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Abstract. Runtime monitoring checks, during execution, whether a 
partial signal produced by a hybrid system satisfies its specification. 
Signal First-Order Logic (SFO) offers expressive real-time specifications 
over such signals, but currently comes only with Boolean semantics and 
has no tool support. We provide the first robustness-based quantita-
tive semantics for SFO, enabling the expression and evaluation of rich 
real-time properties beyond the scope of existing formalisms such as Sig-
nal Temporal Logic. To enable online monitoring, we identify a past-
time fragment of SFO and give a pastification procedure that transforms 
bounded-response SFO formulas into equisatisfiable formulas in this frag-
ment. W e then develop an efficient runtime monitoring algorithm for this
past-time fragment and evaluate its performance on a set of benchmarks,
demonstrating the practicality and effectiveness of our approach. To the
best of our knowledge, this is the first publicly available prototype for
online quantitative monitoring of full SFO.

Keywords: Signal first-order logic · Robustness-based quantitative 
semantics · Online runtime monitoring

1 Introduction 

Runtime verification checks executions of a system against formal specifica-
tions by monitoring the system’s behavior during runtime. Online monitors are 
lightweight pieces of software that operate in parallel with the system, checking 
partial t races on the fly as the execution unfolds. In contrast, offline monitoring
analyzes the complete trace only after the system has finished executing.

Previous work [5] introduced Signal First-Order Logic (SFO) as a rich 
specification language for expressing real-time properties of real-valued signals.
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SFO offers greater expressiveness than the widely used Signal Temporal Logic
(STL) [27], enabling more precise modeling of complex system behaviors. For 
example, SFO allows the formalization of bounded stabilization properties: fol-
lowing a significant disturbance, the signal must return to its pre-disturbance 
value within 10 timestamps. This level of expressiveness goes beyond traditional 
temporal logics and makes SFO well suited for reasoning about the dynamic 
behavior of hybrid systems. Technically, SFO combines first-order logic with 
linear arithmetic and uninterpreted unary function symbols to represent real-
valued signals over time. Its syntax supports quantification over both time and
value variables, allowing for rich and flexible property specification. However,
this expressiveness comes at a cost: formulas whose satisfaction depends on
unbounded future behavior are in general not efficiently monitorable online,
which makes the full logic ill suited for practical runtime monitoring.

So far, the semantics of SFO have been defined only in Boolean terms, i.e., 
a system trajectory either satisfies or violates a specification [5]. In many real-
world applications, especially those involving continuous dynamics and numeri-
cal quantities, such binary outcomes are often insufficient. Quantitative seman-
tics, which measure how well or to what extent a specification is satisfied or
violated, offer more informative feedback and can significantly improve decision
making in practice.

At a high level, we develop the semantic foundations and algorithmic machin-
ery needed for online quantitative monitoring of SFO. In particular, we make
the following contributions:

1. Quantitative semantics for SFO. We introduce a robust quantitative seman-
tics for SFO, generalizing the standard Bo olean semantics and enabling quan-
titative evaluation of real-valued signals.

2. Past-time fragment and pastification. We define a syntactic fragment of SFO, 
called past-time SFO (pSFO), which is well suited for online monitoring. To 
enable its use in practice, we provide a pastification procedure that transforms
bounded-response SFO formulas into equisatisfiable pSFO formulas.

3. Online monitoring algorithm. We propose an efficient algorithm for online 
monitoring of pSFO formulas over piecewise-linear signals. Our approach com-
putes robustness values symbolically using polyhedral representations.

4. Implementation and experiments. We implement our monitoring algorithm in 
a prototype tool and evaluate its performance on several benchmark scenarios.
The results demonstrate the effectiveness of our approach.

Related Work. Signal Temporal Logic (STL) was introduced as a specification 
language for continuous signals [27], and there is now a large body of work on its 
quantitativ e semantics and monitoring algorithms. Robustness-based semantics
for STL [14,15], based on signed distance to violation, has since been supported 
by efficient offline and online monitoring algorithms [11–13,19,25,28]. Our work 
is complementary to this STL-based line: we lift robustness-based monitoring 
from STL to full SFO and identify a past-time, bounded-response fragment that
still admits efficient online algorithms.
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Beyond STL, the work most closely related to ours is Signal First-Order Logic
(SFO) [5]: Bakhirkin et al. define a Boolean semantics for SFO and an offline 
monitoring algorithm, but do not r elease an implementation or report experi-
mental results. Menghi et al. [30] introduce Restricted Signal First-Order Logic 
(RFOL), a syntactic fragment of SFO with quantitative semantics. RFOL for-
bids quantification over value variables, enforces that each subformula contains 
at most one free time variable, and requires all formulas to be closed. In c on-
trast, we define a generic robustness-based quantitative semantics for full SFO
and identify a fragment tailored for efficient online monitoring.

The extension of STL with freeze quantifiers (STL*) [10] can record the cur-
rent signal value for later comparison. While STL* can express relative changes 
such as local extrema and oscillations, SFO is strictly more expressive: it can 
capture a dditional classes of signal-based properties, including punctual deriva-
tive constraints that STL* cannot express; see [9] for a detailed taxonomy and 
an expressiveness comparison of STL, STL*, and SFO.

In a different direction, Bakhirkin and Basset [4] propose a quantitative 
extension of STL with generalized sliding-window and until operators, tailored to 
express and monitor bounded-stabilization properties. However, this extension 
remains quantifier-free: it cannot bind time or value parameters and reuse them 
later in the formula, so it cannot capture SFO sp ecifications that quantify over
dynamically chosen event durations and relate these durations across different
signals, such as rise-time properties (e.g., if signal . f has a positive edge then
signal . g subsequently has a positive edge whose rise time is within .10% of that 
of . f ;  se  e [5, Ex. 3]). Silvetti et al. [34] extend this framework with integral-based 
and filtered sliding-window operators, which strengthens its ability to express 
cumulative and conditional quantitative requirements (e.g., average power con-
sumption restricted to periods where a mode is active). These arithmetic exten-
sions are largely orthogonal: SF O extended with suitable arithmetic operators
can encode such sliding-window constructs and, in addition, express duration-
parameterized properties that these formalisms cannot capture.

Orthogonal to logic-specific robustness monitoring, recent work develops 
logic-independent notions of quantitative monitorability, characterizing when 
(and how well) quantitative trace properties can be monitored (or approximated
from finite prefixes) [20,22,24]. Relatedly, quantitative analogs of the safety-
liveness dichotomy and corresponding decompositions have been established for
quantitative properties and automata [6,7,23]. These general frameworks provide 
semantic criteria for what is monitorable (possibly approximately), whereas we 
give a robustness semantics for full SFO and exact online monitoring algorithms.

