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Fig. 1. Generalized Winding Number (GWN) Algorithm. Left: An input mesh ℳ with self-intersections (black) and boundaries (pink). The goal is to
evaluate the GWN of ℳ at a query point 𝑞. Center-left: We shoot a ray from 𝑞 in an arbitrary direction and count the signed number of intersections with ℳ,
shown in a cut-away view. Center-right: We attach a generalized cone 𝒞 with apex directly behind the ray to the boundary of ℳ. This produces a closed
mesh ℳ + 𝒞, and 𝒞 will not intersect the ray. Right: The GWN of ℳ + 𝒞 equals the signed number of ray intersections with ℳ. The GWN of 𝒞 is cheap to
evaluate directly because 𝒞 has very few faces compared to ℳ. The GWN of ℳ is the difference between the two quantities.

We revisit the computation of 3D generalized winding numbers, a useful
measure for inside-outside classification on triangle meshes with gaps, self-
intersections, and open boundaries. At the core of our new method is an
analytical reduction of the surface integral that defines the winding number,
resulting in a single ray-mesh intersection test and an elementary sum over
boundary edges per evaluation. This construction is orders of magnitude
more efficient than the state of the art in practice, which we show in an
extensive performance benchmark. Conveniently, the method also reduces
to the best-available asymptotic complexity in the worst case, and it intro-
duces no approximations apart from floating-point errors. Our algorithm is
conceptually simple to understand, straightforward to implement and debug,
and it works reliably even on extremely noisy and corrupt input geometry.
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1 Introduction
The generalized winding number (GWN) [Jacobson et al. 2013] is a
common and fundamental tool in geometry processing that gives
a measure of how confident we can be that a point is inside or
outside (or wrapped multiple times inside) a given triangle mesh. It
is useful for computing signed distances and cleaning meshes with
self-intersections and topological noise, among other applications.
This paper introduces a novel method for computing GWNs for
triangle meshes accurately and more efficiently than all existing
techniques, including those that give approximate results.
As we explain in Section 2, the generalized winding number is

defined as an integral over a surface mesh. Existing methods for
computing the GWN vary in accuracy and efficiency: discretizing
the integral as a summation over surface triangles [Jacobson et al.
2013] gives the exact answer, but it is computationally expensive;
approximating the integral using Barnes-Hut summation [Barill
et al. 2018] trades off accuracy for computational speed; recent work
by Martens and Bessmeltsev [2025] transforms the GWN surface
integral into a lower-dimensional but computationally challenging
calculation of finding all self-intersections of spherical polygons; and
the work of Spainhour et al. [2024] reduces a curve integral down
to a difference computation between boundary points using the fun-
damental theorem of calculus, but is restricted to two-dimensionsal
applications. Spainhour and Weiss [2026] extends Spainhour et al.
[2024] to 3D parametric surfaces and uses numerical quadrature
to approximate curve integrals, but it is not obvious how to arrive
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at an exact closed-form solution for the common case of triangle
meshes.
In this paper, we present a transformation of the GWN surface

integral into a single ray-mesh intersection calculation and an ele-
mentary sum over the triangle mesh boundary, as shown in Fig. 1.
This approach always gives the exact answer, and it is orders of
magnitude more efficient than the state of the art in practice. It also
conveniently reduces to the best-available asymptotic behavior in
extreme cases, i.e., closed meshes only require a single ray-mesh
intersection test, and a triangle soup requires iteration over all trian-
gles. Our algorithm is conceptually simple to understand, straight-
forward to implement and debug, and works robustly for extremely
noisy and corrupt input geometry.

