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Abstract

In this paper we construct distance sketches for intersection graphs
of arbitrary path-connected regions in the plane (known as the
string graphs) in the constant and 1 + ¢ distortion regimes. Further-
more, the distance sketches themselves are planar graphs. First, we
show that every unweighted string graph G has an O(1)-distortion
planar emulator: that is, there exists an edge-weighted planar graph
H containing every vertex in G, such that every pair of vertices
(u,v) satisfies 6 (u,v) < dg(u,v) < O(1) - 6g(u,v). Furthermore,
we show that for any constant ¢ > 0, there is an edge-weighted
planar graph H’ such that every pair of vertices (u,v) satisfies
86 (1, 0) < S (u,0) < (1+¢) -8 (u, v) +O(e~*polylog n). No pre-
vious constructions of sparse distance sketches were known even
for intersection graphs of simple shapes like axis-parallel rectangles
or fat convex polygons.

As applications, we construct the first (1 + ¢ +0(1)) mixed-
distortion tree cover and distance oracle for arbitrary string graphs,
as well as the first additive +(eA + O(1))-distortion embedding of
string graphs G with diameter A into graphs of constant treewidth
O(e™).
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1 Introduction

Given a set of geometric objects S, the intersection graph of S,
denoted Gg, is a graph with vertex set S, such that an edge exists
between two objects if and only if they intersect. The most general
form of geometric intersection graph in the plane is the class of
string graphs, where vertices are arbitrary path-connected regions.
One can assume without loss of generality that the regions are
connected arcs, thus the name “string” graphs. One may also study
intersection graphs of more restricted class of objects, such as disks,
fat objects, or axis-aligned rectangles.

Our goal is to study distances between objects on a geometric
intersection graph G. The distance between two vertices u and v
in G, denoted 5 (u,v), is the number of edges in the shortest path
between u and v. (Note that we assume edges are unweighted; if
we allowed arbitrary edge weights then all metrics are realizable
as string graph metrics, as the complete graph is a string graph.!)
Distance problems on geometric intersection graphs have attracted
a great deal of attention, including diameter computation [7, 10, 12,
13, 17], clustering [4, 26], spanners [6, 9, 11, 21, 43], low-diameter
decomposition and its applications to LP rounding [32-34, 37], and
much more. However, few results have been obtained for the most
general string graphs beyond restricted classes of shapes, such as
unit-disk graphs (UDGs) and axis-parallel unit-square graphs.

In partial explanation of the success enjoyed on unit-disk graphs,
several results on UDGs can be traced back to the existence of an
O(1)-distortion planar spanner: every unit-disk graph G has a sub-
graph H which is planar, such that for every pair of vertices (u,v),
we have 8g(u,v) < 6 (u,v) < O(1) - 5G(u,v). In other words, the
techniques that enables the results on UDGs relies on the similarity
between unit-disk metrics and planar metrics. Planar metrics are
well studied, and tools from planar graphs (in particular, shortest-
path separators) can be combined with the planar spanner to design
algorithms for UDGs. The O(1)-distortion planar spanner for UDGs
is helpful for distance problems even in the 1+¢ regime; for example,
it is a crucial ingredient for a near-linear time (1 + ¢)-approximate
diameter algorithm and a compact (1 + ¢)-approximate distance
oracle [13], and in the design of (1 + ¢)-approximate coresets for
clustering [4]. (Note that one can also obtain shortest-path sepa-
rators on UDG directly, not using a planar spanner [28, 43]; this is

!For some classes of geometric intersection graphs, one can instead impose a natural
weight on the edges—for example, a unit-disk graph may have edge weights set to be
the Euclidean distance between the disk centers. We are primarily concerned with
unweighted string graphs.
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another way in which the metric structure of UDGs is similar to
that of planar metrics.)

The use of planar techniques for geometric intersection graphs
so far has seemed somewhat limited to UDGs and closely related
classes: for example, the only classes of intersection graphs with
planar spanners are Euclidean weighted UDGs [35], unweighted
UDGs [6], and Euclidean weighted unit-square graphs [4]. Gen-
eral string graphs could have much more complex interactions
than UDGs. Unlike disks and squares, objects like segments and
rectangles may be piercing and thus permit non-local interactions;
moreover, an n-vertex string graph may even require a representa-
tion (i.e. a drawing on the plane) where the number of crossings is
exponential in n [31].2

Main Results. It might come as a surprise then, that in this paper
we demonstrate how to construct a planar distance sketching struc-
ture for general string graphs, even when the objects are arbitrarily
complex and piercing. Our first main result vastly generalizes the
previous spanner constructions on UDGs: every string graph admits
an O(1)-distortion planar emulator. No similar construction was
known before even for intersection graphs of very restricted shapes,
like axis-parallel rectangles or fat convex polygons. Philosophically
speaking, our result suggests that metrics on string graphs are not
so different from planar metrics in the O(1)-distortion regime.

THEOREM 1.1. For an absolute constant c, the following is true: For
any unweighted string graph G, there is a weighted planar graph H
with V(G) C V(H), such that for every pair of vertices (u,v) in G,

86 (u,v) < 8g(u,0) < c-8g(u,v).

Moreover, if one is given a representation of G, the graph H can
be computed in time polynomial in the number of crossings in the
representai,‘ion.3

Note that Theorem 1.1 allows for the number of vertices in
H to be much larger than the number of vertices in G. Indeed,
the number of vertices in H scales linearly in the complexity of
the representation of G, which is perhaps unsatisfying because
some string graphs require exponential-size representations [31].
However, this is simple to fix: we can reduce the number of vertices
in H by applying O(1)-distortion Steiner point removal [16] on the
set of terminals V(G) € V(H). This produces an edge-weighted
planar graph H’ with V(H”) = V(G), which is an O(1)-distortion
planar emulator of G. Note that our algorithm to construct such an
H’ still requires time polynomial in the size of the representation
of G.

Our second main result might come as an even bigger surprise.
Not only do O(1)-distortion planar emulator exists for arbitrary
n-vertex string graphs, by changing the weight of the edges of
the emulator, it is possible to preserve distances with a (1 + ¢)
multiplicative factor, with only an extra polylogn additive dis-
tortion. Equivalently, this is a (1 + ¢)-distortion planar emulator
that preserves distances between pairs of vertices that are at least
2We note a subtlety about the representation: although the number of crossings in the
drawing may be exponential, there exists a compressed representation of the drawing
via straight-line programs that has polynomial size [39-41]. In this paper, we do not
work with the compressed representation.
3A careful reading of the proofs shows that the constant c is at most 2 - (170 +1) (24 -

156)2 = 4793997312, around 4.8 billion. We have not attempted to optimize this
constant.
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polylogarithmically away. We say that arbitrary string graph ad-
mits an («, +f)-mixed-distortion planar emulator for ¢ = 1+ ¢
and f = poly log n. We focus on string graphs, but a similar result
actually holds more generally for every graph class that admits
O(1)-distortion planar emulators.

THEOREM 1.2. Let G be a n-vertex string graph. For any small
constant € > 0, there is a weighted planar graph H with O(n) vertices
and V(G) € V(H), such that for every pair of vertices (u,v) in G,

86 (,0) < Spr(u,0) < (1+¢) - 8 (u,0) +O(e™* - log'® n).

