
Spectral Rigidity and Nonrigidity of
Dynamical Systems

by

Yunzhe Li

June, 2026

A thesis submitted to the
Graduate School

of the
Institute of Science and Technology Austria

in partial fulfillment of the requirements
for the degree of

Doctor of Philosophy

Committee in charge:
Maksym Serbyn, Chair

Vadim Kaloshin
László Erdös
Hamid Hezari





The thesis of Yunzhe Li, titled Spectral Rigidity and Nonrigidity of Dynamical Systems, is
approved by:

Supervisor: Vadim Kaloshin, ISTA, Klosterneuburg, Austria

Signature:

Committee Member: László Erdös, ISTA, Klosterneuburg, Austria

Signature:

Committee Member: Hamid Hezari, University of California, Irvine, USA

Signature:

Defense Chair: Maksym Serbyn, ISTA, Klosterneuburg, Austria

Signature:

Signed page is on file





© by Yunzhe Li, June, 2026
CC BY 4.0 The copyright of this thesis rests with the author. Unless otherwise indicated, its
contents are licensed under a Creative Commons Attribution 4.0 International License. Under
this license, you may copy and redistribute the material in any medium or format. You may
also create and distribute modified versions of the work. This is on the condition that: you

credit the author.

ISTA Thesis, ISSN: 2663-337X

I hereby declare that this thesis is my own work and that it does not contain other people’s
work without this being so stated; this thesis does not contain my previous work without
this being stated, and the bibliography contains all the literature that I used in writing the
dissertation.

I accept full responsibility for the content and factual accuracy of this work, including the data
and their analysis and presentation, and the text and citation of other work.

I declare that this is a true copy of my thesis, including any final revisions, as approved by my
thesis committee, and that this thesis has not been submitted for a higher degree to any other
university or institution.

I certify that any republication of materials presented in this thesis has been approved by the
relevant publishers and co-authors.

Signature:

Yunzhe Li
June, 2026

Signed page is on file

https://creativecommons.org/licenses/by/4.0/




Abstract

This thesis studies spectral rigidity and nonrigidity phenomena in dynamical systems. The
central question is whether a dynamical system can be determined, up to a natural conjugacy,
from its spectrum. We consider three related spectra: the length spectrum, the action
spectrum, and the Lyapunov spectrum.
The first part of the thesis concerns Liouville metrics on the two-dimensional torus. It is a
long-standing folklore conjecture that Liouville metrics are the only integrable metrics on the
torus. We prove a length-spectral rigidity result for linear conformal deformations of Liouville
metrics by exploiting the dynamical properties of the rational tori – analogues of the resonant
convex caustics in billiards. We also establish a complementary classification result showing
that marked-length-isospectral Liouville metrics are characterized by rearrangements of the
one-dimensional functions appearing in their conformal factors, generalizing a theorem of
Abbondandolo-Mazzucchelli. In particular, the second result gives nonrigidity examples within
the class of Liouville metrics.
The second part of the thesis studies the standard map from the viewpoint of action and
Lyapunov spectra. We construct nontrivial deformations of the standard map which preserve
the symplectic actions (respectively, the Lyapunov exponents) of infinitely many periodic orbits
accumulating on an invariant curve. The proof combines a resonant normal form construction
with Picard iteration schemes to obtain a sequence of periodic orbits accumulating on an
invariant curve with a Liouville rotation number. Within the resonant normal forms we capture
the dependence of these periodic orbits on the resonant Fourier coefficients of the dynamics on
the invariant curve and, using the contraction mapping principle, obtain a suitable deformation
achieving the prescribed spectral data associated with this sequence of orbits. The result can
be viewed as a symplectic twist-map analogue of a length-spectral nonrigidity phenomenon for
Riemannian manifolds and convex billiards, and it motivates the existence problem for similar
’partially length-isospectral’ deformations of strictly convex billiard tables.
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CHAPTER 1
Introduction

This thesis is devoted to the study of spectral rigidity in dynamical systems. The guiding
question is whether a dynamical system can be recovered from data attached to its periodic
orbits.
Broadly speaking, in many classes of dynamical systems one can define a collection of data,
called a “spectrum,” associated with the periodic orbits of the system. Depending on the
types of dynamical systems considered, different kinds of spectra may be considered. In this
thesis, we focus on the following three examples of spectra.

• In the setting of geodesic flows we consider the length spectrum, which is defined as the
collection of the Riemannian length of all closed orbits under the geodesic flow.

• In the setting of exact symplectic maps, we consider the action spectrum of the map.
This is defined as the collection of the symplectic actions of all periodic orbits of the
map.

• Lastly, we also consider the Lyapunov spectrum, here defined as the collection of
Lyapunov exponents of closed orbits of a differentiable dynamical system.

These spectra often encode important information about the underlying dynamics. The
problem of spectral rigidity asks to what extent one can determine the system, up to an
appropriate notion of conjugacy, from its spectrum.
Let us emphasize that, throughout this thesis, we focus especially on deformational spectral
rigidity, namely, we study whether a dynamical system can be continuously deformed without
changing the spectrum.

1.1 An overview of the main results
This thesis contains two groups of results, corresponding to two distinct settings.

• The first concerns Liouville metrics on the two-dimensional torus: we prove a rigidity
theorem for linear conformal deformations and classify length-isospectral Liouville metrics
in terms of rearrangements.

1



1. Introduction

• The second concerns standard maps: we construct nontrivial deformations preserving
the actions (resp., the Lyapunov exponents) of infinitely many selected periodic orbits.

We now formulate these results more precisely.

1.1.1 Spectral rigidity of Liouville metrics
Let (X, g) be a compact Riemannian manifold. We define the length spectrum

L(X, g) ⊂ R+

to be the collection of lengths of all closed geodesics of (X, g). Suppose (gϵ)|ϵ|<1 is a one-
parameter family of Riemannian metrics on X. We say that the family (gϵ) is length-isospectral,
or isospectral for short, if L(X, gϵ) = L(X, g0) for all ϵ.
In the first part of this thesis, we study spectral rigidity of Liouville metrics on the two-
dimensional torus. That is, we consider the case X = T2, and take g0 to be a Riemannian
metric whose line element is of the form

ds2 =
(︂
1 + f1(x1) + f2(x2)

)︂
(dx2

1 + dx2
2). (1.1)

Throughout this thesis, we use the notation Td for the standard d-dimensional torus Rd/Zd.
Our consideration of Liouville metrics is motivated by a well-known “folklore conjecture” that
Liouville metrics are the only integrable metrics on T2. This conjecture can be thought of as
an analogue of the famous Birkhoff conjecture in the setting of billiard dynamics.
We now formulate our first main result.

Theorem A. Let (gϵ)|ϵ|<1 be a family of smooth Riemannian metrics on T2 of the form

ds2
ϵ =

(︂
1 + f1(x1) + f2(x2) + ϵ U(x1, x2)

)︂
(dx2

1 + dx2
2) . (1.2)

Suppose (gϵ)|ϵ|<1 is length-isospectral. Then U ≡ 0.

We emphasize that the linear dependence on ϵ of the deformation term ϵ U(x1, x2) in (1.2) is
not just an artificial limitation. In fact, we also establish Theorem B which, roughly speaking,
shows that two Liouville metrics are length-isospectral if and only if they are rearrangements
of each other. In particular, this result exhibits a large class of length-isospectral deformations
of (1.1) within the class of Liouville metrics.
To give a precise formulation of this result, we recall that for a measurable function f : T→ R,
the superlevel measure at t ∈ R is defined to be

Lf (t) := Leb{x ∈ T : f(x) > t}, (1.3)
where Leb is the Lebesgue measure on T = R/Z. We say that f̃ is a rearrangement of f if
Lf̃ ≡ Lf . See Figure 1.1 for an illustration.
Let Lm,n(T2, g) denote the subset of L(T2, g) consisting of the lengths of geodesics in the
homology class (m,n) ∈ Z2 ≃ H1(T2,Z). We define the marked length spectrum of (T2, g)
to be the map

Z2 −→ R+

(m,n) ↦−→ minLm,n(T2, g).

We now state a result accompanying Theorem A.

2



1.1. An overview of the main results

Figure 1.1: A rearrangement preserves the superlevel measure. The blue curves are the graphs
of a function before and after a rearrangement.

Theorem B. Let g and ˜︁g be smooth Liouville metrics on T2 with conformal factors 1 +
f1(x1) + f2(x2) and 1 + ˜︁f1(x1) + ˜︁f2(x2) respectively.
Then the following are equivalent:

1. The metrics g and ˜︁g have the same marked length spectrum, i.e.

minLm,n(T2, g) = minLm,n(T2, ˜︁g) for all (m,n) ∈ Z2.

2. There exists a constant c ∈ R such that ˜︁f1 is a rearrangement of f1 + c and ˜︁f2 is a
rearrangement of f2 − c.

Moreover, if each of the functions f1, f2, ˜︁f1, ˜︁f2 has exactly two critical points on T, then either
of the above conditions (and hence both) implies that L(T2, g) = L(T2, ˜︁g), i.e., the metrics g
and ˜︁g are length-isospectral.

In particular, within the two-critical-point class, the marked length spectrum, which is de-
fined only with minimal geodesics, determines the full length spectrum, which also contains
nonminimal geodesics.
The statement and the proof of Theorem B are inspired by a recent work of Abbondandolo
and Mazzucchelli [AM26] on analogous properties of spheres of revolution.
Theorem B exhibits substantial spectral nonrigidity of Liouville metrics: one can easily construct
many length-isospectral deformations of (1.1) by individual rearrangements of f1 and f2, at
least when f1 and f2 have only two critical points. On the other hand, Theorem B can
be viewed as a rigidity result under additional symmetry conditions. Indeed, if f : T → R
satisfies f(x) = f(1− x) and has exactly two critical points, then the superlevel measures
(1.3) completely fix f . Thus, by the claim (1) =⇒ (2) in Theorem B, the (marked) length
spectrum uniquely determines the Liouville metric under such symmetry assumptions on f1
and f2.

1.1.2 Weak spectral nonrigidity of standard maps
We now briefly describe the main result in the second part of this thesis, which focuses on the
different setting of standard maps. Let T = R/Z and let V : T→ R be a C1 function. Recall
that the standard map F associated with the potential V is the dynamical system on T× R
defined by

F : T× R→ T× R,

(x, y) ↦→
(︂
x+ y + V̇ (x), y + V̇ (x)

)︂
,

(1.4)

3



1. Introduction

where V̇ := dV
dx

.
Suppose (x, y) is periodic under F with (minimal) period q ≥ 1 and write (xk, yk) = F k(x, y)
for k = 0, 1, . . . , q − 1. Then the (symplectic) action of this periodic orbit is defined as

q−1∑︂
k=0

[︃1
2
(︂
xk − xk+1

)︂2
+ V (xk)

]︃
with indices taken modulo q, after choosing a lift of the periodic orbit to R×R. Let d(x,y)F

q

denote the differential of the iterated map F q at (x, y). We encode the linearized dynamics
near the periodic point by the quantity

det
(︂
d(x,y)F

q − Id
)︂
. (1.5)

This quantity will be called the Lyapunov exponent of the periodic orbit (x, y).
The primary goal of the second part of this thesis is to construct nontrivial deformations of
the potential V that preserve the symplectic actions (respectively, the Lyapunov exponents) of
infinitely many periodic orbits. In particular, we prove:

Theorem C. There exists a nontrivial analytic family of standard maps (Fτ )τ such that, for
each τ , the map Fτ has infinitely many dynamically distinct1 periodic orbits. These orbits
can be chosen to depend analytically on τ , and their symplectic actions are independent of τ .
The same conclusion holds with “symplectic action” replaced by “Lyapunov exponent”.

The standard map is a prototypical example of an exact symplectic twist map. It is a classical
fact that for every coprime pair (p, q) of integers with q > 0, a (p, q)-periodic orbit of an exact
symplectic twist map can be given by a minimum of the action functional

(xk)q
k=0 ↦→

q−1∑︂
k=0

S(xk, xk+1)

over the space of sequences (xk)k=0,...,q−1 satisfying xq = x0 + p, where S is a generating
function of the exact symplectic map. The minimizing sequence (xk) corresponds to the first
coordinate of a periodic orbit of period q lifted to a suitable universal cover. Such orbits are
called minimal orbits.
For the standard map with potential V , the generating function can be taken as

S(x, x′) = 1
2(x− x′)2 + V (x). (1.6)

We refer to Section 3.2 for more details on exact symplectic maps and the definition of
(p, q)-periodic orbits.
Given an exact symplectic map F with a choice of generating function, Mather’s beta function
is defined to be the continuous function β : R→ R such that

β
(︃
p

q

)︃
= 1
q

min{ symplectic actions of (p, q)-periodic orbits }. (1.7)

Mather’s beta function encodes important dynamical properties of the symplectic twist map.
We refer to Section 1.2.6 for more details. For a potential V : T→ R, let βV denote Mather’s
beta function associated with the standard map defined by the generating function (1.6). We
now formulate a refined version of Theorem C.

1We say that two periodic orbits are dynamically distinct if the orbits do not coincide as sets (they are not
just reparametrizations of one another, and one is not a repetition of the other).
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1.2. Background on spectral rigidity

Theorem D. Let ω ∈ R \Q be such that⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ≤ q−70e−2πq

for infinitely many coprime pairs of integers (p, q). Then there exists a nontrivial real-analytic
family of potentials (Vτ : T→ R)τ such that, for a sequence pj/qj → ω, the value

βVτ

(︃
pj

qj

)︃
is constant in τ for each j.

A major motivation for Theorem C and Theorem D arises from the better-known spectral
rigidity questions of the billiard map of a strictly convex domain in R2, and the close analogy
between the standard map and the billiard map. We refer to Section 1.2 for more details.

1.2 Background on spectral rigidity
1.2.1 “Hearing the shape of the drum”
The question of spectral rigidity was popularized by Mark Kac’s famous question Can one hear
the shape of a drum? [Kac66]. Concretely, Kac considered the Dirichlet Laplacian operator
∆ on a bounded planar domain Ω ⊂ R2 with smooth boundary ∂Ω. The spectrum of −∆
consists of a sequence of eigenvalues

0 < λ1 ≤ λ2 ≤ λ3 ≤ · · · → ∞,

where each eigenvalue is repeated according to its multiplicity. The question asks if one can
determine Ω up to isometry from the knowledge of the eigenvalues {λk}∞

k=1.
More generally, one asks how much geometric information about a Riemannian manifold (M, g)
is encoded in the spectrum of its Laplace operator.
It is now known that the answer to Kac’s question, in full generality, is negative: for instance,
Gordon, Webb and Wolpert [GWW92], using the method of Sunada [Sun85], constructed
Laplace-isospectral nonisometric pairs of planar domains. However, the question remains open
for smooth strictly convex planar domains.
The dynamical spectra considered below are different from the Laplace spectrum, but the same
rigidity question motivates them: how much geometry is encoded by a dynamical spectrum?

1.2.2 Spectral rigidity in dynamical systems
Unlike the Laplace spectrum, the spectra considered in this thesis are defined directly from
the periodic orbits of a dynamical system. This makes them more geometric and arguably
more accessible.
In the setting of billiards and geodesic flows, a dynamical counterpart of the Laplace spectrum
is the (marked) length spectrum of closed geodesics. The length spectrum can be generalized
to the action spectrum in the setting of exact symplectic maps. Another dynamically relevant
object for a general differentiable dynamical system is the Lyapunov spectrum. These three
types of spectrum will be the focus of this thesis.
We now provide some motivations for considering these spectra.

5



1. Introduction

Ω

θ

θ′

θ′

Figure 1.2: An illustration of the billiard dynamics

Spectral rigidity of billiards and geodesic flows

A smooth convex domain Ω ⊂ R2 can be associated with a natural dynamical system: the
billiard flow. We consider a frictionless billiard ball moving in a straight line inside the domain
Ω, which, when hitting the boundary ∂Ω, is bounced back according to the law of elastic
reflection, i.e., the angle of reflection equals the angle of incidence. See Figure 1.2.

We define the length spectrum associated with Ω as the subset of R+ consisting of the
(Euclidean) lengths of all closed billiard trajectories. The dynamical analogue of Kac’s question
can be formulated as

Does the length spectrum uniquely determine Ω up to isometry? (1.8)

We say a smooth family of domains (Ωτ )|τ |<1 is (length-)isospectral if the length spectrum
of Ωτ is independent of τ . A domain Ω is said to be spectrally rigid if every (continuous)
isospectral family (Ωτ )|τ |<1 with Ω0 = Ω must in fact be an isometric family. A deformational
version of Question (1.8) is

Is every Ω spectrally rigid? (1.9)

For smooth strictly convex planar billiards, both Question (1.8) and its deformational version
remain widely open in general. However, several important partial results are known. De
Simoi–Kaloshin–Wei [DSKW17] proved deformational length-spectral rigidity for sufficiently
smooth Z2-symmetric strictly convex domains sufficiently close to a circle. Their argument
uses a carefully chosen sequence of periodic orbits with rotation numbers tending to zero and
analyzes the first variation of their lengths.

There are also several results concerning marked length spectra. For generic strictly convex
billiard tables, Huang–Kaloshin–Sorrentino [HKS18] showed that the marked length spectrum
determines the eigendata associated with Aubry–Mather periodic orbits. Here, the marked
length spectrum is defined by associating each rotation number ρ ∈ (0, 1/2] with the maximal
length of periodic billiard orbits with rotation number ρ. For open dispersing billiards, the
marking is given by the symbolic sequence of scatterers hit by the orbit over one period. De
Simoi–Kaloshin–Leguil [DSKL23] studied such billiards with three convex scatterers having an
axial symmetry and proved that the marked length spectrum determines the geometry of the
scatterers.

Another important source of rigidity results comes from integrability. The billiard in an
ellipse is the basic integrable example, and the Birkhoff conjecture predicts that ellipses
are the only integrable strictly convex planar billiards. Avila–De Simoi–Kaloshin [ADSK16]
and Kaloshin–Sorrentino [KS18] proved local versions of this conjecture near ellipses, and,

6



1.2. Background on spectral rigidity

as corollaries, deduced spectral-rigidity results for elliptic billiards. More recently, Fierobe–
Kaloshin–Sorrentino [FKS26] proved deformational spectral rigidity for domains close to ellipses
under dihedral symmetry. The results of Avila–De Simoi–Kaloshin and Kaloshin–Sorrentino
have been extended by Koval [Kov26], where he showed that, for almost every ellipse, a small
perturbation that preserves integrability just near the boundary must again be an ellipse. On
the other hand, Bialy-Mironov [BM22] proved a nonperturbative version of the conjecture
within the class of centrally symmetric and Kaloshin–Koudjinan–Zhang [KKZ24] extended this
result to show that an integrable domain sufficiently close to a centrally symmetric one must
be an ellipse. We refer to Section 1.2.3 for further discussions of the Birkhoff conjecture.

The same type of question can be posed for geodesic flows on Riemannian manifolds, with or
without boundary. In this setting, the relevant spectrum is the collection of lengths of closed
geodesics, often with additional marking. Marked length-spectral rigidity has been especially
successful in settings where the geodesic flow is uniformly hyperbolic. For example, for closed
surfaces of negative curvature, Croke and Otal [Cro90, Ota90] independently showed that
the marked length spectrum determines the metric up to isometry. Recently, Guillarmou and
Lefeuvre [GL19] established deformational marked length-spectral rigidity for a broad class of
manifolds with non-positive curvature and Anosov geodesic flows in arbitrary dimension. The
results of Croke and Otal have also been extended by Guillarmou–Lefeuvre–Paternain [GLP25],
who established global marked length-spectral rigidity for surfaces with Anosov geodesic
flows, not just negatively curved surfaces. We also mention a more recent development by
Cekić–Lefeuvre [CL25]. These results show that, in uniformly hyperbolic dynamics, the marked
length spectrum is a particularly robust invariant.

On the other hand, the first part of the thesis studies nearly-integrable geodesic flows – a fairly
different situation from the uniformly hyperbolic cases discussed above. More precisely, we
study Liouville metrics on T2 and prove a spectral rigidity result for a class of linear conformal
deformations. The proof uses the special integrable structure of Liouville metrics, and we
return to the role of integrability in Section 1.2.3.

The Poisson relation

One reason that the length spectrum is a natural dynamical counterpart of the Laplace
spectrum is the Poisson relation. This relation says, roughly, that singularities of the wave
trace, which is a Laplace-spectral invariant, occur only at points in the length spectrum.

Let Ω ⊂ R2 be a smooth bounded domain, and let (λj)j≥1 be the eigenvalues of the Dirichlet
Laplacian on Ω. The associated wave trace is the distribution

wΩ(t) =
∑︂
j≥1

cos
(︂
t
√︂
λj

)︂
.

If L(Ω) denotes the length spectrum of the billiard flow in Ω, then the Poisson relation states
that

sing suppwΩ ⊂ ±L(Ω) ∪ {0}. (1.10)
Under suitable nondegeneracy and genericity assumptions, this inclusion is an equality. Thus
the Laplace spectrum generically detects the lengths of closed billiard trajectories, which are
purely dynamical objects.

More is true: the singularity of wΩ at a length L contains refined information about the closed
billiard trajectories of length L. For example, if γ is an isolated nondegenerate closed billiard
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1. Introduction

trajectory, then its leading contribution to the wave trace involves the linearized Poincaré map
Pγ. Schematically, the leading coefficient has the form

L#
γ

| det(Id−Pγ)|1/2 , (1.11)

up to phase factors depending on the Maslov index and the number of reflections. Here L#
γ

denotes the primitive length of γ.
The Poisson relation for manifolds without boundary goes back to Chazarain [Cha74] and
Duistermaat–Guillemin [DG75]. For billiards, the corresponding results were developed by
Andersson–Melrose [AM77] and Guillemin–Melrose [GM79]. See also [PS92] for a systematic
introduction of these results.
This connection motivated Guillemin and Melrose [GM81] to study the length spectrum jointly
with the quantities

| det(Id−Pγ)|

attached to closed orbits. Thus the Poisson relation motivates not only the length spectrum
itself, but also the Lyapunov spectrum, which consists of the quantity | det(Id−Pγ)| associated
with periodic orbits in the system.

Symplectic framework and the action spectrum

We now turn from geodesic and billiard flows to exact symplectic maps, where the role of
length is played by the symplectic action.
We first recall the general setting. Let I ⊂ R be an interval, and let

F : T× I → T× I

be an exact symplectic map with respect to the standard one-form y dx. Thus there exists a
generating function S : T× I → R such that

F ∗(y dx)− y dx = dS.

After choosing such a generating function, one can assign a symplectic action to each periodic
orbit by summing S along the orbit. The action spectrum is the collection of these actions
over all periodic orbits. As usual, this spectrum depends on the additive constant in the choice
of the generating function.
For exact symplectic twist maps, it is often more convenient to use a generating function
S(x, x′) whose variables are given by the coordinate on T of consecutive points along an orbit.
In that case the action of a q-periodic orbit is written as

q−1∑︂
j=0

S(xj, xj+1),

where the indices are taken modulo q, after choosing the appropriate lift.
The billiard map of a strictly convex planar domain gives a basic example of this framework. In
suitable coordinates, it is an exact symplectic twist map on T×[0, π], and its generating function
is, up to sign, the Euclidean distance between consecutive reflection points. Consequently, the
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1.2. Background on spectral rigidity

action of a periodic billiard orbit agrees, up to sign, with its Euclidean length. Thus the action
spectrum of the billiard map is essentially the length spectrum of periodic billiard trajectories.
The standard map (1.4) is another prototype of exact symplectic twist maps with a generating
function

S(x, x′) = 1
2(x− x′)2 + V (x). (1.12)

Therefore, if (xj, yj)q−1
j=0 is a periodic orbit and the coordinates xj are lifted consistently to R,

its action is
q−1∑︂
j=0

[︃1
2(xj − xj+1)2 + V (xj)

]︃
.

This analogy between billiards and standard maps is summarized in Table 1.1.

Billiards Standard maps
Geometry Domain Ω ⊂ R2 Potential V : T→ R

Natural equivalence Isometry of Ω Rotation and reflection of V
Spectrum Length spectrum Action spectrum

Table 1.1: Analogy between billiards and standard maps.

The natural rigidity questions for standard maps are therefore analogous to the length-spectral
rigidity questions for billiards:

Does the action spectrum determine V up to rotation and reflection?

and, in deformational form,

Can V be deformed nontrivially while preserving the action spectrum?

The results in the second part of the thesis address a weak version of the second question.
Namely, we construct nontrivial deformations for which infinitely many selected points in the
action spectrum are preserved, even though the full action spectrum is not shown to remain
fixed.

The Lyapunov spectrum

Consider a differentiable dynamical system f : M → M . Suppose that x is periodic with
minimal period q > 0, so that f q(x) = x. The Lyapunov exponents of this periodic orbit are
the quantities

1
q

log |λ|, (1.13)

where λ ranges over the eigenvalues of the linearized return map

dxf
q : TxM → TxM.

In the case dimM = 2 and f preserves a symplectic form, the Lyapunov exponents of a
q-periodic orbit x can be conveniently encoded by the quantity

det(dxf
q − Id).

Throughout this thesis, we shall slightly abuse terminology and refer to the above quantity as
the “Lyapunov exponent” of the periodic orbit. With this convention, the Lyapunov spectrum
of f means the collection of these quantities over all periodic orbits of f .

9



1. Introduction

Remark. In the broader dynamical systems literature, the term “Lyapunov exponent” has a
more general meaning. Let f : M →M be a Cr-diffeomorphism, with r ≥ 1, of a compact
manifold M , and let µ be an f -invariant probability measure. The integrability conditions∫︂

M
log+ ∥dxf∥ dµ(x) <∞,

∫︂
M

log+ ∥(dxf)−1∥ dµ(x) <∞

where log+(s) = max{log s, 0}, are automatic in this compact smooth setting. By the
multiplicative ergodic theorem of Oseledets [Ose68] (see also [KH95a], [CM06] or [Via14]),
there exists an f -invariant Borel set H ⊂ M of full µ-measure such that for every x ∈ H
there are real numbers

λ(1)
x > · · · > λ(m)

x

with m = m(x) and a f -invariant splitting

TxM = E(1)
x ⊕ · · · ⊕ E(m)

x

and, for every nonzero vector v ∈ E(j)
x ,

lim
n→±∞

1
n

log ∥dxf
n(v)∥ = λ(j)

x .

The numbers λ(j)
x are called the Lyapunov exponents of f at x. In particular, if x is periodic

with minimal period q > 0, then the Lyapunov exponents along the periodic orbit of x are
precisely of the form (1.13). If µ is ergodic, then the numbers λ(j)

x and the dimensions of the
spaces E(j)

x are independent of x for µ-almost every x; in this case one often speaks of the
Lyapunov spectrum of the measure µ. In this thesis, however, we focus only on the Lyapunov
exponents of periodic orbits. In fact, our result, Theorem C, only concerns a subset of such
periodic-orbit Lyapunov data.

Similar to the action spectrum, the Lyapunov spectrum can also be regarded as an analogue,
in spirit, of the length spectrum for geodesic flows and billiards.
The analogy between the length spectrum and the Lyapunov spectrum appears explicitly in
holomorphic dynamics. McMullen [McM10] considers proper holomorphic maps of the unit
disk and studies, for a periodic cycle of period q, the logarithmic multiplier

log |(f q)′(z)|.

These logarithmic multipliers are shown to exhibit properties closely analogous to the lengths
of closed geodesics on hyperbolic surfaces.
In the setting of expanding maps on the circle, a classical result of Shub and Sullivan [SS85]
shows that the marked Lyapunov spectrum determines the map up to smooth conjugacy. It
is well known that every expanding map on the circle is topologically conjugate to the linear
model x ↦→ dx for some degree d ∈ Z \ {0}. Such a conjugacy provides a natural symbolic
coding of periodic orbits, and hence a canonical marking of the Lyapunov spectrum. We also
refer to the work of Drach and Kaloshin [DK25] for recent progress on an unmarked version
of this rigidity phenomenon and for a detailed historical review of the problem therein.
The settings considered in this thesis, namely geodesic flows on T2 and standard maps, are
quite different from these uniformly hyperbolic examples. One of the goals of the second part
of this thesis is to exhibit a weak form of nonrigidity for the Lyapunov spectrum in the sense
that the Lyapunov exponents from certain sequences of periodic orbits of the standard map
can be preserved under nontrivial deformations.
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1.2. Background on spectral rigidity

1.2.3 The role of integrability
Our argument of Theorem A follows a common strategy in spectral rigidity: first show that
an isospectral deformation preserves an integrable structure, and then use the rigidity of that
integrable structure to trivialize the deformation. This connects spectral rigidity with the
problem of integrable rigidity. The latter question asks to what extent an integrable dynamical
system can be deformed while preserving integrability.

An integrable system is characterized by the presence of sufficiently many conserved quantities,
so that a large part of phase space is foliated by invariant submanifolds on which the dynamics
is conjugate to simple models. A classical definition of integrability uses the framework of
Arnold-Liouville, which we briefly recall in Section 2.3.1.

Integrable systems are expected to be very rare, and therefore one often expects them to
be rigid under deformation. This belief features prominently in the study of billiards. The
long-standing Birkhoff conjecture states:

Conjecture 1 (Birkhoff). The boundary of a strictly convex integrable billiard domain is
necessarily an ellipse.

There is strong evidence for this conjecture. Among many recent developments, we mention the
works of Avila–De Simoi–Kaloshin [ADSK16] and Kaloshin–Sorrentino [KS18], which prove that
ellipses are isolated among integrable billiard domains, and the work of Bialy–Mironov [BM22],
which establishes the nonperturbative version of this conjecture within the class of centrally
symmetric domains. Recently, Koval [Kov26] obtained a remarkable generalization of the
results of Avila–De Simoi–Kaloshin and Kaloshin–Sorrentino: for almost every ellipse, a small
perturbation that preserves integrability just near the boundary must again be an ellipse. On
the other hand, building on the work of Bialy–Mironov, Kaloshin–Koudjinan–Zhang [KKZ24]
showed that an integrable domain sufficiently close to a centrally symmetric one must be an
ellipse. We remark in particular that Kaloshin–Sorrentino [KS18] and Koval [Kov26] both
deduced spectral rigidity results of ellipses from their integrable rigidity as a simple corollary.

We also mention the work of Hezari–Zelditch [HZ22], which builds on earlier work of Avila–De
Simoi–Kaloshin [ADSK16] and shows that nearly circular ellipses are uniquely determined by
their Laplace spectrum among all simply connected domains.

A similar picture appears for standard maps. Suris [Sur89] discovered a class of poten-
tials for which the corresponding standard maps are integrable. A recent work of Fierobe–
Tsodikovich [FT26] proves a version of integrable rigidity for Suris-type potentials and obtains
action-spectral rigidity of these potentials as a corollary.

In the setting of geodesic flows on T2, the analogue of the Birkhoff conjecture is the following
folklore conjecture.

Conjecture 2. Up to isometry, Liouville metrics are the only integrable metrics on T2.

Henheik [Hen25] proved the following deformational result in this direction.

Theorem 1.1 (Henheik, 2025). Consider a family of metrics (gϵ) on T2 of the form

ds2
ϵ =

(︂
1 + f1(x1) + f2(x2) + ϵU(x1, x2)

)︂
(dx2

1 + dx2
2),

11



1. Introduction

where f1 and f2 belong to a generic class of analytic functions satisfying 1+min f1+min f2 > 0,
and U(x1, x2) is a trigonometric polynomial. Assume that gϵ is integrable for all ϵ. Then there
exist functions U1, U2 : T→ R such that

U(x1, x2) = U1(x1) + U2(x2).

Our proof of Theorem A follows a similar route: we first show that length-isospectral deforma-
tions preserve rational integrability of the geodesic flow, and then use this preserved integrable
structure to prove that a linear conformal deformation must vanish.
The following table summarizes the analogy among billiards, standard maps, and geodesic
flows on T2.

Billiards Standard maps Geodesics on T2

Geometry Domain Ω ⊂ R2 Potential V : T→ R Riemannian metric
Natural equivalence Isometry Rotation & reflection of V Isometry

Spectrum Length spectrum Action spectrum Length spectrum
Integrable examples Ellipses Suris potentials Liouville metrics

Table 1.2: Comparison among billiards, standard maps, and geodesic flows. It remains open
whether the examples listed in the last row exhaust all integrable cases in their respective
settings.

We remark that a precise connection between elliptical billiards and Liouville metrics can be
given by the work of Popov–Topalov [PT03], where they introduced Liouville billiard tables.
Their construction starts from the cylinder C = T× [−N,N ], equipped with a Liouville-type
metric

ds2 = (f(x)− q(y))(dx2 + dy2),
where f and q satisfy suitable symmetry and compatibility conditions. The billiard table is
obtained as a quotient of C by a branched covering map C → ˜︁C where ˜︁C is homeomorphic to
a disc. Elliptical billiards in the Euclidean plane arise as the special case in which this covering
is given by the standard elliptic-coordinate map.
Lastly, to conclude our discussion of integrability-related rigidity results, we also mention
a separate question about the integrable rigidity in a neighborhood of an elliptic periodic
orbit. As a prototypical example of this problem, Treschev [Tre13, Tre15, Tre17] considered a
period-2 billiard orbit in a domain and constructed examples of formal power series expansions
of the billiard boundary such that the billiard dynamics near the period-2 orbit is formally
conjugate to a rigid rotation of the type

(x, y) ↦→ (x+ a, y) for some constant a ∈ R.

Wang and Zhang [WZ25] proved a Gevrey regularity of Treschev’s examples in the case
where a is Diophantine. We also mention Koval’s recent extension [Kov24] of the results of
Wang-Zhang. Currently, the analyticity of Treschev’s examples remains an open question.

1.2.4 Flexibility of geodesic flows
The analogy between geodesic flows and billiards is useful, but it should not be taken too
literally. Geodesic flows actually appear to be more flexible than billiard maps. In particular,
there is strong evidence suggesting that Conjecture 2 is false.
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1.2. Background on spectral rigidity

For example, Corsi–Kaloshin [CK18] constructed a non-Liouville metric that is locally integrable
in a p-cone in the cotangent bundle. Agapov-Bialy-Mironov [ABM17] constructed an example
of a non-Liouville integrable magnetic geodesic flow. On the spectral side, the recent work of
Abbondandolo–Mazzucchelli [AM26] shows that length-isospectral spheres of revolution with
one equator are abundant and classifies them by rearrangements.
Theorem B gives an analogous flexibility result for Liouville metrics on T2: length-isospectral
Liouville metrics can be constructed by rearranging the one-dimensional functions f1 and f2.
Thus Liouville metrics are not rigid within the full class of Liouville metrics. Particularly, the
rigidity result of Theorem A is specific to linear-in-ϵ conformal deformations of the form (2.2).
Two natural questions remain. The first asks whether rearrangements account for all possible
length-isospectral deformations of Liouville metrics.

Question 1. Consider a family of metrics (gϵ) on T2 of the form

ds2
ϵ =

(︂
1 + f1(x1) + f2(x2) + ϵU(x1, x2, ϵ)

)︂
(dx2

1 + dx2
2). (1.14)

Suppose that the family is length-isospectral. Does it follow that gϵ is again a Liouville metric
obtained by rearrangements of g0?

The second question asks whether imposing reflection symmetries eliminates the rearrangement-
type flexibility. Reflection-symmetric functions on T with exactly two critical points are rigid
under rearrangement, so one may ask the following analogue of the symmetric billiard problem
studied in [DSKW17].

Question 2. Consider a family of metrics (gϵ) on T2 of the form (1.14), and assume that f1
and f2 each have exactly two critical points on T. Suppose that the family is length-isospectral
and that each gϵ is invariant under reflections about the axes

{x1 = 1/2} and {x2 = 1/2}.

Must the family be trivial, i.e. gϵ = g0 for all sufficiently small ϵ?

1.2.5 Rigidity from accumulating periodic orbits
The second part of this thesis is concerned with a rigidity question of a slightly different flavor.
Instead of asking whether the entire spectrum determines the system, one may ask which
parts of the spectrum are responsible for rigidity.
In many recent rigidity results, the full spectrum is not used; instead, one studies the spectral
data of a sequence of periodic orbits accumulating on a distinguished object, such as a
boundary, an invariant curve, or a periodic orbit. Our results in the second part point in
the opposite direction: we construct nontrivial deformations preserving the spectral data of
infinitely many selected orbits.
We briefly recall some rigidity results based on such accumulating sequences of periodic
orbits. First, the theorem of De Simoi, Kaloshin and Wei [DSKW17] mentioned earlier proves
deformational length-spectral rigidity within the class of nearly circular, Z2-symmetric domains.
Their proof relies on a detailed analysis of the first-order variation, under boundary deformations,
of the lengths of a sequence of symmetric periodic orbits with rotation number 1/q, q →∞,
together with a delicate inversion of the resulting linearized operator.
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In the work of Huang, Kaloshin and Sorrentino [HKS18], they show that, for a generic billiard
domain, the eigendata of minimal orbits can be recovered from the marked length spectrum.
In fact, one recovers the Lyapunov exponent of a minimal orbit of rotation number p/q using
only a sequence of lengths of minimal orbits whose rotation numbers converge to p/q.

We also mention work of De Simoi, Kaloshin and Leguil [DSKL23], which considers dispersing
billiard systems of three scatterers with axial symmetry and shows that the marked length
spectrum determines the geometry of the scatterers. In that work, the authors consider
the lengths of a sequence of periodic orbits converging to a homoclinic orbit of a particular
2-periodic orbit. Using the spectral data from this sequence, one reconstructs the Taylor
series of the boundaries of the scatterers at the endpoints of the 2-periodic orbit. This result
has been extended by Osterman [Ost23], who considers the same setting without symmetry
assumptions and shows that the marked length spectrum determines the analytic conjugacy
class of the billiard map.

Notably, these positive results mentioned above make use not of the full spectrum, but only
of a countable subset corresponding to a sequence of orbits accumulating on some invariant
“boundary” or “axis of symmetry” of the dynamics. On the other hand, our main result
shows that, in the standard-map setting, spectral data associated with certain accumulating
sequences of periodic orbits are not deformationally rigid. This motivates the following subtle
question about which countable subsets of the spectrum suffice to determine the underlying
dynamics.

Question 3. Does there exist a nonisometric deformation of a smooth strictly convex planar
billiard domain which preserves the lengths of infinitely many periodic orbits accumulating to
the boundary, to a periodic orbit, or to an invariant curve?

There is a positive answer to a nondeformative version of Question 3: Buhovsky and
Kaloshin [BK18] constructed a pair of billiard domains such that the marked length spectra of
the two domains coincide along a sequence of rotation numbers 1/qj with qj →∞.

The methods in this thesis do not answer Question 3. The key issue is that the proof of our
main theorem, Theorem 3.1, relies crucially on the special structure of the standard map:
one can explicitly construct potentials for a standard map admitting an invariant curve with
prescribed dynamics restricted to that curve. In the setting of billiards, the standard tool for
obtaining invariant curves is KAM theory (Section 1.2.7), but the Liouville-type arithmetic
condition (3.5) required in our construction is incompatible with the usual Brjuno-type or
Diophantine-type conditions needed for KAM theory.

1.2.6 Rigidity of Mather’s beta function
Mather’s beta function is another spectral invariant that features prominently in the rigidity
problems.

Given a general exact symplectic twist map and a choice of generating function, Mather’s
beta function β is defined, as in (1.7), to be a continuous function whose value at a rational
number p/q is 1/q times the action of the minimal orbits of rotation number p/q. It is known
that β is convex on Q and therefore extends continuously, by density, to an interval of R
called the rotation interval of the map.
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If Mather’s beta function admits an asymptotic expansion at ω of the form

β(α) ∼
∑︂
k≥0

ck(α− ω)k, (1.15)

we call the sequence (ck) the infinite jet of β at ω, by analogy with the jets of differentiable
functions. More precisely, the asymptotics (1.15) means that for any N ∈ N and any sequence
αj → ω,

1
(αj − ω)N

(︄
β(αj)−

N∑︂
k=0

ck(αj − ω)k

)︄
→ 0 as j →∞.

We refer to [Sib04, MF94] for more details on Mather’s beta function.

In the billiard setting, Mather’s beta function admits an infinite jet at 0, which is commonly
known as the Marvizi–Melrose invariants [MM82]. Hence, if a deformation of a billiard domain
preserves a sequence of orbits accumulating to the boundary, then this deformation preserves all
Marvizi–Melrose invariants. In particular, Buhovsky and Kaloshin [BK18] used this observation
to construct nonisometric pairs of domains with identical Marvizi–Melrose invariants.

We recall that a rotational invariant curve (RIC) of a map F : T× I → T× I is the graph

C = {(x, h(x)) : x ∈ T},

of a continuous function h : T→ R, such that C is invariant under F . Using Birkhoff normal
forms, one can show that if the symplectic map is sufficiently smooth and it has an RIC whose
restricted dynamics conjugates to a rigid rotation x ↦→ x+ ω by a Diophantine number (i.e.
ω is irrational and supp∈Z |qω − p|−1 grows at most polynomially in q), then Mather’s beta
function admits an infinite jet at ω. Thus, if a deformation of the system preserves a sequence
of orbits accumulating to such an invariant curve, then this deformation preserves the infinite
jet of Mather’s beta function at ω.

On the other hand, in a forthcoming work of Mathieu Helfter, the finite order jet at a fixed
Diophantine frequency of the beta function of nearly integrable standard maps is shown to be
deformationally rigid with respect to deformations within generic finite-dimensional subspaces
of potential functions.

Hence, we are led to the following question, which is in some sense weaker than Question 3.

Question 4. Does there exist a nonisometric deformation of a smooth strictly convex planar
billiard domain which preserves the infinite jet of Mather’s beta function (when it exists) at
some ω ∈ R?

We remark that Mather [Mat90] proved that Mather’s beta function is differentiable at every
irrational ω and generically fails to be differentiable at rational ω. In fact, Mather’s beta
function is differentiable at p/q if and only if there exists an RIC conjugate to a rigid rotation
by p/q. However, it is not clear in general whether Mather’s beta function has an infinite jet
at a frequency ω that is irrational but not Diophantine. Hence, our result Theorem D does
not provide information relevant to Question 4, due to the strong arithmetic condition (3.5).
This motivates a further regularity question for Mather’s beta function.

Question 5. Under what conditions does Mather’s beta function admit an infinite jet at a
given ω ∈ R?
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1.2.7 The role of KAM theory
As another strategy for rigidity problems, one can analyze the spectral invariants associated
with the persistence of quasiperiodic dynamics in the system obtained from Kolmogorov–
Arnold–Moser (KAM) theory. One example of such KAM-related spectral invariants is the jet
of Mather’s beta function at a Diophantine frequency discussed earlier. In this section, we
discuss several prior results that exploit KAM theory to study rigidity problems.

KAM theory deals with the persistence of quasiperiodic motions in Hamiltonian dynamical
systems under small perturbations. In a prototypical setup, we consider a perturbation of an
integrable Hamiltonian H0 by H1 on the phase space Td × Rd:

H0(I) + ϵH1(θ, I), (θ, I) ∈ Td × Rd, |ϵ| ≪ 1. (1.16)

KAM theory shows that, under suitable nondegeneracy conditions on H0, a large-measure
set of invariant tori of the integrable part H0 persists under the perturbation (1.16), and the
restricted dynamics on each such torus is conjugate to a linear flow on Td:

x ↦−→ x+ tω

with a Diophantine direction ω ∈ Rd, i.e., there exist c > 0 and τ > d− 1 such that

|ω · k| ≥ c

∥k∥τ
for all k ∈ Zd \ {0}. (1.17)

Such invariant tori are customarily called KAM tori, or KAM curves in the case of billiards. Fol-
lowing the original works of Kolmogorov [Kol54], Arnold [Arn63a, Arn63b] and Moser [Mö62],
there is by now a vast literature on KAM theory. We refer to [CM10] and [Pö09], and to the
references therein, for further general details. In the particular setting of billiard dynamics,
a foundational work is due to Lazutkin [Laz73], who showed that, for sufficiently smooth
strictly convex billiard tables, there exists a positive-measure Cantor family of invariant curves
accumulating at the boundary of phase space. We also refer to Moser–Levi [LM01] for a
particularly elegant KAM scheme adapted to symplectic twist maps, including billiard maps
and standard maps.

From the spectral-rigidity point of view, it is natural to study what happens to the KAM tori
when the perturbation (1.16) is assumed to be isospectral. In this direction, Popov [Pop94]
considered the family of KAM curves of the billiard map and showed that, under length-
isospectral deformations, the billiard map restricted to the union of KAM curves remains
symplectically conjugate to the undeformed case. On the other hand, Popov and Topalov
studied the KAM curves in [PT12] and subsequently in [PT19] from the perspective of
the Laplace spectrum via the notion of quasimodes. More precisely, each KAM curve that
persists under a deformation can be associated with a continuous quasimode of order M ≥ 1
parametrized by the deformation parameter t. This is a sequence of pairs of approximate
Laplace eigenvalues and eigenfunctions (µq(t), uq(t))q≥1 depending continuously on t such
that

∥∆tuq(t)− µq(t)2uq(t)∥L2 ≤ Cµq(t)−M (1.18)

for some C > 0. Moreover, the approximate eigenvalue has an expansion

µq(t) = µ0
q + cq,0(t) + cq,1(t)

µ0
q

+ cq,2(t)
(µ0

q)2 + · · ·+ cq,M(t)
(µ0

q)M
.
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Popov and Topalov related the coefficients cq,j(t) above to geometric information defining
the system. As an application, they proved in [PT12] the spectral rigidity for the function
K : ∂Ω→ R appearing in the Robin boundary condition under symmetry assumptions, for a
class of Liouville billiard tables (see Section 1.2.3). This approach is substantially developed
in their subsequent work [PT19], where they proved infinitesimal Laplace spectral rigidity of
Liouville billiard tables and a result for Z2 × Z2 symmetric deformations of ellipses that satisfy
a nondegeneracy condition on its elliptic period-2 orbit.

An important advantage of the Popov–Topalov approach is that it extracts certain length-
spectral invariants, including values of Mather’s beta function at Diophantine frequencies and
Birkhoff normal form data, without relying on the wave trace (see Section 1.2.2). Although the
wave trace can detect periodic orbits through its singular support, its use is often complicated
by possible cancellations of singularities and by the clean-intersection hypotheses needed to
describe the corresponding singular expansions. We refer to Section 2.7 for a discussion of
how these difficulties are addressed in our setting.

Our approach to Theorem A is rather different from the KAM-based strategies discussed
above. The dynamical objects responsible for rigidity in our argument are rational tori. Since
rational tori are well-known to be readily destroyed by generic perturbations, their preservation
imposes strong constraints on the allowed deformations, in sharp contrast with the robustness
of the KAM tori. We use length-spectral rigidity to deduce the preservation of rational tori,
and then use their preservation to trivialize the deformation. To pass from length-spectral
rigidity to Laplace-spectral rigidity, we still use wave-trace methods, combining a Marvizi–
Melrose-type parametrix with a theorem of Soga on oscillatory integrals to recover the relevant
length-spectral information. See Section 2.7 for details.

1.3 Organization of the thesis
In this introductory chapter, we have presented the general motivation behind spectral rigidity
problems, stated the main results of the thesis, and discussed several related rigidity and
nonrigidity questions. The rest of the thesis consists of two main parts, contained in Chapter 2
and Chapter 3, respectively.

Chapter 2 is devoted to the length-spectral rigidity and nonrigidity of Liouville metrics on T2.
In Section 2.1, we outline the overall two-step scheme of the proof of Theorem A and we
present a formal proof of this theorem assuming two intermediate results. We also explain the
main idea underlying the proof of Theorem B. Next, we introduce some definitions related
to the length spectrum and the marked length spectrum in Section 2.2, and then recall the
relevant integrability notions in Section 2.3. In particular, we introduce the notion of rational
integrability, which is the main dynamical structure used in the proof. The technical Section 2.4
establishes several geometric properties of rational tori, including the twist property needed to
construct families of connecting orbits, which play a crucial role in the proof of Theorem A.
Section 2.5 proves that length-isospectral deformations preserve rational tori. These results are
then combined in Section 2.6 to prove the rigidity theorem for linear conformal deformations of
Liouville metrics. Section 2.7 discusses a Laplace-spectral analogue of the rigidity statement.
Finally, Theorem B, which gives the rearrangement classification of marked-length-isospectral
Liouville metrics, is proved in Section 2.8. The final section collects auxiliary facts used
throughout the chapter.