To our knowledge, this paper is the first to provide a generic robustness 
semantics for full SFO, together with an online monitoring algorithm for a prac-
tically relevant past-time bounded-response fragment.

2 Signal First-Order Logic (SFO) 

In this section, we recall Signal First-Order Logic (SFO) and its standard
Boolean semantics [5]. A signal is a function .w : T → R mapping a temporal
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domain .T ⊆ R to real values. Let . F be a set of function symbols and . X = T ∪R
be a set of variables, partitioned into time variables .T and value variables . R. 
Both time terms . τ and value terms . ρ evaluate to real numbers. A valuation . ν
assigns values to variables .x ∈ X , denoted . x ν . Function symbols remain unin-
terpreted at the logical level; a signal trace . w assigns a real-valued signal . f w

to each function symbol .f ∈ F . 

Definition 1 (Syntax). The syntax of an SFO formula . φ is defined by the 
following grammar:

. 
φ ::= θ < θ | ¬φ | φ ∨ φ | ∃r ∈ R.φ | ∃s ∈ I. φ θ ::= ρ | τ

ρ ::= r | f(τ) | n | ρ − ρ | ρ + ρ τ ::= s | n | τ − τ | τ + τ

where .R ⊆ R and .I ⊆ R are intervals with rational end points, .n ∈ Q is a 
rational number, .r ∈ R is a value variable, .s ∈ T is a time variable, and . ρ and 
. τ denote value and time terms, r espectively.

Definition 2 (Boolean Semantics). Consider an SFO formula . φ, a trace . w, 
a valuation . ν,  and  a  term . θ. The satisfaction relation .w, ν |= φ and the value
. θ w,ν are defined inductively as follows:

. 

w, ν |= θ1 < θ2 ⇔ θ1 w,ν < θ2 w,ν

w, ν |= ¬φ ⇔ w, ν = φ

w, ν |= φ1 ∨ φ2 ⇔ w, ν |= φ1 or w, ν |= φ2

w, ν |= ∃r ∈ R. φ ⇔ ∃a ∈ R : w, ν[r ← a] |= φ

w, ν |= ∃s ∈ I. φ ⇔ ∃a ∈ I : w, ν[s ← a] |= φ

n w,ν = n (n ∈ Q)

x w,ν = ν(x) (x ∈ X )

θ1 ± θ2 w,ν = θ1 w,ν ± θ2 w,ν

f(τ) w,ν = f w τ w,ν

We use standard syntactic abbreviations: .φ ∧ ψ ≡ ¬(¬φ ∨ ¬ψ), . φ → ψ ≡
¬φ ∨ ψ,  and .∀x ∈ S. φ ≡ ¬∃x ∈ S.¬φ. Abbreviations for derived comparison 
operators (. ≤, . ≥, . =) and absolute values (. |ρ|) are defined as expected.

Remark 1 (Well-definedness). Formulas are interpreted over traces .w with a 
temporal domain .T ⊆ R. We only define the satisfaction relation .w, ν |= φ for 
pairs .(w, ν) for  which  all  signal  accesses in . φ are well-defined: whenever a term
.f(τ) occurs in . φ, we require that the interpreted time . τ w,ν lies i n . T.  If  this  
side condition fails, we leave .w, ν |= φ undefined. In particular, quantifiers range 
over those instantiations that yield well-defined signal accesses in the quantified 
subformula; if no s uch instantiation exists, the formula is undefined. Whenever
we write .w, ν |= φ, we implicitly assume that this side condition holds.

At the semantic level, a trace . w interprets each function symbol . f as a con-
crete real-valued function . f w on its temporal domain . T.  We  do  not  impose  
any additional assumptions on how these functions are represented or how val-
ues between samples are obtained; the semantics depends only on the resulting
pointwise function values at the times where the formula accesses the signals.
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Fig. 1. Illustration of the quantitative semantics for the bounded stabilization 
property given in Example 1. For convenience, we use piecewise-linear interpo-
lation. Upward arrows indicate rising edges at .t1 = 1 and .t2 = 12. Following . t1, 
the signal . f stabilizes rapidly within the .±0.5 tolerance band around .r1 = 1. 
Conversely, following . t2, the signal exhibits wide oscillations that violate the 
band. The quantitative evaluation considers all .8-unit windows starting within
.10 units of . t2, identifying the window with the minimum range to determine the
maximal robustness value.

3 Quantitative Semantics of SFO 

We introduce a quantitative semantics for SFO, assigning a robustness value to 
each formula relative to a specific signal and valuation. This score quantifies the 
degree to which a signal satisfies or violates a formula. We further establish the
soundness of this semantics with respect to the Boolean semantics.

Definition 3 (Quantitative Semantics). Given an SFO formula . φ, a tr ace
. w, and a valuation . ν, the robustness value .μ(w, ν, φ) ∈ R∪{−∞,+∞} is defined 
inductively as follows.

. μ(w, ν, θ1 < θ2) = θ2 w,ν − θ1 w,ν

μ(w, ν,¬φ) = −μ(w, ν, φ)
μ(w, ν, φ1 ∨ φ2) = max{μ(w, ν, φ1), μ(w, ν, φ2)}

μ(w, ν,∃r ∈ R.φ) = sup
a∈R

μ(w, ν[r ← a], φ)

μ(w, ν,∃s ∈ I.φ) = sup
a∈I

μ(w, ν[s ← a], φ)

The quantitative semantics follows the well-definedness con vention
from Remark 1: .μ(w, ν, φ) is defined only when all signal accesses needed to
evaluate . φ are defined. In particular, in the quantified clauses, the supremum 
ranges only over those instantiations for which the quantified subformula has a
defined robustness value; if no such instantiation exists, then .μ(w, ν, φ) is unde-
fined.

The definition above is independent of any particular interpolation scheme. 
When a trace is given as sampled data, an interpolation choice fixes the concrete
functions . f w on . T. We illustrate the quantitative semantics of SFO using
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the bounded stabilization example from the introduction, using piecewise-linear 
in terpolation purely for exposition.

Example 1 (Bounded Stabilization). Let .b : T → {0, 1} be a Boolean mod e
signal and .f : T → R be a real-valued signal. A rising edge of . b at time . t is 

. ↑ b[t] ≡ b(t) = 1 ∧ ∃c ∈ (0,∞).∀c ∈ (0, c).b(t − c ) = 0.

