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Abstract. In a mixed generalized linear model, the goal is to learn multiple signals from unlabeled observa-
tions: each sample comes from exactly one signal, but it is not known which one. We consider
the prototypical problem of estimating two statistically independent signals in a mixed generalized
linear model with Gaussian covariates. Spectral methods are a popular class of estimators which
output the top two eigenvectors of a suitable data-dependent matrix. However, despite the wide
applicability, their design is still obtained via heuristic considerations, and the number of samples
n needed to guarantee recovery is superlinear in the signal dimension d. In this paper, we develop
exact asymptotics on spectral methods in the challenging proportional regime in which n,d grow
large and their ratio converges to a finite constant. This allows us optimize the design of the spec-
tral method, and combine it with a simple linear estimator, to minimize the estimation error. Our
characterization exploits a mix of tools from random matrices, free probability, and the theory of
approximate message passing algorithms. Numerical simulations for mixed linear regression and
phase retrieval demonstrate the advantage enabled by our analysis over existing designs of spectral
methods.
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1. Introduction. We consider the problem of learning multiple d-dimensional vectors from
n unlabeled observations coming from a mized generalized linear model (GLM):

(1.1) yi=q ({ai, z},) &), ien]={1,...,n}.
Here, x7,...,2; € R? are the /¢ signals (regression vectors) to be recovered from the observation
vector y = (y1,...,yn) € R™ and the known design matrix A = [a,...,a,]" € R™<. For

i € [n], €; is a noise variable, and v; is an [¢]-valued latent variable, i.e., it indicates which
signal each observation comes from, and is unknown to the statistician. The notation (-,-)
denotes the Euclidean inner product, and ¢ : R> — R is a known link function. For ¢ = 1,
(1.1) reduces to a generalized linear model [56], which covers many widely studied problems
in statistical estimation including linear regression, logistic regression, phase retrieval [74, 33],
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and 1-bit compressed sensing [10]. The regression model with ¢ = 1 implicitly assumes a
homogeneous population, in which a single regression vector suffices to capture the features of
the entire sample. In practice, it is often the case that the observations may come from multiple
subpopulations. Mixed GLMs offer a flexible solution in settings with unlabeled heterogeneous
data and have found applications in a variety of fields including biology, physics, and economics
[57, 38, 49, 23]. When ¢(g,e) = g + ¢, (1.1) reduces to the widely studied mixture of linear
regressions [83, 34, 76, 15, 88, 90, 75, 89, 37].

A natural approach to estimate the vectors z7,...,z; from y and A is via the maximum-
likelihood estimator (assuming a statistical model for (;);¢[n) is available). However, the corre-
sponding optimization problem is nonconvex and NP-hard [88]. Thus, various low-complexity
alternatives—mostly focusing on mixed linear regression—have been proposed: examples in-
clude expectation-maximization (EM) [41, 34, 76], alternating minimization [88, 75, 37], con-
vex relaxation [20], moment descent methods [50, 17], and the use of tractable nonconvex
objectives [90, 5]. Many of these methods are iterative in nature and require a “warm start”
with an initial guess correlated with the ground truth. Spectral methods are a popular way to
provide such initialization [88]. A variety of estimators based on the spectral decomposition
of data-dependent matrices or tensors have been proposed for mixed GLMs [15, 88, 73]. In
this paper, we focus on a spectral method that estimates the ¢ signals via the top-¢ principal
eigenvectors of the following data-dependent matrix:

1 n
1.2 D=-) Daia; € R4
(1.2) niZIT(y)aaz < ;

where 7 : R — R is a suitably chosen preprocessing function. This spectral estimator with the
preprocessing function 7 (y) = y? was studied for mixed linear regression by Yi, Caramanis,
and Sanghavi et al. [88], who showed that the signals can be accurately recovered when the
number of observations n is of order dlogd. Furthermore, existing theoretical results for all
estimators (including spectral, alternating minimization, and EM) require n to be of order at
least dlogd to guarantee accurate recovery [15, 88, 73, 50, 17]. This leads to the following
natural questions:

What is the optimal sample complexity of a spectral estimator based on (1.2)7?
Can we carry out a principled optimization of the preprocessing function T?

A simpler alternative to obtain an initial estimate is to use the linear estimator
1 n
(1.3) nzlﬁ@/z)az ERd,
1=

where £:R — R is a suitable preprocessing function. The performance analysis of this linear
estimator for the mixed GLM can be carried out similarly to that for the nonmixed case
(¢ =1); the analysis for the latter is given in [67, Proposition 1] and in [59, Lemma 2.1]. Thus,
another natural question is the following:

What is the optimal way to combine a spectral estimator based on (1.2) and the linear
estimator in (1.3)7
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1.1. Main contributions. In this paper, we resolve the questions above for the recovery
of two independent signals z7,x5 with a Gaussian design matrix A. This is achieved by
characterizing the high-dimensional limit of the joint empirical distribution of (i) the signals
xy, x4, (ii) the linear estimator in (1.3), and (iii) spectral estimators based on the matrix in
(1.2). Our analysis holds in the proportional setting where n,d — oo with n/d — § € (0, 00).
That is, we consider the regime where the ratio between sample size and signal dimension
tends to a constant, as opposed to most analyses of mixed GLMs in the literature which
assume n = (dlogd). Our major findings are summarized as follows.

e Our master theorem (Theorem 3.1) characterizes the joint distribution of the lin-
ear estimator, the spectral estimator, and the signals in the high-dimensional limit.
This joint distribution characterization holds for arbitrary preprocessing functions
L, T:R—Rin (1.2) and (1.3) (subject to mild regularity conditions). The limiting
joint distribution is expressed as the law of a set of jointly Gaussian random vari-
ables whose covariance structure is explicitly derived in terms of the model and the
preprocessing functions.

e As an immediate consequence of the distributional characterization, we derive the
normalized correlations (or “overlaps”) between the linear/spectral estimator and the
signals (Corollary 3.8 /Corollary 3.12). The linear estimator achieves a strictly positive
overlap with each signal for any § > 0, provided a strictly positive overlap can be
attained for some ¢ > 0. In contrast, for the spectral estimator, we identify a threshold
(depending on the preprocessing function 7°) such that strictly positive overlap is
attained as soon as J exceeds this threshold. In general, there is no clear winner
between the spectral and the linear estimator, and which one performs better depends
on the setting.

e In fact, it is best to combine the linear and spectral estimators: our master theorem also
allows us to compute the limiting overlap of a class of such combinations. In particular,
the Bayes-optimal combination can be derived, which turns out to be linear in the two
estimators due to the Gaussianity of their high-dimensional limits (Corollary 3.7).

e We determine the optimal preprocessing functions £*,7;*,7,": R — R for the linear
and spectral estimators that maximize the overlap between the estimator and each
signal (Propositions 3.10 and 3.14). The optimal overlaps of linear and spectral es-
timators reveal intriguing behaviors of mixed models. In particular, there is a single
function £* that simultaneously maximizes the overlap between the linear estimator
and each signal. In contrast, for the spectral method, one needs to employ two differ-
ent functions 77*, 75" in order to achieve the maximal overlaps with 7, 23, respectively.
Furthermore, the optimal overlap of the spectral estimator with each signal approaches
1—the best possible value—as the aspect ratio § grows. We remark that the same is
not true for the linear estimator: the optimal overlap with each signal remains strictly
less than 1 even as § — 00, as long as there is a strictly positive fraction of observations
corresponding to each signal.

Our precise asymptotic analysis leads to a significant improvement over previous designs
of spectral methods, as showcased in Figure 1 for noiseless mixed linear regression. The
continuous lines correspond to our theoretical predictions (“pred.”), which closely match the
points coming from the simulations (“sim.”). The following methods are compared: (i) optimal
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Figure 1. Noiseless mized linear regression with mizing parameter (i.e., probability that a sample corre-
sponds to x1) a = 0.6. Owverlaps with the first signal x7 (left) and the second signal x5 (right), computed
via simulation (“sim.”) and the theoretical prediction (“pred.”), are plotted as a function of the aspect ratio
0 =n/d. The signal dimension is d=2000. We note that our optimal spectral estimator enables weak recovery
of both signals at a smaller § than existing spectral estimators designed for nonmized data. For erample, in
the right panel, our optimal spectral estimator starts weakly recovering x5 when § > 3.1, while other spectral
estimators require at least 6 > 5.3.

spectral method (black), obtained from Proposition 3.14; (ii) optimal linear method (blue),
obtained from Proposition 3.10; (iii) combined estimator (“combo”) (red), obtained from
Corollary 3.7; (iv) spectral estimator for mixed linear regression proposed in [88] (yellow);
(v) spectral estimator which optimizes the overlap in the nonmixed setting (green), proposed
in [52]. The spectral methods resulting from our sharp analysis (red, black) significantly
outperform existing methods (green, yellow), especially for low values of 6. More details on
the experimental setup and additional simulation results can be found in section 4.

