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—— Abstract
Let G be a finite, connected metric graph and let X be a subset of G. If X is sufficiently dense

in G, we show that the Gromov—Hausdorff distance matches the Hausdorff distance, namely
den(G, X) = du(G, X). When the metric graph is the circle G = S with circumference 27, a recent
study established the equality deu(S', X) = du(S', X) whenever dau(S',X) < Z. Our results
relax this hypothesis to dau(S", X) < %, and furthermore, we show that the constant % is the best
possible. We lower bound the Gromov-Hausdorff distance dgu(G, X) by the Hausdorff distance
du(G, X) via a simple topological obstruction: the existence of a possibly discontinuous function

f: G — X with too small distortion contradicts the connectedness of G.
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1 Introduction

The Gromov—Hausdorff distance between two abstract metric spaces (X,dx) and (Y, dy),
denoted dgn(X,Y), provides a dissimilarity measure quantifying how far the two metric
spaces are from being isometric [13, 14, 24]. In the past two decades, this distance has found
applications in topological data analysis (TDA) as a theoretical framework for shape and
dataset comparison [21], which motivated the study of its quantitative aspects. However,
precise computations of the Gromov—Hausdorff distance between even simple spaces are
mostly unknown, with certain exceptions such as the Gromov-Hausdorff distance between a
line segment and a circle [16] and between spheres of certain dimensions [19, 1, 15]. Even
approximating the Gromov—Hausdorff distance by a factor of 3 in the case of trees with
unit-edge length is known to be NP-hard [4, 23]. A better approximation factor can only
be achieved in very special cases; for example, [20] provides a %—approximation scheme if
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Lower Bounding the Gromov—Hausdorff Distance in Metric Graphs

X and Y are finite subsets of the real line. Developing tools and pipelines to estimate the
Gromov—Hausdorff distance is a central research direction in the applied topology community.
To estimate the Gromov—Hausdorff distance between two metric spaces X,Y, one may:
(A) Find nice samples X’ C X and Y’ C Y approximating the geometry of X and Y, and
(B) Efficiently bound the Gromov—Hausdorff distance between the subsets X’ and Y.
Indeed, when X and Y are infinite continuous objects — e.g., Riemannian manifolds, metric
graphs — and one wants to use computational machinery, it is often essential to resort to
finite subsets approximating the geometry of the original spaces.

We reformulate the first task (A) as follows: how dense does the sample X’ have to be
in X to capture the geometry of the ambient space X7 To systematize this question, we
use the Hausdorff distance as a measure of density and ask if we can provide a threshold
e and constant 0 < C' < 1 such that degu(X,X’) > C - du(X, X') whenever dy(X,X') < e.
In particular, dgu(X, X') = du(X, X') if C = 1. In [2], the authors show that when X is a
manifold and dgu (X, X’) < & (which is implied by dp (X, X') < ¢) for some constant ¢, then
deu(X', X) > C-du(X, X’) for some § < C < 1. Our study continues that investigation and
proves improved results when X is a metric graph, hence relaxing the manifold assumption.

A fruitful approach to provide bounds on the Gromov—Hausdorff distance in task (B) is
to use stable metric invariants. One associates each metric space X with a value ¢(X) in a
simpler metric space so that ¥(X) and ¢(Y") are close whenever X and Y are. An immediate
example is the diameter; we have dgu(X,Y) > 1|diam(X) — diam(Y)|. For further stable
metric invariants, we refer the reader to curvature sets [22], to Vietoris—Rips persistence
diagrams [11], and to hierarchical clustering [10]. In [25], dimension theory is used to limit
the precision of metric invariants with values in Hilbert spaces.

One of the precursors of algebraic topology was Brouwer’s proof of invariance of dimension,
namely that R™ is not homeomorphic to R” for n > m. Proving R! is not homeomorphic
to R™ for n > 1 relies only on connectedness: removing a single point from R! leaves a
disconnected space. To prove invariance of dimension for n > m > 2, Brouwer relied on
concepts related to the degree of a map between spheres [8, 7], which is often now formalized
using higher-dimensional homology groups. The topological obstructions to small Gromov—
Hausdorff distances in [2] relied on homological tools, namely the fundamental class of a
manifold. One of the key contributions of our paper is to go “back in time” and produce
strong lower bounds on Gromov—Hausdorff distances using simpler topological tools: we
show that small Gromov—Hausdorff distances would contradict the connectedness of a space.

Overview of our results

Let G be a connected, finite metric graph, and let X C G be a subset. We show how to
lower bound the Gromov-Hausdorft distance dgn (G, X) in terms of the Hausdorff distance
du(G, X), achieving den(G, X) = du(G, X). A unifying theme in our proofs is that we show
that a possibly discontinuous function f: G — X induces a continuous and non-surjective
map f: G — G. We then use non-surjectivity (and related properties) to lower bound the
distortion of f and f, hence lower bounding dg(G, X). The simplest metric graph is a tree
T. Let 0T denote the leaves of T', and let JH(8T7 X) denote the directed Hausdorff distance
from OT to the sample X (see Section 2). We show:

Theorem 8. Let T be a finite metric tree and let X C T. If dy (T, X) > dg (0T, X), then
dau(T, X) = dg(T, X). The interpretation is as follows: if the biggest gaps in the sampling
X C T are not near the leaves of T' (which by Proposition 6 is typical behavior), then
dau(T, X) = du(T, X). Some control on the leaf vertices is needed:
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Theorem 5. For any € > 0 there exists a finite metric tree T' and a closed subset X C T
such that dgu(T,X) <e-du(T, X).