2 Background
The winding number has a long and varied history. Originally de-
fined for closed planar curves and polygons, this mathematical
concept can be traced back to early works by Meister [1769], Gauss
[1799], and Möbius [1865]. In the computer graphics community, a
generalized formulation of the winding number was introduced by
Jacobson et al. [2013] to handle open curves and surfaces, and has
since become a powerful tool for robust inside-outside tests. In more
recent years, the generalized winding number has been leveraged in
a variety of applications, including shape modeling [Hu et al. 2020;
Wang et al. 2025a; Xu et al. 2023], sketch colorization [Dong et al.
2025; Scrivener et al. 2024], animation [Dodik et al. 2025; Nuvoli
et al. 2022], fabrication [Duenser et al. 2020] and physics-based
simulation [Chang et al. 2025; Wang et al. 2025b].
In the remainder of this section, we briefly review the classical

notion of thewinding number and several equivalent interpretations,
which serve as conceptual foundations for our algorithm described
later in the paper.
In the classical 2D setting, the winding number of a closed ori-

ented curve at a point is a signed integer, measuring how many
times the curve encircles the point. Equivalently, one can interpret
the winding number as the total signed angle subtended by the
curve with respect to the point, normalized by the full angle 2𝜋.
This interpretation leads to a concrete line-integral formula for eval-
uation: given an oriented curve 𝛾, the winding number at a point
𝑞 ∈ ℝ2 ∖ 𝛾 can be expressed as the integral of the differential angle,
formally denoted by 𝑑𝜃, subtended at 𝑞:

𝑤𝛾(𝑞) =
1
2𝜋 ∫

𝛾
𝑑𝜃(𝑞). (1)

This interpretation also naturally extends the notion of winding
number to open curves, where the resulting winding number is not
restricted to integer values but can vary continuously.

As an alternative, the winding number can be understood through
the principle of ray casting: The winding number at a point is equiv-
alent to the average number of signed intersections between the
curve and rays cast in all possible directions from the point. While
conceptually elegant, this approach is impractical for computation.
However, for closed shapes, the sum of signed intersections is in-
dependent of the ray direction, which provides a computational

simplification,
𝑤𝛾(𝑞) = ∑

𝑖
sgn(𝑟 ⋅ 𝑛𝑖), (2)

where 𝑟 is the direction of an arbitrary ray emanating from 𝑞, and
𝑛𝑖 is the normal direction of the curve at the 𝑖-th intersection point
with the ray. This simplification makes it feasible to use ray tracers
to efficiently compute winding numbers for closed shapes.

The notion of winding number naturally generalizes from planar
curves to spatial surfaces. In 3D, the generalized winding number
measures howmany times an oriented surface wraps around a point.
By replacing angles with their 3D counterparts—solid angles—the
generalized winding number at a point 𝑞 ∈ ℝ3 ∖𝒮 can be expressed
as a surface integral that denotes the total signed solid angle sub-
tended by the surface 𝒮 with respect to the point, normalized by
the full solid angle 4𝜋:

𝑤𝒮(𝑞) =
1
4𝜋 ∫

𝒮
𝑑Ω(𝑞). (3)

Similarly, the principle of ray casting is directly applicable to 3D,
and the simplification is analogously valid for watertight surfaces.

Apart from efforts to generalize winding numbers across dimen-
sions, other lines of work have explored alternative extensions.
Feng et al. [2023] proposed a generalization of winding numbers
for curves on surfaces, providing powerful tools for various surface
processing algorithms that require meaningful inside-outside dis-
tinctions. Sun et al. [2024] introduced a Gaussian-smoothed winding
number that can be efficiently differentiated and used for optimiza-
tion problems. However, this line of research focuses on a distinct
problem domain and is beyond the scope of our paper.

3 Related Work
Different techniques have been proposed for computing generalized
winding numbers across various geometric representations. For
triangle meshes, a direct summation of solid angles over all triangles
is straightforward but results in poor asymptotic runtime on large
models. To address this limitation, Jacobson et al. [2013] introduced
a hierarchical evaluation algorithm that performs asymptotically
better than the naive implementation.
Barill et al. [2018] adopted a similar divide-and-conquer idea in

designing fast approximation algorithms for more unstructured
geometric data, such as oriented point clouds. While their technique
can be directly applied to triangle soups and connected meshes, the
performance gains come at the expense of exact accuracy, as the
resulting values are merely approximations of the actual winding
number.
For curved geometry, both of the methods mentioned above re-

