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Many living and artificial systems improve their fitness or performance by adapting to changing environments
or diverse training data. However, it remains unclear how environmental variation shapes adaptation, what is
learned, and when memory of past conditions is retained. Here we show how cyclic environmental change can
produce robust memory. Using a model athermal disordered solid trained by inverse design to attain target elastic
properties over a prescribed range, we find that the system evolves toward a marginally absorbing manifold
(MAM), meaning that training is reversible within the training range but not beyond it, which encodes a memory
of that range. We further propose a general mechanism for MAM formation and memory encoding based on
discontinuities in the gradient of the trained quantity. These results provide a simple, broadly applicable physical
framework for how adaptive systems learn under changing environments and retain memory of past conditions.
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I. INTRODUCTION

From evolution to artificial neural networks to nearly any
inverse-design problem, there is a staggering list of systems
where internal variables are iteratively adjusted to optimize
one or more emergent features. The process of optimization
can vary dramatically in these systems, for example, machine
learning is predicated on global gradients [1–8], while many
physical systems approximate gradient descent using only lo-
cal information [9–27]. Many systems, however, also include
fixed or slowly varying environmental variables that do not
evolve through the same optimization process. These could
include the presence of a predator that affects an organism’s
optimal running speed, the data used to train a large language
model, or a desired self-assembly outcome. Such quantities
clearly play a critical role in optimization, and if they change,
so too will the optimal solution.

However, we still lack a broad understanding of how
environmental variation affects optimization over time. In
particular, when can a system retain memory of past environ-
ments, what is remembered, and how is that memory stored
and read out? To address these questions, we show that cyclic
environmental variation during training can drive a system to
a so-called marginally absorbing manifold (MAM) that stores
a memory of the training history, and we uncover a broadly
applicable mechanism for how this occurs.

We study memory formation in the context of athermal
disordered sphere packings, which we optimize, or train, to
control their elastic constants [28,29]. We systematically al-
ter the environment by cyclically changing the target elastic

*Contact author: carl.goodrich@ist.ac.at

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

constant between two chosen values, which we refer to as
the training range. We find that the system often falls into
an absorbing manifold, returning to the same state after every
cycle [30], but that this manifold is only marginally absorbing:
Training remains reversible within the original range, but not
if the target is driven beyond it. This allows both ends of the
training range to be read out, indicating that the system has
stored them in memory. We then present a general mechanism
for the formation of MAMs based on discontinuities in the
gradient of the quantity being trained. This mechanism is
not specific to our sphere packings and provides a route to
nontrivial memory formation under changing environments in
a broad class of systems.

The memory we achieve is related to that observed in a
wide variety of other physical systems that encode aspects
of their past history [31–33]. Some of the many such sys-
tems include charge-density waves [34,35], crumpled sheets
[36,37], sheared glasses and jammed solids [38–55], suspen-
sions [56–62], and actin networks [63]. The phenomenology
of cyclically sheared suspensions of particles provides a par-
ticularly relevant example for us: After repeated shearing,
the system can reach an absorbing state where particles no
longer collide, making the trajectories permanently reversible.
However, if a system is subsequently driven beyond the ini-
tial maximum strain amplitude, particle collisions occur. In
this way, the material encodes a memory of the initial strain
amplitude. Our results show that such behavior is possible in
systems governed by optimization dynamics, where memory
is learned by cyclic training rather than cyclic shear, and
provide an explanatory mechanism for such behavior.

The paper is organized as follows. In Sec. II we present
our model for trainable disordered sphere packings and dis-
cuss our protocol for cyclic training. Section III details our
observation that cyclically trained sphere packings approach
a marginally absorbing manifold with memory and discusses
the nontrivial role of contact changes during training. Sec-
tion IV identifies the crucial feature of a contact change as
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FIG. 1. Training and cyclic training. (a) Schematic of our gradient-based optimization routine to tune the Poisson’s ratio ν toward a target
value ν∗, which includes input, output, and a gradient-descent algorithm that iteratively modifies the parameters θ. Other elastic constants
are trained in the same way. (b) Sketch of cyclic training. We start by training to ν∗

max before cyclically adjusting the target ν∗ between ν∗
max

and ν∗
min. Each blue point refers to an individual training as described in (a). After f complete cycles (first red point), the positions R† and

parameters θ† form the initial inputs for readout measurements. A set of parallel readout trainings are conducted first with a wide range of
ν∗ = ν∗

read (orange points) and then with ν∗ = ν∗
max, generating the final positions R‡ and parameters θ‡ (second red point). (c) Objective � for

a representative example of the initial first training to ν∗ = 0.5. The optimization is successful, converging in just over 4500 steps. The insets
zoom in on regions where � exhibits sharp changes and highlight their correspondence with contact changes. (d) Objective � during a half cycle
of training following 23 complete training cycles in which the system approaches a MAM. The five curves correspond to sequential training
steps: from ν = 0.5 to ν∗ = 0.4, then from ν = 0.4 to ν∗ = 0.3, and so on, down to ν∗ = 0.0.

presenting a discontinuity in the gradient of the property
being trained, leading to sharp changes in the training dy-
namics, and develops a theory called gradient discontinuity
learning (GDL) that explains how any trainable system with
gradient discontinuities can in principle reach a MAM. We
discuss these results in Sec. V and speculate on the ap-
plicability of GDL to a variety of different systems across
fields.

II. CYCLIC TRAINING IN DISORDERED
SPHERE PACKINGS

We consider two-dimensional athermal packings of N =
128 particles with equal mass m. The particles are evenly
divided into nsp = 32 species, with all particles of species α

having diameter Dα . Particles i and j interact via a purely
repulsive short-range Hertzian potential, given by

Ui j (ri j ) =
⎧⎨
⎩

k
2.5 (1 − ri j/σi j )2.5, ri j < σi j

0, ri j � σi j,
(1)

where ri j is the center-center distance between the particles,
σi j is the mean of their diameters, and k determines the energy
scale. We set m = k = 1.

Initial systems are prepared by setting half the Dα to 1
and half to 1.4, creating a 50:50 mixture of small and large
particles to avoid crystallization. Particles are then randomly

placed within a square periodic simulation box of length L,
which is set to achieve an area fraction of φ0 = 0.95. We use
the FIRE algorithm [64,65] to obtain a mechanically stable
athermal solid by quenching the potential energy to a local
energy minimum.

Following the methods presented in Refs. [28,29], we then
train various mechanical properties of the system by itera-
tively adjusting a chosen set of parameters θ. In this work
we set θ to be the nsp species-level particle diameters {Dα},
but we refer to them as θ to emphasize that we could consider
only a subset of them or include other variables such as energy
scales. We focus primarily on training the Poisson’s ratio ν,
but also consider other elements of the elastic modulus tensor
(see Appendix A).

Our training routine is sketched in Fig. 1(a). We start with
an initial set of parameters θ0, a set of particle positions
corresponding to a local energy minimum R(θ0), and a desired
target Poisson’s ratio ν∗. The training routine calculates the
current value of the Poisson’s ratio ν(θ, R(θ)) and compares it
to ν∗ to construct an objective function �(θ) = [ν(θ, R(θ)) −
ν∗]2. Here we have made the θ dependence explicit. We
then employ methods of automatic differentiation [66–68]
to calculate the gradient ∇θ�, which is fed into a standard
gradient-descent routine that iteratively adjusts θ [and R(θ)],
until either � drops below 10−16 or a maximum number of
iterations has been reached. During each iteration, the energy
of the system is reminimized with the current θ. More details

023029-2



LEARNING BY TRAINING: EMERGENT PHYSICAL … PRX LIFE 4, 023029 (2026)

can be found in Appendix B. The output of the routine is the
final set of parameters and particle positions.

