking a copy {v(, ..., v,}, and inserting the simplices ox = [vk, ..., va, 00, ..., v}] for 0 < k < d.

Filling the sphere

Let K be an admissible triangulation of the sphere S¢ C R%*! (a convex hull of unit vectors
that contains the origin). We obtain a triangulation of the unit ball B4t in three steps.
The polyhedron |K| is embedded in RT! and called the outer layer. We prime its vertex
labels (0, 1’, etc.). Besides, a copy of |K| is taken and scaled by a factor pipner € (0,1);
it is seen as a triangulation of the sphere of radius piyper, referred to as the inner layer.
Each simplex of the outer layer is connected to the corresponding inner-layer simplex via
staircase triangulation, forming a prism. Together, these prisms yield a triangulation of
the spherical shell of radii (pinner, 1), which we call the outer shell.
Last, the origin is added to the triangulation as a new vertex, over which the inner layer
is coned, forming the inner ball.
The resulting geometric simplicial complex, denoted B(K), is a triangulation of the unit ball.
In our implementation, we chose pinner = 1/2. Besides, because the construction uses
staircase triangulations, it depends on a choice of ordering of the vertices in each facet of K.
These orderings must be compatible across neighboring facets. Equivalently, the construction
requires an “orientation” on K, by which we mean an orientation of its edges such that no
facet contains a directed cycle. Different choices may lead to different B(K); see Figure 6.
Each facet o0 € K generates a sector, defined as the subcomplex Sect(c) C B(K)
containing the origin, its cone with ¢ seen in the inner layer, and the prism built on it. Most
of the constructions to follow will be carried out sector by sector.

(@0—-1—-2—-3-4—-5—-0. (b)554—-3—-2—-1-0—5. (c)0—=>1+2—-3+4—-5«0.

Figure 6 The simplicial ball B(K) built from K depends on an orientation of the edges of K.
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Radial normalization

A number of natural homeomorphisms |B(K)| — B+ exist. For instance, one could lift the
vertices of B(K) to the upper (d + 1)-hemisphere of R4+2 5 R4+ x {0} via orthographic
or stereographic projection, build geodesic simplices, and take them back to B! ¢ R¥+1,
However, we found that the idea of radial normalization was more appropriate for our problem.
As for any convex domain, the gauge function of |B(K)| is defined for all z € R%*! as

J(z) = inf{t > 0| t "'z € |B(K)|}.

It is a convex, positively homogeneous function. The reciprocal of the gauge is known as the
radial function, used in the study of star-shaped sets [71]. It can be written as

J(x)™' = sup{t > 0| tx € |B(K)|}.

If x is a unit vector, then J(z)~! is the length of the part of [0, z] contained in |B(K)|. In

1

particular, the minimum of J(x)~! over the unit sphere is equal to the polyhedron’s inradius.

Our preferred homeomorphism v: |B(K)| — B®*! is the radial normalization, defined as

v(z) = J(i”)@

with inverse v~ 1(x) = J(z/||z||) ~'z. Although not explicitly written, v depends on |B(K)].
One of its main advantages is its simple geometric behavior, illustrated in Figure 7.

» Lemma 6. Under inverse radial normalization v=': B! — |B(K)|,
rays through the origin are mapped to rays through the origin;
circular arcs — i.e., intersections of linear planes with spheres centered at the origin — are
mapped to paths which are linear in each sector |Sect(c)| C |B(K)| and parallel to |o].

(a) The polyhedron B(K) seen in R4+, (b) Its image, the Euclidean ball B! ¢ RI+1,

Figure 7 Radial normalization yields a homeomorphism v: |B(K)| — Bo*L.

3.2 Homotopy equivalence between the mapping cones

We still consider a simplicial approximation g: K — L to f: S* — |L|. In the previous
section we built a simplicial ball and a homeomorphism B4*! — |B(K)|. We now face three
distinct gluings, represented in Figure 8, which we will show are homotopy equivalent:

|L| Uy B — |L| Uy, B — |L U, B(K)|.
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The first two are the (standard) mapping cones of f and |g|, also denoted C(f) and C(|g]).

The latter is the simplicial mapping cone of g, also denoted Ciimp(g). We define it as the

quotient of B(K) U L by the relation v ~ g(v) for all vertices v in the outer layer K C B(K).