Note that since Boolean signals are piecewise constant and right-continuous, 
isolated single-point spikes do not arise. The bounded stabilization requirement
states that whenever . b rises at . t, the signal . f must enter and remain within a
tolerance band .±0.5 around some value . r. This stabilization must occur n o later
than .c ≤ 10 time units after . t and persist for at least . 8 time units: 

. φ ≡↑ b[t] → ∃r ∈ R.∃c ∈ [0, 10].∀d ∈ [0, 8].|f(t + c + d) − r| ≤ 0.5.

Quantitative semantics allow for computing the degree to which a signal 
and valuation satisfy this property. For this example, we consider only time 
points where a rising edge occurs and focus on the consequent of the implication,
denoted by . ψ. Given a signal .w and a valuation . ν, the quantitative seman tics
.μ(w, ν, ψ) is given b y:

. sup
r∈R

sup
c∈[0,10]

inf
d∈[0,8]

(0.5 − |f(t + c + d) − r|).

This expression captures the optimal robustness over a ll candidate stabiliza-
tion levels .r ∈ R and settling delays .c ∈ [0, 10]. Specifically, the inner term 
represents the worst-case deviation from the .±0.5 band around . r over a window 
of size . 8 starting at .t + c. Intuitively, for a given . t, we seek a target value . r and 
a  delay .c ∈ [0, 10] that minimize the signal’s deviation from . r in the subsequent 
8-unit window. The robustness of . ψ is upper-bounded b y .0.5 (indicating perfect 
stabilization) and is unbounded f rom below.

Consider the signal in Fig. 1. After the first rising edge at .t1 = 1, the signal 
stabilizes perfectly around .r1 = 1 within 2 time units. Thus, the parameters . r = 1
and .c = 2 (for an y .d ∈ [0, 8]) maximize the robustness value to .0.5.  Conversely,  
after the second rising edge at .t2 = 12, the signal oscillates widely and slowly. 
To evaluate quantitative satisfaction here, we examine windows of size . 8 starting 
within .10 time units of . t2. For each candidate delay .c ∈ [0, 10], we consider t he
segment .[t2 + c, t2 + c + 8] and compute the range of . f . The robustness value 
for each segment is .0.5 − 1

2 (max f − min f), and the overall robustness is the 
supremum over all feasible . c and . r. For the signal in Fig. 1, the smallest range of
. f over any such .8-unit window occurs in the interval .[19, 27], which places the 
peak at .t = 22 in the window while the minima occur at the endpoints. Over this 
interval, the minimum and maximum values of . f are .1.75 and .3.0, respectively, 
yielding a range of .1.25. Consequently, the optimal stabilization target is . r2 =
(1.75+3.0)/2 = 2.375, and the corresponding robustness is .μ(w, ν[t ← 12], ψ) =
0.5 − 1.25

2 = −0.125.
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This negative value indicates that no matter how parameters . r and . c are cho-
sen, the signal fails to remain within the .±0.5 band around any constant lev el
for a full .8-unit interval starting within .10 units of the rising edge. Intuitively, 
the robustness value quantifies the signal’s overshoot in the “best” window: even 
in the window with minimal range, the signal deviates by .0.125 outside the 
allowed band at its worst point. This represents the minimal uniform perturba-
tion required to repair the signal to satisfy the prop erty. Shifting the maximum
down and the minimum up by .0.125 compresses the range sufficiently t o meet
the .±0.5 requirement. Equivalently, the existential quantifiers synthesize param-
eters: for each fixed . c, the maximizing . r is the midrange of . f on .[t+ c, t+ c+8], 
and the maximizing pair .(r , c ) witnesses the best robustness value [2]. . 

Remark 2 (Units and Compatibility). Because atomic predicates are interpreted
as differences (i.e., .θ2 − θ1), each atomic robustness value carries the units of 
the compared quantity, and we assume that atomic predicates are dimension-
ally well-formed. When a formula combines predicates over signals with different
physical units, the .max aggregator in disjunctions compares incompatible quanti-
ties, so the resulting robustness value lacks a direct physical interpretation. T his
limitation is inherited from the standard robustness semantics for STL [14,15] 
and is not specific to SFO. A practical mitigation is to evaluate all predicates 
on dimensionless quantities, e.g., by normalizing signals and thresholds using 
know n operating bounds. Alternatively, one can adopt an explicitly normalized
predicate-level score [30]. 

Finally, we relate the signed robustness in our quantitative semantics t o the
standard Boolean semantics.

Theorem 1 (Soundness of Quantitative Semantics). Let . φ be an SF O
formula, . w a signal trace, and . ν a valuation. I f .μ(w, ν, φ) > 0, then .w, ν |= φ.  I  f
.μ(w, ν, φ) < 0, then .w, ν = φ. 

4 Past-Time SFO (pSFO) 

Online monitoring is simplest for specifications whose evaluation at time . t
depends only on the prefix observed up to . t. Past-time specifications have this 
property, so a monitor can emit verdicts (or robustness values) immediately, 
without buffering future samples. In this section, we isolate a past-time frag-
ment of SFO and pro vide a procedure to translate SFO formulas with bounded
future lookahead to pSFO formulas.

We call an SFO formula . φ temporal if it has exactly one f ree time variable
. t, and every signal access is anchored at . t: wheneve r .f(τ) occurs in . φ,  the  ti  me
term . τ contains . t with coefficien t . 1 (equivalently, . τ can be rewritten as . t + δ
where . t does not occur free in . δ). This excludes references to fixed absolute 
times and ensures that each signal access is a t a well-defined offset from the
reference time . t.
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Definition 4 (Access time terms and pSFO). Let . φ be a temporal SFO 
formula with unique free time variable . t.  L  et .Mφ be the set of time terms . τ
such that some occurrence .f(τ) appears in . φ.  For .τ ∈ Mφ and valuation . ν, 
define the offset of . τ relative to . t by .off ν(τ) = τ ν[t←0].  We  call . φ a past-
time SFO (pSFO) formula if for every .τ ∈ Mφ and every valuation . ν of bound 
time variables consistent with their quantification intervals (evaluated relative to
.t = 0), we have .off ν(τ) ≤ 0. 

Intuitively, .off ν(τ) is the time shift encoded by . τ relative to the r eference time
. t. The pSFO condition says that every signal read happens at time .t+off ν(τ) ≤ t, 
i.e., never strictly i n the future.

The bounded-response fragment of SFO consists of formulas where every time-
quantifier interval . I in .∃s ∈ I. ψ is bounded, i.e., .inf I = −∞ and .sup I = ∞.  In  
this fragment, the offsets induced by bound time variables range over bounded 
sets, so the formula’s time dependence can be summarized by finite lookahead
and history bounds.