Moreover, if one is given a representation of G, the graph H can
be computed in time polynomial in the number of crossings in the
representation.

This result provides the first compelling evidence towards a con-
jecture of Agelos Georgakopoulos (as described by Nguyen, Scott,
and Seymour [38]) in coarse graph theory: Every (unweighted)
graph that can be embedded into a planar graph with (a,+f)-
distortion can also be embedded into a planar graph with pure
additive distortion +f’, for some (possibly bigger) constant f’.
(The paper [38] actually gives a more general conjecture for ar-
bitrary class of graphs instead of just planar graphs, and in terms
of quasi-isometry.) The conjecture may seem bold, but there are
no known counter-examples. It is known to hold in other very
restricted classes of graphs, such as trees [19, 30] and bounded-
pathwidth graphs [38]. While we remain neutral on the validity
of the original conjecture, we leave as an open question whether
a (14 ¢+0(1)) or a (1,+poly log n)-distortion planar emulator
exists.

Applications. In addition to (1 + ¢, + poly log n)-mixed-distortion
planar emulators, we have two other applications on construct-
ing distance-sketching structures for any graph class G (closed
under induced subgraphs) that admits O(1)-distortion planar em-
ulators. First, we can construct (1 + ¢, +O(1))-tree covers of size
O(e731og(e™")) for every graph in G. A tree T is a dominating tree
of a graph G if V(G) € V(T), and g (u,v) < d7(u,v) for every
pair of vertices (u,v) in G. An («, f§)-tree cover for a graph G is a
family of dominating trees 7, such that for every pair of vertices
(u,0) in G, there exists some tree T € 7~ with

or(u,0) < a-6g(u,v) + B.

The size of the tree cover is the cardinality |7|. Tree covers are
widely studied for both general metrics and restricted families
such as Euclidean/doubling metrics, planar metrics, and minor-free
metrics [2, 3, 5, 15, 16, 27], as well as on unit-disk graphs [42]. In
particular, if G is planar, then for any constant ¢ > 0, there is a
(1 + ¢, +0)-tree cover of G with constant size O(¢ ™ log(¢™1)) [15].
We can use our O(1)-distortion planar emulator for string graphs
to recover a similar result. (Again we focus on string graphs, but
the proofs do apply more generally to any suitable class of graphs
G that admits O(1)-distortion planar emulators.) Notice that the
additive distortion needed for the tree cover result in an absolute
constant O(1), instead of poly log n as in the result of (1+ ¢)-mixed-
distortion planar emulator.
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THEOREM 1.3. Let G be a class of unweighted graphs that is closed
under induced subgraphs, such that every G € G has an O(1)-
distortion planar emulator. Then for any e > 0,G has a (1+¢,+0(1))-
tree cover of size O(e =3 log(e™1)).

One key application of tree covers is an easy construction of
compact distance oracle: here one aims to construct a data structure
that can quickly return an (approximate) distance when queried
on a pair of vertices. If a graph has small tree cover, constructing a
distance oracle reduces to lowest-common-ancestor data structures
in trees [15, Theorem 1.6].

Corollary 1.4. Let G be class of unweighted graphs that is closed un-
der induced subgraphs, such that every G € G has an O(1)-distortion
planar emulator. Let G be an n-vertex graph in G. For any ¢ > 0,
there is a data structure with size O(n) which, when queried on
a pair of vertices (u,v) in G, returns an estimate S(u,v) such that
56 (w0) < 6(u,v) < (1+¢) - Sg(u,0) + O(1).
o In the word RAM model with word size Q(log n), queries can
be answered in O¢(1) time.
e In the pointer machine model, queries can be answered in
O¢(loglogn) time.

For our next application, an active line of work attempts to embed
planar (or minor-free) graphs G into graphs of small treewidth, while
incurring a small additive distortion of +¢-diam(G), for any constant
€ [15, 16, 20, 24, 25]. In our language, we seek a (1, +¢ diam(G))-
distortion planar emulator H such that the treewidth tw of H is
minimized. In planar graphs, one can take tw = O(e~%) [15]. The
proof of [15] uses the small-size tree cover; we show that their
construction can be extended to string graphs, with the help of the
O(1)-distortion planar emulator.

THEOREM 1.5. Let G be an unweighted graph with diameter A,
such that G has a O(1)-distortion planar emulator. For any ¢ > 0,
there is a (1, +eA + O(1))-distortion emulator G’ of G with treewidth
O(e™).

Parallel Work. An equivalent result to our first main theorem
(Theorem 1.1) has recently been announced independently by James
Davies [22]: every unweighted string graph is quasi-isometric to an
unweighted planar graph. A quasi-isometry implies the existence
of an O(1)-distortion planar emulator, and one can readily check
that our emulator indeed gives a quasi-isometry.*

The proof of Davies was announced publicly on arXiv in October
2025, and our proof of Theorem 1.1 was posted on arXiv two days
later. Subsequently, we learned through personal communication
with Davies that he had obtained his proof earlier, though the result
was not published until 2025. There was no communication between
the authors and Davies before both works appeared on arXiv.

Our core technique for proving Theorem 1.1 is an adaptation of
the shortcut partition construction using gridtrees developed in [15],
whereas the work by Davies builds the quasi-isometry from first
principles. To the best of our knowledge, our second main result
(Theorem 1.2) and the applications on tree covers and embedding
4Specifically, [22] constructs an unweighted planar graph H with V (H) = V(G) such
that 8 (1, v) /O(1) < Sy (u,v) < O(1) - 8 (u, v). To obtain this result from our
Theorem 1.1, apply Steiner point removal to our emulator to produce a weighted graph

on V(G), and then ignore the weights; as in Corollary 4.1, this yields an unweighted
graph with a similar distortion guarantee to [22].
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into bounded-treewidth graphs in the 1 + ¢ regime are completely
new.

2 Technical Overview
2.1 O(1)-Distortion Planar Emulator

S s,
X
/_\
T T

Figure 1: Shattering S at x

We begin by describing a natural, but flawed approach at creating
a planar emulator for a string graph Gg on a set of strings S. Let S
and T be two strings that cross at some point x € R2. The operation
of shattering of S at x can be thought of as cutting apart S at x
to produce two new strings S; and Sy, both of which touch T but
neither of which crosses T at x. Given a set of strings S, we could
transform their intersection graph Gg into a planar graph by the
following procedure: for every pair of strings that cross, shatter
one of them to remove the crossing.’ Each shattering procedure
removes a crossing at the cost of changing distances by an O(1)
amount — the single string S is turned into two strings S; and Sy
which are within distance 2 of each other in the new intersection
graph (as witnessed by the path [S1, T, Sz]). After all crossings are
removed by the shattering procedure, it is not difficult to see that
the resulting intersection graph on the shattered strings S’ is planar.
However, distances on the shattered graph Gg- could look very
different than on the original Gg. When the intersection graph G is
a clique (for example), some string S might cross every other string,
so S could be shattered into ©(n) pieces, and these pieces could be
at distance ©(n) from each other. In this case, shattering does not
seem helpful in producing a planar emulator.

