
Article https://doi.org/10.1038/s41467-026-71777-2

The effect of the fitness gradient on fixation
probability
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Krishnendu Chatterjee 1

Evolutionary biology examines how the genetic and phenotypic composition
of populations changes over time. An important goal is to determine the
fixation probability of a single advantageous mutant that arises in a homo-
geneous population of N residents. Many real populations experience envir-
onmental gradients that cause mutations to be beneficial in some spatial
regions but harmful in others. Here, we study the fixation probability of a
mutant placed on a simple one-dimensional spatial structure that experiences
such a gradient. The mutant’s fitness varies linearly from 1 − s to 1 + s, whereas
the resident fitness is constant and equal to 1. The existing literature suggests
that such heterogeneity in the mutant’s fitness should lead to a decrease in its
fixation probability. However, in this work, we find that small, non-negligible
gradients (s < 1=

ffiffiffiffi
N

p
) substantially increase the fixation probability, while larger

gradients (s > ðlogNÞ=
ffiffiffiffi
N

p
) substantially decrease it. Moreover, we quantify the

strength of this phenomenon analytically andwe precisely delimit the range of
the gradients for which it occurs. Our computer simulations closely match
those findings. Altogether, our results indicate that subjecting a simple
population structure to natural environmental conditions can produce strong
counterintuitive effects.

The evolutionary success of a new genotype lies in its ability to
establish a new colony and outgrow the competing populations. This
depends on several factors. The fitness advantage of a beneficial
mutant is often due to genetic (or epigenetic) alterations that equip
the individual with a faster reproduction rate or a diminished
death rate.

Besides these inherent fitness differences, population structure
and environmental factors play a critical role in the outcome of an
evolutionary process1–6. Evolutionary dynamics in finite population
settingshavebeen the subject ofmuch research3–9. Infinitepopulations,
the stochasticity of thedynamics (oftendue to randomdivision timesor
deaths) needs to be taken into account10. In these cases, even a neutral
or deleterious mutant has a non-zero fixation probability, that is, it may
take over the population and wipe out the established resident.

The spatial structure of the population can be described by a
graph (network), where each node is occupied by an individual,

and the edges (connections) represent the possible interactions
or dispersal patterns1,5. There has been a lot of focus in the
literature on discussing so-called amplifiers of selection, which are
graphs that increase the chance of selection of a beneficial
mutant8,9,11–26.

Environmental factors such as distribution of food or other
resources across the population also play a critical role in the outcome
of an evolutionary process27–31. Recently, spatial environmental het-
erogeneity has been investigated under the frameworkof evolutionary
graphs32–42. The idea of ‘environmental amplifiers’, that is, environ-
mental distributions that increase the fixationprobability, is suggested
by Maciejweski and Puleo34 and Kaveh et al.32. Interestingly, the con-
dition for selection in two-chromatic graphs32 can be seen as an evo-
lutionary graph extension of Gillespie’s condition for subdivided two-
islandmodels43. Other aspects of heterogeneity that have been studied
include the change in fixation probability and time to fixation in
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random environments36,37, and condition for coexistence in hetero-
geneous environments44.

Perhaps the most relevant example of spatial resource distribu-
tion in biological and laboratory settings is the diffusion according to a
linear gradient45–49. In this scenario, the fitness of the mutants or the
residents has an environmental component that is a (linear) function of
the distance from the resource. We give three examples. First, in the
context of the evolution of drug resistance in microbial populations,
competing genotypes are antibiotic-resistant and antibiotic-sensitive
strains, as e.g., in the experiments by Baym and Kishony labs, MEGA-
plate experiment46, and Death Galaxy (evolution accelerator) by the
Austin lab50. The fitness of an antibiotic-sensitive E. coli strain increases
with the distance from the source of the drug, whereas the fitness of

the antibiotic-resistant strain is uniform and equal to some inter-
mediate value51,52. Second, in cancer evolution, fitness gradients appear
near tumor vasculature where cancer cells are competing with normal
tissue cells (or other cancer subtypes). Oxygen and nutrients are con-
stantly diffusing away from the blood vessel into the neighboring cells
and thus create a gradient53. A third example is the competition
between two strainswithdifferentmetabolic pathways. Eachmetabolic
type consumes a particular sugar. For instance, mutants can digest
glucose while residents can only digest lactose (see ref. 54 and refer-
ences therein). If glucose distribution follows a linear fitness gradient,
then only mutants feel the effect of environmental variation, see Fig. 1.