Chapter 3 studies a weak form of action-spectral nonrigidity for standard maps. After
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1. Introduction

introducing notation and basic definitions for exact symplectic maps in Section 3.2, we describe
in Section 3.3 the coordinates adapted to a rotational invariant curve. Sections 3.4 and 3.5
contain the main technical tools: a resonant normal-form construction near an invariant curve
and a Picard iteration scheme which allows us to prescribe the resonant data associated
with a sequence of rational approximations. In Section 3.6, these tools are used to construct
periodic orbits accumulating on the invariant curve and to compute their symplectic actions
and Lyapunov exponents, completing the proof of the main nonrigidity theorem. The proof of
the resonant normal-form theorem, stated in Sections 3.4, is given in Section 3.7, and the
remaining auxiliary estimates are collected in the final section of the chapter.
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CHAPTER 2
Spectral Rigidity of Liouville Metrics

This chapter appears in part in the following preprint.

• J. Henheik, V. Kaloshin, Y. Li, and A. Vig. Spectral rigidity of Liouville tori, 2025.
doi:10.48550/arXiv.2511.10398

2.1 Introduction
In this chapter we study length-spectral rigidity for Liouville metrics on T2. The undeformed
metrics have the form

ds2 =
(︂
1 + f1(x1) + f2(x2)

)︂
(dx2

1 + dx2
2), (2.1)

where 1 + f1 + f2 > 0. The main result of this chapter, Theorem A, concerns linear conformal
deformations of the form

ds2
ϵ =

(︂
1 + f1(x1) + f2(x2) + ϵU(x1, x2)

)︂
(dx2

1 + dx2
2). (2.2)

We prove that if the length spectrum of gϵ is independent of ϵ, then U ≡ 0. Thus Liouville
metrics are spectrally rigid under this class of linear conformal deformations.
The proof uses the integrability of Liouville metrics in an essential way. The key point is that
length-isospectral deformations preserve rational tori, and the preservation of even one such
rational torus forces a linear conformal deformation to vanish.
The results in this chapter are joint work with Joscha Henheik, Vadim Kaloshin and Amir
Vig, available in the preprint article [HKLV25]. Our focus in this thesis is the length-spectral
aspect of this work, which corresponds to sections 3 and 5 of the cited preprint article.

2.1.1 Outline of the proof
We now outline the proof of Theorem A. The argument has two main steps:

Step 1: isospectrality preserves rational tori,
Step 2: one preserved rational torus with fixed length forces U ≡ 0.

The first step is the following general result. It does not require the initial metric to be
Liouville.
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2. Spectral Rigidity of Liouville Metrics

Theorem 2.1 (Isospectral deformations preserve rational integrability). Let (gϵ)|ϵ|<1 be a
smooth family of Riemannian metrics on T2, and suppose that g0 is rationally integrable. If
(gϵ) is length-isospectral, then gϵ is rationally integrable for every |ϵ| < 1.

Roughly speaking, rational integrability means that every closed geodesic belongs to a rational
torus. Such a rational torus is a family of closed geodesics that foliates an invariant torus in
the unit tangent bundle, and the invariant torus projects diffeomorphically onto T2.

While the precise definition is given in Section 2.3.2, here we emphasize that our definition
requires a rational torus to be a graph over T2. This makes the rational torus a close analogue
of a resonant convex caustic in billiards.

We explain the main idea of the proof of Theorem 2.1. While a rational torus generally
breaks up under perturbations, a smooth family of connecting orbits naturally arises from the
perturbed rational torus as a consequence of a twist property established in Proposition 2.11.
More precisely, a connecting orbit based at x ∈ T2 is a (not necessarily periodic) geodesic
segment in a fixed homology class which starts and ends at x. We observe that closed
geodesics are characterized by the critical points of the length τ ϵ(x) of the connecting orbit
as a function of the base point x.1 The isospectrality assumption then forces x ↦→ τϵ(x) to be
a constant, implying the preservation of a rational torus. The main technical difficulty lies
in the verification of the twist property of the rational torus in Proposition 2.11, where the
arguments rely on transversality properties of certain intersecting curves in the plane.

We refer to Sections 2.4-2.5 for the detailed proof.

The idea of using the twist property and the implicit function theorem to construct families
of connecting orbits is not new. This has been used, for example, in the works [RR06]
and [PdCRR13] to study the first-order variation of the rational caustics in elliptical billiard
tables.

We now turn to the second step. In this step, we specialize to conformal deformations of
the form (2.2). It shows that the preservation of a single rational torus already forces the
deformation to be trivial.

Theorem 2.2 (Rigidity of a rational torus). Let (gϵ)|ϵ|<1 be a conformal family of Riemannian
metrics on T2 of the form

ds2
ϵ =

(︂
Λ(x1, x2) + ϵU(x1, x2)

)︂
(dx2

1 + dx2
2), (2.3)

where Λ, U : T2 → R are smooth. Assume that, for all sufficiently small ϵ, the metric gϵ

admits a rational torus, and that the common length of the closed geodesics on this torus is
independent of ϵ. Then U ≡ 0.

The basic idea underlying the proof of Theorem 2.2 is to consider the energy Eϵ(γϵ) of the
unique closed geodesic γϵ in the preserved rational torus which starts and ends at a fixed
x ∈ T2, as a function of ϵ:

ϵ ↦→ Eϵ(γϵ)

and observe that
Eϵ(γϵ) = const and dγϵEϵ ≡ 0.

1The function τ ϵ(x) is an analogue of the so-called loop functions in billiards literature.
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The first identity follows from the isospectrality assumption and the second identity holds
because geodesics are critical points of the energy functional. Expanding the above conditions
in powers of ϵ and combining (see (2.34)–(2.35)), we obtain a second-order condition:

d2
γ(0)E

(0)(γ(1), γ(1)) = 0, (2.4)

where we have used the notation

γϵ = γ(0) + ϵγ(1) + ϵ2γ(2) +O(ϵ3), Eϵ = E(0) + ϵE(1).

This is the only, but crucial, use of the linearity assumption of the deformation, because a
general deformation will produce a nontrivial term on the left side of (2.4) involving E(2). On
the other hand, by minimality of γ(0) (see Proposition 2.11), the Hessian d2

γ(0)E
(0) is positive

semi-definite. This in turn forces dγ(0)E(1) ≡ 0. Comparing the Euler-Lagrange equations
resulting from dγ(0)E(0) ≡ 0 and dγ(0)E(1) ≡ 0, we conclude that U = 0 along the unperturbed
geodesic γ(0). Varying x ∈ T2 and using the foliation of T2 by closed geodesics of the rational
torus, we obtain U ≡ 0.
The reader will find the detailed proof in Section 2.6.
Having discussed the intermediate Theorem 2.1 and Theorem 2.2, we now explain how
Theorem A follows from these results.

Proof of Theorem A. Assume that a family (gϵ)|ϵ|<1 of the form (1.2) is length-isospectral.
Since g0 is a Liouville metric, it is rationally integrable; see Section 2.3.3. By Theorem 2.1,
the metric gϵ is rationally integrable for every |ϵ| < 1.
Fix a pair (m,n) ∈ (Z×)2 of coprime integers. Then (T2, gϵ) has an (m,n)-rational torus. By
Proposition 2.11 part 1, every geodesic in this rational torus is length-minimizing within the
homology class. Thus, the length is equal to

minLm,n(T2, gϵ).

By Corollary 2.22, length-isospectrality implies that this quantity is independent of ϵ. Therefore
the hypotheses of Theorem 2.2 are satisfied with

Λ(x1, x2) = 1 + f1(x1) + f2(x2).

It follows that U ≡ 0. This proves Theorem A.

Lastly, we discuss the idea underlying the proof of Theorem B, which characterizes marked-
length-isospectral classes of Liouville metrics in terms of rearrangements.
As pointed out in the introductory section, our results are similar in spirit to the prior results
of Abbondandolo-Mazzucchelli [AM26]. In the cited work, the authors proved, among other
results, that the marked length spectrum determines the sphere of revolution with a single
equator up to a rearrangement of the profile function. The authors of [AM26] consider a
symplectic twist map given by a return map associated with the unique equator, and use its
marked spectral data to determine its Mather’s beta function which, in turn, determines the
profile function via Abel’s transform.
The method of [AM26] does not immediately extend to the setting of Liouville metrics, even
in the rather similar setting where f2 = 0 in (2.1). By the method of [AM26], the spectral
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2. Spectral Rigidity of Liouville Metrics

data of geodesics that oscillate around a fixed elliptic closed geodesic (corresponding to a
local maximum of f1) can, in principle, determine the metric over a subregion of T2 bounded
by certain hyperbolic geodesics (corresponding to a local minimum of f1). However, unless f1
has only two critical points, one needs to partition the length spectrum appropriately according
to the oscillation intervals of such geodesics. But this information is generally unavailable
from the usual definition of the length spectrum for T2 with or without marking.
We shall modify the idea of [AM26] and adopt a more “global” approach which uses only
geodesics of homology classes (m,n) with mn ̸= 0. In particular, the issues with multiple
critical points and with nonconstant f1 and f2 can be handled in a unified way.
The key observation is that, via a separable Hamiltonian obtained from the Maupertuis
principle (Section 2.3.3), the marked length-spectral data of a Liouville metric (1 + f1(x1) +
f2(x2))(dx2

1 + dx2
2) can be encoded by a real-analytically embedded curve Γf1,f2 ⊂ (R>0)2

that is given by the image of

(−min f1, 1 + min f2) ∋ e ↦−→
(︄∫︂

T

√︂
e+ f1(x)dx,

∫︂
T

√︂
1− e+ f2(x)dx

)︄
∈ R2 (2.5)

It is straightforward to see that individual rearrangements of f1 and f2 do not change the curve
Γf1,f2 , and consequently, are always isospectral deformations. Conversely, if (1 + f̃ 1(x1) +
f̃ 2(x2))(dx2

1 +dx2
2) is another, marked-length-isospectral, Liouville metric, then Γf1,f2 = Γf̃1,f̃2

.
In particular, we show that the analogous map of (2.5) with fj replaced by ˜︁fj must coincide
with the map (2.5) up to precomposing a real-analytic reparametrization φ : R→ R. A closer
analysis of φ shows that z ↦→ φ(z)/z can be analytically extended to C as a bounded function,
forcing it to be constant, and then the asymptotics at |z| → ∞ shows φ(z) = z. It then
follows from an application of Laplace transform that the function f̃ j rearranges fj up to an
additive constant for j = 1, 2. We refer to Section 2.8 for the detailed proof.

2.1.2 Some further consequences
Trigonometric deformations Theorem 2.1 also has consequences for deformations with
more general dependence on ϵ, at the cost of imposing additional structures in the vari-
ables (x1, x2). The following result combines Theorem 2.1 with Henheik’s integrable-rigidity
theorem 1.1.

Theorem 2.3. Consider a family (gϵ)|ϵ|<1 of metrics on T2 of the form

ds2
ϵ =

(︂
1 + f1(x1) + f2(x2) + ϵU(x1, x2, ϵ)

)︂
(dx2

1 + dx2
2), (2.6)

where:

1. f1 and f2 belong to the generic class of analytic functions appearing in Theorem 1.1;

2. U is analytic in (x1, x2, ϵ), and its Taylor expansion in ϵ,

U(x1, x2, ϵ) =
∑︂
n≥0

ϵnUn(x1, x2),

has the property that each Un is a trigonometric polynomial on T2.

Suppose that the family (gϵ) is length-isospectral. Then, for each sufficiently small ϵ, the
metric gϵ is again a Liouville metric (obtained by rearrangements of g0).
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2.2. Preliminaries on the length spectrum

Indeed, the length-isospectral assumption implies, by Theorem 2.1, that the deformation
preserves rational integrability. Under the additional trigonometric-polynomial assumptions,
the argument of Henheik’s theorem can be applied order by order in ϵ to obtain

Un(x1, x2) = Un,1(x1) + Un,2(x2)

for every n. Hence gϵ remains within the class of Liouville metrics. Theorem B then describes
gϵ in terms of rearrangements. We refer to [HKLV25] for further details.

Laplace spectral rigidity We also record a Laplace-spectral analogue of Theorem A. This
result is closer in spirit to Kac’s question discussed in Section 1.2. Let ∆g denote the
Laplace–Beltrami operator of (T2, g), and let

0 = λ0 < λ1 ≤ λ2 ≤ · · ·

be the spectrum of −∆g, counted with multiplicity.

Theorem 2.4. Let (gϵ)|ϵ|<1 be a family of Riemannian metrics on T2 of the form

ds2
ϵ =

(︂
1 + f1(x1) + f2(x2) + ϵU(x1, x2)

)︂
(dx2

1 + dx2
2).

Suppose that g0 belongs to an open dense class of Liouville metrics satisfying a noncoincidence
condition described below. If the Laplace spectrum of (T2, gϵ) is independent of ϵ, then U ≡ 0.

The additional open dense condition on the original metric g0 is imposed in order to rule out
possible cancellations in the wave trace. Namely, we require that g0 admit at least one rational
torus whose length T does not coincide with the length of any closed geodesic in an axial
homology class (k, 0) or (0, k). 2

The proof of Theorem 2.4 combines the preceding rigidity argument with results obtained by
microlocal analysis. The analytical part of the proof goes beyond the expertise of the author
and the scope of this thesis. We shall nevertheless explain in Section 2.7 some dynamical and
geometrical ingredients in the proof. We refer to [HKLV25] instead for the full proof.

2.2 Preliminaries on the length spectrum
Throughout this chapter, we use Φt

g to denote the geodesic flow on TT2 associated with
(T2, g). The flow Φt

g naturally restricts to a flow on the unit tangent bundle ST2 with respect
to the given metric g.
We begin with some basic notions about the length spectrum.
Recall that our basic object is the collection of the lengths of all closed geodesics of (T2, g),
which we denote by L(T2, g). We also note that every closed geodesic of (T2, g) can be
uniquely associated with a homology class parametrized by the homology group H1(T2,Z) ≃ Z2.
Therefore, we may write

L(T2, g) =
⋃︂

m,n∈Z
Lm,n(T2, g), (2.7)

where Lm,n(T2, g) ⊂ R+ denotes the collection of the lengths of all closed geodesics belonging
to the homology class (m,n) ∈ Z2.

2We remind again that, by our terminology, a rational torus is required to be a graph over T2. For Liouville
metrics, geodesics not lying in a rational torus must be in homology classes (k, 0) and (0, k). These geodesics
also form invariant tori in the tangent bundle but, in general, such tori do not project diffeomorphically to T2.
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2. Spectral Rigidity of Liouville Metrics

Remark. The labelling of homology classes by integer pairs (m,n) is not canonical. This
labelling depends on the choice of the generators of the homology group H1(T2,Z). For
concreteness, however, we will consider T2 = R2/Z2 and fix the labelling such that a closed
curve in homology class (m,n) lifts to the covering space R2 which connects a point (x, y) ∈ R2

to (x+m, y + n) ∈ R2.

Generally, even for a fixed pair (m,n), the subset Lm,n(T2, g) could already exhibit rather
complicated structure. However, by a classical result in the calculus of variations, the infimum

ℓm,n
g := inf Lm,n(T2, g)

is always attained by at least one closed geodesic in the homology class, which is customarily
called a minimal geodesic.3

We may thus define the marked length spectrum of (T2, g) to be a map

(m,n) ↦→ ℓm,n
g . (2.8)

In fact, the marked length spectrum is determined by its restriction to the primitive elements
of the lattice Z2: it follows from a standard argument of the Aubry-Mather theory on T2 (see
for example [Ban88, Ch. 3]) that every minimal geodesic with homology class (km, kn) is
given by k-times iteration of a minimal closed geodesic with homology class (m,n). Hence,
the map (2.8) is fully determined by its values on the coprime pairs of integers (m,n). 4

We finish this section by noting the following elementary continuity property of the marked
length spectrum.

Lemma 2.5. For each fixed homology class (m,n), the minimal length ℓm,n
g depends continu-

ously on g in the C0-topology.

2.3 Integrability and rational integrability
As a classical result, the geodesic flow of a Liouville metric on Tn is integrable in the sense
of Arnold-Liouville. For readers’ convenience, we recall this classical notion in the setting of
Hamiltonian dynamical systems.

2.3.1 Integrable Hamiltonian dynamics
A general case. Hamiltonian dynamical systems were first introduced by Hamilton [Ham33]
as an abstract reformulation of classical mechanics. In modern language, a Hamiltonian
dynamical system consists of a symplectic manifold (M,ω) and a Hamiltonian function
H : M → R. The pair (M,ω) is given by an even-dimensional differentiable manifold M
together with an everywhere nondegenerate differential 2-form ω on M , which is usually called
the symplectic form. The Hamiltonian vector field XH generated by H is defined by the
following equation

dH = iXH
ω (2.9)

3When m = n = 0, we may formally define ℓ0,0
g = 0 since a point may be regarded as a closed geodesic

with length 0.
4We remark that the set of coprime pairs of integers includes (0,±1) and (±1, 0).
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where dH is the exterior derivative of H and iXH
stands for the tensor contraction by the

vector field XH . The Hamiltonian flow generated by H is defined to be the flow on M under
the vector field XH .
It is easy to show from the definition that H is always invariant under the Hamiltonian flow it
generates. Thus, the level sets of H, which are usually called the energy surfaces, are invariant
under the dynamics.
An integrable system is characterized by having sufficiently many independent conserved
quantities such that the dynamics restricted to the joint level sets of these conserved quantities
is conjugate to simple models. We formulate this notion precisely.

Definition 2.6. A Hamiltonian dynamical system on the 2n-dimensional symplectic manifold
(M,ω) is called integrable in the sense of Arnold-Liouville, or just integrable for short, if there
exist n functions F1, . . . , Fn on M (called first integrals) such that

1. they are functionally independent on M , i.e., for points x belonging to an open and
dense set of M , the 1-forms dFj, j = 1, . . . , n form a linearly independent set in the
cotangent space T ∗

xM ;

2. they are pairwise in involution, i.e., for 1 ≤ i ≤ j ≤ n,

{Fi, Fj} := ω(XFi
, XFj

) = 0. (2.10)

Remark. We may always choose F1 = H. The quantity {Fi, Fj} in the condition (2.10) is
usually called the Poisson bracket of Fi and Fj with respect to ω.

The following well-known theorem by Arnold-Liouville (see for example [Arn89, Ch. 10]) gives
a simple description of the dynamics restricted to the joint invariant set of the first integrals
in Definition 2.6.

Theorem 2.7 (Arnold-Liouville). Consider an integrable Hamiltonian dynamical system in the
sense of Definition 2.6 with F1 = H. For f = (f1, . . . , fn) ∈ Rn, set

Mf = {x ∈M : Fi(x) = fi, i = 1, · · · , n} .

Suppose the 1-forms dFj, j = 1, . . . , n, are linearly independent at each point of Mf . Then,

1. The level set Mf is a smooth submanifold of dimension n that is invariant under the
Hamiltonian flow;

2. If Mf is compact and connected, then it is diffeomorphic to an n-dimensional torus
Tn = Rn/Zn;

3. In the case of 2., there exist local coordinates (θ, I) : U → Tn × Rn defined in
a neighborhood U of Mf which is symplectic with respect to ω and the standard
symplectic form ∑︁n

j=1 dθj ∧ dIj on Tn × Rn. Moreover, in these coordinates the
Hamiltonian function H depends only on I and the Hamiltonian flow is given by the
system of differential equations

İ = 0, θ̇ = ∂H

∂I
(I), (2.11)

where the dot denotes the derivative with respect to time.
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In particular, for an integrable Hamiltonian dynamical system, an open dense subset of M is
foliated by invariant submanifolds of the form Mf as in Theorem 2.7, and the restriction of
the dynamics on compact connected invariant submanifolds is conjugate to a simple rotation
on Tn described by (2.11).

The case of geodesic flows. Recall that the geodesic flow of a Riemannian manifold (X, g)
can be formulated as a Hamiltonian flow on the cotangent bundle T ∗X. We briefly recall this
standard construction; see, for instance, Abraham–Marsden [AM87, Ch. 3].
Let

L : TX → R, L(x, v) = 1
2 |v|

2
g

be the kinetic-energy Lagrangian. Its fibre derivative, or Legendre transform, is the map

L : TX → T ∗X, L(x, v) = gx(v, ·).

Since g is positive definite, L is a smooth fibrewise linear diffeomorphism. The Hamiltonian
associated with L is obtained by the Legendre transform:

H(x, ξ) = sup
v∈TxX

(︂
ξ(v)− L(x, v)

)︂
= 1

2 |ξ|
2
g−1 ,

where g−1 denotes the dual metric on T ∗X.
Equipping T ∗X with its canonical symplectic form, the Hamiltonian flow generated by H is
conjugate, via L, to the geodesic flow on TX . In other words, if (x(t), v(t)) is a trajectory of
the geodesic-flow on TX, then

(x(t), ξ(t)) := L(x(t), v(t))

is a trajectory of the Hamiltonian flow of H on T ∗X, and conversely.
In local coordinates (x1, . . . , xn) on X, writing

g = gij dx
i ⊗ dxj, (gij) = (gij)−1,

the Hamiltonian takes the form

H(x, ξ) = 1
2
∑︂
i,j

gij(x)ξiξj. (2.12)

Thus the geodesic flow may be studied as the Hamiltonian flow generated by this function.
In view of this correspondence, we shall say that a Riemannian metric g is integrable if its
associated Hamiltonian system is integrable in the sense of Arnold-Liouville.

2.3.2 Rational integrability
While we have recalled the notion of Arnold-Liouville integrability in Section 2.3.1 for motiva-
tional purposes, we nevertheless shall not deal with this classical notion directly in the current
chapter. Instead, we shall work with a slightly different notion of “rational integrability”.
Roughly speaking, the geodesic flow is rationally integrable if every closed orbit is contained in
a rational torus, namely, a family of closed geodesics that smoothly foliates an invariant torus
in the unit tangent bundle with the condition that the invariant torus projects diffeomorphically
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onto the base manifold. This notion has been employed in the works on Birkhoff conjecture
such as [ADSK16], [KS18] and [Kov26], where the notion of rational tori corresponds to
resonant convex caustics.

Let us now formally define this notion in the setting of geodesic flows on T2.

Definition 2.8. Let g be a Riemannian metric on T2 and s : T2 → ST2 be a continuous
section of the unit tangent bundle of (T2, g). We call the image T = Im(s) a rational torus
of (T2, g) if T is invariant under the geodesic flow Φt

g and there exists T > 0 such that every
point of T is periodic under the geodesic flow with period T . We define the period of T to be
the minimal T > 0 for this to hold. We define the homology class of T to be the homology
class [γ] ∈ H1(T2,Z) of any closed geodesic γ : [0, T ]→ T2 which corresponds to a period-T
closed orbit in T .

We remark that since all closed geodesics of a fixed rational torus are homotopy equivalent as
closed curves in T2, the homology class of a rational torus T specified in Definition 2.8 does
not depend on the particular choice of the closed orbit in T .

Although we do not a priori assume any primitivity of the homology class of the rational torus
in Definition 2.8, it will later follow from Proposition 2.11 (particularly the minimality property
in part 1) that the homology class of T is always a primitive element of H1(T2,Z), i.e., it is
not a positive integer multiple of a different element in H1(T2,Z). Under the identification
Z2 ≃ H1(T2,Z), the primitive elements (m,n) are precisely the coprime pairs of integers.

Definition 2.9. We say (T2, g) is rationally integrable if there is an identification H1(T2,Z) ≃
Z2 such that for every coprime pair of integers (m,n) with mn ̸= 0 there exists a rational
torus of (T2, g) with homology class (m,n).

For convenience, when a rational torus has homology class (m,n), we shall call it an (m,n)-
rational torus or simply an (m,n)-torus. We will show in Proposition 2.11 that if an (m,n)-
rational torus exists then it is always unique.
Remark. Definition 2.9 deliberately excludes rational tori of homology classes (1, 0) and (0, 1).
This is because, for a typical Liouville metric (and with the usual identification H1(T2,Z) ≃ Z2

described in the remark in Section 2.2), the invariant tori in these homology classes do not
project diffeomorphically onto T2. In our later treatment of the deformations of Liouville
metrics, it is therefore convenient to consider these geodesics separately from those in the
rational tori in the sense of Definition 2.8.
Remark. To the author’s best knowledge, there is no clear relation between rational integrability
and integrability in the sense of Arnold-Liouville. We explain the subtleties underlying these two
notions. Consider an integrable metric in the sense of Arnold-Liouville. Assume for simplicity
that an open dense set of TX is foliated by invariant tori diffeomorphic to T2 and a dense
collection of these tori are further foliated by closed orbits. The problem, however, is that it
is unclear under what conditions these invariant tori project diffeomorphically onto the base
space T2 and hence constitute rational tori in the sense of Definition 2.8. Conversely, if a
metric is rationally integrable, then it is not hard to show that a “large” open subset of TX
is foliated by invariant tori. However, this foliation is a priori only C0-regular. Indeed, if the
foliation fails to be smooth, then it cannot be formed by regular level sets of first integrals in
the sense of Theorem 2.7.
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2.3.3 Maupertuis principle and the integrability of Liouville metrics
The main goal of this section is to illustrate the dynamical properties of Liouville metrics. In
particular, we explain a close analogy between Liouville metrics and the pendulum – a standard
model of integrable systems. In addition, we derive some useful formulae for the lengths of
closed geodesics of a Liouville metric which will be used later on.

Maupertuis principle. To this end, we shall first recall the Maupertuis principle, a useful
tool to describe geodesics of Liouville metrics. We begin with a general statement. Take
a compact Riemannian manifold (X, ˜︁g) and consider a mechanical Hamiltonian function on
T ∗M as follows.

H(x, λ) = 1
2 |λ|

2˜︁g−1 − V (x), (λ ∈ T ∗
xX), (2.13)

where V ∈ C2(X) and | · |˜︁g−1 is the dual metric induced by ˜︁g. Hamiltonian functions of the
form (2.13) are customarily referred to as mechanical Hamiltonians and the function V is
called a potential function. In physics, the first term in (2.13) corresponds to the kinetic
energy and the second term to the potential energy. Now, let Th = H−1({h}) be an energy
surface for some h > −minx V (x). We then note that Th is also an energy surface for another
Hamiltonian function given by

˜︂H(x, λ) = 1
2
|λ|2˜︁g−1

h+ V (x) . (2.14)

That is, we have Th = ˜︂H−1({1}). Now, the Maupertuis principle states that the Hamiltonian
flows generated by ˜︂H and H have the same integral curves on Th. More precisely, the orbits
of the two Hamiltonian flows on Th can differ at most by reparametrizations of time.

Case of Liouville metrics. To apply the Maupertuis principle to geodesic flows, we note
that the vector field generated by (2.14) gives rise to the geodesic flow of the Riemannian
metric g with

g = (h+ V )˜︁g .
See (2.12). We will use this for

X = T2, h = 1, V (x) = f1(x1) + f2(x2)

and ˜︁g given by the standard Euclidean metric dx2
1 + dx2

2 on T2 induced from R2. We may
identity T ∗T2 ≃ T2

x × R2
ξ with the standard symplectic form given by ω = ∑︁

j=1,2 dxjdξj . By
the Maupertuis principle, the geodesics of the Liouville metric

(1 + f1(x1) + f2(x2))(dx2
1 + dx2

2)

are determined up to time reparametrization by the mechanical Hamiltonian

H(x, ξ) = |ξ|
2

2 − f1(x1)− f2(x2) (2.15)

restricted to the energy surface Th = {H(x, ξ) = 1}.
Having the Hamiltonian function (2.15) in hand, we can easily analyze the geodesics on
T2 with a Liouville metric. In fact, the Hamiltonian (2.15) is the sum of two Hamiltonians
Hi(xi, ξi) = ξ2

i /2− fi(xi) for i = 1, 2, each defined on a phase cylinder T× R.
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2.3. Integrability and rational integrability

Analogy with the pendulum. The Liouville geodesic flow has a close analogy with the
classical pendulum-type system. Recall that, in classical mechanics, the phase portrait of a
pendulum is described by a Hamiltonian of the form

k(x, ξ) = ξ2

2 + a cos(2πx), a > 0,

defined on the phase cylinder T×R. There is a unique hyperbolic fixed point (0, 0) of energy
a. The energy surface {k = a} is called the separatrix and consists of two orbits asymptotic
to (0, 0). The other energy levels of k have two qualitatively different types. For energies
above the separatrix, the coordinate x(t) winds monotonically around the circle; these are the
rotational motions. For energies below the separatrix, the coordinate x(t) oscillates between
two turning points; these are the so-called librational motions. See Figure 2.1
The one-dimensional Hamiltonians

Hi(xi, ξi) = ξ2
i

2 − fi(xi), i = 1, 2,

which arise from the Liouville metric have exactly the same phase-space structure, with the
function −fi playing the role of the pendulum potential a cos(2πx). Thus the Hamiltonian

H(x, ξ) = H1(x1, ξ1) +H2(x2, ξ2)

may be regarded as the product of two uncoupled pendulum-type systems. The conserved
quantities H1 and H2 determine the motion in each coordinate separately, while the constraint

H1 +H2 = 1

selects the energy surface corresponding, via the Maupertuis principle, to the unit-speed
geodesic flow of the Liouville metric.
This viewpoint explains the two types of behavior that appear below. If the energy level of Hi

lies above the maximum of the effective potential −fi, then xi(t) winds monotonically around
T. If the energy level lies between the minimum and maximum of −fi, then xi(t) oscillates
between turning points. Consequently, closed geodesics of a Liouville metric are obtained by
matching the periods of the two one-dimensional motions: either both coordinates rotate,
giving geodesics in homology classes (m,n) with mn ̸= 0, or one coordinate oscillates while
the other rotates, giving geodesics in a homology class of the type (0, n) or (m, 0).
Guided by this heuristic picture, we give a more precise description of the closed geodesics in
the next paragraph.

Rational integrability of Liouville metrics and some formulae Recall that the Hamilto-
nian (2.15) is the sum of two Hamiltonians H1 + H2 with Hi(xi, ξi) = ξ2

i /2 − fi(xi). The
Hamiltonian flow on T × R generated by an individual Hamiltonian Hi is described by the
following ODE. ⎧⎨⎩x′

i(t) = ξi(t)
ξ′

i(t) = f ′
i(xi(t))

for i = 1, 2. (2.16)

Hence, the projections of orbits of (2.15) onto T2 are solutions of the uncoupled ODEs⎧⎨⎩x
′
1(t) = ±

√︂
2(e+ f1(x1(t)))

x′
2(t) = ±

√︂
2(1− e+ f2(x2(t)))

(2.17)
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2. Spectral Rigidity of Liouville Metrics

Figure 2.1: The phase portrait of a pendulum. The separatrix is shown in red. The energy
levels corresponding to the rotational motions are displayed in blue whereas those corresponding
to the librational motions are displayed in orange.

where e ∈ R is a conserved quantity (with ξ2
1/2− f1(x1) = e).

In particular, for geodesics in a (m1,m2)-rational torus, the corresponding periodic solution
(x1(t), x2(t)) of (2.17) satisfies x′

j(t) ̸= 0 and xj( ˜︁T )−xj(0) = mj (for any lift to the universal
cover), where

˜︁T = |m1|
∫︂
T

dx1√︂
2(e+ f1(x1))

= |m2|
∫︂
T

dx2√︂
2(1− e+ f2(x2))

(2.18)

is the period of the solution (x1(t), x2(t)) to the ODE (2.17). The relation (2.18) uniquely
determines e ∈ R in terms of (m1,m2).

On the other hand, for the periodic solution (x1(t), x2(t)) of (2.17) corresponding to a geodesic
in the homology class (0,m), the coordinate x1(t) oscillates through a connected component
[xmin

1 , xmax
1 ] of {x ∈ T | e+ f1(x) > 0}. In this case, either xmin

1 = xmax
1 , forcing x′

1(t) = 0
and thus f ′

1(x1) = 0 by (2.16); or else xmin
1 < xmax

1 and we have, similar to (2.18), the
time-matching condition

˜︁T = 2n
∫︂ xmax

1

xmin
1

dx1√︂
e+ f1(x1)

= |m|
∫︂
T

dx2√︂
1− e+ f2(x2)

for the number n ∈ Z>0 of oscillations of x1(t) between xmin
1 and xmax

1 over one period ˜︁T .
An analogous formula holds, of course, for homology class (m, 0).

Next, we calculate the length and the energy of geodesics of Liouville metrics via the Maupertuis
principle. Let us start with a general solution (x1(t), x2(t)) of (2.17) with some choice of e.
From the definition, the Riemannian length of such orbits over an arbitrary time interval [0, ˜︁T ]
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2.3. Integrability and rational integrability

is ∫︂ ˜︁T
0

√︂
(1 + f1(x1(t)) + f2(x2(t)))(x′

1(t)2 + x′
2(t)2)dt

=
∫︂ ˜︁T

0

√
2(1 + f1(x1(t)) + f2(x2(t)))dt

=
∫︂ ˜︁T

0

√
2(e+ f1(x1(t)))dt+

∫︂ ˜︁T
0

√
2(1− e+ f2(x2(t)))dt.

Suppose for example x′
j(t) > 0. Then the changes of variables

dx1√︂
2(e+ f1(x1))

= dt, dx2√︂
2(1− e+ f2(x2))

= dt

give
∫︂ ˜︁T

0

√
2
(︂
e+ f1(x1(t))

)︂
dt =

√
2
∫︂ x1(˜︁T )

x1(0)

e+ f1(x1)√︂
2(e+ f1(x1))

dx1 =
∫︂ x1(˜︁T )

x1(0)

√︂
e+ f1(x1) dx1.

(2.19)
Similarly, ∫︂ ˜︁T

0

√
2
(︂
1− e+ f2(x2(t))

)︂
dt =

∫︂ x2(˜︁T )

x2(0)

√︂
1− e+ f2(x2) dx2. (2.20)

It follows that the length of the orbit over [0, ˜︁T ] is given by

∫︂ x1(˜︁T )

x1(0)

√︂
e+ f1(x1) dx1 +

∫︂ x2(˜︁T )

x2(0)

√︂
1− e+ f2(x2) dx2.

If (x1(t), x2(t)) is a periodic solution lying in the homology class (m1,m2) ∈ (Z \ {0})2 with
period ˜︁T , then its Riemannian length over one period is simply

|m1|
∫︂
T

√︂
e+ f1(x1) dx1 + |m2|

∫︂
T

√︂
1− e+ f2(x2) dx2

where e is determined by (2.18). Analogous statements hold, of course, for homology (m, 0)
and (0,m). We now summarize.

Lemma 2.10. Let g = (1 + f1(x1) + f2(x2))(dx2
1 + dx2

2) be a Liouville metric. Then:

• For each (m1,m2) ∈ (Z \ {0})2, there exists a unique e ∈ (−min f1, 1 + min f2)
satisfying

|m1|
∫︂ 1

0

dx1√︂
e+ f1(x1)

= |m2|
∫︂ 1

0

dx2√︂
1− e+ f2(x2)

(2.21)

such that the length of every closed geodesic in an (m1,m2)-rational torus is

|m1|
∫︂
T

√︂
e+ f1(x1)dx1 + |m2|

∫︂
T

√︂
1− e+ f2(x2)dx2. (2.22)

• For m ∈ Z \ {0}, every closed geodesic in the homology class (0,m) belongs to one of
the two following types:
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2. Spectral Rigidity of Liouville Metrics

– There exists a critical point x1 ∈ T of f1 such that the closed geodesic is contained
in {x1} × T. In this case, the length of the closed geodesic is given by

|m|
∫︂
T

√︂
1 + f1(x1) + f2(x2)dx2 (2.23)

– There exists n ∈ Z>0 and e ∈ (−max f1,−min f1) satisfying

2n
∫︂ xmax

1

xmin
1

dx1√︂
e+ f1(x1)

= |m|
∫︂
T

dx2√︂
1− e+ f2(x2)

(2.24)

where (xmin
1 , xmax

1 ) is a connected component of {x | e+ f1(x) > 0}. In particular,
e is not a critical value of −f1. In this case, the closed geodesic is contained in
[xmin

1 , xmax
1 ]× T and its length is given by

2n
∫︂ xmax

1

xmin
1

√︂
e+ f1(x1)dx1 + |m|

∫︂
T

√︂
1− e+ f2(x2)dx2. (2.25)

• The symmetric statement holds for closed geodesics in the homology class (m, 0).

2.4 Dynamical properties of the rational torus
In this section, we collect some properties of rational tori, which will be used in the proof of
Theorem A.

We point out that the results in this section do not require the Riemannian metric to be a
Liouville metric. In particular, these results apply to any Riemannian metric on T2 admitting
a rational torus.

On the other hand, the proof of the main result in this section, namely Proposition 2.11 below,
relies crucially on the dimension of the torus being exactly 2. In fact, we do not know if our
results can be generalized to Td with d ≥ 3. This is the main reason why we have to limit
Theorem A to T2 instead of higher dimensional tori.

Proposition 2.11 is motivated by several well-known properties of convex caustics in billiards
and, more generally, the invariant curves of symplectic twist maps. For readers’ convenience,
we recall the following properties for essential invariant curves of an exact symplectic twist
map.5

1. all essential invariant curves are Lipschitz graphs over T;

2. distinct essential invariant curves do not intersect and the set of all such curves is totally
ordered by their rotation numbers ;

3. if an essential invariant curve consists of periodic orbits with period q > 0, then the
q-th iterate of the map has the twist property on the invariant curve and, moreover, the
curve is as regular as the map itself.

5We say an invariant curve is essential if it is not homotopically trivial, i.e., not a contractible curve in the
cylinder.
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2.4. Dynamical properties of the rational torus

Statement 1. above is a classical theorem due to Birkhoff. Statement 2. and 3. are rather
elementary. See for example [PdCRR13, Lemma 2.1] for a result in the context of billiard
maps.

In the higher dimensional setting, Arnaud-Massetti-Sorrentino [AMS23] considered Lagrangian
periodic graphs for symplectic twist maps on Td × Rd for all d ≥ 2 and, as intermediate
results, established properties analogous to the invariant curves listed above.

The statement of Proposition 2.11 below mirrors [AMS23, Section 2], but these two results
deal with slightly different scenarios. Particularly, the cited work assumes the symplectic map
satisfies a global twist condition, while, in our set-up, the global twist does not hold unless the
metric is flat. As mentioned above, it is also unclear if Proposition 2.11 can be generalized to
higher dimensions.

Recall that we use Φt
g to denote the geodesic flow on TT2 associated with (T2, g). The flow

Φt
g naturally restricts to a flow on the unit tangent bundle ST2 with respect to the given

metric g.

Proposition 2.11. Suppose T = Im(s) is a rational torus of (T2, g) corresponding to a C0

section s : T2 → ST2. Then the following properties hold.

1. T contains exactly all unit-speed closed geodesics in its homology class. In particular,
every closed geodesic in T is length minimizing within that homology class.

2. The section s is Lipschitz; moreover, its Lipschitz constant depends upper semicontinu-
ously on g with respect to the C2-topology.

3. (“Twist property”) Let T > 0 be the common period of orbits in T . For every x ∈ T2,
the derivative at u = 0 of the map

TxT2 −→ T2,

u ↦−→ π ◦ ΦT
g

(︂
s(x) + u

)︂ (2.26)

has full rank (i.e. rank 2), where we have denoted by TxT2 the tangent space of T2 at
x and π the canonical projection TT2 → T2.

Proof. Lift g to the universal cover R2; we keep the same letter g for the lifted Z2-periodic
metric. Then s lifts to a Z2-periodic section of SR2. For x ∈ R2, let γx : R→ R2 denote the
(unit-speed) geodesic with γx(0) = x and γ′

x(0) = s(x). By the definition of T , the closed
geodesic γx of (T2, g) lifts to a curve belonging to the rational torus T and there exist T > 0
and (m,n) ∈ Z2 such that γx(T ) = (x1 +m,x2 + n) for all x ∈ R2; the class (m,n) is the
homology class of T .

Proof of (1). We claim the following:

If a geodesic γ of (R2, g) intersects γx at two distinct points, then Im(γ) = Im(γx).
(2.27)

This statement 6 will imply part (1) of the proposition because, if γ : R→ R2 lifts a geodesic
of (T2, g) of the same homology class as T , then, for any x ∈ Im(γ), the curve γ intersects

6We emphasize that γ is said to intersect γ̃ as long as Im(γ)∩ Im(γ̃) ̸= ∅, even though γ and γ̃ may not
reach the point of intersection at the same time.
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2. Spectral Rigidity of Liouville Metrics

x− x+x0

x

v+(x)v−(x)

γx0

Figure 2.2: Proving the Lipschitz property of rational tori

γx at x. Since both Im(γ) and Im(γx) are invariant under the translation by (m,n), they
intersect infinitely many times; hence by (2.27) they coincide up to reparametrization, so the
closed geodesic belongs to T .
We now prove (2.27). Let us suppose that a geodesic γ intersects γx0 more than once for
some x0 ∈ R2. If Im(γ) ̸= Im(γx0), then the two curves are not tangent at the points of their
intersections, and by dimensionality their intersections must be transverse. We may hence
assume that two adjacent intersections happen at γ(T1) and γ(T2) for some T1 < T2. By our
choice, the segment γ((T1, T2)) does not intersect Im(γx0). Consider the following subsets of
R2.

H1 = {x ∈ R2 | γx intersects γ|(T1,T2)} and H2 = {x ∈ R2 | γx intersects γ|[T1,T2]}.

By continuous dependence of geodesics on initial data and stability of transverse intersections,
H1 is open and H2 is closed; hence H1 ⊂ H2. Moreover, H2 \ H1 = Im(γx0): indeed, if
x ∈ H2 \H1, then γx meets γ([T1, T2]) at an endpoint, and since γx and γx0 correspond to
the same invariant torus T , they cannot intersect transversely; thus they are tangent and
coincide up to reparametrization, so Im(γx) = Im(γx0). Hence H1 is both open and closed
in R2 \ Im(γx0), so it must be a union of connected components of R2 \ Im(γx0). But in
any of the two connected components of R2 \ Im(γx0) there exist points x′ such that the
Riemannian distance between Im(γx′) and γ(T1) is bigger than T2 − T1. In particular, we
have Im(γx′) ∩ Im(γ|(T1,T2)) = ∅, contradicting the definition of H1. Therefore (2.27) holds,
completing the first half of (1).
By what we have shown, the rational torus T contains the minimal closed geodesic in the
homology class of T . Since all closed geodesics in T by definition have the common Riemannian
length T , each is length minimizing within the homology class. The proof of part (1) is
finished.
Proof of (2). To prove that the section s : T2 → ST2 of a rational torus is Lipschitz, the
guiding heuristic is that the initial directions of geodesics in a rational torus whose starting
points are close cannot differ much. If they did, then under bounded curvature of the surface
(uniform C2-control of g), the geodesics would be forced to intersect, contradicting the fact
that a rational torus is a graph over T2. The following proof formalizes this heuristic. Let
us denote by B(x0, r) the geodesic ball centered at x0 with radius r > 0. By standard
results in Riemannian geometry, there exists ϱ > 0, depending lower-semicontinuously on the
C2-topology of g, such that for all x0 ∈ R2 and all x, y ∈ B(x0, ϱ), there exists a unique
minimizing unit-speed geodesic segment joining x to y and depending smoothly on (x, y). 7

7For example, it suffices to choose ϱ < r0
2 where r0 is the injectivity radius of (T2, g). This is related
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2.4. Dynamical properties of the rational torus

Let us fix an arbitrary x0 ∈ R2 and fix two points x± := γx0(±ϱ) ∈ B(x0, ϱ). Consider the
following smooth map

B(x0, ϱ) ∋ x ↦→ (v+(x), v−(x)) ∈ R2 × R2

where v±(x) is the initial velocity of the unique unit-speed minimizing geodesic segment
joining x to x±. See Figure 2.2 for an illustration. Since the geodesic differential equation
involves derivatives of g only up to first order, it follows that if g and g′ are sufficiently close
in the C2-topology (assuming both have the rational torus of the same homology class), then
the corresponding functions v± are close in the C1-topology. It is clear from definition that
v+(x0) = −v−(x0).

We now claim that for all x ∈ B(x0, ϱ), the initial velocity γ′
x(0) ∈ R2 of the corresponding

unit-speed geodesic lifted from T lies outside the (positive) cone generated by the tangent
vectors v+(x) and v−(x). Indeed, if this does not hold, then γ′

x(0) points towards the interior
of the geodesic triangle formed by minimizing geodesic segments with vertices x, x− and x+.
However, by uniqueness of minimizing geodesic segments, the geodesic γx does not intersect
again the boundary of this geodesic triangle. This implies that γx(t) is “trapped” in the
interior of this triangle for all future times t > 0, contradicting the periodicity. Similarly, by
time reversal, the same argument shows that γ′

x(0) lies outside the cone generated by −v+(x)
and −v−(x). By continuity and the fact that γ′

x0(0) = v+(x0) = −v−(x0), we rule out the
cone generated by −v+(x) and v−(x). Hence, we deduce that γ′

x(0) ∈ R2 always lies in the
positive cone generated by v+(x) and −v−(x) (indicated by the yellow region in Figure 2.2).

Note that v±(x) depends jointly differentiably on both x and x0. Using v±(x) as bounding
directions, the cone they span varies smoothly with x and x0. This provides uniform two-sided
bounds on the components of s(x) = γ′

x(0). By Z2-periodicity (compactness), these local
bounds yield a global Lipschitz estimate for the map

R2 ∋ x ↦−→ s(x) = γ′
x(0) ∈ SR2

with a Lipschitz constant depending upper semicontinuously on the C1 norms of v±. Since
the C1 norms of v± depend continuously on the metric g in the C2-topology, the Lipschitz
constant of s depends upper semicontinuously on g. The proof of point (2) is finished.

Proof of (3). Before entering the detailed argument, let us informally explain the guiding
heuristic of the proof. We vary the initial direction of a geodesic in a rational torus and let
the perturbed geodesic (the red curve in Figure 2.3) intersect a nearby closed geodesic of
the rational torus (the blue curve). By the observation in part (1), after this intersection
the red geodesic and the original geodesic must lie on opposite sides of the blue one. Using
the Lipschitz regularity established in part (2), we then show that the red geodesic deviates
sufficiently in the transverse direction. In the limit, this implies that the derivative of the
map (2.26) at u = 0 in the transverse direction is nonvanishing, establishing the “twist
property”.

We now present the details. Infinitesimally, varying u in (2.26) corresponds to perturbing the
initial direction s(x) of the geodesic γx while keeping the base point fixed. Because γx is

to, but slightly different from the notion of the convexity radius of a Riemannian manifold. The latter is
defined to be the maximum ϱ such that every geodesic ball B(x0, ϱ) is geodesically convex, i.e., for any pair
x, y ∈ B(x0, ϱ) there is a unique length-minimizing geodesic segment joining x and y which is contained in
B(x0, ϱ). Our argument, however, does not need the geodesic to be contained in the ball.
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x

c1(t)

c2(τ(v(t)))

s(x)

v(t)
γx

γc1(t)
c2(t)

γ̃t

c1 c2

γc1(t)(ϱ)

x1 γx(T )

Figure 2.3: Proving the twist property of rational tori

periodic, the derivative of (2.26) at u = 0 preserves s(x) as an eigenvector (of eigenvalue 1).
Hence it suffices to study variations of u transverse to s(x).
Fix x ∈ R2 and let c1 : R→ R2 be a C1 curve intersecting γx transversely at c1(0) = x. Define
c2(t) := c1(t) + (m,n); then c2 intersects γx transversely at c2(0) = γx(T ). For v ∈ SxR2

sufficiently close to s(x), the geodesic with initial velocity v meets c2 transversely at a unique
point c2(τ(v)) with τ(v) ∈ R near 0; we must show that v ↦→ τ(v) has nonzero derivative at
v = s(x). Take ϱ > 0 smaller than the injectivity radius and set x1 = γx(ϱ). For |t| small, let
γ̃t be the unique unit-speed minimizing geodesic from x to γc1(t)(ϱ), and write v(t) ∈ TxR2

for its initial velocity. We recall that, by definition, the geodesic γc1(t) starts at the point
c1(t) ∈ R2 with the initial velocity s(c1(t)) defined by the rational torus T , thus lifting a
closed geodesic in T . By (2) and smooth dependence on endpoints, t ↦→ v(t) is Lipschitz:

∥v(t)− v(0)∥ ≤ L|t| (|t| small), (2.28)

for some L <∞, where ∥ · ∥ is the norm induced by g on TxR2. For |t| small, v(t) stays close
to s(x) = v(0), so the geodesic with initial velocity v(t) meets c2 at c2(τ(v(t))) with τ(v(t))
near 0. The curves γc1(t) and γ̃t meet at γc1(t)(ϱ) and, by part (1), do not meet again; this
forces τ(v(t)) and t to have the same sign and |τ(v(t))| > |t|. Using (2.28),

|τ(v(t))|
∥v(t)− v(0)∥ >

|t|
∥v(t)− v(0)∥ ≥

1
L
> 0.

It is easy to show using the intermediate value theorem that t ↦→ v(t) is surjective onto an
open neighborhood of s(x) = v(0) in SxR2. The above inequality then implies

|τ(v)| > 1
L
∥v − s(x)∥

for v sufficiently close to s(x). This in turn shows that SxR2 ∋ v ↦→ τ(v) has nonzero
derivative at s(x). The proof of (3) is finished.