quire a discretization of the whole surface, which may fail to capture
the true geometry and can introduce errors in downstream applica-
tions. To ensure geometric fidelity, Spainhour et al. [2024] developed
an algorithm to compute winding numbers in 2D, which directly
handles collections of planar rational parametric curves and can
achieve exact and efficient evaluation without resorting to numer-
ical quadrature. In a different direction, Liu et al. [2025] derived
closed-form expressions for the winding number using the residue
theorem, yielding concise analytic formulas that can offer improved
performance, particularly for query points close to the curve.
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Most related to our method are the recent work by Martens and
Bessmeltsev [2025] and the work by Spainhour and Weiss [2026].
Both recognized that, for a surface, the generalized winding number
can be determined entirely from the surface boundaries together
with additional global information that can be obtained through
ray or line intersection queries. Accordingly, their algorithms rely
only on boundary operations and surface intersection tests, and the
computational complexity of their approaches is governed primarily
by the complexity of processing the boundary rather than that of
the entire surface.

However, these methods have different practical limitations. The
OneShot algorithm by Martens and Bessmeltsev [2025] requires
pairwise intersection detection between spherical line segments
as part of its evaluation procedure. This can be a performance bot-
tleneck and is nontrivial to implement efficiently and robustly in
practice. The recent work of Spainhour and Weiss [2026] reformu-
lates the relevant surface integral via Stokes’ theorem and reduces
it to a line integral over the boundary, which is evaluated using
numerical quadrature. Their algorithm is presented for parametric
surfaces and naturally extends the work by Spainhour et al. [2024] to
three dimensions. Our work shares a similar spirit but uses a differ-
ent derivation, which results in a closed-form solution for triangle
meshes that cannot easily be gleaned from the work by Spainhour
and Weiss [2026].
A heuristic method that uses ray casting for inside-outside tests

on non-watertight meshes, known as ray stabbing, aggregates the
number of mesh intersections with rays in different directions by
voting. Variants of this idea have been used for fluid-solid interac-
tion [Houston et al. 2003], mesh repair [Nooruddin and Turk 2003],
and skinning-weight computation [Dionne and de Lasa 2014]. On
closed meshes, the number of mesh intersections is theoretically
independent of the ray direction, but implementations must take
special care not to miss or double-count intersections, for example
when a ray crosses the mesh exactly in an edge or in a vertex.

We could resolve these degenerate configurations using a fully
robust ray tracer such as one that uses exact or adaptive preci-
sion [Richard Shewchuk 1997], or simulation of simplicity [Edels-
brunner and Mücke 1990], a technique that symbolically perturbs
the geometry to resolve degeneracies and eliminates the need for
extensive special-case handling in an implementation [Heiss-Synak
et al. 2024]. However, most high-performance ray tracing libraries
do not natively provide such support without low-level modifica-
tions. Another common approach is to numerically perturb the ray
to reduce the likelihood of exact degeneracy [Cherchi et al. 2022;
Müller 2009], but this does not provide robustness guarantees and
can still fail in challenging configurations. Instead of relying on
heuristic techniques, we handle this problem explicitly by detecting
intersections that are potentially incorrect and locally falling back
to a safe strategy.

4 Method
In this section, we present our motivation and describe the proposed
algorithm in the context of triangle meshes. Triangles are ubiquitous
in graphics and geometry processing applications. Moreover, they
admit an exact formula for computing the solid angle they subtend at

M

𝑞

+ 1
3

𝑤M (𝑞) = + 1
3

+1M

C + 2
3

𝑤M (𝑞)
= +1 − (+ 2

3 ) = + 1
3

0

M C

− 1
3

𝑤M (𝑞)
= 0 − (− 1

3 ) = + 1
3

Fig. 2. 2D Example. Left: The GWN of ℳ at 𝑞 is defined as the signed sub-
tended angle (as a fraction of 2𝜋). Center: We choose a ray (red) emanating
from 𝑞 and attach a cone 𝒞 (purple) with apex directly behind the ray to
the boundary of ℳ. The GWN is then given by the signed number of ray
intersections with ℳ minus the signed angle subtended by the cone. Right:
The result is correct regardless of ray direction.

a point, which makes evaluation of the generalized winding number
both simple and efficient. For this reason, we restrict our derivation
and the following experiments to triangle meshes.
Ray casting is one of the most efficient ways to evaluate the

integer winding number for closed meshes, as modern ray tracers
are highly optimized for triangles and achieve improved asymptotic
performance using acceleration structures. Moreover, a single ray
suffices to determine the winding number for all query points that
lie along that ray. However, as discussed earlier, it is infeasible to
use ray casting alone to compute the exact generalized winding
number for meshes with open boundaries.

