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Spin mixtures of degenerate fermions are a cornerstone of quantum many-body physics, enabling
superfluidity, polarons, and rich spin dynamics through s-wave scattering resonances. Combining
them with strong, long-range dipolar interactions provides highly flexible control schemes promising
even more exotic quantum phases. Recently, microwave shielding gave access to spin-polarized
degenerate samples of dipolar fermionic molecules, where tunable p-wave interactions were enabled
by field-linked resonances available only by compromising the shielding (due to experimental
limitations). Here, we study the scattering properties of a fermionic dipolar spin mixture and show that a
universal s-wave resonance is readily accessible without compromising the shielding. We develop a
universal description of the tunable s-wave interaction and weakly bound tetratomic states based on
the microwave-field parameters. The s-wave resonance paves the way to stable, controllable and
strongly-interacting dipolar spin mixtures of deeply degenerate fermions and supports favorable

conditions to reach this regime via evaporative cooling.

Ultracold fermionic mixtures provide a powerful platform for studying
strongly interacting quantum matter"”. Their ability to scatter through s-
wave collisions underpins efficient thermalization, evaporative cooling, and
the emergence of superfluidity at low temperatures’. The ability to tune
interactions in atomic mixtures via magnetic Feshbach resonances* has led
to landmark discoveries, including the BCS-BEC crossover and universal
dynamics near unitarity’. Building on these advances, the incorporation of
long-range dipolar interactions offers exciting prospects, from anisotropic
superfluids® to quantum spin liquids” and topological phases®. Ultracold
dipolar fermionic spin mixtures have been realized using atomic species
with large magnetic moments’. The dipole-dipole interaction is, in this case,
however, quite small and every state has a different magnetic dipole
moment. In contrast, ultracold molecules with electric dipole moments offer
strong, long-range dipole-dipole interactions and a rich internal
structure'”". This makes them ideal for exploring many-body physics and
exotic quantum phases,”” "%, and the spin properties of the inter-molecular
interaction offer the potential for realizing the SU(N) symmetry .
Therefore, it is highly desirable to explore the tunability of the interaction
provided by such molecular systems.

However, dipolar gases also bring new challenges: on one side, the
attractive part of the dipole-dipole interaction enhances inelastic collisions
and induces collapses’**; on the other side, ultracold molecules undergo
inelastic processes in short-range collisions through chemical reactions or
sticky complex formation®**, complicating the route to deeply degenerate,

stable mixtures. This limits the implementation of magnetic Feshbach
resonances, the traditional tool for tuning the inter-molecular interactions,
which are accessible only in specific molecular systems™ and require access
to short-range tetratomic states. A powerful tool to overcome this challenge,
the so-called microwave shielding, has recently emerged through micro-
wave dressing of polar molecules. By coupling the rotational ground state to
the first excited manifold with a blue-detuned circularly or elliptically
polarized microwave field, an avoided crossing forms in the inter-molecular
potential landscape, resulting in a field-induced barrier that dramatically
suppresses inelastic losses at short range'”. This further enables the
tuning of the scattering properties through coupling to field-linked bound
states that emerge in the interaction potential for suitable field
parameters'*>***~* Microwave shielding has recently led to the creation of
a stable degenerate dipolar Fermi gas”, and later this method was extended
to dual-microwave shielding'"’, which enabled the creation of the first
Bose-Einstein condensates of dipolar molecules™".

So far, microwave shielding has been restricted to gases composed of a
single internal state. In the fermionic system, collisions occur primarily via
p-wave channels. While enhanced p-wave interactions have recently been
demonstrated by tuning to a field-linked resonance (FLR)", this required a
highly elliptical field polarization, which compromises the shielding effi-
ciency and thereby the stability of the sample™. The fermionic systems with
the lowest entropy (T/Tg ~ 0.36", where Tt is the Fermi temperature) have
therefore been prepared far away from an FLR.
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Here, we show that introducing a second spin state naturally provides
tunable s-wave interactions in the experimentally accessible parameter
regime with circular microwave polarization, i.e., without compromising the
stability of the system through elliptical polarization. We solve the coupled-
channel scattering problem between two microwave-dressed molecules in
different spin states, with a restriction of the molecular rotational motion to
the ground and first-excited manifolds. We find that the scattering length
can be steered from strongly attractive to strongly repulsive by adjusting the
microwave field parameters around an FLR. This FLR exhibits universal
behavior in terms of the field-linked parameters, persisting across different
molecular species”. This universality enables the prediction of s-wave
scattering properties and weakly bound states via simple expressions. The
combination of fermionic statistics, the absence of ellipticity and deeper
bound states provides favorable conditions for a stable, strongly-interacting
and highly-tunable dipolar spin mixture. This universality enables the
estimate of FLR positions and widths in a wide range of field parameters via
a simple expression.

