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Abstract

We study simple dynamics in the population protocol model, in
which n agents start with totally ordered initial opinions x1, xa, . . .,
Xp, and, in each round, a randomly chosen agent changes its opinion
as a function of the opinion of other randomly chosen agents. Such
dynamics often converge to consensus on a single fixation value X.
This paper asks how to control the distribution of X as a randomised
choice among the initial opinions by designing suitable simple
dynamics. Writing the sorted initial values as x(1) < -++ < x(p),
we design two protocols that realise natural target laws over order
statistics.

First, for a parameter p € (0,1), our geometric protocol biases
toward larger opinions and satisfies P [)2 = X(k)] o< p”_k, for
k =1,...,n. Equivalently, P [X = x(k)] =(1-p)p" k@ -pm.
Second, our binomial protocol assigns a shifted binomial law to the
ranks in ascending order: if K—1 ~ Bin(n—1, 1 - p), then X = X(K)>
e P[X =xp)] = ((2)p" k1 -p)ktfork=1,...,n

Applications of this include computing the Top-k values for
small k on general interaction graphs. A central contribution of
this work is that, in contrast to most population protocols, we can
characterise the fixation distribution in closed form. This is enabled
by a novel analysis technique, which also yields applications: we
derive new results for the Median protocol that extend the state of
the art.
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1 Introduction

The study of extremely simple randomised distributed algorithms
in which n agents repeatedly interact at random and update their
opinions using a fixed, memoryless rule based on sampled neigh-
bours is a rich area of research, motivated by the study of real
systems such as sensor networks, peer-to-peer networks, mobile
networks of vehicles and social networks, among others. Classical
examples include the VOTER model, where an activated agent adopts
a sampled neighbour’s opinion [31], and majority-type rules such
as 3-MajoriTy and 2-CHoICEs [8]. In the distributed computing
community, this theoretical area is mainly known as population
protocols [2]; other names for it include computational dynamics
[6], opinion exchange dynamics [36] and gossip algorithms [38].

In this work, we ask whether simple dynamics can be designed
so that the final consensus value (i.e., the absorbing state of the
associated Markov chain) follows a predetermined distribution over
the order statistics of the agent opinions in the initial configuration.

Formally, writing the initial values in sorted order x(;) < -+~ <
X(n), can one design a memoryless protocol whose eventual con-
sensus value X satisfies P [X = x(,-)] = f(i) for a prescribed proba-
bility density function f over the opinion ranking (e.g., geometric
or binomial)? We answer this in the affirmative by introducing a
new analysis technique which allows us to design dynamics whose
fixation distributions admit exact closed forms.

Let X (tl.) denote the i-th order statistic at time ¢, i.e., the ith small-
est value. We show that the vector of expectations E[(X (t e
X (tn) )] evolves linearly under a fixed tri-diagonal operator P on the

rank set {1,...,n}:For2 <i<n-1,

EIXG 7] = fiX(i_y) +9i X(;) gi=1-fi—h
with boundary adjustments at i = 1,n, where f; and h; are ex-
plicit functions of i and n. Beyond expectations, we identify a rank-
ancestry process on {1,...,n} whose t-step kernel is P: the entry

(P")j,i equals the probability that the value at rank i at time ¢

t
+hi X(i10)0
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descends from the initial rank j. Despite their non-linear update
functions, this makes it possible to analyse our dynamics through a
linear process, in a way reminiscent of max-plus algebra [40]. In the
following, we present the results that our technique has enabled.

1.1 First Contribution: Cory-orR-Max Dynamics
and Geometric Distribution

Our first contribution is the introduction of a simple dynamic that
enables sampling from a geometric distribution over the order
statistics, which we name Copy-orR-Max dynamics.

We first study it in the standard population protocol model,
where at each round a node becomes active and samples a neigh-
bour: with probability p it copies the neighbour’s value (this update
coincides with the VOTER model in the population protocol litera-
ture), while with probability 1 — p it adopts the maximum between
its own value and that of the neighbour. We show that the resulting
dynamics induces a geometric distribution over the order statistics
of the initial configuration, converging to a consensus on opinion
X such that P [X = x(k)] oc p”’k, fork=1,...,n.

We then show that the same phenomenon persists in a signif-
icantly more general framework, which we introduce under the
name weighted population protocols. In this setting, at each round
a directed edge (i, j) is activated with probability proportional to
a weight w j (i.e., with probability w; j/W, where W = }; ; w; ;);
agent i then copies the value of agent j with probability p, and
otherwise adopts the maximum between its own value and that
of j. In this setting, the fixation probabilities of the process are
governed by a simple balance condition on the weights: whether
they form a circulation [34], that is, whether every agent has equal
total incoming and outgoing weight, ie., X wij = X;wj; for
i=1,...,n.

THEOREM 1. The Copry-or-MAx dynamics with parameter p €
(0, 1) satisfies the following.

(1) Population protocol. The dynamics converges to the k-th
smallest initial value, x(x), with geometric probability

(1-p)p"*
1-pn
Moreover, convergence occurs in O(log n) parallel rounds with
high probability.
(2) Weighted population protocol. The dynamics converges to
the k-th smallest initial value, x i, with geometric probability
(1-p)p"*

1-p™

the underlying graph is connected.

if and only if the weights form a circulation and

A formal definition of the edge-activation model, together with
a precise statement of the theorem, is given in Section 4.2. This
framework strictly generalises well-studied models and reveals a
surprising robustness of geometric fixation probabilities. In particu-
lar, for any undirected graph, sampling edges uniformly at random
induces a circulation, and hence the fixation probabilities follow
a geometric distribution over the order statistics, independently
of the graph structure. Moreover, when restricting to the classi-
cal node-activation model, where we first pick an agent i who
then picks a neighbour j u.a.r., the circulation condition reduces
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to regularity of the graph, implying that on all regular graphs the
CoPy-0rR-Max dynamics exhibits geometric fixation probabilities !.