Proof techniques. We exploit a combination of tools from free probability, random matri-
ces, and the theory of approximate message passing (AMP). Generalized approximate mes-
sage passing (GAMP) refers to a family of iterative algorithms [68] with the following key
feature: the joint distribution of the iterates is accurately tracked by a simple deterministic
recursion, called state evolution. Our strategy to obtain the joint distribution of the lin-
ear/spectral estimators and the signals in the master theorem (Theorem 3.1) is to design a
GAMP that (i) outputs the linear estimator as the first iterate, and (ii) then implements a
power method, so that its fixed point corresponds to the spectral estimator. One challenge
in the implementation of this strategy is that the state evolution of GAMP, in its original
form for vanilla (nonmixed) GLMs, only records the correlation of its iterates with a single
signal. To circumvent this issue, we equip GAMP with a state evolution recursion involv-
ing both signals and run a pair of GAMP iterations converging to the first and second top
eigenvector of the spectral matrix D in (1.2), respectively. A second, even more fundamental,
challenge is that, for the power method to converge to the desired eigenvector, a spectral gap
between the corresponding eigenvalue and the rest of the spectrum is required. For nonmixed
GLMs, the spectral analysis was carried out in earlier work [51, 58], which characterized the
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limiting eigenvalues of D as well as the overlaps using tools from random matrix theory. Here,
the difficulty comes from the mixed effect of the model, leading to additional matrix terms
which appear challenging to control. Our approach is to decompose D into the sum of two
matrices, D1 and Ds, each consisting of components only pertaining to the first and second
signal, respectively. Now, D1, Dy can be individually viewed as generated from a nonmixed
GLM; hence their limiting spectra are well understood. The key observation is then that, by
assuming both signals to be independent and uniformly distributed on the sphere, D; and Do
become asymptotically free.'" Thus, we are able to characterize the sum of these two spiked
matrices by using techniques from free probability.

1.2. Related work. Mixtures of GLMs have been studied in machine learning as “hier-
archical mixtures of experts” [40]. Bayesian methods for this problem were investigated in
[66, 86, 83]. Khalili and Chen [41] proposed a penalized likelihood approach for variable selec-
tion in mixed GLMs, showing consistency in the low-dimensional setting (where the dimension
d is fixed as n grows). Stédler, Bithlmann, and van de Geer [76] analyzed ¢;-penalized es-
timators for high-dimensional mixed linear regression (MLR). Zhang et al. [89] considered
MLR with two sparse components, when the mixing proportion and the covariance structure
of the covariates are unknown. The works [41, 76, 89] all use variants of the EM algorithm
for optimizing a suitable penalized likelihood function. Balakrishnan, Wainwright, and Yu
[3] and Klusowski, Yang, and Brinda [42] obtained statistical guarantees on the performance
of EM for a class of problems, including symmetric MLR with 2] = —25. Variants of EM
for symmetric MLR were also analyzed in [85, 87, 92]. Minimax lower bounds were obtained
in [31], and statistical-computational gaps were recently studied in [2]. Kong et al. [43] stud-
ied MLR as a canonical example of meta-learning: in the setting where the number of signals
(¢) is large, they derived conditions under which a large number of signals with a few ob-
servations can compensate for the lack of signals with abundantly many observations. The
prediction error of MLR in the nonrealizable setting, where no generative model is assumed
for the data, was studied in [65]. Chandrasekher, Pananjady, and Thrampoulidis [16] analyzed
the performance of iterative algorithms (not including AMP) for mixtures of GLMs. They
provide a sharp characterization of the per-iteration error with sample-splitting in the regime
n =< dpolylog(d), assuming a Gaussian design and a random initialization. An AMP estimator
for mixed GLMs was recently studied in [79]. We emphasize that the focus of the current
paper is not on using the AMP algorithm as an estimator for mixed GLMs. Rather, we use
AMP as a proof technique to obtain a precise distributional characterization of the spectral
estimator, and we use this characterization to optimize its accuracy.

Spectral methods based on (1.2) were introduced in [48] for standard GLMs (nonmixed,
with ¢ =1). For the special case of phase retrieval, a series of works has provided increasingly
refined bounds on the number of samples needed to guarantee signal recovery via the spectral
method [63, 13, 19]. This type of analysis is based on matrix concentration inequalities, a
technique that typically does not return exact values for the overlap between the signal and
the estimate. More recently, an exact high-dimensional analysis for generalized linear models
was carried out in [51, 58]. These works focus on the regime of interest in this paper: n and

! Asymptotic freeness can be thought of as the random matrix analogue of independence of random variables.
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d growing at a proportional rate §. This sharp analysis allows for the optimization of the
preprocessing function: the choice of 7 minimizing the value of § (and, hence, the amount
of data) needed to achieve a strictly positive overlap was provided in [58]; furthermore, the
choice of 7 maximizing the overlap was provided in [52]. Going beyond the proportional
regime in which n is linear in d, bounds on the sample complexity required for moment
methods (including spectral) to achieve nonvanishing overlap were recently obtained in [21].
The aforementioned analyses assume a Gaussian design matrix. Beyond this assumption, [27]
provides precise asymptotics for design matrices sampled from the Haar distribution, and [54]
studies rotationally invariant designs. Moving to the mixed regression setting (¢ > 1), Yi,
Caramanis, and Sanghavi [88] proposed a spectral estimator based on (1.2) with T (y) = .
The analysis is based on concentration inequalities and requires the number of samples n
to be of order dlogd for accurate recovery. Estimators based on spectral decomposition of
data-dependent tensors were proposed for MLR in [15] and for mixed GLMs in [73]. However,
these methods require n to be of order at least d® for accurate recovery. Our work is the first
to establish exact asymptotics for a mixed GLM in the linear sample-size regime: n,d — oo
with n/d — 0 € (0,00). To achieve this goal, our strategy differs from analyses of spectral
methods in the nonmixed setting [51, 58] which reduce the study of the spectrum of D to that
of a rank-1 perturbation. In contrast, our analysis is based on a combination of techniques
from free probability and approximate message passing (AMP).

AMP is a family of iterative algorithms that has been applied to several problems in
high-dimensional statistics, including estimation in linear models [25, 7, 45], generalized lin-
ear models [68, 72, 77], and low-rank matrix estimation [22, 69, 46]; see also the review [36].
A key feature of AMP algorithms is that under suitable model assumptions, the empirical
joint distribution of their iterates can be exactly characterized in the high-dimensional limit,
in terms of a simple scalar recursion called state evolution. By taking advantage of this char-
acterization, AMP methods have been used to derive exact high-dimensional asymptotics for
convex penalized estimators such as LASSO [8], M-estimators [24], logistic regression [77], and
SLOPE [12]. AMP algorithms have been initialized via spectral methods in the context of
low-rank matrix estimation [62] and GLMs [60]. Furthermore, they have been used—in a non-
mixed setting—to combine linear and spectral estimators [59]. A finite-sample analysis which
allows the number of iterations to grow roughly as logn (n being the ambient dimension) was
put forward in [71], and the recent paper [47] improves this guarantee to a linear (in 7) number
of iterations. This could potentially allow one to study settings in which 6 =n/d approaches
the spectral threshold. The works on AMP discussed above all assume i.i.d. Gaussian matri-
ces. A number of recent papers have proposed generalizations of AMP for the much broader
class of rotationally invariant matrices, e.g., [64, 53, 70, 78, 91, 32, 61, 82].