Let us apply Proposition 2.11 part (3) to study what happens to the rational torus under a
perturbation of the metric. We show that, although in general the rational torus may not
survive the perturbation, there exists nevertheless a family of “connecting orbits” joining any
pair of points x and y in T2 sufficiently close to each other and these orbits depend smoothly
on the end points (x, y) as well as the deformation parameter. In particular, for every x ∈ T2,
there exists a unit-speed geodesic segment with respect to the perturbed metric joining x back
to itself and having the same homology class as T . In general, this geodesic segment is not
periodic, in contrast to the case of a rational torus.
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2.4. Dynamical properties of the rational torus

Corollary 2.12. Let (gϵ)|ϵ|≤1 be a smooth family of Riemannian metrics on T2 such that
(T2, g0) has a rational torus T . Then, there exists a neighborhood U of the diagonal of T2×T2

such that, for all ϵ in a sufficiently small neighborhood of zero, there exist smooth functions
sϵ : U → ST2 and τϵ : U → R+ depending smoothly on ϵ and

π ◦ sϵ(x, y) = x and π ◦ Φτϵ(x,y)
gϵ

(sϵ(x, y)) = y for all (x, y) ∈ U ⊂ T2 × T2 (2.29)

with T = {s0(x, x) : x ∈ T2}.

Proof. Let T be the period of T . By definition of rational tori, the map

x ↦→ π ◦ ΦT
g0(s(x))

is an identity on T2. By Proposition 2.11 statement (3), we may apply the implicit function
theorem to obtain a unique tangent vector u(ϵ, x, y) in a neighborhood of 0 in TxR2 for |ϵ|
sufficiently small and y sufficiently near x such that π ◦ ΦT

gϵ
(s(x) + u(ϵ, x, y)) = y. Moreover,

the vector u(ϵ, x, y) depends smoothly on ϵ, x and y and u(0, x, x) = 0. By rescaling the
tangent vector s(x) + u(ϵ, x, y) into a vector sϵ(x, y) of unit length and defining τϵ(x, y) to
be T∥s(x) + u(ϵ, x, y)∥gϵ , we obtain (2.29) as desired. It is clear from the construction that
s(x) = s0(x, x). It follows that T = {s0(x, x) : x ∈ T2}.

Remark. The conclusion of Corollary 2.12 in particular implies that a rational torus of (T2, g),
if it exists, is automatically a smooth submanifold of TT2.

Geometrically, the tangent vector sϵ(x, x) in the preceding corollary is the initial condition
of a connecting orbit based at x, i.e. it is the locally unique initial velocity of the unit-speed
geodesic that starts at x ∈ T2, comes back to x after time τϵ(x, x) and thus forms a closed
curve in the same homology class as the geodesics in the unperturbed rational torus T .

We show that closed geodesics arising from the perturbation of the rational torus are charac-
terized by the critical points of τϵ restricted onto the diagonal of T2 × T2.

Corollary 2.13. Consider the same setup as Corollary 2.12 and take ϵ small such that the
conclusion of the corollary holds. Put

τ ϵ : T2 → R≥0

x ↦→ τϵ(x, x).

Then we have
Φτϵ(x)

gϵ
(sϵ(x, x)) = sϵ(x, x)

if and only if x is a critical point of τ ϵ. In particular, the set of critical values of τ ϵ is contained
in the length spectrum L(T2, gϵ).

Proof. Fix ϵ sufficiently small and let τϵ and sϵ be as in Corollary 2.12. We need to prove
that when x ∈ T2 is a critical point of τ ϵ the unit-speed geodesic driven by the metric gϵ with
initial velocity sϵ(x, x) is a closed geodesic. To this end, let (−η0, η0) ∋ η ↦→ xη be a C1 path
in T2 and set

γη(t) := π ◦ Φt τϵ(xη)
gϵ

(sϵ(xη, xη)).
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2. Spectral Rigidity of Liouville Metrics

By construction, γη(0) = γη(1) = xη and the length of γη([0, 1]) is τ ϵ(xη). By Lemma 2.20
and Proposition 2.19 applied to the variation vector field δ(t) := d(γη(t))/dη|η=0 along γ0,
we have

dτ ϵ(xη)
dη

⃓⃓⃓⃓
⃓
η=0

= 1
2E(γ0)− 1

2
d
dηE(γη)

⃓⃓⃓⃓
⃓
η=0

= 1
τ ϵ(x0)

⟨︄
dxη

dη

⃓⃓⃓⃓
⃓
η=0

, γ′
0(1)− γ′

0(0)
⟩︄

g

. (2.30)

It follows that x0 is a critical point of τ ϵ if and only if γ′
0(0) = γ′

0(1). After reparametrizing
γ0, this is equivalent to the geodesic with initial condition sϵ(x0, x0) being closed, which is
the desired conclusion.

2.5 Preservation of rational tori by isospectral
deformations

With the results of the preceding section, especially Corollary 2.13, in hand, we can now easily
establish the intermediate result Theorem 2.1, completing the first step in the overall scheme
of the proof of Theorem A.

First, we reduce Theorem 2.1 to its “single-torus” version, stated as follows.

Proposition 2.14. Let (gϵ)|ϵ|<1 be a smooth family of Riemannian metrics on T2 and let
(m,n) ∈ (Z \ {0})2 be such that g0 has an (m,n)-rational torus. Suppose the family (gϵ) is
length-isospectral. Then gϵ has an (m,n)-rational torus for all |ϵ| < 1.

Proof of Theorem 2.1 assuming Proposition 2.14. Let (gϵ)|ϵ|<1 be an isospectral family of
Riemannian metrics on T2 as in the statement of Theorem 2.1. Take any coprime pair of
integers (m,n). Since g0 is assumed to be rationally integrable, it admits an (m,n)-torus.
Since (gϵ) is isospectral, by Proposition 2.14 the metric gϵ has an (m,n)-rational torus for all
|ϵ| < 1. Varying (m,n), we deduce that gϵ is rationally integrable. The proof is complete.

The rest of this section is devoted to the proof of Proposition 2.14.

The first part of the proof relies on a classical argument using the fact that the length spectrum
L(T2, g) is a zero measure set, which in turn implies that a length-isospectral deformation
cannot give rise to continuous variations of points in the length spectrum. This argument is
well-known in the context of billiard dynamics. It has been used to deduce that length-spectral
rigidity implies marked length-spectral rigidity. See, for example, [Sib04, Proposition 3.2.2] and
also Corollary 2.22. We combine this argument with the characterization of closed geodesics
via critical points of τ ϵ in Corollary 2.13.

The second part of the proof addresses an apparent limitation of Corollary 2.13, which requires
the smallness of the deformation parameter ϵ. Indeed, using the Lipschitz property of the
rational torus (Proposition 2.11 part 2.) and a bootstrapping argument, we show that,
for a family (gϵ), rational tori are preserved for any range of values for ϵ as long as the
length-isospectrality assumption holds over this range.

Proof of Proposition 2.14. Let (gϵ)|ϵ|<1 be a length-isospectral family as in the statement. Fix
arbitrary coprime pair of integers (m,n) and define Σ ⊂ (−1, 1) to be the set of ϵ for which
(T2, gϵ) admits an (m,n)-rational torus. It is enough to show Σ is both open and closed.
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2.6. Spectral rigidity under linear-in-ϵ deformations

Proof that Σ is open. Take ϵ0 ∈ Σ. For ϵ sufficiently close to ϵ0, let τϵ(x, x) be given
by Corollary 2.12 applied to the (m,n)-rational torus of gϵ0 and put τ ϵ(x) = τϵ(x, x). By
Corollary 2.13 and isospectrality assumption, we have

{max(τ ϵ),min(τ ϵ)} ⊂ L(T2, gϵ0).

On the other hand, since τ ϵ depends smoothly on ϵ (Corollary 2.12), in particular, the quantities
max(τ ϵ) and min(τ ϵ) are continuous over a neighborhood of ϵ0. However, by Proposition 2.21,
the set L(T2, gϵ0) has zero measure and, in particular, does not contain an interval. It follows
that max(τ ϵ) and min(τ ϵ) must both be constant in ϵ. Finally, note that we have τ ϵ0 ≡ T
where T is the period of the (m,n)-torus. It follows that max(τ ϵ) = min(τ ϵ) = T for all ϵ
sufficiently close to ϵ0, which implies via Corollary 2.13 that (T2, gϵ) has an (m,n)-rational
torus.
Proof that Σ is closed. Suppose Σ ∋ ϵj → ϵ∞ and for each j ≥ 1 there exists an (m,n)-torus

Tj = Im(sj) ⊂ ST2

of (T2, gϵj
), where sj is a C0-section of the unit tangent bundle. We must show that (T2, gϵ∞)

also admits an (m,n)-torus.
By continuity of ϵ ↦→ gϵ in the C2-topology, the C2-norm of gϵ is uniformly bounded for ϵ near
ϵ∞. Proposition 2.11 part 2 then implies that each sj is Lipschitz with a Lipschitz constant
bounded uniformly in j. Hence, by the Arzelà-Ascoli theorem, a subsequence of (sj) converges
uniformly to a C0-section s∞ of ST2.
Set T∞ = Im(s∞). We claim that T∞ is an (m,n)-torus of (T2, gϵ∞). Indeed, by Propo-
sition 2.11(1), the period Tj of Tj is the minimal Riemannian length among curves in the
homology class (m,n). Since minimal lengths in fixed homology classes depend continuously
on the metric, the sequence (Tj) converges to some limit T∞ > 0.
Finally, by continuity of the geodesic flow with respect to the metric in the C2-topology, we
may pass to the limit j →∞ in the identity

ΦTj
gϵj

(sj(x)) = sj(x), x ∈ T2,

to obtain
ΦT∞

gϵ∞
(s∞(x)) = s∞(x), x ∈ T2.

Thus every geodesic determined by s∞ is T∞-periodic. It follows that T∞ is an (m,n)-torus
of (T2, gϵ∞), completing the proof.

2.6 Spectral rigidity under linear-in-ϵ deformations
In this section, we present the proof of Theorem 2.2, which is the second step in our overall
scheme for the proof of Theorem A.
The basic idea is to compute the second variation of the energy functional and show that,
thanks to the dependence on ϵ being only linear, the unperturbed geodesic γ(0) is a critical
point of both the unperturbed energy functional E(0) and the first-order expansion E(1); see
(2.33) below. Combining the two associated Euler-Lagrange equations then allows us to
conclude that U ≡ 0. We refer to Section 2.9.1 for a brief review of relevant notions in the
calculus of variations used in this proof.
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2. Spectral Rigidity of Liouville Metrics

To start the proof, let us suppose, as in the statement of Theorem 2.2, that a deformation
(gϵ) whose line element takes the form

ds2
ϵ = (Λ(x1, x2) + ϵU(x1, x2))(dx2

1 + dx2
2) (2.31)

preserves a rational torus and moreover the lengths of closed geodesics on that torus are
constant in ϵ. Suppose the preserved rational torus has homology class (m1,m2) and the
length of its closed geodesics is T > 0. We consider the lift of gϵ to the universal cover R2

and still denote it by gϵ. The energy Eϵ(γ) of any C1 curve γ : [0, T ]→ R2 with respect to
the metric gϵ is

Eϵ(γ) =
∫︂ T

0
[Λ(γ(t)) + ϵU(γ(t))]|γ′(t)|2dt. (2.32)

Here and for the rest of this section, we use | · | to denote the standard Euclidean norm. The
study of geodesics as critical points of the energy functional is classical. We refer to [Mil63]
for more details.
Fix a, b ∈ R2 such that b = a+ (m1,m2). By Corollary 2.12 and a lift of geodesics from T2

to R2, for each ϵ, the plane R2 is foliated by a family of unit-speed geodesics of gϵ such that
each geodesic γ in this foliating family satisfies γ(0) + (m1,m2) = γ(T ) and corresponds to
a closed geodesic in the (m1,m2)-rational torus after projection. Therefore, for each ϵ we
pick the unique unit-speed geodesic γϵ : [0, T ]→ R2 of (R2, gϵ) joining a and b. Note that
Corollary 2.12 implies γϵ depends smoothly on ϵ. By Lemma 2.20, we have Eϵ(γϵ) = T . In
particular, the energy of γϵ is constant in ϵ.
Let us now write the ϵ-expansion of Eϵ and γϵ as follows

γϵ = γ(0) + ϵγ(1) + ϵ2γ(2) +O(ϵ3), Eϵ = E(0) + ϵE(1).

Explicitly, we have

E(0)(γ) =
∫︂ T

0
Λ(γ(t))|γ′(t)|2dt and E(1)(γ) =

∫︂ T

0
U(γ(t))|γ′(t)|2dt. (2.33)

Using definitions (2.50) and (2.51) with α(t, ϵ) = γϵ(t) and α(t, ϵ1, ϵ2) = γϵ1+ϵ2(t) respectively,
we compute the ϵ-expansion of Eϵ(γϵ):

Eϵ(γϵ) =E(0)(γ(0)) + ϵ
(︃
E(1)(γ(0)) + dγ(0)E(0)(γ(1))

)︃
+ ϵ2

(︃
dγ(0)E(1)(γ(1)) + 1

2d2
γ(0)E

(0)(γ(1), γ(1)) + dγ(0)E(0)(γ(2))
)︃

+O(ϵ3).
(2.34)

On the other hand, since γϵ is by construction a geodesic with respect to gϵ, Theorem 2.18
implies that dγϵEϵ(δ) = 0 for any variation vector field δ along γϵ fixing endpoints. Expanding
in ϵ yields

0 = dγϵEϵ(δ) = dγ(0)E(0)(δ) + ϵ
(︃

d2
γ(0)E

(0)(δ, γ(1)) + dγ(0)E(1)(δ)
)︃

+O(ϵ2) (2.35)

Using (2.35) with δ = γ(2) and δ = γ(1), we can simplify (2.34) into

Eϵ(γϵ) = E(0)(γ(0)) + ϵE(1)(γ(0))− 1
2ϵ

2d2
γ(0)E

(0)(γ(1), γ(1)) +O(ϵ3). (2.36)

We arrive at the second-order condition

d2
γ(0)E

(0)(γ(1), γ(1)) = 0. (2.37)
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By Proposition 2.11 part (1), the geodesic γ(0) minimizes the g0-distance between its endpoints.
Therefore, since γ(0)(t) has unit-speed, it also minimizes the energy functional E(0) (with fixed
endpoints). It follows that the Hessian d2

γ(0)E
(0) is positive semi-definite. In particular, for any

variation δ fixing endpoints and any c ∈ R, we have

0 ≤ d2
γ(0)E

(0)(γ(1) + cδ, γ(1) + cδ)
= d2

γ(0)E
(0)(γ(1), γ(1)) + 2cd2

γ(0)E
(0)(γ(1), δ) + c2d2

γ(0)E
(0)(δ, δ).

Combining with (2.37), the above inequality for arbitrary c ∈ R forces d2
γ(0)E

(0)(γ(1), δ) = 0
for arbitrary variation δ fixing endpoints. Substituting into (2.35), we deduce that

dγ(0)E(1) = 0,

i.e., the undeformed geodesic γ(0) is also a critical point of the perturbing term E(1), in
addition to being a critical point of the original energy functional E(0). In these two cases,
the Euler-Lagrange equations satisfied by γ(0) write respectively

1
2 |γ̇

(0)(t)|2∇γ(0)(t)U =
(︂
∇γ(0)(t)U · γ̇(0)(t)

)︂
γ̇(0)(t) + U(γ(0)(t))γ̈(0)(t)

and
1
2 |γ̇

(0)(t)|2∇γ(0)(t)Λ =
(︂
∇γ(0)(t)Λ · γ̇(0)(t)

)︂
γ̇(0)(t) + Λ(γ(0)(t))γ̈(0)(t).

Here and for the rest of this section, we use γ̇(t) and γ̈(t) to denote the first- and second-order
derivatives γ′(t) and γ′′(t) of a curve γ. Taking the Euclidean inner product with γ̇(0)(t) and
rearranging, we obtain from the first equation

0 = 1
2 |γ̇

(0)(t)|2 d
dtU(γ(0)(t)) + U(γ(0)(t))γ̈(0)(t) · γ̇(0)(t).

For t ∈ R such that U(γ(0)(t)) ̸= 0, the above equation gives

−1
2

d
dt log |U(γ(0)(t))| = γ̈(0)(t) · γ̇(0)(t)

|γ̇(0)(t)|2
.

Since the same equation with U replaced by Λ also holds, we have d
dt

log |U(γ(0)(t))| =
d
dt

log |Λ(γ(0)(t))|. It follows that U(γ(0)(t)) is a constant multiple of Λ(γ(0)(t)) over each
connected component of {t | U(γ(0)(t)) ̸= 0}. Actually, since Λ > 0, by continuity of Λ
and U there exists a constant c such that U(γ(0)(t)) = cΛ(γ(0)(t)) for all t. Now, using the
first-order condition of (2.36), we have E(1)(γ(0)) = 0. Since γ(0) has unit-speed with respect
to g0, we obtain

0 = E(1)(γ(0)) =
∫︂ T

0
U(γ(0)(t))|γ̇(0)(t)|2dt = c

∫︂ T

0
Λ(γ(0)(t))|γ̇(0)(t)|2dt = cT. (2.38)

Since T > 0, the above equation forces c = 0 and therefore U vanishes on the image of γ(0).
Finally, since the family of closed geodesics γ(0) of a rational torus foliates T2, we can apply
the same argument to every such geodesic γ(0) to deduce that U = 0 everywhere. The proof
of Theorem 2.2 is finished.
Remark. We emphasize that the preceding argument requires the deformation to preserve
not only a rational torus itself, but also the period of the rational torus (guaranteed by the
isospectral assumption). The condition for preserving the period is necessary: one can of
course deform the metric nontrivially within the class of Liouville metrics, however at the cost
of nontrivially changing the spectrum.
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2.7 Laplace spectral rigidity
In this section, we explain how Theorem 2.4 follows from the preceding rigidity results together
with results from microlocal analysis.
Let (gϵ)|ϵ|<1 be a smooth family of Riemannian metrics on T2, and suppose that g0 is a
Liouville metric. Assume that g0 has a rational torus of length T , and that T does not coincide
with the length of any closed geodesic in a homology class (k, 0) or (0, k). A key step is to
show that, if the Laplace spectrum of (T2, gϵ) is independent of ϵ, then the length spectrum
is locally fixed near T : more precisely, there exists an open interval I ⊂ R containing T such
that

L(T2, gϵ) ∩ I

is independent of ϵ, for all sufficiently small ϵ.
We briefly explain the microlocal idea behind this local length-rigidity. The Laplace spectrum
determines the wave trace

t ↦−→
∑︂
j≥0

cos
(︂
t
√︂
λj

)︂
,

and the Poisson relation, discussed in Section 1.2.2, links the singular support of this distribution
to the length spectrum. Hence Laplace isospectrality can, in principle, constrain how the
lengths of closed geodesics vary.
The technical hurdle to use Laplace spectrum this way is that, if there are different closed
geodesics with the same length, then their contributions to the wave trace may potentially
cancel out each other and thus the corresponding length becomes undetectable from the singular
support. Furthermore, the usual formula given by the works of Guillemin-Melrose [GM81] and
Duistermaat-Guillemin [DG75] requires a generalized transversality condition called the clean
intersection condition, which is difficult to check for deformations of Liouville metrics.
We overcome the above issues by employing a parametrix construction originally developed by
Marvizi–Melrose [MM82] in the billiard setting, which gives a more robust description of the
Poisson relation near a rational torus.
For a billiard table Ω ⊂ R2, the contribution of periodic billiard trajectories with a fixed
rotation number 1/q is represented by an oscillatory integral whose phase function is a q-loop
function ψ : ∂Ω→ R+, where ψ(x) is defined to be the length of the billiard trajectory which
starts at x and returns to x after bouncing q times and winding around the billiard table once.
The critical values of ψ give the lengths of periodic trajectories.
In the present setting, the corresponding phase function is, analogously,

τ̄ ϵ(x),

defined in Corollary 2.13. Its critical values are precisely the lengths of closed geodesics
produced by perturbing the given rational torus.
Using this parametrix together with a theorem of Soga [Sog81], one shows that these critical
values give genuine singularities of the wave trace, even when the critical points of τ̄ ϵ are
degenerate. Moreover, the contributions coming from perturbations of different rational tori
do not cancel one another.
Now, the only remaining possible cancellation would have to come from closed geodesics not
arising from the perturbed rational torus. The noncoincidence assumption on T rules out such
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interference from the closed geodesics in the homology classes (k, 0) and (0, k). Consequently,
if the Laplace spectrum is fixed, then the wave trace is fixed, and therefore the local length
spectrum near T must also remain fixed.
The interested readers will find details of the above arguments in [HKLV25, Section 4].
We now apply this local length rigidity to the family in Theorem 2.4. Choose a rational torus
of g0 whose length T satisfies the noncoincidence condition. By the preceding discussion,
there exists an open interval I ∋ T such that

L(T2, gϵ) ∩ I

is independent of ϵ, for |ϵ| sufficiently small.
The proof of Proposition 2.14 uses global length-isospectrality only to keep the critical values
of τ ϵ inside a fixed zero-measure subset of the real line. The same argument therefore applies
under the local length-isospectrality in the interval I. It follows that the chosen rational torus
persists under the deformation, and that the common length of its closed geodesics remains
equal to T .
We may then apply Theorem 2.2 to the family

ds2
ϵ =

(︂
1 + f1(x1) + f2(x2) + ϵU(x1, x2)

)︂
(dx2

1 + dx2
2).

The conclusion is that U ≡ 0, which proves Theorem 2.4.

2.8 Length-isospectral families of Liouville metrics
In this section, we give the proof of Theorem B, which states that, roughly speaking, Liouville
metrics on T2 are length-isospectral if and only if they are obtained from one another by a
“rearrangement”.
We recall the notation L(T2, g) for the length spectrum and Lm,n(T2, g) for the set of lengths
of closed geodesics in the homology class (m,n) ∈ Z2. For m,n not both zero, we have set
ℓm,n

g := minLm,n(T2, g) and defined the marked length spectrum to be the map

(m,n) ↦−→ ℓm,n
g .

We also refer to Section 1.1.1 for the definition of “rearrangements”. Although the notion of
rearrangements applies to measurable functions, we shall nevertheless assume that, in the rest
of this section, all functions defined on T are at least C2. This regularity is standard in the
discussion of Riemannian metrics.
Before presenting the proof of Theorem B, we note the following classification of length-
isospectral deformations within the class of Liouville metrics, which is a simple consequence of
Theorem B.

Corollary 2.15. Let (gϵ)|ϵ|<1 be a family of Liouville metrics with line element

ds2
ϵ =

(︂
1 + f ϵ

1(x1) + f ϵ
2(x2)

)︂
(dx2

1 + dx2
2), ϵ ∈ (−ϵ0, ϵ0),

depending smoothly on ϵ. Assume that (gϵ) is length-isospectral, i.e., we have L(T2, gϵ) =
L(T2, g0) for all ϵ. Then for each ϵ there exists c ∈ R such that f ϵ

1 is a rearrangement of
f 0

1 + c and f ϵ
2 is a rearrangement of f 0

2 − c.
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Proof. By the length-isospectrality assumption and Corollary 2.22, we deduce that the
marked length spectrum of gϵ is independent of ϵ, i.e., for each (m,n) the function ϵ ↦→
minLm,n(T2, gϵ) is constant. The corollary follows immediately from Theorem B applied to
the pairs (f 0

1 , f
0
2 ) and (f ϵ

1, f
ϵ
2).

The rest of the section is devoted to proving Theorem B.

For a C2 function f : T→ R, define

Jf (e) :=
∫︂

{x∈T : e+f(x)>0}

√︂
e+ f(x)dx, (e ∈ R). (2.39)

Clearly Jf is strictly increasing, strictly concave and analytic over the interval (−min f,∞).
We emphasize that the analyticity holds even if f may not be analytic. Consider C2 functions
fj : T→ R for j = 1, 2 such that min f1 + min f2 > −1 and define

Γf1,f2 ={(Jf1(e), Jf2(1− e)) : −min f1 < e < 1 + min f2}
Γ+

f1,f2 ={(Jf1(e), Jf2(1− e)) : 1 + min f2 < e < 1 + max f2}
Γ−

f1,f2 ={(Jf1(e), Jf2(1− e)) : −max f1 < e < −min f1}.
(2.40)

Then Γf1,f2 is a real-analytically embedded curve in the first quadrant of R2 and it is the
graph of a strictly decreasing concave function. The end points of Γf1,f2 are(︃ ∫︂

T

√︂
f1(x)−min f1dx,

∫︂
T

√︂
1 + min f1 + f2(x)dx

)︃
and(︃ ∫︂

T

√︂
1 + min f2 + f1(x)dx,

∫︂
T

√︂
f2(x)−min f2dx

)︃
.

(2.41)

We refer to Figure 2.4 for an illustration.

Let µf denote the measure on R given by the push-forward f∗ LebT of the Lebesgue measure
on T by f : T→ R. Naturally µf is supported within the interval [min f,max f ]. Recall that
Lf has been defined in (1.3). If Lf is differentiable a.e. then µf is absolutely continuous
with respect to the Lebesgue measure dt on R with a density −L′

f(t)dt. Clearly, if ˜︁f is a
rearrangement of f then µf = µ˜︁f .

By the Layer-cake representation (see for example [LL01, Ch. 1.13]) and the definition of µf ,

Jf (e) = 1
2

∫︂ ∞

−e

Lf (t)√
t+ e

dt =
∫︂ ∞

−e

√
t+ e dµf (t). (2.42)

Clearly, if ˜︁f is a rearrangement of f , then (2.42) shows that Jf = J˜︁f as functions. It follows that
the curves (2.40) are invariant under rearrangements of f1 and f2. Since Jf+c(e) = Jf (e+ c)
for c ∈ R by definition of Jf , it is clear that the curves (2.40) are also invariant (as subsets
of R2) under the transformation (f1, f2) ↦→ (f1 + c, f2 − c). We show a converse of this
observation.

Lemma 2.16. Let ( ˜︁f1, ˜︁f2) and (f1, f2) be two pairs of C2 functions T → R with min f1 +
min f2 > −1 and min ˜︁f1 + min ˜︁f2 > −1 Then Γf1,f2 = Γ˜︁f1,˜︁f2

if, and only if there exists c ∈ R
such that ˜︁f1 is a rearrangement of f1 + c and ˜︁f2 is a rearrangement of f2 − c.
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Proof. We have observed the “if” part. For the “only if” part, suppose Γ˜︁f1,˜︁f2
= Γf1,f2

as subsets of R2 for some C2 functions f1, f2, ˜︁f1 and ˜︁f2 satisfying the conditions of the
lemma. Modulo transformations of the type (f1, f2) ↦→ (f1 + c, f2 − c), we may assume that
min f1 = min ˜︁f1 = 0. To show the lemma it is enough to prove that ˜︁fj is a rearrangement of
fj for j = 1, 2.
We begin by matching the endpoints (2.41) of the curves Γ˜︁f1,˜︁f2

and Γf1,f2 , which in particular
implies ∫︂

T

√︂
fj(x)−min fj dx =

∫︂
T

√︂ ˜︁fj(x)−min ˜︁fj dx (j = 1, 2).

Since Jf (e) is real-analytic and strictly increasing for e > −min f , it follows that

J−1˜︁fj
◦ Jfj

: (−min fj,∞)→ (−min ˜︁fj,∞) (j = 1, 2)

are real-analytic diffeomorphisms. Define

φ(e) :=

⎧⎨⎩J
−1˜︁f1
◦ Jf1(e) (e > −min f1)

1− J−1˜︁f2
◦ Jf2(1− e) (e < 1 + min f2).

Since Γf1,f2 projects injectively to xj-coordinate for j = 1, 2, we can verify that the two
definitions of φ(e) are consistent for −min f1 < e < 1 + min f2 and

(Jf1(e), Jf2(1− e)) = (J˜︁f1
(φ(e)), J˜︁f2

(1− φ(e))) (−min f1 < e < 1 + min f2). (2.43)

By analyticity of Jfj
and J˜︁fj

over their respective domains, we deduce that φ : R→ R is a
real-analytic diffeomorphism. We remark that φ(1 + min f2) = 1 + min ˜︁f2 and

φ(0) = φ(−min f1) = −min ˜︁f1 = 0

since we have assumed min f1 = min ˜︁f1 = 0.
Let us denote f = f1 and ˜︁f = ˜︁f1. Consider

ˆ︁Jf (e) =
∫︂ ∞

0

√
t+ e dµf (t).

Choosing the principal branch of the square root, we define ˆ︁Jf analytically on the domain
C \ (−∞, 0]. Observe that Jf |(0,∞) is exactly the restriction of ˆ︁Jf on (0,∞). Hence Jf

determines ˆ︁Jf by analytic continuation.
Let H± denote the upper/lower complex half-plane. If e ∈ H±, then

√
t+ e lies in the

first/fourth quadrant of C for any t > 0. It follows from convexity that ˆ︁Jf maps H± into the
first/fourth quadrant respectively. In fact, we show that ˆ︁Jf restricts to biholomorphisms

ˆ︁Jf : H± ∼−→ D±, (2.44)

where D± are the unbounded domains in the first/fourth quadrant of C bounded by the curve

e ↦→ lim
ϵ→0±

ˆ︁Jf (e+ iϵ) =
∫︂ max f

−e

√
t+ e dµf (t)± i

∫︂ −e

0

√︂
|t+ e| dµf (t). (2.45)

Notice that (2.45) parametrizes the image of the boundary of H± under ˆ︁Jf , and it is understood
that the first integral is zero if −e > max f and similarly the second integral is zero for
−e < 0.

45



2. Spectral Rigidity of Liouville Metrics

To show (2.44), we first observe that, since µf is a finite measure supported in the interval
[0,max f ], we have

|z|−1/2| ˆ︁Jf (z)| → 1 uniformly as |z| → ∞ (2.46)
Let z0 ∈ D+. Then, for R sufficiently large, the point z0 is enclosed by a closed loop formed by
the image of the semicircle {z ∈ H+ : |z| = R} under the function ˆ︁Jf and the boundary (2.45).
By shrinking R, the usual argument using contractible loops shows that z0 ∈ ˆ︁Jf (H+). Henceˆ︁Jf (H+) = D+. Similarly ˆ︁Jf (H−) = D−. To see the injectivity of ˆ︁Jf , suppose ˆ︁Jf (z1) = ˆ︁Jf (z2).
Then

0 = ˆ︁Jf (z1)− ˆ︁Jf (z2) =
∫︂ ∞

0

√
t+ z1 −

√
t+ z2dµf (t) = (z1 − z2)

∫︂ ∞

0

dµf (t)√
t+ z1 +

√
t+ z2

.

Since ℜ
√
t+ z > 0 for all t > 0 and z ∈ C \ (−∞, 0], it is easy to see that the last integral

above does not vanish. It follows that z1 = z2 and hence ˆ︁Jf is injective. It is also clear thatˆ︁Jf has nonvanishing derivative everywhere. It follows that (2.44) are indeed biholomorphisms.
Similarly, we have ˆ︁J˜︁f : H± ∼−→ ˜︁D± where ˜︁D± are domains defined analogously with boundaries
given by (2.45) with f replaced by ˜︁f .
Recall that we have Jf(e) = J˜︁f(φ(e)) for e > 0 and φ : R→ R real-analytic. Extending φ
analytically over a complex neighborhood U ⊃ R, we have ˆ︁Jf = ˆ︁J˜︁f ◦ φ over U \ (−∞, 0].
Shrinking U if necessary we may assume φ(U ∩ H±) ⊂ H±. It follows by taking the limit
φ(e+ iϵ)→ φ(e) for e ∈ R that

lim
ϵ→0±

ˆ︁Jf (e+ iϵ) = lim
ϵ→0±

ˆ︁J˜︁f (φ(e) + iϵ).

Consequently, the boundary curves (2.45) defined by f and by ˜︁f are identical up to a
reparametrization by φ and hence both ˆ︁J˜︁f and ˆ︁Jf are biholomorphisms H± ∼−→ D± onto the
same image. We can therefore extend the original definition of φ to an analytic function
φ = ˆ︁J−1˜︁f ◦ ˆ︁Jf over C \ (−∞, 0]. Since φ is real-analytic over R, by the Schwarz reflection
principle, it is an entire function.
Since φ(0) = 0, the function z ↦→ φ(z)/z is entire and bounded by the asymptotics (2.46).
It then follows from Liouville’s theorem that φ(z) = az for some a ∈ R. But (2.46) forces
a = 1. Thus φ(z) = z and we obtain accordingly Jf = J˜︁f and Jf2(1− e) = J˜︁f2

(1− e). Since
Lf (e) = L˜︁f (e) = 1 for e < 0, Equation (2.42) implies

∫︂ ∞

0

Lf (t)√
t+ e

dt =
∫︂ ∞

0

L˜︁f (t)
√
t+ e

dt for all e > 0.

Using the identity ∫︁∞
0 s−1/2e−(t+e)sds = π1/2(e+ t)−1/2, we have

∫︂ ∞

0

Lf (t)√
t+ e

dt = 1√
π

∫︂ ∞

0

∫︂ ∞

0
Lf (t)e−(e+t)s

√
s

dsdt = 1√
π

Ls

[︄
Lt[Lf (t)](s)√

s

]︄
(e)

where Lt and Ls denote the Laplace transform in the variable t and s respectively. By
injectivity of Laplace transform, we have Lf = L˜︁f . By the same argument applied to
Jf2(1−e) = J˜︁f2

(1−e) for e < 1+min f2, we deduce Lf2 = L˜︁f2
. Hence ˜︁fj is a rearrangement

of fj as desired. The proof is complete.

We now prove Theorem B.
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Proof of Theorem B. Consider the Liouville metrics g and ˜︁g given in the statement. The
lengths of geodesics in an (m1,m2)-rational torus are described by Lemma 2.10. We prove
(1) ⇐⇒ (2) by reformulating Lemma 2.10 using the geometric objects Γf1,f2 and Γ±

f1,f2 .
Proof of (1) =⇒ (2). By definition of Jf and Lemma 2.10, for each pair of nonnegative
integers (m1,m2) ̸= (0, 0), there exists a unique e ∈ [−min f1, 1 + min f2] such that

m1J
′
f1(e)−m2J

′
f2(1− e) = 0 (2.47)

and
ℓm1,m2

g = m1Jf1(e) +m2Jf2(1− e). (2.48)

We note in particular that when m1 = 0, then (2.48) follows from the formula (2.23) and vice
versa. Therefore, the marked length spectrum (m1,m2) ↦→ ℓm1,m2

g completely determines the
tangent lines of the curve Γf1,f2 with rational slope. See Figure 2.4. By density of Q in R and
strict concavity, these tangent lines determine Γf1,f2 , which is just the envelope of these lines.
It follows from (1) that Γf1,f2 = Γ˜︁f1,˜︁f2

, which in turn implies (2) via Lemma 2.16.
Proof of (2) =⇒ (1). The strict concavity of Γf1,f2 implies that for each coprime pair of
positive integers (m1,m2) there is a unique tangent line orthogonal to (m1,m2) so that (2.47)
holds. The distance of this tangent line to the origin determines ℓ±m1,±m2

g via (2.48). Hence
ℓm1,m2

g is determined by the curve Γf1,f2 . For the cases m1 = 0 and m2 = 0, formula (2.23)
from Lemma 2.10 implies ℓ0,m2

g and ℓm1,0
g are given by the y-coordinate and the x-coordinate

of the two endpoints of Γf1,f2 , respectively. Since (2) implies Γf1,f2 = Γ˜︁f1,˜︁f2
, it follows that g

and ˜︁g have the same rotational marked length spectrum. We have proved (2) =⇒ (1).
Proof of length-isospectrality. Assume that each of the functions f1 and f2 has exactly two
critical points on T. Then, by part (2) of Lemma 2.10, the lengths of closed geodesics in the
homology class (0,m) are given by one of the following values:

|m|Jf2(1 + max f1), |m|Jf2(1 + min f1) or 2nJf1(e) + |m|Jf2(1− e) (2.49)

where n ∈ Z>0 is such that 2nJ ′
f1(e) − |m|J

′
f2(1 − e) = 0. Indeed, the first two values

correspond to (2.23) whereas the last value corresponds to (2.25). We have used the
assumption that f1 has exactly 2 critical points, which implies that {x ∈ T : f1(x) + e > 0}
is connected for −max f1 ≤ e ≤ −min f1. Note that the quantities (2.49) are all determined
by the curve Γ−

f1,f2 : the first two are integer multiples of the y-coordinates of its endpoints,
whereas the values of the last type are determined by tangent lines of Γ−

f1,f2 with rational
slope in a way similar to the preceding proof of (1) ⇐⇒ (2). A symmetric argument applies
to the homology class (m, 0). Therefore ⋃︁m1m2=0 Lm1,m2(T2, g) is completely determined by
Γ±

f1,f2 . It follows that, if ˜︁f1 and ˜︁f2 each have exactly two critical points, as do f1 and f2,
and satisfy statement (2), then Γ±

f1,f2 = Γ±˜︁f1,˜︁f2
by the Layer-cake representation (2.42) and

thus ⋃︁m1m2=0 Lm1,m2(T2, g) = ⋃︁
m1m2=0 Lm1,m2(T2, ˜︁g). Since ˜︁g and g also have the same

marked length spectrum by part (1), and Lm1,m2(T2, g) = {ℓm1,m2
g } for m1m2 ̸= 0 by rational

integrability and Proposition 2.11 part 1, we deduce that ˜︁g and g are length-isospectral. The
proof is complete.

Remark. It is clear from the proof that the assumption that f1, f2, ˜︁f1 and ˜︁f2 each has exactly
two critical points on T can be weakened to the assumption that {x ∈ T : f(x) + e > 0} is
connected for f ∈ {f1, f2, ˜︁f1, ˜︁f2}.
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Γf1,f2

Γ−
f1,f2

Γ+
f1,f2

ℓ
m1,m2
g

∥m∥

Figure 2.4: The curves Γf1,f2 and Γ±
f1,f2 in the first quadrant of R2. The red solid line is the

unique tangent line to Γf1,f2 with slope −m1/m2 for some fixed m1,m2 ∈ Z>0. The value of
ℓm1,m2

g is equal to the distance of this tangent line to the origin times ∥m∥ =
√︂
m2

1 +m2
2.

Remark. The argument can be modified to show that, more generally, a deformation of a
Liouville metric is length-isospectral if and only if it is a rearrangement-type deformation
preserving a “branched” version of the superlevel measures (1.3). More precisely, the require-
ment is that the deformation should preserve the cyclic order of the connected components of
{x ∈ T : e + fj(x) > 0} for j = 1, 2 as well as the measure of each individual connected
component. In order to make the idea of the proof transparent, we have nevertheless opted to
stick to the simpler result with the assumptions that f1 and f2 each has two critical points.

2.9 Auxiliary results
2.9.1 Background on variational calculus
Let (X, g) be a Riemannian manifold. We denote by Φt

g : TX → TX the geodesic flow
associated with the metric g on the tangent bundle TX.
Recall that the exponential map expg : TX → X is defined by

expg(v) := π ◦ Φ1
g(v),

where π : TX → X is the canonical projection. The following is a basic result in Riemannian
geometry; see, for example, [Mil63, §10].

Proposition 2.17. There exists a neighborhood U of the zero section of TX such that the
map

U ∋ v ↦→ (π(v), expg(v)) ∈ X ×X
is a smooth diffeomorphism onto a neighborhood U ′ of the diagonal in X×X. After shrinking
U ′ if necessary, for every (x, y) ∈ U ′ there exists a unique minimizing geodesic joining x and
y, depending smoothly on (x, y).
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We now recall some basic notions in the calculus of variations applied to geodesics. Our
exposition loosely follows Milnor’s book [Mil63].

Let ω : [0, T ]→ X be a piecewise smooth curve, i.e., there exist n ≥ 1 and a subdivision

0 = t0 < t1 < · · · < tn−1 < tn = T

such that ω|[tj ,tj+1] is smooth for j = 0, . . . , n− 1. We define the energy of ω associated with
g by

E(ω) :=
∫︂ T

0
|ω′(t)|2g dt.

A variation vector field along ω is a continuous and piecewise smooth section

δ : [0, T ]→ ω∗TX

of the pull-back bundle ω∗TX . Explicitly, δ(t) ∈ Tω(t)X for each t ∈ [0, T ], and the restriction
δ|[tj ,tj+1] is smooth for every j. We say that δ fixes the endpoints if δ(0) = 0 and δ(T ) = 0.

Given such a variation vector field δ, we define the first variation of the energy functional at ω
in the direction δ by

dωE(δ) := d
dηE

(︂
α( · , η)

)︂⃓⃓⃓⃓
η=0

, (2.50)

where α : [0, T ]× (−η0, η0)→ X is any map such that

α(t, 0) = ω(t), ∂α

∂η
(t, 0) = δ(t) for all t ∈ [0, T ].

One checks that the value of (2.50) does not depend on the choice of α. For instance, for |η|
sufficiently small, one may take α(t, η) = expg(η δ(t)).

Similarly, given two variation vector fields δ1, δ2 along ω, we define the corresponding second
variation of E by

d2
ωE(δ1, δ2) := ∂2

∂η1 ∂η2
E
(︂
α( · , η1, η2)

)︂⃓⃓⃓⃓
η1=η2=0

, (2.51)

where α : [0, T ]× (−η0, η0)2 → X is any map satisfying

α(t, 0, 0) = ω(t), ∂α

∂η1
(t, 0, 0) = δ1(t),

∂α

∂η2
(t, 0, 0) = δ2(t).

These notions give the usual characterization of geodesics; see, for example, [Mil63, §§12–13].

Theorem 2.18. The curve ω is a geodesic if and only if dωE(δ) = 0 for every variation vector
field δ along ω fixing the endpoints. In addition, if ω is a minimizing geodesic segment, then
the quadratic form

δ ↦→ d2
ωE(δ, δ)

is positive semidefinite on the space of variation vector fields fixing the endpoints.

We also need the following endpoint formula for the first variation (2.50) along geodesics.
The proof is a direct consequence of [Mil63, Theorem 12.2].
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Proposition 2.19. Suppose that ω : [0, T ] → X is a geodesic. Then for every variation
vector field δ along ω,

dωE(δ) = 2⟨δ(T ), ω′(T )⟩g − 2⟨δ(0), ω′(0)⟩g. (2.52)

Finally, we recall the relation between the energy functional E(ω) and the length of ω. This
follows from the Cauchy–Schwarz inequality; see, for example, [Mil63, §12].

Lemma 2.20. The following statements are equivalent.

• The curve ω is parametrized proportionally to arc length, i.e., the speed |ω′(t)|g is
constant on [0, T ].

• The Riemannian length of ω is given by
√︂
E(ω)T .

In particular, the length of a unit-speed geodesic segment is equal to its energy.

2.9.2 Some properties of the length spectrum
In this section, we collect some elementary results concerning the properties of the length
spectrum which are used in the main part of this chapter.

The first statement of Proposition 2.21 has a well-known analogue in the setting of billiards,
which is customarily proved by applying Sard’s lemma to the billiards’ length functionals,
which are defined over finite-dimensional spaces for fixed period. Although the space of closed
geodesics is infinite dimensional, we can nevertheless reduce the setup to a finite-dimensional
case and apply Sard’s lemma the usual way.

Proposition 2.21. Let (X, g) be a Riemannian manifold without boundary. Then the length
spectrum L(X, g) has zero Lebesgue measure. If X is compact, then L(X, g) is closed.

Proof. We first prove that L(X, g) has zero measure. By Proposition 2.17, there exists an
open neighborhood V of the diagonal in X ×X such that for every (x, y) ∈ V , there exists a
unique minimizing geodesic joining x and y, depending smoothly on (x, y). Let Λ(x, y) denote
the length of this geodesic.

For n ≥ 1, define

Vn :=
{︂
(xj)n

j=0 ∈ Xn+1 : x0 = xn and (xj, xj+1) ∈ V for j = 0, . . . , n− 1
}︂
,

and define
Λn : Vn → R, Λn((xj)n

j=0) :=
n−1∑︂
j=0

Λ(xj, xj+1).

Since Λn is smooth, Sard’s theorem implies that the set of critical values of Λn has zero
Lebesgue measure for each n.

Since the union over n ≥ 1 is countable, it suffices to show that every T ∈ L(X, g) is a critical
value of Λn for some n ≥ 1. To this end, we first compute the derivative of Λ. Fix (x, y) ∈ V
and write Λ(x, y) = T0. Let η ↦→ (xη, yη) be a smooth path in V with (x0, y0) = (x, y),
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and let γη : [0, T0]→ X be the unique minimizing geodesic joining xη and yη, parametrized
proportionally to arc length. By Lemma 2.20,

Λ(xη, yη) =
√︂
E(γη)T0,

where E(γη) is the energy of γη. Differentiating at η = 0, using E(γ0) = T0, and applying
Proposition 2.19 to the variation vector field

δ(t) := ∂

∂η
γη(t)

⃓⃓⃓⃓
η=0

,

we obtain, after a calculation similar to (2.30), that

d
dηΛ(xη, yη)

⃓⃓⃓⃓
η=0

=
⟨︃dyη

dη

⃓⃓⃓⃓
η=0

, γ′
0(T0)

⟩︃
g
−
⟨︃dxη

dη

⃓⃓⃓⃓
η=0

, γ′
0(0)

⟩︃
g
. (2.53)

Now let γ : [0, T ]→ X be a closed unit-speed geodesic. By compactness, there exist n ≥ 1
and a subdivision

0 = t0 < t1 < · · · < tn = T

such that (γ(tj), γ(tj+1)) ∈ V for each j = 0, . . . , n−1. By definition, the length of γ is given
by Λn(γ(t0), . . . , γ(tn)). We claim that (γ(t0), . . . , γ(tn)) is a critical point of Λn. Indeed,
let (ξj)n

j=0 ∈ T(γ(t0),...,γ(tn))Vn be a tangent vector to Vn. Applying (2.53) to each segment
[tj, tj+1], we find that the differential of Λn in the direction (ξj)n

j=0 is

n−1∑︂
j=0

(︃
⟨ξj+1, γ

′(tj+1)⟩g − ⟨ξj, γ
′(tj)⟩g

)︃
.

These terms cancel telescopically, and the remaining endpoint contribution vanishes because
(ξj)n

j=0 ∈ TVn satisfies ξ0 = ξn and γ′(0) = γ′(T ). Thus (γ(t0), . . . , γ(tn)) is a critical point
of Λn, and hence T is a critical value of Λn. This proves that L(X, g) has zero Lebesgue
measure.
Now assume that X is compact and consider the restriction of the geodesic flow Φt

g to the
unit tangent bundle SX of X. Let ∆ ⊂ SX × SX denote the diagonal. Then

T /∈ L(X, g) if and only if Graph(ΦT
g ) ∩∆ = ∅. (2.54)

Since ∆ and Graph(ΦT
g ) are compact and Graph(ΦT

g ) depends continuously on T , it follows
that the set of T satisfying (2.54) is open, so L(X, g) is closed.

As an application of the first statement of Proposition 2.21, we may use a well-known argument
(see, for example, [Sib04, Proposition 3.2.2]) to show that the usual length-spectral rigidity
implies marked length-spectral rigidity.

Corollary 2.22. Suppose (gϵ)|ϵ|<1 is a length-isospectral family of metrics on T2 with gϵ

depending continuously on ϵ. Then the marked length spectrum of (T2, gϵ) is independent of
ϵ, i.e., for each homology class (m,n), the function ϵ ↦→ minLm,n(T2, gϵ) is constant.