On the other hand, it is easy to find an O(1)-planar emulator
H when G is a clique: just take H to be a star graph. This gives us
the following hope: we could try to remove some crossings using
the shattering procedure (only shattering each string O(1) times),
and hope that the remaining intersections happen in local “clusters”
that can be replaced with stars.

Goal. Given strings S, find a partition of R? into
connected clusters and shatter all strings in S by the
boundary of the clusters such that (1) each string is
only shattered by the boundary of O(1) clusters, and
(2) for each cluster C, the (shattered) strings in C are
all within O(1) distance of each other.

Given such a partition, it is fairly straightforward to find a planar

emulator, by replacing each cluster with a star; see the proof of
Theorem 1.1 below for the details, and Figure 2 for an example. Now,

When a string S is shattered into S; and Sy, one of the strings S; or Sy is chosen
arbitrarily to represent S, and the other string is treated as a Steiner vertex.
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(a) A region intersection graph G.

(b) A partition of R? into clusters.
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(c) A planar emulator for G by contracting all clus-
ters and adding stars.

Figure 2: An illustration of planar emulator construction by contracting clusters.

a key insight is that our stated goal is reminiscent of the notion of
scattering partition introduced by Filtser for general graphs [23].

Scattering partition. A graph G has an O(1)-scattering
partition if, for any distance A > 0, there is a parti-
tion of V(G) into connected clusters such that: (1) any
path of length A intersects only O(1) clusters, and (2)
each cluster has diameter O(A).

Our intuition is that a scattering partition with A = O(1) is similar
to the partition in our goal. Unfortunately, scattering partitions
are only known for some very restricted families of graphs, such
as trees, cactus graphs [23], and series-parallel graphs [29]. Re-
cently, Chang et al. [15] constructed a very similar (albeit slightly
weaker) object—the shortcut partition—for planar graphs (and later
for minor-free graphs [16]). Our main technical contribution is to
delicately adapt the planar construction of [15] to (almost) achieve
our stated goal. Below, we formally state the partition we aim to
construct (Lemma 2.1) and describe how to construct a planar em-
ulator from this partition. We then sketch some intuition for the
proof of Lemma 2.1.

2.1.1 Constructing an Emulator from a Clustering. Rather than
working directly with string graphs drawn in R?, we work with
region intersection graph on planar graphs, as defined by Lee [34].
Let G be an arbitrary planar graph, which we call the base graph. A
region is a connected subset of vertices in G; these are the analog of
strings. Let R be a set of regions on G. The region intersection graph,
denoted RIG(G, R), is the graph with vertex set R, and an edge
is added between every two regions Ry and Ry that share at least
one vertex in G. Clearly every string graph is a region intersection
graph on a planar graph, and vice versa. A cluster of a graph G is a
set of vertices C C V(G) such that G[C] is connected.

Lemma 2.1. There are absolute constants dgiam = 170 and apgp =
3744 - 3744 such that the following holds. For any planar (base) graph
G and any set of regions R on G, there is a partition of V(G) into
disjoint clusters C = {C1,Cy, . .., Cy} such that

(1) [Diameter.] For every cluster C; € C, for every pair of regions
R1,Ry € R that intersects C, we have 5RIG(G,’R)(R1’R2) <

Xdiam-
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(2) [Scattering.] For every region R € R and every two vertices
01,02 € R, there is a path in G betweenv1 and vy that intersects
at most apey clusters.

Notice the minor but crucial change in the [scattering] condi-
tion, compared to our goal stated earlier in the technical overview:
instead of asking each string/region R to intersect only O(1) many
clusters, we instead guarantee the existence of some path between
every pair of vertices in R that intersects O(1) many clusters. (This
change is similar to the difference between shortcut partition and
scattering partition.) Equipped with Lemma 2.1, we can prove The-
orem 1.1 by constructing an emulator H as follows.

Let C be the set of disjoint clusters from Lemma 2.1. Let H be
the cluster graph obtained from G by contracting every (connected)
cluster in C into a single vertex. More precisely, H is the graph
with vertex set C, where there is an edge between two clusters
C1,Cz € C if and only if some vertex in C is adjacent to some
vertex in Cy in G. Initialize H «<— H. For every region R € R, create
anew vertex in H representing R, and add an edge between this
vertex and an arbitrary cluster C € V(H) that intersects R; this
cluster C is called the representative cluster of R. See Figure 2. We
will consider H to be a weighted graph where each edge has weight
Qdjam + 1. Clearly H is planar: the contracted graph H is planar
as it is obtained by contractions of the planar base graph G, and
attaching new vertices by a single edge to H maintains planarity.
We claim H is an O(1)-distortion planar emulator for RIG(G, R);
we defer the proof to Section 4.1.

Claim 2.2. H isa (2 (agiam + 1) - @hop)-distortion planar emulator
of RIG(G, R).

2.1.2  Constructing the Clustering: A Comparison with [15] and [8].
How do we prove Lemma 2.1? As discussed above, we delicately

adapt (and at some point completely deviate from) the shortcut
partition construction of [15] in planar graphs.

Shortcut Partition of [15]. We begin by summarizing the partition
of [15], which itself builds on the construction of [8] for sparse
covers. Let A > 0, and let G be a plane graph (i.e. a planar graph
G given along with an embedding of G in the plane). We say that
the pair (u,0) in G with §g(u,v) < A is r-scattered by a set of
clusters C if there is a path of length O(A) between u and v in G
that intersects at most 7 clusters. A shortcut partition is (roughly
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speaking®) a partition of V(G) into clusters C each of diameter
O(A), such that any pair of vertices (#,0) in G with dg(u,v) < A
is O(1)-scattered by C.

If G consists of a shortest path 7 (called the spine) together with
some vertices within A distance of 7z, we call G a spined supernode
(or just supernode, for short). Observe that it is easy to construct a
scattering partition in the special case where G is a spined supern-
ode. Indeed, one can first pick a maximal set of vertices # on x that
are ©(A) apart, and then partition G into clusters according to a
Voronoi partition with respect to  where each vertex is assigned
to the cluster of its closest point in . It is clear that every cluster
has diameter O(A), and (because 7 is a shortest path) any pair of
vertices at distance O(A) in G are O(1)-scattered. If G is a general
plane graph, [15] first partitions G into subgraphs, each of which
is a spined supernode, such that every pair of vertices at distance
O(A) is O(1)-scattered by the set of spined supernodes. A shortcut
partition then follows from partitioning each spined supernode into
clusters as described above.

The set of supernodes is constructed recursively: in each iteration
[15] assign some of the vertices of G to spined supernodes, then
recurse on the subgraph induced by the unassigned vertices. They
guarantee that, in each iteration, every pair of vertices at distance
O(A) is O(1)-scattered by the supernodes created at the current
iteration. Moreover, they guarantee that in each iteration, all vertices
within distance O(A) are assigned to some supernode; using this
fact, they prove that any path of length A only intersects supernodes
created in two iterations, and thus any pair of vertices at distance
O(A) is O(1)-scattered by the final set of supernodes.