1.2 Second Contribution: BIASED-MEDIAN
Dynamics and Binomial Distribution

Our second contribution is the design of a simple protocol that
samples from a binomial distribution, obtained by revisiting the
classical Median dynamics [23]. We introduce the Biased-Median
dynamics, in which an activated agent samples two neighbours 2
and computes the median of their values together with its own; if
the median is larger than its current value, the agent adopts it; if
the median is smaller, the agent adopts it with probability p/(1 - p),
where p € (0,1/2].

This combination of the median rule with a bias towards larger
opinions achieves the binomial law, and provides a complete char-
acterisation of the fixation probabilities for the Median dynamics
(setting p = 1/2). In contrast, prior state-of-the-art results only
show that the dynamics converges with high probability to an ap-
proximation of the median with few standard deviations (i.e., of

order /nlogn) [23].

THEOREM 2. The BIASED-MEDIAN dynamics of parameter p on the
clique converges to the k-th smallest initial value, x i, with binomial
probability (Z:})p"’k(l —p)*=1. In particular, the MEDIAN dynamics
(p = 1/2) converges to the k-th smallest initial value with binomial
probability (}~1)2= (=1,

Since the Median dynamics is equivalent to the well-known 2-
CHOICEs protocol when the population holds binary opinions, our
result on the Median dynamics implies the following Corollary,
which again strengthens previous results [16].

CoRrOLLARY 3. Consider a binary starting configuration (i.e., x; €
{0,1} for alli € [n]), with ny agents holding value 1. The 2-CHOICES
dynamics on the clique converges to value 1 with probability equal to
P [X < ny], with X ~ Binomial(n — 1,1/2).

1.3 Other Contributions: Beta-Binomial
Distribution, Limitations and Applications

By applying our technique to the variant of the MEDIAN dynamics
in which each agent samples three opinions uniformly at random
from the system and adopts their median (without necessarily in-
cluding its own current opinion among the samples), we obtain a
different behaviour: the fixation probability is no longer governed
by a binomial distribution, but by a Beta-Binomial law. Considering
binary configurations, we obtain the following Corollary.

COROLLARY 4. Let the starting configuration be binary, with nq
agents holding value 1. The 3-MAjoRITY dynamics on the clique con-
verges to value 1 with probability equal to P [X < nq], with X ~
Beta-Binomial(n — 1,n/2 + 1,n/2 + 1).

Interestingly, Corollaries 3 and 4 shed light for the first time on
the difference in the exact fixation probabilities of 3-MajorITY and
2-CHoIcEs. See Figures 1 and 2 for an illustration.

!If lower values are of interest, the Copy-or-Min protocol can be easily derived as an
extension of the Copy-or-Max protocol.

2Some readers may note that the Median dynamics involves three-way interactions
rather than the classical pairwise model of population protocol; any such interaction
can be simulated by pairwise interactions at the cost of additional states (see [14]).
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We remark that Theorem 2, Corollaries 3 and 4 do not extend
to arbitrary graph structures. In fact, for dynamics that sample
more than one agent (such as the median protocol) on general
graphs, fixation probabilities are sensitive to the geometry in the
initial configuration, and cannot be characterised solely in terms of
order statistics. This limitation is discussed in section 3.8 of the full
version of the paper [3].

Having established that it is possible to sample from a geometric
distribution over the order statistics of X, we exploit this property
to design an algorithm for computing the Top-k values in the sys-
tem. By running multiple independent instances of Cory-orR-MAX,
each agent performs O(log(1/5)) samples drawn from a geomet-
ric distribution over the order statistics. This allows the agents
to identify, with probability at least 1 — §, the k largest values in
the system, for constant k. Although the time complexity of our
algorithm is suboptimal compared to the state-of-the-art [30], it is
worth emphasising that our approach solves this problem on more
general graph topologies.

Uniform Geometric Binomial
Name VOTER Copy-OR-MAX B1asED-MEDIAN
Update rule Sample u, v u.ar. Sample u, v u.ar Sample ©, v, s ua.r.
Xu «— X wp. p: Xy — Xo; m=
otherwise: median (Xy, Xy, Xs)
Xy — max{Xy, Xy} |Um>Xy: Xy « m;
otherwise (m < Xy,):
P
. Xy < mwp. ip
¢ — 1 (-p)p"~ -1y, n—k
P(X=xr)) | % T (x=pp"
(a-pk!
Reference Hassin and Peleg [31] Theorem 1 Theorem 2

Table 1: Population protocols inducing uniform, geometric,
and binomial distributions over order statistics in complete
graphs. See also Figures 1 and 2 for a depiction.
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Figure 1: n = 10. Solid curves show the fixation distribution
P [)A( = x( k)] over order-statistic ranks k. Dashed curves (same
colour) show the cumulative probability of selecting one of
the k largest initial values, P(X € {X(n=ts1)s -+ s X(m) })-
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Figure 2: n = 200. 2-CHOICES vs 3-MajoriTY PMFs. The former
is more strongly concentrated around n/2.