Proof. Fix a homology class (m,n) and consider the length

ℓm,n
gϵ

= minLm,n(T2, gϵ)
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of its minimal geodesics as a function of ϵ. We may of course assume (m,n) ̸= (0, 0). By
Lemma 2.5, the value ℓm,n

gϵ
is continuous in ϵ. Since the family is isospectral, ℓm,n

gϵ
takes values

in the set L(T2, g0) which is independent of ϵ. Suppose for a contradiction that ℓm,n
gϵ

is not
constant in ϵ. Then, by the intermediate value theorem, the set {ℓm,n

gϵ
: |ϵ| < 1} must be a

nontrivial interval which is in turn contained in L(T2, g0). However, by Proposition 2.21, the
length spectrum L(T2, g0) has zero measure and thus does not contain nontrivial intervals,
a contradiction. It follows that ℓm,n

gϵ
is a constant in ϵ. Since this argument holds for every

(m,n), we have proved the desired result.
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CHAPTER 3
Partially Isospectral Deformations of the

Standard Map

This chapter appears in full in the following preprint.

• Y. Li. Deformations of the Standard Map with prescribed actions and Lyapunov exponents,
2025. doi:10.48550/arXiv.2512.03865

3.1 Introduction
In this chapter, we study action-spectral rigidity of standard maps. As introduced in Sec-
tion 1.1.2, the standard map is a map on the cylinder T× R defined by

F :
(︄
x
y

)︄
↦→
(︄
x+ y + V̇ (x)
y + V̇ (x)

)︄
(3.1)

where V : T→ R is called the potential.
As discussed in the introduction chapter, action-spectral rigidity is a direct analogue of length-
spectral rigidity for geodesic flows and for convex billiards. See Table 1.1 and Table 1.2. The
primary goal of this chapter is to construct examples of nontrivial deformations of the potential
V that preserve the symplectic actions and, respectively, the Lyapunov exponents of infinitely
many periodic orbits. In particular, our results show that specifying an infinite subset of the
action spectrum does not necessarily fix the standard map.

3.1.1 The main technical result
Theorem C and Theorem D are immediate consequences of the more general Theorem 3.1
below.
To state this general theorem, let us recall an elementary observation that a rotational invariant
curve (RIC), together with its conjugacy to a rigid rotation of rotation number ω, determines
the standard map. More precisely, suppose there exists a circle diffeomorphism u : T→ T and
a smooth map v : T→ R such that

F (u(t), v(t)) = (u(t+ ω), v(t+ ω))
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3. Partially Isospectral Deformations of the Standard Map

for all t ∈ T. Writing u = Id +ϕ with ϕ : T → R, and expressing the standard map in the
coordinates (u, v), one immediately obtains an explicit relation

V̇
(︂
t+ ϕ(t)

)︂
= ϕ(t+ ω)− 2ϕ(t) + ϕ(t− ω) (3.2)

between the potential V and the function ϕ describing the RIC (see Section 3.3 for details).
In particular, once the pair (ω, ϕ) is fixed, the potential V is determined by (3.2) up to an
additive constant, and, consequently, the standard map is uniquely determined. We refer to
Section 3.3 for more details on this point.
We now present the main technical theorem. This theorem is stated in terms of the standard
maps determined by the pair (ω, ϕ) in the sense discussed above. Roughly speaking, after
fixing ω ∈ R which is sufficiently well-approximated by rationals, one can construct ϕ so that
the standard map determined by (ω, ϕ) has a sequence of closed orbits whose spectral data
attain certain prescribed values. We also refer to Figure 3.1 for an illustration of the theorem.

Theorem 3.1. Let ω ∈ R \Q and let (pj, qj) be a sequence of coprime pairs of integers such
that pj/qj → ω as j →∞ and q1 is sufficiently large. Then the following statements hold.

1. (Lyapunov nonrigidity) Suppose ⃓⃓⃓⃓
⃓ω − pj

qj

⃓⃓⃓⃓
⃓ ≤ q−70

j . (3.3)

Then there exists a real-analytic map

α ↦→ ϕα

sending any sequence α = (αj)j≥1 of real numbers with |αj| < 1/4 to a real-analytic
function ϕα : T→ R. Let Fα : T× R→ T× R denote the standard map determined
by the pair (ω, ϕα) as above. Then the following holds.

a) We have a bound ∥
...
ϕ α∥ ≤ 1 uniformly in α, where

...
ϕ α is the third order derivative

of ϕα and ∥ · ∥ is the Fourier-weighted analytic norm defined in Section 3.2;
b) the standard map Fα has a sequence of nondegenerate (pj, qj)-periodic orbits

(ξj)j≥1, each of which depends analytically on α
c) the Lyapunov exponent of ξj is given by

−(2 + αj) qj

(︃
pj

qj

− ω
)︃2

e−2πqj . (3.4)

2. (Action nonrigidity) Suppose ⃓⃓⃓⃓
⃓ω − pj

qj

⃓⃓⃓⃓
⃓ ≤ q−70

j e−2πqj . (3.5)

Then there exist ϵ0 > 0 and a real-analytic map

α ↦→ ϕα

sending any sequence α = (αj)j≥1 of real numbers with |αj| < ϵ0 to a real-analytic
function ϕα : T→ R. Let Fα denote the standard map determined by (ω, ϕα). Then
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the analogous properties (a) and (b) in part 1 hold. Let (ξj) denote the sequence of
(pj, qj)-periodic orbits provided by (b). Then, after potentially adjusting the generating
function by an additive constant depending analytically on α, the symplectic action of
ξj is

qj

(︂
pj

qj
− ω

)︂2

2(1 + f ∗
1 )

[︄
1− (2 + αj)e−2πqj

2π2q3
j

]︄
+
[︂
ω − (ϕαϕ̇

+
α )∗

]︂
pj, (3.6)

where ϕ+
α := ϕα(·+ω) and f ∗

1 and (ϕαϕ̇
+
α )∗ denote the averages over T of the functions

f1 := (1 + ϕ̇α)−1(1 + ϕ̇
+
α )−1 − 1 and ϕαϕ̇

+
α ,

respectively. Furthermore, the map α ↦→ ϕα can be constructed so that the quantities
f ∗

1 and (ϕαϕ̇
+
α )∗ are both constant in α and for each j the orbit ξj can be chosen

as a minimal orbit, i.e., an orbit which minimizes the symplectic action among all
(pj, qj)-orbits.

We provide some informal clarification of the statement of Theorem 3.1. The analyticity of
the map α ↦→ ϕα means the following: if ατ = (ατ

j )j≥1 is a family of sequences parametrized
by τ ∈ C such that, for each j, the function τ ↦→ ατ

j is analytic, then the resulting function
ϕατ depends analytically on τ . Moreover, if αj ∈ R for all j, then ϕα is real-valued on T. For
complex-valued sequences (αj), analogous results hold for the complexified standard map with
complex-valued potentials and symplectic actions.

The dynamical meaning of ϕα is that the map Id +ϕα : T→ T conjugates the rigid rotation
Rω to the dynamics restricted to the RIC. In part (2) of Theorem 3.1, the adjustment made to
the generating function is an additive constant determined by the normalization requirement
that the generating function must vanish on the RIC. This additive constant has an analytic
expression in terms of the pair (ω, ϕ) (Section 3.3).

In our construction, the function ϕα will be chosen as a lacunary Fourier series in the sense
that, for all |k| ≥ q1, the kth Fourier coefficient ϕ̂k vanishes unless k ∈ ±{qj, 2qj} for some
j ≥ 1. The proof of Theorem 3.1 uses Picard iterations to construct the function ϕα as the
fixed point of a certain contracting map iterated within a functional space consisting of such
lacunary Fourier series. We give a more detailed outline of its proof in the next section.

3.1.2 An outline of the proof
We first explain how Theorem C and Theorem D follow from Theorem 3.1.

To obtain Theorem C from Theorem 3.1, we consider a one-parameter analytic family ατ =
(ατ

j )j≥1 of sequences such that ατ
j is constant in τ for all j ≥ 2, and only the first parameter

ατ
1 varies. Applying Theorem 3.1 to this family with a choice of ϕα keeping the averaged

quantities f ∗
1 and (ϕαϕ̇

+
α )∗ constant in α, we deduce from the explicit formula (3.6) that the

action (or Lyapunov exponent) of each (pj, qj)-orbit with j ≥ 2 is constant in τ . Since the
pairs (pj, qj) are coprime and the qj are strictly increasing, these periodic orbits are dynamically
distinct, yielding Theorem C.

Finally, Theorem D follows by combining Theorem 3.1 with the definition of Mather’s beta
function. Indeed, by Theorem 3.1, the sequence of (pj, qj)-orbits can be chosen as minimal
orbits. Hence, they control the value of Mather’s beta function at pj/qj . For a suitable choice
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3. Partially Isospectral Deformations of the Standard Map

Fα

ω

p1/q1

p2/q2

p3/q3
· · ·

T× R

Figure 3.1: An illustration of Theorem 3.1. The standard map Fα has a rotational invariant
curve with rotation number ω. There exists a sequence of (pj, qj)-periodic orbit accumulating
to this invariant curve and the action (resp., the Lyapunov exponent) of each orbit in the
sequence can be explicitly prescribed in terms of α.

of the family ατ as above (again varying only ατ
1), the values of βVτ (pj/qj) remain constant

in τ for the whole subsequence pj/qj → ω, which is precisely the statement of Theorem D.

We now outline the proof of the main result, Theorem 3.1.

Step 1. Coordinates adapted to a rotational invariant curve. Before Theorem 3.1, we
recalled the elementary observation that the pair (ω, ϕ) describing a rotational invariant curve
(RIC) completely determines the standard map. In particular, for fixed ω, the class of standard
maps admitting an RIC of rotation number ω and whose dynamics on the RIC is conjugate to
the rigid rotation Rω is parametrized by the function ϕ : T→ R. In the proof of Theorem 3.1
we work inside this class: we first construct a family of functions ϕα, and then define the
corresponding potentials Vα by solving (3.2), choosing the additive constant appropriately. To
facilitate computation, we first consider coordinates adapted to this RIC, where the standard
map takes the form (︄

x
y

)︄
↦→
(︄
x+ ω + y + f(x, y)

y + g(x, y)

)︄
(3.7)

where the RIC corresponds to {y = 0} and the functions f and g depend implicitly on (ω, ϕ).

Step 2. The q-resonant normal form near the RIC

Fix a suitable ω ∈ R \Q. We choose a sequence of coprime integer pairs (pj, qj) with qj > 0
and pj/qj → ω as j →∞, subject to the arithmetic condition (3.3) in Theorem 3.1.

The guiding heuristic is that, for each such rational approximation pj/qj , the qj-th Fourier mode
of ϕ should dominate the spectral data of (pj, qj)-periodic orbits when pj/qj approximates ω
sufficiently well. Here, by spectral data we mean either the symplectic actions or the Lyapunov
exponents of these periodic orbits. The rough proof idea is that if qj and qk are very far apart,
then the contribution of the qk-th Fourier mode to the dynamics of (pj, qj)-orbits should
be “averaged out” because the corresponding periods are incompatible. This viewpoint is
inspired by resonant averaging techniques in Hamiltonian dynamics (see, for example, [BN12]).
The heuristic above is made precise by a resonant normal-form construction described in
Section 3.4. Adapting the method of [MRRTS15] to the standard map, we show that, in a
complex neighborhood of the line {y = p/q − ω}, the standard map (3.7) can be conjugated
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to a q-resonant normal form. More concretely, in these q-dependent coordinates the map is
conjugate to a map (defined after re-centering the y-coordinate at p/q − ω) of the form(︄

x
y

)︄
↦→
(︄
x+ p/q + y
y + gq(x, y)

)︄
, (3.8)

where gq(x, 0) is almost 1/q-periodic in x.
We consider the (dominant) resonant part ⟨gq⟩Nq of gq, obtained by truncating its Fourier
series to modes of order at most N that are multiples of q. Theorem 3.3 shows that, for N
not too large and |ω − p/q| small enough, the resonant part ⟨gq⟩Nq can be well-approximated
by the resonant part of an explicit expression in terms of the leading Taylor expansion f1(x)
of f(x, y) at y = 0, which in turn depends rather explicitly on ϕ.

Step 3. A fixed-point argument for the resonant data. In Section 3.5 we use a Picard
iteration scheme to construct ϕα so that the resonant normal forms gqj

associated with the
approximants (pj, qj) have a prescribed structure.
Using the estimates from Theorem 3.3, we show that for each q ≫ 1 the function ⟨∂xgq⟩Nq is
closely approximated by ⟨

...
ϕ ⟩Nq , i.e., the resonant part of the third derivative of ϕ. Because

the periods qj grow sufficiently fast, the influence of the qk-th resonant block on the qj-th
resonant block is very small when k ≠ j. This near-decoupling allows us to prescribe the
resonant parts ⟨gqj

⟩Nj
qj simultaneously for the infinite sequence (pj, qj) by solving a fixed-point

equation for ϕ.
This fixed-point problem is encoded in a nonlinear operator on a Banach space of analytic
functions, and we prove that this operator is a contraction. The resulting contraction mapping
theorem is formulated as Theorem 3.4 and yields an inversion of the map

ϕ ↦→
(︃
⟨∂xgqj

(·, 0)⟩Nj
qj

)︃
j≥1
. (3.9)

In other words, Theorem 3.4 allows us to control the resonant parts ⟨gqj
⟩Nj

qj , j ≥ 1, essentially
independently by tuning ϕ.

Step 4. Construction of periodic orbits and computation of spectral data. In
Section 3.6 we apply the general fixed-point scheme proved in Section 3.5 to construct and
analyze (pj, qj)-periodic orbits explicitly. For a sequence of the parameters σj, we apply the
inverse of (3.9) to the choices

Nj = 2qj and ⟨∂xgqj
(·, 0)⟩Nj

qj
= σj e−2πqj

(︂
pj/qj − ω

)︂2
cos(2πqjx).

Using gqj
≈ ⟨gqj

⟩Nj
qj , one can construct a (pj, qj)-periodic orbit that closely shadows the

equidistributed orbits (kpj/qj, 0)k=0,...,qj−1.
By analysing directly the Jacobian matrix of the normal form (3.8) along this periodic orbit,
we obtain an explicit expression for the Lyapunov exponent in terms of the parameter σj.
Furthermore, using the near-equidistribution property of the orbit together with the structure
of the normal form, we derive a corresponding estimate for the symplectic action of the orbit,
again expressed in terms of σj. In the final step, we perform a second Picard-type iteration,
this time in a suitable Banach space of sequences (σj), to adjust the parameters σj so that the
Lyapunov exponent (or, in the second part of Theorem 3.1, the action) of the j-th periodic
orbit attains the prescribed value.
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The rest of the chapter is organized as follows. After the preparatory sections 3.2-3.3, the
main technical step is the construction of resonant normal forms (Theorem 3.3 in Section 3.4),
which are suited to the study of (p, q)-periodic orbits when p/q approximates ω sufficiently
well. The proof of the main theorem, Theorem 3.1, is formally completed in Section 3.6
modulo the proof of Theorem 3.3, which is in turn proved in the penultimate section 3.7. The
last section 3.8 collects some auxiliary technical results that are used in the proofs.

3.2 Notations and basic definitions
For b > 0, let Db denote the open disc in C of radius b centred at the origin. We write
T := R/Z for the real 1-torus. For a > 0, define the complex neighborhood

Ta := { z ∈ C/Z : |ℑz| < a }.

If x ∈ Ta and z ∈ C, we write x+ z for the class in C/Z obtained by adding representatives
of x and z. In particular, adding a real number preserves Ta.
For ω ∈ R, the rigid rotation by ω is

Rω : Ta −→ Ta,

x ↦−→ x+ ω.

For a function u : Ta → C, we shall denote by

u± := u ◦R±ω

the translations of u by an ±ω-rotation.
We write A ≲ B to mean that A ≤ cB for some universal constant c > 0 (independent of
any parameters involved in A and B).
For a function u : Ta → C, we denote by u̇, ü, and ...

u its first, second, and third derivatives
with respect to x.

Analytic norms. Let u : Ta → C be analytic. Its supremum norm on Ta is

|u|a := sup{ |u(x)| : x ∈ Ta }.

Expanding u into its Fourier series

u(x) =
∑︂
k∈Z

ˆ︁uk e2πikx, ˆ︁uk =
∫︂
T
u(x) e−2πikx dx,

(where dx denotes the normalized Lebesgue measure on T), we define the Fourier-weighted
norm

∥u∥a :=
∑︂
k∈Z
|ˆ︁uk| e2πa|k|.

The spaces
{u : Ta → C : |u|a <∞} and {u : Ta → C : ∥u∥a <∞}

are Banach spaces. Moreover, the | · |a-space is a Banach algebra, i.e. |fg|a ≤ |f |a |g|a, and
(see Lemma 3.24 in the Appendix) the ∥ · ∥a-space is also a Banach algebra. We also introduce

∥u∥′
a := ∥ ...

u ∥a.
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Since we often take a = 1, we suppress the subscript in this case and write simply

|u| := |u|1, ∥u∥ := ∥u∥1 and ∥u∥′ := ∥u∥′
1.

For f : Ta × Db → C analytic, set

|f |a,b := sup{ |f(x, y)| : x ∈ Ta, y ∈ Db }.

Resonant projections in Fourier space. Let q ∈ N and u : Ta → C be analytic. We write
⟨u⟩q for the projection of u onto the qZ-modes (the 1/q-periodization), and {u}q := u− ⟨u⟩q
for the complementary part:

⟨u⟩q (x) =
∑︂
k∈Z
q|k

ˆ︁uk e2πikx = 1
q

q−1∑︂
j=0

u
(︃
x+ j

q

)︃
,

{u}q (x) =
∑︂
k∈Z
q∤k

ˆ︁uk e2πikx.

For N ∈ N, define the low/high-frequency truncations

⟨u⟩N (x) :=
∑︂
k∈Z

|k|≤N

ˆ︁uk e2πikx, ⟨u⟩>N (x) :=
∑︂
k∈Z

|k|>N

ˆ︁uk e2πikx,

and combine them as
⟨u⟩Nq (x) :=

∑︂
k∈Z

q|k, |k|≤N

ˆ︁uk e2πikx.

We also use
u∗ :=

∫︂
T
u(x) dx, u• := u− u∗,

for the average and zero-average parts of u.
For f : Ta × Db → C analytic and fixed y ∈ Db, let ˆ︁f(y)k be the kth Fourier coefficient of
x ↦→ f(x, y): ˆ︁f(y)k =

∫︂
T
f(x, y) e−2πikx dx.

We apply the same resonant projection notations ⟨f⟩q, ⟨f⟩
N , f ∗, f • etc., in the x-variable

(with y fixed), e.g.

⟨f⟩Nq (x, y) =
∑︂
k∈Z

q|k, |k|≤N

ˆ︁f(y)k e2πikx; f ∗(y) =
∫︂
T
f(x, y)dx.

Exact symplectic maps and actions. We recall that a C1 map F : T× R→ T× R is
said to be exact symplectic if the differential 1-form F ∗(ydx)− ydx is exact, i.e.

F ∗(ydx)− ydx = dS (3.10)

for some function S on T× R. The function S , which is unique up to an additive constant,
is called a generating function of F . In particular, taking the exterior derivative of (3.10)
shows that F preserves the canonical area form dxdy. Let a generating function S be fixed.
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Let (F k(x0, y0))q−1
k=0 be a q-periodic orbit of F . Then the (symplectic) action of this orbit is

defined as
q−1∑︂
k=0

S (F k(x0, y0)).

Denote (x′, y′) = F (x, y). If x′ is a monotone function in y for each fixed x, then F is
called a twist map and, in this case, the lift of the map T × R ∋ (x, y) ↦→ (x, x′) ∈ T2 is
a diffeomorphism R2 → R2. Hence, one can lift S : T × R → R to R2 and then consider
S as a function in the (x, x′)-variables. The (x, x′)-coordinates are sometimes called the
Lagrangian coordinates. If F is the standard map associated with a potential V (x), then its
generating function can be given by

S (x, x′) = 1
2(x− x′)2 + V (x). (3.11)

We recall that the notions of (p, q)-periodic orbits and minimal orbits were defined in Sec-
tion 1.1.2. Given a coprime pair (p, q), Birkhoff proved that there exist at least two dynamically
distinct (p, q)-orbits. Besides a minimal orbit with rotation number p/q, another (p, q)-periodic
orbit can be obtained using a “mountain pass” argument (see, e.g., [KH95b, Ch. 9]). It is
customary to call this additional (p, q)-periodic orbit a minimax orbit.

3.3 Invariant curves and adapted coordinates
Recovering the potential from an RIC. Let F be the standard map (1.4) associated
with a potential V . A special feature of (1.4) is that it is uniquely determined by any one of
its rotational invariant curves that conjugate to rigid rotations (if it has any). We explain this
now.

Fix ω ∈ R. Suppose F has a rotational invariant curve (RIC) in the sense defined in
Section 1.2.6 and assume furthermore that the dynamics on C is conjugate to the rigid
rotation Rω : x ↦→ x+ ω. Concretely, there exists a circle diffeomorphism u : T→ T and a
map v : T→ R such that the map t ↦→ (u(t), v(t)) parametrizes C and

F (u(t), v(t)) =
(︂
u(t+ ω), v(t+ ω)

)︂
for all t ∈ T. (3.12)

Write u(t) = t+ ϕ(t) with a C1 function ϕ : T→ R; then u is an orientation-preserving circle
diffeomorphism if and only if ϕ̇ > −1. By choosing a lift, we consider u and v as functions
on R with u(t+ 1) = u(t) + 1 and v(t+ 1) = v(t), and interpret (3.12) using lifts so that
equalities are in R for the x-component. From (1.4) and (3.12),

v(t+ ω) = u(t+ ω)− u(t), V̇
(︂
u(t)

)︂
= v(t+ ω)− v(t). (3.13)

Substituting u = Id +ϕ and eliminating v, we obtain

V̇
(︂
t+ ϕ(t)

)︂
= ϕ(t+ ω)− 2ϕ(t) + ϕ(t− ω) . (3.14)

Thus, the pair (ω, ϕ) determines V̇ on T, and hence determines V up to an additive constant.
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Existence of V for a given conjugacy. Let u = Id +ϕ with ϕ̇ > −1 and set ϕ± := ϕ◦R±ω

as in Section 3.2. Define

w(x) :=
(︂
ϕ+ − 2ϕ+ ϕ−

)︂
◦ u−1(x).

We claim ∫︁
Tw(x) dx = 0, which implies that there exists V : T→ R (unique up to an additive

constant) such that V̇ = w and hence (3.14) holds.

Indeed, using the change of variables x = u(t) and that ∫︁T(ϕ+ − 2ϕ + ϕ−) dt = 0 and∫︁
T 2ϕ(t)ϕ̇(t)dt = 0,∫︂

T
w(x) dx =

∫︂
T

(︂
ϕ+(t)− 2ϕ(t) + ϕ−(t)

)︂
(1 + ϕ̇(t)) dt

=
∫︂
T

(︂
ϕ+(t)− 2ϕ(t) + ϕ−(t)

)︂
ϕ̇(t) dt

=
∫︂
T
ϕ(t+ ω) ϕ̇(t) dt +

∫︂
T
ϕ(t− ω) ϕ̇(t) dt

= −
∫︂
T
ϕ̇(t+ ω)ϕ(t) dt +

∫︂
T
ϕ(t) ϕ̇(t+ ω) dt = 0,

where in the last line we used an integration by parts on the first term.

We summarize:

Lemma 3.2. For any ω ∈ R and any ϕ : T → R with ϕ̇ > −1, there exists a potential V
(unique up to an additive constant) such that the standard map associated with V admits an
RIC whose restricted dynamics conjugates to Rω by the diffeomorphism u = Id +ϕ.

Standard maps in adapted coordinates. Let F be the unique standard map having an
RIC whose restricted dynamics conjugates to Rω by Id +ϕ as in Lemma 3.2.

To facilitate later calculations, we introduce coordinates on T× R adapted to this RIC. We
parametrize the RIC by t ↦→ (u(t), v(t)) as in (3.12). Consider the area-preserving change of
coordinates H that “straightens” the invariant curve,

H (x, y) =
(︃
u(x), v(x) + y

1 + ϕ̇(x)

)︃
. (3.15)

Hence F◦H (x, 0) = H (x+ω, 0). Define F := H −1◦F◦H and functions f, g : T×R→ R
so that

F (x, y) = (x+ ω + y + f(x, y), y + g(x, y)). (3.16)

A straightforward substitution of v(·+ ω) = u(·+ ω)− u(·) and u = Id +ϕ yields a set of
equations characterizing f and g:⎧⎨⎩y + f(x, y) = y

1+ϕ̇(x) + ϕ(x+ ω)− ϕ(x+ ω + y + f(x, y))
y + g(x, y) =

(︂
y + f(x, y) + ϕ(x+ y + f(x, y))− ϕ(x)

)︂(︂
1 + ϕ̇(x+ ω + y + f(x, y))

)︂
.

(3.17)
Setting y = 0 in (3.17) gives f(x, 0) = g(x, 0) = 0, as expected since F (x, 0) = (x+ ω, 0).

In the sequel, we will call F the standard map associated with (ω, ϕ) in the adapted coordinates.
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Actions of periodic orbits Next, we consider the generating function of the standard map
F = H −1 ◦F ◦H associated with (ω, ϕ) in the adapted coordinates as defined in the
preceding paragraph. Since H and F are area-preserving, the map F is area-preserving.
Since F preserves T×{0}, the integral of the differential 1-form F ∗(ydx)−ydx over the circle
T× {0} vanishes. Thus F ∗(ydx)− ydx belongs to the zero cohomology class by Poincaré
duality, and is therefore exact. It follows that F is an exact symplectic map with respect to
the symplectic 1-form ydx. Let us now find a generating function of F in terms of ϕ.
Note that the differential 1-form H ∗(ydx)− ydx is closed by area preservation. Since the de
Rham cohomology group H1(T× R) is generated by the class of dx where x parametrizes T,
we can write

H ∗(ydx) = ydx+ λdx+ dΣ (3.18)
for some λ ∈ R and Σ : T× R→ R. Let S be a generating function of the standard map
F . Using F ∗(ydx)− ydx = dS and (3.18), we compute:

F ∗(ydx) =F ∗(H ∗(ydx)− (λdx+ dΣ))
=H ∗F ∗(ydx)− F ∗(λdx+ dΣ)
=H ∗(ydx) + H ∗(dS )− F ∗(λdx+ dΣ)
=ydx+ λdx+ dΣ + H ∗(dS )− F ∗(λdx+ dΣ)

(3.19)

whereas λ can be computed by integrating H ∗(ydx) over the circle T×{0} and using (3.15),
(3.13) and the relation u = Id +ϕ:

λ =
∫︂
T
λdx =

∫︂
T×{0}

H ∗(ydx) =
∫︂
T
v(x)(1 + ϕ̇(x))dx

=
∫︂
T
(ω + ϕ(x)− ϕ(x− ω))(1 + ϕ̇(x))dx = ω −

∫︂
T
ϕ(x− ω)ϕ̇(x)dx = ω −

∫︂
T
ϕϕ̇

+
.

Substituting into (3.19), we obtain a generating function S of F :

S = S ◦H +
(︄
ω −

∫︂
T
ϕϕ̇

+
)︄

(x− x ◦ F ) + (Σ− Σ ◦ F ) (3.20)

where x − x ◦ F is interpreted using a lift of F . By (3.16), we have simply x − x ◦ F =
−(ω + y + f(x, y)). Suppose (F k(x0, y0))q−1

k=0 is a (p, q)-periodic orbit of F . Then the sum
of x − x ◦ F over this orbit is exactly −p by the definition of (p, q)-periodic orbits (see
Section 3.2), and the sum of the third term in (3.20) vanishes by a telescopic sum. Hence,
the symplectic action of this orbit with respect to the generating function (3.20) is

q−1∑︂
k=0

S ◦ F k(x0, y0) = −
(︄
ω −

∫︂
T
ϕϕ̇

+
)︄
p+

q−1∑︂
k=0

S ◦H ◦ F k(x0, y0). (3.21)

Observe that the term ∑︁q−1
k=0 S ◦H (F k(x0, y0)) is the symplectic action of the corresponding

periodic orbit under the original standard map F , with a generating function S of the form
(3.11) for a potential V satisfying (3.14). Looking forward, we will actually evaluate via
(3.21) the S -action ∑︁q−1

k=0 S ◦H (F k(x0, y0)) in terms of the S-action ∑︁q−1
k=0 S(F k(x0, y0))

associated with the map F in adapted coordinates. To this end, we now derive a separate
formula for S.
By taking the derivative of the first line of (3.17) in y, it is easy to see that ∂f/∂y > −1
as long as ϕ̇ > −1 on T. Therefore, the map F is a twist map. After lifting S to R2 and
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transforming to the Lagrangian coordinates (x, x′), we deduce from F ∗(ydx) − ydx = dS
that, in a neighborhood of {y = 0},

F (x, y) = (x′, y′) if and only if ∂S

∂x
(x, x′) = −y and ∂S

∂x′ (x, x
′) = y′. (3.22)

Using (3.22), and regarding x′(x, y) as a function in terms of (x, y), we can calculate the
derivatives of S(x, x′(x, y)) in x and y as follows.

∂S

∂x
(x, y) = ∂S

∂x
+ ∂S

∂x′
∂x′

∂x
= y′∂x

′

∂x
− y and ∂S

∂y
(x, y) = ∂S

∂x′
∂x′

∂y
= y′∂x

′

∂y
.

Substituting x′ = x+ ω + y + f(x, y) and y′ = y + g(x, y), we then obtain explicitly
∂S

∂x
(x, y) = (y+ g(x, y))

(︃
1 + ∂f

∂x
(x, y)

)︃
− y; ∂S

∂y
(x, y) = (y+ g(x, y))

(︃
1 + ∂f

∂y
(x, y)

)︃
.

(3.23)
Hence, the F -generating function S can be obtained by integrating the second equation of
(3.23) in y.
In particular, since g(x, 0) = 0, we see from the first equation in (3.23) that S is constant
along {y = 0}. By adjusting the additive constant of the potential V solving (3.14), we may
adjust S (and hence S) by an additive constant so that (3.20) vanishes identically on the
RIC. This choice fixes S and S for a given pair (ω, ϕ); we call S the normalized generating
function associated with (ω, ϕ) in the original coordinates, and S the corresponding normalized
generating function in the adapted coordinates.

3.4 Resonant coordinates: the statements
In this section, we state the properties of the resonant coordinates. The main result is
Theorem 3.3, where we obtain a “q-resonant normal form” for the standard map F associated
with (ω, ϕ) in the adapted coordinates constructed in Section 3.3.
The purpose of this normal form is to capture the dynamics of F in a small neighborhood of
the circle

T× {p/q − ω}
and to show that, roughly speaking, the dynamics there depends strongly on the resonant
Fourier modes of ϕ, i.e. on the Fourier coefficients ϕ̂k with q | k, and is only weakly influenced
by the nonresonant modes. Localization near T×{p/q−ω} is important because the dynamics
there is close to a rigid rotation in x by the rational angle p/q and, at least when ϕ is small,
all (p, q)-periodic orbits of F are expected to lie nearby. The normal form is valid when ω is
sufficiently well approximated by a rational number p/q with large denominator q.
The following theorem is the technical core of the proof of Theorem 3.1. For technical reasons,
we consider the complexified standard maps in this theorem: we can obviously define an
analytic map F using the formula (1.4) with a complex analytic potential V , which can in
turn be given by a real ω and a complex analytic function ϕ : T1 → C using the construction
of Section 3.3. By abuse of notation we will still call the resulting map F the standard map
associated with (ω, ϕ) in adapted coordinates, even though one may not be able to iterate F
on the real cylinder T× R indefinitely unless ϕ is real-valued. The formulae (3.17) describing
the map F still hold, of course. The corresponding normalized generating function S will be
in general complex valued and the “symplectic actions” obtained by summing over periodic
orbits are complex quantities. We refer to Section 3.2 for the notation.
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3. Partially Isospectral Deformations of the Standard Map

Theorem 3.3. Fix ν0 := 64, ν ≥ ν0 + 6 and κ ∈ Z>0. Let ω ∈ R \Q and let ϕ : T1 → C be
analytic, of zero average, with ∥

...
ϕ ∥ ≤ 1. Let F be the standard map associated with (ω, ϕ)

in adapted coordinates. Suppose q is sufficiently large and⃓⃓⃓⃓
ω − p

q

⃓⃓⃓⃓
≤ q−ν for some p ∈ Z. (3.24)

Then there exists an analytic change of coordinates

Hq : Ta × Db −→ T1 × C, a = 1− 3
q
, b = 1

5

⃓⃓⃓⃓
ω − p

q

⃓⃓⃓⃓
,

with the following properties.

1. The map Hq is close to the translation by p/q − ω in y in the sense that

Hq : (x, y) ↦−→
(︂
x+ hq,1(x, y), y + p/q − ω + hq,2(x, y)

)︂
(3.25)

where
|hq,1|a,b ≲ q

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ; |hq,2|a,b <

1
10

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ . (3.26)

2. Defining Fq = H−1
q ◦ F ◦Hq, we have

Fq :
(︄
x
y

)︄
↦−→

(︄
x+ p/q + y
y + gq(x, y)

)︄
(3.27)

for some analytic gq : Ta × Db → C such that, with N := κq,

|gq|a,b ≲
⃓⃓⃓⃓
ω − p

q

⃓⃓⃓⃓2
, (3.28)

⃓⃓⃓
gq − ⟨gq⟩Nq

⃓⃓⃓
1/q,b

≲ e6πκ e−2π(κ+1)q
⃓⃓⃓⃓
ω − p

q

⃓⃓⃓⃓2
. (3.29)

3. For |y| < b, the averaged part of gq(·, y) satisfies

|g∗
q (y)| ≲ qν0−ν sup

ℑx=0
|g•

q (x, y)|. (3.30)

4. Writing
f1(x) := 1

(1 + ϕ̇(x))(1 + ϕ̇(x+ ω))
− 1, (3.31)

we have the comparison estimate⃦⃦⃦⃦⟨︃
gq(·, 0) + 1

2

(︃
p

q
− ω

)︃2 ⟨ḟ 1⟩q
1 + ⟨f1⟩q

⟩︃N

q

⃦⃦⃦⃦
≲ κ e4πκ qν0−ν

⃓⃓⃓⃓
ω − p

q

⃓⃓⃓⃓2
. (3.32)

5. Let S be the normalized generating function associated with (ω, ϕ) in adapted coordinates
(see the end of Section 3.3), and define

Sq := S ◦Hq.

Then⃓⃓⃓⃓
⃓Sq(x, y)−

(︃
p

q
− ω + y

)︃2 1 + f1(x)
2
(︂
1 + ⟨f1⟩q(x)

)︂2

⃓⃓⃓⃓
⃓ ≲ qν0

⃓⃓⃓⃓
ω − p

q

⃓⃓⃓⃓3
, (x, y) ∈ Ta × Db.

(3.33)
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3.5. Independent control of resonant parts

Moreover, the change of coordinates Hq depends analytically on ϕ and is real-analytic when ϕ
is real-valued.

Remark. The bound “q sufficiently large” depends only on ν and κ. In particular, it is
independent of (ω, ϕ).
Remark. The analytic dependence of Hq on ϕ means more precisely as follows. Suppose
ϕτ (x) is jointly analytic in x ∈ T1 and a complex parameter τ such that ϕ = ϕτ satisfies the
conditions of Theorem 3.3. Then the corresponding coordinate transform Hq = Hτ

q is such
that Hτ

q (x, y) is jointly analytic in (τ, x, y).

In the rest of this chapter, we adopt the following terminology. Given a standard map F
associated with (ω, ϕ) in adapted coordinates and a q satisfying the assumptions of Theorem 3.3,
we call the coordinates defined by Hq the q-resonant coordinates. We call the function gq in
(3.27) the q-resonant normal form of F . More generally, for a function g we call ⟨g⟩Nq the
(q,N)-resonant part (or simply the resonant part) of g, and we call g− ⟨g⟩Nq the nonresonant
part. We call the map Fq = H−1

q ◦ F ◦ Hq the standard map associated with (ω, ϕ) in
q-resonant coordinates.

The proof of Theorem 3.3 is rather technical and will be given in Section 3.7.

3.5 Independent control of resonant parts
The goal of this section is to show that, by choosing ϕ appropriately, one can independently
control the zero-average resonant part ⟨g•

q⟩Nq of the resonant normal form gq constructed
by Theorem 3.3 for an infinite sequence of q’s. This will in turn enable us to control a
corresponding sequence of periodic orbits in the next section.

More precisely, we shall apply Theorem 3.3 to a sequence of coprime pairs of integers (pj, qj)
with qj > 0 such that pj/qj approximates ω sufficiently fast, obtaining accordingly a sequence
of resonant normal forms gqj

from Theorem 3.3. With Nj = κqj for a fixed κ, we shall
approximate the zero-average (qj, Nj)-resonant part ⟨g•

qj
⟩Nj

qj by the corresponding (qj, Nj)-
resonant part ⟨ϕ⟩Nj

qj of the function ϕ defining the standard map, which we can prescribe.
Then, using a Picard iteration, we find a choice of ϕ for which the individual resonant parts
⟨g•

qj
⟩Nj

qj of the map take the desired forms.
Remark. To prove the results in this section, the only conclusions needed from Theorem 3.3 are
statement (4) and the analytic dependence of gq on ϕ. The other conclusions of Theorem 3.3
are not used in this section.

We begin by defining certain Banach spaces suitably adapted to our problem. Let A denote
the Banach space of analytic functions on T1 with zero average and finite ∥ · ∥-norm. For an
integer n > 0, define a Banach subspace An ⊂ A by

An = {u ∈ A | ûk = 0 for all |k| < n}.

Let A′ be the subspace of A consisting of functions u such that ...
u ∈ A and put ∥u∥′ := ∥ ...

u ∥.
Since elements of A′ have zero average, the space A′ is a Banach space with respect to the
∥ · ∥′-norm. Similarly, we also define the Banach subspaces

A′
n = An ∩ A′
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3. Partially Isospectral Deformations of the Standard Map

with induced ∥ · ∥′-norm.
We now state the main result of this section.

Theorem 3.4. For any ϵ > 0, κ ∈ Z>0 and ν ≥ 70, there exists n ∈ Z>0 such that the
following holds. For any ω ∈ R\Q and any sequence (pj, qj) of coprime integer pairs satisfying⃓⃓⃓⃓

⃓ω − pj

qj

⃓⃓⃓⃓
⃓ ≤ q−ν

j , qj+1 > 2κqj and q1 > n, (3.34)

and for any ϕ0 ∈ A′
n and h ∈ A such that h = ∑︁

j ⟨h⟩
Nj

qj
with Nj = κqj and

∥h∥+ 2∥ϕ0∥′ < 1− 2ϵ, (3.35)

there exists a unique analytic function ϕ1 ∈ A′
n depending analytically on (h, ϕ0) such that

ϕ1 = ∑︁
j⟨ϕ1⟩

Nj
qj , ∥ϕ1∥′ ≤ 1− ϵ− ∥ϕ0∥′ and

⟨︄
∂gqj

∂x
(·, 0)

⟩︄Nj

qj

=
(︃
pj

qj

− ω
)︃2
⟨h⟩Nj

qj
for j ≥ 1 (3.36)

where gqj
is the qj-resonant normal form as constructed in Theorem 3.3 with ϕ := ϕ0 + ϕ1

and the chosen ω, κ and ν.

Remark. Analytic dependence of ϕ1 on (h, ϕ0) is meant in the sense analogous to the second
remark following Theorem 3.3, i.e., if hτ (x) and ϕτ

0(x) are both jointly analytic in x ∈ T1 and
a complex parameter τ such that h = hτ and ϕ0 = ϕτ

0 satisfy the conditions of Theorem 3.4,
then the corresponding function ϕτ

1(x) is jointly analytic in x and τ .
Remark. If n is sufficiently large, then the second condition of (3.34) is implied by the first
condition. Indeed, the first condition implies

1
qjqj+1

≤
⃓⃓⃓⃓
⃓pj

qj

− pj+1

qj+1

⃓⃓⃓⃓
⃓ ≤ q−ν

j + q−ν
j+1

which in turn gives
qν−1

j

1 + (qj/qj+1)ν
≤ qj+1.

Thus, taking n sufficiently large so that qν−2
j > 4κ, we have

qj+1 > 2κqj for all j.

Theorem 3.4 will be proved by combining the usual Picard iteration (a.k.a. the Banach fixed
point theorem or the contraction mapping principle) with the quantitative estimates from the
following lemma.

Lemma 3.5. For any ϵ > 0, κ ∈ Z>0 and ν ≥ 70, there exists n ∈ Z>0 such that the
following holds. Let ω and (pj, qj) be as in Theorem 3.4 such that (3.34) holds. For any
ϕ ∈ A′

n with ∥ϕ∥′ ≤ 1, let

Fqj
:
(︄
x
y

)︄
↦→
(︄
x+ pj/qj + y
y + gqj

(x, y)

)︄
, gqj

: T1−3/qj
× D|ω−pj/qj |/5 → C
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3.5. Independent control of resonant parts

be the standard map (3.27) associated with (ω, ϕ) in the qj-resonant coordinates as constructed
by applying Theorem 3.3 with (p, q) = (pj, qj) and define

P(ϕ) :=
∞∑︂

j=1

⟨︄(︃
pj

qj

− ω
)︃−2∂gqj

∂x
(·, 0)−

...
ϕ

⟩︄Nj

qj

where Nj = κqj. (3.37)

Then P(ϕ) : T1 → C is an analytic function with

∥P(ϕ)∥ < ϵ, (3.38)

and, thus defined, the map P sends the unit ball of A′
n into A and is analytic. Moreover, for

∥ϕ∥′ < 1, the operator norm of the derivative dϕP : A′
n → A satisfies

∥dϕP∥ <
ϵ

1− ∥ϕ∥′ . (3.39)

We now present the proof of Theorem 3.4.

Proof of Theorem 3.4 assuming Lemma 3.5. Let n be given by Lemma 3.5 and fix ω and
(pj, qj) satisfying the conditions of Theorem 3.4. Using qj+1 > Nj and the requirement
ϕ1 = ∑︁

j⟨ϕ1⟩
Nj
qj , it is easy to verify that the required conclusion (3.36) is equivalent to

...
ϕ 1 +

∑︂
j≥1
⟨
...
ϕ 0⟩Nj

qj
= h− P(ϕ0 + ϕ1) (3.40)

where P is as defined in (3.37). In order to cast the problem into a fixed point problem, let
D : u ↦→ u̇ denote the derivative map. Then D3 : A′ → A is a Banach space isometry. Take
the inverse D−3 : A → A′ and define

Hh,ϕ0 : A′
n →A′

n

ϕ1 ↦→D−3
[︂
h− P(ϕ0 + ϕ1)−

∑︂
j≥1
⟨
...
ϕ 0⟩Nj

qj

]︂
. (3.41)

Then finding ϕ1 satisfying (3.40) is equivalent to finding a fixed point of Hh,ϕ0 .
Fix ϕ0 ∈ A′

n and h ∈ A satisfying (3.35) and pick any r such that

∥h∥+ ϵ+ ∥ϕ0∥′ < r < 1− ϵ− ∥ϕ0∥′. (3.42)

Then, for ∥ϕ1∥′ ≤ r we have ∥ϕ0 + ϕ1∥′ < 1 − ϵ < 1. By the definition of ∥ · ∥′-norm, the
estimate (3.38) of Lemma 3.5 and the assumption (3.35),

∥Hh,ϕ0(ϕ1)∥′ ≤ ∥h∥+ ∥P(ϕ0 + ϕ1)∥+ ∥ϕ0∥′ < ∥h∥+ ϵ+ ∥ϕ0∥′ < r.

Taking the derivative of Hh,ϕ0 and using the linearity of D−3, we have dϕ1Hh,ϕ0 = −D−3 ◦
dϕ0+ϕ1P and hence we deduce from (3.39) and (3.42) that the operator norm of the derivative
map dϕ1Hh,ϕ0 : A′

n → A′
n satisfies, uniformly over ∥ϕ1∥′ ≤ r, that

∥dϕ1Hh,ϕ0∥ = sup
∥δ∥′=1

∥D−3[dϕ0+ϕ1P(δ)]∥′ = ∥dϕ0+ϕ1P∥

<
ϵ

1− ∥ϕ0 + ϕ1∥′ ≤
ϵ

1− ∥ϕ0∥′ − r
< 1.
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3. Partially Isospectral Deformations of the Standard Map

Note also that by definition of P and the condition on h, we haveHh,ϕ0(ϕ1) = ∑︁
j≥1⟨Hh,ϕ0(ϕ1)⟩Nj

qj .
Hence, the contraction mapping principle applies to Hh,ϕ0 on the closed set{︄

u ∈ A′
n : ∥u∥′ ≤ r, u =

∑︂
j≥1
⟨u⟩Nj

qj

}︄

and yields a unique fixed point therein. Moreover, by analytic dependence of P on ϕ as shown
in Lemma 3.5, the fixed point depends analytically on h and ϕ0. The proof is finished.

In the rest of this section, we focus on the proof of Lemma 3.5. Recall that Theorem 3.3 gives
a comparison estimate (3.32). The main idea for the proof of Lemma 3.5 will be to give a
similar comparison estimate between the resonant part ⟨

...
ϕ ⟩Nj

qj of
...
ϕ and the function

−1
2
∂

∂x

⟨︄
⟨ḟ 1⟩qj

1 + ⟨f1⟩qj

⟩︄Nj

qj

.

Since f1 depends explicitly on ϕ via (3.31), we can compute an estimate directly.

Proof of Lemma 3.5. Let ϵ > 0, κ ∈ Z>0 and ν ≥ 70 be given. Consider a sequence (pj, qj)
of coprime integer pairs with qj > 0 satisfying the assumptions (3.34) with some n > 0 to
be fixed later. Taking n sufficiently large, we can apply Theorem 3.3 to any ϕ ∈ A′

n with
∥ϕ∥′ ≤ 1 and (p, q) = (pj, qj) and, accordingly, we can define P(ϕ) as in (3.37) using the
sequence (gqj

)j≥1 of qj-resonant normal forms furnished by Theorem 3.3.

To study the series on the right hand side of the definition (3.37), we shall take Mj = 2Nj =
2κqj and decompose P(ϕ) = ˜︁P(ϕ) +∑︁

j≥1

(︂
Pj(ϕ) + P ′

j(ϕ)
)︂

where

˜︁P(ϕ) =−
∑︂
j≥1

⟨︃1
2 f̈ 1 +

...
ϕ
⟩︃Nj

qj

,

Pj(ϕ) =1
2

⟨︄
f̈ 1 −

d
dx

⟨ḟ 1⟩
Mj
qj

1 + ⟨f1⟩
Mj
qj

⟩︄Nj

qj

,

P ′
j(ϕ) = d

dx

⟨︄(︃
pj

qj

− ω
)︃−2

gqj
(·, 0) + 1

2
⟨ḟ 1⟩

Mj
qj

1 + ⟨f1⟩
Mj
qj

⟩︄Nj

qj

and f1 : T1 → C is as defined in (3.31). We shall analyze ˜︁P , Pj and P ′
j separately.

We start with ˜︁P . By definition of ∥ · ∥′-norm, the assumptions ∥ϕ∥′ ≤ 1 and ϕ ∈ A′
n imply

∥ϕ̈∥ =
∑︂

|k|≥n

(2π|k|)2|ϕ̂k|e2π|k| ≤ 1
2πn

∑︂
|k|≥n

(2π|k|)3|ϕ̂k|e2π|k| = 1
2πn.

Similarly, we have ∥ϕ̇∥ ≤ (2πn)−2. From the explicit expression (1+f1) = ((1+ ϕ̇)(1+ ϕ̇+))−1,
a direct calculation shows that

1
2f1 + ϕ̇+ 1

2Dωϕ̇ = 1
2(f1 + ϕ̇+ ϕ̇

+) = ϕ̇
2 + (ϕ̇+)2 + ϕ̇ϕ̇

+ + ϕ̇
2
ϕ̇

+ + ϕ̇(ϕ̇+)2

2(1 + ϕ̇)(1 + ϕ̇
+)

.
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By differentiating the above equation twice and using ∥ϕ̇∥ ≤ (2πn)−2, ∥ϕ̈∥ ≤ (2πn)−1 and
∥

...
ϕ ∥ ≤ 1, it is straightforward to verify that the second-order derivative of the right hand side

has ∥ · ∥-norm bounded by ≲ 1/n. On the other hand,

∥⟨Dω

...
ϕ ⟩Nj

qj
∥ = ∥⟨Dω−pj/qj

...
ϕ ⟩Nj

qj
∥ ≲ Nj

⃓⃓⃓⃓
⃓ω − pj

qj

⃓⃓⃓⃓
⃓ ∥ ...
ϕ ∥.