Results

Two-molecule scattering setup

We construct the two-body problem starting from the microwave-dressed
single-molecule Hamiltonian that couples the J = 0 and J = 1 rotational
manifolds. In the co-rotating frame the field produces four dressed states
{|4+),1-),10), |~ )} whose energies depend only on the control parameters.
These consist of (2, the microwave Rabi frequency (coupling strength), §, the
detuning from the J = 1 rotational state, and &, the ellipticity of the field
polarization (see Methods), which here is considered circular (¢ = 0). The
molecules are prepared in the |+) state, leading to an anisotropic adiabatic
interaction potential V*"*(r, 6) with a strongly repulsive core (the shielding
potential) in the two-molecule |[4+) state, depicted in Fig. 1(a). In the case
of fermionic molecules, the internal spin state plays a crucial role in their
scattering properties. In particular, two molecules with unlike spin states, i.e.
different nuclear spins (see Methods), can collide in the s-wave channel of
the shielding potential (V* in Fig. 1(a)). In contrast, in the case of identical
spin states, the lowest collisional channels have p-wave character (V;)+,V++
and V7, see also Methods).

By tuning the microwave field parameters, one can introduce a FLR
associated with a weakly bound tetratomic state (dimer state of two diatomic
molecules). As shown in Fig. 1(b), in the vicinity of the s-wave FLR, the
scattering length characterising the inter-spin interaction is significantly
enhanced while the intra-spin p-wave interaction remains almost
unchanged, since the p-wave FLR islocated ~ 60 MHz away. This provides a
flexible way to selectively control inter- and intra-spin interactions and
scattering dynamics.

In the following, we focus on fermionic *Na*’K molecules, which
have been employed in previous experimental studies*****”. However, our
results are universal and can be applied to other species for § < Bo/%
and Q < B,/h”, where B, denotes the molecular rotational constant
(see Methods). Our interaction Hamiltonian contains the electric
dipole-dipole coupling within the rotating-wave approximation (RWA),
van der Waals interactions, and an absorbing short-range boundary
condition. Coupled-channel equations are solved, yielding elastic and
inelastic scattering matrices, from which all scattering observables follow
(for numerical details see Methods and Supplementary Note 1). We
present in the following a full characterisation of the FLRs, providing a
simple expression for the scattering length, the position of the FLR, its
width, and the weakly bound tetratomic state. Afterwards, we delve
deeper into the scattering properties and the various enhancements FLRs
can bring to experimental setups.

Universal characterisation of s-wave field-linked resonances
and tetratomic molecules

We study the FLR by computing the s-wave scattering length at zero col-
lisional energy limit while sweeping the microwave coupling strength Q. We
find divergences reminiscent of Feshbach resonances in atomic physics (see

Fig. 1(b)), which grant precise and tunable control over the s-wave inter-
action strength.

To characterise FLRs, we fit the calculated s-wave scattering length a
(real part) to the following form:

A
aS:aSbg(I—I—ZQ_Qr)-I—bQ, (1)

where o,y denotes the background scattering length, ), and A, are the

position and width of the ith FLR, respectively. The imaginary part of the
scattering length is typically several orders of magnitude smaller than the
real part (see Supplementary Note 2), and we therefore neglect it in our
analysis. In practice, we run a focused scan of QQ € 27 x [0, 100] MHz for
addressing the first FLR or a wide scan of Q € 27 x [0, 800] MHz for
addressing the first two FLRs, by fitting the resulting scattering length for
|8]/Q2 = 0, as exemplified in Fig. 2(a). We extract the resonance positions
Q, , background scattering length ay,g, the linear coefficient b, and the
effective widths A; = ay,,A;, defined to improve the numerical stability of
the fit. We then proceed to fit the FLRs at various fixed |8|/Q € [0, 1] to
explore their control via field parameters (Fig. 2(b), (c)).

For a given value of the detuning |§]/(), the fitted background scat-
tering length ag,; depends strongly on the scan range of Q (see Supple-
mentary Note 3). The observed variation in oy, is remedied by
incorporating the next-to-leading linear term (b Q) in Eq. (1)) to achieve
good fitting quality. We find that the inclusion of the linear correction helps
to reproduce the resonance shape of the FLR. We attribute this feature to the
existence of higher resonances for larger field strengths and to the fact that
the interaction takes place on a single potential curve reshaped by the
microwave field, leading to a varying background scattering length. In
contrast, for magnetically tuned Feshbach resonances’, o, is fixed by the
open channel parameters for a given atomic or molecular species. Note that
the fit does not work for low Q ( < 27 x 10 MHz), but in this regime there
exist strong losses due to inefficient shielding. Crucially, the fitted positions
and widths of the FLR remain stable if we change the scan range of Q) (see
Supplementary Note 3).