Finally, we mention the recent paper [44] that derived precise asymptotics of spectral
estimators for multi-index models by generalizing the techniques in [51, 58]. However, [44] did
not derive the joint distribution of spectral and linear estimators, or the (optimal) combination
of the two. To the best of our knowledge, such results do not follow immediately from the
pure random matrix theory-type results in [44], but require additional work to handle the
correlation between spectral and linear estimators. These are achieved in the present work
using a mix of tools from free probability and AMP.
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2. Preliminaries. The ith element in a € R? is denoted by a;. If a vector has multiple
subscripts, the component index is the last one. For a symmetric M € RP*P, we denote by s
its empirical spectral distribution. The (real) eigenvalues of M are A\i(M) > Xo(M) > --- >
Ap(M), and the corresponding eigenvectors are vi(M),va(M),--- ,v,(M). The (i,j)th entry
of M is denoted by M; ;. For a random variable X, supp(X) denotes the support of its density
function. The orthogonal group in dimension p is O(p) := {0 € RP*? : 00T = 07O = IL,t}.
The unit sphere in dimension p is P! := {& € RP : |||z = 1}. For two distributions P and
Q, P ® Q is their product distribution, and P®¥ is the k-fold product distribution of P.

Model. We consider a two-component mixed GLM with signal vectors =, x5 € ST, co-

variate vectors aq,---,a, € R?, and a known link function ¢: R> — R. Let P. be a noise
distribution over R. The n observations y1,---,yn, € R are generated as

(2.1) yi=q({ai,mzy + (1 —mi)xs), &), i€n].

Here, the vector of latent variables n := (91,---,7,) ~ Bern(a)®" indicates which signal is
selected by each observation, and is unobserved. The latent variable vector 7, the signals
x¥, 2%, the covariate vectors ai,...,a,, and the noise vector £ := (g1, -+ ,&,) ~ P®" are
mutually independent. Then, (2.1) is equivalent to

(2.2) yi | (ai,mixy + (1= ni)xz) ~p(-| (as, mix + (1 —mi)a3)),

where p(-|g) denotes the distribution of ¢(g,¢) for a fixed g € R and € ~ P. independent of g.
The design matrixis A= [a] ,...,a]]T € R"™*?. Given A, upon observing y = (y1,--- ,yn) € R™,

our goal is to estimate 2% and z%. Given a pair of estimators Z; = 1 (y, A), T2 = Ta(y, A) € RY,
we measure the performance via their overlap with the respective signals:

o @Dl (@)
B Tl dsee 131l Tl

Throughout the paper, the following assumptions are imposed:

(A1) z%, 2% are independent and uniform on the unit sphere, (z},23) ~ Unif (S471)®2,

(A2) ae(1/2,1).

(A3) The noise sequence ¢ € R" is i.i.d. according to ¢ ~ P®™, and P. has finite second
moment. N

(A4) ay,--- ,a, € R? are i.i.d., each distributed according to a; 1'ligi'/\/(Od,Id).

(A5) We consider the proportional regime where n,d — oo and n/d — § for some constant
6 > 0 which we call aspect ratio.

As for assumption (A1), choosing signals uniform on the sphere corresponds to having no
structural information about them. This requirement is natural, since spectral methods are
typically unable to exploit prior information about the signal. We expect that all results of
the present paper hold for the more relaxed setting where the signals z7, x5 are independent
of the design matrix A and the noise vector g, and satisfy

lz1lly = lim fjz3]l, =1, lim (27, 25) =0.
—00

lim
d—00 d—00

In particular, we believe that the assumption that the signals are uniformly distributed on
the sphere is not required. In that case, (5.4) in the argument of the reduction to the free
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sum of two random matrices is no longer an exact equality (in distribution). However, we still
expect asymptotic freeness to hold in the proportional limit. We leave its formal justification
to future work. Understanding the effect of correlation on the performance of spectral esti-
mators and the design of the optimal preprocessing function is an exciting future direction.
Assumption (A2) is without loss of generality: if 0 < o < 1/2, one can simply interchange the
roles of z7 and z5. When a = 1/2, the top two eigenvectors given by the spectral method
correspond to the same limiting eigenvalue as n — co. These eigenvectors provide an estimate
on the space spanned by z7, x5, and in order to estimate the individual signals, an additional
one-dimensional grid search is required. Provided this extra step is carried out, our results
still apply; see Remark 3.6 in the current paper and Remarks SM3.3 and SM4.4 in the accom-
panying supplementary material file (supplement.pdf [local/web 690KB]). Assumption (A4)
is common in the related literature [88, 58, 51, 52|, and the potential universality beyond
Gaussian design matrices is discussed in section 6.
Linear estimator. Given the preprocessing function £: R — R, the linear estimator is

‘ 1 1 <&
9. Alin — *AT _ ai Rd
(2.3) P = —ATL(y) =~ z;E(y )a; € RY,

where £ is applied componentwise, i.e., L(y) = (L(y1), -, L(yn)). Let Y be defined as
(2.4) Y =¢q(G,e), where (G,e) ~N(0,1)® P-.

We make the following assumption on L.
(A6) £: R— R is Lipschitz and satisfies

E[GL(Y)#0, E[GL(Y)| < oo.

The first condition guarantees that the linear method w.r.t. £ attains positive overlaps
with both signals, and the second condition is rather mild and purely technical.
Spectral estimator. Let T: R — R be a preprocessing function, and consider

. nxn 1 1 —
(2.5) T:=diag(T (y)) eR™", D:= nATTA:n;T(yi)aiaIeRdXd,

where T (y) = (T (y1), -+, T (yn)). Then, the spectral method computes the top two eigenvec-
tors v1(D),v2(D) of D as estimates of =7, z5. We make the following assumption on 7.
(A7) Let Y be defined in (2.4). Then, 7 (Y') is not almost surely zero, i.e., Pr[T(Y)=0] < 1,
T is Lipschitz and satisfies

inf T(y)>—-o0 and 0< sup T (y)<oo.
yesupp(Y) yesupp(Y)
In words, we require 7 to be bounded, with strictly positive upper edge of its range.
A bounded preprocessing function is also required in the nonmixed setting [58, 51]. The
requirement on the sup to be strictly positive is purely technical, and it simply rules out the
trivial cases in which the spectral matrix D is all-zero with high probability. Assumption (A7)
is satisfied by the preprocessing function that maximizes the overlap (cf. Proposition 3.14).
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3. Main results. We start by defining a few auxiliary quantities. Let 1 = «ad,d9 =
(1 —a)d, and Z = T(Y), with Y defined as in (2.4). Define ¢: (supsupp(Z),oc0) — R and
Y (supsupp(Z),o0) x (0,00) = R as

(3.) o= 2e[ 2],
(3.2) BGA) = A <2+E [A_ZZD

In what follows, we will set the second argument A of ¢ to 4,41, and 2. For A € {6,01,02},
let A(A) > supsupp(Z) be the minimum point of ¥(-; A), i.e.,

(3.3) AMA):=  argmin (N A).

A>supsupp(Z)
Since v is convex in its first argument (see Lemma SM10.1), this minimum point is obtained
by setting the derivative to 0. Furthermore, define (: (supsupp(Z),o0) x (0,00) = R as

(3.4) GO A) = p(max{A, X(A)}; A).

Finally, for i € {1,2}, by [58, Lemma 2], the equation ((A;d;) = ¢(A) admits a unique solution
in A € (supsupp(Z),o00) which we call A*(9;). The functions ¥(A;A), p(A),((A;A) together
with the parameters A\*(A), A\(A) are plotted in Figure 2 for A € {§,81,d2}. Some convexity
and monotonicity properties of these functions can be found in Lemma SM10.1.

The empirical distribution of a vector u € R? is given by 52‘;:1 0y,, where §,, denotes
a Dirac delta mass on wu;. Similarly, the joint empirical distribution of the rows of a matrix
(uh,u?,. .. ut) e R is 52?:1 S(ut,....ut)- Our master theorem is an exact characterization in
the high-dimensional limit of the joint empirical distribution of the rows of the signals, the
linear estimator, and the spectral estimators. In particular, we show that this joint empirical
distribution converges to the law of a Gaussian random vector with a specified covariance
matrix. The result is stated in terms of the following parameters: the asymptotic correlations

pllin, plgin between the linear estimator and the two signals; the asymptotic normalized Euclidean

U()\, (52)
¥Y(A;61)

P(A;90)
C(X; 02)
C(/\ (51)

C(A;9)

Xoa) | 20) \ X0 |

Xo) A NE)

Figure 2. Plot of ¥(\;A), 0(N), (A A) as functions of A with A € {6,81,82}.
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norm n'™ of the linear estimator; and the asymptotic correlations PP, PP between the

spectral estimators and the two signals. The formulas for these quantities are

(3.5a) nlin .= <(Oz2 +(1—a)?)E[GLY)+ W) %,
(3.5b) pin = CEIGLX)] - o, (L= BIGLE)]
2 p
. e [ E)] )
5+ [(,\ )= Z> 2—1)]
[ ElGE)] Y
T e [(wf)_z>2(G2— 1>]

Theorem 3.1 is stated in terms of pseudo-Lipschitz test functions. A function ¥ :R™ — R is
pseudo-Lipschitz of order k> 1, denoted ¥ € PL(k), if there is a constant C' > 0 such that

(3.6) 1% (2) = T(y)ll, < CA+ [l + lylls™) lz —yll,

for all z,y € R™. Examples of pseudo-Lipschitz functions of order two are ¥(u) = u? and
V(u,v) = |uv| for u,v € R. We consider pseudo-Lipschitz test functions of order two, as those
suffice to compute the asymptotic overlaps between the signals and the various estimators.
One could extend Theorem 3.1 to test functions in PL(k) for & > 2, at the cost of a more
involved argument and an additional assumption on the finiteness of the moments of P..