When G = S! is the circle of circumference 27, [2] shows that if dgu(S?t, X) < %, then
deu(S', X) = du(S', X). The following theorem improves the constant % to %.

Theorem 11. For any subset X C S*, we have dgu(S', X) > min {du(S*, X), Z}.

In Theorem 12 we show that this constant % is the best possible, namely that for any
€€ (07 %)7 there exists a nonempty compact subset X C S* with du(S!, X) = 5 +eand
dgu(St, X) = 3 < du(S*, X). We generalize the above results for the circle and trees to
general metric graphs. Let G be a finite metric graph with set of leaf vertices 9G. We
prove that if X is dense enough relative to e(Gp), which is the smallest edge length between
vertices in the core Gy of G (see Section 2), then the Gromov—Hausdorff distance matches
the Hausdorff distance.

Theorem 23. Let G be a finite connected metric graph and let X C G. If 0G # ), suppose
(G, X) > du(9G, X). If deu(G, X) < “C9) then dgu(G, X) = du(G, X). Theorems 11
and 23 are obtained using low-dimensional versions of the Borsuk—Ulam theorem for maps
from the circle into R or into a tree, which are proven using connectedness. Our results have
corollaries allowing us to lower bound the Gromov—Hausdorff distance between two subsets
X,Y C G, using the triangle inequality. That is, for two sufficiently dense subsets X,Y C G,
we provide new lower bounds on dgu(X,Y) in terms of the Hausdorff distance dy(X,Y),
which is O(n?)-time computable if the subsets have at most n points. We demonstrate such

a corollary explicitly in the case of metric trees in Section 4.

Organization of the paper

We begin in Section 2 with background. In Section 3, we show that some control over the
boundary of the metric graph is necessary. We begin with metric trees in Section 4, proceed
to the circle in Section 5, and consider general metric graphs in Section 6.

2 Background and notation

We refer the reader to [9, 6] for more information on metric spaces, metric graphs, the
Hausdorff distance, and the Gromov-Hausdorff distance.

2.1 Metric spaces

Let (Z,d) be a metric space. For z € Z, we let B(z;r) = {2’ € Z | d(z,7") < r} denote the
open metric ball of radius r about z. For any » > 0 and A C Z, we denote the r-thickening
of A in Z, namely, the union of metric balls of radius r centered at the points of A, by

A" =UgeaBla;r) = {z € 7| ingd(a,z) < r}.
ac

The diameter of a subset A C Z is the supremum of all distances between pairs of points of
A. More formally, the diameter is defined as diam(A4) = sup{d(a,a’) | a,a’ € A}.

3:3
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2.2 Metric graphs

To define metric graphs, we follow Definitions 3.1.12 (quotient metric) and 3.2.9 (metric
graph) of [9]. A metric segment is a metric space isometric to a real line segment [0, ] for
[ > 0. Our metric graphs will be connected and have a finite number of vertices and edges.

» Definition 1 (Metric Graph). A finite metric graph (G, d) is the metric space obtained by
gluing a finite collection E of metric segments along their boundaries to a finite collection V'
of vertices, and equipping the result (|_|66E e) / ~ with the quotient metric. We assume this
equivalence relation results in a connected space.

The metric segments e € E are the edges and the equivalence classes of their endpoints in V'
are the vertices of G. Since G is connected, we have d(y,y’) < oo for all y,3' € G. Since E is
finite, the quotient semi-metric [9, Definition 3.1.12] is in fact a metric.! For an edge e € F,
its length |e| is the length of the corresponding metric segment. Note that the length can be
different from the distance between the endpoints of e according to the metric d. Extending
the definition of length for a continuous path ~: [a,b] — G, we define the length |v| as the
sum of the (full or partial) lengths of the edges that « traverses. For a vertex v of a graph,
its degree, denoted deg(v), is the number of edges incident to v. A self-loop at v contributes
2 to the degree of v. As an example, the circle S can be given a metric graph structure
with a single vertex v of degree 2 at the north pole, along with a self-loop. We denote the
set of leaf vertices, i.e. the vertices of degree one, by dG. A metric graph G is therefore
endowed with two layers of information: a metric structure turning it into a length space [9,
Definition 2.1.6] and a combinatorial structure (V, E') as an abstract graph. Using the above
definition, we are also allowing G to have single-edge cycles and multiple edges between a
pair of vertices. In this paper, we only consider path connected metric graphs (G, d) with
finitely many edges. Therefore, the metric graphs we consider are compact, and since a
compact length space is geodesic, they are also geodesic (meaning for every z,y € G there
is an isometric embedding v: [0, d(x,y)] — G such that v(0) = z and v(d(x,y)) = y). This
justifies why for any y,y’ € G, there is always at least one shortest path or geodesic path v in
G joining y,y’ whose length satisfies |y| = d(y,y’). We define an undirected simple loop ~ of
G to be a simple path that intersects itself only at the endpoints. We denote by £(G) the
finite set of all simple loops of the finite graph G. Since a metric tree is a metric graph with
no loops, £(G) = () for a metric tree G. For a metric graph G, let ¢(G) denote the length of
the shortest edge in G. If for A C G there exists a unique shortest geodesic in G between
any points a,a’ € A, then we define the (geodesic) conver hull of A in G to be the union of
(%) then the convex hull of A is well-defined.