1.4 Related Work

In the context of population protocols and computational dynamics,
different forms of consensus have been studied, including average
consensus [5, 12], median consensus [23], plurality consensus [7,
24] and min—-max consensus [26]. These have been studied in many
different models, ranging from random networks [1] to systems
in which agents can join or leave during the process [10], from
models with noisy communication channels [22] to models in which
agents’ value is influenced by external signals [33]. The literature
on population protocols and computational dynamics is vast across
different communities; here, we focus on works most pertinent to
the theory of distributed computing [6].

The simplest stochastic consensus protocol is the VOTER model,
where a random agent samples a neighbour uniformly at random
and adopts its value [31]. [31] famously proved that the probabil-
ity that VOTER dynamics reaches consensus on a given opinion
is proportional to the volume of the nodes initially holding that
opinion. The VOTER dynamics has been extensively studied, leading
to elegant arguments on its convergence time [15] and the introduc-
tion of many variants [4, 18, 20]. In relation to our CoPY-oR-MAX
dynamics, we mention here [27], which analyses a VoTEr-like pop-
ulation protocol where not all agents initially hold a value. This
process combines features of the VOTER and the MAx dynamics, but
in a different way from our Cory-orR-MAX dynamics. In particular,
valueless agents act like low-valued agents in the Max protocol,
gradually losing influence, while the valued agents follow VoTER
dynamics, which decides the final outcome. As for the Max dy-
namics, several previous works leverage the Max-Plus Algebra to
transform non-linear update rules into linear ones, enabling the
study of more complex models in a linear way similar to our pro-
posed technique in this paper. An example of Max-Plus algebra
can be seen in [40], which investigates max-consensus in discrete-
time multi-agent systems over directed and time-varying random
networks.

The MEDIAN dynamics has been famously investigated in [23],
where tight convergence bounds are established. In [13] they con-
sider the settings where each agent has a private and public opinion
and use a median based method to update agents’ opinions. Several
generalisations of the MEDIAN dynamics have been investigated
in other communities, such as weighted generalisations (see [35]
and the references therein), continuous-time models where agents
may join or leave the network over time [25]. When restricted to
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two possible opinions, the MEDIAN dynamics coincides with the 2-
CHOICES dynamics, famously studied in [16] and later on expander
graphs [19]. Another closely related dynamics is the 3-MAjorITY
[8, 9] dynamics. A general analysis of the convergence time of 2-
CHOICEs and 3-MAJoRITY was first provided in [28] and refined in
[24, 39]. Substantial work has been devoted to analysing the conver-
gence time of these dynamics when the number of initial opinions
is very large, see e.g. [11] and [21]. We emphasise that for more
than two opinions, the equivalence that we leverage in this paper
with the median rule does not hold. Many of the aforementioned
works investigate these processes in synchronous time models in
which nodes update their opinion at the same time; recent work, we
consider instead the classical Population Protocols setting in which
only one node updates at each step, which simplifies the transitions
of the associated Markov chain but makes it more challenging to
obtain concentration of probability [17].

In this work we leverage the Cory-orR-MAx dynamics to compute
the top-k values in the system. This problem is closely related to
the quantile problem. Several papers studied it such as [30, 32]. In
[30], Haeupler et al. present an optimal algorithm for solving both
the approximate and exact quantile problems in the GOSSIP model
in complete graph. Their exact algorithm completes in log n parallel
rounds. Since the quantile problem is closely related to computing
the k-th ranked value, their approach can be directly applied to
compute the top-k values in k log n parallel rounds. The algorithm
relies on the ability of agents to push information: for example,
one of its subroutines computes the sum of all agents’ values, a
task that becomes significantly more challenging if agents can only
pull information. Furthermore, the algorithm can be adapted to be
adversarially robust [29]. In [41], the authors study the quantile
problem under noisy communication channels over general graphs.
They reduce the task to a convex optimisation problem and prove
convergence of their algorithm.

2 Organisation

The remainder of the paper is organised as follows. In Section 4.1,
we analyse the fixation probabilities of the Copy-or-Max dynamics
on the complete graph within the standard population protocol
model. In Section 4.2, we extend this analysis to arbitrary graphs
in the weighted population protocol setting. In Section 4.4, we
introduce Order-Based Dynamics, a broad class of protocols for

which our rank-ancestry process yields exact fixation probabilities.

Next, Sections 4.5 and 4.7 establish the exact fixation probabilities
for the Biased Median Dynamics and its variant. Finally, Section 5
concludes the paper with directions for future work. Due to space
constraints, several proofs from Section 4.4 onwards have been
omitted; these proofs, alongside convergence time proofs and an
application to compute Top-k rankings, are deferred to the full
version of this paper [3].

3 Preliminaries

Let X! . be the value

()

We denote the value of agent i at round ¢ as X . ¢

of the rank i element (ith smallest) at time ¢, and Xor

d = ( (ti))ie[n].
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4 Analysis: Fixation Probabilities

4.1 Geometric Distribution in Population
Protocol

We analyse a starting configuration {X }le [n] St X? # X](.) for all
i # j € [n]. The generalisation to any starting configuration will
trivially follow by summing up the fixation probabilities of two
identical values.

We first compute the probability that an agent at rank i adopts
the value at rank j.