0
10
5
/ 3 4/\ 1
1
(@) g: K — L. (b) |L| Uy B () ILI Ujg) I B(K)I. (d) Luy B

Figure 8 The mapping cones involved in our problem. Here, f: |K| — |L| is the identity between
two triangulations of S* on 6 and 3 vertices, and ¢ is the simplicial map 0,1 +— 0; 2,3 +— 1; 4,5 — 2.

First, it is a standard fact that mapping cones built from homotopic maps are homotopy
equivalent [72, Proposition 0.18]. More precisely, since our domains are balls, an explicit
homotopy equivalence |L| Uy B*! — |L| U, B+ is given by

x it xelL],
T < 2/ phom if € B and ||z| < phom, (1)
H(z/llzll, (lzll = prom)/(1 = prom)) if @€ B and [|z]| = prom.

where H is a homotopy between |g| and f, and ppom € (0, 1) is a parameter, chosen as 0.9
in our implementation. Visually, the homotopy is performed by scaling the ball B! by a

factor 1/pnom and by using the outer shell {z | ||z|| > prom} to interpolate between |g| and f.

Second, to compare the remaining two gluings, we can simply use the quotient map

q: |LIUjg |B(K)| = |[L Uy B(K)|.

It has the effect of collapsing simplices on which g is not injective; compare Figures 8c and 8d.

» Proposition 7. The quotient map q is a homotopy equivalence.
We close this section with a result that will help us navigate the mapping cone.

» Lemma 8. Let z € |B(K)|. Under the projection p: |B(K)| — |L Uy B(K)|, the image of
the partial ray {tz | 0 <t < 1/||z||} only depends on the image of x.

4 Simplicial approximation as a list homomorphism problem

The final ingredient in our construction is a more efficient simplicial approximation. We
consider a continuous map f: S¢ — |L| and a triangulation K of S¢. For each vertex v of K,
the point f(v) lies in the geometric realization of a unique simplex of L, called its carrier and
denoted carr(f(v)). We seek a simplicial map g: K — L such that g(v) € carr(f(v)) for all
vertices. The existence of such a map is a purely combinatorial question that we address as
a constraint satisfaction problem. A further issue is the existence of a homotopy H between
f and |g|; we formulate the problem in the framework of locally equiconnected spaces.

93:11
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4.1 Constructing the homotopy

A practical framework for explicitly constructing a homotopy is provided by the theory of
locally equiconnected spaces (LEC) introduced by Dugundji in 1965 [51]. Namely, Y is LEC if
there exists a neighborhood U C Y x Y of the diagonal and a continuous map II: U x I — Y
such that II(z,y,0) = z, U(z,y,1) =y and II(z, 2, t) = « for all (z,y,t) € U x I. The map
IT is called an equiconnecting map, and the pair (U,1I) is called LEC-data.

In this section, we aim to build LEC-data for simplicial mapping cones Y = Csimp(g) on
simplicial maps g: K — L. Dyer and Eilenberg [53] have shown how to build LEC-data of
standard mapping cones C(|g|), provided that both |K| and |L| are LEC. Their construction,
however, does not descend to the quotient Cgimp(g). We present here a closely related
construction, adapted to simplicial mapping cones, in the particular case where K is a sphere.

In general, it is too much to expect an equiconnecting map on Y: we are able to build one
only when g: K — L is 2-distance injective, i.e., injective when restricted to the closed star
of each vertex. In the language of graphs, this is equivalent to saying that g is a 2-distance
coloring of the 1-skeleton of K [81, 30]. Without this hypothesis, we instead construct a
local motion planner [60], i.e., a continuous map II: U x I — Y, where U CY xY is a
neighborhood of the diagonal, satisfying II(x,y,0) = « and (x,y,1) = y for all (z,y) € U.
In contrast with equiconnecting maps, the path ¢ — TI(x, z,¢) need not be constant.

» Theorem 9. If g: K — L is 2-distance injective and |L| is endowed with LEC-data, then
|Csimp (9)| also admits LEC-data (U,II). When g is not 2-distance injective, the same result
holds for local motion planners instead of equiconnecting maps.