This training routine was sufficiently developed in
Refs. [28,29] so that, for our purposes, we can consider it a
black box for the inverse design of disordered solids. Here we
are interested in exploring the effects that such training has
on the system beyond simply controlling the target quantity,
e.g., the Poisson’s ratio. To explore this, we cyclically train a
system, following a protocol outlined in Fig. 1(b). Using the
Poisson’s ratio ν as our primary example, we iteratively and
incrementally train the system between ν∗

max and ν∗
min, which

are chosen in advance. In the first example in the next section,
for instance, we first train at ν∗ = ν∗

max = 0.5. Then we use the
final θ and R(θ) as inputs and train with ν∗ = 0.4, continuing
in this manner with ν∗ = 0.3, etc., until ν∗ = ν∗

min = 0.0. We
then reverse course, setting ν∗ = 0.1 and then ν∗ = 0.2, until
we return to ν∗ = ν∗

max. This constitutes a single cycle, and we
repeat this process for f cycles.

This protocol is related in spirit to the oscillatory training
strategy of Falk et al. [69], who showed that switching be-
tween incompatible targets selects for adaptable regions of
design space. We find that this produces not only adaptable
solutions but a marginally absorbing manifold that encodes
memory of the training range. To observe this, we also oc-
casionally perform an array of parallel readout calculations.
After some number of complete cycles, with ν∗ = ν∗

max, we
first train with ν∗ = ν∗

read and then train back to ν∗ = ν∗
max.

This is repeated, always starting with the same initial θ and
R(θ), for a range of ν∗

read that is not limited to being between
ν∗

min and ν∗
max. We will describe the precise measurements and

insights that we obtain from these readout calculations below.
Finally, note that this cyclic training protocol is computa-

tionally intensive. We typically train for 10–30 cycles, with
each training cycle consisting of around ten distinct opti-
mizations. Each optimization typically requires up to approx-
imately 104 optimization steps to converge, with each step
requiring a highly accurate energy minimization, which itself
needs up to approximately 103 steps of the FIRE algorithm,
and as many force calculations, to converge. To partially mit-
igate this, during cyclic training we use a variable learning
rate and set the maximum number of optimization steps to be
103, meaning that we do not always reach the target ν∗ during
the first few training cycles. We also consider relatively small
systems, with N = 128 particles, although Refs. [28,29] show
that the training of ν is unaffected by system size.

III. CYCLIC TRAINING ENCODES A MEMORY

A. First observation

Figure 1(c) shows the objective function � for the first
iteration of training from a random initial state with ν = 0.587
to one with ν = ν∗ = 0.5. This typical training trajectory con-
verges after approximately 4500 optimization steps and high-
lights two behaviors that are important to understand. First,
around the 260th optimization step, the system undergoes a
structural rearrangement where the minimum R(θ) becomes a
saddle point, resulting in a large-scale change in the system
that causes � to increase significantly and about 20 contacts to
change (see the first inset). Second, throughout the latter half

of the optimization, � exhibits occasional, almost periodic,
spikes [70] (see the second inset). The insets also show the
number of particle-particle contact changes at each step. The
spikes in � occur when one or two contacts change, but are not
associated with large-scale structural rearrangements.

This is in stark contrast to what we observe after numerous
training cycles. For example, the dark blue curve in Fig. 1(d)
shows the first training trajectory of the 24th cycle, where
ν is trained from 0.5 to a target of ν∗ = 0.4. Subsequent
curves show the training trajectories for the rest of this half
cycle, ending with ν∗ = 0. These trajectories are qualitatively
different. First, � decreases smoothly and continuously: There
are no spikes or sharp features of any kind, nor are there
any structural rearrangements or even contact changes. This is
already surprising, as the existence of a configuration that can
span a wide range in ν without changing the contact topology
is not trivial. Second, training is significantly easier, in that
the number of required optimization steps decreases by one to
two orders of magnitude.

Clearly, something dramatic beyond the Poisson’s ratio
has changed during cyclic training. We will see that after
a sufficient number of training cycles, the trajectory of the
parameters reaches an absorbing manifold, where the same
configurations and parameters are revisited every cycle. An
absorbing manifold refers to any region in θ space that spans
a certain range in ν (the quantity being trained) such that
the parameters remain on this manifold when training within
this range. Furthermore, this manifold is marginally absorb-
ing, meaning that it becomes nonabsorbing (the parameters
do not return to the manifold) if trained beyond the range
defined by ν∗

min and ν∗
max. Thus, such a marginally absorbing

manifold encodes into memory the values of ν∗
min and ν∗

max.
These memories can be read out as jumps or kinks in various
quantities, including (i) return-point changes in parameters,
(ii) return-point changes in particle positions, (iii) the number
of required optimization steps, and (iv) a particular measure
of the change in parameters, defined in Eq. (2) below. The
rest of this section will detail and quantify these observations
and discuss the role of contact changes. In Sec. IV we will
build a theory based on the effect of contact changes that
can generically predict and explain how a system can learn
a specific MAM through cyclic training.

B. Emergent memory after cyclic training

We now discuss a number of quantitative readout mea-
surements, shown in Fig. 2, that demonstrate the MAM as
well as the emergence of memory. Readout measurements are
performed before the first training cycle but after the initial
optimization to ν∗

max (black), after the first complete training
cycle (orange), and after the system converges to a MAM
(red). The shaded gray regions indicate the training range
defined by ν∗

min to ν∗
max. We will begin with the left column,

which shows a representative system with the Poisson’s ratio
trained between ν∗

min = 0 and ν∗
max = 0.5. The other columns,

which show different target ranges and mechanical properties,
will be discussed later.
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FIG. 2. Memory in four representative examples. Columns (a)–(c) show readout results following cyclic training targeting the Poisson’s
ratio over different target ranges, while column (d) corresponds to targeting the (arbitrarily chosen) elastic constant cxxyy. The target
training ranges are indicated by gray shading. The initial values of the mechanical properties are ν0 = 0.587, ν0 = 0.681, ν0 = 0.714, and
cxxyy,0 = 0.157, respectively. All readout is obtained following the procedure described in the text and begins from a trained state at ν∗

max = 0.5,
ν∗

max = 0.25, ν∗
max = 0.3, and c∗

xxyy,max = 0.16, respectively. Each row displays a different readout measurement: (i) the number of optimization
steps,nsteps, (ii) the perpendicular distance θ⊥ to the line defined by ϑ, (iii) return-point changes in the parameters �θRP, (iv) return-point
changes in particle positions �RRP, (v) the net number of contact changes nnet

cc , and (vi) the cumulative number of contact changes ncum
cc

measured during readout training with a given ν∗
read. Data are shown for readout measurements performed after zero training cycles (but after

training to ν∗
max or c∗

xxyy,max) (black), after one complete training cycle (orange), and after the system reaches a MAM (red).

1. Ease of training

We begin by quantifying the apparent speedup in training
observed in Figs. 1(c) and 1(d). Figure 2(a)(i) shows the num-
ber of optimization steps nsteps to train the system from ν∗

max to
ν∗

read. Note that since we always start at ν∗
max, readout data for

ν∗
read = ν∗

max is meaningless and are not shown. Importantly,
for readout calculations, we train with a fixed learning rate of
10−6, while in normal cyclic training we use a variable learn-
ing rate (see Appendix C). This enables a more quantitative
comparison of nsteps for different ν∗

read. We terminate training

after 104 steps, so this should be interpreted as a bound of the
true number of steps.

Figure 2(a)(i) shows that before cyclic training, nsteps =
104, meaning that the optimization has not yet converged.
After a single training cycle, nsteps drops below 103 for some
of the ν∗

read, while after 23 cycles, nsteps is below 103 for all the
values of ν∗

read between ν∗
min and ν∗

max. However, even after 23
cycles, nsteps jumps by over a decade as soon as ν∗

read leaves this
range. Apparently, whatever makes training easier after many
cycles does not strongly affect training outside this range.
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FIG. 3. Evolution of the parameters during cyclic training.
(a) The 32 species-level diameters over 23 training cycles. (b) The
magnitude of the change in parameters from the beginning to the
end of each cycle, �D, decreases as the system approaches a MAM.
(c) Projection of the parameter vectors onto the first two principal
components, shown for a few training cycles. Data points from the
same completed cycle are connected by lines, with the starting and
ending points marked by solid symbols. After 23 cycles, the param-
eters appear close to collinear, aligning with the primary principal
component. (d) Sketch of ϑ and θ⊥. We define the vector ϑ to point
from the parameters at ν∗

max to those at ν∗
min from the last half training

cycle. Here θ⊥ is the distance to the line defined by this vector.