Thus, using Nj = κqj we obtain

∥P̃(ϕ)∥ ≲ 1
n

+
∑︂

j

Nj

⃓⃓⃓⃓
⃓ω − pj

qj

⃓⃓⃓⃓
⃓ ∥ ...
ϕ ∥ ≲ 1

n
+ κ

∑︂
j

qj

⃓⃓⃓⃓
⃓ω − pj

qj

⃓⃓⃓⃓
⃓ .

Using (3.34), we can bound qj|ω − pj/qj| < [(2κ)j−1n]−ν+1 and then bound the series above
by a converging geometric series to deduce

∥P̃(ϕ)∥ ≲ 1
n

+ κn−ν+1

1− (2κ)−ν+1 . (3.43)

Next, we consider Pj. By the second inequality in (3.34) and the choice of Mj, we have
qj+1 > Mj > Nj . Using the disjointness of the supports of Fourier series of Pj(ϕ) for different
j’s (note that Pj(ϕ) has zero average), we have

⃦⃦⃦⃦∑︂
j≥1
Pj(ϕ)

⃦⃦⃦⃦
=
∑︂
j≥1
∥Pj(ϕ)∥ ≤ 1

2
∑︂
j≥1

⃦⃦⃦⃦
⃦⃦⟨f̈ 1⟩Mj

qj
− d

dx
⟨ḟ 1⟩

Mj
qj

1 + ⟨f1⟩
Mj
qj

⃦⃦⃦⃦
⃦⃦ (3.44)

whereas a straightforward computation yields

⟨f̈ 1⟩Mj
qj
− d

dx
⟨ḟ 1⟩

Mj
qj

1 + ⟨f1⟩
Mj
qj

= (⟨ḟ 1⟩
Mj
qj )2

(1 + ⟨f1⟩
Mj
qj )2

+ ⟨f̈ 1⟩
Mj
qj ⟨f1⟩

Mj
qj

1 + ⟨f1⟩
Mj
qj

.

Using ∥ϕ̇∥ ≤ (2πn)−2 and the formula (3.31) for f1, we have

∥f1∥ ≲ ∥ϕ̇∥ ≲
1
n2 , ∥ḟ 1∥ ≲ ∥ϕ̈∥ ≲

1
n

and ∥f̈ 1∥ ≲ ∥
...
ϕ ∥ ≤ 1.

It follows that, with n sufficiently large,⃦⃦⃦⃦
⃦⃦⟨f̈ 1⟩Mj

qj
− d

dx
⟨ḟ 1⟩

Mj
qj

1 + ⟨f1⟩
Mj
qj

⃦⃦⃦⃦
⃦⃦ ≲ 1

n
∥⟨ḟ 1⟩Mj

qj
∥+ 1

n2∥⟨f̈ 1⟩Mj
qj
∥.

Since ḟ 1 and f̈ 1 have zero average, the Fourier supports of ⟨ḟ 1⟩
Mj
qj and ⟨f̈ 1⟩

Mj
qj are disjoint for

different j. Combining with (3.44), we obtain⃦⃦⃦⃦∑︂
j≥1
Pj(ϕ)

⃦⃦⃦⃦
≲
∑︂
j≥1

(︃ 1
n
∥⟨ḟ 1⟩Mj

qj
∥+ 1

n2∥⟨f̈ 1⟩Mj
qj
∥
)︃
≲

1
n
∥ḟ 1∥+ 1

n2∥f̈ 1∥ ≲
1
n2 . (3.45)

To analyze P ′
j(ϕ), we start with the following decomposition

P ′
j(ϕ) = d

dx

⟨︄(︃
ω − pj

qj

)︃−2
gqj

(·, 0) + 1
2
⟨ḟ 1⟩qj

1 + ⟨f1⟩qj

⟩︄Nj

qj

+ 1
2

d
dx

⟨︄
⟨ḟ 1⟩

Mj
qj

1 + ⟨f1⟩
Mj
qj

−
⟨ḟ 1⟩qj

1 + ⟨f1⟩qj

⟩︄Nj

qj

.
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By the estimate (3.32) of Theorem 3.3 and Nj = κqj, the first term is bounded by⃦⃦⃦⃦
⃦⃦ d

dx

⟨︄(︃
ω − pj

qj

)︃−2
gqj

(·, 0) + 1
2
⟨ḟ 1⟩qj

1 + ⟨f1⟩qj

⟩︄Nj

qj

⃦⃦⃦⃦
⃦⃦

≤2πNj

⃦⃦⃦⃦
⃦⃦
⟨︄(︃

ω − pj

qj

)︃−2
gqj

(·, 0) + 1
2
⟨ḟ 1⟩qj

1 + ⟨f1⟩qj

⟩︄Nj

qj

⃦⃦⃦⃦
⃦⃦

≲κ2e4πκqν0−ν+1
j

(3.46)

with ν0 = 64 as in Theorem 3.3, whereas the second term is

1
2

d
dx

⟨︄
⟨ḟ 1⟩

Mj
qj

1 + ⟨f1⟩
Mj
qj

−
⟨ḟ 1⟩qj

1 + ⟨f1⟩qj

⟩︄Nj

qj

=1
2

d2

dx2

⟨︂
log(1 + ⟨f1⟩Mj

qj
)− log(1 + ⟨f1⟩qj

)
⟩︂Nj

qj

=− 1
2

d2

dx2

∫︂ 1

0

⟨︄
⟨f1⟩

>Mj
qj

1 + ⟨f1⟩
Mj
qj + t⟨f1⟩

>Mj
qj

⟩︄Nj

qj

dt.

By Lemma 3.26 with a = 1, N = Nj, M = Mj and u = ⟨f1⟩
>Mj
qj and the definition

Mj = 2Nj = 2κqj,⃦⃦⃦⃦
⃦⃦
⟨︄

⟨f1⟩
>Mj
qj

1 + ⟨f1⟩
Mj
qj + t⟨f1⟩

>Mj
qj

⟩︄Nj

qj

⃦⃦⃦⃦
⃦⃦ ≤(2κ+ 1)e−4π(Mj−Nj)

⃦⃦⃦⃦
⃦⃦ 1

1 + ⟨f1⟩
Mj
qj + t⟨f1⟩

>Mj
qj

⃦⃦⃦⃦
⃦⃦∥⟨f1⟩>Mj

qj
∥

≲κe−4πκqj .

Substituting into the integral above, we obtain⃦⃦⃦⃦
⃦⃦1

2
d
dx

⟨︄
⟨ḟ 1⟩

Mj
qj

1 + ⟨f1⟩
Mj
qj

−
⟨ḟ 1⟩qj

1 + ⟨f1⟩qj

⟩︄Nj

qj

⃦⃦⃦⃦
⃦⃦ ≲ N2

j κe−4πκqj ≲ κ3q2
j e−4πκqj .

Combining with (3.46) and summing over j ≥ 1, we obtain⃦⃦⃦⃦∑︂
j≥1
P ′

j(ϕ)
⃦⃦⃦⃦
≲
∑︂
j≥1

κ2e4πκqν0−ν+1
j + κ3q2

j e−4πκqj .

Using the assumption ν ≥ ν0 + 6 and qj > (2κ)j−1n and bounding the series in the right
hand side above by convergent geometric series,⃦⃦⃦⃦∑︂

j≥1
P ′

j(ϕ)
⃦⃦⃦⃦
≲

κ2e4πκ

1− (2κ)−ν+ν0+1n
−ν+ν0+1 + κ3n2e−4πκn. (3.47)

Consolidating (3.43), (3.45) and (3.47), we arrive at

∥P(ϕ)∥ ≲ 1
n

+ κ2e4πκ

1− (2κ)−ν+ν0+1n
−ν+ν0+1 + κ3n2e−4πκn. (3.48)

In particular, the right hand side of (3.37) is an absolutely convergent series in A. Thus P(ϕ)
is well-defined as an element in A. Taking n sufficiently big, we can make the right hand side
of (3.48) smaller than any given positive number and thus obtain (3.38). Since ν0 = 64 and
we assume ν ≥ 70, we have n−ν+ν0+1 ≤ n−5.
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3.5. Independent control of resonant parts

Next, we consider the analyticity ϕ ↦→ P(ϕ). Let ϕτ ∈ A′ depend analytically on some
complex parameter τ ∈ C. Suppose ∥ϕτ∥′ ≤ 1 for all |τ | ≤ R so that P(ϕτ ) is defined. By
the estimate (3.38), the map τ ↦→ P(ϕτ ) is locally bounded as a map into the Banach space
A. By definition (3.37) and the disjointness of the Fourier supports of the projections ⟨·⟩Nj

qj
,

each Fourier coefficient of P(ϕτ ) receives contribution from at most one index j. By the
analytic dependence of gqj

on ϕτ , it follows that each Fourier coefficient of P(ϕτ ) is analytic
in τ . Thus τ ↦→ P(ϕτ ) is locally bounded and very weakly holomorphic (with respect to the
separating family of functionals on A sending u ∈ A to its Fourier coefficients ûk). By [Are16,
Theorem 2.1], it is a A-valued holomorphic function.
Finally, we show (3.39). Put ϕτ = ϕ + τδ for some ϕ, δ ∈ A′

n with ∥ϕ∥′ < 1. Then we
have that P(ϕτ ) is analytic for |τ | < 1−∥ϕ∥′

∥δ∥′ . Applying Cauchy’s estimate to the derivative
d

dτ
P(ϕτ )|τ=0 and using (3.38), we obtain

∥dϕP(δ)∥ <
(︃1− ∥ϕ∥′

∥δ∥′

)︃−1
ϵ = ϵ

1− ∥ϕ∥′∥δ∥
′.

Since δ can be chosen arbitrarily from an open ball, it follows that ∥dϕP∥ ≤ ϵ(1− ∥ϕ∥′)−1 in
operator norm. The proof of the lemma is finished.

Remark. In the proof of Theorem 3.4, one can avoid dealing with analytic functions taking
values in an infinite dimensional Banach space by employing a slightly different argument. Let
ûk(z) be the k-th Fourier coefficient of P(ϕ+ zδ) where ϕ, δ ∈ A′ such that ∥ϕ∥′ + ∥δ∥′ < 1.
By analytic dependence of gqj

’s, each ûk(z) is an analytic function in z for ∥ϕ + zδ∥′ < 1.
Let us denote

G(ϕ, δ) : x ↦→
∑︂

k

û′
k(0)e2πikx.

We shall prove that G(ϕ, ·) : A′ → A is a bounded linear map and it is in fact equal to dϕP .
Fix θk ∈ R such that |ûk(1)− ûk(0)− û′

k(0)| = (ûk(1)− ûk(0)− û′
k(0))eiθk . Consider

H(z) =
∑︂
k∈Z

ûk(z)eiθke2π|k|. (3.49)

By the same argument using Montel’s theorem and Ascoli’s theorem as in the proof of
Lemma 3.5, one can show that the series (3.49) converges uniformly on compact subsets of
the open disc of radius (1− ∥ϕ∥′)/∥δ∥′ and therefore defines a complex analytic function in
z, which is uniformly bounded by ϵ. Similarly, the function z ↦→ ∑︁

k ûk(z)e2π|k| is analytic
and uniformly bounded by ϵ over the same domain. Then, by Cauchy’s estimate we have
∥G(ϕ, δ)∥ ≤ ϵ(1−∥ϕ∥′)−1∥δ∥′. Hence, G(ϕ, ·) is bounded in operator norm by ϵ(1−∥ϕ∥′)−1.
Next, by the choice of θk, the mean value theorem and Cauchy’s estimate,

∥P(ϕ+ δ)− P(ϕ)−G(ϕ, δ)∥ =
∑︂

k

|ûk(1)− ûk(0)− û′
k(0)|e2π|k|

=
∑︂

k

(ûk(1)− ûk(0)− û′
k(0))eiθke2π|k|

=H(1)−H(0)−H ′(0)

=
∫︂ 1

0
H ′′(t)(1− t)dt

≤ ϵ

2(1−∥ϕ∥′

∥δ∥′ − 1)2

≲
ϵ∥δ∥′2

(1− ∥ϕ∥′ − ∥δ∥′)2 .
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Assuming ∥δ∥′ is sufficiently small (∥δ∥′ < (1 − ∥ϕ∥′)/2 suffices), we obtain ∥P(ϕ + δ) −
P(ϕ)−G(ϕ, δ)∥ ≲ ϵ(1− ∥ϕ∥′)−2∥δ∥′2. This shows that G(ϕ, ·) is indeed the derivative dϕP
and thus we have ∥dϕP∥ ≤ ϵ(1− ∥ϕ∥′)−1 as required.

3.6 Analysis of almost equidistributed periodic orbits:
the proof of Theorem 3.1

We will apply Theorem 3.4 to construct a sequence of (pj, qj)-periodic orbits of a standard
map with well-controlled symplectic actions and eigendata, and then complete the proof of
Theorem 3.1.
We start with the following lemma. We recall that the functional space A′

n and the norm ∥ · ∥′

have been defined before Theorem 3.4.

Lemma 3.6. The following statements hold for all sufficiently large n > 0.
Let ω ∈ R \Q and assume there exists a sequence (pj, qj)j≥1 of coprime integer pairs such
that, for some ν ≥ 70, ⃓⃓⃓⃓

ω − pj

qj

⃓⃓⃓⃓
≤ q−ν

j , qj+1 > 4qj, q1 > n. (3.50)

Then, for every ϕ0 ∈ A′
n and every sequence (σj)j≥1 of complex numbers satisfying

|σj|qj ≥ 1 for all j and
∑︂
j≥1
|σj|+ 2∥ϕ0∥′ ≤ 1

2 ,

there exists ϕ1 ∈ A′
n, depending analytically on ϕ0 and on (σj)j≥1, with the following

properties.
Let ϕ := ϕ0 + ϕ1 and let F be the standard map associated with (ω, ϕ) in the adapted
coordinates.
For each j ≥ 1 there exist two distinguished (pj, qj)-periodic orbits of F in a complex
neighborhood of T× R. These orbits depend analytically on ϕ0 and (σj)j≥1 and satisfy:

1. The two orbits are geometrically distinct. If (σj)j and ϕ0 are real-valued, then the two
orbits lie in T × R and they are the only (pj, qj)-periodic orbits of F in T × R. In
particular, one of them is a (globally) minimal orbit and the other is a minimax orbit.

2. Let S be the normalized generating function associated with F in adapted coordinates,
and define the rescaled symplectic actions of the two (pj, qj)-orbits by

Aj,± := 1
qj(ω − pj/qj)2

qj−1∑︂
k=0

S ◦ F k(ξj,±), (3.51)

where ξj,+ and ξj,− are any points on the two orbits, respectively. Then⃓⃓⃓⃓
⃓⃓Aj,± −

1
2(1 + f ∗

1 )

(︃
1∓ 2σje−2πqj

(2πqj)2

)︃⃓⃓⃓⃓⃓⃓ ≲ qν0
j

⃓⃓⃓⃓
ω − pj

qj

⃓⃓⃓⃓
+ qν0−ν

j e−2πqj , (3.52)

where f1 : T1 → C is defined in terms of ϕ = ϕ0 + ϕ1 as in (3.31), f ∗
1 denotes its

average over T, and ν0 = 64.
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3. Define the rescaled Lyapunov exponents of these orbits by

Λj,± := − 1
q2

j (ω − pj/qj)2 det
(︂
dξj,±F

qj − Id
)︂
, (3.53)

where ξj,± are as in (2). Then
⃓⃓⃓
Λj,± ∓ σje−2πqj

⃓⃓⃓
<

1
50 |σj|e−2πqj . (3.54)

The main theorem will be deduced from Lemma 3.6 together with the following elementary
lemma.

To state Lemma 3.7, we denote by ℓ∞ the Banach space of bounded sequences β = (βj)j≥1
of complex numbers with the supremum norm

|β|ℓ∞ := sup
j≥1
|βj|.

Lemma 3.7. Let B be the unit open ball of ℓ∞ centered at 0. Let T : B → ℓ∞ be an analytic
map. Suppose

|T (β)− β|ℓ∞ < ϵ for all β ∈ B. (3.55)
Then, for any α ∈ ℓ∞ such that |α|ℓ∞ < (1− 4ϵ)/3, there exists a unique β∗ ∈ ℓ∞ depending
analytically on α such that |β∗|ℓ∞ < (1− ϵ)/3 and T (β∗) = α. Furthermore, if U is an open
subset of a complex Banach space and the map T = Tu is analytically parametrized by u ∈ U ,
i.e., the value Tu(β)j is analytic in u and β ∈ B for each j, then the corresponding β∗ such
that Tu(β∗) = α also depends analytically on u.

Remark. We say that a map T : U → ℓ∞ defined on an open subset U ⊂ ℓ∞ is analytic if
the following property holds: for any family (bτ ) of elements in U parametrized by a complex
parameter τ such that, for each index j ≥ 1, the function τ ↦→ bτ

j is analytic, the function
τ ↦→ T (bτ )j is analytic for every index j.

Proof of Lemma 3.7. We prove this lemma by reducing it to a fixed-point problem and solving
it by the usual Picard iteration. Let α ∈ ℓ∞ be given. Define an auxiliary map

˜︁Tα : β ↦→ α− T (β) + β.

Then finding β solving the equation T (β) = α is equivalent to finding a fixed point of ˜︁Tα.

By the assumption (3.55), we have | ˜︁Tα(β)|ℓ∞ < |α|ℓ∞ + ϵ. Hence, for |α|ℓ∞ + ϵ ≤ r < 1,
the map ˜︁Tα preserves the closed ball of radius r centered at 0. Pick any β, β′ ∈ ℓ∞

such that |β|ℓ∞ + |β′|ℓ∞ ≤ 1. Then by the mean value theorem applied to the function
τ ↦→ ˜︁Tα((1− τ)β + τβ′)j for an arbitrary j ≥ 1,

˜︁Tα(β′)j − ˜︁Tα(β)j =
∫︂ 1

0

d
dτ

˜︁Tα((1− τ)β + τβ′)jdτ.

By (3.55) and Cauchy’s estimate over the domain |τ | ≤ (1− |β|ℓ∞)/|β − β′|ℓ∞ ,⃓⃓⃓⃓
⃓ d
dτ

˜︁Tα((1− τ)β + τβ′)j

⃓⃓⃓⃓
⃓ ≤ ϵ|β − β′|ℓ∞

1− |β|ℓ∞ − |β′ − β|ℓ∞
for |τ | ≤ 1.
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3. Partially Isospectral Deformations of the Standard Map

Since the above bound is independent of j, we deduce

| ˜︁Tα(β′)− ˜︁Tα(β)|ℓ∞ ≤ ϵ|β − β′|ℓ∞

1− |β|ℓ∞ − |β′ − β|ℓ∞
.

In particular, for r < 1/3, the Lipschitz constant of ˜︁Tα is at most ϵ/(1− 3r). By the condition
on α, there exists r such that |α|+ ϵ ≤ r < (1− ϵ)/3. It follows that the map ˜︁Tα preserves
the closed ball of radius r and is a contracting map there. By the Banach fixed point theorem,
we obtain a unique fixed point for ˜︁Tα therein.
It remains to show the analytic dependence of β on α and on u ∈ U , if T = Tu is analytically
parametrized by u belonging to an open subset of a complex Banach space. Recall that, by
the usual proof of the Banach fixed point theorem, the fixed point β∗ can be given by the limit
β∗ = limn→∞

˜︁T n
α (0), where the contracting property of ˜︁Tα implies that ( ˜︁T n

α (0))n is a Cauchy
sequence in ℓ∞. On the other hand, if ατ depends analytically on a complex parameter τ in a
domain of C and has small | · |ℓ∞-norm uniformly in τ , and T is analytically parametrized by
u, then, by the assumed analyticity of T , for fixed j the sequence { ˜︁T n

ατ (0)j : n ≥ 1} is a
Cauchy sequence (with respect to uniform norm in τ) of analytic functions in τ and u. By
standard results in complex analysis, the limit limn→∞

˜︁T n
ατ (0)j is an analytic function in τ and

u. It follows that β∗ is analytic in α and u. The proof of the lemma is finished.

3.6.1 Proof of the main theorem.
We now complete the proof of the main theorem using Lemma 3.6 and Lemma 3.7. Let ω and
(pj, qj) be given as in the statement of Theorem 3.1. In particular, we may assume q1 > n so
that Lemma 3.6 applies to the sequence (pj, qj). We consider

σj = 2 + ˜︁σj

qj

with |˜︁σj| ≤ 1.

This choice of σj automatically ensures that qj|σj| ≥ 1. Moreover, for q1 sufficiently large
we have ∑︁j |σj| < 1/10. It follows that the condition ∑︁

j |σj| + 2∥ϕ0∥′ ≤ 1/2 is satisfied
whenever ∥ϕ0∥′ ≤ 1/5. In this case, by Lemma 3.6 there exists ϕ1 ∈ A′

n depending analytically
on (˜︁σj) and ϕ0 such that the conclusions of Lemma 3.6 hold. In particular, for each j ≥ 1
there is a pair of (pj, qj)-orbits depending analytically on (˜︁σj) and ϕ0. Let ξj,± be points
picked from the two distinguished (pj, qj)-orbits furnished by Lemma 3.6, respectively. We
shall verify that the conclusions of Theorem 3.1 hold with respect to the sequence of orbits
ξj = ξj,+ provided by Lemma 3.6.

Proof of part (1). Let Λj = Λj,+ with Λj,+ defined as in (3.53). We provisionally define

˜︁Λj = qjΛje2πqj − 2.

By analytic dependence of ϕ1 and ξj on (σj) and ϕ0, the map T : (˜︁σj)j ↦→ (˜︁Λj)j is analytic
and is analytically parametrized by ϕ0. On the other hand, the estimate (3.54) and the choice
of σj imply ⃓⃓⃓ ˜︁Λj − ˜︁σj

⃓⃓⃓
<

1
16 .

We may in turn apply Lemma 3.7 with ϵ = 1/16 and T : (˜︁σj)j ↦→ (˜︁Λj)j to conclude that,
for all sequences (αj)j with |αj| < 1/4 and all ϕ0 such that ∥ϕ0∥′ ≤ 1/5, there exists a
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unique sequence (˜︁σj)j with |˜︁σj| < 5/16 that depends analytically on (αj) and ϕ0 and satisfies˜︁Λj = αj. By Lemma 3.6, the function ϕ1 realizing the prescribed values of ˜︁Λj can be chosen
to depend analytically on (αj) and ϕ0. It now follows from (3.54) that the qj-periodic orbits
(ξj) have a Lyapunov exponent given by

det(dξj
F qj − Id) = −(2 + αj)qj

(︃
pj

qj

− ω
)︃2

e−2πqj .

Since the Lyapunov exponent is obviously independent of coordinates, we deduce (3.4), where
the potential Vα is defined by (3.14) with ϕ = ϕ0 + ϕ1 and the choice of additive constant
fixed by the normalization condition on S.

Proof of part (2). We impose the following arithmetic condition as in (3.5)⃓⃓⃓⃓
⃓ω − pj

qj

⃓⃓⃓⃓
⃓ ≤ q−ν

j e−2πqj with ν = 70. (3.56)

Let us write Aj = Aj,+ with Aj,+ as in (3.51) and provisionally define

˜︁Aj := 2π2q3
j

[︂
1− 2(1 + f ∗

1 )Aj

]︂
e2πqj − 2.

By analyticity we have similarly that T : (˜︁σj)j ↦→ ( ˜︁Aj)j is an analytic map. Combining the
arithmetic condition (3.56) with (3.52),

⃓⃓⃓ ˜︁Aj − ˜︁σj

⃓⃓⃓
≲ qν0+3−ν

j ≲
1
q3

j

In particular, if q1 is large enough, then the right hand side above can be bounded uniformly
in j by < 1/16. We may in turn apply Lemma 3.7 as in the preceding proof of part (2) to
conclude that, for all sequences (αj)j with |αj| < 1/4 and all ϕ0 such that ∥ϕ0∥′ ≤ 1/5, there
exists a unique sequence (˜︁σj)j with |˜︁σj| < 5/16 such that ˜︁Aj = αj. By Lemma 3.6, there
exists ϕ1 depending analytically on (αj) and ϕ0 such that the standard map F associated
with (ω, ϕ = ϕ0 + ϕ1) in adapted coordinates has a sequence of qj-periodic orbits (ξj) whose
symplectic action with respect to the normalized generating function S in adapted coordinates
is

qj−1∑︂
k=0

S ◦ F k(ξj) =
qj

(︂
pj

qj
− ω

)︂2

2(1 + f ∗
1 )

[︃
1− (2 + αj)e−2πqj

2π2q3
j

]︃
.

By (3.21), the symplectic action of (ξj) with respect to the normalized generating function
S in the original coordinates is

qj−1∑︂
k=0

S ◦H ◦ F k(ξj) =
qj−1∑︂
k=0

S ◦ F k(ξj) +
(︄
ω −

∫︂
T
ϕϕ̇

+
)︄
pj

where H is the coordinate transform defined in (3.15). Hence, we have deduced (3.6).
If (σj) and ϕ0 are real-valued as assumed in Theorem 3.1, then by Lemma 3.6 part (1), the
standard map has only two geometrically distinct (pj, qj)-orbits, containing ξj,+ and ξj,−,
respectively. Since σj > 0 by our choice, it follows easily from (3.52) and the estimate (3.56)
that the orbit of ξj,+ has smaller symplectic action between the two, and hence ξj = ξj,+ is a
(globally) minimal orbit of rotation number pj/qj.
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3. Partially Isospectral Deformations of the Standard Map

Finally, it remains to show that one can choose Vα in such a way that the quantities f ∗
1 and

(ϕαϕ̇
+
α )∗ are both constant in α. The main idea is that both quantities are dominated by the

low-frequency components in the Fourier series of ϕ. Hence, if q1 is sufficiently large compared
to the order of nonzero Fourier coefficients of ϕ0, then the choice of ϕ0 will have a dominant
effect on f ∗

1 and (ϕαϕ̇
+
α )∗. By adjusting ϕ0, we can keep the two quantities constant while

varying α.

Let us formalize this argument. We define a map

G : (ϕ0, ϕ1) ↦→
(︂
f ∗

1 , (ϕϕ̇
+)∗

)︂
where ϕ = ϕ0 + ϕ1 and f1 is defined as in (3.31). In the preceding steps, we have constructed
an analytic map (α, ϕ0) ↦→ ϕ1 where the standard map associated with (ω, ϕ = ϕ0 +ϕ1) has a
sequence of closed orbits with specified symplectic actions. Since ϕ1 is determined by (α, ϕ0),
we consider G(ϕ0, ϕ1) as a function in terms of (α, ϕ0) and we apply the implicit function
theorem. In fact, we pick a nonzero ˜︁ϕ0 ∈ A′

n and consider the derivative

dG
dϕ0

= ∂G
∂ϕ0

+ ∂G
∂ϕ1

∂ϕ1

∂ϕ0
.

Pick ˜︁ϕ0 ∈ A′
n such that the derivative ∂G

∂ϕ0
is surjective onto C2 and take q1 ≫ n. Since

sup
ℑx=0
|ϕ1(x)| ≤ e−2πq1 ,

it is easy to establish by Cauchy’s estimate that ∂G
∂ϕ1

∂ϕ1
∂ϕ0

has arbitrarily small operator norm as
q1 →∞. Hence, for q1 sufficiently large, dG/dϕ0 is surjective and we can apply the implicit
function theorem to obtain ϵ0 > 0 and an analytic map α ↦→ ϕ0 such that G(ϕ0, ϕ1) is constant
in α for |α|ℓ∞ < ϵ0.

We have completed the proof of Theorem 3.1 using Lemma 3.6. We proceed to prove
Lemma 3.6 now.

3.6.2 Proof of Lemma 3.6.
From now on, we fix

κ = 2.

Let n > 0 be given by Theorem 3.4 with ϵ = 1/4 and κ = 2. Take ω ∈ R \ Q and a
sequence (pj, qj) such that (3.50) holds for some ν ≥ 70. Let ϕ0 ∈ A′

n and (σj)j be given as
in Lemma 3.6. In particular, we assume

|σj|qj ≥ 1

and ∑︂
j

|σj|+ 2∥ϕ0∥′ ≤ 1
2 . (3.57)

Application of Theorem 3.4. We apply Theorem 3.4 to the function h ∈ A defined by

h(x) :=
∑︂
j≥1

σje−2πqj cos(2πqjx). (3.58)
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Note that, by the definition of the Fourier-weighted norm,

∥h∥ =
∞∑︂

j=1
|σj|.

By (3.57), the condition (3.35) of Theorem 3.4 is satisfied with the choice ϵ = 1/4.
Fix Nj := κqj = 2qj. Then, by Theorem 3.4, there exists ϕ1 ∈ A′

n depending analytically on
h and ϕ0 such that the standard map associated with (ω, ϕ := ϕ0 + ϕ1) in the qj-resonant
coordinates can be written as

Fqj
(x, y) =

(︂
x+ pj/qj + y, y + gqj

(x, y)
)︂
,

where the resonant normal form gqj
satisfies (3.36).

For notational simplicity, put
gqj

:= ⟨gqj
⟩Nj

qj
.

By (3.36) and our choice of h,

∂gqj

∂x
(x, 0) = σje−2πqj

(︃
pj

qj

− ω
)︃2

cos(2πqjx). (3.59)

Integrating (3.59) in x gives

gqj
(x, 0) = σje−2πqj

2πqj

(︃
pj

qj

− ω
)︃2

sin(2πqjx) + g∗
qj

(0), (3.60)

where g∗
qj

(0) denotes the average of x ↦→ gqj
(x, 0) over T.

By Theorem 3.3, the functions gqj
and gqj

are defined on Taj
× Dbj

with

aj = 1− 3
qj

, bj = 1
5

⃓⃓⃓⃓
ω − pj

qj

⃓⃓⃓⃓
.

The conclusions (3.29) and (3.32) respectively read as

|gqj
− gqj

|1/qj ,bj
≲ e−6πqj

⃓⃓⃓⃓
ω − pj

qj

⃓⃓⃓⃓2
, (3.61)

⃦⃦⃦⃦⟨︃
gqj

(·, 0) + 1
2

(︃
pj

qj

− ω
)︃2 ⟨ḟ 1⟩qj

1 + ⟨f1⟩qj

⟩︃Nj

qj

⃦⃦⃦⃦
≲ qν0−ν

j

⃓⃓⃓⃓
ω − pj

qj

⃓⃓⃓⃓2
, (3.62)

where f1 is as in (3.31) with ϕ = ϕ0 + ϕ1, and we have absorbed the factor κe4πκ into the
implicit constant because κ = 2 is fixed.
Moreover, by (3.30), for |y| < bj we have

|g∗
qj

(y)| ≲ qν0−ν
j

(︃
sup
ℑx=0
|(gqj

− gqj
)(x, y)|+ sup

ℑx=0
|g•

qj
(x, y)|

)︃
, (3.63)

since g•
qj

= gqj
− g∗

qj
=
(︂
gqj
− gqj

)︂
+
(︂
gqj
− g∗

qj

)︂
=
(︂
gqj
− gqj

)︂
+ g•

qj
and g∗

qj
= g∗

qj
.

For y = 0, we have an explicit formula (3.60) for gqj
(x, 0). Hence, using (3.61) and the fact

that |σj| ≥ 1/qj ≥ e−4πqj for qj sufficiently large, we obtain

|g∗
qj

(0)| ≲ |σj| qν0−ν−1
j e−2πqj

⃓⃓⃓⃓
ω − pj

qj

⃓⃓⃓⃓2
. (3.64)
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For general |y| < bj, we have, by κ = 2 and the estimate for Fourier coefficients,

|g•
qj
|1/qj ,bj

≤
∑︂

k∈±{qj ,2qj}
sup

|y|<bj

|ˆ︁gqj
(y)k| e

2π
|k|
qj

≤
∑︂

k∈±{qj ,2qj}
e−2π(aj− 1

qj
)|k| |gqj

|aj ,bj

≲ e−2πqj |gqj
|aj ,bj

≲ e−2πqj

⃓⃓⃓⃓
ω − pj

qj

⃓⃓⃓⃓2
,

where in the last inequality we used (3.28). Combining this with (3.63) and (3.61), and noting
that

sup
ℑx=0
|(gqj

− gqj
)(x, y)| ≤ |gqj

− gqj
|1/qj ,bj

,

we obtain
sup

|y|<bj

|g∗
qj

(y)| ≲ e−2πqj

⃓⃓⃓⃓
ω − pj

qj

⃓⃓⃓⃓2
.

It follows from gqj
= g∗

qj
+ g•

qj
that
⃓⃓⃓
gqj

⃓⃓⃓
1/qj ,bj

≲ e−2πqj

⃓⃓⃓⃓
ω − pj

qj

⃓⃓⃓⃓2
. (3.65)

Almost equidistributed orbits. We now show that Fqj
has two geometrically distinct

(pj, qj)-periodic orbits and they are almost equidistributed in the sense that they closely shadow
the sequence of points (x∗ + kpj/qj, 0), k = 0, 1, . . . , qj − 1 for some x∗ ∈ T1/qj

.
To ease the notation, we will suppress the subscripts j and qj in the following two paragraphs
and write simply (p, q) = (pj, qj), N = Nj, σ = σj, g = gqj

, g = gqj
, a = aj = 1− 3/q and

b = bj = |ω − p/q|/5. We will apply the estimates (3.61), (3.62), (3.64) and (3.65) obtained
by the preceding paragraph. Also recall that, by (3.60),

g(x, 0) = σe−2πq

2πq

(︃
p

q
− ω

)︃2
sin(2πqx) + g∗(0).

The first term on the right hand side has exactly 2q simple zeros at x = k/(2q) for k =
0, . . . , 2q − 1. By (3.64), we may view the second term g∗(0) as a small perturbation of the
first term and use Rouché’s theorem and periodicity of g to conclude that g(·, 0) has exactly 2q
simple zeros in T1/q which are equidistributed and close to the points k/(2q). More precisely,
for some x∗ ∈ Ta with |x∗| ≲ qν0−ν−1, we have

g
(︃
x∗

± + k

q
, 0
)︃

= 0, where k = 0, . . . , q − 1 , x∗
+ = x∗ and x∗

− = 1
2q − x

∗. (3.66)

By 1/q-periodicity of g(·, 0), it is readily verified that the points (x∗
±+k/q, 0) are (p, q)-periodic

under the “reduced” map

Fq(x, y) = (x+ p/q + y, y + g(x, y)). (3.67)

In view of (3.61), we may consider the map

Fq(x, y) = (x+ p/q + y, y + g(x, y))

as a small perturbation of (3.67). We will show in the following lemma that the periodic orbits
of Fq starting from (x∗

± + k/q, 0) persist under this perturbation.
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Lemma 3.8. Let x∗
± + k/q be the zeros of g(·, 0) given by (3.66). Set

a′ := 1
2q , b′ := 1

6

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓, αk

± := ∂g

∂x

(︃
x∗

± + k

q
, 0
)︃
.

Then, for q sufficiently large (depending only on the universal implicit constants in the estimates
below), the following holds.

There exist exactly 2q distinct points

(˜︁xk
+, ˜︁yk

+), (˜︁xk
−, ˜︁yk

−), k = 0, . . . , q − 1,

lying in Ta′ × Db′ which are (p, q)-periodic under the map Fq. More precisely, these 2q points
form exactly two geometrically distinct (p, q)-periodic orbits of Fq: for each sign ±,

F n
q (˜︁xk

±, ˜︁yk
±) =

(︂˜︁xk+np
± , ˜︁yk+np

±

)︂
, n ∈ Z,

where the index k + np is taken modulo q.

Furthermore, the points (˜︁xk
±, ˜︁yk

±) depend analytically on the parameters (σj)j and on ϕ0, and
the following estimates hold:

⃓⃓⃓˜︁xk
± − (x∗

± + k/q)
⃓⃓⃓
≲ q e−4πq, |˜︁yk

±| ≲ q3e−6πq

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

, (3.68)⃓⃓⃓
det

(︂
d(˜︁xk

±,˜︁yk
±)F

q
q − Id

)︂
+ q2αk

±

⃓⃓⃓
≪ q2|αk

±|. (3.69)

Remark. In the above lemma and its proof, we use the notation A≪ B to mean that for all
ε > 0 there exists Q > 0 depending only on ε such that |A/B| < ε for all q ≥ Q.

Proof of Lemma 3.8. Consider the interpolation map

F τ
q (x, y) = (x+ p/q + y, y + g(x, y) + τ(g(x, y)− g(x, y))).

Since b≪ q−2 and (3q − 1)(|g|1/q,b + |g − g|1/q,b)≪ b by (3.65) and (3.61), we may apply
Lemma 3.23 (with f = 0 and a = 1/q) to F τ

q for |τ | ≤ R with some R > 1 to obtain
γτ ,Γτ : Ta′ → C depending analytically on τ . Using Cauchy’s estimate in τ and choosing R
such that, for example, (3q − 1)(|g|1/q,b +R|g− g|1/q,b) = b, we have

⃓⃓⃓
Γ1 − Γ0

⃓⃓⃓
a′
≤

sup|τ |≤R |Γτ |a′

R− 1 ≲ q|g− g|1/q,b. (3.70)

We first consider k = 0 and look for the periodic orbit near the point (x∗
+, 0). The cases for

x∗
− and other k can be treated similarly. Observe in particular that by the explicit formula

(3.60) for g(·, 0) and the equality x∗
− = (2q)−1− x∗

+, the quantity αk
± is independent of k and

α0
+ = −α0

−.

From now on until the end of the proof, we write x∗ = x∗
+ for simplicity of notation. Let us

put α = α0
+ = ∂g/∂x(x∗, 0). By the explicit formula (3.60),

α = σe−2πq
(︃
p

q
− ω

)︃2
cos(2πqx∗). (3.71)
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Since (x∗, 0) is (p, q)-periodic under Fq, it follows from Lemma 3.23 that Γ0(x∗) = 0 and
γ0(x∗) = 0. By (3.200) and periodicity of g(·, 0) as well as the estimates (3.65) and b≪ q−2

⃓⃓⃓
Γ0 − qg(·, 0)

⃓⃓⃓
a′
≲
q2|g|21/q,b

b
. (3.72)

By Cauchy’s estimate and |x∗| ≲ qν0−ν−1 ≪ a′, we have
⃓⃓⃓
Γ̇0(x∗)− qα

⃓⃓⃓
≲
q3|g|21/q,b

b
≪ q|α|. (3.73)

The last≪ can be obtained from the explicit (3.71). We apply Lemma 3.9 with R = a′−|x∗|,
η0 = Γ0 and η1 = Γ1−Γ0. To verify the condition (3.78), observe that, by (3.70), (3.61) and
(3.65),

r0r1 ≤
|Γ0|a′ |Γ0 − Γ1|a′

(a′ − |x∗|)2 ≲ q4|g|1/q,b|g − g|1/q,b ≪ q2|α|2.

Combining with (3.73), we readily verify the condition (3.78) for q sufficiently large. Hence,
the lemma applies and we obtain a zero ˜︁x of Γ1 satisfying

|˜︁x− x∗| ≲ |Γ
1 − Γ0|a′

|Γ̇0(x∗)|
≲
|g− g|1/q,b

|α|
≲ qe−4πq. (3.74)

Let us put ˜︁y := γ1(˜︁x). Then, since γ0(x∗) = 0, by (3.70), (3.74) and the triangle inequality,

|˜︁y| ≤|γ1(˜︁x)− γ0(˜︁x)|+ |γ0(˜︁x)− γ0(x∗)|

≲q|g− g|1/q,b + q2|g|1/q,b|g− g|1/q,b

|α|

≲
q2|g|1/q,b|g− g|1/q,b

|α|
≲q3e−6πq|ω − p/q|2.

In the penultimate line, we have used |α| ≲ q|g|1/q,b, which follows from Cauchy’s estimate.
We have established the estimates (3.68) for k = 0.
For (3.69), we decompose

| det(d(˜︁x,˜︁y)F
q
q − Id) + q2α|

≤| det(d(˜︁x,˜︁y)F
q
q − Id) + qΓ̇1(˜︁x)|+ |qΓ̇1(˜︁x)− qΓ̇0(x∗)|+ |qΓ̇0(x∗)− q2α|.

(3.75)

By (3.73), the last term on the right hand side is ≪ q2|α|. By the second inequality of (3.79),
the second term on the right hand side of (3.75) can be estimated as

|qΓ̇1(˜︁x)− qΓ̇0(x∗)| ≲ q4|g|1/q,b|g − g|1/q,b

|α|
≪ q2|α|.

Finally, by (3.201), the first term on the right hand side of (3.75) can be estimated as

| det(d(˜︁x,˜︁y)F
q
q − Id) + qΓ̇1(˜︁x)| ≲

q4|g|21/q,b

b
≪ q2|α|.

This completes the proof of (3.69) for (˜︁x, ˜︁y) = (˜︁x0
+, ˜︁y0

+). The cases for other k can be treated
similarly by replacing x∗ with x∗

± + k/q in the above argument.
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Finally, we show the uniqueness of the (p, q)-periodic points in Ta′×Db′ , where b′ = |ω−p/q|/6
as in the statement. Since q−4 ≪ |α|/(q2|g|1/q,b) ≲ |Γ̇

0(x∗)|(a′ − |x∗|)2/|Γ0|a′ , Lemma 3.9
implies that ˜︁xk

± is the unique zero of Γ1 in the q−4-neighborhood of x∗
± + k/q. Hence, any

(p, q)-periodic point of Fq lying in a q−4-neighborhood of some x∗
± + k/q in the x-coordinate

must coincide with the point (˜︁xk
±, ˜︁yk

±) constructed above. We need to show that there is
no (p, q)-periodic point in Ta′ × Db′ which lies outside these neighborhoods. By the explicit
expression for g(·, 0),

q−6e−2πq|ω − p/q|2 ≪ |g(x, 0)| (3.76)
for x ∈ Ta′ lying outside the union of the q−4-neighborhoods of the points x∗

± + k/q. On the
other hand, by (3.72) and (3.70), we have
⃓⃓⃓
Γ1 − qg(·, 0)

⃓⃓⃓
a′
≲
q2|g|21/q,b

b
+ q|g− g|1/q,b ≲ q2e−4πq|ω − p/q|3 + qe−6πq|ω − p/q|2. (3.77)

Combining (3.76) and (3.77), we deduce that Γ1 does not vanish outside the q−4-neighborhoods
of the points x∗

± + k/q, which implies via Lemma 3.23 that the points (˜︁xk
±, ˜︁yk

±) constructed
above are the only (p, q)-periodic points of Fq in Ta′×Db′ . It is also simple to verify, for example
using the formula for Fq and |˜︁yk

±| ≪ q−4, that we must have F n
q (˜︁xk

±, ˜︁yk
±) = (˜︁xk+np

± , ˜︁yk+np
± ).

Finally, the analyticity of the points (˜︁xk
±, ˜︁yk

±) in terms of g follows from the construction using
Lemma 3.9 and Lemma 3.23. The proof is complete.

The following lemma was used in the proof of Lemma 3.8. This is an elementary result in
complex analysis, but we nevertheless give a proof for clarity.

Lemma 3.9. Let R > 0 and η0, η1 : DR → C be bounded analytic functions such that
η0(0) = 0 and η′

0(0) ̸= 0. Let us denote rj = R−1 sup{|ηj(z)| : |z| < R} for j = 0, 1.
Suppose

r0r1 < c|η′
0(0)|2 (3.78)

for some universal constant c. Then there exists a unique zero x of η0 + η1 within the open
disc DR̄ with

R̄ = 2c |η
′
0(0)|
r0

R.

Moreover, we have
|x|
R

≲
r1

|η′
0(0)| and |η′

0(x) + η′
1(x)− η′

0(0)| ≲ r0r1

|η′
0(0)| . (3.79)

Proof. After replacing ηj(x) by ηj(Rx)/(Rη′
0(0)) we may assume R = 1 and η′

0(0) = 1 so
that rj is the uniform norm of ηj over the unit disc. By the mean value theorem we can write

η0(x) = x+ x2
∫︂ 1

0
η′′

0(tx)(1− t)dt.

By Cauchy’s estimate applied to |x| < 1/2, we have |η0(x) − x| < |x|/2 if |x| < (16r0)−1.
Hence, if r1 < (32r0)−1, then Rouché’s theorem implies that there exists a unique simple zero
x∗ of η0 + η1 in the disc |x| < (16r0)−1. In fact, Rouché’s theorem applies to the circle of
radius 2r1 and we deduce |x∗| ≲ r1. By the mean value theorem and Cauchy’s estimate, we
have |η′

0(x∗) + η′
1(x∗)− η′

0(0)| ≲ r0|x∗|+ r1 ≲ r0r1. In the last ≲ we used the fact r0 ≥ 1,
which follows from Cauchy’s estimate of |η′

0(0)|. After scaling η0 and η1 back to the original
functions, we obtain the desired conclusions with c = 1/32.
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We complement Lemma 3.8 with the following corollary showing the uniqueness of the orbits
that it constructs.

Corollary 3.10. Suppose that ϕ is real-valued, so that the standard map F acts on the
real locus T × R in the adapted coordinates. Then the (p, q)-periodic points (˜︁xk

±, ˜︁yk
±) of

Fq obtained in Lemma 3.8 lie in the real locus, and their images under Hq give the only
(p, q)-periodic orbits of F contained in T× R.

Proof of Corollary 3.10. Let ϕ be real-valued so that F acts on T× R. By Lemma 3.8, the
points (˜︁xk

±, ˜︁yk
±)q−1

k=0 in Lemma 3.8 exhaust all (p, q)-periodic points in the domain Ta′ × Db′

of Fq. To prove the required statement it is enough to show that all (p, q)-orbits of F must
intersect the subset Hq(Ta′ ×Db′). For this, it suffices to show that every (p, q)-periodic orbit
of F (in the real locus T× R) must intersect the real annulus A defined as

A := T×
{︄
y ∈ R :

⃓⃓⃓⃓
⃓y −

(︃
p

q
− ω

)︃⃓⃓⃓⃓
⃓ < 1

15

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
}︄
.

Indeed, the estimate (3.26) clearly implies A ⊂ Hq(Ta′ × Db′).

We also recall that the conditions ∥
...
ϕ ∥ ≤ 1 and ϕ∗ = 0 imposed by Theorem 3.3 automatically

guarantee that ∥ϕ̇∥ ≤ (2π)−2 by definition of the ∥ ·∥-norm. Then, by the mean value theorem
applied to (3.17) and the bound on ∥ϕ̇∥, it is straightforward to show (for example using the
formula (3.137)) that max(2|f(x, y)|, |g(x, y)|) < |y|/8.

Now, let (xk, yk) = F k(x0, y0) be a (p, q)-periodic orbit under F lifted to the universal cover.
In particular, xq = x0 + p and yq = y0. Assume for a contradiction that (xk, yk) does
not intersect A for any k. Then we observe that yk − (p/q − ω) must have the same sign
for all k. For, if not, then we have |yk − yk+1| ≥ 2

15 |ω − p/q| and |yk| ≤ 14
15 |ω − p/q| for

some k. By (3.16) and (3.17), we deduce 2
15 |ω − p/q| ≤ |g(xk, yk)|. However, this implies

2
15 |ω − p/q| < |yk|/8, which contradicts |yk| < |ω − p/q|.

We have shown that all points (xk, yk) of the orbit lie on the same side of A. Suppose
for example p/q − ω > 0 and yk ≥ 16

15(p/q − ω) for all k. Since xq − x0 = p, we have
xk+1−xk ≤ p/q for some k, which implies yk +f(xk, yk) ≤ p/q−ω. On the other hand, since
|f(xk, yk)| < |yk|/16 we have yk < (p/q−ω)/(1−1/16), which contradicts yk >

16
15(p/q−ω).

Hence, we have shown that any (p, q)-orbit of F must intersect A, which by A ⊂ Hq(Ta′×Db′)
implies that it intersects Hq(Ta′ × Db′). The cases yk ≤ 14

15(p/q − ω) for all k and the cases
with p/q − ω < 0 can be treated similarly. It follows from this argument that this orbit must
intersect A and it must be one of the (p, q)-orbits obtained by Lemma 3.8.

End of proof of Lemma 3.6. Finally, we show that for each j the two periodic orbits
constructed in Lemma 3.8 satisfy the conclusions of Lemma 3.6, thereby completing its proof.

The uniqueness statement in part (1) of Lemma 3.6 follows immediately from Corollary 3.10.
We now verify the estimates (3.54) and (3.52) for these periodic orbits.

We begin with (3.54). In the case of the zero x∗
− + k/q, the corresponding quantity αk

− in
(3.69) is given by

αk
− = −σe−2πq

(︃
p

q
− ω

)︃2
cos(2πqx∗).
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Thus, ⃓⃓⃓⃓
⃓⃓⃓det

(︂
d(˜︁xk

±,˜︁yk
±)F

q
q − Id

)︂
q2(p/q − ω)2 ± σe−2πq cos(2πqx∗)

⃓⃓⃓⃓
⃓⃓⃓ ≪ |σ|e−2πq.