LEMMA 4.1. Leti, j € [n] and denote by St the event "At round t,
the agent with i-th rank value activates and adopts X( N ". Consider a

configuration Xg s.t. X(t H # X(t[) forallt # j. We have that
1 s .
. = ifj>i
) =P (st 1x0, =4 %
ql() 1,j| ord % ifj <i

Proor. The agent at rank i is activated with probability % For
all t € N, let C; ~ Bernoulli(1 — p) be the random variable that is 1
if the activated agent does a Max update at round ¢, and 0 otherwise.
If C; = 0, the activated agent samples uniformly over all values.
Hence,

=0,X

t
P [Si,j | Ce ord]

If C; = 1, the activated agent adopts the maximum between its own
opinion and the sampled one. Then

n

e If i > j, we have that P [Sitj | C; = 1,X0trd] =0, as the agent
will never adopt a smaller rank opinion.
o Ifj > i P[sf |C=1,x¢

- 1
or 1] = —>,as the agent has to
sample op1n10n X

() to adopt it, and, by hypothesis, it has

only one occurrence in the system.

We can therefore conclude by the law of total probability. O

In the next lemma, we write the expectation of the k-th value at
the next round as a linear combination of the (k — 1)-th, (k)-th, and
(k + 1)-th value at the current round. In the proof, we obtain more

as we compute the density distribution of X (t]:)l conditional on X__ t '

xt t
> X
(k+1) ~ (k) (k= 1)
maintain generality and avoid treating ties separately, it is more
convenient to work with expectations, which allow us to handle

ties in a unified and elegant manner.

but only under the assumption that X?

LEMMA 4.2. Let
(n-k+1)(k-1)
p—

Jie = .
k(n—k)
hy = ———,
and
9k =1— fi = hx.
For all k € [n]3, we have

t+1 _ t t t
E [X(k) ord] = fieX (k1) + 96X (k) T X ()
3 Assuming the boundary convention X(tk) =0fork=0ork=n.
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PROOF. Let’s first assume that X(k+1) > X(tk) > X(k " The

xt
event {X(} = X{,,,,
smaller or equal to k adopts the value of rank strictly larger than k

(see Figure 3 for a clear visual explanation). Therefore, by Lemma 4.1,

} happens if and only if an agent with rank

we have

k n
PX( = Xy 1 X I

i=1 Jj= k+1

k(n—k)

=he. (1)

t+1 _ yot
On the other hand, the event {X(k) X(k 1

if an agent with rank larger or equal to k adopts the value of rank
strictly smaller than k. We obtain

} happens if and only

n —

t+1 t] _ N o (n=k+1)(k-1)
P[X(k) X 1)|X]_Zsz (i) = pr———
= fr- @
Since only one agent updates per round, we have that
t+1 t ] -
BIX(E =X =1 - b=
This concludes the proof of Lemma 4.2 le(k p < X(tk) < X(tkﬂ).
If instead we have X! (k-1) = X k) < ( k+1) the event
t+1 ¢
(Xt =X |

happens if and only if an agent with rank smaller or equal to k
adopts the value of rank strictly larger than k, as before. Otherwise

; 1 _ ot ;
we will always have X *) =X (k=1)" Therefore, we obtain

[Xt+1

*) | 7'?] = (1= hi)X{g) + X (i)

:ka(k_l) +9kX(k) +th(k+1).

Other cases can be computed similarly. This concludes the proof of
Lemma 4.2 in the general case. O

t t t t t
Xs) Xy Xz X2 X(n)

HEVERENEN

N
[s]e]a]3]:]
X XG5 XG0 X5 X

Figure 3: The agent at rank 1is activated and adopts the value

We observe the event {X“r1 Xt } fork=1,23.

(4) (k) (k+1)

In the next lemma, we use the tower law for conditional expec-
tation in order to compute the expected value of the order configu-
ration after ¢t rounds.
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LEmMMA 4.3. Let P be the following tridiagonal stochastic matrix

'91 f2 0 .. 0]
hi 92 f
P= 0 hy g3 " 0
S T
I 0 A 0 hn—l 9n]
We have
t 0 pt
E [Xord] XordP .

Proor. We prove the claim by induction on t > 0. For t = 0, the
statement is clearly true. Assume E [X ; . d] = Xgr dPt . We obtain

[Xé:r;] =E[E [X;;r; | X;rd” (by law of total expectation)
=E [ ord ] (by Lemma 4.2)
=E[x! o d] -P (by linearity expected value)
= Xgr d P (by inductive hypothesis)

This concludes the proof of Lemma 4.3. O

In the following lemma, we fully characterise the density distri-
bution of the ordered distribution after ¢ rounds as function of the
matrix P. Recall that we assume that there are no ties in the initial
configuration.

= X0

- t
LEMMA 4.4. Foralli, j,t, P [X( ()

-7

Proor. Fix i and t. We prove that, P [ = X?J)] = PJt ;- for all
Since the dynamics

(n) }. Therefore,

Jj € [n]. Define e; := P [X(l) Pt

never creates new values X

(J)
e {X(l)

Xy me [(z)

On the other hand, by Lemma 4.3,

ty ..
ZXm(P )ji-

Subtracting the two identities gives
n
0, _
2 X =0
J=1

Now let YO be another initial vector, and let Y? be the correspond-
ing evolution. Coupling the two processes with the same random
choices, the rank ancestry of the process is the same for X° and Y°,
since the update rule depends only on comparisons and copying.

Hence
p[vE) =0 =P |xg = xp, |

for all j € [n]. Applying the same expectation identity to Y° gives

n

0 o =
ZY(j)e] = 0.
J=1

(J)]

(l)

1)

@)
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Subtracting (2) from (1), we obtain

n
0 0
(X(jy = Y(j)es = 0. ®)
=1
Fix j € [n]. Choose Y° such that
0 _ 40 :
Y([) —X([) forall ¢ # j,
and choose Y(Oj) + X?j) while preserving the strict order. Namely,
if 1 < j < n, choose X?j—l) < Y(Oj) < X?j+1); if j = 1, choose

0 0 . = 0 0
Y(l) < X(z)’ and if j = n, choose Y(n) > X(n_l).
Then (3) becomes
0 0 L=
(X(;) = Y0j))ej = 0.