2. Training dynamics

To better understand what makes training easier after 23
cycles, Fig. 3(a) shows how the parameters (which again are
species-level particle diameters) evolve during the 23 training
cycles. While there are occasionally clear and dramatic pa-
rameter changes, e.g., during the seventh and eighth cycles,
they eventually reach a steady state and change very little.
Figure 3(b) shows the change in the parameters between suc-

cessive cycles, �Dk =
√

1
nsp

∑nsp

α=1(Dα,k − Dα,k−1)2, where k

indicates the cycle and the sum is over the nsp species. This
decreases by three orders of magnitude over time, indicating
convergence of the cyclic training process and suggesting that
the system is progressively approaching an absorbing mani-
fold. To better visualize the parameter changes, we perform
a principal component analysis on the data in Fig. 3(a). Fig-
ure 3(c) shows the parameters projected onto the two largest
principal components for a few select cycles. Unsurprisingly,
only for the 23rd cycle, after the system reaches the absorbing
manifold, do the parameters return very nearly to where they
began.

What is perhaps surprising, however, is that the parameters
during the 23rd cycle appear to be nearly collinear. Appar-
ently, once on the absorbing manifold, the training dynamics
only explores a single degree of freedom when tuning con-
tinuously between ν∗

min and ν∗
max. To show that this is not a

consequence of the particular projection in Fig. 3(c), we define
θ⊥ as the distance (in parameter space) from a given set of
parameters θ to the line that connects the parameters at ν∗

max
and ν∗

min from the last half cycle of training [see Fig. 3(d)].
More precisely, given these reference parameters θν∗

max
and

θν∗
min

, then

θ⊥ =
∥∥∥∥∥
(
θ − θν∗

max

) −
(
θ − θν∗

max

) · ϑ

‖ϑ‖2
· ϑ

∥∥∥∥∥, (2)

where

ϑ = θν∗
min

− θν∗
max

. (3)

Figure 2(a)(ii) shows θ⊥ obtained during the readout cal-
culations. Within the training range, θ⊥ is less than 10−4,
indicating that indeed these parameters are very nearly
collinear. This is likely connected to the results of Falk
et al. [69], who show significantly increased adaptability after
cyclicly training elastic networks. However, this collinearity
breaks down immediately outside the training range. While
the data are not perfectly correlated, this at least informs the
apparent ease of training within the absorbing manifold.

3. Reversible training

Both nsteps and θ⊥ show clear features at ν∗
read = ν∗

min and
ν∗

read = ν∗
max, indicating memory. We now define two return-

point measurements that compare the system at ν∗
max before

and after intermediate training to ν∗
read, both of which also

exhibit memory. First, we define

�θRP =
√√√√ 1

nsp

nsp∑
α=1

(θ††
α − θ

†
α )2, (4)

where the sum runs over the nsp parameters, and θ† and θ††

are the parameters before and after readout training, respec-
tively [Fig. 1(b)]. The �θRP quantifies how the parameters
change from before readout training, where ν = ν∗

max, to after
readout training, where ν again equals ν∗

max, so that if the
training was completely reversible, then �θRP = 0. As shown
in Fig. 2(a)(iii), �θRP is never strictly zero but is quite small
(�θRP < 10−5) after cyclic training for ν∗

min � ν∗
read � ν∗

max.
Note that the nonzero parameter changes are not caused by
imperfect convergence during training, but rather are influ-
enced by the learning rate (see Appendix D). However, even
after 23 cycles there is a dramatic increase in �θRP outside
this range.

Similarly, we define

�RRP =
√√√√ 1

N

N∑
i=1

(R††
i − R†

i )2, (5)

which quantifies the same return-point change but in the par-
ticle positions rather than in the parameters. Figure 2(a)(iv)
shows that the behavior of �RRP is qualitatively identical to
that of �θRP. Together, these results show that the readout
training is almost completely reversible for ν∗

min � ν∗
read �

ν∗
max, but not reversible otherwise. The sharp jumps in these

quantities clearly indicate two-sided memory and are very
reminiscent of the memory observed in a variety of cyclically
sheared systems [31–33,56–62].

4. MAMs with different training ranges and target quantities

Figures 2(a)(i)–2(a)(iv) demonstrate that cyclic training
leads to a MAM, thus storing memory of ν∗

min and ν∗
max. Im-
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portantly, this result is not specific to this one example system
or the choice of ν∗

min and ν∗
max. Figures 2(b) and 2(c) show

similar data for systems with different training ranges for ν,
first with a lower range (ν∗

min = −0.25 to ν∗
max = 0.25) and

then with a smaller range (ν∗
min = 0.2 to ν∗

max = 0.3). Finally,
Fig. 2(d) shows the results for cyclically training a different
elastic constant, specifically cxxyy.

All cases are representative (see, e.g., Appendix E), and
in all cases the system finds a marginally absorbing state
and stores memory. The details differ before the MAM is
reached (black and orange data), but the final readout mea-
surements (red data) tell the same story. The only anomaly is
in Fig. 2(b)(i), where nsteps does not show a kink at ν∗

min but
remains small for small ν∗

read [71].
Despite the relative similarity in the data, we do not claim

that all systems converge to a MAM, and we do find excep-
tions. Most notably, we have not found an absorbing manifold
when the training range includes very large Poisson’s ratio.
This is because soft spheres exhibit large ν at lower densities
where the solid approaches marginal stability and structural
rearrangements are unavoidable.

C. Dynamics of contact changes

We now turn our attention to understanding how a sys-
tem reaches an absorbing manifold and why this manifold
is marginally absorbing. First, note that large-scale structural
rearrangements are not observed after the system reaches a
MAM. Such rearrangements occur for earlier training cycles,
e.g., Fig. 1(c), and presumably help steer the system away
from minimally stable configurations, but they do not ap-
pear critical for the precise encoding of memory. However,
particle-particle contacts can form and break without causing
a structural rearrangement, e.g., Fig. 1(c), and these topolog-
ical changes to the configuration will prove to be the key to
understanding MAM formation.

To study the dynamics of contact changes, we define the
contact map Ci j (t ) as

Ci j (t ) = 	(σi j (t ) − ri j (t )), (6)

where 	 is the Heaviside step function, so that Ci j (t ) = 1
if particles i and j are in contact at optimization step t and
Ci j (t ) = 0 otherwise.

First, we compare the contact network before and after
training from ν∗

max to ν∗
read to compute the net number of

contacts that change during training:

nnet
cc =

∑
i, j>i

|Ci j (nsteps) − Ci j (0)|. (7)

Figure 2(v) shows that after cyclic training, there are few, if
any, contact changes between ν∗

max and ν∗
read provided ν∗

read
is within the training range. Unlike the other quantities we
have looked at, however, we do not observe consistent kinks
or jumps at ν∗

min and ν∗
max that indicate memory.

Interestingly, the small values of nnet
cc do not mean that con-

tacts do not form and break repeatedly during optimization. To
see this, we define the cumulative number of contact changes

during optimization:

ncum
cc =

nsteps∑
t=1

∑
i, j>i

|Ci j (t ) − Ci j (t − 1)|. (8)

Unlike nnet
cc , if a contact forms and then breaks, or vice versa,

this does not cancel out in ncum
cc . Figure 2(vi) shows that

ncum
cc = nnet

cc within the training range: On the rare occasion
that a contact changes, this change persists during optimiza-
tion. This is not true outside the training range: In most cases,
ncum

cc becomes much larger than nnet
cc , indicating a large number

of contact changes that are then undone.
This suggests that one of the consequences of reaching

an absorbing manifold is that temporary contact changes are
suppressed along this manifold. For example, in Fig. 1(c) a
single contact repeatedly forms and breaks, but this is not
observed after cyclic training [Fig. 1(d)]. But why do contact
changes matter? The answer is that the Poisson’s ratio and
other elastic constants depend on the Hessian matrix of second
derivatives of the energy with respect to particle positions
(see Appendix A). Importantly, our interaction potential (1)
is zero when particles do not overlap and proportional to their
overlap raised to the power 2.5 when they do. This means that
the Hessian, and thus ν, is continuous when contacts form
or break. However, training depends on the gradient of ν,
not ν itself, and the gradient of ν is discontinuous when a
contact changes because it depends on the third derivative of
the energy. In the next section we will see that these gradient
discontinuities are the critical feature that drives the system
into a MAM with encoded memory.