We now describe the [15] construction of supernodes in each
iteration. Intuitively, they sweep across the plane graph G from left
to right while maintaining a separating supernode S; the spine of S
has endpoints on the outer face of G, and it separates the left side
of G (which has already been processed) from the right side (which
has yet to be processed). In a bit more detail: the supernode S is
initialized to be the O(A) neighborhood around an arbitrary vertex
on the outer face. Then the following process is repeated: add S to
the set of spined clusters C; then delete all vertices in S from G;
then move S one step forward on the outer face (roughly, let v] and
0, be two vertices adjacent to S on the outer face, and update S to be
the supernode comprising the shortest path from v] to 0}, in G - S
plus an O(A)-neighborhood around the path). In this way, S is a
“thick path” that acts as a separator as it sweeps across all vertices
in the outer face. The separation property of S is used to show
that any pair of vertices at distance O(A) is O(1)-scattered by the
supernodes. Observe that the construction guarantees all vertices
on the outer face are assigned to a supernode. After sweeping across
the entire graph G, [15] perform an expansion step: every vertex
within distance O(A) of the outer face is assigned to its closest
supernode (that is, each supernode grows, in a Voronoi manner, by
distance O(A).

To summarize, the construction of [15] involves four steps’: (1)
sweep along the outer face to select spined supernodes; (2) expand

6 Actually, we are stating the closely-related definition of approximate scattering parti-
tion [16], which is slightly weaker than shortcut partition; this definition suffices for
our exposition.

7 A historical note: The first and fourth steps appeared in [8] in the context of sparse
cover, and the second and third were new to [15].
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the supernodes by O(A) distance; (3) recurse on the subgraph in-
duced by unassigned vertices; (4) chop each spined supernode into
O(A)-diameter clusters.

Adaptation to String Graphs. Our approach to proving Lemma 2.1,
in the setting of region intersection graphs, also involves the four
major steps of [15]. We would like to sweep across the intersection
graph Gg (computing shortest paths in Gg, and maintaining a
separating supernode S which is a subset of regions R), then expand
the supernodes and partition them into clusters, and then recurse
on the regions not assigned to any clusters. However, there are
significant technical obstacles to this plan, and we must deviate
from [15]. Here we highlight three differences, with increasing
complexity.

(1) When [15] sweep across the graph and maintain a separat-
ing supernode S, they essentially rely on the jordan curve
theorem to prove that S separates the already-processed part
of the graph from the yet-to-be-processed part: roughly, if
S contains a cycle in G, then no vertex inside the cycle is
adjacent to a vertex outside the cycle. In region intersection
graphs, the Jordan curve theorem does not immediately give
a separator: even if S is set of regions in Gg that contains a
cycle in G, there may be a region that both contains a vertex
of G inside the cycle and outside the cycle. However, any
such region must contain at least one vertex of G on the
cycle. Thus the 1-neighborhood of S is a separator for the
intersection graph Gg. We use this fact to prove that we can
maintain a separating supernode while sweeping across Gg.

(2) When sweeping across G, [15] delete the vertices in S and
then continue sweeping across the remaining part of the
graph. This guarantees that the supernodes are disjoint, and
so (later on) each one can be independently partitioned into
clusters. However, when we sweep across Gg, it is not suffi-
cient to just delete the regions in S from R and continue. This
is because we eventually want a partition of V(G) into clus-
ters, not a partition of R. Thus, if S; and S are supernodes,
it is not enough to guarantee that S NSz = @, that is, there is
no region of R contained in both S; and Sy; rather, we need
to guarantee that S; and Sy are vertex disjoint, no vertex of
V(G) is contained in both a region of S; and a region of Sy.
To achieve this stronger requirement, we shatter® all regions
in R along the boundary of supernode S, before deleting S
and continuing to sweep. We show that (roughly speaking)
each region only gets shattered O(1) times. We introduce
the region contact graph as a variant of the region intersec-
tion graph which behaves more nicely under the shatter
operation, and use this to bound the distortion incurred by
shattering.

Finally, the last issue arises during the expansion step of
[15]. This procedures requires computing a Voronoi parti-
tion: we assign each unassigned vertex to its closest supern-
ode, producing a set of larger, vertex-disjoint, supernodes.
The same Voronoi procedure is also used when partitioning
each supernode into clusters. Unfortunately, in region in-
tersection graphs, we have no comparable way to produce

8as described at the beginning of the technical overview; see Section 4 for a precise

definition
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vertex-disjoint clusters: performing a Voronoi partition on
the regions R in Gg produces clusters that do not share re-
gions, but again these clusters may not be vertex-disjoint. To
get around this, we need to combine the step of supernode
expansion with the step of partitioning each supernode. The
combined expand-and-cluster procedure carves out clusters
in a delicate order to simultaneously guarantee the bounded
diameter and expansion properties.

2.2 (1+ ¢, +polylogn)-Distortion Planar

Emulator

A Toy Example. Next we describe our plan to turn an O(1)-
distortion planar emulator into another planar emulator with (1 +
¢, + polylog n)-mixed-distortion guarantee. Like in the previous sec-
tion, we begin with a toy example to see why such a reduction
might even be possible. Let C = O(1) be the constant so that every
string graph has a C-distortion planar emulator. Let us imagine a
string graph’ G where every vertex of the graph is in the O(C)-
neighborhood of a single shortest path x; that is, G is a spined
supernode. In this case, the path-straightening approach of Nguyen,
Scott, and Seymour [38] shows that there is a planar emulator for
G with purely additive +O(1) distortion.'? Indeed, let H be a C-
distortion planar emulator of G on the same set of vertices. Consider
the image of 7 in H: every edge in 7 is mapped to a path of length
at most C in H. The resulting walk 7’ may be longer than len(r)
by a factor C, but [38] show that one can “straighten” n’ into a
shortest path with length exactly equal to len(r) by assigning edge
weights appropriately. Very loosely speaking:!! for every edge in 7,
the image of the edge e in H is a walk with length at most C; we set
one edge in this walk to have weight 1 and the rest to have weight
0. Every edge not in the image of r is assigned to have some large
weight C2.

After this reweighting, [38] show that the resulting graph (H, w)
has purely additive distortion + poly(C), rather than multiplicative
distortion. We sketch the proof: Let u and v be a pair of vertices in G.
First, find the vertex u’ on « that is closest to u in G. The distance
between u and u’ is at most O(C) in G, and at most O(C?) in H
because H is a C-distortion planar emulator, and therefore at most
O(C*) in the reweighted graph (H, w). Similarly we find the vertex
v’ on x that is closest to v in G, so v and v” also has distance at most
O(C*) in (H,w). Finally, consider the shortest path between u’
and ¢’ in G. Because the path is effectively straightened in (H, w),
there is no multiplicative distortion accumulated when walking
along 7’ in the weighted graph (H, w). This proves (g ) (1, 0) <
oG (u,v) + poly(C).

Detours Through C-Disjoint Shortest Paths. The argument above
shows that it is easy to find additive emulators when G is a spined
supernode (i.e., an O(C)-neighborhood around some shortest path).

There is nothing special about the choice of G being a string graph; as mentioned,
our reduction from multiplicative distortion to (1+ ¢)-mixed-distortion works for any
graph class that admits O(1)-distortion planar emulators.

10 Actually, [38] get something slightly different than emulator: they allow distances
to contract by a small amount, but note that it is easy to remove this contraction by
adding some Steiner vertices.

There are technical difficulties because 77 may be a walk, not a path. In actuality,
not all vertices on the walk 7’ remain in the straightened path; see the full version of
the paper for details.