Since X0 # Y0, we get ej =0.
() ()
As j was arbitrary, this shows that
t  _ 0 _ ty ..
B[t = x| =
for all i, j, t. m]

In order to explicitly compute the fixation probabilities we need
to compute P%; for t — co. In the next lemma we analyse the
Markov chain associated to the matrix P.

LEMMA 4.5. A Markov chain with transition matrix P is aperiodic
and irreducible. Its unique stationary distribution r is
(1-p)p"*
1-p"

5

forallk € [n].

ProoF. Since p € (0,1), hy > 0 for all k € [n — 1]. It also holds
that fi > 0 forall k = 2,..., n. Therefore, the off-diagonal entries
of the transition matrix are positive and the chain is irreducible.
We have that

2
n®—(1+p)k(n—k)+pn—-2k+1)
G=1-fr—h = o
. n? —2k(n—k)+p(n—-2k+1)
3 )

n
where we used that the expression is decreasing in p € [0, 1]. The
latter expression is minimised for k = (n + 1) /2, therefore

n+1

gk z =5 >0

for all k € [n]. This implies that the transition matrix has positive
diagonal entries and therefore that it is aperiodic. If 7 satisfies

]%nk. Note that

Il" Unfolding the recurrence yields a product formula: ;. =

the detailed balance equation, it holds m;,; =

e _

Jenr k-1
bint Hﬂ?;ll IlJ =m (l) = ﬁlp_(k_l). Since 7 is a probability

p
1 k-1
—) , and

distribution, we have 1 = Yre[n] Tk = 71 Xke[n] (p

(1-p)p"! (1=p)p"*
1-p™ 1-pm =

Now we have all the tools to compute the fixation probabilities.

therefore m; = and 7 = O

PROPOSITION 5. The Copy-OorR-MAx dynamics converges to the

(-p)p"*

k-th smallest initial value with probability i=pm
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ProoF. In Lemma 4.5 we obtained that the left 1-eigenvalue of
PT is 7. By the fact that PT is stochastic, its spectral radius satisfies
p(P) < 1. Since by Lemma 4.5 PT is aperiodic and irreducible,
we can apply the Perron-Frobenius theorem to obtain that the
eigenvalue 1 is simple and strictly dominant, and therefore we

obtain PJt.l. o, wj, for all i, j € [n]. By applying Lemmas 4.4

and 4.5, we conclude that P [X([i) = X?j)] t_)—oo> 7j. Note that the

Markov chain describing the opinion dynamics of the whole system
has n absorbing states, each corresponding to the convergence to
one of the initial values. As there exists a sequence of events with
non-zero probability leading to consensus to the k-th value from
the initial configuration, the probability of reaching consensus to
the k-th value is 7y, concluding the proof of Proposition 5. O

4.2 Geometric Distribution in Weighted
Population Protocol

Now consider the weighted graph G, with non-negative weights
matrix (wi, j) ijeln]” In this setting, in each round t € N, an oriented
edge (i, j) is activated with probability proportional to w; j. From
the dynamics perspective, this activation represents node i sampling
node j.

In this section, we extend the results of the previous section
by showing that the same fixation probabilities hold when the
underlying graph is connected and is a circulation, which we define
below.

DEFINITION 4.1 (CIRCULATION [37]). A weighted directed graph is
called a Circulation if for all nodesv € V the incoming flow equals
the outgoing flow of v, i.e. it holds

§ Wy = § Wo,u-

uev uev

This includes, in particular, all undirected weighted graphs. From
the definition of circulation we deduce the following stronger prop-
erty.

LEMMA 4.6. G is a circulation if and only if for all S C V, the
incoming flow equals the outgoing flow of S, i.e. it holds

3 S o= 3 v

ues vgS ues v¢S

Proor. For all v € V, by setting S = {v}, we have that

Z Wy, = Z Wou Z Z Wy = Z Z wou, (3)

uev uevVv ues v¢S ueSs véS

proving that if for all S € V the incoming flow equals the outgoing
flow of S, G is a circulation. We prove the reverse by induction on
|S| > 1. The case |S| = 1 follows from Equation (3). Let z € S, we
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have

Z Z (Wu,v - Wv,u)

UuesS vgS

Z Z (Wu,v - Wv,u) + Z (Wz,v - Wv,z)

ueS\{z} v¢S ¢S

(Wu,v - Wv,u)
ueS\{z} v¢S\{z}

- Z (Wu,z - Wz,u)

ueS\{z}
+ Z (Wz v Wu,z)
v¢S
(2 Z Wzu Z Wu,z
ueV\{z} ueV\{z}
(2) Z Wzu — Z Wu,z
ueVv ueVv

w,,

where in (i) we used the inductive hypothesis, in (ii) we added
and subtracted w; , while in (iii) we applied the definition of
circulation. This concludes the proof of Lemma 4.6. O

The following lemma can be interpreted as a generalisation of
the ergodic theorem for non-homogeneous Markov chains. While
the classical theorem guarantees convergence to a stationary distri-
bution for a single fixed transition matrix, this result extends that
property to a dynamics system in which the transition rules may
change over time.

LEMMA 4.7. Let {P(t) }tEN be a set of stochastic matrices such that
it satisfies the following properties:

i) Forallt € N, P js aperiodic and irreducible.
ii) The cardinality of{Pm }tEN is finite.
iii) There exists a vector m which is a left 1-eigenvector ofP(t) for
allt e N.
iv) There exist a non-singular matrix D such that

H® =p~1pWp
is a symmetric matrix for all t € N.