From the estimate |x∗| ≲ qν0−ν−1 ≪ 1/q we obtain | cos(2πqx∗) − 1| ≪ 1. The desired
estimate (3.54) now follows from the definition of Λj,± by taking q sufficiently large.
We next turn to (3.52). Recall that, by (3.33), the function Sq satisfies⃓⃓⃓⃓

⃓Sq(x, y)−
(︃
p

q
− ω + y

)︃2 1 + f1(x)
2
(︂
1 + ⟨f1⟩q(x)

)︂2

⃓⃓⃓⃓
⃓ ≲ qν0

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
3

, (3.80)

with ν0 = 64. Substituting x = ˜︁xk
±, y = ˜︁yk

± and using the mean value theorem together with
(3.68), we obtain⃓⃓⃓⃓
⃓
(︃
p

q
− ω + ˜︁yk

±

)︃2 1 + f1(˜︁xk
±)

2
(︂
1 + ⟨f1⟩q(˜︁xk

±)
)︂2 −

(︃
p

q
− ω

)︃2 1 + f1(x∗
± + k/q)

2
(︂
1 + ⟨f1⟩q(x∗

± + k/q)
)︂2

⃓⃓⃓⃓
⃓

≲

⃦⃦⃦⃦
⃦ 1 + f1

2(1 + ⟨f1⟩q)2

⃦⃦⃦⃦
⃦
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ |˜︁yk

±|+
⃦⃦⃦⃦
⃦ d

dx

(︃ 1 + f1

2(1 + ⟨f1⟩q)2

)︃⃦⃦⃦⃦
⃦
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2 ⃓⃓⃓⃓
⃓˜︁xk

± −
(︃
x∗

± + k

q

)︃⃓⃓⃓⃓
⃓

≲

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ |˜︁yk

±|+
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2 ⃓⃓⃓⃓
⃓˜︁xk

± −
(︃
x∗

± + k

q

)︃⃓⃓⃓⃓
⃓ ≲ qe−4πq

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

.

(3.81)
In the last line we have used the basic estimates ∥f1∥ < 1/2 and ∥ḟ 1∥ ≲ ∥ϕ̈∥, which follow
from the definition (3.31).
Summing over k = 0, . . . , q − 1 yields

q−1∑︂
k=0

1 + f1(x∗
± + k/q)

2(1 + ⟨f1⟩q(x∗
± + k/q))2 = q

⟨︄
1 + f1

2(1 + ⟨f1⟩q)2

⟩︄
q

(x∗
±) = q

2
(︂
1 + f ∗

1 + ⟨f •
1 ⟩q(x∗

±)
)︂ . (3.82)

Recall that x∗
+ = x∗ and x∗

− = (2q)−1− x∗ with |x∗| ≲ qν0−ν−1 ≪ 1/q. In particular, we have
|ℑx∗

±| ≪ 1. By Cauchy’s estimate and the mean value theorem we obtain⃓⃓⃓
⟨f •

1 ⟩q(x∗
+)− ⟨f •

1 ⟩q(0)
⃓⃓⃓
≲ qν0−ν |⟨f •

1 ⟩q|1/q ≲ qν0−ν

(︄∑︂
|k|≥q

q|k

|f1|e−2π(1−1/q)|k|
)︄

≲ qν0−νe−2πq.

(3.83)
The second ≲ follows by estimating the Fourier coefficients of f1 individually using analyticity
over T1. Similarly ⃓⃓⃓⃓

⃓⟨f •
1 ⟩q(x∗

−)− ⟨f •
1 ⟩q
(︃ 1

2q

)︃⃓⃓⃓⃓
⃓ ≲ qν0−νe−2πq. (3.84)

Moreover, for ℑx = 0 we have |⟨f1⟩>q
q (x)| ≤ ∑︁

|k|>q, q|k |f1|e−2π|k| ≲ e−4πq. Combining this
with (3.83) and (3.84) gives⃓⃓⃓⃓

⃓±(︂(f̂ 1)q + (f̂ 1)−q

)︂
− ⟨f •

1 ⟩q(x∗
±)
⃓⃓⃓⃓
⃓ ≲ qν0−νe−2πq,

where (f̂ 1)±q are the Fourier coefficients of f1 of order ±q. It follows that⃓⃓⃓⃓
⃓ 1
1 + f ∗

1 ± ((f̂ 1)q + (f̂ 1)−q)
− 1

1 + f ∗
1 + ⟨f •

1 ⟩q(x∗
±)

⃓⃓⃓⃓
⃓ ≲ qν0−νe−2πq. (3.85)
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Let A± denote the rescaled action defined by the right-hand side of (3.51) with ξj taken to
be the (p, q)-orbit of (˜︁xk

±, ˜︁yk
±) under Fq, i.e.

A± := 1
q(ω − p/q)2

q−1∑︂
k=0

Sq(˜︁xk
±, ˜︁yk

±).

Combining (3.80), (3.81), (3.82), and (3.85) yields⃓⃓⃓⃓
⃓A± −

1
2
(︂
1 + f ∗

1 ± ((f̂ 1)q + (f̂ 1)−q)
)︂ ⃓⃓⃓⃓⃓ ≲ qν0

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓+ qν0−νe−2πq.

Since |(f̂ 1)±q| ≲ e−2πq, up to an additional error ≲ qν0−νe−2πq we may write⃓⃓⃓⃓
⃓A± −

1
2(1 + f ∗

1 )

(︄
1∓ (f̂ 1)q + (f̂ 1)−q

1 + f ∗
1

)︄⃓⃓⃓⃓
⃓ ≲ qν0

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓+ qν0−νe−2πq. (3.86)

We now control (f̂ 1)q + (f̂ 1)−q via the choice of the coefficients σj in (3.58). Recall from
(3.62) and the definition of g that

⃦⃦⃦⃦
g•(·, 0) + 1

2

(︃
p

q
− ω

)︃2
⟨︄
⟨ḟ 1⟩q

1 + ⟨f1⟩q

⟩︄N

q

⃦⃦⃦⃦
≲ qν0−ν

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

.

Since N = 2q, the kth Fourier coefficient of the expression inside the ∥ ·∥-norm is nonzero only
for |k| = q or 2q, and analyticity in T1 gives a bound qν0−νe−2πq|ω−p/q|2 for such coefficients.
Hence the supremum norm over the real torus T is bounded by ≲ qν0−νe−2πq|ω − p/q|2. A
similar argument shows that the supremum norm over T of ⟨⟨ḟ 1⟩q(1 + ⟨f1⟩q)−1⟩>N is bounded
by ≲ e−6πq. For ℑx = 0, the explicit formula (3.60) then yields⃓⃓⃓⃓

⃓σe−2πq

2πq sin(2πqx) + 1
2
⟨ḟ 1⟩q(x)

1 + ⟨f1⟩q(x)

⃓⃓⃓⃓
⃓ ≲ qν0−νe−2πq. (3.87)

We decompose ⟨f1⟩q = f ∗
1 +⟨f1⟩qq+⟨f1⟩>q

q . Analyticity and ℑx = 0 imply |⟨ḟ 1⟩>q
q (x)| ≲ qe−4πq,

|⟨f1⟩qq| ≲ e−2πq, and |⟨ḟ 1⟩qq| ≲ qe−2πq, hence⃓⃓⃓⃓
⃓ ⟨ḟ 1⟩q(x)
1 + ⟨f1⟩q(x) −

⟨ḟ 1⟩qq(x)
1 + f ∗

1

⃓⃓⃓⃓
⃓ ≲ qe−4πq ≲ qν0−νe−2πq.

Substituting this into (3.87) and comparing the Fourier coefficients of order ±q, we obtain⃓⃓⃓⃓
⃓σe−2πq

(2πq)2 −
1
2

(f̂ 1)q + (f̂ 1)−q

1 + f ∗
1

⃓⃓⃓⃓
⃓ ≲ qν0−νe−2πq.

Combining this with (3.86), we arrive at⃓⃓⃓⃓
⃓A± −

1
2(1 + f ∗

1 )

(︃
1∓ 2σe−2πq

(2πq)2

)︃⃓⃓⃓⃓
⃓ ≲ qν0

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓+ qν0−νe−2πq.

This is precisely (3.52). The proof of Lemma 3.6 is complete.
We have now completed all steps in the proof of Theorem 3.1, with the sole exception of the
technical intermediate result Theorem 3.3. The remainder of this chapter will be devoted to
the proof of Theorem 3.3.
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3.7 Construction of the resonant coordinates: the proof
of Theorem 3.3

Before entering the proof of Theorem 3.3, we broadly outline the main steps.
We start with the standard map (3.16) in adapted coordinates, where the RIC is given by
{y = 0}. For a fixed pair (p, q), we focus on a complex neighborhood of the line {y = p/q−ω}.
On this neighborhood, we construct two successive changes of coordinates, denoted by Θ and
Id +Σ, in Section 3.7.1 and Section 3.7.2, respectively.
The common idea behind the construction of these two coordinate changes is to consider a
near-identity change of variables

Φ = Id +Ψ where Ψ(x, y) = (ψ(x, y), φ(x, y)) (3.88)

for some functions ψ and φ. Put A(x, y) = (x+ ω + y, y) and G(x, y) = (f(x, y), g(x, y)).
Let

Φ ◦ F ◦ Φ−1 = ˜︁F = A+ ˜︁G
where ˜︁G(x, y) = ( ˜︁f(x, y), ˜︁g(x, y)). Expanding ˜︁F ◦ Φ = Φ ◦ F , we have

˜︁G ◦ (Id +Ψ) = G+ Ψ ◦ F + A− A ◦ (Id +Ψ).

Componentwise, this is ⎧⎨⎩ ˜︁f ◦ (Id +Ψ) = f + ψ ◦ F − ψ − φ,˜︁g ◦ (Id +Ψ) = g + φ ◦ F − φ.
(3.89)

To simplify ˜︁F as much as possible, we shall make ˜︁f = 0 by fixing

φ = f + ψ ◦ F − ψ. (3.90)

Then ˜︁F (x, y) = (x+ ω + y, y + ˜︁g(x, y)) with

˜︁g ◦ (Id +Ψ) = g + (f ◦ F − f) + (ψ ◦ F 2 − 2ψ ◦ F + ψ). (3.91)

Our goal is to choose ψ so that ˜︁g(·, 0) is closely approximated by its resonant part ⟨˜︁g⟩Nq , as
formalized by the estimate (3.29).
In the first step, we base the construction of ψ on a formal Taylor-series computation, and
the coordinate transform (3.88) is accordingly defined over a neighborhood of {y = 0} which
contains the circle {y = p/q − ω}. More precisely, we start in Section 3.7.1 by analyzing the
Taylor expansion ˜︁g(x, y) = ˜︁g1(x)y + ˜︁g2(x)y2 +O(y3) (3.92)
where ˜︁g is as given in (3.91), and we take

ψ(x, y) = ψ1(x)y + ψ2(x)y2

with suitable choices of ψ1 and ψ2 so that ˜︁g1 and ˜︁g2 are almost 1/q-periodic. The resulting
coordinate transform Φ will not be symplectic in general.
In order to evaluate the symplectic action of any orbit found in these new coordinates, we also
compute the leading term ˜︁s2 in the Taylor expansion

˜︁S(x, y) = ˜︁s2(x)y2 +O(y3) (3.93)

85



3. Partially Isospectral Deformations of the Standard Map

of the pullback ˜︁S = S ◦ Φ−1 of the generating function S.
Then, we restrict everything to a neighborhood of {y = p/q−ω}. This requires evaluating the
Taylor expansion around y = 0 at a finite y ≈ p/q− ω, and hence we also need a quantitative
estimate of the O(y3) remainders in (3.92) and (3.93). This estimate will be the main content
of Section 3.7.1. The coordinate transform resulting from Step 1 will be constructed as
Θ = Φ−1 ◦ τ where τ is a translation that re-centers the domain at y = p/q − ω.
Roughly speaking, at y ≈ p/q − ω the Taylor remainders in (3.92) and (3.93) have size
∼ |ω − p/q|3, whereas the q-resonant part of ˜︁g restricted to the real torus T has size
∼ |ω − p/q|2e−2πq. Since ˜︁g has a rather explicit dependence on ϕ, this informally indicates
that the eigendata of the (p, q)-orbit can be controlled by the qZ-Fourier modes of ϕ over a
range of size at most ∼ |ω − p/q|2e−2πq. It can be verified, although we do not do so here,
that if we impose the stronger arithmetic condition |ω − p/q| ≤ e−2πCq for some C > 1, then
the size |ω − p/q|3 of the error term will be small enough and the first coordinate change
already suffices to deduce the main results.
If, however, the size of |ω − p/q| is only polynomially small in q, as assumed in part (1) of
the main theorem, then the error contributed by the Taylor remainder outweighs the size of
the q-resonant part of ˜︁g. Therefore, we need an iterative scheme in Step 2 to reduce the
non-resonant errors further.
In Section 3.7.2, we use a similar type of coordinate transform given by (3.88)-(3.91) but with
ω = p/q, since we have re-centered the coordinates at y = p/q− ω in Step 1. The coordinate
transform obtained in Step 2 is near-identity and is denoted Id +Σ. The iteration scheme is
similar in spirit to the works of [BN12] and [MRRTS15]. Unlike [BN12], the coordinates we
obtain are not symplectic.
We remark that, in contrast to Step 1, the construction in Step 2 (Section 3.7.2) is nonexplicit
because it involves ∼ q iterations of coordinate transforms. Hence, while we can make the
non-resonant part (3.156) of ˜︁g exponentially small in q, we do not have a better approximation
of the resonant part in (3.157) — we do not have sufficient information on the contribution
to the resonant part from this iteration scheme.
For technical reasons, we cannot skip Step 1 and directly begin with the iteration scheme
in Step 2. This is because, without Step 1, the first iteration of the scheme in Step 2 will
introduce an error of comparable size to the resonant part of the original map, and it seems
difficult to analyze this error term explicitly. On the other hand, Step 1 ensures that the
non-resonant part of the map is small enough so that errors introduced by each iteration
in Step 2 are always much smaller than the resonant part. This situation appears similar
to Lazutkin’s proof of existence of invariant curves near the boundary of a convex billiard
table: in his proof, one has to transform the original coordinates into higher-order “Lazutkin
coordinates” so that the non-integrable part of the billiard map vanishes to sufficiently high
order near the boundary before applying the KAM iteration.
We also remark that, while the method in Step 2 yields the weaker arithmetic condition (3.3)
for the results on Lyapunov exponents, it does not improve the condition (3.5) for the
results on symplectic actions. The key issue is that, whereas Lyapunov exponents can be
computed in any coordinates, the symplectic action is invariant only under exact symplectic
coordinate transforms. Although the coordinate transform in Step 1 is non-symplectic, it
is fairly explicit, and we can approximate the symplectic action using just the leading term
(3.93), provided the Taylor remainder is much smaller than the leading term, as ensured by
the strong condition (3.5). If only weaker conditions of the type (3.3) are assumed, then the
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relevant information on the symplectic actions of q-periodic orbits is contained in the first
∼ q terms in the Taylor expansion (3.93). In other words, it is unclear how to analyze the
dependence of the q-resonant part of the restricted generating function S(·, y) on ϕ when
|y − ω| is only polynomially small in q.
We now begin the proof of Theorem 3.3 proper.

3.7.1 Step 1: coordinate changes via Taylor expansion
Proposition 3.11. Let ω ∈ R \ Q and ϕ : T1 → C be analytic with zero average and
∥

...
ϕ ∥ ≤ 1. Let F be the standard map associated with (ω, ϕ) in the adapted coordinates.

Then the following statements hold. For q ∈ Z>0 sufficiently large, if⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ≤ q−6

6 for some p ∈ Z, (3.94)

then there exists an analytic change of coordinates Θ on the domain T1−q−1×D|ω−p/q|/2 which
is close to a translation by p/q − ω in y in the sense that

Θ(x, y) = (x+ θ1(x, y), y + p/q − ω + θ2(x, y)) (3.95)

with
|θ1|1−1/q,|ω−p/q|/2 ≲ q

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ; |θ2|1−1/q,|ω−p/q|/2 <

1
11

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ , (3.96)

and the map ˜︁Fq := Θ−1 ◦ F ◦Θ in these new coordinates is

˜︁Fq :
(︄
x
y

)︄
↦→
(︄
x+ p

q
+ y

y + ˜︁gq(x, y)

)︄
.

Define f1 : T1 → C as in (3.31) and ˜︁Sq := S ◦ Θ, where S is the normalized generating
function associated with (ω, ϕ) in adapted coordinates. Then for ν0 = 64 and for all
(x, y) ∈ T1−1/q × D|ω−p/q|/2,⃓⃓⃓⃓

⃓⃓˜︁gq(x, y) + 1
2

(︃
p

q
− ω + y

)︃(︃
p

q
− ω − y

)︃ ⟨ḟ 1⟩q(x)
1 + ⟨f1⟩q(x)

⃓⃓⃓⃓
⃓⃓ ≲qν0

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
3

⃓⃓⃓⃓
⃓ ˜︁Sq(x, y)−

(︃
p

q
− ω + y

)︃2 1 + f1

2(1 + ⟨f1⟩q)2 (x)
⃓⃓⃓⃓
⃓ ≲qν0

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
3

.

(3.97)

Moreover, the coordinate transform Θ depends analytically on ϕ and is real-analytic when ϕ is
real-valued. In this case, the map ˜︁Fq preserves the area form

Θ∗dxdy =
(︃ 1

1 + ⟨f1⟩q
+ ˜︁η)︃dxdy (3.98)

for some real-analytic ˜︁η such that

|˜︁η|1− 1
q

, 1
2 |ω− p

q
| ≲ qν0

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ . (3.99)

The rest of Section 3.7.1 aims to prove Proposition 3.11.
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Preliminary Taylor series calculations

Recall that the standard map associated with (ω, ϕ) in adapted coordinates F is given by
(3.16) - (3.17). Consider a change of coordinates Φ = Id +Ψ as described in (3.88) - (3.91).
We shall choose ψ to be of the form ψ(x, y) = ψ1(x)y + ψ2(x)y2 for some ψ1 and ψ2 such
that in a neighborhood of {y = p/q − ω} the function ˜︁g in (3.91) is almost 1/q-periodic in x.

Taylor series of F and the generating function. In this paragraph we obtain the Taylor
expansion at y = 0 of f and g as well as the generating function S up to order O(y2). Let us
begin by fixing some notations. Denote

f(x, y) = f1(x)y + f2(x)y2 +O(y3) and g(x, y) = g1(x)y + g2(x)y2 +O(y3).

We adopt similar notations for the Taylor expansions of ψ, φ and ˜︁g. Then, a straightforward
computation using the Taylor series of (3.17) yields

1 + f1 = 1
(1 + ϕ̇)(1 + ϕ̇

+)
; f2 = − ϕ̈

+

2(1 + ϕ̇)2(1 + ϕ̇
+)3

; g1 = 0; g2 = −1
2 ḟ 1. (3.100)

We remark that the last equality g2 = −ḟ 1/2 can be computed from the area-preservation
property F ∗(dxdy) = dxdy and g1 = 0. Next, we consider the normalized generating function
S associated with (ω, ϕ) in adapted coordinates (see Section 3.3). Integrating the Taylor
expansion of the second equation in (3.23) along y and using the Taylor remainder formula
and the normalization condition S(x, 0) = 0, we get

S(x, y) = 1 + f1(x)
2 y2 +O(y3). (3.101)

Taylor series after coordinate changes. To express the Taylor expansion of (3.90) and
(3.91) in y, let us define a finite-difference operator Dω by

Dωu := u ◦Rω − u for any u : Ta → C. (3.102)

Also recall the notation u± := u ◦R±ω. Then, Taylor expanding the right hand sides of (3.90)
and of the second line of (3.89) and substituting g1 = 0, g2 = −ḟ 1/2,

φ =(f1 +Dωψ1)y +
(︃
f2 +Dωψ2 −

1
2 ḟ 1ψ

+
1 + (1 + f1)ψ̇

+
1

)︃
y2 +O(y3).

g + φ ◦ F − φ =(Dωφ1)y +
(︃
Dωφ2 −

1
2(1 + φ+

1 )ḟ 1 + (1 + f1)φ̇+
1

)︃
y2 +O(y3),

(3.103)
On the other hand, Taylor expanding ˜︁g ◦ (Id +Ψ) at y = 0 yields

˜︁g ◦ (Id +Ψ) = (1 + φ1)˜︁g1y +
(︂
(1 + φ1)2˜︁g2 + φ2˜︁g1 + (1 + φ1)ψ1˜︁ġ1

)︂
y2 +O(y3). (3.104)

From the first line of (3.103),

φ1 = f1 +Dωψ1, φ2 = f2 +Dωψ2 −
1
2 ḟ 1ψ

+
1 + (1 + f1)ψ̇

+
1 . (3.105)

Equating the second line of (3.104) with (3.103),

(1 + φ1)˜︁g1 =Dωφ1,

(1 + φ1)2˜︁g2 + φ2˜︁g1 + (1 + φ1)ψ1˜︁ġ1 =Dωφ2 −
1
2(1 + φ+

1 )ḟ 1 + (1 + f1)φ̇+
1 .
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We may differentiate the first line in x and multiply throughout by ψ1 to obtain (1 +φ1)ψ1˜︁ġ1 +
ψ1φ̇1˜︁g1 = ψ1Dωφ̇1, which can be used to eliminate the (1 + φ1)ψ1˜︁ġ1 term on the second line
above and obtain

(1 + φ1)˜︁g1 =Dωφ1,

(1 + φ1)2˜︁g2 + (φ2 − ψ1φ̇1)˜︁g1 + ψ1Dωφ̇1 =Dωφ2 −
1
2(1 + φ+

1 )ḟ 1 + (1 + f1)φ̇+
1 .

(3.106)

The formulae (3.105) and (3.106) together give the dependence of the leading Taylor coeffi-
cients ˜︁g1 and ˜︁g2 of ˜︁g in terms of ψ1 and ψ2. Our next task is to choose ψ1 and ψ2 appropriately
so that ˜︁g1 and ˜︁g2 are almost 1/q-periodic on T.

The choice of ψ1, ψ2. From now on, let q > 1 and p ∈ Z be fixed. Analogous to (3.102),
we define a finite-difference operator Dp/q by

Dp/qu := u ◦Rp/q − u for any u : Ta → C.

Recall that we denote by ⟨u⟩q and {u}q to be the 1/q-periodization of u and the complement
part respectively (see Section 3.2). Given v : T1 → C, there is a unique u : T1 → C, denoted
D−1

p/qv, such that Dp/qu = v and ⟨u⟩q = 0. The function u can be defined via its Fourier series
as

ûk =

⎧⎨⎩
v̂k

e2πik p
q −1

if q ∤ k
0 otherwise.

Recall that ˜︁g1, ˜︁g2 and ˜︁s2 denote the leading terms of the Taylor expansions of ˜︁g and ˜︁S as in
(3.92) and (3.93). In the sequel, we shall choose ψ1 and ψ2 so as to make {˜︁g1} and {˜︁g2}q as
small as possible assuming p/q is sufficiently close to ω. Informally, we will obtain

˜︁g1 ≈
(︃
ω − p

q

)︃ ⟨ḟ 1⟩q
1 + ⟨f1⟩q

, ˜︁g2 ≈
1
2
⟨ḟ 1⟩q

1 + ⟨f1⟩q
(3.107)

and ˜︁s2 ≈
1 + f1

2(1 + ⟨f1⟩q)2 . (3.108)

In this section, we obtain the terms on the right hand sides of “≈” above. The rigorous
estimates of the differences between the two sides will be left to the next section. The guiding
heuristics of the choice of ψ that follows is that |ω − p/q| shall be regarded as a “small”
quantity so that Dω ⟨u⟩q and (Dω −Dp/q)u generally have “smaller” orders of magnitude than
⟨u⟩q and u respectively. In fact, to achieve (3.107) we take ψ(x, y) = ψ1(x)y + ψ2(x)y2 with

ψ1 = (Dω −Dp/q)D−2
p/q {f1}q −D

−1
p/q{f1}q;

ψ2 = −D−2
p/q

{︃
Dω

(︃
f2 −

1
2 ḟ 1ψ

+
1 + (1 + f1)ψ̇

+
1

)︃
− 1

2(1 + φ+
1 )ḟ 1 + (1 + f1)φ̇+

1

}︃
q
.

(3.109)

By the choice of ψ1 and the first line of (3.103),

φ1 =f1 + (Dω −Dp/q)ψ1 +Dp/qψ1

=f1 + (Dω −Dp/q)ψ1 + (Dω −Dp/q)D−1
p/q {f1}q − {f1}q

= ⟨f1⟩q + (Dω −Dp/q)(ψ1 +D−1
p/q {f1}q)

= ⟨f1⟩q + (Dω −Dp/q)2D−2
p/q {f1}q .

(3.110)
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Thus φ1 = ⟨f1⟩q + {φ1}q and we may consider {φ1}q and Dωφ1 as small errors. It follows
from the first line of (3.106) that

˜︁g1 =
Dω ⟨f1⟩q
1 + ⟨f1⟩q

+
Dω {φ1}q − {φ1}q

˜︁g1

1 + ⟨f1⟩q

=
(︃
ω − p

q

)︃ ⟨ḟ 1⟩q
1 + ⟨f1⟩q

+
Dω ⟨f1⟩q − (ω − p

q
)⟨ḟ 1⟩q

1 + ⟨f1⟩q
+
{φ+

1 }q − (1 + ˜︁g1) {φ1}q

1 + ⟨f1⟩q
.

(3.111)

On the other hand, substituting (3.105) into the right hand side of the second line of (3.106)
and using the choice of ψ2,

D2
ωψ2 +Dω

(︃
f2 −

1
2 ḟ 1ψ

+
1 + (1 + f1)ψ̇

+
1

)︃
− 1

2(1 + φ+
1 )ḟ 1 + (1 + f1)φ̇+

1

=(D2
ω −D2

p/q)ψ2 +Dω

⟨︃
f2 −

1
2 ḟ 1ψ

+
1 + (1 + f1)ψ̇

+
1

⟩︃
q

+
⟨︃

(1 + f1)φ̇+
1 −

1
2(1 + φ+

1 )ḟ 1

⟩︃
q

=(D2
ω −D2

p/q)ψ2 +Dω

⟨︃
f2 −

1
2 ḟ 1ψ

+
1 + (1 + f1)ψ̇

+
1

⟩︃
q

+
⟨︃

(1 + f1)φ̇1 −
1
2(1 + φ1)ḟ 1

⟩︃
q

+
⟨︃

(1 + f1)Dωφ̇1 −
1
2 ḟ 1Dωφ1

⟩︃
q

=(D2
ω −D2

p/q)ψ2 +Dω

⟨︃
f2 −

1
2 ḟ 1ψ

+
1 + (1 + f1)ψ̇

+
1

⟩︃
q

+
⟨︃

(1 + f1)⟨ḟ 1⟩q −
1
2(1 + ⟨f1⟩q)ḟ 1

⟩︃
q

+
⟨︃

(1 + f1){φ̇1}q −
1
2{φ1}qḟ 1

⟩︃
q

+
⟨︃

(1 + f1)Dωφ̇1 −
1
2 ḟ 1Dωφ1

⟩︃
q

=1
2(1 + ⟨f1⟩q)⟨ḟ 1⟩q + (D2

ω −D2
p/q)ψ2 +Dω

⟨︃
f2 −

1
2 ḟ 1ψ

+
1 + (1 + f1)ψ̇

+
1

⟩︃
q

+
⟨︃

(1 + f1){φ̇1}q −
1
2{φ1}qḟ 1

⟩︃
q

+
⟨︃

(1 + f1)Dωφ̇1 −
1
2 ḟ 1Dωφ1

⟩︃
q
.

(3.112)
In the last line, we used the simple observation that ⟨(1 + f1)⟨ḟ 1⟩q⟩q = (1 + ⟨f1⟩q)⟨ḟ 1⟩q.
Using (1 + φ1)2 = (1 + ⟨f1⟩q)2 + (2 + ⟨f1⟩q + φ1){φ1}, the left hand side of the second line
of (3.106) is

(1 + ⟨f1⟩q)
2˜︁g2 + (2 + ⟨f1⟩q + φ1){φ1}˜︁g2 + (φ2 − ψ1φ̇1)˜︁g1 + ψ1Dωφ̇1. (3.113)

Equating (3.113) with (3.112), we obtain

˜︁g2 = 1
2
⟨ḟ 1⟩q

1 + ⟨f1⟩q
+ 1

(1 + ⟨f1⟩q)2

[︄
(D2

ω −D2
p/q)ψ2 +Dω

⟨︃
f2 −

1
2 ḟ 1ψ

+
1 + (1 + f1)ψ̇

+
1

⟩︃
q

+
⟨︃

(1 + f1){φ̇1}q −
1
2{φ1}qḟ 1

⟩︃
q

+
⟨︃

(1 + f1)Dωφ̇1 −
1
2 ḟ 1Dωφ1

⟩︃
q

− (2 + ⟨f1⟩q + φ1){φ1}˜︁g2 − (φ2 − ψ1φ̇1)˜︁g1 − ψ1Dωφ̇1

]︄
.

(3.114)
We now compute an approximation of the pullback ˜︁S = S ◦Φ−1 of the generating function to
the new coordinates using (3.101):

˜︁S(x, y) = 1 + f1

2(1 + φ1)2y
2 +O(y3). (3.115)
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Using (1 + φ1)2 = (1 + ⟨f1⟩q)2 + (2 + ⟨f1⟩q + φ1){φ1}, we may write

˜︁s2 = 1 + f1

2(1 + ⟨f1⟩q)2 −
(1 + f1)(2 + ⟨f1⟩q + φ1){φ1}q

2(1 + ⟨f1⟩q)2(1 + φ1)2 . (3.116)

Quantitative estimates: the leading terms of ˜︁g.
The goal of this section is to give a precise justification of the approximations (3.107) and
(3.108) by showing that all but the first terms on the right hand sides of (3.111), (3.114) and
(3.116) are relatively small. More precisely, we prove

Lemma 3.12. Suppose
∥

...
ϕ ∥ ≤ 1 and

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ≤ 1

q3 . (3.117)

Then⃦⃦⃦⃦
⃦˜︁g1 −

(︃
ω − p

q

)︃ ⟨ḟ 1⟩q
1 + ⟨f1⟩q

⃦⃦⃦⃦
⃦ ≲ q2

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

,

⃦⃦⃦⃦
⃦˜︁g2 −

1
2
⟨ḟ 1⟩q

1 + ⟨f1⟩q

⃦⃦⃦⃦
⃦ ≲ q4

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ (3.118)

and ⃦⃦⃦⃦
⃦˜︁s2 −

1 + f1

2(1 + ⟨f1⟩q)2

⃦⃦⃦⃦
⃦ ≲

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ . (3.119)

Before proceeding to the proof of Lemma 3.12, let us note some elementary facts. Since

k ∤ q =⇒ |e2πikp/q − 1| ≥ |e2πi/q − 1| = 2 sin π
q
≥ 4
q
,

we have, for u : T1 → C analytic, that

∥D−1
p/q{u}q∥ =

∑︂
q∤k

⃓⃓⃓⃓
⃓ ûk

e2πikp/q − 1

⃓⃓⃓⃓
⃓ e2π|k| ≤ q

4∥u∥ (3.120)

where D−1
p/q{u}q is uniquely defined as the function v such that ⟨v⟩q = 0 and Dp/qv = u. On

the other hand, since (Dω − Dp/q)u = u(· + ω) − u(· + p/q) = Dω−p/q(u ◦ Rp/q), where
Rp/q : x ↦→ x+ p/q is a rotation on T1, by Lemma 3.25 with δ = ω − p/q,

∥(Dω −Dp/q)u∥ = ∥Dω−p/q(u ◦Rp/q)∥ ≤
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ∥u̇∥. (3.121)

Finally, we also remark that, after integrating the Fourier series of
...
ϕ and using the definition

of ∥ · ∥-norm, the condition ∥
...
ϕ ∥ ≤ 1 implies the following convenient estimates.

∥ϕ̈∥ ≤ 1
2π and ∥ϕ̇∥ ≤ 1

(2π)2 . (3.122)

This observation has already been used previously in the proof of Corollary 3.10.
Let us begin to prove Lemma 3.12.
By (3.122) and the explicit expression (3.100), we first have

∥f1∥ ≤
(2 + ∥ϕ̇∥)∥ϕ̇∥

(1− ∥ϕ̇∥)2
<

1
18 . (3.123)
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In the above, we used the inequality ∥(1 + f1)−1∥ ≤ (1 − ∥f1∥)−1, which follows from the
fact that the space of analytic functions T1 → C with finite ∥ · ∥-norm is a Banach algebra
(Lemma 3.24).
Furthermore, it is straightforward to deduce from ∥ϕ̇∥ ≤ (2π)−2 and the explicit expressions
(3.100) that

∥ḟ 1∥, ∥f̈ 1∥, ∥f2∥, ∥ḟ 2∥, ∥g2∥, ∥ġ2∥ ≲ 1. (3.124)

Recall that by (3.110) we have φ1 = ⟨f1⟩q + (Dω − Dp/q)2D−2
p/q {f1}q. Hence, by (3.120) -

(3.124) and assumption 3.117,

∥φ1∥ ≤∥ ⟨f1⟩q ∥+ ∥(Dω −Dp/q)2D−2
p/q {f1}q ∥

≤∥f1∥+
(︃
q

4

)︃2
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ∥(Dω −Dp/q)ḟ 1∥ <

1
18

(3.125)

for q sufficiently large. Similarly, using (3.124)

∥φ̇1∥ =∥⟨ḟ 1⟩q + (Dω −Dp/q)2D−2
p/q{ḟ 1}q∥ ≲ ∥ḟ 1∥+ q2

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ∥f̈ 1∥ ≲ 1;

∥φ̈1∥ =∥⟨f̈ 1⟩q + (Dω −Dp/q)2D−2
p/q{f̈ 1}q∥ ≲ ∥f̈ 1∥+ q2∥f̈ 1∥ ≲ q2.

(3.126)

Remark. We give more precise bounds in (3.123) and (3.125) instead of just an implicit
universal constant ≲ 1 as in (3.124) and (3.126). The reason is that we will need to provide
lower bounds on the denominators in (3.111), (3.114) and (3.116).

Since {φ1}q = (Dω −Dp/q)2D−2
p/q{f1}q and ⟨φ1⟩q = ⟨f1⟩q, by periodicity of ⟨f1⟩ and (3.120),

(3.121), (3.124),

∥{φ1}q∥ ≲q2
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

∥f̈ 1∥ ≲ q2
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

(applying (3.121) twice);

∥{φ̇1}q∥ ≲q2
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ∥f̈ 1∥ ≲ q2

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ (applying (3.121) once);

∥Dωφ1∥ =∥(Dω −Dp/q) ⟨f1⟩q ∥+ ∥Dω{φ1}q∥ ≲
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ∥ḟ 1∥+ ∥{φ1}q∥ ≲

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ;

∥Dωφ̇1∥ =∥(Dω −Dp/q)⟨ḟ 1⟩q∥+ ∥Dω{φ̇1}q∥ ≲
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ∥f̈ 1∥+ ∥{φ̇1}q∥ ≲ q2

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ;

(3.127)
Using the first line of (3.106), we have ˜︁g1 = (1 + φ1)−1Dωφ1. By (3.125) and (3.127),

∥˜︁g1∥ ≲ ∥Dωφ1∥ ≲
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ .

We may now estimate the last two terms of (3.111). Using Lemma 3.25 with δ = ω − p/q
and the preceding bounds (3.123), (3.124) on f1 as well as the first line of (3.127), we have⃦⃦⃦⃦
⃦˜︁g1 −

(︃
ω − p

q

)︃ ⟨ḟ 1⟩q
1 + ⟨f1⟩q

⃦⃦⃦⃦
⃦ ≤

⃦⃦⃦⃦
⃦⃦Dω ⟨f1⟩q − (ω − p

q
)⟨ḟ 1⟩q

1 + ⟨f1⟩q

⃦⃦⃦⃦
⃦⃦+

⃦⃦⃦⃦
⃦{φ

+
1 }q − (1 + ˜︁g1) {φ1}q

1 + ⟨f1⟩q

⃦⃦⃦⃦
⃦

≲

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

∥f̈ 1∥+ q2
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

≲ q2
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

.
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We have established the first inequality of (3.118). To approximate ˜︁g2, it is necessary to
bound the second term of (3.114), which in turn requires bounds on ψ1 and ψ2 as well as φ2.
To this end, let us first use definition (3.109) of ψ1, inequalities (3.120), (3.121), (3.124) and
assumption (3.117) to obtain

∥ψ1∥ ≲ q2
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ∥ḟ 1∥+ q∥f1∥ ≲ q; ∥ψ̇1∥ ≲ q2

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ∥f̈ 1∥+ q∥ḟ 1∥ ≲ q (3.128)

and
∥ψ̈1∥ ≲ q2∥f̈ 1∥+ q∥f̈ 1∥ ≲ q2. (3.129)

Similarly, by definition (3.109) and (3.126), (3.128),

∥ψ2∥ ≲ q2
(︃
∥f2∥+ ∥ḟ 1ψ

+
1 ∥+ ∥(1 + f1)ψ̇

+
1 ∥+ ∥(1 + φ+

1 )ḟ 1∥+ ∥(1 + f1)φ̇+
1 ∥
)︃
≲ q3.

By a direct computation, we find that ψ̇2 is given by

−D−2
p/q

{︃
Dω

(︃
ḟ 2 −

1
2 f̈ 1ψ

+
1 + (1 + f1)ψ̈

+
1 + 1

2 ḟ 1ψ̇
+
1

)︃
− 1

2(1 + φ+
1 )f̈ 1 + (1 + f1)φ̈+

1 + 1
2 φ̇

+
1 ḟ 1

}︃
q
.

Thus, by (3.126) and (3.129),

∥ψ̇2∥ ≲q2
(︃
∥ḟ 2∥+ ∥f̈ 1ψ

+
1 ∥+ ∥(1 + f1)ψ̈

+
1 ∥+ ∥ḟ 1ψ̇

+
1 ∥+ ∥(1 + φ+

1 )f̈ 1∥+ ∥(1 + f1)φ̈+
1 ∥+ ∥φ̇+

1 ḟ 1∥
)︃

≲q4.

Then, from the definition (3.105) of φ2, a similar estimate gives

∥φ2∥ =
⃦⃦⃦⃦
⃦f2 +Dωψ2 −

1
2 ḟ 1ψ

+
1 + (1 + f1)ψ̇

+
1

⃦⃦⃦⃦
⃦ ≲ q3.

It now follows from (3.125) the second line of (3.106) that

∥˜︁g2∥ ≲
⃦⃦⃦⃦
⃦Dωφ2 −

1
2(1 + φ+

1 )ḟ 1 + (1 + f1)φ̇+
1 −

(︂
(φ2 − ψ1φ̇1)˜︁g1 + ψ1Dωφ̇1

)︂⃦⃦⃦⃦⃦ ≲ q3.

To recapitulate, we have obtained

∥ψ1∥, ∥ψ̇1∥ ≲ q; ∥ψ̈1∥ ≲ q2; ∥ψ2∥ ≲ q3; ∥ψ̇2∥ ≲ q4; ∥φ1∥ <
1
18; ∥φ̇1∥ ≲ 1;

∥φ̈1∥ ≲ q2; ∥φ2∥ ≲ q3; ∥{φ1}q∥ ≲ q2
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

; ∥{φ̇1}q∥ ≲ q2
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ;

∥Dωφ1∥ ≲
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ; ∥Dωφ̇1∥ ≲ q2

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ; ∥˜︁g1∥ ≲

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ; ∥˜︁g2∥ ≲ q3.

(3.130)
Now we are ready to approximate ˜︁g2 by estimating the last term of (3.114). Since ∥(1 +
⟨f1⟩q)−2∥ ≲ 1, we may focus on the terms within the square bracket of (3.114). Since
(D2

ω−D2
p/q)ψ2 = (Dω−Dp/q)(Dω +Dp/q)ψ2, we may use (3.121) together with the inequalities

summarized in (3.130) to bound the first two terms as follows.⃦⃦⃦⃦
⃦(D2

ω −D2
p/q)ψ2 +Dω

⟨︃
f2 −

1
2 ḟ 1ψ

+
1 + (1 + f1)ψ̇

+
1

⟩︃
q

⃦⃦⃦⃦
⃦

≲

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
(︄
∥ψ̇2∥+

⃦⃦⃦⃦
⃦
⟨︃
ḟ 2 −

1
2 f̈ 1ψ

+
1 + (1 + f1)ψ̈

+
1 + 1

2 ḟ 1ψ̇
+
1

⟩︃
q

⃦⃦⃦⃦
⃦
)︄
≲ q4

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ .
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The rest of the terms can be controlled by a routine application of (3.130):⃦⃦⃦⃦
⃦
⟨︃

(1 + f1){φ̇1}q −
1
2{φ1}qḟ 1

⟩︃
q

⃦⃦⃦⃦
⃦ ≲ q2

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓⃦⃦⃦⃦

⃦
⟨︃

(1 + f1)Dωφ̇1 −
1
2 ḟ 1Dωφ1

⟩︃
q

⃦⃦⃦⃦
⃦ ≲ q2

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓

∥(2 + ⟨f1⟩q + φ1){φ1}˜︁g2 + (φ2 − ψ1φ̇1)˜︁g1 + ψ1Dωφ̇1∥ ≲ q3
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ .

We have shown ⃦⃦⃦⃦
⃦˜︁g2 −

1
2
⟨ḟ 1⟩q

1 + ⟨f1⟩q

⃦⃦⃦⃦
⃦ ≲ q4

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓

and completed the proof of (3.118). Finally, we turn to the estimate (3.119) of ˜︁s2. By the
second line of (3.115) and the bounds on ∥f1∥, ∥φ1∥ and ∥{φ1}q∥ collected in (3.130) as
well as the assumption (3.117),⃦⃦⃦⃦

⃦˜︁s2 −
1 + f1

2(1 + ⟨f1⟩q)2

⃦⃦⃦⃦
⃦ =

⃦⃦⃦⃦
⃦(1 + f1)(2 + ⟨f1⟩q + φ1){φ1}q

2(1 + ⟨f1⟩q)2(1 + φ1)2

⃦⃦⃦⃦
⃦

≲∥{φ1}q∥ ≲ q2
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

≲

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ .

The proof of Lemma 3.12 is finished.

Quantitative estimates: the Taylor remainder

Having obtained approximations of the leading Taylor coefficients ˜︁g1 and ˜︁g2 of ˜︁g and ˜︁s2 of the
pullback generating function ˜︁S, we now need to estimate the corresponding Taylor remainders
of ˜︁g. We need to introduce some additional definitions in the following.
For λ > 0, we define the complex domain Dλ ⊂ C/Z× C to be

Dλ = {(x, y) ∈ T1 × C : |ℑx|+ λ−1|y| < 1}.

If u is a function defined on Dλ, we denote by |u|(λ) the supremum norm of u over Dλ. If u is
of class Cr on Dλ, we set

|u|(λ,r) := sup
{︄⃓⃓⃓⃓
⃓ ∂j+ku

∂xj∂yk
(x, y)

⃓⃓⃓⃓
⃓ : (x, y) ∈ Dλ, 0 ≤ j + k ≤ r

}︄
. (3.131)

The elementary properties of the | · |(λ,r)-norms that we will need are collected in Section 3.8.1.
The following Lemma is the main result of the current section.

Lemma 3.13. Suppose
∥

...
ϕ ∥ ≤ 1 and

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ≤ q−6

6 .

Then ˜︁g and ˜︁S are analytic on Dλ with λ = q−5/4. Furthermore, for (x, y) ∈ Dλ, we have⃓⃓⃓˜︁g(x, y)−
(︂˜︁g1(x)y + ˜︁g2(x)y2

)︂⃓⃓⃓
≲ qν0 |y|3 (3.132)

and ⃓⃓⃓ ˜︁S(x, y)− ˜︁s2(x)y2
⃓⃓⃓
≲ qν0 |y|3 (3.133)

where ν0 = 64.
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ℑx

|y|

1−1

λ

Figure 3.2: An illustration of Dλ.

Before proceeding to the proof, we explain the technical issue that necessitates the introduction
of the domains of the form Dλ. The key issue is that the function ˜︁g(·, y) for a fixed y ̸= 0 is in
general less regular than ϕ : T1 → C, in the sense that it extends analytically only to a complex
domain Ta for some a < 1. 1 The loss of regularity implies that the Taylor remainder in
(3.92) has smaller analyticity strip in x whereas the leading terms ˜︁gj, j = 1, 2 are analytic over
the larger domain T1. By analyticity, the k-th Fourier coefficients of ˜︁gj decay exponentially
faster in k than those of the Taylor remainder. This is potentially a problem because, with
y ≈ p/q−ω, the ±q-th Fourier coefficients of ˜︁g(·, y), which are presumably the largest Fourier
coefficients of the resonant part of ˜︁g, have size ∼ |ω − p/q|2e2π(a−1)q whereas those of the
Taylor remainder have size ∼ |ω − p/q|3. If e2π(a−1)q ≪ |ω − p/q| then the uncontrolled
error from the Taylor remainder will be much larger than the approximating functions in the
estimates (3.118) and (3.119). Therefore, it is key to keep track of how fast a decreases as
|y| increases from 0. More precisely, we aim to establish the analyticity of ˜︁g over a domain
Dλ, which by definition has a “triangular shape” in the sense that its y-slice is a complex
neighborhood Ta such that a decreases linearly from 1 with a speed λ−1 as |y| increases from
0. Then, we restrict ˜︁g and ˜︁S on the slab Dλ ∩ {|y − (p/q − ω)| < |ω − p/q|/2}, where the
loss of analyticity width in the x-variable is uniformly bounded in q by ≲ q5|ω − p/q| ≪ 1.
This allows us to show that the first N Fourier coefficients (with N not too big relative to q)
of the Taylor remainders of (3.92) and (3.115) are much smaller than the counterparts of the
leading terms, and hence they can be regarded truly as “error terms”.

Another technical issue arises when we consider the Taylor remainders over Dλ: it seems not
straightforward to show that the remainders vanish to the order y3. If a function is analytic
and bounded over a “rectangular” domain like T1 × C, then it is standard to use Cauchy’s
estimate to obtain that the N -th order Taylor remainder of the expansion at y = 0 vanishes
to the order yN . For functions defined on Dλ, however, Cauchy’s estimate is not applicable.
Therefore, we resort to a more rudimentary approach by directly bounding the Cr norms
(3.131) of ˜︁g and ˜︁S viewed as a C∞ function on Dλ. The lengthy but elementary estimates
about functions on domains of the form Dλ are collected in Section 3.8.1. This approach is
probably far from optimal and it is partially responsible for the large size of the exponent ν in
the condition (3.24) of Theorem 3.3.

We now begin the proof of Lemma 3.13.

Chain of domains. Recall that, by construction,

˜︁g =
(︂
g + φ ◦ F − φ

)︂
◦ (Id +˜︁Σ), φ = f + ψ ◦ F − ψ

1This is analogous to the fact in billiard dynamics that the billiard map on the phase space is generally
less smooth than the boundary of the convex billiard domain.
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where Id +˜︁Σ is the right inverse of Id +Ψ. We shall consider the chain of inclusion of domains
schematized as follows

˜︁g g + φ ◦ F − φ φ, f, g ψ

Dλ4 Dλ3 Dλ2 Dλ1 Dλ0
Id +˜︁Σ F F

(3.134)

where we shall fix

λ0 = 1, λ1 = 1
q5 , λ2 = 1

2q5 , λ3 = 1
3q5 and λ4 = 1

4q5 .

In the diagram (3.134), the vertical arrows with dotted lines denote domains of definition. We
will show ˜︁g and ˜︁S are well-defined analytic functions on Dλ3 and establish a uniform C3 bound

|˜︁g|(λ4,3) ≲ qν0 and | ˜︁S|(λ4,3) ≲ qν0 . (3.135)

with a universal constant ν0 = 64.
In fact, the estimate (3.135) is sufficient for us to deduce (3.132) and (3.133) of Lemma 3.13.
Indeed, by the usual Taylor remainder formula,

˜︁g(x, y) = ˜︁g1(x)y + ˜︁g2(x)y2 +Q1(x, y); Q1(x, y) = y3

2

∫︂ 1

0

∂3˜︁g
∂y3 (x, ty)(1− t)2dt;

S̃(x, y) = s̃2(x)y2 +Q2(x, y), Q2(x, y) = y3

2

∫︂ 1

0

∂3S̃

∂y3 (x, ty)(1− t)2dt.