The field dependence of the resonance position (), and effective width
A; is governed by the long range —Cyrt potentlal with C, =
d*m/[#*1080(4me,)* (1 + (8/ Q)° ) ] for microwave dressed molecules™
(see also Supplementary Note 4), where d denotes the molecule’s permanent
dipole moment and ¢, is the vacuum permittivity. In the asymptotic region

r > R,, this potential dominates the inter-molecular interactions and
defines the characteristic length R, = (mC4)1/ 2o (14(18)/ )Y~
energy E, = h*/mR2 oc (1 + (10]/Q)° ) scales. For a pure —Cy/r* poten—
tial, one finds Q, o< E, and A; «x R4E, (see Supplementary Note 4), thus
both quantities for the ﬁrst (i =1) and second (i = 2) FLRs increase with
|8]/€2 as observed in Fig. 2(b), (c). However, at intermediate and short-
ranges, the —C,/7* potential will be modified by the repulsive core of the
adiabatic shielding potential and other forces. Hereafter, we use the term
short-range specifically to describe the repulsive core of the adiabatic
shielding potential (typically located at a few hundred a,), which should not
be confused with the regime of electron exchange (typically on the order of
10 ag).

Consequently, to describe the increasing behaviour of Q, and A,,
derive the following simple relations (see Supplementary Note 4)

Q, = co [1+ g, (181/Q)T, @)
A; = ca[1 +A,(181/Q)°], ©)

which we use as fitting functions in Fig. 2(b), (c). Here, €o,s Cp are the
scaling coefficientsand A, , A,#1 represent short- “Tange correction terms to
the scaling, accounting for dewatlons from the —C,/r* potential for Q, LA
respectively.
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Fig. 1 | Inter- and intra-molecular scattering properties of the two-component
fermionic molecular gas. a Potential energy surface, V**(r, 6) of the |++) colli-
sional dressed state of microwave shielded molecules. The potential energy curves of
s-wave V¥ (r) and p-wave Vi." (r) channels, corresponding to unlike and like spins,
respectively, are also provided. We note that the curves of V" (r) and V7, (r) are
overlaped. In all cases Na*K was considered with Q = 27 x 21 MHz and § = 0.

b Inter- and intra-spin interactions characterised by the s-wave scattering length «;
and the energy-dependent p-wave scattering length Y, (k), respectively, obtained at
0 = 0. The binding energy E,, of the s-wave weakly bound tetratomic state is also
displayed. The energy-dependent p-wave scattering length is calculated at E =21 nK,
achieved in a previous experiment". In the unit, a, denotes the Bohr radius.

The scaling coefficients and short-range correction parameters are
extracted by fitting Egs. (2) and (3) and are summerized in Table 1. We
observe that both coefficients for the resonance position ¢, and the width ca
increase significantly from the first to the second FLR, 1nd1cat1ng that the
latter (occurring at a much higher microwave coupling strength) becomes
considerably broader. For the first FLR, the short-range correction factors
deviate from unity (Ao = 1.22 and A, = 1.41), reflecting a non-negligible
contribution from the short- -range interaction. In contrast, the second FLR
yields A, ~ 1 and A, =~ 1, indicating that short-range contributions are
neghglble This trend arises because the larger Rabi frequency, at which the
second FLR appears, pushes the repulsive barrier to smaller inter-molecular
separations, thereby enhancing the role of the long-range —C,/#* potential
and limiting the short-range contribution. As a result, observables exhibit
nearly universal scaling with R, and E, in the vicinity of the second FLR.
Similarly, this universality is expected to persist for higher FLRs when
Q < B,oi/h.

A different universal behavior has recently been demonstrated in
identical bosonic and fermionic dipolar molecules™, where the properly
rescaled scattering quantities are identical across different species for a given

Fig. 2 | Universalities of two-molecule scattering and bound states. a Scattering
length versus microwave coupling strength at fixed |8]/Q = 0 shows the first and
second FLRs. The cross symbols represent numerical calculations, while the lines
denote the fitting results. b, ¢ The position Q, and effective width A, of the first FLR
increase with an increasing | 8|/, respectively. The insets show the corresponding
result for the second FLR. The solid lines in (b) and (c) the best fitting to Eqs (2) and
(3). Panel (d) displays the binding energy of the weakly bound tetratomic state versus
scattering length at §/Q2 = 0, in the vicinity of the first FLR. The symbols represent the
numerical calculation, while dotted and dashed lines indicate the universal formula
to the order of 1/a? and 1/a? respectively. The solid line denotes the best fit to the
1/a? order, including the short-range correction parameter y,,. e The scaled short-
range parameters y,, /R versus |8]/Q for the first FLR. The grey area indicates the
95% confidence interval from the fitting. The red solid denotes the mean value

of y, /R = —0.21.