For all probability vectorv € R", it holds

T

I_[ P(t) =II.

t=1

lim o
T—+00

Proor. By Item iii), we have that xP)D = 7D, and therefore
xDH®) = zpp~1p)p = 7D, or in other words, 7D is left 1-
eigenvector of H () forall t € N. Given a probability vector v € R",
we can write oD = 7D +6, with § € R? s.t. (D, §) = 0. This implies
that, by the spectral theorem, § Hth_ll H® js orthogonal to 7D for
all T € N. Therefore, if v1,0y,...,0, are orthogonal eigenvectors
of HT) (corresponding to |A§T)| > |/1§T) | > ... > I/I,(1T)| real

eigenvalues), then § HtT:_11 HO = 21, civ; for some coefficient
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¢; € Rand we obtain

L (£)
5| |
)

h

=2
Z Ci/li(T)Z)i

i=2
T-1
s[|H®

t=1

Civi) HD

I -

4

<P

Since D is non singular, v = 7 + 8D~1, and we write
T T
v(l_[ p® sD7! (ﬂ p®
t=0 t=0
T
HH(t))
t=1
I
5 H(t))
t=1

@
< sl | Tiag
t=1

(g)

D -nD D

® s

©
< ]

©)

where in equation (a) we used Item iii), in equation () follows
from Item iv), (c) holds by Equation (4), and (d) follows iterating
the step. By Item iv), H®)s eigenvalues are the same as P, By

Item i), /lgn < 1for all t € N. Moreover, by Item ii), we have that

Ay = Sup; s Agt) < 1. This fact, together with Equation (5), implies
that

lim D —nD
T—+c0

< lim |A|T|18] = 0.
T—+o0

T
v (1_[ p®

t=0

This implies that v (HtT:o P(’)) D — 7D — 0 and, since D is non-

singular, that v HtT:o Pt 5 o g

ProposITION 6. The Copy-oR-MAx dynamics over a graph G con-

(a-p)p* if

verges to the k-th smallest initial value with probability T=pm

and only if G is connected and is a circulation.

Proor. Given a configuration X ér o relabel at every round the

nodes so that node i holds the value X*

(i) By using the same notation

of Lemma 4.1,

1 o .
q(t)— Wit,jW if j>i
L wl{j% ifj < i,

where we define W = }; jc(n) wl.tj. We can now compute, as in
Lemma 4.2,

) k-1 »
t
f}c = Wlt,]_’

D_ 1
=2 Wij

i=1 j=k+1

2

n
i=k j=
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and g(t) - fk([) - h](:), For all rounds ¢ > 0, let P(*) be the
followmg trldiagonal stochastic matrix
0 0 ]
AONPCIN
t) - .
PO = I "
. . (t)
\ (t) 'Et)
I 0 e 0 hn 1 9n |

Similarly to Lemmas 4.3 and 4.4 we obtain that , for all i, j, t,

t—1

P|x(y =X0)) = ([]P“ﬁﬂg

s=0

(6)

We prove the two implications separately.

Connectivity and circulation imply geometric fixation
probabilities.

Since the probability distribution of the final state is expressed as
a product of matrices, our goal is to show we can apply Lemma 4.7

to {P(t)T}teN'

Item i) To prove that the matrix is aperiodic we show that

g](ct) > 0 for all t € N, k € [n]. By the fact G is a circulation and by
Lemma 4.6, we have that

i=k J
Therefore, using again the fact G is a circulation, we obtain that

}:«v =W. (7)

i,je[n]

gD =1 fO
n k-1
:1—2 w
i=k j=1
>1- 1P
2
>0,

where in the last two inequalities we used Equation (7) and the fact
p<Ll

To prove that PO s irreducible for all ¢ >

fk(f_i,h(t) >0forallt >0,k €

that there exist t > 0 and k € [n — 1], such that h](:) = 0. By

0, we show that
[n — 1]. By contradiction, assume
definition of hl(ct)’ since p > 0, this implies that Zle ;'l=k+ ) Wit,j =
0. By the fact G is a circulation and by Lemma 4.6, it follows that
Zk 27 k+1 . > 0 for all i, j € [n], this implies
that w =0forallie [k], j € n\ [k], which means that

[k] and n \ [ ] are two disconnected components of the graph G,
contradicting the fact G is connected. The same argument can be

applied to fk(:_i

Item ii) {P(S) } -

5=0,...,
termined by the relabelling of the nodes, which are at most n!.

= 0. Since w

is finite as each P(5) g is uniquely de-
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Item iii) For all t > 0, by the fact the matrix w is a circulation
and by Equation (3) with S = 1, ..., k, we obtain

k n
PIDIRS
i=1 j=k+1 i=k+1 j=1

T
Therefore we obtain that for all t > 0, P()" admits a solution to

the detailed balance equation

(t) wt L
Thet1 h Z ] =k+1 Vi j W 1
_ﬂk __(t) n Zk wa 21—7, 3)
fk+1 i=k+1 <j=1 "i,j W
_ n-k
with solution the vector 7 that satisfies 73 = a 111 );,, .misal-left

eigenvector for P®) forall t > 0 (Item iii)).

Item iv) Let D the diagonal matrix such that Dy ;. = /7 for all
k € [n]. By using Equation (8), we can check that D_lP(t)TD is
symmetric for all ¢ > 0.