Below, we provide a pastification procedure for temporal bounded-response 
SFO formulas. Note that this does not preclude un bounded time entirely: the
free time variable . t ranges over the entire temporal domain, whereas quantified 
times act as relative offsets and are constrained to bounded ranges. This allows 
the expression of safety (and co-safety) properties whose violations (and s atis-
factions) are witnessed by input segments of bounded length, as is common in
practice (e.g., when enforcing deadlines).

The key quantity for pastification is the forward horizon, an upper bound 
on how far into the future the formula may read relative to . t. Dually, the back-
ward horizon bounds how far into the past it may read. F or bounded-response
formulas, both quantities are finite.

Definition 5 (Horizons). Let . φ be a temporal bounded-response formula. F or
each .τ ∈ Mφ,  let . τ = infν off ν(τ) and .uτ = supν off ν(τ),  where . ν ranges 
over valuations of the bound time variables consistent with their quantifica-
tion intervals. We define the forward and backward horizons, respectively, as
.H+(φ) = maxτ∈Mφ

max(0, uτ ) and .H−(φ) = maxτ∈Mφ
max(0,− τ ), with the 

convention that .H+(φ) = H−(φ) = 0 when .Mφ = ∅. 

Thus, .H+(φ) is the maximal future offset of any signal access in . φ,  a  nd
.H−(φ) is the maximal history length needed to evaluate . φ at a given reference 
time. We now define the pastification operator. Without loss of generality, we 
assume that bound variables are named apart from free variables.

Definition 6 (Pastification). For .d ≥ 0, the pastification of . φ is . Πd(φ) =
φ[t t − d], obtained by substituting every free occurrence of . t by .(t − d). 

Pastification turns future signal reads into past reads by shifting the reference 
time backwards inside the formula. Concretely, if a signal access is at .t + δ in 
. φ, then it becomes .(t − d) + δ = t + (δ − d) in .Πd(φ);  choosing . d large enough 
makes all these new offsets non-positive.
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Example 2 (Pastification for bounded stabilization). Recall the bounded stabi-
lization property from Example 1: The rising-edge predicate .↑ b[t] contains an 
unbounded time quantifier, so . φ is not bounded-response. However, t he con-
sequent .ψ ≡ ∃r ∈ R. ∃c ∈ [0, 10]. ∀d ∈ [0, 8]. |f(t + c + d) − r| ≤ 0.5 is 
bounded-response and can be pastified. Here .Mψ = { t + c + d },  and  for  a  ny
valuation . ν consistent with .c ∈ [0, 10] and .d ∈ [0, 8] we have . off ν(t + c + d) =
t+c+d ν[t←0] = ν(c)+ν(d). Hence . t+c+d = 0 and .ut+c+d = 18,  s  o . H+(ψ) = 18

(and .H−(ψ) = 0). Applying .Π18 yields 

. Π18(ψ) ≡ ∃r ∈ R. ∃c ∈ [0, 10]. ∀d ∈ [0, 8]. |f(t − 18 + c + d) − r| ≤ 0.5.

Now every access time has offset .off ν(t − 18 + c+ d) = ν(c) + ν(d)− 18 ≤ 0, so 
.Π18(ψ) is a pSFO formula. Evaluating .Π18(ψ) at time . t only reads . f at times 
up to . t, whereas evaluating . ψ at time . t would need . f up to .t + 18.  Moreove  r, . ψ
and .Π18(ψ) are equisatisfiable via the reference-time shift .t t + 18. . 

Choosing . d to be at least the forward horizon of the input ensures that all 
time references lie in the past, i.e., a pSFO formula. Finally, we e stablish that
pastification preserves satisfiability up to a constant shift of the reference time.

Theorem 2 (Equisatisfiability under Pastification). Let . φ be a temporal 
bounded-response SFO formula with free time variable . t,  and  l  et .h ≥ H+(φ). 
For every trace .w and valuation . ν, we have .w, ν |= φ iff .w, ν |= Πh(φ),  whe  re
.ν (t) = ν(t) + h and .ν (x) = ν(x) for al l .x = t. 

5 Online Quantitative Monitoring of pSFO 

We present an online quantitative monitoring algorithm for bounded-response 
pSFO formulas, which capture a broad class of safety and co-safety properties. 
For any such formula, the monitor operates over a sliding window corresponding 
to the formula’s backward horizon. As execution progresses, robustness values 
are updated incrementally using exclusively the data within this window. The 
construction is compositional, enabling the aggregation of monitors f or pSFO
subformulas while enforcing a bounded memory footprint. Furthermore, the out-
puts of these monitors can be combined via Boolean operations, extending the
monitoring capability beyond safety and co-safety.

Following the well-definedness convention of Remark 1, the algorithm eval-
uates robustness only over valuations for which all signal accesses fall within 
the available trace domain; quantifier ranges that partly exceed the domain are
effectively trimmed to the well-defined region.

When . φ is a temporal formula with a unique free time variable . t, we w rite
.μ(w, t0, φ) for .μ w, ν[t ← t0], φ to denote the pointwise robustness of . φ at time 
.t0 ∈ T,  whe  re . ν is any valuation of the remaining (non-tempo ral) free variables of
. φ;  i  f . t is the only free variable, the choice of . ν is irrelevant. Analogously, w e write
.w, t0 |= φ for .w, ν[t ← t0] |= φ. Since monitoring evaluates a formula at each 
time point along a trace, this pointwise view is the one we adopt throughout.



Quantitative Monitoring of Signal First-Order Logic 223

Definition 7 (Online Monitoring Problem). The online monitoring prob-
lem for a temporal pSFO formula . φ over  a  stream .w1, w2, . . . of input segments 
requires producing an output segment .vi for each . wi.  In  Boolean monitoring, . vi

is a Boolean segment indicating whether . φ holds pointwise. In quantitative mon-
itoring, .vi is an extended-real-valued segment providing the p ointwise robustness
of . φ, that is, a partial function .t μ(w, t, φ) ∈ R ∪ {−∞,+∞} where define d.

The core idea of the algorithm is to represent signals, terms, and formulas geo-
metrically as collections of convex polyhedra defined by linear constraints. Each 
signal is encoded as a list of polyhedra over time and value variables; arithmetic 
operations translate in to intersections and projections on these polyhedra; and
Boolean connectives become polyhedral case-splits. This geometric perspective,
which enables Boolean monitoring [5], forms the foundation for our quantitative 
extension: by maintaining an auxiliary variable that tracks the robustness of 
each subform ula, we extract quantitative information directly from the polyhe-
dral representation.