In contrast, evaluating the generalized winding number by sum-
ming the solid angle subtended by each triangle applies to both open
and closed meshes. While this formulation is inherently amenable to
a parallel implementation, its computational cost still grows linearly
with the total number of faces, which can be expensive for large
meshes.

The additive property of the generalized winding number bridges
these two ideas: For any two oriented meshes ℳ and 𝒞, the winding
number of their sum1 is equal to the sum of their individual winding
numbers,

𝑤ℳ+𝒞(𝑞) = 𝑤ℳ(𝑞) + 𝑤𝒞(𝑞). (4)

By choosing 𝒞 such that ℳ+𝒞 forms a consistently oriented closed
mesh, this property enables an efficient indirect evaluation of the
winding number, which is the key motivation behind the algorithm
we describe next.

Given an arbitrary triangle mesh ℳ with open boundary, we
close it with another mesh 𝒞 that shares the same boundary and
is oriented consistently. Rather than directly evaluating the gener-
alized winding number of ℳ at a query point, we first compute
the integer winding number of the closed mesh ℳ + 𝒞 via a single
ray cast, and then subtract the contribution of the closing mesh 𝒞

1Strictly speaking, this is a sum of two 2-chains, so faces with opposite orientations
cancel each other.
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Fig. 3. Generalized winding number field of the Thingi10K model “Nydia”
with open boundaries, shown on three cross sections. The GWN field jumps
by ±1 across the intersection curves between the model and image plane.

determined via a sum over its triangles:
𝑤ℳ(𝑞) = 𝑤ℳ+𝒞(𝑞) − 𝑤𝒞(𝑞)

= ∑
𝑖
sgn(𝑟 ⋅ 𝑛𝑖) −

1
4𝜋 ∫

𝒞
𝑑Ω(𝑞)

= ∑
𝑖
sgn(𝑟 ⋅ 𝑛𝑖) −

1
4𝜋

∑
𝑗
Ω𝑗,

(5)

where Ω𝑗 is the solid angle subtended at 𝑞 by the 𝑗-th triangle in 𝒞.
For a triangle with vertex positions 𝑎, 𝑏, and 𝑐 relative to the query
point, the solid angle it subtends can be efficiently computed as
[Van Oosterom and Strackee 1983]:

Ω = 2 arctan (
det(𝑎, 𝑏, 𝑐)

𝑎𝑏𝑐 + (𝑎 ⋅ 𝑏)𝑐 + (𝑏 ⋅ 𝑐)𝑎 + (𝑐 ⋅ 𝑎)𝑏)
, (6)

where 𝑎 = ‖𝑎‖, 𝑏 = ‖𝑏‖, 𝑐 = ‖𝑐‖.
The above argument is true for any closing surface 𝒞, so we in-

tentionally design 𝒞 such that it minimizes computational cost. As
illustrated in Fig. 2, the closing mesh 𝒞 is constructed as a general-
ized cone: The cone has the same boundary as the open mesh ℳ,
and its apex is chosen along the opposite direction of the ray from
the query point. This construction offers two performance advan-
tages. First, the cone is guaranteed to have no intersections with the
ray by construction. As a result, casting rays to the combined mesh
ℳ + 𝒞 reduces to casting rays just to the original open mesh ℳ,
avoiding the need for any acceleration structures or intersection
tests with the surface 𝒞. Second, the cost of directly evaluating the
contribution 𝑤𝒞(𝑞) of the closing mesh scales linearly with the num-
ber of boundary edges in ℳ, instead of the total number of faces
in ℳ. Since the boundary edges are typically much fewer than the
total triangles in practical models, evaluating 𝑤𝒞(𝑞) is significantly
cheaper than evaluating 𝑤ℳ(𝑞) via a full surface integral.

