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Abstract

We use a function field version of the circle method to prove that a positive proportion of elements in F [¢]
are representable as a sum of three cubes of minimal degree from Fy [¢], assuming a suitable form of the Ratios
Conjecture and that char(F,;) > 3. The analogue of this conjecture for quadratic Dirichlet L-functions is known for
large fixed g, via recent developments in homological stability.
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1. Introduction

A folklore conjecture in number theory states that any k € Z, not congruent to +4 modulo 9, admits
a representation as a sum of three cubes of integers. The state of the art around this difficult problem
is summarised in recent work by Wang [57], where a modern form of the circle method is developed
to prove the conjecture for a positive proportion of integers k. Wang’s work is highly conditional,
depending on an automorphy conjecture and GRH for certain Hasse—Weil L-functions, as well as the
Ratios Conjecture from random matrix theory and a Square-Free Sieve Conjecture [57, Conjecture 1.6].

In this paper we investigate the analogous problem over the function field K = F,(¢), with the aim
of removing as many of the hypotheses as possible from [57]. Let O = F, [¢] denote the ring of integers
of K and let k € O. In stark contrast to the case of Z, when char(F,) # 3 and g ¢ {2,4,7, 13, 16}, Serre
and Vaserstein [51, Lemma 1] have explicitly constructed linear functions a;k + b;, with a; € IF; and
b; € Fy, such that

Z (aik +b;)3 = k.

1<i<3

Vaserstein also gives more complicated polynomial constructions if ¢ € {7,13}. In each case, the
degrees of x,y,z € O solving x* + y* + z3 = k are > deg k, whereas one might hope for solutions of
degree ~ % deg k. Also, [51] only constructs a bounded finite number of solutions for each k, and thus
it remains open to produce an infinitude of solutions, or even a number of solutions tending to infinity
with deg k.

According to [24], when g = 16 there is no known polynomial construction, but a direct adaptation
of [15, Lemme 4.5] shows that there are no local obstructions to the representation of k as a sum
of three cubes from O and so it is natural to conjecture that most, or perhaps all, k € O admit
such a representation. When g € {2,4}, there are local obstructions at places of residue cardinality
4, because all cubes in F4 lie in the proper subfield F,; but most, or perhaps all, k € O may still
satisfy the Hasse principle, with a positive proportion then being representable. If char(F,) = 3, then
{x*+y3+ 23 1 x,y,z € O} has density 0 in O, however, because x> + y> + 23 = (x + y + 2)°.

To each smooth hyperplane section c1x; + - - - + cex¢ = 0 of the hypersurface

x? +- 4 xg =0
in Pﬁ(, forc = (cy,...,c6) € 0%, we shall see in § 3 that we can associate a Hasse—Weil L-function
L(s, c¢) over K. Thanks to Grothendieck and Deligne [20,27], we know that these L-functions are actually
rational functions of ¢~ that satisfy the Grand Riemann Hypothesis (GRH); that is, their zeros lie on
the line R(s) = % Our main result relies on mean-value statistics of the ratio 1/L(s, ¢) over boxes of
vectors ¢ € O%; we need an asymptotic formula for

1
Z L(s1,¢)L(s2,¢)’

OG
deg(ci),...,deg(ce)<Z

as Z — oo, where the distance from R (s1), R(s2) to % is sufficiently small compared to the quality

of the error term. This is given by Conjecture 3.6 (R2), a special case of the Ratios Conjecture. The
following is our main result.

https://doi.org/10.1017/fms.2026.10259 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10259

Forum of Mathematics, Sigma 3
Theorem 1.1. Suppose char(F,) > 3 and assume the Ratios Conjecture 3.6 for L(s,c), as ¢ € O°
varies. Then each of the following sets has positive lower density in O.

1. {F*+y3+2%:x, v,z € O monic}.
2. {k : x> +y?+ 73 = k is soluble in O with max {degx, degy, degz} < |'de3gk'|}.

We remark that deg (x> +y3 +z%) = 3 max{degx, deg y, deg z} for all monic polynomials x, y, z € O,
when char(F,) > 3, whence the setin (1) is a subset of the setin (2). In parts (6) and (7) of Theorem 11.1,
we will strengthen Theorem 1.1, showing that we can take x, y,z € O to be monic polynomials lying
in any fixed subset of O of positive lower density. Throughout this paper, we think of g as being fixed.
Thus all implied constants, and unspecified positive densities, are allowed to depend on g.

The set in (2) is known in Waring’s problem as the set of strict sums of three cubes, in the sense of
Carlitz [23, p. 2964]. We have already seen that the conclusions of the theorem are false if char(F,) = 3,
where the sets in (1) and (2) have density 0. If char(F,) = 2, then most of the proof of Theorem 1.1 still
goes through, but some of the ingredients would need to be modified. We shall comment further on this
in§11.