Throughout this section, we assume the input signal is sampled at regular 
time intervals and linearly interpolated between samples. The assumption of 
regular sampling is a presentational convenience: the polyhedral operations do 
not require uniform sampling, and extending to irregular time steps would only 
affect bookkeeping, not the algorithms themselves. Although uniform sampling
simplifies certain specifications (for instance, property P2 in the obstacle avoid-
ance experiments in Sect. 6 approximates a derivative using the fixed step size), 
SFO and our algorithm could b e adapted to monitor such properties without
this assumption.

We denote b y . , . , .Negate,  and .Eliminate the standard operations of 
union, intersection, complement, and projection, applied to individual polyhedra 
or lists thereof. Lists of polyhedra are maintained i n increasing order of the upper
bound of the free time variable . t. The intersection operation denotes intersections 
between (i) two polyhedra, (ii) a polyhedron and a list (pairwise), and (iii) two 
ordered lists of po lyhedra. These operations are efficiently implemented via the
double description method [18,32]. 

Each function . f is interpreted as a signal, represented by a list o f convex
polyhedra .Pf parameterized by two free variables: .tf (time) and .vf (the value 
of . f). These polyhedra are updated upon the arrival of new signal segments; 
consequently, we treat them as read-only global variables within helper functions.

Finally, we assume that input pSFO formulas are given in a normalized form: 
all first-order quantifiers are pushed inward as far as possible, and derived propo-
sitional connectives are eliminated; negations are pushed inward through propo-
sitional structure as far as possible, without pushing them across quantifiers. This 
preprocessing preserves the semantics and simplifies the monitoring construction, 
since quantified variables then appear in local scopes and each quantifier block 
can be handled independently. The rewriting is linear in formula size, and push-
ing quantifiers inward only narrows their scope to the subformulas that mention
the bound variable, without duplicating any subformula, so normalization does
not increase formula size.
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Algorithm 1. Monitor 

Require: pSFO formula φ with backward horizon 
h; sampling period Δ; initial signal values w0; 
stream of signal segments w1,  w2,  .  .  .  

Ensure: stream of segments v1,  v2,  .  .  .  encoding the 
robustness of w for φ 

1: Pf ←  {constraints from w0} for all f ∈  F  
2: for i ≥ 1 do 
3: Receive wi 
4: Pf ←  Pf constraints from wi} for all f ∈  F  
5: Pd ←  {  t ∈ [(i − 1)Δ, iΔ) } 
6: (P,  v) ← FormulaRobust(φ, Pd) 
7: Output vi ← (P,  v) 
8: Drop from Pf all signal pieces ending before 

iΔ − h for all f ∈  F  

Algorithm 4. EliminateBySup 

Require: list of polyhedra P; current robustness 
variable v; quantified variable x; interval I ⊆ R 

Ensure: list of polyhedra P (without x)  and  
robustness variable v for the quantified formula 
on the current segment 

1: P ←  ∅  
2: v ← FreshVar() 
3: for all P ∈  P  do 
4: PI ← P x ∈ I} 
5: (PI ,  o) ← NormalizeObj(PI ,  v,  x) 
6: (Q,  v  ) ← PlpMaximize(PI ,  o,  x,  v  ) 
7: P ←  P  
8: P ←  {(Y, v ) ∈  P  |  ¬∃v̂ :  (Y,  ̂v) ∈  P  ∧ v̂  >  v  } 
9: return (P ,  v  ) 

Algorithm 2. FormulaRobust 

Require: pSFO formula φ; domain-constraints Pd for the current segment 
Ensure: list of polyhedra P and robustness variable v for a subformula on the current segment 

1: if φ ≡ (θ1 <  θ2) then 
2: (P ,  v  ) ← Term(θ2 − θ1,  Pd) 

3: return (P ,  v  ) 
4: else if φ ≡  ¬φ then 
5: (P ,  v  ) ← FormulaRobust(φ ,  Pd) 

6: v ← FreshVar() 
7: P ←  P v = −v } 
8: return (Eliminate({v }, P ),  v  ) 
9: else if φ ≡  ∃r ∈ R : φ then 

10: (P ,  v  ) ← FormulaRobust(φ ,  Pd r ∈ R}) 
11: (P ,  v  ) ← EliminateBySup(P ,  v  ,  r,  R) 

12: return (P ,  v  ) 

13: else if φ ≡  ∃s ∈ I : φ then 
14: (P ,  v  ) ← FormulaRobust(φ ,  Pd s ∈ I}) 
15: (P ,  v  ) ← EliminateBySup(P ,  v  ,  s,  I) 
16: return (P ,  v  ) 
17: else if φ ≡ φ1 ∨ φ2 then 
18: (P1,  v1) ← FormulaRobust(φ1,  Pd) 
19: (P2,  v2) ← FormulaRobust(φ2,  Pd) 
20: v ← FreshVar() 
21: P1 

max ←  P1 2 v1 ≥ v2,  v  = v1 } 
22: P2 

max ←  P1 2 v1 <  v2,  v  = v2 } 
23: P ← Eliminate {v1,  v2}, P1 

max 
2 
max 

24: return (P ,  v  ) 
Algorithm 3. Term 

Require: a  term  θ,  a  polyhedron  Pd collecting domain constraints 
Ensure: list of polyhedra P and robustness variable v for the term on the current segment 

1: if θ ≡ n then 
2: v ← FreshVar() 
3: return ({ v = n Pd,  v) 
4: else if θ ≡ r then 
5: v ← FreshVar() 
6: return ({ v = r Pd,  v) 
7: else if θ ≡ s then 
8: v ← FreshVar() 
9: return ({ v = s Pd,  v) 

10: else if θ ≡ θ1 ± θ2 then 
11: (P1,  v1) ← Term(θ1, Pd)
12: (P2, v2) ← Term(θ2, Pd)
13: v ← FreshVar()
14: P ← (P1 2) v = v1 ± v2 Pd

15: return (Eliminate({v1, v2}, P), v)
16: else if θ ≡ f(τ) then
17: v ← FreshVar()
18: return (Pf [tf τ, vf v] Pd, v)