Theorem 3.1 (master theorem on joint distribution). Consider the setting of section 2, and
let assumptions (A1)—(A7) hold. Define the following rescaled vectors of Euclidean norm /d:
g = /dz™/||Zo, and for i € {1,2}, TF = Vda}, ;P = s;v/dvi(D), where the sign

1

s; € {—1,1} is chosen such that (s;v;(D),z}) > 0. Then, the following holds almost surely for
any PL(2) function ¥ :R> —R. If \*(61) > X(0), then

d
1 spec 1mn mn mn spec sSpec
(3.7 dlggo p E (:UM, im,xlpl ) E [\If(Xl, PN X 4 phn X, Whn ) P X 4 WP )] .
Similarly, if \*(62) > X(0), then

( hm Z U <x2 N im,m;pzec) E [\I/(XQ, pllle + phnX2 + Vth7 p2pecX + Wbpec)} .

Here (X1,X2) ~ N(0,1)%2, the pairs (W WP) and (W W3P) are independent of
(X1,X9), and each pair is jointly Gaussian with zero mean and covariance given by
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E[(Wlin)2] -1 (p111n>2 (p121n) ’ [(Wspec) } —1_ (pslpeC)Z’ [(Wspec) ] ( ; 7
inyysSpecy _ apspec GE( ) inyyrspecy __ (1 — a)pspec Z
E[Whin e = i [/\*(51) —Z] . E[Wlinprsee] = e [/\* - ]

The outline of the argument is presented in section 5. The full proof is given in section
SM4, and it relies on the characterization of the eigenvalues of D carried out in Theorem
SM3.1, which is stated and proved in section SM3.

Remark 3.2 (equivalence to convergence of empirical distribution). Equation (3.7) is equiv-
alent to the statement that the joint empirical distribution of (Z}, """ 27P*) converges in
Wasserstein-2 distance to the joint law of (X2, pit Xy + phP Xy + Whn | pTPC X + WP). The
equivalence between convergence of empirical distributions in Wasserstein dlstance and con-
vergence of empirical averages of pseudo-Lipschitz functions is proved in [36, Corollary 7.21].

Remark 3.3 (what if either the linear or spectral estimator is ineffective). The validity of
the description of the joint law of the first signal and the linear/spectral estimators in (3.7)
relies on two assumptions: E[GL(Y)] # 0 for the linear estimator and \*(d;) > A(§) for the
spectral one. They guarantee that both estimators achieve nonzero asymptotic overlaps with
xt, ie., pi* £ 0 and PP > 0. If either condition is not satisfied, a conclusion similar to
(3.7) stlll holds with ¥: R x R — R only taking x] and the nontrivial estimator as inputs.
Specifically, if only the linear estimator is effective, then we terminate GAMP in (5.8) after
one step t = 0 and obtain the distributional characterization; if only the spectral estimator
is effective, then the initializer in (5.13) ensures that the same proof goes through without
modifications, again leading to the desired conclusion. An analogous argument holds for the
second signal.

Remark 3.4 (v;(D) estimates x7). We have been using v;(D) to estimate =} for i € {1,2}. In
fact, v1(D) is asymptotically uncorrelated with x5 (and va(D) is asymptotically uncorrelated
with 27), according to the characterization of the asymptotic distribution of the top two
eigenvectors in subsection SM4.1. Intuitively, this phenomenon arises due to the orthogonality
between the two signals and fails to hold otherwise. For instance, if limg o (27, 25) = p # 0,
then both the first and second eigenvectors are asymptotically correlated with both signals.
This can be formally justified by specializing [44, Theorem 4.2] to mixtures of GLMs and is
numerically corroborated in [44, Figure 2].

Remark 3.5 (sign calibration of spectral estimator). As the eigenvectors of a matrix are

insensitive to sign flip, the spectral estimators ], 257 are defined up to a change of sign.

In Theorem 3.1, we pick the signs so that the resulting overlaps pi’®, p3°° are positive. In
practice, there is a simple way to resolve the sign ambiguity: one can match the sign of
E[(pin X + phn Xy + W) (o3P X, + WEPSY)] with that of the scalar product (z1", z5P%°), as

1
the latter can be computed emplrlcally (without knowing z7, x3).

Remark 3.6 (master theorem for a« = 1/2). Even though we assume a € (1/2,1) (see
assumption (A2)), the conclusion of Theorem 3.1 still holds for oo = 1/2 with a slight mod-
ification in the definition of the spectral estimators. In this case, as n — oo the top two
eigenvectors given by the spectral method correspond to the same limiting eigenvalue. These
eigenvectors, vi(D) and vy(D), estimate the subspace spanned by x7,z5. To estimate each
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individual signal, we search for a vector in span{v;(D),v2(D)} whose correlation with ™ is
closest to the theoretical prediction from Theorem 3.1. Indeed, let 21", 25P° be defined as

(3.9)

spec

. <U’ xhn> lin  spec linyy spec ;
x, = argmin —t (pZ p,  +E [W W; ]) for i € {1,2}.
v €span{vy (D),vs(D)}NVdS*—! \/Zi

Then, (3.7) and (3.8) hold, provided E [GL(Y")] # 0 (which guarantees that the linear estimator
attains nonzero overlaps; see assumption (A6) and (3.5b)). We stress that (3.9) is computable
in practice since it only involves ™ and theoretical predictions. If 2" is ineffective (which
is the case, for example, in mixed phase retrieval, as mentioned in section SM1), a similar
grid search can still be performed if the statistician is given as side information a vector with
known correlation with a signal. The reader is referred to Remarks SM3.3 and SM3.4 for the
adaptation of our proofs to the case a=1/2.

Equipped with Theorem 3.1, we can combine the linear and spectral estimators to improve
the performance in the recovery of zj and x3. Formally, consider the (rescaled) linear and
spectral estimators 21 € v/dS%! and P, 2P € VdS* 1. Define

(3.10)
th = phnXl + phnX2 + Wlin’ Xipec — pipech + WSpec7 X;pec — p;pecX2 + WSpec.

Theorem 3.1 states that the joint empirical distribution of the estimators (z'™, P, 25P°)

converges to the law of (X1 XP X5P°). For i € {1,2}, define the set of functions
(3.11) Cii= {Cl-: RxR—>Rst E [C (xlin, Xspec)ﬂ c (o,oo)} :

comb

Then, for any C; € C;, the combined estimator x is defined as

(312) xCOmb = Ci((l)lin xs.pec)7

1 [ )

where C; acts on its inputs componentwise, i.e. xc‘}mb C@-(m}in,xsmc) for any j € [d]. Now,
(3.7) reduces the vector problem of estimating z} given (z!", z3P°°) to the scalar problem of
estimating X; from X'" and X;P°°. The Bayes-optimal combined estimator that minimizes the
expected squared error for this scalar problem is E[X;| X!", X P*°]. Recalling from Theorem
3.1 that (X;, Xtin , X:P°°) are jointly Gaussian, the Bayes-optimal combined estimator is a
linear combination of (X1, X°P°°). The performance of this combined estimator is formalized

in the following corollary, whose proof is given in section SM5.