We can now apply Lemma 4.7, and we obtain that

t—1
(HP(S)) = 7j.
Jsi

s=0

xt o =x0

lim P (i) (J)]

[ = lim
t—+00

t—+o0

Note that the Markov chain describing the opinion dynamics of
the whole system has n absorbing states, each corresponding to
convergence to one of the initial values. As there exists a sequence
of events with non-zero probability leading to consensus to the
k-th value from the initial configuration, the probability of reaching
consensus to the k-th value is 7z, concluding the first part of the
proof of Proposition 6.

Geometric fixation probabilities imply connectivity and
circulation. If the graph is disconnected, convergence on a single
value can’t be reached starting from a configuration with all dif-
ferent values, meaning that geometric fixation probabilities imply
that G is connected. By Equation (6) and since we are assuming
that the process has geometric fixation probabilities, we have that
there exists a N € N such that, forallt > N

t—1 _ n—j
| _ _ _@Q-pp
plxt) =x, | =[1p9] = =
=0 B p
It

This implies that we have

T

| |
=|pN) gz p(N),

. :p(N).(
| |

N-1
1_[ p(S))

s=0

. . . T
which means that 7 is a 1-left eigenvector of PN~
T

Moreover, we have that a 1-left eigenvector of PN mustbe a

solution of the detailed balance equation, Equation (8). In fact, the

. . T . .
eigenvector equation xTpWN)* = ;T implies, for every k € [n],

T T
T = ”k—lh;i : +71k9,(C ) +ﬂk+1fk+1,
with the convention that s, h(()T), (T), Tp+1 ,h(T) fn(+T1) = 0. Since

f(T) h(T), we rewrite this as

e (f7 + 1) = me_ b D+ e 11,
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Now define for all k € [n] the local flux Ji = ﬁkh( ) ”k+1fk+1
We can rearrange the previous equation and obtam that

Je-1=Jk

showing that the flux Ji is constant across all edges. At the bound-
ary, by definition we have Jy = J, = 0, which forces Ji = 0 for all
k € [n]. Therefore, Il'kh( )= nk+1f( ) for all k € [n — 1], which is
exactly the detailed balance cond1t1on

for all k € [n],

(T) wi L
”k+l _ h Z ] =k+1 Vi,j W
P (T) n kot 2
k fk+1 i=k+1 Z] 1 Wz w
The+1 1

Since ==

, we deduce that
me T p
n

>3

i=1 j=k+1 i

k

2.V

1j=1

i
*M=
7

for all k € [n], which, by Lemma 4.6, implies that G is a circulation.
O

4.3 Proof of Theorem 1

Theorem 1’s statement about fixation probabilities follows trivially
from Proposition 5 and Proposition 6. The proof of the convergence
time is deferred to the full version of the paper [3].

4.4 Fixation Probabilities for Order-Based
Dynamics

In this section, we show that the technique used in Section 4.1 can
be applied to a more general class of dynamics.

DEFINITION 4.2 (ORDER-BASED DYNAMICS). Let X be an arbitrary
configuration of the system with all values distinct. Let i, j € [n],
and denote by S; j the event “the agent holding the i-th ranked value
is activated and adopts the j-th ranked value in X”. We define an
Order-Based dynamics as a protocol for which there exists a function

q:[n] % [n] = [0,1] st
g =P[s,]. > > qi=1
i€[n] je[n]

In other words, the first conditions means that P [Si, j] is a func-
tion of the ranks i and j only, and not of the actual values in the
system. The second condition guarantees that the agent adopts a
value already present in X.

This class of dynamics encompasses a wide range of protocols.
In the following statement, we present several representative ex-
amples, without claiming to exhaust all possible protocols that fall
within this class.

Fact 4.1. Consider any protocol P where, at each round, an agent
is activated uniformly at random and observes its own value Ys, f
and that of h — 1 values from the current configuration chosen inde-
pendently and uniformly at random. Let Y1 < Yo < -+ < Yopp <

- < Yy, be the observed values, ordered increasingly ( with ties bro-
ken arbitrarily), and assume that the agent adopts opinion Y with
probability depending only on j. Then, P is an Order-Based Dynamics.

433

PODC °26, July 6-10, 2026, Egham, United Kingdom

THEOREM 7. Consider an Order-Based dynamics such that, for all
k € [n— 1], satisfies

n k
> >lgi >0

i=k+1 j=1

k n
:Z Z q;(i) > 0.

i=1 j=k+1

fee1 =

We have that the configuration eventually converges to the k-th small-
est value of the initial configuration with probability . defined as
-1

n k-1 h k-1 he
1 1
m = - , M= —, forallk=2,...,n

4.5 Binomial Distribution

In this section, we apply the general result obtained for Order-Based
Dynamics in Section 4.4 to the Biased Median Dynamics. Given n
agents with initial values Xi) <o < Xg, in round ¢, an agent u
is drawn uniformly at random. This agent samples uniformly at
random an unordered pair of agents (v, s) (v and s may be equal):
agent u updates based on m = median(Xy, Xy, Xs). The update rule
is as follows for p € (0,1/2]:

e Larger median: If m > X}, set X! < m.

e Smaller median: Otherwise (m < X}), w.p. %, set X!

m.