Robustness. Most high-performance ray-casting packages do not
guarantee exactness in near-degenerate situations, and they might,
e.g., double-count ray-mesh intersections located very close to a
mesh edge or vertex. To guarantee exactness of our algorithm re-
gardless, we mark each intersection point that is not clearly in the
interior of a mesh face. Then we locally extract all triangles adjacent
to these intersections and connect their boundary to the apex point
behind the ray. This produces a small closed auxiliary mesh whose

randomize
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Fig. 4. Stress Test.We take a “hand” model (top-left) with two open bound-
ary curves (pink) from the Thingi10K database, and assign uniformly random
vertex positions (center). The GWN field (right) is shown on a cross section
of 20002 query points, with some corresponding locations marked by white
ellipses. Compared to the hierarchical method [Jacobson et al. 2013], the
result has an 𝐿∞-error of 2.95 ⋅ 10−12 and an 𝐿1-error of 1.77 ⋅ 10−8.

winding number equals the signed number of ray intersections in
this region, the quantity which we were previously unable to deter-
mine reliably by means of the ray-caster. This construction allows
us to fall back to using Eq. 6 to determine the winding number of
the small auxiliary mesh, which then replaces the signed number of
ray intersections within this region, when we evaluate Eq. 5. Since
such degenerate cases are extremely rare in practice, their impact
on the overall performance is negligible.

4.1 Relation to Stokes’ Theorem
The GWN at a query point 𝑞 can be written as a surface flux inte-
gral over ℳ of the vector field 𝑣(𝑥) = (𝑥 − 𝑞)/‖𝑥 − 𝑞‖3, which is
divergence-free. Nevertheless, Stokes’ theorem does not apply di-
rectly because it is only guaranteed to hold for vector fields defined
on a contractible domain, i.e., a domain that can be continuously
shrunk to a point; however, the domain of 𝑣 is ℝ3 ∖ {𝑞}, which is
not contractible. Conceptually, we can interpret the ray R ⊂ ℝ3
that appears in our algorithm as a tool for defining the contractible
domain ℝ3∖R. Contractability guarantees that we can find a surface
with the same boundary as ℳ that is fully contained in ℝ3 ∖R. The
cone 𝒞 is a particularly simple example of such a surface, and this
facilitates the efficient construction in our algorithm.
The concurrent work by Spainhour and Weiss [2026] achieves a

dimension reduction from a surface integral to a line integral over
the mesh boundary by using a vector potential of 𝑣 on a domain
ℝ3 ∖ L, where L is a line rather than a ray. A domain of this form
is not contractible, so one cannot generally find a surface with the
same boundary as ℳ that is fully contained in it. This hinders a
direct transformation of the line integral into a sum over GWNs of
triangles, for which the closed-form expression Eq. 6 is available.

5 Results
We implemented our algorithm in C++, using Eigen [Guennebaud
et al. 2010] and libigl [Jacobson et al. 2018] for geometry process-
ing and Embree [Wald et al. 2014] for ray casting. We represent
triangle meshes and evaluate their winding numbers in double-
precision. While Embree uses single-precision internally, it is only
used to compute the integer winding number of closed meshes and
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Fig. 5. Swiss Roll. Left: Synthetic model with wireframe and an image
plane chosen to be coplanar to an edge loop of the mesh. This causes every
ray (red) used in the GWN computation to intersect the mesh exactly in
its edges. Right: Our robustness check handles this degenerate situation
correctly while enabling ray reuse for all samples on a grid line.

thus will not affect the precision of the final result. Additionally,
we fall back to direct winding number evaluation if intersection
and query points are in very close proximity. Our implementa-
tion can be found at https://git.ista.ac.at/wojtan-group/peiyuan-
xie/boundaryblaze. For simplicity, rays are generated from each
query point along the +𝑥 direction. On a regular grid, a single ray

+1

−1

−1

𝑖

𝑗

count(𝑖, 𝑗 )
= +1 + (−1) + (−1)
= −1

is reused for all points sharing the same 𝑦
and 𝑧 coordinates. All performance measure-
ments were obtained via a single-threaded
implementation on a MacBook Air M2. To
accept inputs with non-manifold edges, as
seen in the inset, faces of 𝒞 are attached to
all exterior edges [Jacobson et al. 2013] of ℳ.
These are the edges that appear with a non-
zero count in the boundary of its incident
faces, taking into account orientation.