Corollary 3.7 (Bayes-optimal linear-spectral combination). Consider the setting of Theorem
3.1. Forie{l,2}, define C;: RxR—R as follows:

(3.13) Cr (XM XY = ] [XZ- | x'in, XjPeC] - (@X“n + gixfpe°> :

2
1-— 7
where

lin _spec linyy/spec lin spec spec hn
vy o= plin S +E[W W } €= Pl — Py, o= g — g

(]
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For i € {1,2}, let 2¢°™ be the combined estimators defined in (3.12) w.r.t. Cf, respectively.
Then, almost surely we have

()|

)7

a0l [ ez, ~ 1

1 . . 1/2
5 (€2 + ¢ 26 (Amor + B [Wimwpre])) 7 = oL,
y:

Furthermore, for any (C1,Cs) € Cy x Ca, the corresponding combined estimators T5°mP, z5emP

defined w.r.t. Cy,Cy through (3.12) satisfy

lim ’<:AL‘J’L¢Omb7 ;1;:‘>‘ _ ‘E [XiCi(Xlin’ XiSpec)] }

d—o0 HEZC‘OmbHQ HCU,THQ B \/E [Ci(Xlin,XfpeC)Q]

<oLgemb e {1,2}.

3.1. Linear estimator. Theorem 3.1 allows us to derive the asymptotic overlap of each
signal with the linear estimator in (2.3).

Corollary 3.8 (overlaps, linear). Consider the setting of section 2, and let assumptions (Al )-
(A6) hold. Then, almost surely,

~lin %
(3.14) P G

lin .
I E e, 0 fe b

Proof. Choose ¥(a,b,c) = ab, and note that ¥ € PL(2). Then, as |21y = ||Z%|2 = V4,
the left-hand sides of (3.7) and (3.8) recover the overlaps in (3.14) for i =1,2, and the right-
hand sides of (3.7) and (3.8) become pi", pi" (defined in (3.5b)). [ ]

Remark 3.9 (overlap of linear estimator does not approach 1). From (3.14) and the defi-
nitions of pi", pi™ in (3.5b), we have that the linear estimator achieves positive overlap with

each signal for any positive 0, as long as E[GL(Y)] > 0. As § — oo, the limiting overlaps ap-

— 2
ariap and /e
contrast, the overlap of the spectral estimator becomes positive only when § exceeds a certain
threshold (see Remark 3.16). However, once this threshold is exceeded, the spectral estimator
yields overlaps approaching 1 as  grows (see Remark 3.17). We also note that beyond the
spectral threshold, the Bayes-optimal combination of the linear and spectral estimators has a

larger overlap than either of the individual estimators (see Figure 1).

proach and they are strictly less than 1 for any a € (1/2,1). In

Using the limiting overlap of a linear estimator in Corollary 3.8, we can optimize the
performance over the choice of £ (subject to assumption (A6)). Let

(3.15) Z:={L: R— R Lipschitz s.t. E[GL(Y)]#0, E[|GL(Y)|] < o0}

be the set of functions £ satisfying assumption (A6). For ¢ € {1,2} and § € (0,00), define the
optimal overlaps among linear estimators as

oL .= sup plin,
LeT
Furthermore, if Z = ), we set OL{™ = OLY® = 0. In words, OLI™ (i € {1,2}) is the largest

overlap with the ¢th signal that can be achieved by a linear estimator. Then, we have the
following characterization of the optimal overlaps. The proof is contained in section SM6.
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Proposition 3.10 (optimal linear estimator). Consider the setting of section 2, and let as-
sumptions (Al)- (A5) hold. Assume further that

E [Gp(y|G))?
(316) /supp(Y) E [p(y|G)] dy © (O’ 00)7

where p(y|g) is the conditional law in (2.2) and the expectation is taken w.r.t. G ~ N(0,1).
Then, for any § € (0,00), writing o1 := « and ag:= (1 — «a), we have

~1/2
2, 2
in_ [ Fta; 1 .
(3.17) OL™ = a? + a2d [ E[Gp|G)]* 4 ’ re{l,2}
: v Jsupp(v) TERGIG)] Y

Moreover, define L*: R—R as

« v _ E[Gp(y|G)]
L= Ep(y|G)]

Then, L* €T and for any 6 € (0,00), both OLllin, Ongin are simultaneously achieved by L*.

Remark 3.11 (when linear estimator is ineffective). Equation (3.16) ensures that the linear
estimator asymptotically achieves strictly positive overlap with the signals. In fact, if

E[GpylG) |
/supp(Y) E[p(y‘G)] dy_(]?

then, from the right-hand side of (3.17), we obtain that OL{™ = OL" =0 for any & € (0,00).
This is the case for mixed phase retrieval, as mentioned in section SM1. We note that the
condition in (3.16) also appears in the nonmixed setting (see Appendix C.1 of [59]).

3.2. Spectral estimator. The limiting value of the overlaps for the spectral estimator can
be obtained similarly to Corollary 3.8.

Corollary 3.12 (overlaps, spectral). Consider the setting of section 2, and let assump-
tions (A1)-(A5) and (A7) hold. Then, for i € {1,2}, if \*(8;) > \(0), we have that, almost
surely,

s) tim DL spec,
d—oo [[vi (D) ||y |77 |5

Remark 3.13 (condition for vanishing overlap). We focus here on the recovery of the first
signal, and an analogous discussion is valid for the second one. As A\*(d1) approaches \(d)
from above, the right-hand side of (3.18) tends to 0. Indeed, as A*(61) \, A(d), one can readily
verify that E[(W)Q] /' % and consequently the numerator of p** (cf. (3.5¢)) decreases
to 0. Furthermore, in the nonmixed setting (o = 1), the analysis of [51, 58] gives that, when
A*(8) < A(9), the corresponding overlap vanishes. While we do not formally prove that the
condition A\*(d1) > A(J) is necessary for the spectral method to have nonvanishing overlap,
these two observations point strongly in that direction. A third piece of supporting evidence

is provided in Remark SM3.2.
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Equipped with Corollary 3.12, we can optimize both (i) the spectral threshold, namely,
the minimum value of § needed to satisfy the condition A\*(d1) > A(d) which gives a strictly
positive overlap, and (ii) the limiting overlap given by the right-hand side of (3.18). Formally,
for i € {1,2} and § € (0,00), let

inf  T(y)>-00,0< sup T(y)<oo,
(3.19) H;:= {T: R — R Lipschitz s.t. v€supp(Y) y€Esupp(Y) }
Pr{T(Y)=0] <1, A*(d;) > A(6)

be the set of functions 7 satisfying assumption (A7) such that A*(d;) > A(8) holds. We recall
that §; = ad,d2 = (1 — a)d and X\*(-), A(-) depend on the choice of the preprocessing function.
Noting that H; depends on §, we can define the spectral threshold for the ith signal as

6P :=inf {6 € (0,00) : H; #0}, ie{l,2}.

1

In words, this is the smallest ¢ such that there exists a preprocessing function satisfying
A*(0;) > A(0) (and, hence, leading to nonvanishing limiting overlap). Furthermore, for i €
{1,2} and § > §;7°, define the optimal overlap as

spec , spec_
OL;"™ := sup p,
TeEH,;

In words, for a given § > 8:P°¢, OLSP is the largest overlap with preprocessing functions that
satisfy A*(6;) > A(0). We note that the supremum is guaranteed to be over a nonempty set as
§> §:;P°°. At this point, we can state the following result whose proof is given in section SM7.

Proposition 3.14 (optimal spectral estimator). Consider the setting of section 2, and let
assumptions (Al)-(A5) hold. Let oy :=« and as:= (1 —«). Then, for i €{1,2} we have

1
(3.20) 5 = “dy
i 2 E[p(y|G)(G2-1)]
a; fsupp(Y) Wdy
and for § > 6,7,
1

(3.21) o L
51*(6, OZ) + oy

where 57 (9, ) € (1 — i, 00) are the unique solutions to the following pair of fized point equa-
tions:

(3.22)

) | E [p(y|G)(G* - 1)]* _ .
(8 (8,0) = (1 — ) /supp(y) SO e pe e 1€ (2

Finally, forie{1,2}, define T;": R—R as
1
., Elp(y|G)G?] o
% oy + (1~ @)

Then, for 6 > 6:°°, we have (i) T;* € H;, and (ii) the value of OL;**® is achieved by T;*.