LEMMA 4.8. Leti, j € [n] and denote by Sitj the event "At round t,

the agent with i-th rank value activates and adopts X(tj ". Consider a

configuration Xérd s.t. X(t H # X(tt,) forallt # j. We have that
2(n—j)+1 r s
= ifj>i
qj(i) =P [St; | X4l = PN 2l
J [ ij ord] (%) ],131 ifj <i.
4.6 Proof of Theorem 2
Proor. We can compute, as in Lemma 4.2,
) n k-1 " k
¢ ; t ;
=300, R Z 910,
i=k j=1 i=1 j=k
andg(t) 1- f(t) h(t) Using the results of Lemma 4.8 we obtain
; 2
(:) ZZ (2}—1):( p )(n—k+l)(k—1)
_ 3 _ 3
praler 1 n 1-p n
k n . 2
) _ 2(n—j)+1 _ k(n-k)
hk - Z Z n3 - n3 ’
i=1 j=k+1

We compute, for all k € [n — 1]
_h_k_(l—p)n—k
Jier1 p k-’

1-p
p

Te+1
T

which implies that

T =71 (
i=1

whose only solution s.t. ! | 7w = 1is 7 = (%= 1) n=k(q - p)k-1,

In order to show that this is the unique stationary distribution for a

Markov chain with transition matrix P, we prove that P is aperiodic

and irreducible by showing that for all i, js.t.|[i — j| < 1, P;j > 0, as
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in Lemma 4.5. Since p € (0,1/2], fry1,he > O forall k € [n—1].
We can assume that g > 0 for all k € [n], as if it wasn’t the case
we can consider a lazy version of the biased median and obtain the
same fixation probabilities. As in Proposition 5, we can conclude
that the Biased Median dynamics converges to the k-th initial value
with probability m = (- 1) n=k(1 - pyk-1, ]

4.7 3-Majority Fixation Probabilities in Binary
Setting

In this section, we prove Corollary 4. We introduce and analyse a
variant of the Median dynamics, that we call Self-Excluding Median,
in which each agent samples three opinions uniformly at random
from the system and adopts their median (without necessarily in-
cluding its own current opinion among the samples). Because this
dynamic coincides with 3-MAJORITY in the binary setting, establish-
ing its fixation probabilities directly yields the proof of Corollary 4.
Given n agents with initial values X? < -+ < XY, in each round
t, an agent u is drawn uniformly at random. This agent samples
uniformly at random three agents (s, v, w) (s, v, w may be equal):
agent u updates to m = median(Xs, Xy, Xw)-

LEMMA 4.9. Leti, j € [n] and denote by St the event "At round t,
". Consider a

() -
¢Xt)forall£’ # j. We have that

the agent with i-th rank value activates and adoptsX

t
stX()

configuration Xg

6n]—3n—6] +6]—2
n4

(i) =P [sf | xt ]

THEOREM 8. The Self-Excluding Median dynamics on the clique
converges to the k-th smallest initial value with probability

I'(n+2) n—1 n 3n

Fn+ 1T (5 +
Proor. We can compute as in Lemma 4.2,

n k n
£ = ZZ%@ B =313 g0,

i=k j= i=1 j=k+1

() _

and g f(t) h(t) Using the results of Lemma 4.9, we obtain

k-1
= (-k+1) Y 450
7=

_(n—k+1D)(k- 1)2(3n -2k +2)

n4
n
t .
m =k > g0
Jj=k+1
B k(n—k)?(n+2k)
= T

We compute for all k € [n — 1]

eyl =h_k: k- (n-k)?(n+2k) _ (n—k)(n+2k)
Tk fim1  (n—k)-k2(3n-2k) k(3n - 2k)
Then for k € [n],
k=l n—j n+2j
Tk ZHIQ 1_[ 3n—2J
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The products simplify to

kiln—j_ n-1
i \k-1/p

j=t
’ﬁl n+2j :’I—[l S+J _T(§+k).F(37"—k+1)
— 927 3 n 3 :
j=1 3n-2j j=1 3o I(g+1) r'(3)

Therefore, for k € [n], we have
1(n-1 n 3n
T = E(k_l)l“(5+k)l“(?—k+l),

T(2n+))T(2+1)° ..
L@nDT(+1) is the normalising constant.

where Z = T(n+2)

5 Conclusion and Future Work

In this work, we have explored the interplay between computa-
tional dynamics and order statistics, demonstrating that simple
memoryless protocols can be designed to "sample" from specific
distributions over initial values. We introduced two such protocols:
Copy-or-Max, which follows a geometric law, and Biased Median,
which achieves a binomial distribution. Furthermore, our analysis
showed that variants of these dynamics, such as 3-MAJORITY, can
even realise more complex distributions like the Beta-Binomial law.

Our central technical contribution is the development of a novel
rank-indexed analysis framework. By identifying a linear rank-
ancestry process underlying these non-linear dynamics, we provided
exact closed-form characterisations of fixation probabilities. This
technique not only bridges the gap between distributed consensus
and order statistics but also extends the state-of-the-art for clas-
sical models like the Median protocol. Furthermore, our findings
on weighted population protocols reveal a surprising generality:
geometric fixation probabilities persist on any graph satisfying a
simple circulation condition, including all regular and undirected
weighted graphs.

From a practical perspective, we leveraged these dynamics to
design a broadly applicable algorithm for the Top-k problem, which
operates correctly even in general graphs where prior gossip-based
approaches may not apply. Several questions naturally arise from
our work. First, it is natural to ask which other families of distribu-
tions can be realised through simple, memoryless local interactions.
In particular, are one-sample dynamics fundamentally limited to
producing uniform or geometric fixation distributions (or variants
thereof)? Second, what is the robustness of these protocols under
noisy communication or in the presence of Byzantine agents?

We introduce a rank-based analysis framework that turns local
update rules into analysable rank dynamics, and we believe that
it has the potential to uncover further connections between local
update rules and emergent global statistical properties.
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