2
Given a (connected and finite) metric graph G, let G be the smallest connected subgraph of

geodesics between all a and o’. If diam(A) <

G containing the union of all simple loops of G. We call G the core of G. If G has no leaf
edges, then G = G. Note that Gy is just G with its “hanging trees” removed, or in other
words, the minimal subspace onto which G deformation retracts. We will use the following
two properties about Gy. First, if G (and hence Gg) contains at least two simple loops, then
at least one vertex of Gy has degree at least 3. We can then consider the canonical graph
representation of G consisting of only vertices of degree at least 3. Second, we note that if a
path connected subset Z C G has first Betti number equal to the first Betti number of G,
then GQ - Z.

L One needs to be careful if E is infinite. Suppose one has two vertices v and v’, and one edge e, of length
L with endpoints v and v’ for each n € N . The quotient semi-metric gives d(v,v’) = inf,en 2 = 0
though v # v'; this semi-metric is not a metric. These subtleties disappear since we assume E is finite.
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2.3 Hausdorff distances

Let (Z,d) be a metric space. If X and Y are two subsets of Z, then the directed Hausdorff
distance from X to Y, denoted dy(X,Y), is defined by

du(X,Y) = sup inf d(z,y) = inf {7’ >0]XC Yr}.

zeX YeY
Note that JH(X ,Y) is not symmetric in general. To retain symmetry, the Hausdorff distance,
denoted dyy(X,Y), is defined as dy(X,Y) = max {J’H(X, Y), dy(Y, X)} . In other words, the
Hausdorff distance finds the infimum over all real numbers 7 such that if we thicken Y by r
it contains X, and if we thicken X by r it contains Y. If no such r exists then the Hausdorff
distance is infinity.

2.4 Gromov—Hausdorff distances

Let (X,dx) and (Y, dy) be metric spaces. In equations (1)—(3) we give three equivalent defin-
itions of the Gromov—Hausdorff distance between X and Y. The first definition follows [14].
The Gromov-Hausdorff distance dgu(X,Y) is the infimum of the Hausdorff distances between
F(X) and G(Y) in Z, with the infimum being over all metric spaces Z and all isometric
embeddings F: X — Z and G: Y — Z:

den(X,Y) = Auf du(F(X),G(Y)). (1)

The second definition uses correspondences. A relation R C X x Y is a correspondence if for
every x € X there is some y € Y with (z,y) € R, and for every y € Y there is some z € X
exists with (z,y) € R. The distortion of a correspondence R is

dis(R) = sup |dx (z,2") — dy (y,y")].
(@,9),(z"y")ER

The Gromov-Hausdorff distance between two (arbitrary) metric spaces X and Y is

dGH(Xv Y) = %Rcll)l(fxydIS(R), (2)

where the infimum is taken over all correspondences R between X and Y [9, 17]. For metric
spaces (X,dx) and (Y,dy), let f: X =Y and g: Y — X be two (possibly discontinuous)
functions between them. We define the distortion of f as

dis(f) = sup |dx(z,z") —dy(f(z), f(z"))].

z,x’eX

The distortion of g is defined similarly. The codistortion of f and g is defined as

codis(f,g) = sup |dx(z,g(y)) —dy(f(z),y)].
zeEX,yey

Kalton and Ostrovskii [17] show that
den(X,Y) = %ifnf max{dis(f), dis(g), codis(f, 9)}, 3)
9

where f: X - Y and ¢g: Y — X are any functions. It follows that if dgu(X,Y) < C, then
there is some function f: X — Y with idis(f) < C.

SoCG 2026
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2.5 Gromov—Hausdorff distances and compactness

The following result is folklore; see [3] for the proof.

» Lemma 2. Let X be a metric space and Y be a subset thereof. Let us denote by Y the
closure of Y in X. Then

dH(X,Y):dH(X,?) and dGH(X,Y):dGH(X,?).
Furthermore, for every two subsets Y and Z of X, we have CZH(Z, Y)= jH(Z, Y).

We will consistently apply Lemma 2 when the ambient metric space is compact. Thus, when
we are studying the Hausdorff and the Gromov—Hausdorff distances between a compact
metric space and a subspace thereof, we can assume that the subspace is compact as well.

2.6 Gromov—Hausdorff distances and connectedness

» Lemma 3. Let f: X — Y be a function between metric spaces, with X path-connected and
dis(f)

Y geodesic. Then for every r > =52, the thickening f(X)" is path connected.

Proof. Let y1,y2 € f(X)" and 21,22 € X be points such that dy (y;, f(x;)) <r fori=1,2.
Since Y is geodesic, the entire geodesic connecting y; to f(x;) is contained in B(f(x;),r) C
f(X)". Pick € > 0 sufficiently small to satisfy r > disT(f) + e. Since X is path connected,
there are 21 = x1,%2,...,2n41 = %2 such that d(z;,%;11) < ¢ for every j = 0,...,n.
Thus, d(f(z;), f(zj+1)) < dis(f) +e. Since Y is geodesic, there are m; € Y such that
d(f(z;),m;) = d(f(zj+1),m;) = 2d(f(2;), f(zj41)) < r and the geodesics connecting m; to
f(z;) and f(zj41) are contained in f(X)". <

2.7 Gromov—Hausdorff distances and graphs

Let G be a finite metric graph and let X C G be a compact subset. To use functions
f: G — X to prove bounds on the Gromov—Hausdorff distance, we need to be a bit careful.
Indeed, even if the sample X is close to the leaves of G, it may be that f(G) is not close to
the leaves. Luckily, we have a lot of freedom to construct our function f:

» Lemma 4. Let G be a finite metric graph and let X C G be compact. If dgu(G,X) <,
then there is a function f: G — X with 3dis(f) < r and du(9G, f(G)) = du(0G, X).