As illustrated in Figure 9, we construct a planner on Csimp(g) by first defining it on B(K),
through a combination of “elementary paths” (rays, straight paths, circular arcs). We prove
that they descend along the projection map |B(K)| = |Csimp(9)|, vielding a well-defined
local planner that can subsequently be spliced with the original planner on |L|.

(a) Points are connected through a  (b) For distant points, the paths (c) Close to the boundary, paths
combination of elementary paths. are pushed to the boundary. are interpolated with those on |L|.

Figure 9 We build a local motion planner on Csimp(9) = L Uy B(K) by first defining it on B(K).

» Note 10. Equiconnecting maps or planners allow us to test the homotopy between maps.
Indeed, two maps a,b: X — Y are homotopic whenever (a(x),b(z)) € U for all z € X; a
homotopy is given by H(z,t) = II(a(x),b(z),t). We say that the maps are U-close. During
the proof of Theorem 9, we describe U explicitly. In particular, for points x,y in the ball
|B(K)| and their images in the mapping cone via |B(K)| — |Csimp(g)], the corresponding
pair lies in U when = and y are sufficiently close to the origin or when they are not antipodal.
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4.2 Simplicial approximation routine
Planner condition

We return to the problem of simplicial approximation for f: S¢ — |L| where L is a mapping

cone L = LyU,, B(K() now endowed with a local motion planner (U, II). Given a triangulation

K of S, we ask whether it is fine enough so that the planner can be applied on each facet.
More precisely, for each facet o = [vp,...,v4] € K we look for a simplicial assignment

vi = g(vi) € carr(f(vs))

such that, on |o|, the continuous map f and the linear map |g| are U-close, i.e., (f(z),|g|(x)) €
U for all z € |o|. Let us assume for simplicity that f(|o|) is contained in the last cell B(Kjp)
of L =Ly Uy, B(Ky); the general case is treated recursively along the filtration.

As explained in Note 10, a pair (z,y) € B(Ky) x B(Ky) belongs to U provided the points
are sufficiently close to the origin or are not antipodal (z/|z| # —y/|lyl|). To guarantee
this condition uniformly on f(|o|), we estimate its size using the edge lengths of || and a
Lipschitz bound A for f. This Lipschitz constant is computed explicitly for each f.

» Lemma 11. Let 0 = [vo,...,vq] be a geometric simplex in R™ and f:|o| — R™ a
A-Lipschitz continuous map. For I C {0,...,d} nonempty, define the barycenter and length

1 1
CI:me(Ui) and TI:OIgg%(deZIHUk*WH-

i€l
Then f(|o|) is included in the closed ball B(cy, Ary).

In our implementation we use the case I = {0,...,d} only, corresponding to the barycenter

of all vertices f(v;), although the estimate can be sharpened by considering other subsets I.

If o is small enough, Lemma 11 and the description of U ensure that the required
assignment g exists: o is mapped to inner vertices if f(|o|) is close to the origin, or g(o)
avoids the origin if f(]o]) is close to the boundary; see Figure 10. We refer to this requirement
on ¢ as the planner condition. If the condition fails on some facet, we subdivide K until it is
satisfied. The termination of this procedure is established in Proposition 12.

(a) Image f(|o|) close to the origin. (b) Image f(|o|) away from the origin.

Figure 10 For every facet o € K, the planner condition checks whether the image f(|o|) (in blue)
is U-close to a simplex 7 of L (in red). Lemma 11 allows us to enclose f(|o|) in a ball (in purple).
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List homomorphism problem

Once the planner condition is satisfied on K, we obtain, for each facet o € K, a collection of
admissible simplices 71,72, ... of L. From these, we derive for each vertex v € V(K) a set
L(v) C V(L) of admissible images, thus defining a map to the power set

L:V(K)—PV(L))

Given these lists of candidates, the remaining task is to find a simplicial map g with
g(v) € L(v) for every vertex. The motion planner ensures that such a map is homotopic to f.

In this form, the problem is essentially an instance of the list homomorphism problem,
denoted LHom. Conventionally, it is formulated for graphs rather than simplicial complexes,
and one typically forbids collapsing an edge to a vertex. It is known that LHom can be solved
in polynomial time when L is a bi-arc graph and is NP-complete otherwise [62, 55].