IV. GRADIENT DISCONTINUITY LEARNING

We now present a general mechanism called gradient dis-
continuity learning that can lead to memory formation through
cyclic training. We consider an arbitrary training function
F : Rn → R that takes in n parameters θ and returns a scalar
quantity that we wish to cyclically train. For clarity, we do not
construct an objective function, but instead consider training
dynamics that follow steepest-ascent/descent paths in param-
eter space. We also assume that F is continuous, but crucially
we allow discontinuities in its gradient. As we will see, these
gradient discontinuities (GDs) guide the exploration of the
parameters under cyclic training, leading to the formation of a
MAM that stores memory.

While we will keep this discussion general in this section,
one can think of F as the Poisson’s ratio, the parameters
as the various particle diameters, and the GDs as deriving
from contact changes. Here we are not considering any effects
analogous to structural rearrangements caused by instabilities
in the packing, which lead to discontinuities in the value of F
rather than its gradient.

A. Gradient discontinuities guide parameter exploration

We start with an illustrative example that demonstrates
how GDs can lead to nontrivial parameter exploration under
cyclic training. Consider the simple n = 2 dimensional train-
ing function shown in Fig. 4(a), which is given by

F (x, y) = F̃ (x, y) − f (x, y)	( f (x, y)), (9)
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FIG. 4. Gradient discontinuity learning. (a) Example training function F (x, y) with a GD shown by the thick line (black when it is type
1, orange when it is type 2). Training cycles from four cases (labeled I–IV) begin at blue triangles, follow blue steepest-ascent paths until a
specified value of F is reached (black circles), and then follow red steepest-descent paths until F returns to its original value (red squares).
The insets zoom in on particular regions of interest. (b) Parallel and (c) perpendicular components of ∇F just to the left and to the right of
the GD, shown as a function of x. The ∇‖F must be continuous because F is continuous. A type 2 GD is defined as when ∇⊥F changes sign
at the GD, as indicated by the orange region. (d) Example training function of three variables where F (x, y, z) = z between two planar type
2 GDs. Starting at the blue triangle, cyclic training between F ∗

max and F ∗
min brings the system to a MAM. The dashed lines show where values

of F at the GDs equal F ∗
max and F ∗

min. (e) Projection of the parameters during training onto the x-y plane. (f) Cyclic training brings parameters
iteratively closer to (x∗, y∗), as discussed in the text.

where 	 is the Heaviside function,

F̃ (x, y) = x + x2 + 10y2 + x3, (10)

and

f (x, y) = 1.3x − y − 0.03. (11)

F (x, y) has a GD along the line given by f (x, y) = 0 (shown
by the black/orange solid line). Figure 4(a) also shows four
example training cycles, labeled I–IV. Each case begins at
an initial set of parameters (blue triangles) with function
value F ∗

min, follows the steepest-ascent path (blue lines) until
it reaches F ∗

max (black circles), and then follows the steepest-
descent path (red lines) back down until it returns to F ∗

min (red
squares).

Case I shows that when the ascent path does not cross the
GD, the descent path simply returns the system to where it
began, because the steepest-descent direction is always the
opposite of the steepest-ascent direction [72]. In case II, the
ascent path crosses the GD, leading to a sharp and noticeable
change in the direction of the path. Nevertheless, the descent
path still reverses this, returning the system to where it began.
In both of these cases, the system begins in an absorbing
manifold because training is completely reversible. However,
neither of these manifolds is marginally absorbing because
they remain absorbing if the training range is widened.

In contrast, cases III and IV do not end where they begin,
and there is a clear nontrivial interaction with the GD. To
understand what makes these cases different, Fig. 4 quan-
tifies the discontinuity in the gradient by showing ∇‖F (b)
and ∇⊥F (c), which are the components of ∇F parallel and
perpendicular to the GD, respectively, evaluated just to the left
and just to the right of the GD. Since F itself is continuous,
∇‖F must be the same on both sides of the GD, as confirmed
by Fig. 4(b). However, Fig. 4(c) shows that there is a strong
change in ∇⊥F from one side to the other.

Now, when the sign of ∇⊥F is the same on both sides of
the GD, as it is in case II, then a gradient pointing towards
the GD on one side will point away from the GD on the other.
This allows a gradient-ascent/descent path to “go through” the
GD, and we call this a type 1 GD. However, the orange region
in Fig. 4(c) shows where ∇⊥F changes sign across the GD,
and the gradient points towards the GD on both sides. Thus,
whichever side one is on, gradient-ascent paths will always
return one towards the GD. We call this a type 2 GD. In
Fig. 4(a) we color the GD line black to indicate where it is
type 1 and orange to indicate where it is type 2.

The consequence of a type 2 GD can be seen in case III in
Fig. 4(a): When the blue ascent path hits the GD, it becomes
bound to the discontinuity, oscillating back and forth between
the two sides of the GD while simultaneously moving in the
direction of ∇‖F (up and to the right). This oscillation can
be seen clearly in the first inset, where individual steps of the
steepest-ascent algorithm are shown by blue dots. The process
stops when F reaches the desired F ∗

max (in this case F ∗
max =

0.1) at the black dot. The key is that this oscillation about the
type 2 GD is not reversible. Starting from the black dot, the red
steepest-descent path is not bound to the GD but instead flows
downhill away from it [73]. By the time the system returns to
F ∗

min (red square), the parameters have shifted along the F = 0
contour line. The red path is an absorbing manifold, and con-
tinued training between F ∗

min = 0 and F ∗
max = 0.1 will return

the system right up to the GD at the black dot. Furthermore, it
is marginally absorbing because training even a little beyond
F ∗

max will require further irreversible movement along the GD
[74]. Thus, the value of F ∗

max constitutes a memory as it can be
retrieved through return-point measurements.

Interestingly, a type 2 GD can turn into a type 1 GD, and
case IV shows that an ascent path bound to the GD will fall
off and follow a “normal” path precisely where this transition
occurs. This leads to a nonmarginally absorbing manifold (red
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path) that intersects the GD precisely at the point where it
transitions from type 2 to type 1. Note that even though the
manifold is not marginally absorbing, intersecting the GD at
this precise point can be viewed as a different type of memory,
although we will not pursue this intriguing possibility further
here.

B. Multiple GDs can lead to MAMs with two-sided memory

Figure 4(a) demonstrates a mechanism for exploring
functions of multiple variables through training, whereby
steepest-ascent/descent paths become bound to and move
along type 2 GDs. We now demonstrate how multiple GDs
can lead to MAMs with two-sided memory.

Figure 4(d) shows two planar type 2 GDs in an n = 3 di-
mensional training function F (x, y, z); F (x, y, z) = z between
the GDs, and the shading along the GDs indicates F . Starting
between the two GDs at the blue triangle, the steepest-ascent
path (dark blue) first goes straight up until it reaches the top
GD and then moves along the GD until it reaches F ∗

max (dashed
line). This is completely analogous to case III in Fig. 4(a).
The system next follows the steepest-descent path (light blue),
which starts off going straight down until it reaches the bottom
GD and then moves along the GD until it reaches F ∗

min (dotted
line).

Crucially, the gradient ∇‖F along the bottom GD is un-
related to ∇‖F along the top GD, so the descent path does
not reverse the ascent path. Figure 4(e) shows the projection
of these paths onto the x-y plane, making it clear that the
ascent and descent paths affect (x, y) in different ways. Now, a
second ascent path up to F ∗

max (orange) will again hit and move
along the top GD. Figure 4(f) shows that continued cyclic
training brings the values of x and y iteratively closer to x∗
and y∗, defined by the intersection of the dashed and dotted
lines in Fig. 4(e). At this point, the ascent and descent paths
only move vertically and end precisely at the GDs, meaning
the system has approached a MAM with memory at both F ∗

min
and F ∗

max.
Figure 4(e) divides the x-y plane into four quadrants.