Proof. Let R C G x X be a correspondence satisfying dis(R) < 2r. Fix € > 0 such that
dis(R)+e < 2r. For every v € 0G, pick z, € X as a point satisfying d(v, x,,) = mingex d(v, z).
We first recursively construct a surjective map f from a subset of G to {z, | v € OG}. Let us
arbitrarily order the leaves vy, ..., v, and denote the point z,, by x; for the sake of simplicity.
Base step. Pick any y; € G such that (y1,z1) € R and set f(yl) = z1. Recursive step.
Assume we have defined yi, ...,y € G distinct and set f(yl) = ;. Pick y € G satisfying
(Y, Tm+1) € R. Let us distinguish two cases. If y ¢ {y1,...,Ym}, then set y,, 11 = y and

FWmi1) = Tog1. Otherwise, fix an arbitrary point y,11 € G\ {y1,...,yn} satisfying
d(Ym+1,y) < 5 and define f(ym41) = Tmy1. Consider an arbitrary extension f: G — X of
fiAy, - yn} — {21, ..,z } with the property that the graph of f|a gy, ...y} is contained

in R. Then dis(f) < dis(R)+2- 5 < 2r and du (G, f(G)) = du(dG, X) by construction.

It is worth noticing that in the proof above we did not use any property of 0G, and the
result can be shown with 0G replaced by any finite subset Y of G.
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3 Ratio of dgy vs dyg can be arbitrarily small for metric trees

In this section we prove Theorem 5, a variant of Theorem 5 of [2], now adapted to metric
trees. As we show in Theorems 8 and 23, the Gromov—Hausdorff distance dgu (T, X') between
a metric graph T and a subset X C T can be bounded below by their Hausdorff distance
du(T,X) when X is close enough to the leaves of T, i.e., when dy(T,X) > cfH(ﬁT,X).
When dy(T, X) < du(dT, X), however, the ratio of dgu(T, X) over dg(T, X) can become
arbitrarily small as we show below. Furthermore, Theorem 5 suggests that 07" may not map
close to itself via correspondences with small distortion; see Figure 1.

T X'CcT XCT

Figure 1 A sketch of the construction of Theorem 5: (left) The metric tree T', (middle) the bold
superimposed X' C T with small du (T, X'), and (right) a different isometric embedding of X" into
T indicated by X C T with large du (T, X).

» Theorem 5. For any € > 0 there exists a finite metric tree T and a closed subset X CT
such that dgu (T, X) <e-du(T,X).

Proof. Choose n € N and let ¢ = % For t > 0, let I(t) be a copy of the interval [0, ] with
a designated basepoint 0. Define a metric tree 7' as the wedge of n intervals of lengths
14¢e,142¢,...,14+ne =2, and define a metric tree Xy as the wedge of intervals of lengths

Ll4e142...;,1+(n—1e=2—-c¢:

n—1

T=\/I1+t-e) and Xo=\/I(1+t-e).
t=1 t=0

Recall from (1) that deu(T, X) is the infimum of the Hausdorff distances between F(T') and
G(X) in Z, with the infimum being over all metric spaces Z and all isometric embeddings
F:T < Zand G: X < Z. In Figure 1 we have two different isometric embeddings X', X
of the same tree X into Z = T one with a small Hausdorff distance di (T, X') = ¢ as X' is
T with each ray being shortened by ¢, and one with a large Hausdorff distance dy (T, X) =1
as X is T with the longest ray I(2) of length 2 being replaced with a subray I(1) of length 1.
By (1), we have dgu(T, X) < dy(T,X') = edu(T, X). <

4 Metric trees with coefficient 1

Section 3 demonstrates that results claiming dgu(G, X) = du(G, X) for X a subset of a
metric graph G do not hold in general, even if di (G, X) is arbitrarily small. In this section, as
well as in Section 6, we prove related results relying on bounds on JH(aG, X). In particular,
we will assume the condition dg (G, X) > du(8G, X) which rules out the example constructed
in Theorem 5. The following proposition shows that condition has a high probability of being
satisfied if X is a large uniform sample of G; see [3] for the proof.

» Proposition 6. If G is a metric graph and X is a sample of n uniformly random points,
then with high probability as n — oo, we have dy(G, X) > du(0G, X).

3:7
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We prove the following results for metric trees.

» Proposition 7. Let T be a finite tree, and let f: T — T be a function. If du(T, f(T)) >
du (0T, f(T)), then 3dis(f) > du(T, f(T)).