|8]/€2, when 8 < B,/ and Q < B, /li. We verify that such a species-based
universality can be generalized to include two-component fermionic dipolar
molecules (see Supplementary Note 2), complementing the field-based
(18]/Q-based) universality we find for the second (and higher) FLRs for a
given molecular species. In practice, using the parameters from Table 1, our
simple expressions (2) and (3) provide an easy-to-use tool for estimating the
scattering length in the vicinity of the first two FLRs of the two-component
»Na'K molecular species. This formalism is generally applicable to other
two-component fermionic or identical bosonic dipolar molecules when
incorporated with the species-based universality, by using the values of the
rescaled ¢, and ¢, coefficients in Table 1 in combination with the length
(R = mdzr/h247reo) and energy (E; = n*/ mRZ) scales of dipole-dipole
interaction. We have demonstrated this applicability by using ?Na*Rb as an
example (see Supplementary Note 2). As a result, our characterization of the
second (and higher) FLR, currently inaccessible to state-of-the-art experi-
ments of “Na*’K, can still be experimentally relevant for a molecular species
with a smaller E;. We note that the validity range of the field-based uni-
versality is expected to be as § < B,/ and Q) < B,/h, where the species-
based universality holds™. These conditions are not fully satisfied at the
second FLR of ?Na*K. However, the species-relevant nonuniversal con-
tribution (o /B, ") is neglected in our model in order to solely focus on
the universal scattering properties.
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Table 1 | The fitted coefficients (ch, Ca:lg,, A,) of position and width of the first (FLR1) and second (FLR2) FLRs

Co, Eﬂr ca C, Aq, A
FLR1 19.11 (0.99) 5.76 x 10° 9.61(0.40) 220 x 10° 1.22 (0.07) 1.41(0.14)
FLR2 369.5 (12.3) 1.11 x 108 97.11(3.01) 2.23 x 10° 1.03(0.09) 1.01(0.20)

The values of Co, and c, are in 271 x MHz and 21m x MHz 10%ay, respectively. To generalize the results to other species, the dimensionless coefficients are introduced by scaling Co, andcpas i'EQr =heg, /E3

and ¢, = hic, /E4R;. The values of EQV and ¢, are also listed (without error bar). Here Rg = ma?/h%4meq and E; = 12 /me§ are the chracteristic length and energy scales of the dipole-dipole interaction,

respectively*>’.
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Fig. 3 | Two-molecule elastic and inelastic scattering analysis. a Left panel: elastic
scattering rate K§! versus microwave coupling strength Q and collisional energy E at
fixed detuning 8 = 0. Right panel: Fermi-Dirac distribution fy with T'=21 nK, Tr= 58
nK and @ = 27 x 60 Hz, the typical experimental condition”. b Thermal averaged
elastic (solid lines), inelastic (dashed lines), and reactive (dash-dotted lines) scat-
tering rate (Kze%D, KZ"E , and KJ,) considering f; from the right panel of (a). The
dotted lines denote K53, the s-wave contribution to the elastic scattering rate. The
detunings are |8|/2m = 0,10 and 20MHz from thin to thick lines. ¢ The ratio y =
K&p /(Ko + Ki%.) extracted from the result of (b). The arrows in (b) and (c)
indicate the FLR positions at zero temperature.

In the following, we shall show that the field-linked tetratomic
binding energy E, depends universally on the scattering length and R,,
up to energies on the order of E, ~ —E,, allowing our universal fra-
mework to be extended to estimate the field-linked tetratomic molecular
binding energy. Due to two-body loss, the field-linked tetratomic
molecule can naturally dissociate through lower lying dressed states,
which is expressed as a complex binding energy. For the two-component
*Na'K considered in this work, however, we find that this state is
relatively long-lived, corresponding to a very small imaginary compo-
nent of E, (see Supplementary Note 5). We therefore neglect the ima-
ginary part hereinafter.