5.1 Baseline Examples
We evaluate the correctness and robustness of our method on a set
of models with significant geometric defects that pose challenges
for winding number computation. First, we test a practical mesh
from the Thingi10K dataset [Zhou and Jacobson 2016] with self-
intersections, open boundaries, non-manifold pieces and multiple
connected components. Fig. 3 visualizes the winding number field
across three cross-sections of the Nydia model. In contrast to con-
ventional ray-casting and ray-stabbing approaches, our cone-closing
algorithm remains insensitive to these geometric defects, yielding
stable and accurate results.
To further assess robustness, we stress-test our algorithm on

more extreme meshes. To produce Fig. 4, we used a model from the
Thingi10K dataset and moved every vertex to a random location in
the unit cube, resulting in a highly distorted mesh with numerous
self-intersections and irregular boundaries. In Fig. 5, we evaluate
the GWN of a “Swiss roll” model on a deliberately positioned slicing
plane such that every ray intersects the mesh exactly in a vertex or
an edge. Despite these adversarial conditions, our approach consis-
tently resolves all geometric degeneracies and produces accurate
winding number fields on the entire cross section.
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Fig. 6. Asymptotic performance.We compare the asymptotic behavior
of our method (purple) on the subdivided cat head model (bottom) against
hierarchical evaluation (pink), FWN with two different accuracy settings
(cyan) and the OneShot algorithm (blue). Our approach exhibits the best as-
ymptotic behavior and lowest computation time among the exact methods.

5.2 Asymptotic Performance
In Fig. 6 we demonstrate the asymptotic performance of our al-
gorithm on a sequence of subdivided meshes with boundary. The
number of boundary edges |𝐵| grows linearly with the subdivision
level, while the number of faces |𝐹 | grows quadratically, yielding
the asymptotic law |𝐵| ∼ |𝐹 |0.5.

We perform the evaluation of the GWN at 5002 sample locations
on a cross section of the mesh. Thanks to the high efficiency of
modern ray tracers and sharing the cost of intersection queries
across all query points along the ray, the computational cost of
ray-casting is negligible on meshes with non-empty boundary. As
a result, the cost of evaluating the generalized winding number of
the cone formed by boundary edges dominates in our method. This
cost grows linearly with |𝐵|, so the overall time complexity of our
algorithm is 𝑂(|𝐵|).
In contrast, the OneShot algorithm [Martens and Bessmeltsev

2025] has a time complexity of 𝑂(|𝐵|2), or equivalently 𝑂(|𝐹 |), due
to the need to find spherical segment intersections among projected
boundary edges. While the hierarchical approach [Jacobson et al.
2013] shows an asymptotic behavior similar to ours, it incurs larger
absolute evaluation times due to the more complicated boundaries
that arise after their divide-and-conquer subdivisions.
The fast winding number (FWN) algorithm [Barill et al. 2018]

has near-constant complexity for a fixed accuracy parameter value
and, interestingly, tends to be slightly more efficient on denser
meshes. This is likely because smaller triangles can be more effec-
tively grouped by the BVH, allowing the algorithm to avoid many
exact evaluations and rely more on aggregated approximations.
However, this acceleration strategy is inherently approximate and
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Fig. 7. Empirical performance. We compare the performance of our method (purple) against hierarchical evaluation (pink) and FWN with 𝛽 = 2 (cyan) on
all triangle meshes from the Thingi10K dataset. Our method achieves precomputation times comparable to FWN (left), orders of magnitude faster evaluation
times (center-left) and significant speedup compared to both methods (center-right), and introduces no approximation errors (right).

cannot be used to produce exact results. With a low accuracy pa-
rameter (𝛽 = 2), which controls the relative radius to distinguish
near-field and far-field, FWN attains high efficiency but introduces
errors up to 5 ⋅ 10−3 in the winding number field. To reduce the
mean absolute error for the geometry in Fig. 6 below single-precision
floating-point machine epsilon (∼ 10−7) across all subdivision levels,
FWN requires a larger near-field (𝛽 = 15), which in turn increases
computational cost significantly.
While approximate winding numbers suffice for most applica-

tions, rigorous error bounds are not available for any existing ap-
proximate algorithms. Consequently, approximation errors can be
unpredictable and necessitate extensive parameter tuning to achieve
the desired performance and precision. In worst-case scenarios, high
approximation errors may persist regardless, as we show in Table 1.
By contrast, our method’s exactness inherently precludes unex-
pected failure cases and removes the burden of manual parameter
selection.