It is suggested that linear gradients can accelerate the process
of evolution by allowing faster accumulation of beneficial mutants

Fig. 1 | Linear fitness gradients. a Example of competition between different
cancer phenotypes in nutrient and oxygen gradients near vasculature in the tumor
microenvironment. b Competition in microbial populations between drug-
sensitive (mutant) and drug-resistant strains in an anabiotic gradient.

c Competition in microbial or yeast populations between two metabolic-specific
phenotypes. Resident cells consume lactose with a constant concentration, while
glucose-consuming mutants see a gradient of glucose. Created in BioRender.
Kaveh, K. (2026) https://BioRender.com/hwyu6gr.
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as the mutant colony grows55,56. This is indeed commonly
observed in a variety of evolutionary and ecological settings. As
heterogeneity increases, it elevates the rate of evolution, that is, the
rate of accumulating newmutations, in a mutation-selection process
with many allele types57–59. A simpler and more fundamental ques-
tion, however, is the effect of such a linear fitness gradient on the
fixation probability of a new mutation. In other words, in a linear
graph structure where a resource is linearly increasing across the
population, what is the chance of selection of a randomly placed
mutant?

To address this question, we consider a population of N indivi-
duals arranged along a one-dimensional lattice. The mutants’ fitness
increases linearly from 1 − s on the left end to 1 + s on the right end. The
residents’ fitness is equal to 1, independent of their position. Thus, the
mutants are sensitive to the gradient, whereas the residents are not.
The value s is the magnitude of the fitness gradient. The question is
how this environmental variation, characterized by the fitness gradient
s and the population size N, affects the chance of success of a newly
placed mutant.

In the absence of the gradient (s = 0), the fixation probability of
one randomly placed mutant with no fitness advantage is known to
be equal to 1

N
60. Moreover, in well-mixed populations, the environ-

mental variations that target the mutant fitness reduce the
mutant fixation probability32. However, we show that on one-
dimensional spatial structures, there exist fitness gradients that
substantially increase the fixation probability for a randomly placed
mutant.

In this work, we study the fixation probability of a single gradient-
sensitive mutant that is invading a background population of insensi-
tive residents. We start by showing numerical results for population
sizes N ≤ 100 that illustrate that the fixation probability exhibits intri-
guing non-monotonic behavior in terms of the gradient s. Namely,
small gradients increase the mutant fixation probability, while large
gradients decrease it. Next, we analytically characterize the range and
the magnitude of those effects for large population sizes N. Our ana-
lytical results delineate three regimes that depend on the interplay
between the gradient s and the population sizes N. First, we prove that
with a negligible gradient (for s ≤ 1

N) the fixation probability remains of
the order of 1

N (Theorem 1). Second, we show that for small (but non-
negligible) gradients (for 1

N < s < 1ffiffiffi
N

p ) the fixation probability increases
substantially, and becomes of the order of s (Theorem 2). Finally, we
show that for large gradients (for s≫ 1ffiffiffi

N
p or s ≥ logNffiffiffi

N
p ) the fixation prob-

ability drops drastically and becomes vanishingly small in N (Theorem
3). Overall, our results paint a complete picture of the effect of linear
fitness gradients in populations where gradient-sensitive (but other-
wise neutral) mutants invade a population of gradient-insensitive
residents.

Results
Model
To model the evolutionary dynamics of mutants whose fitness varies
linearly with location, we consider a special case of the classic Moran
Birth-death process with environmental heterogeneity.