To characterise the binding energy E,, of a weakly bound field-linked
tetratomic state, we employ the quantization function F,(E) of the long-
range —C,/r' potential”®, supplemented by a short-range correction
yoME/* (see Supplementary Note 6). At E = E}, the quantization function is
related to the scattering length «, via o, = R,/ tan[n F,(E,)]. By solving for

E;, from and expanding the solution to third order in 1/« we find

n? 2nR, 27
Eb=——2(1+ +—y) @
mo; 3a;, Ry

In Eq. (4), the 1/a? terms supply, respectively, the leading long-range and
short-range corrections to the universal relation E, = —#? /(ma?). We note
that for a pure —C,/r* potential, the R, term has been introduced in a
previous study™, while the y,, term is derived here to describe the field-
linked resonances. In Fig. 2(d), we find that the universal relation is valid
only when |E,| < E, while for larger E,,, it underestimates the exact energy,
while the long-range correction overestimates it. Including the short-range
term restores quantitative agreement up to |E,| = E, as is demonstrated in
Fig. 2(d). In addition, we find that the short-range parameter y,, normalized
by R3 is quite universal, for instance, y,, /R? &~ —0.21 for the first FLR, as is
shown in Fig. 2(e). Hence, Eq. (4) provides a practical and universal
estimation of the field-linked binding energy estimated from a and R, in the
regime Ej, S —E,. For higher FLRs, the universal value of y,, / R} is expected
to be much smaller.

Collisional landscape: elastic scattering and loss processes

In the vicinity of the FLR, the scattering length, and consequently the elastic
scattering rate K¢, is significantly enhanced. Figure 3(a) shows that, at zero
detuning (6 = 0), tuning the microwave coupling strength to Q ~ 27 x 20
MHz boosts the elastic rate by nearly an order of magnitude over a broad
collision-energy interval E € [1, 200] nK. This enhancement becomes
narrower in Q but grows in amplitude as E is lowered, which is the desired
behaviour for efficient evaporative cooling where colder molecules experi-
ence a higher probability of re-thermalising collisions once the high-energy
tail is removed. Incorporating the Fermi-Dirac distribution in typical
experimental conditions”, the elastic scattering rate approaches the s-wave
unitary limit 8.5 x 107 cm’/s in the Q range of 2 x [20, 30] MHz, as is
shown in Fig. 3(b).

The same calculation indicates that unfavorable inelastic and reactive
scattering remain suppressed (<10™" cm’/sand < 1072 cm’/s, respectively),
these are collisions that either scatter the molecules into other internal
channels, or enter the regime where collisional complexes are formed within
the repulsive core, respectively. This leads to the ratio y = Ky, /(Kip, +
K%.,) of the favorable to unfavorable collisions to be y > 10°, as is shown
Fig. 3(c), which is suitable for evaporative cooling’**. Close to the FLR, the
elastic cross section is dominated by the isotropic s-wave component (as
shown in Fig, 3(b)), which in addition to maximising K¢, facilitates rapid
cross-dimensional thermalisation”*, beyond what is achievable with intra-
spin p-wave interactions”. Away from the FLR, higher partial waves do
contribute and can even dominate under some conditions. Increasing |J]|
shifts the FLR to larger Q, where the suppression of losses is even stronger,
leading to a larger y. We note that the possible three-body recombination
loss, which is encountered with NaCs®*', can be excluded on the a; < 0 side
of the first FLR due to the absence of field-linked tetratomic (dimer) states.
While a weakly-bound tetratomic state exists on the o, > 0 side, it does not
cause particle loss when the binding energy is smaller than the depth of the
trap. When the binding energy exceeds the trap depth, the dimer state can
lead to three-body recombination. However, the associated loss rate Ls is
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expected to be suppressed at low temperatures (L3 « E) by the three-body
centrifugal barrier®®.

A further practical benefit is that the onset of strong interactions
occurs at comparatively low and experimentally available microwave
field strengths, obviating the need for elliptically polarized dressing
fields*** or extreme electric bias fields often required in static-dipole
schemes”. This lower technical threshold simplifies experimental
implementation and reduces residual heating typically presents due to
inefficient shielding”. In addition, high elastic scattering rates at rea-
sonable microwave field strengths are key in view of microwave phase
noise that induces effective single-body decay and that becomes more
severe at larger field strengths®. All these benefits facilitate evaporation to
deeper degeneracy. Since the elastic scattering rate and the density of
states grow as the gas cools, the elastic collision rate actually increases as
the sample approaches quantum degeneracy. Consequently, the combi-
nation of a large K¢, a high y, and favourable isotropic s-wave symmetry
allows the system to cross into the degenerate regime at higher absolute
temperatures and in shorter evaporation cycles than would be possible
with p-wave interaction.

Finally, the enhanced scattering length pushes the system into the
unitary-limited interaction regime for |a5|2k;1, where kg is the Fermi
momentum. This increases the many-body pairing gap and hence the
superfluid transition temperature T, relative to weak-coupling estimates®,
facilitating further cooling of the gas into the degenerate regime. Because the
resonance occurs at ) < B, /A, the microwave dressing leaves rotational
coherence intact, minimising decoherence-induced heating and making the
FLR an attractive route towards efficient evaporation and strongly inter-
acting dipolar Fermi superfluids.