Cyclic training will result in a MAM with two-sided memory
at (x∗, y∗) whenever the initial parameters are in quadrant i
(provided they are also between the two GDs). In quadrant iii,
no memory is formed because the top and bottom GDs are
above F ∗

max and below F ∗
min, respectively, so the ascent/descent

paths do not hit the GDs [as in case I in Fig. 4(a)]. In quadrants
ii and iv, one-sided memory at either the dashed or dotted line
is formed in a single training cycle (as in case III).

C. Gradient discontinuity learning in practice

So far in this section we have used simple examples to
show how GDs can guide the evolution of parameters during
cyclic training. In real systems with n parameters, GDs are
(up to) (n − 1)-dimensional surfaces [75]. When a steepest-
ascent/descent path encounters a type 2 GD, it binds to the GD
and follows the steepest-ascent/descent path given by ∇‖F ,
falling off if and when the GD becomes type 1. We call this
process gradient discontinuity learning. Nontrivial learning
occurs when cyclic training encounters multiple GDs, and
the ascent/descent paths become much more complicated for

higher-dimensional training functions and with curved and
intersecting GDs.

We have presented these ideas by asserting that the training
dynamics follows steepest-ascent/descent paths until a desired
function value is reached. In practice, however, it is com-
mon to minimize an objective function, such as � = (F −
F ∗)2. Clearly, discontinuities in ∇θF lead to discontinuities
in ∇θ� = 2(F − F ∗)∇θF , and the theory is unaffected. In-
terestingly, many inverse design problems include constraints
on the parameters. One way to incorporate such constraints
into the objective is to define a function c(θ) that is positive
when the constraint is active and define the objective as

� = (F − F ∗)2 + ac(θ)	(c(θ)), (12)

where 	 is again the Heaviside step function and a is a
constant. Now, the gradient of � becomes

∇θ� = 2(F − F ∗)∇θF + a[∇θc(θ)]	(c(θ)), (13)

meaning that as long as ∇θc|c=0 �= 0, there is a discontinu-
ity in the gradient of � when the constraint becomes active.
Furthermore, this GD is always a type 2 GD in the limit of
hard constraints, |a| → ∞. Therefore, even if ∇θF is con-
tinuous, GDL can nevertheless exploit constraints to encode
memory.

Learning without discontinuities in ∇θF can also result
from the practical details of optimization. Perfectly reversible,
nonabsorbing manifolds like case I in Fig. 4(a) rely on training
dynamics following precise ascent/descent paths. However,
training dynamics rarely follows such paths exactly. Finite
step sizes always lead to small deviations from ideal paths,
and many algorithms (e.g., conjugate gradient, LBFGS, or any
momentum-based algorithm) intentionally move in directions
informed by, but not parallel to, the gradient. The consequence
of this is that GDs are not strictly necessary: Regions of high
curvature can cause actual training paths to be nonabsorbing,
causing nontrivial movement in the parameters in directions
perpendicular to the gradient. Gradient discontinuity learning
should be viewed as a precise description of the ideal case,
where parameter exploration in directions perpendicular to
the gradient is guided by GDs. While other mechanisms for
such parameter exploration exist (e.g., Dillavou et al. [27]
show that hardware imperfections in experimental learning
networks introduce deterministic biases into the update rule
that drive parameter drift during repeated training), GDL
provides a simple mechanistic understanding of memory
formation.

Finally, can GDL apply to systems, like sheared solids
and suspensions, that are trained through an applied field
rather than through explicit inverse design? We can generalize
GDL by considering any system characterized by parameters
θ subject to environmental variables e, where the parameters
respond to the environmental variables so as to maintain a
constraint G(e, θ) = 0 imposed by the physics of the system.
This constraint could, for example, specify a desired target
property, i.e., G(F ∗, θ) = F (θ) − F ∗ = 0, or impose force
balance on all particles in a sheared suspension (discussed
below). The solutions to this constraint define an implicit
function θ∗(e), so that for any e, G(e, θ∗(e)) = 0. When e
changes, the parameters will change in directions determined
in part by ∇θG so that the parameter trajectories are reversible
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FIG. 5. Confirming predictions made by gradient discontinuity
learning. Using the system from Fig. 2(d) after cyclic training, we
systematically set the parameters to be along the line defined by
ϑ [Eq. (3)] to identify contact changes and probe the GD type.
Specifically, we set θ = θc∗

xxyy,max + γϑ, so that θ = θc∗
xxyy,max at γ = 0

and θ = θc∗
xxyy,min

at γ = 1. Data are shown as a function of γ and
is focused around three contact changes: (a) just below the training
range, near γ = 1; (b) in the middle of the training range, near
γ = 0.2241; and (c) just above the training range, near γ = 0. The
top row shows the value of cxxyy, the middle row shows the change
in the number of contacts, allowing us to identify the moment of
contact change, and the bottom row shows the magnitude |∇⊥cxxyy|,
with positive (negative) values of ∇⊥cxxyy given by open (closed)
symbols. As predicted, the GD in the middle of the MAM (b) is of
type 1 because ∇⊥cxxyy does not change sign (prediction 1), while the
two GDs at the edges of the MAM are type 2 because ∇⊥cxxyy does
change sign (prediction 2).

provided the gradients of G are continuous. When the sys-
tem encounters gradient discontinuities, irreversible dynamics
will move the parameters along the gradient discontinuities.
Gradient discontinuity learning therefore provides a straight-
forward mechanism for moving the parameters in directions
perpendicular to ∇θG, though we leave a more thorough in-
vestigation of this scenario to future work.

D. GDL explains the observed MAMs in disordered packings

Does GDL actually explain the results of Figs. 1–3? As
already stated, GDs arise from particles coming in and out of
contact, and typical training encounters many such events, so
GDs have the opportunity to influence the training. Further-
more, our mechanism makes precise predictions that we can
test. If a MAM with two-sided memory is reached through
this GD-based mechanism by cyclically training between ν∗

min
and ν∗

max, then we make the following predictions.
Prediction 1. If any contacts change in the middle of the

MAM, i.e., between ν∗
min and ν∗

max, they must correspond to
type 1 GDs.

Prediction 2. At both ends of the MAM, i.e., at ν∗
min and

ν∗
max, a contact between two particles should be just on the

verge of forming or breaking, with the corresponding GD
being type 2. If the MAM only has one-sided memory, then
this applies only to that end.

Prediction 3. During the learning process, there should be
times of rapid contact-change oscillations, corresponding to
the system moving along a type 2 GD.

These predictions are not trivial: They are unlikely to occur
by chance and could easily be wrong if memory was formed
through a different mechanism. Unlike prediction 1, predic-
tions 2 and 3 assume that learning is guided precisely by a
GD rather than a region of high curvature (see discussion
in Sec. IV C), and therefore may not always hold. This is
consistent with our observations: Predictions 1 and 3 always
hold, while prediction 2 is true most of the time, but with a
few exceptions.

We have already seen the oscillations of prediction 3 in
the inset to Fig. 1(c), which is representative and generic.
Predictions 1 and 2 are demonstrated in Fig. 5, which shows
contact changes and ∇⊥cxxyy at various points of the MAM
from Fig. 2(d). Specifically, we zoom in around three contact
changes (shown by the middle row) that occur at the beginning
[Fig. 5(a)], middle [Fig. 5(b)], and end [Fig. 5(c)] of the
MAM. Figures 5(a) and 5(c) show that contacts change almost
immediately outside of the MAM and that ∇⊥cxxyy changes
sign (prediction 2). Conversely, this MAM happens to have
a contact change in the middle, but here ∇⊥cxxyy does not
change sign (prediction 1). The counterexamples for predic-
tion 2 are the systems in Figs. 2(b) and 2(c), where no contacts
are on the verge of changing near ν∗

max. These nontrivial obser-
vations are consistent with what we would expect from GDL,
and the counterexamples motivate future investigations into
the more complicated scenario of learning without GDs.