—_

(3.23) T (y) =1 ,  where G~N(0,1).
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Remark 3.15 (jointly optimal 7, £ for C). Finding the spectral and linear estimators that
jointly maximize the overlap between the optimal combination of the two and the ith signal
(where 7 € {1,2}) amounts to solving the following constrained optimization problem over a
pair of functions 7, L:

(3.24) sup  OLgomb,
(T, L)YEH; XT

In the above display, H; (defined in (3.19)) is the set of spectral preprocessing functions that
satisfy assumption (A7) and are effective for estimating z} (i.e., \*(6;) > A(8)); Z (defined in
(3.15)) is the set of linear preprocessing functions that satisfy assumption (A6) (and therefore
are effective for estimating both signals); OL{°™ (defined in Corollary 3.7) is the asymptotic
overlap between the optimally combined estimator (with respect to fixed 7, £) and z}. Equa-
tion (3.24) is an explicit yet challenging functional optimization problem that remains open.
Note that in the special cases of « =0 or =1, (3.24) reduces to an analogous optimization
problem for (nonmixed) GLMs whose resolution was left open in [59, section C.4].

Remark 3.16 (universal lower bounds on spectral thresholds). In section SM8, we show
that the spectral thresholds 67 and 6,7 are always at least &7 := 51z and 0} = m
for any conditional law p(-|g) in (2.2) (i.e., regardless of the model). These lower bounds
coincide with the spectral thresholds for both noiseless linear regression and noiseless phase
retrieval; see Remark SM1.4. Thus, unlike the linear estimator, the spectral estimator (even
the optimal one) does not achieve weak recovery for all § > 0; it gives positive overlaps only
when the aspect ratio ¢ exceeds a certain value. We highlight that the threshold associated
to our proposed optimal spectral estimator is significantly lower than that corresponding to

spectral estimators proposed earlier in the literature [88, 52]; see Figure 3.

37 40
spectral opt. - pred. spectral opt. - pred.
spectral [87] - pred. 35+ spectral [87] - pred.
= 2.5 spectral [51] - pred. = spectral [51] - pred.
ire) e 30
e =
8 g 25;
=I L
= <
+ + 20+
E E
T 15¢f £ 157
8, 3
N n 10+
1r 5k
| | : : 0 ] . . )
0.6 0.65 0.7 0.75 0.8 0.6 0.65 0.7 0.75 0.8
«a «
(a) Recovery of z7 (b) Recovery of z3

Figure 3. Smallest § required by different spectral estimators to weakly recover signals for noiseless mized
phase retrieval. The spectral threshold is plotted as a function of a varying mizing parameter « € [0.6,0.8]. Our
optimal spectral estimator always attains the lowest threshold. We note that these thresholds remain the same
for noiseless mized linear regression, due to the design of the corresponding estimators.
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Remark 3.17 (overlap of spectral estimator approaches 1). The optimal limiting overlaps
in (3.21) approach 1 as 6 — oo provided

E [p(y|G)(G* — 1)]?

(3.25) /supp(y) oF [p(y|G)G?] + (1 — a)E [p(y|G)]

dy € (0,00).

To show this, consider the optimal limiting overlap between the spectral estimator and the first

——L . To show the claim, it suffices to show 5} (4, a) 9700,
B1 (6,0)+a

1 — a. From (3.22), the fixed point equation defining 7 (oo, ) becomes

* Elp(yIG)(G? - 1P
(3.26) (Bi(c0,a) = (1 - a)) /Supp(y) aE[p(y|G)G?] + B (00, @) E[p(y[G))]

as 0 — o0o. Since (3.25) holds, the unique solution to (3.26) has to be ;(co,a) =1 — . This
proves the claim. We note that the condition (3.25) is satisfied by the mixed linear regression
model.

signal, which by (3.21) equals

dy=0

4. Numerical experiments. The experimental results in Figures 1, 4, and 5 show that
the performance of the various estimators (linear, spectral, and combined) closely match the
asymptotic predictions in various settings. Furthermore, Figure 6 shows that our estimators
exhibit improvements over existing spectral estimators designed for nonmixed data even when
the signals have mild correlation. In all plots, the signal dimension is d = 2000, and the vertical
and horizontal axes represent the overlap and the aspect ratio §. The solid curves correspond
to the theoretical predictions whose analytic expressions are in section SM1. Discrete points
(little squares, triangles, asterisks, etc.) are computed using synthetic data. Each of these
points is the mean of 10 i.i.d. trials together with error bars at 1 standard deviation. Additional
comments on experimental setup and results are deferred to section SM2.

g
= I a=06 2 -sim.
g 051 ——a =06, 2 - pred.
 a=06, ;- sim.
© 0.4 ——a = 0.6, 2} - pred.
§ a=08 2] - sim.
03 0 =08 1l - pred.
§ a=08, ;- sim.
02t ——a =08, 2 - pred.
0.1 47 4747 %
0
2 4 6 8 10 12 14 16
0

Figure 4. Spectral estimators for noiseless mized linear regression, with mizing parameter o € {0.6,0.8}.
Optimal spectral estimators given by (SM1.7) are used. Overlaps with both signals x1,x5, computed from
simulation (“sim.”) and prediction (“pred.”), are plotted as a function of the aspect ratio 6. The same numerics
apply to noiseless phase retrieval (see Remark SM1.4).
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T pr,o=08-sm T or, o - sim.
0.9 L|—pr, o = 0.8 - pred. ] 0.9 || —pr, @i - pred.
§ lin, 0= 08-sim. § lin, 2} - sim.
lin, o = 0.8 - pred. lin, o7 - pred.
£ pr,o=15-sm.
pr, o = 15 - pred.
071 & lin, 0 = 1.5 - sim.

—lin, 0 = 15 - pred.

£ pr o - sim.
| |[——pr. « - pred.
07 § lin, ag - sim. e

——lin, 2} - pred.

& )
5 0 :
>
Co. ]

03t 264

02F

0.1

2 4 6 8 10 12 14 16
)
(a)  =0.8 and o € {0.8,1.5}. (b) @ =0.6 and o = 1.5.

Figure 5. Spectral estimators for mized linear regression and mized phase retrieval. Optimal spectral es-
timators ((SM1.4) and (SM1.5)) are used. Overlaps with the first signal x7 (left plot) and with both signals
1,25 (right plot), computed from simulation (“sim.”) and prediction (“pred.”), are plotted as a function of
the aspect ratio 9.

combo - sim.

; spectral opt. - sim.
0.8+| § linear - sim.
spectral [87] - sim.
¥ spectral [51] - sim.
o
=
)
>
§ combo - sim. o
& spectral opt. - sim.
§ linear - sim.
spectral [87] - sim.
¥ spectral [51] - sim.
10 15 20
0
(a) Recovery of z7 (b) Recovery of x3

Figure 6. Performance comparison for correlated signals. The setting is noiseless mixed linear regression
with mizing parameter « = 0.6 and signal correlation (x1,z5) = p where p=0.1. Overlaps with z7 (left) and x5
(right) are plotted as a function of the aspect ratio §. The signal dimension is d =2000.

5. Proof outline. The proof of Theorem 3.1 combines AMP with random matrix theory
(RMT) tools. We now outline the high-level ideas in the analysis.

Eigenvalues via random matrix theory. The first step is to understand the spectrum of D, in
particular, the right edge of the bulk and the outlier(s). This involves the following challenges:
e The matrix D in (2.5) can be thought of as an instance of spiked matriz model. Its
structure is, however, more sophisticated than the canonical “signal plus noise” model.
Indeed, the potential spikes of D result from two signals through the composition of

the link function ¢ and the spectral preprocessing function 7.
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e The analysis of the limiting spectrum for nonmixed GLMs is provided in [51, 58]. In
our mixed setting, applying the strategy of [51, 58] to analyze the spectrum of D
results in additional matrix terms which are hard to bound.

The key idea is to decompose D into the sum of two asymptotically free random matrices,
consisting of the observations corresponding to the first and the second signal. To be more
specific, let us condition on 71,---,n, and assume for notational convenience that n; = 1 for
1<i<njand n =0 for n; +1<i<n, for some 0 <n; <n. Let ng =n —n;. Note that,
almost surely, n1/d — 01,n2/d — J2. Now, we can write the matrices of interest in block form:

Al Tl On Xn
5.1 A= , T= O

where 4; € R™*? Ay € R™*% and Ty € R™*™ T, € R™*" . We also let g1 = (81, ,&n,)
and gy = (€ 41, - ,€n). Then,

(5.2) ATTA=[A] A]] [OnTin O”T;”] [ﬁj = A] T\ A + AJ Ty A,.