2145

Hsien-Chih Chang, Jonathan Conroy, Zihan Tan, and Da Wei Zheng

What about general string graphs? One idea is to draw inspira-
tion from Section 2.1 and compute a partition of V(G) into disjoint
spined supernodes. Suppose we somehow could find a partition
such that any shortest path between two vertices u and v inter-
sects only O(1) spined supernodes. In this case we could obtain
an emulator with purely additive distortion by straightening each
spined supernode independently: walking past each supernode
only incurs a + poly(C) additive distortion, so in total only a con-
stant additive distortion accumulates on the path between u and
v. However, requiring that any shortest path intersects only O(1)
spined supernodes is an incredibly strong requirement. In con-
trast, the shortcut partition from Section 2.1 essentially says that
there is a partition of G into spined supernodes such that a short-
est path of length O(C), intersects O(1) spined supernodes; but for
constructing an additive emulator, we would need such a guarantee
to apply to arbitrarily long paths. [38] show (in different language)
that such a partition exists in the special case when G has an O(1)-
distortion emulator with bounded pathwidth, but in general it is
easy to see that an arbitrary string graph G may not admit such a
partition, for example when G is a grid graph.'?

Fortunately, it is often the case that planar graphs (or close-to-
planar graphs) have extremely compact distance-sketching tools in
the (1 + ¢)-multiplicative distortion regime, even when there are
lower bounds against exact distances sketches. We could still hope
for a partition of V(G) into spined supernodes such that, for any
pair of vertices u and v, there is a (1 + €)-approximate shortest path
between u and v that intersects few supernodes. We draw inspira-
tion from a recent distance-approximating minor construction of
Chang and Conroy [14] for planar graphs: we interpret their result
as constructing a collection of paths O in a planar graph G that
(1 + ¢)-approximate all pairwise distances in G, such that the paths
have few intersections with each other (in some amortized sense).
Specifically: for every pair of vertices (u,0) in G, there is a path P
that is the concatenation of poly log n subpaths P; in O, such that
the sum of lengths of all P; is at most a (1 + ¢) multiplicative factor
longer than the original distance 5 (u, v). We aim to generalize the
techniques of [14] to find our desired partition of a string graph G
into spined supernodes. There are two key challenges we need to
overcome.

(1) Can we adapt the techniques of [14] to find a suitable col-
lection of paths O when G is a string graph, not a planar
graph?

(2) Can we obtain a collection of paths O that are all (pairwise)
at distance Q(C) from each other, rather than just sparsely
intersecting? If the paths intersect, even with few intersec-
tions as in [14], we cannot straighten them independently.

As we describe below, we overcome these two challenges to prove
the following lemma.

Lemma 2.3. Let G be an unweighted n-vertex graph that has a
C-distortion planar emulator H with V(H) = V(G). For any small
constant gy > 0, there is a set of paths O in G such that:

121n this case, every column is a shortest path, so it may intersects only O(1) spined
supernodes. But every row is also a shortest path — and if every column intersects
only O(1) supernodes, it is not too difficult to see that some row must intersects
polynomially many supernodes.
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e [©(C)-disjointness.] For any paths Py, Py € O, we haveS(Py, P2) > are relevant to R and are within distance O(2) of each other; see

2C.

e [Low-hop.] For any vertices u,v € V(G), there is a path P be-
tween u and v (not necessarily in O ): eitherlen(P) < O(CEO_4 .
log'” n) (that is, P is short), orlen(P) < (1 + &) - 8g(u,0),
such that P can be written as the concatenation

P=Q10oP1oQzo0Py0-:0Qy

where each Pj is a subpath of some path in O, the sum of
lengths of all Q; is at most O(ey-len(P)), and £ < 50_3 log!® n.

Challenge 1: Shortest-path Separators on String Graphs. The con-
struction of [14] relies heavily on shortest-path separators in planar
graphs, and we will also need this tool. However, we have an im-
mediate problem: there are no known shortest-path separators
construction for string graphs, even if we reinterpret separators to
be 1-neighborhood separators of a shortest path. Such separators
are only known for unit-disk graphs [28, 43]. Our first challenge is
to construct a shortest-path separator for arbitrary string graphs.

Lemma 2.4. Let G be an unweighted n-vertex graph that has a
C-distortion planar emulator H with V(H) = V(G). There is a set
of O(log n) vertex-disjoint shortest paths P in G such that, letting
S C V(G) denote the set of vertices within distance 2C (in G) of a
vertex in P, every connected component of G \ S has at most n/2
vertices.

Our proof combines the standard path separator construction on
planar graphs by Lipton-Tarjan [36] with our O(1)-distortion pla-
nar emulator from Theorem 1.1. First we compute a single-source
shortest-path tree T on string graph G, and consider the planar emu-
lator H of G. Map the tree T into H to obtain a subgraph TH (which
is not necessarily a tree). We then make use of a decycling trick
to extract a spanning tree from T . The following combinatorial
lemma, to our best knowledge, appeared first in [18] in which they
dubbed it the Steiner path aggregation problem. Consider the set of
n paths P from every vertex to root in T and their corresponding
images £’ in H. Given such paths in H (where the paths are allows
to self-intersect) that together covers TH  there is a tree T’ that is
a spanning subgraph of TH, such that any leaf-to-root path in T’
is a concatenation of O(log n) paths from the set of paths $’. By
[36], some set of O(1) paths in T” form a balanced separator S of H.
The corresponding preimage of S is a set of O(log n) shortest paths
in G, and one can show that the C-neighborhood of these O(log n)
paths is a balanced separator of G.

With the separator hierarchy for the string graph G, we are able
to carry out the first steps of the construction of [14] for computing
a sparsely-intersecting set of paths O. First, for every piece R in
the separator hierarchy and every scale i € [logn], we compute
scale-i portals on the internal separator S of R, with the property
that consecutive scale-i portals along S are at distance ©(e - 2). The
portals are chosen so that any shortest path between (u,v) passing
through S can be rerouted through some portal on S at a cost of a
multiplicative 1+¢ distortion. Using the portals, we then define a set
of canonical paths [1, 14] between the portals as follows. A pair of
portals p and p’ are relevant to a piece R in the separator hierarchy
if p is on the internal separator of R and p’ is on the internal
separator of some ancestor piece R’ of R. A canonical path at scale i
and region R is shortest path between a pair of scale-i portals that
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the full version of the paper for a formal definition. One important
property of canonical paths is that, between any pair of vertices u
and v, there exists a path P with length at most (1 +¢) - g (u, v),
which is the concatenation of poly log n canonical paths. Moreover,
[14] show that one can slightly “wiggle” the canonical paths so that
they intersect sparsely with each other.

Challenge 2: How to Ensure the Spined Supernodes are O(C)-
Disjoint. With the analog of separator hierarchy for string graphs,
we could obtain something similar to the set O of sparsely inter-
secting paths from [14]. However, here we come to another, more
difficult, obstacle: Recall that we have the ability to straighten one
path with its O(C)-neighborhood. However if two paths intersect
(or even have overlapping O(C)-neighborhoods) the corresponding
images of the two paths in H could intersect, and as a result we
may have two different values we want to reweight an edge of H
to. This would be problematic.