Population structure
We represent the population structure as a graph (network). The N
nodes correspond to individual sites, and each edge of the graph
corresponds to a possible interaction between individuals occupying
those sites. Each site is occupied by a single individual – either a resi-
dent or a mutant. Thus, the population size is N. To model an envir-
onment that is subject to a linear fitness gradient, we consider a
population structure LN in which the N sites are arranged left to right.
Each site is connected to its neighbors along the line. The spatial
structure LN thus represents a one-dimensional lattice. (See also Sec-
tion6 in SupplementaryNote 1 for results on two-dimensional lattices.)
To avoid the boundary effects, we also include self-loops at the two
ends. Thanks to this, the resulting graph is isothermal1, which later
simplifies the analysis.

Each individual has some fitness. The fitness of each resident is
equal to 1, regardless of which site it occupies. The mutant fitness is
site-specific. For convenience, we consider N odd, that is N = 2 ⋅ N0 + 1
for some N0 ≥ 1. We label the nodes 1, 2, …, N. The mutant fitness fi at
site i is given by a linear expression 1 + s ⋅ (i −N0 − 1)/N0, where s∈ [0, 1]
is the gradient (slope). Note that the average mutant fitness is 1, which
is the same as for residents. When s = 0 (no gradient), the mutant
fitness is equal to 1 at all nodes. For a given gradient s ∈ [0, 1], the
mutant fitness varies from 1 − s to 1 + s. At the extreme s = 1, it ranges
from 0 to 2. See Fig. 2a.

Moran Birth-death process
The evolutionary dynamic is governed by a standard Moran Birth-
death process. Formally, the process occurs in discrete time steps. In
each step, first one individual is selected for reproduction, with
probability proportional to its fitness. That individual then produces
an offspring that migrates along a random adjacent edge and replaces
the neighbor. In thisway, atmost one sitemay change its status in each
step, see Fig. 2b.

Initially, one random site v is occupied by a mutant, and the
remaining sites are occupied by residents. Then, the above steps are
performed until either all sites are occupied by mutants (we say that
fixation occurred) or all sites are occupied by residents (we say that
extinctionoccurred). Given anarbitrary graphGNwithN sites, amutant
fitness gradient s, and the initial mutant location v, themutant fixation
probability is denoted by ρ(GN, s, v). In the baseline regime s = 0 (no
gradient), we recover the standard Moran Birth-death process with

Fig. 2 |Moranprocess onan isothermal linewithmutant fitness gradient. a The
spatial structure consists of N nodes arranged along a line LN. Each node is initially
occupied by a resident (blue), except for a single mutant (red). Residents’ fitness is
normalized to 1, while mutants' fitness f1,…, fN is site-specific and varies according

to a linear gradient. b In a single step of the Moran Birth-death process, a random
individual (selected with probability proportional to its fitness) replaces a random
neighbor with a copy of itself. Fixation probability is the probability that the
mutants eventually take over all the sites.
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neutral mutants. Since our one-dimensional lattice graph LN is iso-
thermal, we have ρ(LN, s = 0, v) for any initial mutant location v1.
(Without self-loops, those fixation probabilities would be 2/(N + 2) for
mutants who appear at either endpoint of the line, and 1/(N + 2) for
mutants who appear elsewhere. This would somewhat obscure the
comparison, but itwould not change the overall trends, compare Fig. 3
and Section 6 in Supplementary Note 1.) When the initial mutant
appears at a random location, the (average) fixation probability is
denoted by ρðGN , sÞ= 1

N

P
vρðGN , s, vÞ. WhenGN coincides with the one-

dimensional lattice LN defined above, and N is clear from the context,
we use a shorthand notation ρ(s) = ρ(LN, s) and ρ(s, v) = ρ(LN, s, v).

Numerical results
Wepresent two types of results concerning the fixationprobability of a
single environment-aware mutant who is invading a population of
residents who do not perceive the environment.

First, we show numerically that the mutant’s fixation probability
exhibits intriguing non-monotonic behavior in terms of the gradient s.
Second, we show analytically that for large population sizes the mag-
nitude of this effect is substantial (Theorems 2 and 3), unless the gra-
dient s is negligible (Theorem 1).

We consider one-dimensional lattices LN. For any population size
N and any gradient s, the mutant’s fixation probability ρ(LN, s) can be
computed numerically by solving a system of 2N linear equations61.
However, since the expression 2N grows exponentially quickly, this
approach becomes intractable even for a computer for N ≈ 20. For-
tunately, since the graph LN has a particularly simple structure, the size
of the system can be reduced using standard techniques to roughlyN2

equations17, which allows us to efficiently compute the fixation prob-
ability for larger sizes and for arbitrary gradients s, see Fig. 3a.