Algorithm 5. PlpMaximize

Require: polyhedron P over Y and x; affine objective o over (Y, x); quantified variable x; robustness v
Ensure: list of polyhedra Q over Y with v (y) = sup{o(y, x) | (y, x) ∈ P}
1: (α, β) ← SplitCoeff(o, x)
2: (L, U , P0) ← IsolateBounds(P, x)
3: PY ← Eliminate({x}, P ); Q ← ∅
4: G+ ← P0 α > 0}
5: G− ← P0 α < 0}
6: G0 ← P0 α = 0}
7: if G+ = ∅ then
8: if U = ∅ then
9: (G+ PY v = +∞})

10: else
11: for all u ∈ U do
12: Au ← u ∈U{u ≤ u }
13: Fu ← ∈L{ ≤ u}
14: (G+ Au Fu PY v = αu + β})

15: if G− = ∅ then
16: if L = ∅ then
17: (G− PY v = +∞})
18: else
19: for all ∈ L do
20: A ← ∈L{ ≥ }
21: F ← u∈U{ ≤ u}
22: (G− A F PY v = + β})
23: if G0 = ∅ then
24: (G0 PY v = β})
25: return (Q, v )
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Monitor (Algorithm 1) outlines the high-level procedure. The moni-
tor maintains a history of signal polyhedra .Pf . Upon receiving segment . wi,  it  
appends constraints to .Pf , restricts the reference time to the c urrent segment
by constructing . Pd, and calls FormulaRobust. The result is a list of polyhe-
dra . P together with a distinguished robustness variable . v;  this  pair  encodes  the  
piecewise-affine robustness function on the current segmen t. Finally, using the
finite backward horizon .h = H−(φ), the monitor discards signal pieces whose 
(right) endpoint is strictly smaller than .iΔ − h, which are never needed to eval-
uate . φ for an y .t ∈ [(i − 1)Δ, iΔ). 

FormulaRobust (Algorithm 2) recursively constructs polyhedra for 
subformulas, mapping logical operators to linear constraints. Negation in tro-
duces a fresh output variable and enforces .v = −v , then immediately projects 
out the old robustness variable; this keeps the representation functional (one des-
ignated robustness variable per returned subformula piece). Disjunction encodes
the .max operator by case-splitting on .v1 ≥ v2 versus .v1 < v2 over the intersection 
of the two operand regions. Existential quantification computes the supremum 
of the robustness over t he quantified variable’s interval via EliminateBySup.

Term (Algorithm 3) transforms arithmetic terms into polyhedra anno-
tated with a value variable. In all base cases (constan ts and variables), the
returned polyhedron is conjoined with .Pd so that any currently active domain 
constraints (e.g., quantifier bounds) are preserved. Sums and differences inter-
sect subterm regions and add the defining equality for the output variable, then
project away intermediate variables. For function terms .f(τ), we substitute . τ
for the signal time variable .tf and constrain the signal value variable .vf to equal 
the fresh output variable.

EliminateBySup (Algorithm 4) eliminates a quantified variable . x by 
taking the supremum of the current robustness variable . v over an interval . I.  It  
first restricts to the closure .[inf I, sup I], which does not affect the supremum. 
Then, it applies a normalization step: .NormalizeObj(PI , v, x) extracts from 
.PI the  affine  expression .o(Y, x) that equals . v on that piece and substitutes it to 
eliminate the robustness variable, yielding a reduced polyhedron .PI over . (Y, x)
together with the explicit objective . o. The reduced polyhedron and explicit objec-
tive are then passed to PlpMaximize. Finally, the last line removes dominated
points so that, for each parameter valuation . Y , only maximal .v values remain; 
this implements the supremum over a union of pieces as the pointwise maximum
of the per-piece suprema.

PlpMaximize (Algorithm 5) performs parametric maximization of an 
affine objective .o = αx+ β over the feasible .x-interval induced by a polyhedron
.P (Y, x). The optimum is achieved at an extremal bound of . x determined by 
the sign of . α; if the relevant side is unbounded, the supremum is .+∞.  If  f  or
some . y there is no feasible . x (i.e., the section .Py is empty), then .y /∈ PY and the 
procedure produces no output polyhedron at . y, leaving the robustness undefined 
there (cf. Remark 1). 

Lines 1–6. .SplitCoeff(o, x) decomposes the affine objective into .o = αx+β, 
where . α and . β are affine in the parameters . Y . .IsolateBounds(P, x) extracts
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the affine lower bounds . L (.x ≥ (Y )), upper bounds . U (.x ≤ u(Y )), and the .x-
independent guard . P0. Projecting o ut . x yields .PY = {y | ∃x.(y, x) ∈ P}, defining 
parameter regions where the feasible .x-interval is nonempty. The algorithm par-
titions the parameter space by the sign of . α: .G+ (positive slope, optimum at an 
upper bound), .G− (negative slope, optimum at a lower bound), and .G0 (zero 
slop e).

Lines 7–14 (.α > 0). For positive slopes, the supremum o ccurs at the maximal
feasible . x.  I  f .U = ∅, the feasible region is unbounded above and t he objective
diverges to .+∞, yielding .v = +∞ on .G+ PY . Otherwise, for eac h candidate
.u ∈ U , we isolate the region where . u is the tightest upper bound (.Au) and feasible 
w.r.t. all lower bounds (.Fu). On this region the supremum is .v = αu + β. 

Lines 15–24 (.α < 0 and .α = 0). Symmetrically, for negative slopes the 
supremum occurs at the minimal feasible . x.  I  f .L = ∅, the feasible region is 
unbounded below and the objective diverges to .+∞ as .x → −∞, yielding . v =
+∞ on .G− PY . Otherwise, for each . ∈ L, the region .A F isolates the 
tightest feasible lower bound, and the supremum is .v = + β. Finally, f or
.α = 0, the objective is independent of . x,  s  o .v = β on .G0 PY . 

Example 3 (Supremum Elimination). Let .ψ ≡ ∃c ∈ [0, 2] . 0 < f(t − c) and 
consider the samples .f(0) = 0, .f(1) = −3, .f(2) = −1, .f(3) = 1 with piecewise-
linear interpolation: .f(s) is given b y .−3s for .s ∈ [0, 1),  and by .2s−5 for . s ∈ [1, 2)
and .s ∈ [2, 3).  We  encode . f as the list .Pf of convex polyhedra over .(tf , vf ): 
.P

(1)
f = {0 ≤ tf < 1, vf = −3tf}, .P (2)

f = {1 ≤ tf < 2, vf = 2tf − 5}, and finally

.P
(3)
f = {2 ≤ tf < 3, vf = 2tf − 5}. We monitor on the current segmen t with

bounds .Pd = {2 ≤ t < 3, 0 ≤ c ≤ 2}. Applying Term to the atom . 0 < f(t − c)
substitutes .τ := t − c for .tf and introduces a fresh value variable . v.  For  eac  h
piece of .Pf , this produces constraints in .(t, c, v), which we intersect with .Pd and 
simplify f or .t ∈ [2, 3): 

. (A) 2 ≤ t < 3, t − 1 ≤ c ≤ 2, v = 3c − 3t
(B) 2 ≤ t < 3, t − 2 ≤ c ≤ t − 1, v = −2c + 2t − 5,
(C) 2 ≤ t < 3, 0 ≤ c ≤ t − 2, v = −2c + 2t − 5.