V. DISCUSSION

We have shown that cyclic training in tunable disordered
solids can produce physical memory by driving the system
toward a marginally absorbing manifold that encodes the
training range. This memory is highly reminiscent of that
observed in cyclically sheared suspensions but is distinct from
the return-point memory seen in cyclically sheared disordered
solids, which is characterized by periodic but not reversible
dynamics [31–33]. We further proposed a general mechanism,
gradient discontinuity learning, in which discontinuities in the
gradient of the training function guide the training dynamics
and help generate MAMs.

These results bring us closer to a general understanding
of the effects of a slowly changing environment on a sys-
tem undergoing optimization. While we exclusively consider
changes to the desired value of an observable, many envi-
ronmental variables instead affect observables directly. In our
case, for example, we could keep the desired Poisson’s ra-
tio fixed while cyclically varying the total packing fraction,
which would systematically affect the optimized solution in
much the same way as changing the target behavior. Gra-
dient discontinuity learning theory can apply here as well
(see Sec. IV C) because changing such variables will cause
the optimal solution to change, and if this optimal solution
encounters one or more type 2 GDs, the system may approach
a MAM.

While GDL provides a mechanism for memory formation,
there are no guarantees that a given system will actually reach
a MAM. Even if there are GDs in the training function, if
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their density is too low then training may not encounter them,
resulting in an absorbing manifold that is not marginal and
thus does not store memory [as in case I in Fig. 4(a)]. On the
other hand, if the density of GDs is too high, then training
may not be able to find an absorbing manifold that spans the
training range. In our athermal sphere packings, it is some-
what surprising that it is possible to train between ν = 0.5
and ν = 0 without contact changes, and we do not find MAMs
when training to higher ν’s.

In this paper we have focused on training a single observ-
able. However, just as one can form memory from cyclically
shearing in multiple directions [76,77], one could consider
training multiple properties. Bulk mechanical properties of
disordered solids are known to be fully independent [29],
meaning that they can be tuned separately and even simulta-
neously, opening the door for a variety of interesting training
protocols. As a simple preliminary demonstration of this,
Fig. 10 in Appendix G shows that we can approach an ab-
sorbing manifold by alternately training between two different
elastic constants, i.e., first a cycle of one and then a cycle of
the other. However, we leave a proper quantification and anal-
ysis of the memory contained in such systems to future work.

One major consideration that we have not discussed is the
role of noise. Keim and Nagel [59] showed that in sheared
suspensions, thermal noise plays a critical role in the for-
mation of multiple transient memories, and it is not clear if
GDL can lead to multiple memories in the same way. As
discussed above, training does not exactly follow steepest-
ascent/descent paths, which could be interpreted as a form of
noise, but it would be interesting to systematically investigate
the consequence of introducing random noise either to the ini-
tial parameters at the beginning of each optimization or during
every optimization step. It would also be interesting to study
what happens if the system is only allowed to partially relax
during the training process: Rather than fully minimizing the
energy of the configuration during each training step, one
could update parameters on the same timescale as the system
relaxes, potentially achieving faster and more robust memory.

Our results are closely related to, but distinct from, the
oscillatory training framework of Falk et al. [69], who showed
that switching between two incompatible target functionalities
selects for adaptable regions of design space where the two so-
lutions are close together in parameter space. Both approaches
demonstrate that cyclic training produces nontrivial emergent
structure beyond simply achieving the current target, and both
rely critically on the degeneracy of high-dimensional design
spaces to make this possible. While Falk et al. frame this
emergent structure in terms of adaptability, we find that cyclic
training also encodes memory of the training range in the form
of a MAM. These two perspectives are complementary: An
adaptable system in the sense of Falk et al. has implicitly
found a region of parameter space that is low cost to traverse
between functions, which is related to our finding that the
MAM makes training within the range dramatically easier.
We further propose GDL as a potential mechanism underly-
ing such behavior, though establishing this connection more
rigorously, particularly for training protocols that differ from
gradient descent, is an interesting direction for future work.

While we have focused on training the elastic properties
of disordered sphere packings, GDL is much more general

and should be applicable in a wide range of settings. First and
foremost, our results encourage cyclic training in all manner
of systems that can be inverse designed, especially those with
clear GDs or complex constraints. However, GDL may also
play a role even in systems that are not explicitly inverse
designed. We now speculate briefly about a few such possi-
bilities.

Sheared suspensions. The phenomenology we observe in
trained disordered solids is very similar to that of cyclically
sheared suspensions [56–62]. While the physics of these sys-
tems can be understood on their own, they can also be viewed
through the lens of our theory. Since the net force on every
particle, which must vanish at all times, depends on the strain
γ and the nonaffine position of every particle, Rna, we have
Fnet (γ , Rna ) = 0. This maps exactly to GDL, as discussed at
the end of Sec. IV C, with GDs deriving from particle con-
tacts.

Sheared jammed solids. This presumably also can be done
for memory formation in sheared jammed solids, but this sit-
uation is more complex with a very different form of memory
[31]. First, as observed by Arceri et al. [78], marginal stability
is crucial for memory formation, implying the presence of
structural instabilities within the training range. Structural
instabilities can lead to both irreversible or reversible rear-
rangements [46], and it is well known that such systems can
develop memory while undergoing reversible rearrangements
[32,43,44]. However, this implies a discontinuity in the train-
ing function, not just in its gradient, and further work is
needed to incorporate reversible rearrangements, discontinu-
ities, and hysteretic cycles into the paradigm presented here.

Crumpled sheets. Another well-established form of physi-
cal memory is when a system can recall the maximum value of
a previously applied perturbation. First observations include
the Kaiser effect, describing the acoustic emission of a metal
under strain [79], and the Mullins effect, describing stretched
rubber [80]. This is also seen in crumpled sheets compressed
by a piston of mass m [31,36,37]. The height of the piston
is a reproducible function of m, provided m does not exceed
the previous maximum applied mass, effectively encoding this
previous maximum mass. Conceptually, this is very similar
to the single-shot memory discussed in case III in Fig. 4(a),
and the constraint that the crumpled sheet is internally stable
presumably leads to discontinuities caused by further crum-
pling. While the application of GDL to crumpled sheets is
therefore quite plausible, further work is again need to solidify
this connection.

Evolution. The role of environmental variation in shaping
adaptive behavior has been studied in population genetics
models, where temporal correlations in environmental fluc-
tuations have been shown to favor phenotypic switching
strategies that exploit memory of past states [81]. This mo-
tivates the search for GDL-like mechanisms in biological
evolution. Importantly, the genotype-phenotype (GP) map
between an organism’s genotypes and phenotypes is highly
degenerate [82–85], and genotypes can combine in highly
nontrivial, collective ways to affect fitness [86–90]. Effec-
tive GDs can arise, e.g., whenever a phenotype is limited
by multiple genotypes or if a genotype can be deleterious
past a threshold that depends on other genotypes. Further-
more, environmental changes are well known to play a key
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role in evolution, with comparable timescales for evolutionary
and ecological change [91]. With all the necessary ingredi-
ents in place, it is at least plausible that GDL has played
a role in the exploration of the apparent degeneracy in the
GP map.

Phenotypic plasicity and (re)adaptation. Phenotypic
plasticity, where a single genotype can exhibit multiple
phenotypes depending on environmental inputs, may provide
more direct examples than pure genetic evolution. For in-
stance, the number of nuclei in muscle cells increases with
muscle mass, but then remains roughly constant during mus-
cle atrophy [92,93]. This makes it significantly easier to gain
muscle mass the second time, but only back to previous levels,
creating a memory familiar to anyone who frequents the gym.
Here the training function (muscle mass) is constrained by the
number of nuclei, creating a GD that guides the initial increase
in nuclei. However, the easiest way to decrease muscle mass
does not involve removing nuclei, creating a scenario similar
to case III in Fig. 4(a).