For very small population sizes (N ∈ {3, 5}), we observe that the
fixationprobability keepsdecreasing as the gradient s increases. This is
consistentwith a general rule of thumb,which states that inwell-mixed
populations, heterogeneity in mutant fitness typically decreases the
fixation probability of the mutant32.

In sharp contrast, as the population size grows larger
(N ∈ {9, 17, 33, 65}), we observe a reversal in this trend. That is, for a
certain range of gradients s, the fixation probability of a single mutant
invader increases instead of decreasing. However, this effect crucially
depends on the magnitude of the gradient. In particular, as the gra-
dient increases, the fixation probability reaches a peak and, upon

increasing the gradient further, the fixation probability starts to
drop. The same qualitative effects persist for two-dimensional lattices
without self-loops, see Section 6 in Supplementary Note 1. When
N = 33, the peak fixation probability occurs for a gradient of approxi-
mately s ≈ 0.4. At roughly s ≈ 0.6, the fixation probability drops below
the baseline value given by zero gradient, and eventually it falls
toward 0.

The numerical approach can also be used to compute the fixation
probability ρi = ρ(LN, s, vi) starting with the initial mutant at a fixed site
vi. When s is large, the fixation probability ρi is small, regardless of the
initial mutant node vi.

However, when s is small, then the starting location has a sub-
stantial effect. Namely, the fixation probability ρi is small for the nodes
vi in the left half, where fi< 1, but it is large for thosenodes vi in the right
half, where fi > 1, see Fig. 4.

Informally speaking, starting in the right half is so beneficial to the
mutants that it more than compensates for their weak performance
when they start in the left half. However, we note that the effect
appears only for certain combinations of parameters of the population
size N and the gradient s.

Analytical results
In this section, we present our analytical results that explain the sur-
prising non-monotonic behavior in Fig. 3. We show that in the regime
of (a) negligible gradient, the fixation probability does not change
significantly, (b) small gradient, the fixation probability increases
substantially, and (c) large gradient, the fixation probability decreases
significantly. First, these results explain the non-monotonic behavior
qualitatively, and second, our analytical results also present bounds on
the slope, which gives the quantitative characterization of the results
and delimits the range of parameters of the phenomenon. The analy-
tical results of the three different regimes are presented below.

Negligible gradient
Recall thatwhen s=0, thefixationprobability is known tobe equal to 1/
N, whereN is the population size. As our first analytical result, we show
that, unsurprisingly, negligible gradients do not strongly affect the
fixation probability. Formally, we show that when the gradient s is at
most 1/N (that is, the mutant fitness at any location is sandwiched
between 1 − 1/N and 1 + 1/N), then the fixation probability is still of the
order of 1/N.

Fig. 3 | Fixation probability ρ(s) on a 1-dimensional lattice LN, as a function of
the gradient s. Recall that with zero gradient (s = 0), the normalized fixation
probability N ⋅ ρ(0) satisfies N ⋅ ρ(0) = 1 for any population size N. a For very small
population sizes N ≤ 5, the normalized fixation probability N ⋅ ρ(s) slowly decreases
as the mutant fitness gradient s increases from s = 0 toward s = 1. In contrast, for
largerN ≥ 9, it first increases and only then decreases. Here,N = 2k + 1 for k = 1,…, 6.

b In the limit of large population size N → ∞, we show that the fixation probability
ρ(LN, s) scales roughly as 1/N when the gradient s is negligible (yellow region, see
Theorem 1), then it scales as s when the gradient is small (orange region, see
Theorem 2), and finally it drastically drops to 0 when the gradient is too large (red
region, see Theorem 3).
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Theorem 1. Let 0 ≤ s ≤ 1/N. Then

1
2N

≤ρðLN , sÞ≤
2
N
: ð1Þ

It is clear that a result of this form must hold for all sufficiently
small gradients s; it is perhaps not a priori clear that “sufficiently small”
includes s = 1/N, that is, regimes when the mutant fitness varies from
1 − 1/N up to 1 + 1/N.