Note that, for i € {1,2}, A/ T;A; = A] diag(T (¢(Aix},¢g;)))Ai. Since Ay, x%,e, and Ag, x5, ¢,
are mutually independent, A1TT1A1 is independent of AQTTQAQ. However, A1 and T; are not
independent; neither are A, and T5. When considered in isolation, AlTT 1A and AQTT 5 Ay are
obtained from a nonmixed GLM with aspect ratio discounted by « and 1 — «, respectively.
Thanks to [51, 58], their limiting spectra are well understood. Now, the crucial observation
is that A] T} A1 and AQT Ty As are asymptotically free. Indeed, let O ~ Haar(O(d)) be a matrix
sampled uniformly from the orthogonal group O(d) and independent of everything else. Then,

AT TV AL 4+ Ay Th Ay = A diag(T (q(A127,e))) Ay + AJ diag(T (¢(Azxs,e5))) Ao

(5.3) £ Al diag(T (q(Arz},£1))) A1 + (A20) T diag(T (4((A20)a3,£5))) (A20)
= A[ diag(T (q(A127,£,))) A1 + O A] diag(T (q(A2(0x3),e,))) A20
(5.4) L AT diag(T (q(A12t,21)) Ay + OT A diag(T (q(Asz},£5))) A20

=A[T1A; + 0T A) T A50.

Equation (5.3) follows from the independence of A;, Ay and from the rotational invariance of
isotropic Gaussians. Equation (5.4) follows since O and Ox3 are independent if O ~ Haar(O(d))
and 23 ~ Unif(S?"!). In this step, we crucially use the assumption that z% and z3 are
independent and each uniformly distributed over S%!.

The asymptotic freeness shown in (5.5) allows us to study the (free) sum of A T} A; and
AJ Ty Ag using the tools developed in [9]. Indeed, the analysis carried out in subsections SM3.1
and SM3.2 implies the following characterization of the top three limiting eigenvalues of D
(see Theorem SM3.1):

(6 m A(D)=CO(31):0), im 0a(D) = ¢ (52);0), im Ag(D) = C(R(0)50).

d—00
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Here, it is helpful to recall the definitions of ((-;-) (see (3.4)), A*(-) (see the text follow-
ing (3.4)), and A(-) (see (3.3)). Moreover, using the convexity of the function ((-;d), it can
be shown that for i € {1,2}, A\;(D) is strictly larger than A3(D) in the high-dimensional limit
if \*(8;) > A(J), meaning that \;(D) is detached from the bulk spectrum of D and becomes
an outlier eigenvalue. Therefore, D exhibits a spectral gap between the ith eigenvalue and
the right edge of the bulk. In that case, the limiting eigenvalues admit the more explicit
expressions reported in Remark SM3.4. The existence of a spectral gap will be crucially used
in proving the convergence of GAMP iterates to spectral estimators, as discussed below.

Joint distribution via GAMP. The convergence results in (3.7) and (3.8) are obtained using
a generalized approximate message passing (GAMP) algorithm [68]. In a mixed GLM, since
the observations (y;);c|, are unlabeled (i.e., it is unknown to the estimator whether each y; is
generated from the first or the second signal), estimating both signals is more challenging than
estimating each one from an individual nonmixed GLM. However, the existing state evolution
result for GAMP [68], [36, sect. 4] is derived for a nonmixed model, and only keeps track of
the effect of a single signal. We generalize the GAMP state evolution result to mixed GLMs
(see Proposition SM4.1), so that the state evolution recursion tracks the effect of both signals.
For convenience, let us work with the following rescalings:

_ 1 T
(5.7) A=—A, T =Vdal, T5=Vdz}, D=4 TA=_ATTA.
Vd d
Given two sequences of denoising functions fi41: R® — R,g:: R2 — R (for each iteration
t>0), GAMP maintains a pair of iterates u’ € R, v!*! € R? according to

1 —. i -
ut:—Avt—btut 1, ut:gt(ut;y)7
5.9 P,
Ut+1 =—A th — Ct’&t, ’(7t+1 — ft+1(vt+1; ET5§§)7

: oo 11, e iy 1,
where fi11,9: are applied componentwise, i.e., fir1 (v T35, T5) = (fegr (v TY1,T57), s

fron (W5 T] 4T3 ), gr(utsy) = (ge(ul;91), - - -, gt (ul;yn)). The scalars by, c; are defined as
1 1 &
bt:ﬁth/(Uf;ﬁ,iaT;,i)y ctzﬁzgé(%;yi),
i=1 i=1

where f{ and g, each denote the derivative with respect to the first argument. The iteration is
initialized with a given 130_ € R? and @' = 0,. Under the assumption that the design matrix
is Gaussian (indeed A4; ; N (0,1/d) according to assumption (A4)), the joint empirical
distribution of uf,v**! converges (as n,d — oo with n/d — &) to the law of a pair of jointly
Gaussian random variables Uy, V4 1:

Up = p1,4G1 4 po,iGo +Wog,  Vigr:= x1,041X1 + x2,041 X2 + Wyi41,

where (G1, G2, Wy t) ~ N(0,1)@N(0,1)@N(0,0¢;,) and (X1, X2, Wy t11) ~ N (0, )QN(0,1)®
N(0, a‘zﬂt +1). The covariance structure of these jointly Gaussian random variables is described
by a set of recursions called state evolution:
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1
(X1f:(Va; X1, X2)], por=—=E[Xoft(Vi; X1, X2)],

1

U%f,t = %E[ft(v%; Xl,X2)2] - M%,t - :u’%,ta
X141 =V0 (E[Glgt(Uﬁ?)] - E[gg(Ut;f/)]Ml,t) ;
X2,441="0 (E[th(Ut; Y)] - Elg}(Us; if)]l@,t) ;
U\Q/,t+1 :E[gt(UtSY/)Q]a
where the random variable Y is given by
Y =q(nGi + (1 —n)Ga, €), with (G1,Ga,n,¢) ~N(0,1) ® V'(0,1) ® Bern(a) ® P.

The recursion is initialized as

1 —* =0 1 —*  ~0 1 0 2

H1,0 = %dlijgo <xlc}v >, H2,0 = %dlijgo <x2;lv >, 0'(2],0 = gdhjgo H dH2 —Mio —M%,o-
The proof of convergence of the empirical distributions of u!, v!™! to the laws of Uy, Vi4 1, given
in section SM9, uses a reduction to an abstract AMP recursion with matrix-valued iterates for
which a state evolution result was established in [39, 36]. For details, see the formal statements
in Proposition SM4.1 which track the joint empirical distribution of all iterates.

At this point, the linear estimator is readily obtained via the iterate of GAMP run for
one step (t=0). For ¢t > 1, we tailor the denoisers (fi+1,¢¢):>1 so that the iterates of GAMP
implement a power method, which for large enough ¢, gives the first and second eigenvectors of
the spectral matrix D (defined in (2.5)). Specifically, consider the GAMP iteration in (5.8)
with the initializer 9° = 04, and the following choice of denoisers:

gO(UO'y) = \/Sﬁ(y)v fl(v; ff,f;) = f(fing)v
gi(us y) =VOuF(y), fip1(v; 7}, T5) = Tﬂ £>1,

where F : R — R is bounded and Lipschitz, f:R?— R is Lipschitz, and

(5.9)

— |2 2 2
Br1 = \/Xl,t+1 X241 T OV

To prove Theorem 3.1, we select two pairs of functions (f,F), in terms of the spectral pre-
processing function 7 (see (5.13) and (5.14)). With the above choice of (fi41)t>1, (g¢)t>1, the
GAMP iteration becomes

-

=0, v'=A4 L(y),
(5.10)

where F' = diag(F(y1),...,F(yn)). First, note that the iterate v! coincides with the linear
estimator Z'™ in (2.3). Furthermore, we show that in the high-dimensional limit, as ¢ — oo,
the iterate v? is aligned with an eigenvector of the matrix

(5.11) A F(VoBool, + F) V4,
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t+1 converge to the limits

where oo = limy_,o0 B¢. To justify the claim, assume the iterates u’, v
u®,v™ in the sense that lim;_, oo limg_s o0 éHut —u®||3 =0 and limy—, 0 limg_s00 é”vt—v“’ 13 =0.