Proof. Let 3dis(f) < r and let Z € T be a point such that B(z,du (T, f(T))) N f(T) =0
The assumption dy (T, f(T)) > du (0T, f(T)) implies that T\ {Z} is disconnected and at
least two distinct components thereof have non-empty intersection with f(7T') (since a tree

has at least two leaves). Since f(T')" is connected by Lemma 3, we have T € f(T)", which
implies dy (T, f(T)) < r. Since r can be taken arbitrarily, du (T, f(T)) < $dis(f). <

» Theorem 8. Let T be a finite metric tree and let X CT. If dy(T, X) > du (0T, X), then
deu(T, X) = du(T, X).

Proof. By Lemma 2, we may assume that X is compact. Suppose for a contradiction
that deu(T,X) < du(T,X). Then by Lemma 4, there is a function f: T — X C T
with 3dis(f) < du(T,X) < du(T, f(T)) and du(dT, f(T)) = du(dT,X) < du(T,X) <
du (T, f(T)), contradicting Proposition 7. <

In other words, dy(T, X) = max{dgu(T, X),du (0T, X)}. All of the results in our paper
have simple corollaries for two subsets of the tree or graph; we give one such example.

» Corollary 9. Let T be a finite metric tree and let X, Y CT. For any e > du(T,Y), if
du(X,Y) > du(0T,X) + ¢, then dgu(X,Y) > du(X,Y) — 2.

Proof. We need only apply the triangle inequality:

du(X,Y) < du(T, X) + du(T,Y)

=max {dGH ), d (0T, X)} +du(T,Y) by Theorem 8

<m x{dGH X,Y) +deu(T,Y),d (afaX)} +dy(T,Y)

< max {dGH (X,Y) + du(T,Y), d"H(aT,X)} Fdu(T,Y)  since dau(T,Y) < du(T,Y)
= {dGH (X,Y) + 2du(T,Y), dy (9T, X) +dH(T,Y)}

< max {dGH(X, Y) + 2, JH((?T, X)+ E} since dg(T,Y) < e. <

As a particular case of Theorem 8, we can provide a closed formula for the Gromov-Hausdorff
distance between a segment and a sample of it; see [3] for the proof.

» Corollary 10. Let X be a compact non-empty subset of an interval I = [a,b]. Denote by
c=min X and d = max X. Then dgu(I, X) = max {%JH([C, d],X)}.

5 The case of the circle

Before considering general metric graphs in the following section, in this section we first
understand the simplest connected metric graph which is not a tree: the circle G = S*.
The authors of [2] showed that dgu(S!, X) = du(S*, X) for a compact subset X C S!
with deu(St, X) < &- A curious question regarding the optimality of the density constant
& was also posed therein [2, Question 2]. While the constant § provides a sufficient
Gromov—Hausdorff density of a subset X to guarantee the equality of its Hausdorff and

Gromov-Hausdorff distances to S*, it turns out this constant is suboptimal. In this section,
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we show that % is the optimal constant in the case of the circle. That is, for a subset X C St
the density condition dgu(S', X) < % implies dgu(S*, X) = du(S*, X) (Theorem 11), and
there is a compact X C S* with T = dgu(S*, X) < du(S*, X) (Theorem 12).

» Theorem 11. For any subset X C S', we have dgu(S*, X) > min {du(S*, X), %}.

Proof. This proof is closely related to [18, 12]. It suffices to show that if dgu(S!, X) < Er
then dgu(St, X) > du(S', X). Let f: S — X be a (possibly discontinuous) function.
By (3), it suffices to show that if 1dis(f) < %, then 3dis(f) > du(S*, X), or equivalently
that %is(f) > du(S', X) for all £ > 0 sufficiently small. Suppose 3dis(f) < 5. Fix e > 0
with 5e < 27 — 3dis(f). Form a finite triangulation K of S! with edges of length less than
e. Let KO C S! be the vertex set of K. Since adjacent vertices Vi, Vit+1 € KO satisfy
d(vi,viq1) < €, we have d(f(v;), f(viy1)) < € +dis(f) < w. Hence we can map the edge
between v; and v; 41 to the unique shortest path in S between f(v;) and f(v;11), obtaining

a continuous map f: K — S'. Let r = %is(f). Suppose for a contradiction that X" is
f(z) = f(-=)
T
f
_—

Figure 2 Proof of Theorem 11: Since f(x) = f(—x), the shortest paths in S* between f(v;), f(vit1)
and f(v;), f(vj+1) intersect.

not equal to all of S'. Then there is an arc of length at least 2r in S' that contains no
points from X. So f is non-surjective, since the image of each edge in K is an edge of length
less than 27. Hence f: K — S' is a map of degree zero. The Borsuk—Ulam theorem [5,
Page 206, Exercise 21] then implies there are antipodal points z, —z € K with f(z) = f(—).
Let = be on the closed edge between v;,vi41 € K@, and let —z be on the closed edge
between v;,v;11 € K©. Since f(z) = f(—x), the shortest path in S* between f(v;), f(vit1)
intersects the shortest path between f(v;), f(v;j4+1). Since these paths in S! are of length
less than 2r, one of f(v;), f(vi1) is at a distance less than r from one of f(v;), f(vj41), i-e.
d(f(v), f(v")) < r for some v € {v;,v;41} and v" € {v;,v;41}; see Figure 2. We obtain

dis(f) > d(v,v') — d(f(v), f(v')) > (m — 2¢) — T — 7 dslI)_5e,

So 575 >m— Mi%(f), contradicting the choice of . Hence it must be that X” = S!. Since

%is(f) =7 > du(St, X) for all € > 0 sufficiently small, we are done. <

We now prove the optimality of % for the circle, i.e. that % is also a necessary condition.