Our main technical contribution in the second part of the paper is
to devise a novel detour strategy to resolve this issue and obtain a set
O of paths that are at least distance Q(C) apart, proving Lemma 2.3.
The construction of O is a simple carving algorithm. First compute
the separator hierarchy and canonical paths, as described above.
Order the canonical paths according to a natural ordering < based
on the region and scale of the canonical paths'?, and iterate through
each path in O based on such ordering. Every time before a new path
7 is inserted in O, we “erase” an ©(C)-neighborhood around 7 from
the existing paths in O. If some path n’ breaks into multiple parts
because of the erasure, remove 7z’ from O and insert the components
of the broken paths back into O. Clearly the resulting collection
of subpaths in O are at distance more than C away from each
other.! To construct our mixed-distortion emulator, we reweight
the emulator H to straighten each path in O. It remains to prove
the distortion bound.

Bound on Distortion via Detouring. The simplicity of the carving
algorithm comes with a cost: the analysis of the distortion bound
is the most complicated part of the proof. We outline some of the
technical issues together with a sketch of how we overcome them.
We want argue that, between any pair of vertices u and v, there
is a (1 + ¢)-approximate shortest path in G that walks along only
O(1) paths in O. (This is because, whenever we walk along paths
in O we incur no distortion in H, and whenever we switch between
paths in O we incur some additive distortion + poly(C) to “jump”
the gap of width O(C) between paths. Thus it is crucial to bound
the number of jumps we make.) By construction of canonical paths,
it suffices to consider the case when u and v are the endpoints of
some canonical path .

Idea 1: Detouring . We would like to claim that 7 gets broken into
O(1) paths in O, during the carving algorithm; then we could easily
find a path between u and v that makes only O(1) jumps between

13We order the paths by region containment—that is, if 77 is a canonical path between
portals in region R, and 77’ is a canonical path between portals in some ancestor region
R’, we say w < 7’. Within a region, we order paths by length—that is, if 77 is a path
between two scale-i portals and 7’ is a path between two scale-i’ portals with i < i’,
we say 71 < 7. The same ordering appears in [14].

411 actuality, the O(C)-neighborhood is taken to be in a subgraph of G that depends
on the path 7 chosen; nevertheless we can still argue that the distance between
subpaths in O is more than C away in G.
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paths in O. Unfortunately, this claim is simply not true. Even if
7 is only close (ie, within distance C) to a single other canonical
path 7’ with 7 < 7/, it may be the case that r is shattered into
arbitrarily many subpaths; see Figure 3. However, in this case we
can find a short path P between u and v that makes few jumps with
the following detour procedure: walk along s until the first point
where 7 and 7" are within distance C, then jump onto 7’ and walk
until the last point where 7 and 7" are within distance C, and then
jump back onto 7. Assuming the entire path 7’ appears in O, we
have found a path P between u and v that touches only two paths
in O, and P is only longer than g (u,v) by an additive term +2C.

Figure 3: Canonical paths 7 and 7/, with 7 < 7’. Erasing the
C-neighborhood of n’ shatters 7 into many subpaths. The
“detoured” path P jumps from 7 to 7’ and back to 7’.

Idea 2: Controlling the number of detours. The argument above sug-
gests that we would want to prove that there are only O(1) paths
#’ with & < 7’ that are close to 7. We say that n’ threatens x if
7 < 7" and 7’ is within distance C of 7. If we could prove that
is threatened by O(1) canonical paths, we could hope to detour
7 along each such threatening 7’, ending up with a short path P
between u and o that makes O(1) jumps. There are two issues here.
First, it is just not true that 7 is threatened by O(1) canonical paths.
Second, even if we had a bound on the number of threateners of 7,
there is the issue that n” itself could be threatened by some other
canonical pair: that is, even if we detour along 7’, the path 7’ may
not belong to O. We now describe how we circumvent these two
issues.

e Issue: There are many threateners of . On one hand, it is
relatively straightforward to prove that there are only O(1)
paths 7’ that threaten 7 and satisfy len(z’) > ¢-len(r); that
is, there aren’t many long paths 7’ that threaten . (This will
follow from the definition of canonical pair and the fact that
scale-i portals are spaced out from each other.) On the other
hand, however, there could be many very short paths =’ that
threaten .

We overcome this issue as follows. To begin with, we com-
pute a path P between the endpoints of 7 by performing
detours along sufficiently long threatening paths 7/, where
len(’) > ¢ - len(x). This means that we perform only O(1)
detours. Of course, at this point there may still be short paths
7’ that threaten 7, meaning P could still make arbitrarily
many jumps between paths in O. However, in this case we
argue that P is within distance ¢ - len() of a separator path
of some piece R’ in the separator hierarchy, where R’ is a
proper ancestor of the piece R that contains 7. Whenever
our path P is within distance O(e - len(x)) of a separator
path g of some ancestor R’, we immediately “jump” to zps
and make a detour along 7g/; one can show that ng is itself
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a canonical path that is not threatened by any short path =’
with an endpoint on g . Thus, detouring along separator
paths effectively allows us to ignore the short paths that
threaten 7, while only increasing the length of P by a small
amount.

Issue: Recursive threateners of n’. Our next issue is that, even
after we detour our path P along a threatening path =/, we
have no guarantee that 7’ itself appears in O. We may have to
recursively detour 7’ along some other path 7’ that threat-
ens 7’. To overcome this issue, we would like to claim that
if 7’/ threatens n’, then n’/ also threatens 7, under some
relaxed notation of “threatening”. We say a canonical path 7’
B-threatens a path r if, roughly speaking!®, some endpoint
of 7’ is within distance O(len(r")) + 8 of some endpoint of 7.
Clearly, if 7 is threatened by 7/, then 7 is 0-threatened by =’
As discussed in the previous section, there are only O(1) long
paths 7" that 0-threaten 7, and in fact a similar argument
shows that there are only O(1) long paths 7’ that S-threaten
7 for any constant f = O(1). Moreover, the f-threatening
relationship is almost transitive: if 7 is f-threatened by n”,
and 7’ is threatened by another path 7"/, then 7 is (§ + C)-
threatened by z”’. That is, if we recursively detour 7 along 0
different paths 7/, all these paths n’ are (0 - C)-threateners
of 7.

To bound the number of recursive detours we make, we want
to bound the number of f-threateners of x. But, for what
value of f should we bound the number of S-threateners? If
we find that there are f(f) many p-threateners of r, then
we could make as many f(f) detours, meaning that sub-
sequent paths we detour against are f(f) - C-threateners
of 7. This “self-referential” problem between the number
of detours and the radius we can claim 7 threatens seems
circular and may escalate into an uncontrollable number of
segments in the final detour path P. Our one final trick is
to establish the existence of a @ whose value is well-defined
and non-circular, such that the number of (long) canonical
paths that 0-threaten x is at most 6. The value of 6 ends
ups to be around O(e3 log® n), which is sufficient for an
(1 + & +poly log n) approximation.

We remark that our detour procedure is somewhat reminiscent
of the detours performed by [14]. However, there are substan-
tial differences. The detours in [14] were directly performed to
construct O; the detours were only performed against separator
paths; and a main challenge was to detour in a way that deals
with O(log n) scales. In contrast, our detours are performed only in
the analysis (not in the construction of O); we detour along other
canonical paths; and a key challenge is to cope with recursively
detouring along canonical paths via the existence of the seemingly
self-referential 6.