The result above is obtained by considering & = 0. In practice, small but
finite residual microwave ellipticities are inevitable, and in modern setups
they can typically be limited to & < 2° *****. Our main conclusion remains
unchanged within this level of ellipticity uncertainty (see Supplemen-
tary Note 5).

Conclusion

We have presented a comprehensive characterization of s-wave interactions
and weakly bound tetratomic molecular states tuned by microwave field-
linked resonances of fermionic dipolar spin-mixtures. Starting from the
microwave-dressed Hamiltonian for two molecules with different spin
states, we performed coupled-channel scattering calculations. The extracted
s-wave resonance properties largely follow universal scalings that depend
solely on the microwave field parameters. We derive simple universal
expressions for the resonance position, width, and binding energy, and
demonstrate that they remain accurate across a wide parameter range.
Moreover, the resonance parameters of higher-order field-linked reso-
nances were shown to be increasingly universal, manifested by vanishing
short-range corrections. We refer to this universal behavior as the field-
based universality, which is complemented by the recently introduced
species-based universality”’, provided § < B/ and Q < B,y /h. Conse-
quently, the field-based universality is generally applicable to other two-
component fermionic and identical bosonic species, and we verified this for
two different molecular species.

Building on this microscopic control, we mapped the collisional
landscape near the first FLR and demonstrated an interval in microwave
coupling strength where the elastic rate coefficient approaches the unitary
scattering limit, while inelastic and reactive rate coefficients remain three
orders of magnitude smaller. In addition, the system is expected to be stable
against three-body loss with respect to the bosonic case, an effect we will
explore in a future study.

The enhanced isotropic s-wave scattering in the vicinity of the FLR
holds many evaporation-friendly features. In combination, they both pro-
mise to reach deep quantum degeneracy in ultracold dipolar fermionic
molecules. This sets the stage for exploring anisotropic superfluidity, dipolar
polarons, quantum magnetism, and novel topological phases. Beyond
ultracold molecular gases, the universal scaling we uncover may inform

further dipolar interaction control strategies in hybrid atom-ion systems®
and long-range Rydberg complexes’.

Taken together, these results elevate the microwave shielding of
molecules from an experimental stabilisation technique to a versatile
interaction-engineering platform, similar to magnetic Feshbach resonances
in ultracold atomic gases. Future work will extend the present formalism to
include many-body effects, low-dimensional confinement geometry, and
time-dependent dynamics, further broadening the horizons of strongly
interacting dipolar quantum matter.

Methods
Hamiltonian
Our Hamiltonian for two dipolar molecules in a microwave field reads

H=Y h+T+Vay+ Vi ®)

i=12

where h; = B, J? — d - E is the single-molecule Hamiltonian (identical for
both molecules), T denotes the kinetic operator for the relative motion
between the two-molecule centre-of-mass frames. Here, the J and d denote
the rotational angular momentum and the electric dipole moment vector of
the molecule, respectlvely The last two terms, Vygw = —Ce/r° and V4 =
47160,3 les, -4, —3(ey -e)(ey, -] describe the intermolecular van der
Waals and dlpole dlpole interactions, respectively, while €, denotes the
vacuum permittivity. Here, @, , €; and e, denote the unit vector of the
dipoles d; and d, and the intermolecular position vector r, respectively. We
take the van der Waals coefficient Cs as the sum of the induction C§ and
dispersion C% ° terms reported previously’".
We consider a microwave electric field E

E = Ee'**“(cos £ &, +sinfe_,) + c.c. 6)

at a frequency w = 2B,o/h = wy,, near resonant with the J=0 — J=1

transition and with a ellipticity angle &, where'e; and'e_, are the unit vectors
of circular and anticircular field, respectively. The microwave field couples
the ground molecular rotational state | ], m,) =0, 0) with the excited
superposition state |E +> = cos&|1,1) +siné|1, — 1) depending on the
elliptical angle & Two dark excited states, [1,0) and
|€_) = cosé|l, —1) — sin&|1, 1), to which the microwave field can not
directly drive the transition, are also taken into account. Especially, these
dark states become involved in two-molecule collisions due to the dipole-
dipole interaction Vg4. Our model neglects higher excited rotational states
with J > 1.