» Theorem 12. For any e € (0, %), there exists a nonempty compact subset X C S! with
dH(Sl,X) = % + ¢ and dGH(Sl,X) = % < dH(Sl,X)

Proof. We construct X to be a six-element subset of S'. Both X and a particular cor-
respondence R C S x X are shown in Figure 3. One can check that dg(S*, X) = % +e¢.
Also, one can check that dis(R) = 2T, giving deu(S*, X) < %. So deu(S*, X) < du(S*, X).
Moreover, Theorem 11 implies that dgu(S', X) = %. <

3:9

SoCG 2026



3:10

Lower Bounding the Gromov—Hausdorff Distance in Metric Graphs
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(a) Correspondence R C S' x X has a distortion  (b) X = {a,b,c,d,e, f} C S*
of 2X. So, dgu(S', X) < Z. with du(S*, X) = % +e.

Figure 3 The configuration of points X C S is depicted to show the optimal constant for the
circle.

6 Metric graphs with loops with coefficient 1

In this section, we extend our results for the circle to general metric graphs; see Theorem 23.

6.1 Distortion of continuous maps between graphs
We first need a Borsuk-Ulam theorem for maps into trees; see [3] for the proof.

» Lemma 13. If T is a tree and f: S' — T is continuous, then there exist x,x’ € S with
d(a,a') > 2 and f(z) = f(z').

Note that the lower bound %’T in Lemma 13 cannot be improved, as shown in Figure 4. Recall

Figure 4 The lower bound in Lemma 13 is tight. The function f sends the black circle to the

blue tripod. The points a, b and ¢ are at distance %’T apart and in the same fiber of f.

that Gy is the core of a metric graph G (see Section 2), and that e(Gyg) is the length of the
shortest edge in Gy.

» Lemma 14. Let (G,d) be a metric graph and v be a simple loop. If y,y' € v satisfy

d(y,y’) < e(go) , then there is a unique geodesic joining y and y' and it lies on .
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Proof. Let 1 be a simple path connecting y and 4. If 7 is not entirely in v, its length is at
least e(Gp). So since d(y,y') < @7 a geodesic connecting the two points must lie on 7;
see Figure 5. This geodesic is unique since the length of a loop is at least e(Gp). |

(a) (b)

Figure 5 The assumptions in Lemma 14 are necessary. Loop -~ is represented with a dashed
red line. (a) If there is no bound on e(Gy), then there may exist a shorter path connecting y and
y' using a shortcut n. (b) If v is not simple, then y and 3y’ may be arbitrarily close and joined by
geodesics that are not in ~.

The following lemma is the crucial step showing that a continuous map between finite graphs
must send simple loops to simple loops, provided that the distortion is sufficiently small
compared to the length of the shortest internal edge.

» Lemma 15. Let f: (G,dg) — (G',dg') be a continuous map between finite metric graphs.
Assume that diSQ(f) < min{e(Gg)’e(GS)}. Then f induces an injection ®: L(G) — L(G") between
the simple loops of G and the simple loops of G' as follows: given a simple loop v € L(G),
®(v) is the only simple loop of G' contained in f().

Proof of Lemma 15 [J. For readability purposes, let us divide the proof into several claims.

First, let us show that the map ® is well-defined, i.e., for every simple loop v € L(G) there
is a simple loop of G’ contained in f(v) and that simple loop is unique.

> Claim 16 (Existence). If 7 is a simple loop of G, then f(v) contains a simple loop of G'.

Proof of Claim 16. Suppose for a contradiction that f(v) does not contain a loop. Since f(¥)
is connected, it is a tree. So Lemma 13 applies to give points x, 2’ € v with f(z) = f(2') and
dy(z,z') > % where d, is the geodesic distance on v. We must have dg(z,z") > E(GO)

G)  e(Ga)

since if dg(z,2') < GO) , then Lemma 14 would give that a geodesic connectlng T

and 2’ lies on v, and so dg(ac, x ) =d,(z,2') > % > @ We obtain the contradiction

dis(f) > |dg(z,2') — de (F(z), f(z')| = dg(z,a") > <Gk > <Go) 5 qig(F).

Hence f(7) must contain a loop. <
> Claim 17 (Uniqueness). If v is a simple loop, then f(v) contains at most one simple loop.

Proof of Claim 17. Note that f(7) is a closed subset of G’ since it is the continuous image of
a compact subset. Let H = f(v), which is a connected subgraph of G’. Furthermore, let
Hy be the smallest connected subgraph of G’ containing the union of all simple loops of H.
Suppose for a contradiction that f(y) = H contains at least two simple loops. Therefore,
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at least one vertex of Hy has degree at least 3. We can then consider the canonical graph
representation of Hy consisting of only vertices of degree at least 3. For every v € V(Hy),
the closed subset (f)~!(v) has diameter at most dis(f) < @ Hence, the convex hull C,
of (f)~'(v) N~ is well-defined. Furthermore, for every v,v’ € V(Hp) with v # v’, we have
C, N Cy = 0. Indeed, for z € (f)~1(v) and 2’ € (f)~1(v') with v # v/, we have

da(x,2') > da (v,0") — dis(f) > e(Gp) — dis(f) > dis(f) > max{diamC,, diamC,, }.
Let [V(Ho)| = nandlet y1,...,v, be the non-empty connected components of Y\U, ¢y () Co-

For every i € {1,...,n}, note that f(+;) is contained in a connected component of H \ V(Hy).
Let 71, ...,mm be the connected components of Hy \ V(Hy). Note that each n; is an open-

Clog

Figure 6 A representation of the objects constructed in the proof of Claim 17.

ended path in Hy. We claim that 7; N f(y1 U---U~,) # 0 for every j € {1,...,m}. Let y be
the midpoint of n;. Since H = f(v), there is z € v such that f(z) = y. For every v € V(Hy)
and every x € (f)~!(v),

da(z,7) > der (y,v) — dis(F) > 250) — dis(F) > 2dis(f) — dis(F) = dis(f) > diamC,.