3 Preliminaries

In this paper, we consider unweighted graph G. We let E(G) denote
the edges of G and V(G) denote the vertices of G. For a set of vertices
S C V(G), we will frequently consider the induced subgraph G[S].
We will use diam(G) to denote the diameter of G. In addition, we

see the full version of the paper for the precise definition
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work with paths P in graph G. For any two vertices a and b in P
we will use P[a : b] to denote the subpath of P between vertices
a and b. We will sometimes concatenate two paths P; and P, and
denote the concatenation of the paths by P; o Pa. Note that this
may result in a walk (and not a path) that visits some vertices and
edges multiple times. The logarithms in this paper are all of base 2.

In this extended abstract, we only provide a sketch of our con-
structions and proofs for the O(1)-distortion planar emulator. See
the full version of the paper for the complete proofs.

4 O(1)-Distortion Planar Emulator
4.1 Proof of O(1)-Distortion Emulator

Here we prove Claim 2.2: the planar emulator H constructed in
Section 2.1.1 has O(1)-distortion.

Claim 2.2. H isa (2 (agiam + 1) - anop) -distortion planar emulator
of RIG(G, R).

Proor. Recall that the graph H is defined by contracting every
connected cluster C € C from Lemma 2.1, connecting adjacent clus-
ters together, and adding edges from vertices representing regions
to arbitrary representative clusters. The edges in H have weight
Qdiam + 1. See Figure 2 for an illustration.

First we prove an upper bound on distances in H. It suffices to
show that for every edge (Rg, Rp) in the region intersection graph
RIG(G,R), we have Si(Rq, Rp) < 2 - (&gjam + 1) - @hop- To this
end, fix one such edge (Rg, Rp) in RIG(G, R). There is some vertex
v € R; N Ry. Now, let C,4 (resp. Cp) be the representative cluster of
R, (resp. Rp). The [scattering] property of Lemma 2.1 implies that
there is a path in G between some vertex in Cg, to v which intersects
at most ap,p many clusters, and similarly a path in G from v to
some vertex in C, which intersects at most ap,, many clusters:
concatenating these paths provides in the cluster graph from C,
to Cp that intersects at most 2ap,p — 1 clusters. We conclude that
there is a path in the contracted graph H between C, and Cj, with
at most 2ayp,, — 2 edges, and thus a path from R, to Rj, using at
most 2ay,,, many edges. As each edge has weight agjay, + 1, we
have that gH(Ra,Rb) < 2 (adiam + 1) - anop as desired.

Now we prove a lower bound on distances in H: for any Ry, Rp, €
R, we claim Sgig(G,R) (Ras Rp) < SH(Ra, Rp)- Let us consider two
fixed regions R4, R, € R with Py = [R;,C1,Ca,...,Cp,Rp] as a
shortest path in H between R, and Ry; note that every vertex other
than the endpoints represents some cluster C; € C. Observe that
Py consists of £ + 1 edges of weight agjam + 1, so Py is a path of
length (£ + 1) - (agjam + 1)- Now for each (C;, Ci41) € E(H) there
exists a region le and R;4 that are adjacent in RIG(G, R) such that
le intersects C; and R;41 intersects Ciy1. Next, for each i, consider
the path in R from R; to R;. This path is of length at most ag;,m by
the [diameter] property of Lemma 2.1. Consider the walk Prig in
RIG(G, R) that is the concatenation of the shortest path from R,
to Ry, followed by the edge from R; to R;4+1 and the shortest path
between Rj+1 to leﬂ fori=1,...,¢— 1, followed by the edge from
Rj the shortest path from R} to Ry,. The walk Pgig consists of £ + 1
shortest paths that lie within some cluster, and £ — 1 paths between
clusters, which has length at most (£ + 1) - @gjam + (£ — 1). As the
walk Pgrig is at least as long as the shortest path between R, and
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Ry, we have that

IRIG(G,R) (Ras Rp) < (£+1) - dgigm + (£ — 1)
< (¢+1) - (agiam + 1)
= 3 (Ra, Rp),

which proves the lower bound on distances as desired. O

The planar emulator H could have many more vertices than
RIG(G, R). To fix this issue, we apply Steiner point removal [16].
With a small bit of work, one can show that every edge in the planar
emulator has O(1) weight (even after Steiner point removal); thus
we can obtain an unweighted planar emulator for RIG(G, R) with
few Steiner vertices.

Corollary 4.1. There is an unweighted planar graph H' with O(n)
vertices, such that H’ is a O(1)-distortion emulator for the n-vertex
graph RIG(G, R).

Proor. Let H be (edge-weighted) O(1)-distortion planar emu-
lator of the intersection graph Gg, provided by Claim 2.2. It is
immediate from the construction that every edge has weight O(1).
We define the terminals to be the vertices V(RIG(G, R)) = R, and
define the Steiner vertices to be V(H) \ V(RIG(G, R)) = C; recall
that the terminals represent regions in R, and the Steiner vertices
represent clusters from the clustering C of Lemma 2.1. Note that
H could contain many more Steiner vertices, so we now apply
the Steiner point removal procedure of [16]. The following claim
summarizes the result of applying [16] to the planar graph H:

Claim 4.2 (Theorem 1.2 and Claim 2.7 of [16]). There is a partition of
V(H) into connected clusters S that each contain exactly one terminal
vertex R € R. Letting H' be the weighted cluster graph obtained by
contracting every cluster Cr € S into a single terminal vertex R € R,
and setting the weight of an edge (R, R2) in H' to be 5g1(Ry, Ry), we
have
Sr (Ra: Rp) < 0p (Ra, Rp) < O(1) - 5 (Ra, Ry)

for all pairs of terminals (Rg, Rp,) in R. Moreover, every Steiner vertex
C € C of H belongs to the cluster (in S) containing some terminal
R € R satisfying 5g(C,R) < O(1) - 8y (C, R).

Clearly H’ is a O(1)-distortion planar emulator for RIG(G, R).
We claim that every edge of H has weight O(1). Assuming this
claim, we can simply subdivide every edge of H’ to obtain an un-
weighted O(1)-distortion planar emulator for G with O(n) vertices.

To this end, let (R, R2) be an edge in H’ between two terminals.
By construction of H’, there is some vertex C; (resp. C3) in V (H)
which is assigned to the cluster of Ry (resp. Rz) during Steiner
point removal, such that (Ry, Rz) is an edge in H. (Assume WLOG
that C; and C; are Steiner vertices, ie they represent clusters in the
clustering C.) The weight of (R, Rz) is set to be g7 (R1, Rz). Triangle
inequality implies that §g7(R1, R2) < 8 (R1,C1) + 1+ 6 (Ca, Ry);
by Claim 4.2 we have

O (R1,R2) < O(1) - (6g(C1, R) + 1+ 51(C2, R)).

But now observe that, for any Steiner vertex C € C, we have
S (C,R) < O(1).Indeed, let R € R be a region that intersects clus-
ter C € C. Let Cg be the representative cluster of R. By Lemma 2.1,
there is a path in H between v and Cg with O(1) hops; as every edge
in H has O(1) weight, we have 5 (C, Cr) < O(1). By construction
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(a) A set of regions R on graph G, and the corresponding contact
graph Gg.
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(b) The regions R’ produced by SHATTER(R — &), and the result-
ing contact graph Gg/. The subregions of region R are Ry, Ry, R3.