As a second example that mixes phenotypic plasticity with
genetic evolution, Ho et al. [94] show that “organisms gener-
ally ‘remember’ their ancestral environments via phenotypic
plasticity” and present a potential mechanism for long-term
memories. We can reformulate this mechanism in the context
of GDL, as follows. The amount of expression of a hypothet-
ical gene can be regulated through transcription factors that
are controlled, in part, by environmental cues. However, such
phenotypic plasticity is limited by regulatory motifs, which
are genetically controlled. This creates a discontinuity in the
fitness gradient when transcription factors and regulatory mo-
tifs are in balance, with ∇‖F projecting onto the regulatory
motifs. Therefore, new environmental pressures requiring an
increase in gene expression would require evolutionary adap-
tation to increase regulatory motifs. However, the decrease in
gene expression required by a subsequent return to the origi-
nal environment can be accommodated purely by phenotypic
plasticity through a decrease in transcription factors. There-
fore, one cycle of environmental change leads to a MAM with
one-sided memory.

There are many other situations where GDL may apply but
where identifying the GDs would require further investiga-
tion. Clearly, both biological and artificial neural networks are
possibilities. For example, it is possible that the topological
connections of neurons in the brain encode history of past
experiences, making it easier to, for example, relearn a forgot-
ten language or skill. Gradient discontinuity learning may also
play a role in mimetic evolution, or the formation of cultural,
social, and political norms. While these examples are highly
speculative, they highlight the potential for a far-reaching
understanding of memory and learning.

Finally, it is worth putting our results in the context of the
growing initiative exploring learning as a unifying concept
across fields, which is the subject of this special collection.
Specifically, it is important to clearly distinguish between
the solving of an individual inverse problem, which we refer
to as training or optimizing, from the system approaching a
MAM and the emergence of memory. While the process of
optimization can vary dramatically in different systems, GDL
is agnostic to these details provided they have the effect of
approximating some form of gradient descent. In this paper

we reserve the word learning to refer to the emergence of
memory after cyclic training. A key distinction between this
and many other phenomena associated with the word learning
is that here the system was never asked to learn. Our learned
behavior is not associated with an objective, either explicit or
implicit, there is no reward and no bias, and no local rules
are intelligently set up to guide a predetermined behavior.
Whether or not this distinction is important will surely be
decided in the coming years.
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APPENDIX A: CALCULATION OF ELASTIC PROPERTIES

The linear elastic properties of a system can be repre-
sented by the elastic modulus tensor ci jkl , which describes the
second-order terms of the Taylor expansion of the energy with
respect to external bulk deformations,

�U

V 0
= σ 0

i jε ji + 1

2
ci jkl ci jklεi jεkl + O(ε3),

where σ 0 gives the residual stresses of the initial state, ε is the
strain tensor that describes applied boundary deformations, V 0

is the volume of the initial state, and �U is the change in the
potential energy of the system.

If a small strain ε = γ ε̃ is applied, for some fixed ε̃, the
change in the energy is

�U

V 0
= σ̃ 0γ + 1

2V 0

(
∂2U

∂γ 2
− 
T (H0)−1


)
γ 2 + O(γ 3),

where σ̃ 0 = σ 0
i j ε̃ ji, 
 = − ∂2U

∂γ ∂R , and H0 = ∂2U
∂R2 is the Hessian

matrix of the energy with respect to particle positions R. This
allows one to determine the elements of ci jkl by calculating

1
2V 0 [ ∂2U

∂γ 2 − 
T (H0)−1
] for different ε̃. We use the imple-
mentation of this found in the jaxmd library [95]; further
details and documentation can be found there.

More common elastic constants like the bulk modulus,
shear modulus, and Poisson’s ratio are simple functions of the
elements of ci jkl [96]. Since any finite disordered system is
technically anisotropic, even if it is statistically isotropic in the
thermodynamic limit, its elastic response depends on the di-
rection of applied strain. In d dimensions, there are d (d+1)

2 − 1
independent shear moduli. Thus, for finite systems, we use

the so-called angle-averaged Poisson’s ratio ν = d−2 Ḡ
B

2(d−1) Ḡ
B +d

,

where Ḡ is the angle-averaged shear modulus

Ḡ = 1

π

∫ π

0
G(θ )dθ,
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where G(θ ) is the shear modulus corresponding to a shear
applied at angle θ . Details of this construction are discussed
in [96]. The bulk modulus is calculated in terms of the elastic
constants ci jkl , B = 1

d2

∑
i, j cii j j .

APPENDIX B: GRADIENT-BASED
OPTIMIZATION ALGORITHM

Once an energy-minimized configuration is reached for a
given initial set of parameters θ, the Poisson’s ratio ν(θ) is
calculated via linear response. Given a target Poisson’s ratio
ν∗, the objective function is defined as the squared deviation
l (θ) = [ν(θ) − ν∗]2. Thus, our aim is to decrease l (θ) to zero
using gradient-descent algorithms.

The energy minimization and the calculation of ν(θ) and
l (θ) are implemented in python using the jaxmd library [95],
which is built upon jax [97] and supports automatic differen-
tiation. This framework allows for end-to-end differentiability
of the entire calculations, allowing direct calculation of the
gradient ∇θl .

To accurately and efficiently propagate gradients through
the energy minimization step, we employ implicit differentia-
tion, implemented via the jaxopt library [98]. This approach
mitigates memory overhead typically associated with un-
rolled gradient computation. The calculated gradients ∇θl
are then used to update the parameters θ using the RM-
SProp algorithm, as implemented in the optax library [99].
To enhance optimization efficiency, we incorporate a met-
alearning scheme that dynamically adjusts the learning rate
throughout training. The base learning rate is initialized at
lr0 = 1 × 10−4, with a metalearning rate of lrm = 3 × 10−4.

At each iteration, the final configuration from the previous
step is used as the starting configuration for the subsequent
energy minimization, thereby maintaining consistency with
the given energy minimum throughout training.

APPENDIX C: CYCLIC TRAINING PROTOCOL

As an example, we implement cyclic training between a
maximum target Poisson’s ratio of ν∗

max = 0.5 and a minimum
of ν∗

min = 0.0. The maximum number of optimization steps is
set to 3000. The initial configuration is generated by placing
particles randomly in the simulation box and quenching to a
local energy minimum, which serves as the input state R(θ).

Cyclic training begins with a target value of ν∗ = ν∗
max =

0.5 and proceeds through a sequence of decreasing and then
increasing target values. The procedure is outlined as follows.

Step 1. Train the input state R(θ) with the target Poisson’s
ratio ν∗

max = 0.5, using the optimization algorithm described
in Appendix B. This yields the final parameters θ f and the
corresponding configuration R.

Step 2. Using the output from step 1 as input, repeat the
optimization with a decreased target value ν∗ = 0.4.

Step 3. Continue decreasing the target value in steps (e.g.,
ν∗ = 0.3, 0.2, . . . ), repeating the optimization process until
ν∗ = ν∗

min = 0.0 is reached.
Step 4. Reverse the direction by incrementally increasing

the target value from ν∗ = 0.1 back to ν∗ = ν∗
max = 0.5, using

the final configuration from each step as the initial configura-
tion for the next.

Step 5. Evaluate the objective function curves for every
optimization in the cycle. If all final objective function values
remain below a predefined threshold and all curves are smooth
and continuous, i.e., without discontinuities or spikes, the
cyclic training is deemed successful. Otherwise, repeat steps
1–4 until either a successful cycle is obtained or the number
of cycles exceeds 30.

After successful termination, an additional refinement cy-
cle is performed in which the learning rate is fixed at 10−6 for
each optimization step to minimize the influence of learning
rate adaptation.

For the readout cycle, we run a separate sequence with
fixed learning rate lr = 10−6, following the path ν∗

max =
0.5 → ν∗

read → ν∗
max = 0.5, starting from the final configura-

tion and parameters obtained at the end of certain training
cycles. For comparison with the cyclic training, we perform
a successful single-target training with a target ν∗

max = 0.5,
starting from the initial state and parameters. The resulting
optimized configuration and parameters are used as the input
for the readout cycle, which we defined as “cycle=0” in Fig. 2.