The intuition behind the proof is that the fixation probability can
be written as a certain sum that involves terms of the form sN. For s ≤ 1/
N, we can use a known limit limN!1ð1 + 1=NÞN = e¼: 2:718 < 3 to bound
such terms by constants. This, in turn, bounds the magnitude of the
effect of the gradient on the fixation probability. See Supplementary
Note 1 for details.

Small gradient
As our main theoretical result, we show that when the population size
N is large, a certain value of the gradient s substantially increases the
mutant fixation probability, as compared to the baseline case of no
gradient.

Theorem 2. Let 1
N ≤ s ≤ 3

4N
�1

2, then

1
500

s ≤ρðLN , sÞ≤ 2s: ð2Þ

Our first result (Theorem 1) shows that with negligible fitness
gradients s ≤ 1

N, the mutant fixation probability decays inversely pro-
portionally with respect to the population sizeN. In contrast, when the
gradient is in the range 1

N≪ s≪ 1ffiffiffi
N

p , Theorem 2 states that the fixation
probability is asymptotically equal to s. In particular, for s? = 1

2
ffiffiffi
N

p the
fixation probability ρ(LN, s⋆) decays as 1=

ffiffiffiffi
N

p
, so for large N it is sub-

stantially larger than 1/N. Thus, contrary to the common rule of
thumb32, mutant fitness heterogeneity may lead to an increase in the
mutant fixation probability. We note that this is consistent with the
findings reported in Fig. 3. Moreover, we note that, as N grows large,
the ratio of the two fixation probabilities ρ(LN, s⋆) and ρ(LN, s = 0) tends
to infinity; thus, the increase is substantial.

The intuitive idea behind the proof of Theorem 2 is to show that
with gradient s in this range, a mutant starting close to the rightmost
end of the line has a high chanceof fixating. Our bounds on “close” and
“high” are strong enough to guarantee that even if all other mutant

starting locations always led tomutant extinction, the average fixation
probability would still be sufficiently high. See Supplementary Note 1
for details.

Large gradient
Theorem 2 suggests that the steeper the gradient, the higher the
fixation probability. As our third analytical result, we show that once
the gradient s exceeds the value 1ffiffiffi

N
p by a logarithmic factor, the fixation

probability becomes substantially smaller than the reference value 1/N.
In fact, we present a bound that can be adjusted by selecting a suitable
value of parameter k ≥ 1.

Theorem 3. Let s ≥
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
20 ðk + 1Þ logN

N

q
, then

ρðLN , sÞ≤
1

Nk
: ð3Þ

Thus, increasing the gradient well beyond the threshold of s = 1ffiffiffi
N

p
ceases to help themutants and instead causes their fixationprobability
to quickly drop towards 0 (rather than decaying proportionally to s, or
inversely proportionally to the population size). This is again con-
sistent with the findings reported in Fig. 3.

The intuitive idea behind the proof of Theorem 3 is to show that
when the slope is too large, thedisadvantage that themutants perceive
near the left endpoint of the line is much more severe than the
advantage they perceive near the right endpoint of the line. (Mathe-
matically, this turns out to be a consequence of an inequality (1 − q)
(1 + q) < 1 which holds for any q ∈ (0, 1).) Thus, even when the initial
mutant appears near the right endpoint and gives rise to a non-
negligible mutant subpopulation, that subpopulation is more likely to
eventually go extinct than it is to take over the sites near the left
endpoint. See Supplementary Note 1 for details.

Discussion
Populations evolve in heterogeneous environments.Concentrationsof
various chemicals (nutrients or antibiotics) might cause a newly
occurring mutation to be beneficial in one spatial region, while being
deleterious in another region. In this work, we study possibly the
simplest non-trivial case of this general phenomenon, in which the
mutant fitness varies according to a linear gradient, whereas the resi-
dent fitness is constant.