5.3 Empirical Performance
In Fig. 7, we evaluate winding numbers for every triangle mesh in
the Thingi10K dataset. Every model from the dataset is loaded from
disk and converted to a face-vertex list, which serves as input for
the evaluation. This preprocessing step is applied uniformly across
all tested methods and is not included in the timings.

For each mesh, we compute the winding number field on a 503 lat-
tice spanning its bounding box, and compare precomputation time
and average per-sample evaluation time across three methods: hier-
archical evaluation [Jacobson et al. 2013], FWN [Barill et al. 2018],
and ours. The OneShot algorithm is excluded from this comparison
because it is primarily efficient on meshes with many triangles and
a simple boundary. Our earlier experiment in Fig. 6 confirms that
it underperforms relative to the hierarchical evaluation in general
cases. For FWN, we continue to use a second-order approximation
with a low accuracy parameter (𝛽 = 2).

Running Times. In the precomputation stage, our method is sig-
nificantly faster than hierarchical evaluation on large models but
slightly more costly than FWN, see Fig. 7 (left). This is because we
build additional mesh-adjacency structures during initialization to

Table 1. Error statistics on Thingi10K dataset. We use the results from
hierarchical evaluation as the ground truth and compare the average and
maximum 𝐿1 and 𝐿∞ errors of the winding number fields generated by
FWN (𝛽 = 2), FWN (𝛽 = 15) and our method.

Method Max 𝐿∞ err Max 𝐿1 err Avg 𝐿∞ err Avg 𝐿1 err

FWN2 1.15 ⋅ 100 1.06 ⋅ 103 6.95 ⋅ 10−3 4.95 ⋅ 101
FWN15 1.15 ⋅ 100 1.01 ⋅ 103 2.95 ⋅ 10−3 2.82 ⋅ 10−1
Ours 1.46 ⋅ 10−7 8.80 ⋅ 10−7 2.31 ⋅ 10−11 4.40 ⋅ 10−10

identify and resolve degenerate cases during ray casting, which is a
bit more expensive than constructing the BVH used in FWN.

However, these additional structures facilitate a significantlymore
efficient evaluation phase, as shown in Fig. 7 (center-left). In terms
of per-sample evaluation time, our method achieves orders of mag-
nitude speedup over both baselines on a fixed-size query grid, cen-
tered at a performance gain of about 100×, see Fig. 7 (center-right).
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wrt Hierarchical
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wrt Per-point

The lowest evaluation times
are naturally achieved on
models with no exterior
edges, because then our al-
gorithm reduces to 𝑁 2 ray-
mesh intersections that are
reused to compute all GWN
samples on an 𝑁 3 grid. To
isolate the benefits of ray
reuse, we also conducted a study by running our algorithm with
each query point processed independently; this mimics the setting
of computing the winding numbers at unstructured sample loca-
tions. While omitting ray reuse slows down the computation on
nearly closed meshes by a factor close to 𝑁, the impact is negligible
on meshes with a large number of boundary edges, where the cone
evaluation dominates the runtime. Even this version of the algo-
rithm remains markedly more efficient than other methods on the
Thingi10K dataset, as shown in Fig. 7 (center-left). Only for meshes
with very little connectivity, such as triangle soups, do exact meth-
ods like ours and hierarchical evaluation provide no acceleration
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over direct computation. In these cases, approximation methods like
FWN are the only viable option for high-performance evaluation.