Hence, 2 ¢ C, and so z € 4, U---U~,. So far, we have shown that each f(v;), for
i €{1,...,n}, is contained in some connected component of H \ V(Hj). Furthermore, among
these connected components, each n; with j € {1,...,m} contains the f-image of at least
one ;. It will be a contradiction if we prove that n < m. Note that the set {n;}], is in
bijection with the edge set E(Hy) of Hy. Hence

2m =2|E(Gy)| = Y degg (v) > 3[V(Gp)| = 3n,
VeV (GY)

giving the contradiction n < m. It must be that f(v) contains at most one simple loop. <
According to Claims 16 and 17, map & is well-defined. Lastly, we show that it is injective.
> Claim 18. The map ®: L(G) — L(G’) is injective.

Proof of Claim 18. Let 71, 72, and n be three simple loops such that n C f(y1) N f(72).
Suppose, by contradiction, that the simple loops v, and v, are distinct, meaning they

differ by at least one edge. Without loss of generality, let us fix an edge e € E(G) that is
contained in ; but whose interior is disjoint from ~5. Fix the midpoint m of e. In particular,
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T1

st T2 72

Figure 7 A representation of the objects constructed in the proof of Claim 18.

dg(m,y2) > 6(20). Let us estimate dg(m, (f)~1(n)). Suppose that = € (f)~1(n), and fix

y € 7o such that f(z) = f(y). Note that dg(z,y) < dis(f). Using the triangle inequality, we
obtain

dg(m,l') Z dG(m7y) 7dg(l',y) 2 dG(m772) 7d18(f) (4)
> %) _ dis(F) > 2dis(f) — dis(f) = dis(f).

Hence d(m, (f)~1(n)) > dis(f), and in particular, f(m) ¢ 5. Consider the connected
component C of v \ (f)~1(n) containing m. Since (f)~!(n) is closed by continuity, C' is an
open arc in ;. Let x1 and x5 be the two points of v; on the boundary of C. Note that they
both belong to (f)~1(n), and so dg(m,z;) > dis(f) by (4). Let us estimate dg(z1,z2). A
geodesic connecting x1 and zo satisfies one of the following:

(i) either it passes through m,

(ii) or it crosses (f)~1(n) N1,

(iii) or it uses an edge that is not in ;.

In all three cases, we have dg(x1,z2) > dis(f). For (i), this follows since dg(m, z;) > dis(f).

For (ii), let A = (f)~'(n) N~;. Since f(v;) contains 7, we have f(A) = n. The diameter of

7 is at least e(gé), and hence diam(A4) > e(%()) —dis(f) > 2dis(f) — dis(f) = dis(f).

Finally, we also have dg(x1,z2) > dis(f) in case (iii) since e(Gy) > dis(f). Since f
is continuous, f(C) is contained in a connected component D of f(y1)\ n. Since f(7y1)
contains only one loop, D is a tree. Furthermore, f(7;) is a closed subset of G’ since it is
the continuous image of a compact subset, and it contains only one simple loop. Thus, the
closure of D in G’ intersects 7 in only one point z. We have already observed that f(z;) € n
for i € {1,2}. Furthermore, f(x;) belongs to the closure of f(C) in G’, which is contained
in the closure of D. Therefore, f(z;) = z since the latter is the only point in the closure
of D that lies on 7. This gives f(x,) = z = f(z2), which contradicts the above established

inequality dg(x1,z2) > dis(f). <

This completes the proof of Lemma 15. <

6.2 Distortion of arbitrary functions between graphs

To apply Lemma 15 in the context of Gromov—Hausdorff distances, we will need a way to
turn arbitrary functions into nearby continuous ones with controlled distortion, as described
in the following result.

» Lemma 19. Let f: (G,dg) — (G',dg/) be a function between finite metric graphs with
dis(f) <r< min{e(GZ),e(Gg)}
2

that B0 < 2r and F(G) C (F(@Q))".

distortion . Then there is a continuous map f: G — G’ such
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Proof. We organize the proof into three steps, to help its readability. Let € > 0 satisfy
e +dis(f) < 2r.