In practice, we treat our instance as a constraint satisfaction problem and solve it using
the CP-SAT solver from the OR-Tools suite [95, 96]. If the resulting problem is unsatisfiable,
we refine the triangulation K and repeat the procedure, as formalized in Algorithm 1.

Delaunay simplifications

Once a simplicial map ¢g: K — L has been found, we apply a postprocessing step that we
call Delaunay simplification. Since the simplicial sphere K arises as a Delaunay complex
K = Del(X) on a finite set X C S¢, we seek a subset X’ C X such that the induced vertex
map ¢': Del(X’) — L is still simplicial and homotopic to f.

Concretely, we inspect the vertices of X one by one, remove a candidate vertex, recompute
the Delaunay complex, and then check whether the new facets still satisfy the planner
condition and whether the induced map remains simplicial. This procedure is efficient, since
deleting a point v € X only affects the open star of v in Del(X). Besides, to promote larger
simplices, we preferentially remove vertices that belong to facets with the smallest inradius.

Local Delaunay refinements

A drawback of our method is that it refines the entire complex, even when the obstruction
is localized on a few facets. To address this, we introduce a local refinement strategy. If
the solver reports that the instance is infeasible, we instead consider a weaker problem that
we call LHomDrop: determine a minimal set of facets oy, ..., o of K whose removal makes
the instance feasible. We then perform a local refinement by inserting Steiner points (see
Section 2.2) only on the facets blamed by the solver. In practice, we impose a time limit and
use the best solution found by the solver so far (30 seconds in our implementation).

To accelerate the procedure, we apply LHom iteratively on the i-skeleta and use the solution
in dimension ¢ as a hint for dimension ¢ + 1. If the instance is infeasible in dimension 7, we
call LHomDrop to identify which ¢-simplices are to blame, and refine their maximal cofaces.

In the same spirit, when enforcing the planner condition we may refine only those facets
on which the condition fails. We write down our procedure, both for global and local
refinements, in Algorithm 1 below. We are currently able to prove termination only for the
variant with global refinement. However, in all our experiments the local refinement strategy
also terminated and produced significantly smaller triangulations.

» Proposition 12. With global refinement, Algorithm 1 terminates and produces a simplicial
map homotopic to the input continuous map. With local refinement, if it terminates, then
the output is also homotopic to the given map.
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Algorithm 1 Simplicial approximation with global or local refinement and simplification.

Input: map f: S¢ — |L|, triangulation K of S? planner (U,II) on L, scalar A > 0
Output: refinement of K and simplicial map g: K — L homotopic to f
repeat

compute admissible lists £(v) C V(L) via the planner condition;

solve LHom with a SAT solver to obtain g;

if no solution then

‘ apply Delaunay refinement on K (global, or only facets blamed by LHomDrop);

until a solution g is found;
apply Delaunay simplification to (K, g);
return (K, g);

® N O oA W N -

4.3 Full algorithm

We now assemble the ingredients of Sections 2—4 into the full procedure, summarized in
Algorithm 2. The input is a finite CW complex X together with explicit attaching maps for
its cells and Lipschitz constants. The output is a finite simplicial complex L together with a
homotopy equivalence X — |L| encoded as a point location routine on |L|.

Algorithm 2 Simplicial approximation to CW complexes with global or local refinement.

Input: CW complex X of dimension n with cells e, attaching maps (bf, scalars \;
Output: simplicial complex L endowed with a homotopy equivalence X — |L|

1 L < discrete simplicial complex on the 0O-cells of X;

2 ford=1,...,ndo

3 | foreach d-cell e with attaching map ¢¢: S=1 — X4~! do

4 compose ¢¢ with X9=1 — |L| to obtain f&: S9! — |L|;

5 use Algorithm 1 to obtain g¢: K; — L homotopic to f& (with global or local

refinement, and parameter \;);

6 construct a simplicial ball B(K;) and glue it to L along K; via g, i.e., let
L« LUy B(K});
7 endow |L Uga B(K;)| with an equiconnecting map or a local motion planner;

8 return L;

» Theorem 13. With global refinement, Algorithm 2 terminates and produces a simplicial
complex homotopy equivalent to the given CW complex. With local refinement, if it terminates,
then the output is also homotopy equivalent to the input CW complez.
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