Figure 4: An illustration of regions and shattered regions.

8 (Cr,R) < O(1). As R € R, we have 5 (C, R) < O(1) as desired.
We conclude that §g(R1, R2) < O(1). |

4.2 Towards Proving Lemma 2.1

This remainder of Section 4 is dedicated to the proof of Lemma 2.1.
We fix a plane graph G. All regions are subsets of G.

Shattering. We will frequently require the operation of “shatter-
ing” a region; i.e. breaking it apart into smaller components. If Ris a
region in G and S C V(G) is a set of vertices of G, then the process
of shattering R by the boundary of S—denoted SHATTER(R — &)—
returns the set of connected components of G[R \ S] together
with the connected components of G[R N S]; see Figure 4. In other
words, shattering R by S returns a set of maximal connected re-
gions which do not “cross” the boundary of S and whose union is
R. Suppose R € R is shattered by S into connected components
R1,Ry, ..., R € SHATTER(R — &), we say that each R; is a subregion
of R. The subregion property is transitive: if R} is a subregion of R;,
we also say that R] is a subregion of R. If R is a collection of regions,
then SHATTER(R — &) denotes | {SHATTER(R -&):Re R}. We
say that a set of regions R’ is a shattering of R if it is a subset
of some regions produced by an iterative sequence of SHATTER
operations run on R (possibly with different S).

Region Contact Graph. Rather than the region intersection graph,
we will instead work with the notion of the region contact graph—
denoted as Gg—which is the graph with vertex set R, where there
is an edge between regions Ry and Ry if and only if there are vertices
v1 € Ry and vy € Ry such that either v; = vy orv; is adjacent to vy
in G; see Figure 4.

The reason we work with contact graph Gg instead of intersec-
tion graph RIG(G, R) is that a key subroutine in our algorithms is
to “shatter” a region R into multiple pieces, say R = Ry L Ry. In the
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contact graph, Ry and R, are adjacent, whereas in the intersection
graph they are at infinite distance. In other words, distances in the
contact graph behave more nicely under the shatter operation.

Note that the class of region contact graphs is precisely equal to
the class of region intersection graphs on planar graphs. Given a
region intersection graph RIG(G, R), one can subdivide every edge
of G to obtain a new graph G’ and a new set of regions R’ where a
subdivided vertex is in a region if and only if both end points were
in that region. It is clear that the intersection graph RIG(G, R) is
precisely the same graph as the contact graph G’g/.!® In the rest of
this section, we work only with region contact graphs. To justify
this, we now describe how to prove Lemma 2.1 even though we
only work with contact graphs. For any cluster C in graph G, we
define the R-diameter of C to be the max, over all pairs of regions
R1, Ry € R that intersect C, of 5, (R1, Rz).

Observation 4.3. To prove Lemma 2.1, it suffices to prove the [di-
ameter] bound with respect to the contact graph Gg instead of the
intersection graph RIG(G, R). That is, it suffices partition V(G) into
clusters C such that every cluster has R-diameter at most ¢ g;ay, and
C satisfies the [scattering] property of Lemma 2.1.

PROOF. Suppose we are given a planar graph G and set of regions
R, and we want to prove Lemma 2.1. First, as described above, we
subdivide every edge of G to compute the graph G’ and set of
regions R’ such that RIG(G, R) is the same graph as Gf,,. We then
find a partition of V(G’) into clusters C” that each have R’-diameter
at most agj,m (with respect to the contact graph GJ,,), such that
C’ has the [scattering] property. Because G’ is a subdivision of G,
every cluster C’ in C’ can be pulled back naturally to a connected
16The converse is also true, every region contact graph is a region intersection graph,
though we will not need this fact. Given a region contact graph G, we can again

subdivide every edge, and expand each region outwards by one to get the same graph
as a region intersection graph.
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cluster C on G, by discarding all Steiner vertices V(G’) \ V(G).
If a cluster C’ has R-diameter at most dgjan,, then C satisfies the
[diameter] property with respect to RIG(G, R), because distances in
RIG(G,R) and G,’R, are the same. Finally, the clustering C satisfies
the [scattering] property, because any path P’ in G’ can be pulled
back to a path P in G with P C P’. m]

Terminology for Contact Graph. The support of a set of regions R,
denoted V(R), is the set of vertices in G that are in some region in
R. Given a contact graph Gg, we assume without loss of generality
that V(R) = V(G), since deleting vertices of G that are not part of
any region does not change the contact graph.

Fix any set of regions R. When the base graph G is clear from
context, we abuse notation and write g (-,-) to be the distance
function of the contact graph Gg; that is, for every pair of regions
Ri, Ry € R, we define dg (R, R2) to be the length of the shortest
path between Ry and Ry in Gg. In this section we frequently con-
sider an induced subgraph H of G, and a set of regions R’ with
V(R’) = V(H), i.e. that the support of the regions of R’ is in V (H).
Note that there is no difference between the graph Gg/ and Hg/, be-
cause H is an induced subgraph of G. As such, the notation g (-, -)
is unambiguous, even if we do not explicitly specify whether R
should be understood to be a set of regions on H or on G.

Clustering the Outer Regions. Given a plane graph H (a planar
graph along with an embedding of H) and a set of regions R, we
say a region R € R is an outer region if R contains at least one
vertex on the outer face of H. We find the clustering of Lemma 2.1
in stages: we first assign (some of) the vertices of G to a (partial)
set of clusters C = {Cy, ..., i} which includes all vertices that are
in outer regions, and then recurse on the subgraph induced by the
unassigned vertices. (A similar strategy was used by [15] to find
a shortcut partition for planar graphs; they also create a partial
set of clusters that cover the outer face and then recurse on the
unassigned vertices.) Here we state the lemma with the properties
we need for our partial clustering. For notational convenience, we
will denote the union of the vertices of that are within our partial
cluster as V(C) := |U; Ci.

Lemma 4.4. There are absolute constants a < 170 and § < 3744 such
that the following holds. Let G be a plane graph. There is a procedure
CrLusTEROUTER(H, R) that takes as input a connected plane graph H
that is an induced subgraph of G (and inherits the planar embedding
of G) and a set of regions R whose support is V(H), and returns a
partial partition of V(H) into a set of clusters C such that:

(1) [Outer-clustered.] For every outer region R € R, every vertex
in R is assigned to some cluster of C. Moreover, the subgraph
H[V(CQC)], which contains all vertices assigned to clusters, is
connected.

[Diameter.] Every cluster C € C has R-diameter at most a.
[Scattering.] For every region R € R and any two vertices
Vg, 0p € R, there is a path T in G between v, and vy, that can
be written as the concatenation of f paths

@)
®)

rzrlorzo,,,ofﬁ

where each subpath T; is either (1) contained entirely in some
cluster C € C or (2) consists of unassigned vertices in R.
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In the full version of the paper, we prove Lemma 4.4 and then
explain how to apply CLUSTEROUTER recursively to find a clustering
of the entire graph G.
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