APPENDIX D: ROLE OF THE LOSS THRESHOLD AND
LEARNING RATE IN MEMORY FORMATION

To determine whether the memory observed in the main
text depends on numerical choices in the optimization proce-
dure, we systematically varied both the objective tolerance ltol

used to terminate retraining and the learning rate. We focus
on the example shown in Fig. 2(a), with the results presented
in Fig. 6. In the main text, retraining or readout was stopped
once the objective function fell below 10−16. We find that
varying this threshold over several orders of magnitude does
not affect the magnitude of the deviations in parameters or
particle positions observed in Fig. 2(a). This demonstrates that
the behavior is not a consequence of incomplete retraining due
to the chosen cutoff.

In contrast, the magnitude of the deviations decreases with
decreasing the learning rate lr , as shown in Fig. 6, indicating
that they arise from finite-step-size effects in the optimization
dynamics. Note that reducing the learning rate does not qual-
itatively affect the existence of the MAM.

APPENDIX E: ENSEMBLE-AVERAGED READOUT
MEASUREMENTS

To demonstrate the robustness of MAMs and physical
memory, Fig. 7 shows results, similar to Fig. 2, for an addi-
tional representative system trained between Poisson’s ratio
ν∗

min = 0.0 and ν∗
max = 0.5, along with ensemble-averaged

data over ten independent samples. Figure 7(a) replicates the
training protocol used in Fig. 2(a), but starting from a different
initial packing configuration. After eight cycles, the system
converges to a MAM, and the readout for the final state
displays qualitatively similar memory behavior as discussed
in the main text. The only notable difference is the presence
of contact changes between ν∗

min = 0.0 and ν∗
max = 0.5, which

corresponds to a type 1 GD as expected.
Figure 7(b) shows the same data but averaged over ten

different systems. Clear kinks and jumps in the various quan-
tities appear at both edges of the training range, highlighting
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FIG. 6. Robustness of the observed memory. Results for the
example shown in Fig. 2(a) are retrained, with varying objective
tolerances ltol and learning rates lr spanning several orders of mag-
nitude. With changing ltol, �θRP and �RRP after retraining remain
unchanged, indicating that the observed memory is not due to in-
complete convergence at the chosen cutoff. However, reducing lr

decreases the magnitude of the deviations, demonstrating that they
arise from numerical drift in the optimization dynamics.

that the systems fall into a MAM and encode the training
range. The consistency of these signatures across different
realizations underscores the robustness of memory formation
in disordered packings under cyclic training. These ensemble
results emphasize that memory not only is encoded at the
individual-system level but is also statistically reproducible
across an ensemble.

Moreover, outside the training interval, we observe an
asymmetry in the system’s ability to adapt: Absorbing states
obtained through cyclic training are more readily reoptimized
toward lower Poisson’s ratio than toward higher ones. Under-
standing the origin of this asymmetry may be related to the
low volume fractions required for systems to reach high values
of ν; we leave this exploration to future work.

APPENDIX F: LIMITS FOR A LARGE POISSON’S RATIO

We now discuss the limitations of our model in the regime
of large Poisson’s ratio. When cyclic training is performed
between ν∗

max = 1.0 and ν∗
min = 0.5, we observe a pronounced

decrease in particle diameters. This reduction leads to a signif-
icant drop in area fraction from 0.95 to 0.86 as shown in Fig. 8,

FIG. 7. Robustness of MAMs. Column (a) shows a second rep-
resentative training example that is identical to Fig. 2(a) except it
starts with a different particle configuration. The only qualitative
difference in the results is that one contact changes during readout
within the training range, corresponding to a type 1 GD, as expected.
Column (b) shows averaged measurements over ten independent
training samples starting from different initial packings. The error
bars represent the standard error on the mean.

approaching the jamming threshold φJ = 0.848. In our model,
particles interact via a finite-range purely repulsive potential,
which results in more frequent structural rearrangements near
the jamming point. This dynamic is reflected in the cumula-
tive number of contact changes ncum

cc , shown in Fig. 8, which
exhibits large fluctuations without a clear trend toward conver-
gence. Consequently, cyclic training in this regime becomes
increasingly unstable and fails to reliably reach a marginally
absorbing manifold.

Despite these challenges at high Poisson’s ratio, we
demonstrate that training remains feasible for moderately
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FIG. 8. Cyclicly training the Poisson’s ratio between ν∗
max = 1.0

and ν∗
min = 0.5. From top to bottom, the plot illustrates the evolution

of the objective function, measured area fraction φ, and the cumula-
tive contact changes during training ncum

cc . After seven training cycles,
the system loses mechanical stability and becomes unjammed, pre-
venting a well-defined calculation of the Poisson’s ratio.

large values. Specifically, as shown in Fig. 9, when cyclic
training is performed between ν∗

max = 0.6 and ν∗
min = 0.4, the

system successfully converges to a MAM after approximately
25 cycles and retains a memory of the training range. While
the number of optimization steps required to reach ν∗ = 0.4
from the initial state obtained via individual training is smaller
than that required after cyclic training (black circles), the op-
timization still involves significant structural rearrangements.

These findings suggest that the model’s performance be-
comes increasingly sensitive to packing constraints at higher
ν∗. Further improvements to the optimization procedure, such
as incorporating area-fraction constraints directly into the ob-
jective function, could enhance stability in this regime.

APPENDIX G: CYCLIC TRAINING
ON MULTIPLE FEATURES

In the main text we focus on cyclic training targeting a
single mechanical feature, specifically, either the Poisson’s
ratio or the arbitrarily chosen elastic constant cxxyy. Here we
extend the framework to explore cyclic training with multiple
features, which leads to more complex and intriguing charac-
teristics of the resulting absorbing manifold.

We take a randomly generated mechanically stable packing
of N = 64 particles, in which particles are evenly divided into
nsp = 16 species, such that 16 independent particle diameters
serve as tunable parameters. The system is first trained to
achieve a target value of the elastic constant cxxyy, beginning

FIG. 9. Memory in a representative example trained on a range
between ν∗

max = 0.6 and ν∗
min = 0.4. The initial Poisson’s ratio of the

system is ν0 = 0.605.
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at c∗
xxyy,min = 0.12. Then training proceeds sequentially by in-

crementing the target value, using the optimized configuration
and parameters from the previous step as the starting point for
the next, until reaching c∗

xxyy,max = 0.16. We then reverse the
training sequence, returning to c∗

xxyy,min = 0.12.
After this full cycle of training cxxyy, we switch to a second

mechanical feature cxxxx and apply a similar cyclic sequence
for the target c∗

xxxx: 0.2 → 0.21 · · · → 0.23 → 0.22 · · · →
0.2. We then alternate back and forth so that a single training
cycle involves a complete cycle in each quantity: Training
in cxxyy is followed by training in cxxxx, forming a com-
bined cyclic protocol involving both features. Note that while
training one of the target features, the other feature is not
constrained and is free to vary.

After 15 such combined training cycles, the system con-
verges to a MAM, as shown in Fig. 10(a). To further character-
ize the structure of this absorbing state, we perform a principal
component analysis on the parameter evolution during the fi-
nal cycle. Interestingly, the results, shown in Fig. 10(b), reveal
two distinct trajectories in the space of the first two principal
components, each corresponding to training on one of the two
target features. This separation suggests that memory encod-
ing for each feature follows a distinct pathway in parameter

FIG. 10. Cyclic training on two elements of elastic modulus ten-
sor. (a) Objective function during a half cycle of training following
15 combined training cycles. The curves refer to sequential training
steps: from c∗

xxxx = 0.2 to c∗
xxyy = 0.12, following from c∗

xxyy = 0.12
to c∗

xxyy = 0.135 until c∗
xxyy = 0.16, and then from c∗

xxyy = 0.16 to
c∗

xxxx = 0.2, up to c∗
xxxx = 0.23. (b) Projection of the parameter vec-

tors onto the first two principal components for the final cycle. The
closed symbols refer to the maximum and minimum targets.

space. Despite this, the switch from training cxxyy to cxxxx

shows a change along PC-1, which may reflect the coupling
or competition between these two features. These preliminary
results motivate further quantitative investigations into the
nature of memory in systems trained for multiple features.
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