Hence, FormulaRobust returns their union with . v as the atomic robustness.
The quantifier .∃c ∈ [0, 2] is handled by EliminateBySup, whic h first con-

joins .c ∈ [0, 2] and then normalizes each piece: .NormalizeObj extracts the 
affine objective .o(t, c) (here, simply .o = v as given by the displayed equalities) 
and projects out . v.  Then PlpMaximize writes .o = αc + β (via SplitCoeff) 
and isolates the affine lower and upper bounds on . c. 

For (A) we have .t − 1 ≤ c ≤ 2,  s  o .L = {t − 1}, .U = {2} and . α = +3 > 0
(the .G+ branch). Among the candidate upper bounds, the guard .Au ∧ Fu with 
.u = 2 is the only nonempty one (feasible for all .t ∈ [2, 3),  sin  ce .t− 1 ≤ 2), so the 
supremum is realized at .u = 2, y ielding

.vA(t) = αu + β = 3 · 2 + (−3t) = −3t + 6 (t ∈ [2, 3)).
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For (B) we have .t−2 ≤ c ≤ t−1,  s  o .L = {t−2}, .U = {t−1} and . α = −2 < 0
(the .G− branch). Among the candidate lower bounds, the guard .A ∧ F with 
. = t − 2 is the only nonempty one (feasible for all .t ∈ [2, 3),  sin  ce .t − 2 ≥ 0 and 
.t − 2 ≤ t − 1), so the supremum is realized at . = t − 2, y ielding

. vB(t) = + β = −2(t − 2) + (2t − 5) = −1 (t ∈ [2, 3)).

For (C) we have .0 ≤ c ≤ t−2,  s  o .L = {0}, .U = {t−2} and again . α = −2 < 0
(the .G− branch). Among the candidate lower bounds, the guard .A ∧ F with 
. = 0 is the only nonempty one (feasible for all .t ∈ [2, 3),  sin  ce .0 ≤ t − 2), so the 
supremum is realized at . = 0, y ielding

. vC(t) = + β = −2 · 0 + (2t − 5) = 2t − 5 (t ∈ [2, 3)).

Because .t ∈ [2, 3) and .c ∈ [0, 2], every evaluation time .τ = t − c lies i n .[0, 3), 
so all three pieces .P

(1)
f , P

(2)
f , P

(3)
f are  feasible  on  this  s  egment.

Eliminating . c over the union corresponds to taking the pointwise m aximum
of the three affine outcomes .vA(t) = −3t + 6, .vB(t) = −1,  and .vC(t) = 2t − 5. 
For a ll .t ∈ [2, 3) we ha ve .vB(t) = −1 ≤ max{vA(t), vC(t)},  s  o .vB never attains 
the supremum. Hence the robustness i s given by

. g(t) = μ(w, t, ψ) = max{−3t + 6, 2t − 5}.

The intersection .−3t + 6 = 2t − 5 occurs at .t = 11/5 = 2.2, so we obtain

. g(t) =
−3t + 6, t ∈ [2, 11/5),
2t − 5, t ∈ [11/5, 3).

Equivalently, ov er .(t, v ), the monitor outputs

. {2 ≤ t < 11/5, v = −3t + 6 11/5 ≤ t < 3, v = 2t − 5}.

Note that if we instead quantify .∃c ∈ [1, 2],  then  for .t ∈ [0, 1) we ha ve
.τ = t − c ∈ [−2, 0), which lies outside the available trace domain. In this case, 
the polyhedral construction yields an empty projection onto . t for that region, 
and therefore .v is undefined o n .[0, 1) (cf. Remark 1). . 

Finally, we show that our monitoring algorithm is correct by establishing 
the correctness of each subroutine. We first prove PlpMaximize correct by 
characterizing the supremum of an affine function over a polyhedral interval, 
which is always realized at a boundary determined by affine guards. This result 
extends directly to EliminateBySup, which applies the same mechanism to 
each piece of a polyhedral union and then takes pointwise maxima via dominated-
point removal. We prove afterward that Term is correct by structural induction
on terms, since each case preserves the intended affine relation between the
output variable and the term’s value. Similarly, we handle FormulaRobust by
induction on formulas, showing that each logical operator is correctly mapped to
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its quantitative counterpart; in particular, disjunction intersects the domains of 
both operands, enforcing the uniform well-definedness convention (Remark 1), 
while existential quantification ranges only over instantiations for which the 
robustness of the quantified subformula is defined. The monitor’s correctness 
follows by composing these results: (i) at each iteration the stored signal pieces
cover the backward horizon window .[t − h, t] for eve ry . t in the current segment, 
so all subroutine preconditions are met, and (ii) garbage collection preserves this 
inv ariant for all future iterations while ensuring bounded memory.

Theorem 3 (Correctness of Monitor (Algorithm 1)). Let . φ be a pSFO 
formula with a backward horizon of . h,  and  l  et .w be a piecewise-linear signal 
sampled with period . Δ. For every .i ≥ 1 and every .t ∈ [(i − 1)Δ, iΔ) such that 
.μ(w, t, φ) is defined, Monitor outputs .vi satisfying .vi(t) = μ(w, t, φ). For every
.t ∈ [(i − 1)Δ, iΔ) such that .μ(w, t, φ) is undefine d, .vi(t) is undefined. More over,
whenever .vi(t) is defined, it depends only on the restriction of . w to .[t − h, t]. 

6 Experiments 

We implemented our algorithm in Python using SymPy [31] for symbolic math-
ematics and pplpy [1], a Python wrapper for the Parma Polyhedra Library [3]. 
The implementation1 provides an SFO parser, polyhedra representations and 
op erations, and the monitoring algorithm.

Our experiments address a basic feasibility question: can the proposed online 
monitor compute robustness values fast enough to keep up with the sampling 
rate of representative cyber-physical benchmarks? Concretely, we measure the 
per-segment runtime of robustness computation and examine how it scales with
specification complexity, in particular when moving from horizon-. 0 (history-free) 
constraints to longer-horizon formulas, and to formulas with nested quantifiers 
or Bo olean combinations of multiple properties.