Fig. 4 | The role of themutant starting vertex vi. aWhen s = 0 (top row), we have
ρ(s, vi) = 1/N for all initial mutant locations vi. For other gradients s > 0, the fixation
probability is the highest when the initial mutant appears at the rightmost vertex.
For large gradients, the fixation probability is less than 1/N, regardless of the

starting vertex.b For the starting vertex at the left end (blue) or in themiddle of the
left half (orange), the fixation probability decreases monotonically with the slope.
For the other starting vertices (middle, middle of the right half, right end), it first
increases and then decreases. Here N = 65.
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Apart from the population size N, we thus introduce a single new
parameter s ∈ (0, 1) that parametrizes the steepness of the gradient.
That is, the mutant fitness varies linearly from 1 − s to 1 + s, depending
on its location within the population. The resident fitness is equal to 1
everywhere. Thus, when averaged over the whole population, the
mutant and the resident fitness are equal.Ourmain quantity of interest
is the fixation probability of the mutant who perceives the fitness
gradient s.

Even in this simple scenario, we find an intriguing non-monotonic
dependenceof thefixationprobability on s. Earlier research, presented
in Table 1, indicated that, as a rule of thumb, mutant fitness hetero-
geneity in large populations has a monotonic effect on the fixation
probability. For well-mixed populations, mutant fitness heterogeneity
decreases the fixation probability32, while for two-island graphs it
increases the fixation probability28,29. In contrast, here we identify a
regime of small but non-negligible gradients s that substantially
increase the fixation probability, whereas too high a gradient decrea-
ses it.Moreover, for largepopulation sizes,weanalytically delimit both
the range of gradients for which the increase occurs, as well as the
magnitude of the increase. It turns out that the increase is the most
prominent when s is of the order of 1ffiffiffi

N
p , in which case the fixation

probability increases from roughly 1
N to roughly 1ffiffiffi

N
p , see Theorem 2.We

also show that upon further increasing the gradient, the fixation
probability abruptly drops and becomes substantially smaller than the
baseline value of 1/N, see Theorem 3. In some ways, this threshold
behavior is akin to the threshold s ⋅ N ≈ 1 that separates the weak and
strong selection in the case of homogeneous environments in which
mutants have a constant fitness advantage.

Asmentioned in the introduction, the setting where onlymutants
perceive the environmental variations is biologically relevant. For
example, it is a question of what conditions drug-sensitive microbial
strains can have a finite chance to take over a resident drug-resistant
population. Our findings suggest that carefully calibrated small
environmental gradients can, in fact, increase the chance of selection
of the drug-sensitive mutants. Our results show that this is the case
even when the cost of resistance is negligible, that is, when mutants
and residents are neutral relative to each other in the absence of
environmental variations.

Another example would be competition between two metaboli-
cally distinct prokaryotic strains, where each strain consumes a parti-
cular nutrient. For instance, consider two strains of E. coli where the
residents consume glucose and the mutants consume lactose. Sup-
pose that lactose has a linear distribution across the population, while
glucose concentration is kept uniform. For gentle gradients of lactose
concentration,weexpect an emergenceof newmetabolic phenotypes,
whereas for steeper gradients, we expect the resident glucose-
consuming strain to remain dominant.

In our analysis, we intentionally focused on perhaps the simplest
non-trivial setting of environmental heterogeneity. In particular, we
concentrated on the regime in which the fitness gradient is linear, the
mutants are gradient-sensitive, and the residents are not. Moreover,
we considered a specific linear spatial structure (see also Section 6 in
Supplementary Note 1 for two-dimensional lattices), and we assumed
that the average mutant fitness is the same as the resident fitness,
which gave us a clean baseline 1/N for the fixation probability. Ana-
lyzing the other settings in which some of the above assumptions are
altered or relaxed is an interesting area for future work.

Methods
We use the Moran Birth-death process as described above in Sections
“Population structure” and “Moran Birth-death process”. Our numer-
ical results are obtained by solving the underlying Markov chain. See
Supplementary Note 1 for details.

Data availability
The data generated in this study have been deposited in the Figshare
database under accession code https://doi.org/10.6084/m9.figshare.
29271674.

Code availability
The related computer code has been deposited in the Figshare data-
base under the accession code https://doi.org/10.6084/m9.figshare.
29271674.
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