In the frame co-rotating with the microwave field (defined by the
unitary transformation U = exp(—iwJ?t/2), the RWA can be employed to
neglect the Hamiltonian terms that contain the fast time dependence factor
exp( £ i2wt). As a result, the system’s Hamiltonian becomes static in the
corresponding interaction picture defined by H — U'HU. In particular,
single-molecule Hamiltonian yields two field-linked eigenstates |+) =

ul0, 0) + v|£+> and |—-) = u|f+> — v|0 0) with eigenenergies
E. B + Qe), where —/(1=38/Qy)/2 and

v = \/(1 +8/Q.5)/2. Here, § = wy, — @ denote the detuning, Q =
2dE/~/3h is the bare Rab1 requency and Q¢ = /6 + Q? the effective

Rabi frequency. The energies of both dark states |1, 0) and }E _ > are the bare
detuning 76 in the interaction picture. The validity of RWA requires the
condition of |§|<B,,/f, Q<B,,/h.

Coupled-channel approach

The scattering problem of two field-linked molecules, governed by the
Hamiltonian (5), is numerically solved in the interaction picture using the
coupled-channel Schrodinger equation framework. The two-molecule
internal channel states involved here are the product state in the single-
molecule basis |v) € {|+),[—),[1,0), |E_)} ® {[4),]-),11,0), |E_)},
yielding 16 total combinations. Through symmetrization, the 16 two-
molecule basis states are classified into 10 symmetric basis states ‘vs> €
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S{l4), 1), 11,0, [E2)) ® {14, =), 11,0), &E_>} and 6 antisymmetric
basis states }va> € A{l+),1-),11,0), |f, }Q{I+),1-),11,0), }ff>}.
Here, S =(1+ P)/2 and A= (1 — P)/2 denote the symmetric and
antisymmetric permutation operators, defined by the permutation P, of two
molecules, respectively. The adiabatic Hamiltonian H,4 =", ;,h; +
Veaw + Vg defines the interaction potentials and couplings associated
with these internal states. We note that H,q commutes with the permutation
operator and the couplings between the internal states in the symmetric
sector {|v8>} and those in the antisymmetric sector {‘va>} are zero. Con-
sequently, H,q can be written as H,q = H}y ® H3,, a product sum of its
projections in the symmetric sector H; and in the antisymmetric sector
H3;. Furthermore, three symmetric states (|1,0)[1,0), |E_> |E_> and
S|1,0) |£ 7>) and one antisymmetric state (4|1, 0) |€ 7>), which consist of
only the dark states, are decoupled from others under RWA. These states
can be removed from each basis set. As a result, the scattering problem can
be studied either in the symmetric sector with 7 coupled ‘vs> channels or in
the antisymmetric sector with 5 coupled |v,) channels, depending on the
preparation of the incoming scattering state. In this work, we focus on the
symmetric sector by considering two molecules prepared in the
}vi“ = +—|—> = |4)|+) scattering state. The adiabatic interaction potentials
V%(r,0,¢) [V*(r, 0, )] are defined as the eigenvalues of H}; (H3;) in the
symmetric (antisymmetric) sectors. For instance, V**(r, 6, ¢) denotes the
adiabatic potential energy surface in the symmetric sector with a threshold
the same as the channel energy of the |[++) state. We note that without
ellipticity (£ = 0 or 71/2), potential surfaces V"s(r, 0, ¢) [V"2(r, 0, ¢)] become
independent of the azimuthal angle ¢. Accordingly, we omit ¢ from the
notation in the main text. The anisotropic interaction potential V"s(r, 0, ¢)
couples different partial wave basis |lm,> associated with the rotation of
r=(r, 6, ¢). Accordingly, one can define a combined basis set { | v,Im, )} that
includes the partial wave. The Schrodinger equation in {’vslml>} reads as a
one-dimensional coupled-channel equation of r

n d* S
_;ﬁ l//vblm, + Z [H:d + Vcen} Vslmllv/v;l/m’ = Estlmla (7)

T
vil'm;

where Ve, = #l(I + 1)/m7* denotes the centrifugal interaction and m is the
single-molecule mass. The partial wave adiabatic potential curve V;;I (r) can
be obtained by diagonalizing the matrix of resulting Hamiltonian

sd T Veen- At large distance, the V}';nl(r) is determined by the
dipole-dipole interaction V4. This leads to a general asymptotic behavior
Vlvjnl(r)—> ZOC, by /17 h*I(1 4 1)/mr?, taking the diagonal element of
the V44. However, for /=0 the leading term is V3, (r)—"~>°C, ,, /r*, arising
from the second-order perturbation of Vg4”. In the main text, the s- and p-
wave partial wave adiabatic potential curves of |vs> = |4++) are notated as
Vit (r)and V;VI (r) with m, =0, % 1, respectively. We also refer to C, ;o as
— C,4 in the main text.