Errors. Our method is exact in the sense that it introduces no ap-
proximations apart from floating-point errors. To demonstrate that
these errors are very small in practice, we treat the results obtained
from the hierarchical method [Jacobson et al. 2013] as ground truth
and report the 𝐿∞ error of our method for each Thingi10K model in
Fig. 7 (right). Table 1 shows the maximum and average of the 𝐿∞
and 𝐿1 errors across all models. Here, 𝐿1 error refers to the sum of
absolute errors in the GWN value over all query points for a given
model, and the 𝐿∞ error is the maximum absolute error over all
query points. Since the winding number has a jump discontinuity
across the surface by definition, evaluating it in finite precision
rather than exact arithmetic introduces numerical instability for
near-surface queries. In these regions, it is numerically difficult to
robustly determine the orientation of the query point relative to
the surface, and the resulting value may vary depending on imple-
mentation. To ensure a fair comparison, we exclude query points
within a distance of 10−14 from the mesh in the statistics for all
methods. At these excluded points, the GWN value obtained by
different methods may differ by exactly ±1, which is the height of
the jump discontinuity in the GWN field across mesh faces.
We also report errors, measured in the same way, for the FWN

method with 𝛽 = 2 and 𝛽 = 15, both of which we outperform, as
shown in Table 1. The 𝐿∞ errors and the maximum 𝐿1 error do not
show a clear improvement with a higher accuracy parameter. This
could be explained by the criterion FWN uses to determine the near
and far fields, which depends on the distance from the query point
to the centroid of a BVH cell, rather than to the closest triangle
in a cell. As a result, large triangles in the proximity of the query
point could be incorrectly categorized as far-field and produce large
approximation errors.

Mesh Statistics. To contextualize our performance gains, we ana-
lyzed the correlation of the number of faces |𝐹 |with that of boundary
edges |𝐵| in theThingi10K dataset. Based on the asymptotic relation-
ship |𝐵| ∼ |𝐹 |0.5 obtained under subdivision, cf. Fig. 6, we expected
to find a similar correlation.

0

40

80

102 104 106

101
102
103

|𝐹 |

|𝐵 |

0 60 120

Instead, we found that 85% of the
meshes have no boundary edges, and
the remaining 15% exhibit no strong
correlation between face and bound-
ary edge counts, but veer strongly on
the side of low boundary complexity.
Within these 15% of meshes, whose el-
ement counts are plotted in the inset,
about 1/3 have less than ten bound-
ary edges, and another 1/3 have between ten and one hundred
boundary edges. In relative terms, about 2/3 of meshes within these
15% have at least 100× fewer boundary edges than faces, and 1/4
have between 10× and 100× fewer boundary edges than faces. Only
five meshes in total contain more boundary edges than faces.
Although the data is not cleanly correlated, an attempt to fit

a power law yields an empirical complexity of |𝐵| = 𝑂(|𝐹 |0.28).
This number should not be treated as irrefutable evidence, but it
suggests that real-world performance of our algorithm is actually

better than the complexity 𝑂(|𝐹 |0.5) measured by the subdivision
study in Section 5.2. It also leads us to believe that boundary-centric
algorithms are well-suited for winding-number computations on
real-world geometries, compared to algorithms impacted by surface
discretization.

6 Conclusion
In this paper, we proposed a new algorithm for computing gen-
eralized winding numbers on triangle meshes. By combining ray
casting with a direct evaluation on a generalized cone, our method
produces exact winding numbers while achieving improved perfor-
mance compared to state-of-the-art approaches across a wide range
of test meshes.

The performance benefits demonstrated by our approach depend
on awell-connectedmesh topology. For highly unstructured geomet-
ric data, such as triangle soups, our method provides no efficiency
advantage over a naive winding number evaluation.
While the underlying ideas of our algorithm are not inherently

restricted to triangle meshes and could, in principle, be extended
to more general surface representations such as parametric or im-
plicit surfaces, our current derivation and implementation focus
exclusively on meshes. For parametric surfaces, efficient ray tracing
algorithms are already available [Reshetov 2019; Xiong et al. 2023],
and constructing the corresponding generalized cone is also natural
in this setting. However, evaluating the winding number of such a
cone remains nontrivial. Extending our framework to support para-
metric surfaces and other surface representations is an interesting
and promising direction for future work.
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