Then, from (5.10) we can derive

5 s . _
(5.12) v <1 + g[ [}'(Y)]> = A F(V8BocI, + F) " Av™.
oo
Therefore, v™° is an eigenvector of the matrix in (5.11), and the GAMP iteration of (5.10) is
effectively a power method. .
Recall that our goal is to obtain via GAMP the two leading eigenvectors of A T'A. Hence,
we pick F so that F(\/gﬁooln + F)~! =¢T for some constant c. To this end, we analyze the

iteration in (5.10) with two choices for the function F(y) and initialization 9
1 T(y) —k =k —%

(513) Choice 1: Fl (y) = m, f(xl,x2) =X,

(5.14) Choice 2:  Fa(y) = — 1Y) F(@.75) =73,

A (02) = T(y)’

where for i € {1,2}, A*(6;) is the unique solution of ((A; §;) = ©(A) (see the text following (3.4)).
The above two choices are motivated by the characterization of the limiting eigenvalues in
(5.6) and Remark SM3.4. As outlined below, choice 1 (resp., choice 2) ensures that (5.12)
becomes an eigenequation for the first (resp., second) eigenvalue of D.
Lemma SM4.3 shows that the state evolution parameters (x1,¢, X2t 0‘2,#/) for choice 1 satisfy
Spec _ ( speC)Q

: 1 : 2 1
— — — >
thm X1,t = lim Oyt = 5 , and X2,t 0 Vt>2,

\/S ’ t—o00
spec

where the quantity p;”"" was defined in (3.5¢). Hence,

. 1
oo = Jim \ /X Gt ob =
and (5.12) becomes

(5.15) v (1 +0E [A*(J(E/)T(Y)D = A*(lél)ATTAvoo.

With choice 1, (5.15) gives that the GAMP iterate converges to an eigenvector of D = A'TA

corresponding to the eigenvalue A\*(01)(1 + 5E[%]) Similarly, with choice 2, the

GAMP iterate converges to an eigenvector of D corresponding to the eigenvalue \*(d2)(1 +

6E[$ﬁ_(y)]) These claims match the rigorous eigenvalue characterization in (5.6) and

Remark SM3.4. At this point, note that power methods (and therefore our GAMP iterations
in (5.10)) crucially require a spectral gap to converge to the desired eigenvector. This spectral
gap is guaranteed precisely by (5.6) provided A\*(d1) > A(8) (resp., A*(d2) > A()), which gives
that A1(D) (resp., A\2(D)) is asymptotically an outlier in the spectrum of D. As a consequence,
we can rigorously prove the convergence of the GAMP iterates under choice 1 (resp., choice 2)

to vi(D) (resp., va(D)).
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To conclude, the iterate v! in the GAMP iteration in (5.10) equals the linear estimator,
and v'T! asymptotically aligns with the spectral estimator. Since the state evolution tracks
the limiting joint distribution of all iterates, the characterization in (3.7) and (3.8) follows.
We stress that GAMP in our argument is used only as a tool for analysis and is not part of the
estimators. The actual estimators (spectral and linear) can be computed by a combination
of the following simple operations: (i) applying a componentwise nonlinearity, (ii) matrix-
vector /matrix-matrix multiplication, (iii) computation of eigenvectors.

Optimal linear and spectral estimators. The master theorem (Theorem 3.1) holds for arbi-
trary linear and spectral preprocessing functions £, T satisfying the stated assumptions. Spe-
cializing Theorem 3.1 to linear and spectral estimators alone and using the explicit formulas
for their limiting overlaps (given in Corollaries 3.8 and 3.12), we find the optimal preprocess-
ing functions £*, 7%, 75" that maximize the limiting overlaps. This is done in Propositions
3.10 and 3.14 by casting the optimization problem as a variational problem and solving it
explicitly.

6. Discussion.

Universality beyond the Gaussian design matrix. A natural question is whether the predic-
tions obtained under an i.i.d. Gaussian design are valid more generally. This topic has been
investigated in the random matrix theory literature [80, 30, 81, 35, 1], and a recent line of re-
search has focused on AMP [6, 18, 26, 84, 28, 29]. We note that none of these results is directly
applicable to our setting, and the problem also remains open in the nonmixed (i.e., @ = 1)
setup. However, the aforementioned body of work suggests that the Gaussian predictions may
hold for much more general—even “almost deterministic”—design matrices.

Mixed GLM with multiple components. We focus on the mixed GLM with two components,
but our approach is well suited to handle mixed GLMs with multiple components. We now
briefly sketch how to generalize our main Theorem 3.1. The other results (overlaps for linear,
spectral, and combined estimators, and their optimization) are generalized in a similar fashion.

Let z7,---,2; € R? be ¢ signal vectors, and let the observation y = (y1, - ,yn) € R”
be generated as y; = q((a;,xy,),&). The latent vector v = (v1,---,v,) is a sequence of
i.i.d. mixing variables s.t. Pr[v; = j] = o for all i € [n] and j € [¢(]. We assume that z7, -,z
are i.i.d. and uniform on the unit sphere, and 1 > a3 > ag > -+ > ay > 0 (corresponding
to assumptions (A1) and (A2)). We also impose our previous assumptions (A3)—(A5), and
assume that ¢ is a constant (independent of n,d). For i € [¢], let §; := ;0 and

¢ o1\ 1/2
k=1

1_ (LY
lin . __ M pSPec 9 A (6:)—Z

v nlin ’ i

1/2
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Here Z =T(Y), Y = q(G,¢), and G ~ N(0,1), as before. Then, under the same setting of
Theorem 3.1 with Z} and 2" defined similarly for € [¢], we have that, if \*(6;) > A(d),

%

1 d
im = F* . plin gSPec)
dhm ‘ @(xl’],x] ST )fIE

l
g (Xi, Z PR X + W pPPeC X 4 WZ.SpeC)] ;
k=1

where (Xi,--+,X,) ~ N(0,1)®, (W WP) is independent of (Xi,---,Xy) and is jointly

Gaussian with zero mean and covariance given by

l
B[] = 1= (o B [0V =1 (57,
k=1
spec
linyyrspec| _ QP GL(Y)Z
E [W Wi } T plin [)\*(52.) —7

The result on the eigenvalues of the spectral matrix D can be obtained by following the
strategy detailed in section SM3 (and sketched in section 5). Indeed, D can be decomposed
into the (asymptotically) free sum of the ¢ components associated to each of the signals, and
[9, Theorem 2.1] is well equipped to characterize its top £+1 eigenvalues. To derive the limiting
joint empirical law of the ith signal and the linear and spectral estimators, we can then run
a GAMP algorithm similar to (5.9) with denoisers tailored for the ith signal. The condition
A\*(8;) > A(6) guarantees the existence of a spectral gap between the ith largest eigenvalue of
D and the rest of its spectrum, which in turn is leveraged to argue the convergence of GAMP
to the desired eigenvector. This yields results analogous to Theorem 3.1 with a underlying
(3.7) therein replaced with «;, for 1 <i </.

Lower bounds for inference in mixed GLMs. In the nonmixed setting, [58] derives an
information-theoretic threshold 6'* such that, for 6 < 6'*, no estimation method gives a nontriv-
ial estimate of the signal.” Furthermore, for noiseless phase retrieval, §'* = 1/2, which matches
the threshold achieved by a spectral method. In the mixed setting, denoting by &1, 5l the
information-theoretic thresholds corresponding to the two signals, we have
(6.1) St > éé‘t, oy > %

it

To see this, note that, if a genie reveals the values of the mixing variables (91, ,7n,),
then the estimation problem given mixed data with aspect ratio  can be decoupled into two
nonmixed ones with aspect ratios ad and (1 — «)d. We also remark that adapting the second
moment method of [58] to our mixed setting does not improve the bound in (6.1) (hence, this
derivation is omitted). Following the strategy of [4]—which establishes the exact asymptotics
of the minimum mean squared error and, thus, gives a tight bound in the nonmixed case—
requires additional ideas beyond the scope of this paper, so it is left for future research.

As a final remark, let us contrast (6.1) with the spectral bounds mentioned in Remark
3.16, which are universal in the sense that they hold for any mixed GLM. In particular, we note

2More formally, it is proved that the minimum mean squared error achieved by the Bayes-optimal estimator
coincides with the error of a trivial estimator which always outputs the all-0 vector.
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that the former scales as (1/a,1/(1 — a)), while the latter scales as (1/a?,1/(1 — a)?), which
suggests a gap between what is achievable information-theoretically and algorithmically. The
possibility of a statistical-computational tradeoff is also suggested by the fact that, for a« =1/2
and antipodal signals (x] = —z%), mixed linear regression reduces to phase retrieval, which is
widely believed to have such a gap; see, e.g., [55, 11, 14, 2]. Closing the gap or understanding
its fundamental nature remains an intriguing open question for future investigation.
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