The one-dimensional coupled-channel equation (7) is solved by
propagating the log-derivative matrix from a small intermolecular dis-
tance r;, with the absorbing boundary condition” to 7, at the asymp-
totic region, using the algorithm developed by Manolopoulos™. The
scattering matrix S is obtained by matching the log-derivative matrix at
Tout to the asymptotic scattering wavefunction. From the S matrix, one

can define the partial elastic K¢! Z(E) = % [1-S8 2, inelastic

vinlmy, vinlm, |

2vinlm
in _ vl'm . re __2gnh
KZ,vis“lml(E) - Zv;l’m;iv‘s“lm,Kz,vi"lml(E) and reactive KZ,V;"lm,(E) — “mk

Zv; l’m;K;isv;nTri«, (E) scattering rates for the incoming internal state |v‘s"> at

Lo
vl'm;

each partial wave |Im;). Here, K (E) = 2gmh |Sv%n1m1,vll’m;|2’ E is the

2,y lm mk

collision energy with respect to the threshold of " = ++ channel and

k = ~/mE/h. Note that the emergence of reactive scattering rate
K5 ynpy, (E) is due to the short-range absorbing boundary condition. The
factor g = 2 when the initial states of two molecules are identical (in all

degrees of freedom, including spins), otherwise g = 1. By collecting the

contribution from all even partial waves, we define also the total elastic
1 1 vinl'm) . . i
KS(E) = sz,K;vgnzml(E) + Zlm;l’m;#m,Kl,vi“lr:ll(E)’ inelastic K3'(E) =
VI'm, . .
ZV; cvntmym Ky i 1 (E) and reactive K5'(E) = Zlm[K;fv;“ im,(E) scattering

1
rates for the incoming internal sate [vI"). As v =4+ is fixed
throughout this work, we remove it from the subscript for simplifying the
notation. In this work, these scattering rates are calculated at various
collision energies in [1, 1000] nK and are averaged according to the
Fermi-Dirac distribution. The thermally averaged scattering rates are
denoted with the subscript ‘FD’. We define the s-wave scattering length

1 I*Svsou.vsoo

as a, = l’mk»0§1+s%m_w

while for the p-wave we define an energy

1-§, . . y
b with my, = 0, + 17, We

dependent scattering length Gpm, = TS

Vs lmp.vslmy

note that both g, and a,,, are in principle complex values. We focus on
p

the real part of the scattering lengths, and define a; = Re(a,) and
X, (k) = Re (apmp)(k). In the main text, we simply refer to a, and Fpn,
as the s-wave scattering length and p-wave energy dependent scattering
length, respectively.

The internal spin state

In addition to their internal rotational states, the molecules also possess
internal spin states, denoted as |01> and ‘02> for the first and second
components of the molecular spin mixture, respectively. For example, in
case of ®Na*K internal spin states correspond to specific configurations of
the molecular nuclear spins such as ‘01> =|S=0,Mg=0,m; =
3/2,m; =—4) and |o,) =|S=0,M;=0,m_=3/2,m; =-3).
Here, S and M denote the total electronic spin of *Na*K and its projection
quantum number, while m; and m; are the projection quantum numbers
of the individual nuclear spins of *Na and “’K, respectively. Under typical
experimental conditions in the presence of a magnetic field, the nuclear
spin of the molecules is decoupled from other degrees of freedom and is
therefore treated as a spectator in the scattering process'*>"*”*, For *Na*K,
a magnetic field of 70 G suffices”. That is, including the molecular spin
degree of freedom does not alter the overall adiabatic Hamiltonian H,4 of the
microwave field-dressed molecules. Two molecules prepared in the
state |++), but with different spin configurations, will collide on the same
V™ (r, 6, ¢) potential surface, which couples identically with other
V¥(r, 0, ¢) potential surfaces associated with H;;. Nevertheless, under
fermionic statistics, the spin state of the two molecules significantly affects
their low-energy scattering properties. Given the above-defined
mixtures, two molecules can have two intra-spin configurations, 0101>
and ‘0202>, and two inter-spin configurations }0102>S = (|0102> +
|0,01))/v/2 and |0,0,)" = (|0,0,) — |0,0,))/+/2. The two intra-spin
configurations and inter-spin |0102>S state are symmetric, while the inter-

spin |0102>a is antisymmetric. For two fermionic molecules in the |4++)
rotational state, the antisymmetry of the total wave function requires the
odd partial waves [ =1, 3, 5, --- for the symmetric spin state, while even-
partial waves /=0, 2,4, --- for the antisymmetric spin state. As a result, the
lowest collisional channel is s-wave for inter-spin scattering in ]0102>a,

whereas it is p-wave for intra-spin scatterings, |¢,0,) and |0202>, and for
. . . . N . .
inter-spin scattering in |0102> , where a centrifugal barrier must be

overcome.

Data availability
The data that support the findings of this study are available from the
corresponding authors upon request.

Code availability
The computational codes that were used to generate the figures presented in
this study are available from the corresponding authors upon request.
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