All experiments were executed on a MacBook Pro M4 (macOS Sequoia 
15.7.1) with 48 GB of memory and 4.5 GHz CPU. Although our algorithm is 
online, experiments were run offline on pre-recorded CSV files for reproducibil-
ity.

6.1 Benchmarks and Properties 

(1) Dynamic Obstacle Avoidance. The first benchmark [17,33]  involves  a  par-
cel delivery drone flying through an urban environment populated by 8 
other drones that act as obstacles. The ego drone is controlled by a neural-
network policy, while the remaining drones follow pre-defined trajectories.
The environment’s state space is eight-dimensional, defined by the vector
.x = [x, y, z, vx, vy, vz, θx, θy], which includes the drone’s three spatial coordi-
nates, three velocity components, and two angular variables representing roll 
and pitch. The control inputs are angular accelerations of .θx and . θy,  as  well

1 https://github.com/ista-vamos/artifact-fm-qsfo 

https://github.com/ista-vamos/artifact-fm-qsfo
https://github.com/ista-vamos/artifact-fm-qsfo
https://github.com/ista-vamos/artifact-fm-qsfo
https://github.com/ista-vamos/artifact-fm-qsfo
https://github.com/ista-vamos/artifact-fm-qsfo
https://github.com/ista-vamos/artifact-fm-qsfo
https://github.com/ista-vamos/artifact-fm-qsfo
https://github.com/ista-vamos/artifact-fm-qsfo
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as the vertical thrust . T . The control interval is .0.1s.  We  check  three  different  
prop erties in this benchmark:
P1: Safe velocity. From time . ts onward, the absolute value of velocity in every 

direction must be less than .vmaxm/s. This property corresponds to the
formula .t > ts =⇒ (|vx(t)| < vmax ∧ |vy(t)| < vmax ∧ |vz(t)| < vmax). 

P2: Motion smoothness. The time-derivative of velocity is bounded: . |v̇x| ≤
amax, .|v̇y| ≤ amax, .|v̇z| ≤ amax. Because we have fixed sampling of .0.1s, 
we can approximate . ḟ as .

(f(t)−f(t−0.1)
0.1 and  then  rewrite  the  whole  inequa  l-

ity to the expression .|f(t)−f(t−0.1)| ≤ c where .c = 0.1·amax. We monitor 
the conjunction of these inequalities for eac h derivative above.

P3: Obstacle separation. For all obstacles, the distance in every d irection must
be greater than .dmin at all t imes.

(2) Altitude Control.  This  benchmark [21] models a simplified F-16 fighter jet 
that must maintain a safe altitude above the ground. The state space is rep-
resented by the vector . x = [va, α, β, φ, pitch, yaw , φ̇, ˙pitch, ˙yaw , n, e, alt , plag ]
which includes the airspeed (. va), angle of attac k (. α), sideslip angle (. β), roll 
(. φ), pitch, yaw, roll rate, pitch rate, yaw rate, northward and eastward dis-
placements, altitude (alt), engine power lag. The sampling time of this e nvi-
ronment is fixed at 0.033 s. We monitor the following properties:
P1: Safe altitude. The altitude shall satisfy .300m ≤ alt(t) ≤ 13000m at all 

times.
P2: Safe airspeed. The airspeed shall remain within a safe range . vmin ≤

va(t) ≤ vmax for all t. 
P3: Altitude recovery. Whenev er .alt(t) < 500m, then within .τrec the altitude 

shall  be  at least .700m and remain so for at least .τhold. We monitor the 
formula . alt(t) < 500 =⇒ ∃tr ∈ [0, τrec].∀th ∈ [0, τhold]. alt(t+ tr + th) ≥
700. 

6.2 Results and Discussion 

Table 1. The average time in seconds of computing the robustness v alue for
each new segment.

Avoidance Altitude Control 

P1 P2 P3 P1 + P2 + P3 P1 P2 P3 P1 + P2 + P3 
0.002 0.005 0.014 0.021 0.002 0.002 0.210 0.532 

We generated 100 simulation traces from both scenarios with randomized 
initial states. For Dynamic Obstacle Avoidance, each simulation either stops 
when the drone collides into nearby drones or reaches a maximum of 1000 sim-
ulation steps, whereas the Altitude Control simulation has a uniform length of
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1000 steps. The results of our experiments are summarized in Table 1. For the 
Dynamic Obstacle Avoidance scenario, the time of analyzing each observed seg-
ment is smaller than the control time (.0.1 s) by a margin. This means that the 
monitor is timely enough to be used for making control decisions. One of the 
reasons for such low computation times is that formulas of properties P1 and 
P3 have horizon 0, which means we do not have to remember and analyze any
history. For property P2 (and combination of all properties P1 + P2 + P3 ), the
horizon is .0.1 which means remembering one previous segment is sufficient f or
evaluating the formulas.

For the Altitude Control benchmark, first two properties are very similar to 
the first property of the avoidance benchmark, and therefore the times are simi-
lar. Property P3, h owever, is more interesting as the formula contains quantifiers.
We used constants .τrec = 10 and .τhold = 10, which means that the form ula has
horizon . 20. Since sampling rate is .0.033 s, the monitor has to remember more 
than 600 last segments. Still, it was a ble to analyze each new segment in around
.0.2 s. Monitoring all three properties together (P1 + P2 + P3 ) increases the 
runtime further as the monitor has to compute symbolically minima and max-
ima over conjunctions and disjunctions. These computation times are not low
enough to be sufficient for control, but are sufficient for raising warnings.

7 Conclusion 

We introduced the first robustness-based quantitative semantics for Signal First-
Order Logic (SFO) and an online monitoring algorithm for a past-time, bounded-
response fragment. Our approach combines pastification with symbolic polyhe-
dral computations to obtain robustness values for expressive SFO specifications 
over piecewise-linear signals. A prototype implementation and experiments on
representative benchmarks demonstrate that quantitative SFO monitoring is fea-
sible in practice and scales to non-trivial specifications.

Promising directions for future work include using robustness as an objective 
for controller synthesis, for example as a rew ard signal in reinforcement learning
for cyber-physical systems [29]. We also aim to develop compositional and decen-
tralized monitoring for multi-agent and distributed settings, where approximate
monitoring can improve scalability [8]. Another natural extension is integrating 
SFO monitoring with runtime enforcement [16] (a.k.a. shielding [26]), where the 
monitor’s low latency relative to the control period could enable a feedback loop 
that steers the controller away from violations. 
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