Step 1: Construct a continuous map f. Fix a finite triangulation K of G with edges of
length at most € such that V(G) € K(©). Let us construct a continuous map f: K — G’ as
follows. For every vertex z € K9, set f(z) = f(z). Consider now two adjacent vertices z
and y in K9, Send the segment from  to y to the geodesic segment connecting f(z) and
f(y) at uniform speed. The geodesic between the two points f(z) and f(y) is unique since

dor (f(2), f(y)) < & + dis(f) < S22,

Step 2: Estimate the distortion of f. We claim that dis(f) < 2(dis(f) +¢) < 4r. The
second inequality is trivial. Let z,y € K. Choose a closest point z; € K© to z. Let
zi41 € KO be such that = is contained in the edge {z;, z;11}. Note that dg(z,z;) < 5.
Thus, by construction of f,

< do(f(xi), f(xi1)) _ e+ dis(f)

der (f(z), f () < 9 < 5 (5)

e+dis(f)
—a

Similarly, if y; € K(©) is a closest point to y, da(y,y;) < 5 and dar (f(y), f(y;)) <
By applying the triangle inequality, we obtain the following chain of inequalities:

der (f(2), f(y)) < de (f(2), f(:) + dar (f(x:), £(y3)) + der (F(y5), F ()
< BUEE 4 (g, yy) + dis(f) + BUEE < 2dis(f) + & + dg (@4, 2) + de (2, 9) + da(y, y;)
< 2(dis(f) + &) + da(z,y) < 4r + dg(z,y).

With similar computations, we can show that dg(z,y) — do (f(x), f(y)) < 2(dis(f) +&) < 47.

This proves diST(f) < 2r.

Step 3: Show f(K) C (f(G))". For every point f(x) € f(K), choose a closest point
z; € K to 2 as in Step 2. According to (5), da (f(z), f(x;)) < r since e +dis(f) < 2r. <

We finally obtain that the core G of a graph G is preserved by a function with distortion
bounded by a fraction of the shortest edge length.

» Proposition 20. Let G be a finite metric graph and let f: G — G be a function with

dis e(G r
Z(f) <r< (160). Then Gy C f(Go)".

Proof. Let f: G — G be the continuous map described in Lemma 19. Then dlsT(f) <2r <
@. The restriction ﬂGO: Go — G is also continuous and has the same bound on its
distortion. We can then apply Lemma 15 to f|g, and obtain an injection ®: £(Go) — L(G).
Since L(Go) = L(G) by construction and these sets are finite, ® is a bijection. Hence, every
simple loop of G is contained in f(Go) C f(Go)" according to Lemma 19. Given that f(Go)"

is connected, it contains Gy. <

As an immediate consequence of Proposition 20 we obtain that the Hausdorff and the
Gromov—Hausdorff distances between a graph with no leaves and a subset thereof coincide,
provided that the latter is sufficiently small.

» Corollary 21. Let G be a finite metric graph with no leaves, and let X C G. If dgu(G, X) <

“C) then deu(G, X) = du(G, X).
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Proof. Let r > 0 satisfy deu(G,X) < r < e(lGGO)' Then there is a map f: G — X
whose distortion satisfies diST(f) <r< 6(%0). We can apply Proposition 20 to obtain that
G = Gy C f(Gp)" C X". Hence di(G,X) < r. Since r can be taken arbitrarily, we have

du(G, X) < deu(G, X). |

We now discuss how to lower bound the Gromov-Hausdorff distance with respect to the
Hausdorff distance for graphs with leaves. The first result relies on hypotheses around the
subset X of the graph G. More precisely, similarly to the tree case, we request that the
subset X is sufficiently close to the leaves of G.

» Proposition 22. Let (G, d) be a finite metric graph and let f: G — G be a (possibly discon-
tinuous) function with dNT(f) < % If 0G # 0, suppose that du(G, f(Q)) > du(9G, f(G)).
Then du(G, f(GQ)) < dl%(f)

Proof. Let r > 0 satisfy diST(f) <r< e(lcé‘)). Let T € G be a point such that the intersection
B(Z,du(G, f(G))) N f(G) is empty. If T € Gy, then T € f(G)" according to Proposition 20,
and so du(G, f(G)) < r. Suppose otherwise that T ¢ Go. Thus, G \ {Z} is disconnected,
and at least two connected components thereof have non-empty intersection with X by the

assumption. We can conclude as in Proposition 7. <

» Theorem 23. Let G be a finite connected metric graph and let X C G. If G # (), suppose
(G, X) > du(9G, X). If dau(G, X) < <92 then dgu(G, X) = du(G, X).

Proof. As in the proof of Theorem 8, by Lemma 2 we can assume that X is compact by repla-
cing it with its closure X if necessary. Suppose, by contradiction, that dgg (G, X) < du(G, X).
By Lemma 4 there is a function f: G — X such that 3dis(f) < min{du(G, X), e(g")}
and dy(9G, X) = du(dG, f(G)). Note that dy(G, f(G)) > du(G,X) > du(0G, X) =
du (0G, f(GQ)). We can apply Proposition 22 to obtain a contradiction with the following
chain of inequalities: diy(G, X) < du(G, f(G)) < disT(f) <dcu(G,X). <

7 Conclusion and open questions

We have furthered the study of lower bounding the Gromov—Hausdorft distance between
a space and a subset by their Hausdorff distance, particularly for metric graphs. This
investigation sparks several open questions and new research directions, especially for spaces
beyond graphs: (1) Is the density constant e%o) in Theorem 23 optimal? (2) Do our results
generalize to general length spaces? If so, under what density assumptions? (3) Are there
versions of our results that hold for manifolds with boundary? (4) Are there classes of metric
spaces (other than graphs) where the Gromov—Hausdorff distance between the space and a

dense enough subset equals their Hausdorff distance?
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