For (x, y) ∈ Dλ4 , by the explicit expressions above and (3.135),

|Qj(x, y)| ≲ qν0 |y|3, (j = 1, 2).

We readily obtain (3.132) and (3.133).
In the rest of this section, we focus on proving that all the compositions in (3.134) are
well-defined and the estimate (3.135) holds.

Estimates of f and g. Recall that the functions f and g in the formula F (x, y) = (x+ω+
y + f(x, y), y + g(x, y)) are determined by (ω, ϕ) via (3.17) and that f(x, 0) = g(x, 0) = 0
for all x so that F preserves the real torus T × {0}. By our choice of ψ in the preceding
section and by (3.90), we clearly have φ(x, 0) = 0 as well. We may therefore put

f(x, y) = yf(x, y), g(x, y) = yg(x, y), ψ(x, y) = yψ(x, y), and φ(x, y) = yφ(x, y)

for some f , g, ψ and φ analytic in a complex neighborhood of T× {0}.
Let us first focus on f and g. Substituting the definitions of f and g into (3.17) and
rearranging,

1 + f(x, y) + ϕ(x+ ω + y(1 + f(x, y)))− ϕ(x+ ω)
y

= 1
1 + ϕ̇(x)

1 + g(x, y) =
[︂
1 + ϕ̇(x+ ω + y(1 + f(x, y)))

]︂[︄
1 + f(x, y) + ϕ(x+ y(1 + f(x, y)))− ϕ(x)

y

]︄
.

(3.136)
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By the Mean Value Theorem,

ϕ(x+ ω + y(1 + f(x, y)))− ϕ(x+ ω)
y

=(1 + f(x, y))
∫︂ 1

0
ϕ̇(x+ ω + t(y + f(x, y)))dt

ϕ(x+ y(1 + f(x, y)))− ϕ(x)
y

=(1 + f(x, y))
∫︂ 1

0
ϕ̇(x+ t(y + f(x, y)))dt.

Hence, Equation (3.136) can be written as

f(x, y) =
[︄
(1 + ϕ̇(x))

(︃
1 +

∫︂ 1

0
ϕ̇(x+ ω + t(y + f(x, y)))dt

)︃]︄−1

− 1

g(x, y) =
(1 + ϕ̇(x+ ω + y + f(x, y)))

(︂
1 +

∫︁ 1
0 ϕ̇(x+ t(y + f(x, y)))dt

)︂
(1 + ϕ̇(x))

(︂
1 +

∫︁ 1
0 ϕ̇(x+ ω + t(y + f(x, y)))dt

)︂ − 1.
(3.137)

Using (3.136) and (3.137), we control the norms of f and g over domains Dλ for a sufficiently
small λ.

Lemma 3.14. Under the condition ∥
...
ϕ ∥ ≤ 1, the functions f and g are well-defined on the

domain Dλ with λ = (1− |ϕ̇|)2, and

|f |(λ) ≤ |ϕ̇|(2− |ϕ̇|)
(1− |ϕ̇|)2

, |1 + f |(λ) ≤ 1
(1− |ϕ̇|)2

and |g|(λ) ≤ 2|ϕ̇|(2 + |ϕ̇|)
(1− |ϕ̇|)2

. (3.138)

Proof. We use (3.136) and the contraction mapping principle to solve for f . Let λ = (1−|ϕ̇|)2

and define r = λ−1 − 1. Fix (x, y) ∈ Dλ and consider the map

Px,y : Dr → C

z ↦→ − ϕ̇(x)
1 + ϕ̇(x)

− ϕ(x+ ω + y(1 + z))− ϕ(x+ ω)
y

.

By definitions of Dλ and r, when |z| ≤ r we have |ℑ(x+ω+ y(1 + z))| ≤ |ℑx|+ λ−1|y| < 1.
Hence, the map Px,y is well-defined on Dr, and P ′

x,y(z) = −ϕ̇(x+ ω + y(1 + z)). Since the
assumption ∥

...
ϕ ∥ ≤ 1 implies a fortiori that |ϕ̇| < 1, the map Px,y is contracting over Dr. On

the other hand, by the mean value theorem and the definitions of λ and r, for |z| ≤ r,

|Px,y(z)| ≤ |ϕ̇|
1− |ϕ̇|

+ (1 + r)|ϕ̇| =
(︃ 1

1− |ϕ̇|
+ 1
λ

)︃
|ϕ̇| = 2− |ϕ̇|

(1− |ϕ̇|)2
|ϕ̇| = 1

(1− |ϕ̇|)2
− 1 = r.

It follows that Px,y(Dr) ⊂ Dr. Hence, by the contraction mapping principle there exists a
unique fixed point Px,y(z) = z in Dr depending analytically on (x, y). We shall define f(x, y)
to be this fixed point. In particular, we have

|f(x, y)| ≤ r = |ϕ̇|(2− |ϕ̇|)
(1− |ϕ̇|)2

and |1 + f(x, y)| ≤ 1 + r = 1
λ

= 1
(1− |ϕ̇|)2

.

We have obtained the first two inequalities of (3.138). Finally, from the second line of (3.137),
we deduce that g is also well-defined on Dλ and satisfies

|g(x, y)| ≤ 2|ϕ̇|(2 + |ϕ̇|)
(1− |ϕ̇|)2

.

The proof of the lemma is finished.
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Next, we apply Proposition 3.20 to estimate the norms |f |(λ′,2) and |g|(λ′,2) by shrinking Dλ

to a smaller domain Dλ′ .

Corollary 3.15. Suppose ∥
...
ϕ ∥ ≤ 1. Then

|f |(λ′,2) + |g|(λ′,2) ≲ 1 for λ′ = (1− |ϕ̇|)2/2.

Proof. To estimate |f |(λ′,2) and |g|(λ′,2), let us define Σ(x, y) = (0, f(x, y)) and

w1(x, y) =
[︄
(1 + ϕ̇(x))

(︃
1 +

∫︂ 1

0
ϕ̇(x+ ω + ty)dt

)︃]︄−1

− 1,

w2(x, y) =
(1 + ϕ̇(x+ ω + y))

(︂
1 +

∫︁ 1
0 ϕ̇(x+ ty)dt

)︂
(1 + ϕ̇(x))

(︂
1 +

∫︁ 1
0 ϕ̇(x+ ω + ty)dt

)︂ − 1.

By (3.137),
f = w1 ◦ (Id +Σ) and g = w2 ◦ (Id +Σ).

Observe that for 0 ≤ t ≤ 1, the expression ϕ̇(x+ω+ty) is well-defined for |ℑx|+|y| < 1. Hence
w1 and w2 are well-defined on D1. On the other hand, for λ = (1−|ϕ̇|)2 and (x, y) ∈ Dλ, the
results of Lemma 3.14 imply that |ℑx|+|y+f(x, y)| ≤ |ℑx|+(|1+f |(λ))|y| ≤ |ℑx|+λ−1|y| < 1
with 0 ≤ t ≤ 1, and thus (Id +Σ)(Dλ) ⊂ D1 and the map wj ◦ (Id +Σ) is well-defined on Dλ.
Moreover, since the assumption ∥

...
ϕ ∥ ≤ 1 implies |ϕ̇| ≤ (2π)−2, computing the derivatives of

wj, j = 1, 2 shows that the following crude bounds hold

|wj|(1,1) ≲ 1 + ∥ϕ̈∥ ≲ 1 and |wj|(1,2) ≲ 1 + ∥
...
ϕ ∥ ≲ 1. (3.139)

Let us now apply Proposition 3.20 part 3 with v1 = 0, v2 = w1, σ̄1 = 0, σ̄2 = f and r = 2.
We have accordingly that for all λ′ < λ = (1− |ϕ̇|)2, 2

|f |(λ′,2) ≤ C2

(︃ 2 + λ

1− (λ′(1− |ϕ̇|)−2) 1
2

)︃A2

(1 + |w1|(1,1))B2 |w1|(1,2).

Fixing λ′ = 1
2(1− |ϕ̇|)2 and using (3.139), we have

|f |(λ′,2) ≲ 1. (3.140)

At last, applying Proposition 3.20 part 2 to g = w2 ◦ (Id +Σ) and using (3.139), (3.140) and
the assumption ∥

...
ϕ ∥ ≤ 1, we have

|g|(λ′,2) ≲ |w2|(1,2)(1 + |f |(λ′,2))2 ≲ 1.

The proof is finished.

We now consider the last two arrows of (3.134).
Since λ1 < (1− |ϕ̇|)2, it follows from Lemma 3.14 that F is well-defined on Dλ1 .
We first derive an extension to Proposition 3.20 part (1) and part (2) in order to verify that
the last two arrows of (3.134) make sense and thus the compositions ψ ◦ F and φ ◦ F are
well-defined. Let decompose F = τω ◦ F0 where F0(x, y) = (x+ y + f(x, y), y + g(x, y)) and

2The proposition is applied with (λ, λ′, λ′′)← (1, λ, λ′).
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τω(x, y) = (x+ω, y). Since τω(Dλ) = Dλ for any λ > 0, we just need to verify F0(Dλ2) ⊂ Dλ1

and F0(Dλ1) ⊂ Dλ0 .
Fix q ≥ 2. By the estimates in Lemma 3.14 for |f |λ and |g|λ and the smallness of |ϕ̇|, one
easily verifies that the condition (3.184) of Proposition 3.20 is satisfied with σ̄1 = 1 + f ,
σ̄2 = g and (λ′, λ) ∈ {(q−5, 1), (q−5/2, q−5)}. Thus, we may apply Proposition 3.20 part (1)
with Id +Σ = F0, which implies the desired inclusion.
Having verified that compositions ψ ◦ F and φ ◦ F are well-defined on Dλ1 and on Dλ2

respectively, we apply Proposition 3.20 part (2) with σ1(x, y) = y+f(x, y), σ2(x, y) = g(x, y),
v = ψ ◦ τω and v = φ ◦ τω to get⎧⎨⎩|ψ ◦ F |(λ1,3) = |ψ ◦ τω ◦ F0|(λ1,3) ≲ |ψ ◦ τω|(λ0,3)(1 + |y + f |(λ1,3) + |g|(λ1,3))3

|φ ◦ F |(λ2,3) = |φ ◦ τω ◦ F0|(λ2,3) ≲ |φ ◦ τω|(λ1,3)(1 + |y + f |(λ2,3) + |g|(λ2,3))3.

Using Lemma 3.19 with (λ′, λ) = (λ1, 2λ1), we have

1 + |y + f |(λ1,3) + |g|(λ1,3) ≤ 3 + λ1

1− 1/2(1 + |1 + f |(2λ1,2) + |g|(2λ1,2)),

where, since 2λ1 < (1−|ϕ̇|)2/2, Corollary 3.15 implies that the terms inside the parentheses in
the preceding expression is ≲ 1. We also have the obvious equalities |ψ ◦ τω|(λ0,3) = ||ψ|(λ0,3)

and |φ ◦ τω|(λ0,3) = ||φ|(λ0,3). It follows that

|ψ ◦ F |(λ1,3) ≲ |ψ|(λ0,3) and |φ ◦ F |(λ2,3) ≲ |φ|(λ1,3). (3.141)

By the same argument using Lemma 3.19,

|f |(λ1,3) + |g|(λ1,3) ≲ 1. (3.142)

Estimates of ψ and φ. Recall that ψ̄(x, y) = ψ1(x) + ψ2(x)y by construction. Applying
Lemma 3.19 twice and using ∥ψ̈1∥ ≲ q2 and ∥ψ̇2∥ ≲ q4 from (3.130), we have

|ψ|(λ0,3) ≲ |ψ̄|(2λ0,2) ≲ ∥ψ̈1∥+ ∥ψ̇2∥ ≲ q4. (3.143)

Using the definition φ = f + ψ ◦ F − ψ and applying (3.141) - (3.143), we obtain

|φ|(λ1,3) ≲ |f |(λ1,3) + |ψ|(λ0,3) ≲ q4. (3.144)

Since φ(x, y) = yφ̄(x, y), by the mean value theorem,

φ̄(x, y) = φ1(x) + y
∫︂ 1

0

∂2φ

∂y2 (x, ty)(1− t)dt. (3.145)

When (x, y) ∈ Dλ1 , we have |y| ≤ q−5. Therefore, the estimate (3.144) together with
∥φ1∥ < 1/18 and ∥φ̈1∥ ≲ q2 from (3.130) implies that, for some universal constant c > 0,

|φ̄|(λ1) ≤∥φ1∥+ 1
2q5 |φ|

(λ1,2) <
1
18 + c

q
;

|φ̄|(λ2,2) ≲∥φ̈1∥+
⃓⃓⃓⃓
⃓∂2φ

∂y2

⃓⃓⃓⃓
⃓
(λ1,1)

≲ q2 + |φ|(λ1,3) ≲ q4.

(3.146)

In the second line, we have applied Lemma 3.19 to the integral term of (3.145).
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3. Partially Isospectral Deformations of the Standard Map

Estimates of Id +˜︁Σ. Next, we consider the map Id +˜︁Σ in (3.134). To apply Proposition 3.21
with ξ̄1 ← ψ̄, ξ̄2 ← φ̄, Ξ ← Ψ and Σ ← ˜︁Σ, we need to verify the condition (3.188) holds
with λ′ = λ3, λ = λ2 and q sufficiently large, but this follows easily from (3.143) and (3.146)
as well as the definitions of λ3 and λ2.
Accordingly, Proposition 3.21 applies and the right inverse Id +˜︁Σ of Id +Ψ exists and is
defined on Dλ3 . By Proposition 3.20 part (1) one also verifies that (Id +Ψ)(Dλ4) ⊂ Dλ3 for q
sufficiently large. Hence, Proposition 3.21 conclusion 3.190 implies that (Id +˜︁Σ)◦(Id +Ψ) = Id
on Dλ4 . If we put ˜︁F = (Id +Ψ) ◦ F ◦ (Id +˜︁Σ), then in view of (3.134) the map ˜︁F is
well-defined on Dλ3 and we have (Id +Ψ) ◦ F = ˜︁F ◦ (Id +Ψ) on Dλ4 . Write ˜︁F (x, y) =
(x+ ω + y + ˜︁f(x, y), y + ˜︁g(x, y)) for analytic ˜︁f, ˜︁g : Dλ3 → C. Then by the discussion in the
beginning of Section 3.7 we have ˜︁f ◦ (Id +Ψ) = 0 and ˜︁g = (g + φ ◦ F − φ) ◦ (Id +˜︁Σ). By
analyticity ˜︁f vanishes identically.
Write ˜︁Σ(x, y) = (yσ̄1(x, y), yσ̄2(x, y)). By the conclusion (3.191) of Proposition 3.21 with
r = 2 and λ′′ = 7λ4/6,

1+|σ̄1|(
7
6 λ4,2)+|σ̄2|(

7
6 λ4,2) ≤ C2

(︃2 + λ3

1− β

)︃A2(︃1 + |ψ̄|(λ2,1) + |φ̄|(λ2,1)

1− |φ̄|(λ2)

)︃B2(︂
1+|ψ̄|(λ2,2)+|φ̄|(λ2,2)

)︂
where β = (7

6
λ4
λ3

)1/2 = (7/8)1/2 < 1. By (3.143) and (3.146), we arrive at a crude bound:

1 + |σ̄1|(
7
6 λ4,2) + |σ̄2|(

7
6 λ4,2) ≲ q4(B2+1). (3.147)

Estimate of ˜︁g. Finally, we may bound |˜︁g|(λ4,3) as follows.

|˜︁g|(λ4,3) = |(g + φ ◦ F − φ) ◦ (Id +˜︁Σ)|(λ4,3)

≲ |g + φ ◦ F − φ|(λ2,3)(1 + |σ1|(λ4,3) + |σ2|(λ4,3))3 by Proposition 3.20 part (2)
≲ |g + φ ◦ F − φ|(λ2,3)(1 + |σ̄1|(

7
6 λ4,2) + |σ̄2|(

7
6 λ4,2))3 by Lemma 3.19

≲ q12(B2+1)|g + φ ◦ F − φ|(λ2,3) by (3.147)
≲ q12(B2+1)(|g|(λ2,3) + |φ|(λ1,3)) by (3.141)
≲ q12(B2+1)q4 by (3.142) and (3.144).

By the explicit recursive formula for Br at the end of the proof of 3.20, one can readily
compute that B2 = 4. Therefore, we have obtained |˜︁g|(λ4,3) ≲ q64, which is the first inequality
of (3.135).

Estimate of ˜︁S. We start by estimating the | · |(λ2,3)-norm of the normalized generating
function S associated with (ω, ϕ) in adapted coordinates. By (3.23),

∂S

∂x
= y

[︃
(1 + g)

(︃
1 + ∂f

∂x

)︃
− 1

]︃
and ∂S

∂y
= y(1 + g)

(︃
1 + ∂f

∂y

)︃
.

It follows from Lemma 3.19, Corollary 3.15 and (3.142) that⃓⃓⃓⃓
⃓∂S∂x

⃓⃓⃓⃓
⃓
(λ2,2)

≲

⃓⃓⃓⃓
⃓(1 + g)

(︃
1 + ∂f

∂x

)︃
− 1

⃓⃓⃓⃓
⃓
(λ1,1)

≲ (1 + |g|(λ1,1))
(︃

1 +
⃓⃓⃓⃓
⃓∂f∂x

⃓⃓⃓⃓
⃓
(λ1,1) )︃

≲ 1
⃓⃓⃓⃓
⃓∂S∂y

⃓⃓⃓⃓
⃓
(λ2,2)

≲

⃓⃓⃓⃓
⃓(1 + g)

(︃
1 + ∂f

∂y

)︃⃓⃓⃓⃓
⃓
(λ1,1)

≲ (1 + |g|(λ1,1))
(︃

1 +
⃓⃓⃓⃓
⃓∂f∂y

⃓⃓⃓⃓
⃓
(λ1,1) )︃

≲ 1.
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Applying the second estimate above to the Taylor remainder of

S(x, y) = 1 + f1(x)
2 y2 + y3

∫︂ 1

0

∂3S

∂y3 (x, ty)(1− t)2dt

and using ∥f1∥ ≲ 1, we get |S|(λ2) ≲ 1 and thus,

|S|(λ2,3) ≤ max
{︄
|S|(λ2),

⃓⃓⃓⃓
⃓∂S∂x

⃓⃓⃓⃓
⃓
(λ2,2)

,

⃓⃓⃓⃓
⃓∂S∂y

⃓⃓⃓⃓
⃓
(λ2,2) }︄

≲ 1. (3.148)

It follows that
| ˜︁S|(λ4,3) ≲|S|(λ2,3)(1 + |σ1|(λ4,3) + |σ2|(λ4,3))3 by Proposition 3.20 part (2)

≲|S|(λ2,3)(1 + |σ̄1|(7λ4/6, 2) + |σ̄2|(7λ4/6, 2))3 by Lemma 3.19
≲q12(B2+1) by (3.147) and (3.148).

Using B2 = 4 we obtain | ˜︁S|(λ4,3) ≲ q60, which obviously implies the second inequality of
(3.135). In view of the discussion immediately following (3.135), we have finished the proof
of Lemma 3.13.

End of the proof of Proposition 3.11

We now complete the proof of Proposition 3.11. Let us fix from now on that λ = q−5/4 and
let Dλ and the | · |(λ,r)-norm be defined as in the beginning of Section 3.7.1. Take (x, y) ∈ Dλ.
Combining Lemma 3.12 and Lemma 3.13,⃓⃓⃓⃓
⃓˜︁g(x, y)− y

(︃
ω − p

q
+ y

2

)︃ ⟨ḟ 1⟩q(x)
1 + ⟨f1⟩q(x)

⃓⃓⃓⃓
⃓ ≲ q2

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ |y|+ q5

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ |y|2 + qν0 |y|3⃓⃓⃓⃓

⃓ ˜︁S(x, y)− 1 + f1(x)
2(1 + ⟨f1⟩q(x))2y

2
⃓⃓⃓⃓
⃓ ≲

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ |y|2 + qν0 |y|3.

(3.149)

Recall that in the preceding paragraph we have shown (Id +Ψ) ◦ (Id +˜︁Σ) = Id over Dλ and

(Id +Ψ) ◦ F ◦ (Id +˜︁Σ) :
(︄
x
y

)︄
↦→
(︄
x+ ω + y
y + ˜︁g(x, y)

)︄

is analytic on Dλ. Define a translation τ(x, y) = (x, p/q − ω + y). Then we have

τ−1 ◦ (Id +Ψ) ◦ (Id +˜︁Σ) ◦ τ = Id over τ−1Dλ. (3.150)

Using assumption (3.94), one readily checks that T1−q−1 × D|ω−p/q|/2 ⊂ τ−1Dλ. We prove
the conclusion of Proposition 3.11 with the following choices.

Θ := (Id +˜︁Σ) ◦ τ ; ˜︁Fq := τ−1 ◦ (Id +Ψ) ◦ F ◦Θ; ˜︁Sq := S ◦Θ; ˜︁gq := ˜︁g ◦ τ. (3.151)

Then ˜︁Fq(x, y) = (x+ p/q + y, y + ˜︁gq(x, y)) for ˜︁gq : T1−q−1 × D|ω−p/q|/2 → C analytic.
Let us fix (x, y) ∈ T1−q−1 × D|ω−p/q|/2.
Define θ1, θ2 : T1−q−1 × D|ω−p/q|/2 → C as in (3.95). By (3.150) and the definition of Θ, we
have (Id +Ψ) ◦Θ = τ . Componentwise, this means that⎧⎨⎩θ1(x, y) + ψ(x+ θ1(x, y), y + p/q − ω + θ2(x, y)) = 0

θ2(x, y) + φ(x+ θ1(x, y), y + p/q − ω + θ2(x, y)) = 0.
(3.152)
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3. Partially Isospectral Deformations of the Standard Map

Since Θ(x, y) ∈ Dλ2 , by the first line of (3.146) and ∥ϕ1∥ < 1/18, we have

|φ(x+ θ1(x, y), y + p/q − ω + θ2(x, y))| < 1
18 |y + p/q − ω + θ2(x, y)|

for q sufficiently large. Combining with the second line of (3.152) and using |y| < |ω− p/q|/2,

|θ2(x, y)| < 1
18

(︃3
2

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓+ |θ2(x, y)|

)︃
.

The second estimate of (3.96) follows from above. Recall that ψ(x, y) = yψ1(x) + y2ψ2(x)
and from (3.130) we have ∥ψ1∥ ≲ q and ∥ψ2∥ ≲ q3. Therefore the first line of (3.152) and
|θ2(x, y)| ≲ |ω − p/q| imply

|θ1(x, y)| ≲ q

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ .

We have used |ω − p/q| ≤ q−6. The proof of (3.96) is complete.

Using |p/q − ω + y| ≲ |ω − p/q| and (3.149),
⃓⃓⃓⃓
⃓˜︁gq(x, y) + 1

2

(︃
p

q
− ω + y

)︃(︃
p

q
− ω − y

)︃ ⟨ḟ 1⟩q(x)
1 + ⟨f1⟩q(x)

⃓⃓⃓⃓
⃓ ≲ qν0

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
3

⃓⃓⃓⃓
⃓ ˜︁Sq(x, y)−

(︃
p

q
− ω + y

)︃2 1 + f1(x)
2(1 + ⟨f1⟩q(x))2

⃓⃓⃓⃓
⃓ ≲ qν0

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
3

,

which give (3.97). It is clear from the construction that the change of coordinates Id +˜︁Σ
depends analytically on ϕ and it is real-analytic when ϕ is so.

Recall that Σ(x, y) = (σ1(x, y), σ2(x, y)) = (yσ̄1(x, y), yσ̄2(x, y)). By (3.147), Lemma 3.19
and B2 = 4, λ = λ4,

|σ̄j|(λ,2) ≲ q20 (j = 1, 2). (3.153)

Since the original map F preserves the area form dxdy, the map ˜︁Fq defined by (3.151)
preserves the area form Θ∗dxdy = τ ∗(Id +˜︁Σ)∗dxdy, where

(Id +˜︁Σ)∗dxdy =
(︃

1 + ∂σ1

∂x
+ ∂σ2

∂y
+ ∂σ1

∂x

∂σ2

∂y
− ∂σ1

∂y

∂σ2

∂x

)︃
dxdy.

Hence we may write
Θ∗dxdy =

(︃ 1
1 + ⟨f1⟩q

+ ˜︁η)︃dxdy

where

˜︁η = 1
1 + φ1

− 1
1 + ⟨f1⟩q

+τ ∗
[︄(︃
∂σ2

∂y
(x, y)+1− 1

1 + φ1(x)

)︃
+
(︃
∂σ1

∂x

(︃
1+ ∂σ2

∂y

)︃
− ∂σ1

∂y

∂σ2

∂x

)︃]︄
.

Recall that the construction in Section 3.7.1 gives φ1 = ⟨f1⟩q + {φ1}q and we have an upper
bound ∥{φ1}q∥ ≲ q2|ω − p/q|2 from (3.130). Therefore, it can be verified with mean value
theorem that ⃦⃦⃦⃦

⃦ 1
1 + φ1

− 1
1 + ⟨f1⟩q

⃦⃦⃦⃦
⃦ ≲ q2

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

.
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3.7. Construction of the resonant coordinates: the proof of Theorem 3.3

On the other hand, Taylor expanding the y-component of the equality ˜︁Σ+(Id +Ψ)◦(Id +˜︁Σ) = 0
we have ∂σ2/∂y(x, 0) = (1 + φ1(x))−1 − 1. By (3.153) and σj(x, 0) = 0, we have that, for
(x, y) ∈ Dλ,⃓⃓⃓⃓

⃓∂σ2

∂y
(x, y) + 1− 1

1 + φ1(x)

⃓⃓⃓⃓
⃓ ≲ |y||σ2|(λ,2) ≲ q20|y|,⃓⃓⃓⃓

⃓∂σj

∂x
(x, y)

⃓⃓⃓⃓
⃓ ≲ |y||σj|(λ,2) ≲ q20|y| and

⃓⃓⃓⃓
⃓∂σj

∂y
(x, y)

⃓⃓⃓⃓
⃓ ≲ |σj|(λ,1) ≲ q20.

Since the translation τ maps (T1−q−1 × D|ω−p/q|/2) into Dλ, applying the above estimates to˜︁η over the domain T1−q−1 × D|ω−p/q|/2, we get

|˜︁η|1− 1
q

, 1
2 |ω− p

q
≲ q40

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ .

Since 40 < ν0, we have proved (3.98). The proof of Proposition 3.11 is finished.

3.7.2 Step 2: coordinate changes by an iterative scheme
Proposition 3.16. We consider the same setup as Proposition 3.11. Fix ν > ν0, M ≥ 1 and
κ ∈ Z>0. Then for all q ∈ Z>0 sufficiently large and satisfying⃓⃓⃓⃓

⃓ω − p

q

⃓⃓⃓⃓
⃓ ≤ q−ν , (3.154)

and with ˜︁Fq = Θ−1 ◦ F ◦Θ : (x, y) ↦→ (x+ p/q + y, y + ˜︁gq(x, y)) denoting the standard map
in the coordinates constructed in Proposition 3.11, the following conclusion holds true.
There exists a further change of coordinates

Id +Σ : T1− 2
q
× D 1

3 |ω− p
q

| → T1− 1
q
× D 1

2 |ω− p
q

|

such that the map Fq := (Id +Σ)−1 ◦ ˜︁Fq ◦ (Id +Σ) takes the form (x, y) ↦→ (x+ p/q + y, y +
gq(x, y)) for some analytic gq satisfying

|gq|1− 2
q

, 1
3 |ω− p

q
| ≲

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

(3.155)

|{gq}q|1− 2
q

, 1
3 |ω− p

q
| ≲e−2πMq

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

(3.156)

∥⟨gq(·, 0)⟩Nq − ⟨˜︁gq(·, 0)⟩Nq ∥ ≲κe4πκqν0−ν

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

where N = κq. (3.157)

Moreover, writing Σ(x, y) = (σ1(x, y), σ2(x, y)) for analytic σ1, σ2 : T1−2/q ×D|ω−p/q|/3 → C,
we have

|σj|1− 2
q

, 1
3 |ω− p

q
| ≲ q5+ν0−ν

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

, (j = 1, 2). (3.158)

Remark. The “sufficiently large” condition on q depends only on ν, M and κ. In particular, it
is independent of the map F as long as ∥

...
ϕ ∥ ≤ 1. If the irrationality exponent of ω is ≥ ν,

then there exist infinitely many q satisfying (3.154).
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An iterative lemma for Proposition 3.16

Let us consider generally a map

F : (x, y) ↦→ (x+ p/q + y, y + g(x, y)) (3.159)

for analytic g : Ta × Db → C. We consider a change of coordinates Φ = Id +Ψ where
Ψ(x, y) = (ψ(x, y), φ(x, y)) and φ = ψ ◦ F − ψ. A straightforward calculation analogous to
that in Section 3.7.1 shows that, in the new coordinates, the transformed map Φ ◦ F ◦ Φ−1 is

Φ ◦ F ◦ Φ−1(x, y) = (x+ p/q + y, y + ˜︁g(x, y))

where ˜︁g is an analytic function satisfying

˜︁g ◦ Φ(x, y) = g + ψ ◦ F 2 − 2ψ ◦ F + ψ. (3.160)

In the following lemma, we show that a judicious choice of ψ can the map almost 1/q-periodic
in the new x-coordinate in the sense that ˜︁g has a smaller nonresonant part compared with g.
To state this result, we need to introduce a new norm on the space of analytic functions: for
u : Ta × Db → C analytic, let us define

|||u|||a,b = sup
|y|<b, k∈Z

|û(y)k|e2πa|k|.

Recall that û(y)k is the k-th Fourier coefficient of u(·, y). Since |û(y)k| ≤ |u|a,be−2πa|k|,

|||u|||a,b ≤ |u|a,b.

Also observe that for N ∈ Z≥1 and a′ < a,

| ⟨u⟩>N |a′,b ≤
∑︂

|k|≥N+1
sup
|y|<b
|û(y)k|e2πa′|k| ≤

∑︂
|k|≥N+1

|||u|||a,be
−2π(a−a′)|k|

≤e−2π(a−a′)(N+1)

1− e−2π(a−a′) |||u|||a,b ≤
e−2π(a−a′)N

2π(a− a′) |||u|||a,b.

(3.161)

In the last line, we used the elementary inequality e−x(1− e−x)−1 < x−1 for x ∈ R.

Lemma 3.17. Let ϵ > 0, q ∈ Z>1, N ∈ Z≥q, 5b < α < a and 5ϵ < β < b such that

qNb ≤ 1
2 and q2Nϵ

β
≤ 1

2 . (3.162)

Let F be a map of the form (3.159) with |g|a,b ≤ ϵ. Then there exists a near-identity analytic
change of coordinates

Id +Σ : Ta−α × Db−β → Ta−α/2 × Db−β/2,

where Σ(x, y) = (σ1(x, y), σ2(x, y)) for some σ1, σ2 : Ta−α × Db−β → C analytic and

|σ1|a−α,b−β + |σ2|a−α,b−β < q2N
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
g − ⟨g⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b
, (3.163)

and the map (Id +Σ) ◦ F ◦ (Id +Σ)−1 in the new coordinates is

(x, y) ↦→ (x+ p/q + y, y + ˜︁g(x, y))
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where ˜︁g : Ta−α × Db−β → C is real-analytic and

|˜︁g − ⟨g⟩Nq |a−α,b−β < λ
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
g − ⟨g⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b

and |˜︁g|a−α,b−β < |g|a,b + λ
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
g − ⟨g⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b
, (3.164)

where
λ = 12

(︃
q2Nϵ

β
+ e−παN

α

)︃
.

Proof. We shall construct Id +Σ as the inverse of the map Φ = Id +Ψ where Ψ(x, y) =
(ψ(x, y), φ(x, y)) and φ := ψ ◦ F − ψ. Let p, q, a, b, ϵ, N, α, β be given as in the statement.
Set the k-th Fourier coefficient of ψ(·, y) to be

ψ̂(y)k = ĝ(y)k

2e2πik(p/q+y)[1− cos(2πk(p/q + y))] (q ∤ k and |k| ≤ N),

and ψ̂(y)k = 0 for all other k. By Fourier expansion, this choice of ψ is equivalent to

ψ ◦ A2 − 2ψ ◦ A+ ψ = −{g}N
q .

Hence, by (3.160),

˜︁g ◦ Φ = ⟨g⟩Nq + {g}>N
q + (ψ ◦ F 2 − ψ ◦ A2) + 2(ψ ◦ A− ψ ◦ F ).

Let us denote
R′ = (ψ ◦ F 2 − ψ ◦ A2) + 2(ψ ◦ A− ψ ◦ F )

and
R = ⟨g⟩>N

q +
(︃
⟨g⟩q ◦ Φ−1 − ⟨g⟩q

)︃
+ {g}>N

q ◦ Φ−1 +R′ ◦ Φ−1

so that ˜︁g = ⟨g⟩Nq +R.
Step 1: estimate of ψ and φ. By assumptions Nb ≤ 1/(2q) and q ≥ 2, for |y| < b, |k| ≤ N
and q ∤ k, ⃓⃓⃓⃓

⃓1− cos 2πk
(︃
p

q
+ y

)︃⃓⃓⃓⃓
⃓ ≥ 1− cos π

q
≥ 4
q2 .

We have used the elementary inequality 1−cos(2πx) ≥ 16x2 for |x| ≤ 1/4. Thus, by definition
of ψ, we have

|ψ|a,b ≤
∑︂
q∤k,

|k|≤N

q2

8 sup
|y|<b
|ĝ(y)k| ≤

∑︂
q∤k,

|k|≤N

q2

8
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
{g}N

q

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b

e−2π|k|a

<2N q2

8
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
{g}N

q

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b

e−2πa <
q2N

4
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
{g}N

q

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b
≤ q2N

4
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
g − ⟨g⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b
.

(3.165)

Since
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
g − ⟨g⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b
≤ |g|a,b, we have in particular that

|ψ|a,b <
q2Nϵ

4 . (3.166)

Since |g|a,b ≤ ϵ, we also have F (Ta−b+ϵ × Db−ϵ) ⊂ Ta × Db. It follows from φ = ψ ◦ F − ψ
that

|φ|a−b+ϵ,b−ϵ ≤ 2|ψ|a,b. (3.167)
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Step 2: estimate of R′ over Ta′ ×Db′ . Let a′ = a− α/2 and b′ = b− β/2. Using the explicit
expression of F and the bound |g|a,b ≤ ϵ as well as the assumptions 5ϵ < β and 5b < α, we
deduce that the images of Ta′ × Db′ under the maps F 2, A2, F and A are all contained in
Ta−α/10 × Db−β/10. 3 By the mean value theorem and Cauchy’s estimate,

|ψ ◦ F 2 − ψ ◦ A2|a′,b′

= sup
|ℑx|<a′, |y|<b′

⃓⃓⃓⃓
⃓ψ
(︃
x+ 2p

q
+ 2y + g(x, y), y + g(x, y) + g ◦ F (x, y)

)︃
− ψ

(︃
x+ 2p

q
+ 2y, y

)︃⃓⃓⃓⃓
⃓

=|g|a,b

⃓⃓⃓⃓
⃓∂ψ∂x

⃓⃓⃓⃓
⃓
a−α/10,b−β/10

+ 2|g|a,b

⃓⃓⃓⃓
⃓∂ψ∂y

⃓⃓⃓⃓
⃓
a−α/10,b−β/10

≤
(︃10
α

+ 20
β

)︃
|ψ|a,b|g|a,b <

22
β
|ψ|a,b|g|a,b.

In the last inequality, we used α > 5b > 5β. Similarly,

|ψ ◦ F − ψ ◦ A|a′,b′ = |g|a,b

⃓⃓⃓⃓
⃓∂ψ∂y

⃓⃓⃓⃓
⃓
a−α/10,b−β/10

= 10
β
|ψ|a,b|g|a,b.

We have proved
|R′|a′,b′ ≤ 42

β
|ψ|a,b|g|a,b.

Step 3: inverting Φ. Observe that since |g|a,b ≤ ϵ, the function φ = ψ ◦ F − ψ is well-defined
on Ta−b+ϵ×Db−ϵ and |φ|a−b+ϵ,b−ϵ ≤ 2|ψ|a,b. We shall apply Lemma 3.18 with a0 = a− b+ ϵ,
b0 = b − ϵ, δ1 = a0 − a′ and δ2 = b0 − b′. Since a′ = a − α/2 and b′ = b − β/2, we have
δ1 > 3α/10 and δ2 > 3β/10 using the assumptions 5ϵ < β and 5b < α. By (3.166) and
α > 5β, one verifies that the second assumption in (3.162) ensures the condition (3.169). It
now follows from Lemma 3.18 that Φ is a diffeomorphism from Ta′×Db′ onto the image, which
contains Ta′−δ1×Db′−δ2 . In particular, we may define Φ−1 = Id +Σ : Ta−α×Db−β → Ta′×Db′

where Σ(x, y) = (σ1(x, y), σ2(x, y)) with

|σ1|a−α,b−β ≤ |ψ|a′,b′ ; |σ2|a−α,b−β ≤ |φ|a′,b′ . (3.168)

Combining with (3.165) and (3.167), we obtain (3.163). Since we have shown that ˜︁g ◦ Φ is
well-defined on Ta′ × Db′ , by precomposing with (Id +Σ), we deduce that ˜︁g is well-defined on
Ta−α × Db−β as desired.

Step 4: estimate of R′ over Ta−α × Db−β. Similar to step 2, using the mean value theorem
and Cauchy’s estimate as well as (3.168), we obtain

⃓⃓⃓
⟨g⟩q ◦ Φ−1 − ⟨g⟩q

⃓⃓⃓
a−α,b−β

≤
⃓⃓⃓⃓
⃓∂ ⟨g⟩q∂x

⃓⃓⃓⃓
⃓
a′,b′
|σ1|a−α,b−β +

⃓⃓⃓⃓
⃓∂ ⟨g⟩q∂y

⃓⃓⃓⃓
⃓
a′,b′
|σ2|a−α,b−β

≤
(︃2|ψ|a,b

α
+ 4|ψ|a,b

β

)︃
| ⟨g⟩q |a,b

≤ 22
5β |ψ|a,b|g|a,b.

3These images are actually contained in an even smaller domain, but we will not need this stronger fact.
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On the other hand, applying (3.161) to u = ⟨g⟩q and u = {g}q,

| ⟨g⟩>N
q |a−α,b−β ≤

e−2παN

2πα
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
⟨g⟩>N

q

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b

|{g}>N
q ◦ Φ−1|a−α,b−β ≤|{g}>N

q |a′,b′ ≤ e−παN

πα

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
{g}>N

q

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b
.

Lastly, we have the obvious bound |R′ ◦ Φ−1|a−α,b−β ≤ |R′|a′,b′ Thus,

|R|a−α,b−β ≤
e−2παN

2πα
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
⟨g⟩>N

q

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b

+ e−παN

πα

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
{g}>N

q

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b

+ 22
5β |ψ|a,b|g|a,b + 42

β
|ψ|a,b|g|a,b

≤
[︄(︃ 1
π

+ e−παN

2π

)︃e−παN

α
+
(︃22

5 + 42
)︃
q2Nϵ

4β

]︄⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
g − ⟨g⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b

<12
(︃
q2Nϵ

β
+ e−παN

α

)︃⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
g − ⟨g⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b
.

We have proven the first line of (3.164). To prove the second line of (3.164), it is enough to
apply | ⟨g⟩q |a,b ≤ |g|a,b and the preceding estimates to

˜︁g = ⟨g⟩q +
(︃
⟨g⟩q ◦ Φ−1 − ⟨g⟩q

)︃
+ {g}>N

q ◦ Φ−1 +R′ ◦ Φ−1.

Lemma 3.18. Suppose ψ, φ : Ta0 × Db0 → C are analytic and, for some δ1, δ2 > 0,

|ψ|a0,b0

δ1
+ |φ|a0,b0

δ2
< 1. (3.169)

Then the map Φ = Id +Ψ with Ψ(x, y) = (ψ(x, y), φ(x, y)) is an analytic diffeomorphism
from Ta0−δ1 × Db0−δ2 onto its image and surjects onto Ta0−2δ1 × Db0−2δ2 . The inverse
Id +Σ : Ta0−2δ1 ×Db0−2δ2 → Ta0−δ1 ×Db0−δ2 of Φ satisfies Σ(x, y) = (σ1(x, y), σ2(x, y)) and

|σ1|a0−2δ1 ≤ |ψ|a0−δ1 ; |σ2|a0−2δ1 ≤ |φ|a0−δ1

Proof of Proposition 3.16

Proof. By Proposition 3.11, there exists a universal constant c such that, for sufficiently large
q, we have

|˜︁gq|1−1/q,|ω−p/q|/2 ≤ c(1− e−2πM)
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

.

Let us pick an integer n ∈ (2, ν − 3) and define

ϵ = c

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

; N = qn; α = 1
q2 ; β = 1

6q

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ; b = 1

2

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ .
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3. Partially Isospectral Deformations of the Standard Map

By the choice of n, there exists q0 ≫ 1 such that for all q ≥ q0 satisfying (3.154),

b

α
= q2

2 |ω − p/q| ≤
q2−ν

2 <
1
5;

ϵ

β
= 6cq

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ≤ 6cq1−ν <

1
5;

qNb = 1
2q

n+1
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ≤ 1

2q
n+1−ν ≤ 1

2;

q2Nϵ

β
= 6cq3+n

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ≤ 6cq3+n−ν <

e−2πM

24 ;

1
α

e−παN = q2e−πqn−2
<

e−2πM

24 ;

e−2πqn−1 ≤ qν0−ν and q ≥ κ.

(3.170)

Fix such a q and define

a = 1− 1
q

; a′ = 1− 2
q

; b′ = 1
3

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ .

The first five lines of (3.170) ensure that for any ã ∈ (a′ +α, a) and b̃ ∈ (b′ +β, b), Lemma 3.17
applies to any map F of the form (3.159) with analytic g : Tã ×Db̃ → C such that |g|ã,b̃ ≤ ϵ.
The lemma produces a coordinate transform Id +Σ such that the function ˜︁g in the new
coordinates satisfies

|˜︁g − ⟨g⟩Nq |ã−α,b̃−β <e−2πM
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
g − ⟨g⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
ã,b̃

|˜︁g|ã−α,b̃−β <|g|ã,b̃ + e−2πM
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
g − ⟨g⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
ã,b̃
.

For notational convenience, we define

T g := ˜︁g; Rg := ˜︁g − ⟨g⟩Nq
so that the preceding inequalities write

|Rg|ã−α,b̃−β <e−2πM
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
g − ⟨g⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
ã,b̃

|T g|ã−α,b̃−β <|g|ã,b̃ + e−2πM
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
g − ⟨g⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
ã,b̃
.

(3.171)

Let us also put aj = a− jα and bj = b− jβ. Then aq = a′ and bq = b′. In order to iterate
Lemma 3.17 multiple times starting from an analytic g : Ta × Db → C, we suppose

|g|a,b ≤ (1− e−2πM)ϵ. (3.172)

Then we show by induction on 1 ≤ j ≤ q that, after repeatedly applying Lemma 3.17,

T jg = ⟨g⟩Nq +
j−1∑︂
k=1

⟨︂
RT k−1g

⟩︂N
q

+RT j−1g, (3.173)

|RT j−1g|aj ,bj
< e−2πMj

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
g − ⟨g⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b

and |T jg|aj ,bj
<

j∑︂
k=0

e−2πMk|g|a,b. (3.174)
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The case of j = 1 follows from definitions of T g and Rg as well as (3.171). Let us assume
(3.173) and (3.174) hold for some 1 ≤ j < q. Then, the assumption (3.172) ensures that
|T jg|aj ,bj

< (1 − e−2πM)−1|g|a,b ≤ ϵ and hence Lemma 3.17 applies to T jg. Notice that
T jg − ⟨T jg⟩Nq = RT j−1g − ⟨RT j−1g⟩Nq . Therefore, by (3.171) with g replaced by T jg and
the induction hypothesis,

|RT jg|aj+1,bj+1 <e−2πM
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
T jg − ⟨T jg⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
aj ,bj

=e−2πM
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
RT j−1g − ⟨RT j−1g⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
aj ,bj

≤e−2πM |RT j−1g|aj ,bj

<e−2πM(j+1)
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
g − ⟨g⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b

(3.175)

Thus, we obtain the first inequality of (3.174) for the case j + 1. To obtain the second
inequality of (3.174), we apply the second inequality of (3.171) with g replaced by T jg and
use the induction hypothesis and (3.175) to obtain

|T j+1g|aj+1,bj+1 <|T jg|aj ,bj
+ e−2πM

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
T jg − ⟨T jg⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
aj ,bj

<
j∑︂

k=0
e−2πMk|g|a,b + e−2πM(j+1)

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
g − ⟨g⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b
≤

j+1∑︂
k=0

e−2πMk|g|a,b.

The induction is finished. Let us now take g = ˜︁gq for the analytic function ˜︁gq obtained from
Proposition 3.11 and take j = q and gq := T q˜︁gq. We readily get

|{gq}q|a′,b′ =|{RT q−1˜︁gq}q|a′,b′ ≤ 2|RT q−1˜︁gq|a′,b′ < 2e−2πMq
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓˜︁gq − ⟨˜︁gq⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b

≤2e−2πMq|˜︁gq|a,b ≲ e−2πMq

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

and
|gq|a′,b′ <

|˜︁gq|a,b

(1− e−2πM) ≲

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

.

We have proved (3.155) and (3.156). We now show (3.157). Since N = κq ≤ N by the last
inequality in (3.170), Equation (3.173) implies

⟨gq⟩Nq − ⟨˜︁gq⟩Nq =
q∑︂

j=1
⟨RT j−1˜︁gq⟩Nq .

By the first inequality in (3.174), we have |RT j−1˜︁gq|aj ,bj
< e−2πMj

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓˜︁gq − ⟨˜︁gq⟩Nq
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

a,b
. Thus,

fixing y = 0 and substituting the definition of aj, we find

∥⟨RT j−1˜︁gq(·, 0)⟩Nq ∥ ≤
∑︂

|k|≤N, q|k
|RT j−1˜︁gq|aj ,bj

e−2πaj |k|e2π|k|

=
∑︂

|k|≤N, q|k
e−2πMj

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓˜︁gq − ⟨˜︁gq⟩Nq
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓

a,b
e2π(1/q+j/q2)|k|

≤
(︃2N
q

+ 1
)︃

e−2πMj
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓˜︁gq − ⟨˜︁gq⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b

e2π 2N
q

≤(2κ+ 1)e−2πMj
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓˜︁gq − ⟨˜︁gq⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b

e4πκ

≲κe4πκe−2πMj
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓˜︁gq − ⟨˜︁gq⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b
.
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Summing over 1 ≤ j ≤ q and using M ≥ 1, we obtain

∥⟨gq(·, 0)⟩Nq − ⟨˜︁gq(·, 0)⟩Nq ∥ ≲ κe4πκ
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓˜︁gq − ⟨˜︁gq⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b
. (3.176)

On the other hand, we may write

˜︁gq − ⟨˜︁gq⟩Nq = {˜︁gq}q + ⟨˜︁gq + h⟩>N
q − ⟨h⟩>N,

where
h(x, y) = 1

2

(︃
p

q
− ω + y

)︃(︃
p

q
− ω − y

)︃ ⟨ḟ 1⟩q(x)
1 + ⟨f1⟩q(x) .

Then, by the first line in (3.97), we have

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
{˜︁gq}q + ⟨˜︁gq + h⟩>N

q

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b
≤ |˜︁gq + h|a,b ≲ qν0

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
3

≲ qν0−ν

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

and, since the ∥ · ∥-norm of ⟨ḟ 1⟩q(1 + ⟨f1⟩q)−1 is bounded, by the choice of N and the last
line of (3.170),

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
⟨h⟩>N

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b

≲ e−2π(1−a)N
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
⟨h⟩>N

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
1,b

≲ e−2πqn−1
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

≲ qν0−ν

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

.

It follows that ⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
⟨˜︁gq⟩Nq − ˜︁gq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b

≲ qν0−ν

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

. (3.177)

Combining with (3.176) we obtain (3.157).
It now remains to show (3.158). Let us denote by Id +Σj : Taj

× Dbj
→ Taj−1 × Dbj−1

the coordinate transform obtained from the j-th iteration of the lemma. Let us write
Σj(x, y) = (σ1,j(x, y), σ2,j(x, y)) for some analytic σ1,j, σ2,j : Taj

× Dbj
→ C. By (3.163),

(3.173), (3.174) and (3.177),

|σ1,j|aj ,bj
+ |σ2,j|aj ,bj

<q2N
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
T j−1gq − ⟨T j−1gq⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
aj−1,bj−1

≤q2N|RT j−2gq|aj−1,bj−1

≤q2Ne−2πM(j−1)
⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
gq − ⟨gq⟩Nq

⃓⃓⃓⃓⃓⃓ ⃓⃓⃓
a,b

≤e−2πM(j−1)q2+n+ν0−ν

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

.

On the other hand, by composing (Id +Σ) := (Id +Σ1) ◦ (Id +Σ2) ◦ · · · ◦ (Id +Σq), we find
that

Σ =
q∑︂

j=1
Σj ◦ (Id +Σj+1) ◦ (Id +Σj+2) ◦ · · · ◦ (Id +Σq).

Therefore, writing Σ(x, y) = (σ1(x, y), σ2(x, y)), we have

|σ1|a′,b′ + |σ2|a′,b′ ≤
q∑︂

j=1
|σ1,j|aj ,bj

+ |σ2,j|aj ,bj
<

q∑︂
j=1

e−2πM(j−1)q2+n+ν0−ν

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

.

For concreteness, we may fix n = 3. Then the proof of (3.158) is finished by summing the
geometric series in j.
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3.7.3 Step 3: control g∗q using exactness and the end of the proof
We are now in position to prove Theorem 3.3. So far, we have essentially obtained all the
required results in the statement of Theorem 3.3 with the exception of part (3). The proof of
part (3) will be the main focus of this section. The main idea for the proof of part (3) is to use
the exactness property of the original standard map and the fact that the resonant coordinates
do not “distort” the standard area form by much. Then, using an elementary geometric
property of exact symplectic map, we can make use of the estimate of the zero-average part g•

q

to estimate the average part g∗
q . We remark that a similar idea was also used in [MRRTS15].

Proof of Theorem 3.3. Fix ω ∈ R \ Q and ϕ : T1 → C analytic with ∥
...
ϕ ∥ ≤ 1. Let κ ≥ 2

and ν > ν0 := 64 be given as in the statement of Theorem 3.3. Consider q ≫ 1 such that
the arithmetic condition (3.24) holds and let p be the corresponding minimizer of |qω − p|
over p ∈ Z. Since the condition (3.24) is stronger than the arithmetic condition (3.94) of
Proposition 3.11, taking q sufficiently large ensures that Proposition 3.11 applies and we
accordingly obtain a coordinate transform Θ and a map

˜︁Fq = Θ−1 ◦ F ◦Θ : T1−1/q × D|ω−p/q|/2 →T1 × C

(x, y) ↦→
(︃
x+ p

q
+ y, y + ˜︁gq(x, y)

)︃

satisfying the conclusions of Proposition 3.11.

Increasing q if necessary, we may then apply Proposition 3.16 with M = κ+ 1 (and ν, κ as
given in the theorem statement) to obtain a second coordinate transform Id +Σ and a map

Fq = (Id +Σ)−1 ◦ ˜︁Fq ◦ (Id +Σ) : T1−2/q × D|ω−p/q|/3 →T1 × C

(x, y) ↦→
(︃
x+ p

q
+ y, y + gq(x, y)

)︃

satisfying the conclusions of Proposition 3.16. We now prove that the change of coordinates
Hq := Θ ◦ (Id +Σ), the map Fq and the function gq satisfy the conclusions of Theorem 3.3.

Let a = 1− 3/q and b = |ω − p/q|/5 as in the theorem statement.

Let hq,1 and hq,2 be defined as in (3.25). By (3.95) and Σ(x, y) = (σ1(x, y), σ2(x, y)), we
have

hq,1 = σ1 + θ1 ◦ (Id +Σ), hq,2 = σ2 + θ2 ◦ (Id +Σ).

Since (Id +Σ)(Ta × Db) ⊂ T1−1/q × D|ω−p/q|/2, it follows from (3.96) and (3.158) as well as
the choice ν ≥ ν0 + 6 that

|hq,1|a,b ≲ q

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ ; |hq,2|a,b <

1
10

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓

for q sufficiently large. We have obtained (3.26).
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Next, from the conclusion (3.155) of Proposition 3.16 we have immediately (3.28). Next, to
obtain (3.29), we use (3.155), (3.156) and the choices N = κq, M = κ+ 1 to get

|gq − ⟨gq⟩Nq |1/q,b ≤|{gq}q|1/q,b + |⟨gq⟩>N
q |1/q,b

≲|{gq}q|1−2/q,|ω−p/q|/3 +
∑︂

|j|>N, q|j
|gq|1−2/q,|ω−p/q|/3e−2π(1−2/q−1/q)|j|

≲e−2πMq

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

+
∑︂

|j|>N, q|j
e−2π(1−3/q)|j|

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

≲e−2πMq

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

+ e6πκe−2π(κ+1)q
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

≲ e6πκe−2π(κ+1)q
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

.

We have proven (3.29).
We shall postpone the proof of (3.30) to the end of this section. To prove (3.32), we denote

Q(x, y) = ˜︁gq(x, y) + 1
2

(︃
p

q
− ω + y

)︃(︃
p

q
− ω − y

)︃ ⟨ḟ 1⟩q(x)
1 + ⟨f1⟩q(x) .

Then, by the first inequality of (3.97), we have |Q|1−1/q,|ω−p/q|/2 ≲ qν0 |ω − p/q|3. It follows
from the definition of the ∥ · ∥-norm and the choice N = κq that⃦⃦⃦

⟨Q(·, 0)⟩Nq
⃦⃦⃦

=
∑︂
q|k

|k|≤N

|Q̂(0)k|e2π|k| ≤
∑︂
q|k

|k|≤N

|Q|1−1/q,|ω−p/q|/2e−2π(1−1/q)|k|e2π|k|

≤
(︃2N
q

+ 1
)︃
|Q|1−1/q,|ω−p/q|/2e2π N

q

≲κe2πκqν0

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
3

.

Combining with (3.157), we obtain⃦⃦⃦⃦
⃦⃦
⟨︄
gq(·, 0) + 1

2

(︃
p

q
− ω

)︃2 ⟨ḟ 1⟩q
1 + ⟨f1⟩q

⟩︄N

q

⃦⃦⃦⃦
⃦⃦ ≤ ⃦⃦⃦⟨gq(·, 0)⟩Nq − ⟨˜︁gq(·, 0)⟩Nq

⃦⃦⃦
+
⃦⃦⃦
⟨Q(·, 0)⟩Nq

⃦⃦⃦

≲κe4πκqν0−ν

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

+ κe2πκqν0

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
3

≲κe4πκqν0−ν

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
2

.

We have proven (3.32). To prove (3.33), we first note that, by combining the second inequality
of (3.97) with the estimate ∥f1∥ < 1/18 from (3.123), we have | ˜︁Sq|1−1/q,|ω−p/q|/2 ≲ |ω − p/q|2.
Since Sq = S ◦Hq = ˜︁Sq ◦ (Id +Σ), by (3.158) and Cauchy’s estimate we have

|Sq − ˜︁Sq|a,b ≤|σ2|a,b

⃓⃓⃓⃓
⃓∂ ˜︁Sq

∂y

⃓⃓⃓⃓
⃓
1−2/q,|ω−p/q|/3

+ |σ1|a,b

⃓⃓⃓⃓
⃓∂ ˜︁Sq

∂x

⃓⃓⃓⃓
⃓
1−2/q,|ω−p/q|/3

≲q|σ2|a,b

⃓⃓⃓ ˜︁Sq

⃓⃓⃓
1−1/q,|ω−p/q|/2

+
⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
−1

|σ1|a,b

⃓⃓⃓ ˜︁Sq

⃓⃓⃓
1−1/q,|ω−p/q|/2

≲q5+ν0−ν

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓
3

.
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3.7. Construction of the resonant coordinates: the proof of Theorem 3.3

We have assumed q is sufficiently large so that the map Id +Σ sends Ta × Db into T1−2/q ×
D|ω−p/q|/3. Since ν > 5, the conclusion (3.33) follows from the above estimate and the second
line of (3.97) by a triangle inequality.

Finally, it remains to prove (3.30). Informally, the claim states that gq(·, 0) is dominated by its
zero average (oscillating) part g•

q . This is expected from the fact that the map Fq preserves
an area form close to the standard form dxdy: if the preserved area form were exactly dxdy,
then g∗

q would be identically zero, whereas for an area form close to dxdy, the average part g∗
q

is expected to be small compared to the oscillatory part g•
q .

We make this argument precise as follows. Observe that, if ϕ is real-analytic, then the map
Fq is real-analytic and exact symplectic with the (nonstandard) symplectic 1-form H∗

q (ydx),
whose exterior derivative is an area form H∗

q (dxdy) preserved by Fq. By (3.98), the area form
H∗

q (dxdy) is

(Θ ◦ (Id +Σ))∗(dxdy)

=(Id +Σ)∗
(︃(︃ 1

1 + ⟨f1⟩q
+ ˜︁η)︃dxdy

)︃
=
(︃ 1

1 + ⟨f1⟩q ◦ (Id +Σ) + ˜︁η ◦ (Id +Σ)
)︃(︃

1 + ∂σ1

∂x
+ ∂σ2

∂y
+ ∂σ1

∂x

∂σ2

∂y
− ∂σ1

∂y

∂σ2

∂x

)︃
dxdy

where ˜︁η, σ1 and σ2 are analytic functions satisfying (3.99) and (3.158) respectively. This
expression holds on the domain T1−2/q × D|ω−p/q|/3. In particular,

|˜︁η ◦ (Id +Σ)|1−2/q,|ω−p/q|/3 ≲ qν0

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ .

By Cauchy’s estimate and (3.158),⃓⃓⃓⃓
⃓∂σ1

∂x
+ ∂σ2

∂y
+ ∂σ1

∂x

∂σ2

∂y
− ∂σ1

∂y

∂σ2

∂x

⃓⃓⃓⃓
⃓
1−3/q,|ω−p/q|/4

≲ q5+ν0−ν

⃓⃓⃓⃓
⃓ω − p

q

⃓⃓⃓⃓
⃓ .

Since ⟨f1⟩q = f ∗
1 + ⟨f •

1 ⟩q, we may write

1
1 + ⟨f1⟩q ◦ (Id +Σ) = 1

1 + f ∗
1
− ⟨f •

1 ⟩q ◦ (Id +Σ)
(1 + f ∗

1 )(1 + ⟨f1⟩q ◦ (Id +Σ)) .

Since the smallest order of nonzero Fourier coefficients of ⟨f •
1 ⟩q is at least q, using ∥f1∥ < 1/18

from (3.123) and the smallness of σ1, the quantity ⟨f •
1 ⟩q ◦ (Id +Σ)(x, y) for ℑx = 0 can be

bounded by ≲ e−2πq. The second term on the right-hand side in the above equation can then
be estimated as ⃓⃓⃓⃓

⃓ ⟨f •
1 ⟩q ◦ (Id +Σ)

(1 + f ∗
1 )(1 + ⟨f1⟩q ◦ (Id +Σ))

⃓⃓⃓⃓
⃓
0,|ω−p/q|/4

≲ e−2πq.

Here and henceforth, we denote by | · |0,b the supremum norm over the domain T × Db.
Combining the above estimates and using e−2πq ≪ q−ν and |ω − p/q| ≤ q−ν , we find that

H∗
q (dxdy) =

(︃ 1
1 + f ∗

1
+ η

)︃
dxdy, with |η|0,|ω−p/q|/4 ≲ qν0−ν . (3.178)

By construction, the function η : T1−3/q × D|ω−p/q|/4 → C depends analytically on ϕ.
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3. Partially Isospectral Deformations of the Standard Map

If ϕ is real-analytic, then the changes of coordinates are all real-analytic and therefore η is
real-analytic. By the standard property of exact symplectic maps, the signed area of the region
bounded by the curve T× {y} and its image under Fq is zero for a fixed real y, i.e.,∫︂

T

∫︂ y+gq(x,y)

y

1
1 + f ∗

1
+ η(x, y)dydx = 0. (3.179)

Since η is analytic on T1−3/q × D|ω−p/q|/4 and |gq|1−3/q,|ω−p/q|/4 ≪ |ω − p/q| by (3.28), the
left-hand side of the equation above is well-defined and analytic for y in the complex disc Db

with b = |ω − p/q|/5.
Fix y ∈ Db ∩ R. Consider now the Fourier expansion of ϕ of the following form

ϕ(x) =
∑︂
k≥1

ak sin(2πkx) + bk cos(2πkx)

where ak, bk ∈ C. If ak, bk ∈ R for all k, then ϕ is real-analytic and the equation (3.179)
holds. Suppose ak = bk = 0 for all but finitely many k’s. Then we may regard the left
hand side of (3.179) as an analytic function in the finitely many variables ak, bk. Since the
equation (3.179) holds for all real values of ak, bk, it must hold for all complex values of ak, bk

by analytic continuation. By approximating a general ϕ by its Fourier truncations and using
the continuous dependence of η and gq on ϕ, we conclude that (3.179) holds for all analytic
ϕ : T1 → C such that ∥

...
ϕ ∥ ≤ 1.

Applying the above argument for each fixed real y and using analytic continuation again, we
deduce that (3.179) holds for all y ∈ Db.
We now use (3.179) to control g∗

q(y). Fixing |y| < b and rewriting the left hand side of
(3.179), we have

g∗
q (y)

1 + f ∗
1

+
∫︂
T

∫︂ 1

0
gq(x, y)η(x, y + tgq(x, y))dtdx = 0

The second term on the left hand side can be bounded as⃓⃓⃓⃓∫︂
T

∫︂ 1

0
gq(x, y)η(x, y + tgq(x, y))dtdx

⃓⃓⃓⃓
≤ |η|0,|ω−p/q|/4 sup

x∈T
|gq(x, y)|

Therefore, we obtain from (3.178) that

|g∗
q (y)| ≲ qν0−ν sup

x∈T
|gq(x, y)|.

Note that gq(x, y) = g∗
q (y) + g•

q (x, y). Since ν0 < ν, for q sufficiently large the quantity qν0−ν

is arbitrarily small. Hence we may write

|g∗
q (y)| ≲ qν0−ν sup

x∈T
|g•

q (x, y)|.

We have obtained (3.30) and hence completed the proof of the theorem.

3.8 Auxiliary results
3.8.1 Functions defined on Dλ

Recall that for λ > 0 we have defined the domain Dλ to be

Dλ = {(x, y) ∈ T1 × C | |ℑx|+ λ−1|y| < 1}. (3.180)
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3.8. Auxiliary results

If u is a function defined on Dλ, we denote by |u|(λ) the supremum norm of u over Dλ. If u is
of class Cr on Dλ, we set

|u|(λ,r) := sup
{︄⃓⃓⃓⃓
⃓ ∂j+ku

∂xj∂yk
(x, y)

⃓⃓⃓⃓
⃓ : (x, y) ∈ Dλ, 0 ≤ j + k ≤ r

}︄
.

Lemma 3.19 (Cauchy’s estimate). Let λ > 0 and ū : Dλ → C be analytic, and put
u(x, y) = y ū(x, y). Then, for any r ≥ 1 and any λ′ ∈ (0, λ),

|u|(λ′,r) ≤ r + λ′

1− λ′/λ
|ū|(λ, r−1). (3.181)

In particular, ⃓⃓⃓⃓
⃓∂u∂x

⃓⃓⃓⃓
⃓
(λ′)

≤ λλ′

λ− λ′ |ū|
(λ),

⃓⃓⃓⃓
⃓∂u∂y

⃓⃓⃓⃓
⃓
(λ′)

≤ λ

λ− λ′ |ū|
(λ). (3.182)

Proof. Throughout the proof, let us fix (x, y) ∈ Dλ′ .

Step 1: first derivatives. By (3.180), for fixed y the available x-strip in Dλ has half-width
1− |y|/λ and in Dλ′ has half-width 1− |y|/λ′. Cauchy’s estimate in x gives⃓⃓⃓⃓

⃓y ∂ū∂x(x, y)
⃓⃓⃓⃓
⃓ ≤ |y|

(︃(︃
1− |y|

λ

)︃
−
(︃

1− |y|
λ′

)︃)︃−1
|ū|(λ) ≤ λλ′

λ− λ′ |ū|
(λ). (3.183)

For fixed x, the available y-radii are λ(1 − |ℑx|) in Dλ and λ′(1 − |ℑx|) in Dλ′ . Cauchy’s
estimate in y yields⃓⃓⃓⃓

⃓y ∂ū∂y (x, y)
⃓⃓⃓⃓
⃓ ≤ |y|

λ(1− |ℑx|)− λ′(1− |ℑx|) |ū|
(λ) = λ′

λ− λ′ |ū|
(λ).

Since ∂yu = ū+ y ∂yū, we obtain⃓⃓⃓⃓
⃓∂u∂y

⃓⃓⃓⃓
⃓
(λ′)

≤ |ū|(λ′) + λ′

λ− λ′ |ū|
(λ) ≤ λ

λ− λ′ |ū|
(λ),

and together with (3.183) this proves (3.182).

Step 2: higher derivatives. Let 1 ≤ j + k ≤ r. Applying the previous estimates to ∂ j−1
x ∂ k

y ū
(if k = 0) or to ∂ j

x∂
k−1
y ū (if k ≥ 1) gives

⃓⃓⃓⃓
⃓y ∂j+kū

∂xj∂yk
(x, y)

⃓⃓⃓⃓
⃓ ≤

⎧⎪⎪⎪⎨⎪⎪⎪⎩
λλ′

λ− λ′

⃓⃓⃓⃓
∂j−1ū

∂xj−1

⃓⃓⃓⃓(λ)
if k = 0,

λ′

λ− λ′

⃓⃓⃓⃓
∂j+k−1ū

∂xj∂yk−1

⃓⃓⃓⃓(λ)
if k ≥ 1.

By the Leibniz rule,⃓⃓⃓⃓
⃓ ∂j+ku

∂xj∂yk
(x, y)

⃓⃓⃓⃓
⃓ =

⃓⃓⃓⃓
⃓y ∂j+kū

∂xj∂yk
(x, y)+k ∂j+k−1ū

∂xj∂yk−1 (x, y)
⃓⃓⃓⃓
⃓ ≤ max

{︃
λλ′

λ− λ′ ,
λ′

λ− λ′ +r
}︃
|ū|(λ, r−1).

Since λλ′

λ−λ′ = λ′

1−λ′/λ
and λ′

λ−λ′ + r < 1
1−λ′/λ

+ r < r
1−λ′/λ

, we get

sup
1≤j+k≤r

⃓⃓⃓⃓
⃓ ∂j+ku

∂xj∂yk

⃓⃓⃓⃓
⃓
(λ′)

<
r + λ′

1− λ′

λ

|ū|(λ, r−1).
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Step 3: zeroth order. For j = k = 0, using |y| < λ′ on Dλ′ ,

|u(x, y)| ≤ |y| |ū(x, y)| ≤ λ′ |ū|(λ′) ≤ r + λ′

1− λ′

λ

|ū|(λ, r−1).

Taking the supremum over (x, y) ∈ Dλ′ and 0 ≤ j + k ≤ r yields (3.181).

Proposition 3.20 (Composition). Let λ > λ′ > 0 and suppose σ̄j : Dλ′ → C is analytic for
j = 1, 2. Define σj(x, y) := y σ̄j(x, y) for j = 1, 2, set Σ(x, y) := (σ1(x, y), σ2(x, y)), and
consider the map Id +Σ : Dλ′ → C2. Then:

1. If
|σ̄1|(λ

′) + 1 + |σ̄2|(λ
′)

λ
≤ 1

λ′ , (3.184)

then Id +Σ maps Dλ′ into Dλ.

2. For all r ≥ 0, there exists a combinatorial constant C̃r > 0 depending only on r
such that, whenever the composition v ◦ (Id +Σ) is well-defined on Dλ′ for an analytic
v : Dλ → C,

|v ◦ (Id +Σ)|(λ′,r) ≤ C̃r |v|(λ,r)
(︂
1 + |σ1|(λ

′,r) + |σ2|(λ
′,r)
)︂r
. (3.185)

3. Let vj : Dλ → C be analytic for j = 1, 2 such that vj ◦ (Id +Σ) is well-defined on Dλ′ ,
and suppose σ̄j satisfies

σ̄j = vj ◦ (Id +Σ) (j = 1, 2). (3.186)

Then, for any r ∈ Z≥0, there exist constants Ar, Br ∈ Z≥0 and Cr > 0 depending only
on r such that, for all λ′′ ∈ (0, λ′),

|σ̄j|(λ
′′,r) ≤ Cr

(︃
r + λ′

1− β

)︃Ar
(︃

1 + |v1|(λ,r−1) + |v2|(λ,r−1)
)︃Br

|vj|(λ,r), β :=
(︃
λ′′

λ′

)︃1/r

,

(3.187)
with the convention that |vj|(λ,−1) := 0.

Proof. (1) Let (x, y) ∈ Dλ′ , so |ℑx| < 1 − |y|/λ′. Using |ℑ(x + σ1)| ≤ |ℑx| + |σ1| and
|σj| ≤ |y| |σ̄j|(λ

′),

|ℑ(x+ σ1(x, y))|+ |y + σ2(x, y)|
λ

≤ |ℑx|+ |y|
(︃
|σ̄1|(λ

′) + 1 + |σ̄2|(λ
′)

λ

)︃
< 1− |y|

λ′ + |y|
(︃
|σ̄1|(λ

′) + 1 + |σ̄2|(λ
′)

λ

)︃
.

If (3.184) holds, then the term between the parentheses is ≤ 1
λ′ , and the right-hand side is

< 1. Hence (x+ σ1(x, y), y + σ2(x, y)) ∈ Dλ.

(2) Differentiate v(x+σ1(x, y), y+σ2(x, y)) up to total order r in (x, y). By the multivariate
chain rule (Faà di Bruno), each derivative is a finite linear combination (with coefficients
depending only on r) of terms

∂α+βv

∂xα∂yβ

(︂
ς1(x, y), ς2(x, y)

)︂ α∏︂
ℓ=1

∂jℓ+kℓς1
∂xjℓ∂ykℓ

(x, y)
β∏︂

ℓ=1

∂j′
ℓ+k′

ℓς2

∂xj′
ℓ∂yk′

ℓ
(x, y),
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where ςj(x, y) = x+ σj(x, y), and ∑︁α
ℓ=1(jℓ + kℓ) +∑︁β

ℓ=1(j′
ℓ + k′

ℓ) ≤ r. Since the composition
is well-defined, we have (ς1(x, y), ς2(x, y)) ∈ Dλ and hence

⃓⃓⃓
∂α+βv

⃓⃓⃓(λ)
≤ |v|(λ,r). On the other

hand, each derivative of ςj is bounded by 1 + |σj|(λ
′,r). Taking suprema and absorbing the

number of terms into C̃r yields (3.185).

(3) We argue by induction on r ≥ 0.
Base case r = 0. From (3.186) we have |σ̄j|(λ

′′) ≤ |vj|(λ), so (3.187) holds with C0 = 1 and
A0 = B0 = 0.
Induction step. Fix r ≥ 1 and λ′′ ∈ (0, λ′), and set β = (λ′′/λ′)1/r ∈ (0, 1). Applying (3.185)
with v = vj and using Lemma 3.19 to estimate σj = yσ̄j on Dλ′′ from σ̄j on the larger domain
Dλ′′/β ⊂ Dλ′ , we get

|σ̄j|(λ
′′,r) ≤ C̃r |vj|(λ,r)

(︃
1 + |σ1|(λ

′′,r) + |σ2|(λ
′′,r)
)︃r

≤ C̃r |vj|(λ,r)
(︃
r + λ′′

1− β

)︃r (︃
1 + |σ̄1|(λ

′′/β, r−1) + |σ̄2|(λ
′′/β, r−1)

)︃r

.

Note that λ′′ < λ′′/β ≤ λ′ and ((λ′′/β)/λ′)1/(r−1) = β. Thus the induction hypothesis at
level r − 1 (applied with λ′′ replaced by λ′′/β) yields

1+|σ̄1|(λ
′′/β, r−1)+|σ̄2|(λ

′′/β, r−1) ≤ Cr−1

(︃
r + λ′′/β

1− β

)︃Ar−1(︃
1+|v1|(λ,r−1)+|v2|(λ,r−1)

)︃Br−1+1
.

Combining and using λ′′/β < λ′ gives

|σ̄j|(λ
′′,r) ≤ C̃r C

r
r−1

(︃
r + λ′

1− β

)︃ r+rAr−1 (︃
1 + |v1|(λ,r−1) + |v2|(λ,r−1)

)︃ r(Br−1+1)
|vj|(λ,r).

Thus (3.187) holds with the recursive choices

Ar := r + rAr−1, Br := r(Br−1 + 1), Cr := C̃r C
r

r−1,

and the stated base values.

Remark (Explicit choice of C̃r in (3.185)). One may take

C̃0 := 1, C̃r := r! 2 r (r ≥ 1).

This follows from the multivariate Faà di Bruno expansion for v ◦ (Id +Σ): an r-th (x, y)-
derivative is a sum of at most r! 2r terms, each bounded by |v|(λ,r)(1 + |σ1|(λ

′,r) + |σ2|(λ
′,r))r.

Proposition 3.21 (Inversion). Let ξ̄1, ξ̄2 : Dλ → C be analytic and define ξj(x, y) := y ξ̄j(x, y)
and Ξ(x, y) := (ξ1(x, y), ξ2(x, y)). Suppose

0 < λ′ <

(︂
1− |ξ̄2|(λ)

)︂2

1
λ

+ |ξ̄1|(λ)
(︂
2− |ξ̄2|(λ)

)︂ . (3.188)

Then there exist analytic functions σ̄1, σ̄2 : Dλ′ → C such that, with σj(x, y) := y σ̄j(x, y)
and Σ(x, y) := (σ1(x, y), σ2(x, y)), we have

(Id +Ξ) ◦ (Id +Σ) = Id on Dλ′ (3.189)
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and, for any λ′′ ∈ (0, λ′) such that (Id +Ξ)(Dλ′′) ⊂ Dλ′ ,

(Id +Σ) ◦ (Id +Ξ) = Id on Dλ′ . (3.190)

Moreover, for any r ∈ Z≥0 there exist constants Ar, Br ∈ Z≥0 and Cr > 0 (depending only
on r) such that, for any λ′′ ∈ (0, λ′),

1 + |σ̄1|(λ
′′,r) + |σ̄2|(λ

′′,r)

≤ Cr

(︃
r + λ′

1− β

)︃Ar

⎛⎝1 + |ξ̄1|(λ,r−1) + |ξ̄2|(λ,r−1)

1− |ξ̄2|(λ)

⎞⎠Br(︃
1 + |ξ̄1|(λ,r) + |ξ̄2|(λ,r)

)︃
,

(3.191)

where β := (λ′′/λ′)1/r.

Proof. Set a := |ξ̄1|(λ) and b := |ξ̄2|(λ) (so b < 1 is implicit in (3.188)). From (3.188) one
checks there exists λ∗ > 0 such that

λ′ ≤ 1− b
1

λ∗
+ a

and λ∗ <
1− b
1
λ

+ a
. (3.192)

(Indeed, the first inequality is equivalent to λ∗ ≥ ((1− b)/λ′− a)−1, and the second one gives
an upper bound; (3.188) is precisely the condition that the interval is nonempty.)
Equip C2 with the anisotropic norm ∥(x, y)∥(λ∗) := λ∗|x| + |y|. For (x, y), (x′, y′) ∈ Dλ∗ ,
Lemma 3.19 (with (λ′, λ)← (λ∗, λ)) and the mean value theorem give, for j = 1, 2,

|ξj(x, y)− ξj(x′, y′)| ≤|ξj(x, y)− ξj(x, y′)|+ |ξj(x, y′)− ξj(x′, y′)|

≤|y − y′|
⃓⃓⃓⃓
⃓∂ξj

∂y

⃓⃓⃓⃓
⃓
(λ∗)

+ |x− x′|
⃓⃓⃓⃓
⃓∂ξj

∂x

⃓⃓⃓⃓
⃓
(λ∗)

≤|y − y′| λ

λ− λ∗
|ξ̄j|(λ) + |x− x′| λλ∗

λ− λ∗
|ξ̄j|(λ)

= λ

λ− λ∗
|ξ̄j|(λ)∥(x− x′, y − y′)∥(λ∗).

Hence
∥Ξ(x, y)− Ξ(x′, y′)∥(λ∗) =λ∗|ξ1(x, y)− ξ1(x′, y′)|+ |ξ2(x, y)− ξ2(x′, y′)|

≤ λ

λ− λ∗

(︂
λ∗a+ b

)︂
∥(x− x′, y − y′)∥(λ∗)

By the second inequality in (3.192), λ∗a+b < 1−λ∗/λ, so the last line is < ∥(x−x′, y−y′)∥(λ∗).
Thus Ξ is a contraction on Dλ∗ for the distance induced by ∥ · ∥(λ∗) and, in particular, Id +Ξ
is injective there. Moreover, since the determinant of the Jacobian matrix of Id +Ξ at (x, y) is

det(d(x,y)(Id +Ξ)) =
(︃

1 + ∂ξ1

∂x
(x, y)

)︃(︃
1 + ∂ξ2

∂y
(x, y)

)︃
− ∂ξ1

∂y
(x, y)∂ξ2

∂x
(x, y),

by (3.182) again, we have for (x, y) ∈ Dλ∗ that

| det(d(x,y)(Id +Ξ))| ≥
(︃

1−
⃓⃓⃓⃓
⃓∂ξ1

∂x

⃓⃓⃓⃓
⃓
λ∗

)︃(︃
1−

⃓⃓⃓⃓
⃓∂ξ2

∂y

⃓⃓⃓⃓
⃓
λ∗

)︃
−
⃓⃓⃓⃓
⃓∂ξ1

∂y

∂ξ2

∂x

⃓⃓⃓⃓
⃓
λ∗

≥
(︃

1− λλ∗

λ− λ∗
|ξ̄1|λ

)︃(︃
1− λ

λ− λ∗
|ξ̄2|λ

)︃
− λ

λ− λ∗
|ξ̄1|λ

λλ∗

λ− λ∗
|ξ̄2|λ

=1− λ

λ− λ∗
(λ∗|ξ̄1|λ + |ξ̄2|λ) > 0.
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Hence, Id +Ξ is a diffeomorphism from Dλ∗ onto its image.

Next, we show Dλ′ ⊂ (Id +Ξ)(Dλ∗). It suffices to check that (Id +Ξ) maps the boundary
∂Dλ∗ outside the interior of Dλ′ and then appeal to degree/invariance-of-domain for the
injective homotopy Id +tΞ, t ∈ [0, 1]. Let (x, y) ∈ ∂Dλ∗ , so |ℑx| + |y|/λ∗ = 1. Using
|ξ1| ≤ |y| a and |ξ2| ≤ |y| b, we estimate

|ℑ(x+ ξ1)|+
|y + ξ2|
λ′ ≥ |ℑx|+ |y|

λ′ − |y| a−
|y|
λ′ b

≥ |ℑx|+ |y|
λ∗

(︃
λ∗

λ′ − λ∗a−
λ∗

λ′ b
)︃
.

Writing s := |ℑx| and t := |y|/λ∗ (so s+ t = 1) gives

s+ (1− s)λ∗

(︃ 1
λ′ − a−

b

λ′

)︃
≥ min

{︃
1, λ∗

(︃ 1
λ′ − a−

b

λ′

)︃}︃
.

By the first inequality in (3.192), λ∗
(︂

1
λ′ − a − b

λ′

)︂
≥ 1, hence the minimum is 1. Thus

(Id +Ξ)(∂Dλ∗) lies outside the interior of Dλ′ , and consequently Dλ′ ⊂ (Id +Ξ)(Dλ∗). Since
Id +Ξ is injective on Dλ∗ , we can define Id +Σ : Dλ′ → Dλ∗ satisfying (3.189). By construc-
tion, Σ = (σ1, σ2) satisfies σj(x, 0) = 0, so there are analytic σ̄j with σj(x, y) = y σ̄j(x, y).

Suppose 0 < λ′′ < λ′ such that (Id +Ξ)(Dλ′′) ⊂ Dλ′ . Then restricting (3.189) to
(Id +Ξ)(Dλ′′) yields (Id +Ξ) ◦ (Id +Σ) ◦ (Id +Ξ) = (Id +Ξ) on Dλ′′ . Since (Id +Σ) ◦
(Id +Ξ)(Dλ′′) ⊂ Dλ∗ by construction of Σ and (Id +Ξ) injective on Dλ∗ , we obtain (3.190).

It remains to prove (3.191). From (Id +Ξ) ◦ (Id +Σ) = Id we get Σ + Ξ ◦ (Id +Σ) = 0, which
yields

σ̄j = −
ξ̄j ◦ (Id +Σ)

1 + ξ̄2 ◦ (Id +Σ)
(j = 1, 2).

Define vj(x, y) := −ξ̄j(x, y)/(1 + ξ̄2(x, y)). By repeated differentiation (quotient rule) one
obtains, for each r ≥ 0,

|v1|(λ,r) + |v2|(λ,r) ≤ Dr

⎛⎝1 + |ξ̄1|(λ,r−1) + |ξ̄2|(λ,r−1)

1− |ξ̄2|(λ)

⎞⎠r+1(︃
|ξ̄1|(λ,r) + |ξ̄2|(λ,r)

)︃

for some constant Dr > 0 depending only on r. Since σ̄j = vj ◦ (Id +Σ), Proposition 3.20(3)
gives, for λ′′ ∈ (0, λ′) and β = (λ′′/λ′)1/r,

1+|σ̄1|(λ
′′,r)+|σ̄2|(λ

′′,r) ≤ Cr

(︃
r + λ′

1− β

)︃Ar
(︃

1+|v1|(λ,r−1)+|v2|(λ,r−1)
)︃Br

(︃
1+|v1|(λ,r)+|v2|(λ,r)

)︃
.

Substituting the bounds for vj and enlarging constants completes the proof of (3.191).

3.8.2 A characterization of periodic orbits.
Let ω ∈ R and a, b > 0. Consider an analytic map

F :
(︄
x

y

)︄
↦→
(︄
x+ ω + y + f(x, y)

y + g(x, y)

)︄
, f, g : Ta × Db → C. (3.193)
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For iterates we write
F j(x, y) =

(︄
x+ jω + jy + fj(x, y)

y + gj(x, y)

)︄
, (3.194)

whenever the right-hand side is defined. From (3.193),

f0 = g0 = 0, f1 = f, g1 = g,

⎧⎨⎩fj+1 = fj + gj + f ◦ F j,

gj+1 = gj + g ◦ F j.
(3.195)

The next lemma gives a domain of definition and sup-norm bounds for fj, gj.

Lemma 3.22. Let f, g be analytic on Ta × Db and let fj, gj be as in (3.194). Fix a′ < a,
b′ < b and q ∈ Z>0. If

a′ + q b′ + q |f |a,b + q(q − 1)
2 |g|a,b ≤ a,

b′ + q |g|a,b ≤ b,
(3.196)

then, for 0 ≤ j ≤ q, the functions fj, gj are well-defined on Ta′ × Db′ and

|gj|a′,b′ ≤ j |g|a,b, |fj|a′,b′ ≤ j |f |a,b + j(j − 1)
2 |g|a,b. (3.197)

Proof. Induction on j. The case j = 0 is trivial since F 0 = Id. Assume 0 ≤ j < q and
(xj, yj) := F j(x, y) is defined for every (x, y) ∈ Ta′ × Db′ with (3.197). Then

|yj| ≤ b′ + j |g|a,b, |ℑxj| ≤ a′ + j b′ + j |f |a,b + j(j − 1)
2 |g|a,b.

By (3.196), |yj| < b and |ℑxj| < a, so the compositions in (3.195) are well-defined; hence
fj+1 and gj+1 are well-defined there. Taking suprema in (3.195) and using |f ◦F j|a′,b′ ≤ |f |a,b,
and |g ◦ F j|a′,b′ ≤ |g|a,b, we obtain

|gj+1|a′,b′ ≤ |gj|a′,b′ + |g|a,b ≤ (j + 1) |g|a,b,

|fj+1|a′,b′ ≤ |fj|a′,b′ + |gj|a′,b′ + |f |a,b ≤ (j + 1) |f |a,b + j(j + 1)
2 |g|a,b,

which is exactly (3.197) with j replaced by j + 1. This completes the induction.

From now on, set
ω = p

q

for some coprime (p, q) with q > 0, and assume |f |a,b, |g|a,b are small enough that Lemma 3.22
applies for some a′ < a, b′ < b. In particular, fq and gq are defined on Ta′ × Db′ via (3.195).
By (3.194), a point (x, y) belongs to a (p, q)-periodic orbit of F iff⎧⎨⎩qy + fq(x, y) = 0,

gq(x, y) = 0

for some lift of fq to the universal cover. To solve the first equation we look for γ : Ta′ → C
such that

γ(x) = −1
q
fq(x, γ(x)).
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Then it suffices to find x0 with
gq(x0, γ(x0)) = 0.

The point (x0, γ(x0)) will be a (p, q)-orbit under F . Let us formalize this argument with
quantitative details in the next lemma.

Lemma 3.23. Consider a map F of the form (3.193) with ω = p/q and suppose, for some
a′ < a, that

b+ |f |a,b ≤
a− a′

q
and |f |a,b + 3q − 1

2 |g|a,b < b. (3.198)

Put b′ := b− q|g|a,b and b′′ = |f |a,b + q−1
2 |g|a,b. Then all (p, q)-periodic orbits of F |Ta′ ×Db′ lie

in the strip Ta′ ×Db′′ . More precisely, there exist analytic functions γ,Γ : Ta′ → C depending
analytically on f and g with

|γ|a′ ≤ |f |a,b + q − 1
2 |g|a,b, |Γ|a′ ≤ q |g|a,b (3.199)

such that the following holds. For (x, y) ∈ Ta′ ×Db′ , the point (x, y) is a (p, q)-periodic orbit
of F iff

y = γ(x) and Γ(x) = 0.
Moreover, with ā = 2q|f |a,b + q(q − 1)|g|a,b and b̄ = |f |a,b + (3q − 1)|g|a,b/2, we have⃓⃓⃓⃓

⃓⃓Γ− q−1∑︂
k=0

g
(︃
·+k

q
, 0
)︃⃓⃓⃓⃓⃓⃓

a′

≤ q
(︃

ā

a− a′ − ā
+ b̄

b− b̄

)︃
|g|a,b (3.200)

and ⃓⃓⃓⃓
det
(︂
d(x,γ(x))F

q − Id
)︂

+ q Γ̇(x)
⃓⃓⃓⃓
≤ ā

2
|Γ̇(x)|

b′ − |γ(x)| . (3.201)

Proof. Define b′ = b− q|g|a,b as in the statement. The second inequality of condition (3.198)
implies q|g|a,b < b, hence b′ > 0. Using the first inequality in (3.198) and definition of b′,

a′ + qb′ + q|f |a,b + q(q − 1)
2 |g|a,b ≤ a′ + qb+ q|f |a,b ≤ a,

so Lemma 3.22 applies, and fq, gq are defined on Ta′ × Db′ with

|fq|a′,b′ ≤ q|f |a,b + q(q − 1)
2 |g|a,b, |gq|a′,b′ ≤ q|g|a,b. (3.202)

By the second inequality in (3.198),

|f |a,b + q − 1
2 |g|a,b < b− q|g|a,b = b′,

so for each fixed x ∈ Ta′ , on |z| = b′ we have⃓⃓⃓⃓1
q
fq(x, z)

⃓⃓⃓⃓
≤ 1

q
|fq|a′,b′ < b′ = |z|.

By Rouché’s theorem, z ↦→ z+ 1
q
fq(x, z) has exactly one zero in Db′ , denoted γ(x), depending

analytically on x. The bound (3.199) on |γ|a′ follows from γ(x) = −fq(x, γ(x))/q and (3.202).
Define Γ(x) := gq(x, γ(x)), so |Γ|a′ ≤ |gq|a′,b′ ≤ q|g|a,b.
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By construction, the lift of F and (x, γ(x)) into the universal cover satisfies

F q(x, γ(x)) =
(︂
x+ p, γ(x) + Γ(x)

)︂
, (3.203)

and uniqueness of the zero implies the first coordinate of F q(x, y′) equals x+ p iff y′ = γ(x);
thus (x, y) is a (p, q)-orbit under F iff y = γ(x) and Γ(x) = 0.

For (3.200), we have by (3.195) that

Γ(x) = gq(x, γ(x)) =
q−1∑︂
j=0

g ◦ F j(x, γ(x))

where, by (3.194) with ω = p/q,

g ◦ F j(x, γ(x)) = g(x+ jp/q + jγ(x) + fj(x, γ(x)), γ(x) + gj(x, γ(x))).

Since j ≤ q, the estimates (3.199) and (3.197) imply that

|jγ(x) + fj(x, γ(x))| ≤ ā; |γ(x) + gj(x, γ(x))| ≤ b̄.

Hence, by the mean value theorem and Cauchy’s estimate,

|g ◦ F j(x, γ(x))− g(x+ jp/q, 0)| ≤
⃓⃓⃓⃓
⃓∂g∂x

⃓⃓⃓⃓
⃓
a′+ā,b̄

ā+
⃓⃓⃓⃓
⃓∂g∂y

⃓⃓⃓⃓
⃓
a′+ā,b̄

b̄ ≤
(︃

ā

a− a′ − ā
+ b̄

b− b̄

)︃
|g|a,b.

Summing over j, we obtain (3.200).

For (3.201), differentiate (3.203) to get

d

dt
F q(x+ t, γ(x+ t))

⃓⃓⃓
t=0

= (1, γ̇(x) + Γ̇(x)).

Also,
∂F q

∂y
(x, γ(x)) =

(︃
q + ∂fq

∂y
(x, γ(x)), 1 + ∂gq

∂y
(x, γ(x))

)︃
In the basis {(1, γ̇(x)), (0, 1)} the Jacobian is

d(x,γ(x))F
q =

⎛⎝ 1 q + ∂fq

∂y
(x, γ(x))

Γ̇(x) 1 + ∂gq

∂y
(x, γ(x))− γ̇(x)

(︂
q + ∂fq

∂y
(x, γ(x))

)︂⎞⎠ .
A direct computation yields

det
(︂
d(x,γ(x))F

q − Id
)︂

+ q Γ̇(x) = − Γ̇(x) ∂yfq(x, γ(x)).

Cauchy’s estimate and (3.202) give

|∂yfq(x, γ(x))| ≤ |fq|a′,b′

b′ − |γ(x)| ≤
q|f |a,b + q(q−1)

2 |g|a,b

b′ − |γ(x)| ,

which implies (3.201).
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3.8.3 Properties of the Fourier-weighted norm
Recall that for u : Ta → C analytic, the Fourier-weighted norm ∥u∥a is defined to be

∥u∥a :=
∑︂
k∈Z
|ûk|e2πa|k|,

where ûk is the kth Fourier coefficient of u. In this section, we collect some elementary
properties of this norm used in the thesis.

Lemma 3.24. For fixed a > 0, the space of analytic functions f : Ta → C with ∥f∥a <∞
is a Banach algebra under the norm ∥ · ∥a.

Proof. It suffices to show ∥fg∥a ≤ ∥f∥a∥g∥a. Recall that the Fourier coefficient ˆ︂fgn of the
product function fg can be given in terms of a convolution ∑︁k∈Z

ˆ︁fn−kˆ︁gk. To prove the lemma,
the key observation is the triangle inequality |n| ≤ |n−k|+ |k| and the following computation:

∥fg∥a =
∑︂
n∈Z
|ˆ︂fgn| e2πa|n| ≤

∑︂
n∈Z

∑︂
k∈Z
| ˆ︁fn−k| |ˆ︁gk| e2πa|n|

≤
∑︂
n∈Z

∑︂
k∈Z
| ˆ︁fn−k| e2πa|n−k| |ˆ︁gk| e2πa|k| =

∑︂
k∈Z

(︃∑︂
n∈Z
| ˆ︁fn−k| e2πa|n−k|

)︃
|ˆ︁gk| e2πa|k|

≤
∑︂
k∈Z

(︃ ∑︂
m∈Z
| ˆ︁fm| e2πa|m|

)︃
|ˆ︁gk| e2πa|k| = ∥f∥a ∥g∥a.

The interchange of sums is justified since all series involve non-negative terms and converge
absolutely. This completes the proof of the lemma.

Lemma 3.25. Let δ ∈ R. For u : Ta → C analytic, define Dδu(x) := u(x+ δ)− u(x). Then
the function Dδu satisfies

∥Dδu∥a ≤|δ| ∥u̇∥a (3.204)

∥Dδu− δu̇∥a ≤
1
2 |δ|

2 ∥ü∥a . (3.205)

Proof. Since |eiθ − 1| ≤ |θ| for all θ ∈ R and the kth Fourier coefficient of u̇ is 2πikûk,

∥Dδu∥a =
∑︂
k∈Z

⃓⃓⃓(︂
e2πikδ − 1

)︂
ûk

⃓⃓⃓
e2πa|k| ≤

∑︂
k∈Z
|δ| |2πkûk| e2πa|k| = |δ| ∥u̇∥a .

On the other hand, since |eiθ − 1− iθ| ≤ θ2/2 for all θ ∈ R and the kth Fourier coefficient of
ü is (2πik)2ûk,

∥Dδu− δu̇∥a =
∑︂
k∈Z

⃓⃓⃓(︂
e2πikδ − 1− 2πikδ

)︂
ûk

⃓⃓⃓
e2πa|k|

≤
∑︂
k∈Z

1
2 |δ|

2 |2πk|2 |ûk| e2πa|k| = 1
2 |δ|

2 ∥ü∥a .

This completes the proof of the lemma.

Lemma 3.26 (Fourier separation lemma). Suppose M > N and u, f : Ta → C are analytic
functions. Then we have⃦⃦⃦⃦⟨︂

f ⟨u⟩q
⟩︂N

q

⃦⃦⃦⃦
a
≤ ∥f∥a

⃦⃦⃦⃦
⃦⟨u⟩Mq +

(︃2N
q

+ 1
)︃

e−4πa(M−N) ⟨u⟩≥M
q

⃦⃦⃦⃦
⃦

a

. (3.206)
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3. Partially Isospectral Deformations of the Standard Map

Proof. Using |k| − |n| ≤ |n− k| ≤ |k|+ |n|, we have⃦⃦⃦⃦⟨︂
f ⟨u⟩≥M

q

⟩︂N

q

⃦⃦⃦⃦
a

=
∑︂
q|n

|n|≤N

∑︂
q|k

|k|≥M

⃓⃓⃓
f̂n−kûk

⃓⃓⃓
e2πa|n| ≤

∑︂
q|n

|n|≤N

∑︂
q|k

|k|≥M

|f |a e−2πa|n−k| |ûk| e2πa|n|

≤
∑︂
q|n

|n|≤N

∑︂
q|k

|k|≥M

|f |a e−2πa|n−k|e2πa(|n|−|k|) |ûk| e2πa|k| ≤
∑︂
q|n

|n|≤N

∑︂
q|k

|k|≥M

|f |a e−4πa(|k|−|n|) |ûk| e2πa|k|

≤
(︃2N
q

+ 1
)︃ ∑︂

q|k
|k|≥M

|f |a e−4πa(M−N) |ûk| e2πa|k| ≤
(︃2N
q

+ 1
)︃

e−4πa(M−N) |f |a
⃦⃦⃦
⟨u⟩≥M

q

⃦⃦⃦
a
.

Thus, ⃦⃦⃦⃦⟨︂
f ⟨u⟩q

⟩︂N

q

⃦⃦⃦⃦
a
≤
⃦⃦⃦⃦⟨︂
f ⟨u⟩Mq

⟩︂N

q

⃦⃦⃦⃦
a

+
⃦⃦⃦⃦⟨︂
f ⟨u⟩≥M

q

⟩︂N

q

⃦⃦⃦⃦
a

≤∥f∥a

(︄⃦⃦⃦
⟨u⟩Mq

⃦⃦⃦
a

+
(︃2N
q

+ 1
)︃

e−4πa(M−N)
⃦⃦⃦
⟨u⟩≥M

q

⃦⃦⃦
a

)︄

≤∥f∥a

⃦⃦⃦⃦
⃦⟨u⟩Mq +

(︃2N
q

+ 1
)︃

e−4πa(M−N) ⟨u⟩≥M
q

⃦⃦⃦⃦
⃦

a

which proves (3.206). This completes the proof of the lemma.
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