The Ratios Conjectures were originally stated for automorphic L-functions over Q by Conrey, Farmer,
et al. [16,17]. Their natural extension to F,(¢) has been explained by Andrade and Keating [2]. The
precise form of the Ratios Conjecture we need will be presented in § 3. It is plausible that the homological
stability framework of Bergstrom, Diaconu, Petersen and Westerland [5], together with Miller, Patzt,
Petersen and Randal-Williams [43], could eventually resolve the particular form of the Ratios Conjecture
needed in the present paper, for sufficiently large values of g. We defer the details of this to § 11.2,
where we shall define a g-restricted form of the Ratios Conjecture, together with a strengthening of
Theorem 1.1, in the shape of Theorem 11.1. Still working under the Ratios Conjecture, one can show
that the set

{k : x> + y> + z* = k is soluble in © with max{deg x, deg y, deg z} < de3gk + A}
has lower density approaching 1 as A — oo, by adapting the proof of [54, Theorem 1.6]. Moreover, one
can show that this set has upper density < 1 for any fixed A € R, by adapting local density arguments
of Diaconu from [21, §1]. Both tasks are deferred to the sequel [8], in order to keep the present paper
as clean as possible.

The Ratios Conjecture has already found application in the theory of rational points on elliptic curves
over K. Thus, following the work of Katz—Sarnak [36], and Conrey et al. [17,18], it has been shown
that Goldfeld’s Conjecture follows from the Ratios Conjecture for a suitable family of elliptic curve
L-functions over K. This conjecture states that there is a density % of curves with prescribed analytic
rank r € {0, 1}, and therefore implies the Birch and Swinnerton-Dyer Conjecture (BSD) for a density 1
of curves. Whereas L-function ratios are directly related to analytic ranks and BSD, their connection to
integral points and sums of three cubes in Theorem 1.1 is much less direct.

Our proof of Theorem 1.1 uses the second moment method and requires a detailed analysis of the
counting function

N(P)=#{x € O°:xj+--+x3 =0, |x| = = |xg| =PI}, (1.1
for given P € O, where | - | denotes the usual absolute value on K. We shall be interested in the size of
N(P) as |P| — oo. The Batyrev—-Manin Conjecture suggests that an asymptotic formula of the shape
N(P) ~ ¢|P)? should hold, for a suitable constant ¢ > 0. The best progress towards this is to be found in

recent work of Glas and Hochfilzer [26], who use a function field version of the circle method to prove
that

N(P) = 0(|PI*®), (1.2)
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for any £ > 0, assuming only that char(F,) # 3. It is worth emphasising that this bound is completely
unconditional, unlike the parallel picture over Z, where the pioneering work of Hooley [29,33] and
Heath-Brown [28] is conditional on GRH. Assuming that char(F,) > 3, our proof of Theorem 1.1
entirely rests on our ability to remove the & from the upper bound (1.2). Ultimately we shall only
manage to do so at the cost of assuming the Ratios Conjecture for the Hasse—Weil L-functions L(s, ¢),
as ¢ € O° varies. In fact, L(s, ¢) is only defined for generic vectors ¢, whereas we shall be able to handle
the contribution from nongeneric vectors unconditionally, finding that they encode special subvarieties
that contribute to N (P).

Our argument will broadly follow the path laid down by Wang [57] over Z, but with a variety of
differences and refinements, some of which we have chosen to highlight here.

1. The L-functions L(s,c) carry less information over F,(¢) than over Q, since g-adic sums of lo-
cal coefficients are collapsed into single global coefficients. Nonetheless, these are still the only
L-functions that we need in our analysis, provided we choose our weight functions carefully, as
suggested in the next item of this list.

2. Inorder to avoid introducing character twists as in [12], which would enlarge and complicate the form
of the Ratios Conjecture needed, we restrict the class of weight functions that we use. This allows us
to cleanly factor out the relevant oscillatory integral using symmetry ideas of Glas—Hochfilzer [26].

3. The precise automorphy hypotheses and Square-Free Sieve Conjecture required in [57] become
unconditional over F,(¢). For the former, we use Poincaré duality to carefully produce poles of
exterior square L-functions. For the latter, we use an argument of Poonen [45] on square-free values
of multivariate polynomials.

4. In Theorem 7.2 we prove a simple version of the Ekedahl sieve in positive characteristic for square-
free moduli, which is sufficient for the applications in this paper. (A general prime moduli version
for arbitrary global fields has been worked out by Bhargava—Shankar—Wang [7].)

5. The bias in exponential sums that was discovered in [56, Lemma 7.7] was only worked out for
diagonal cubic forms in six variables; in Proposition 10.6 we extend the argument to handle arbitrary
nonsingular senary cubic forms. This requires new geometric insight on quadric bundles, via work
of Beauville [4].

Working over function fields, it is also natural to ask what happens in the limit as ¢ — oo. In this
limit, methods of Coskun—Starr [19] on rational curves in cubic hypersurfaces come into play. It follows
from recent work of Kitagawa [38] that

N(P) _

im =53 =
g q°|P|
char(F,)#2,3

In addition, recent work of the second author [25] implies that N (P) <geg p ¢°|P)? aslong as char(F,) #
2,3, where the implied constant may depend on deg P but not on g. Combining such estimates for N (P)
with the second moment method, as in the proof of part (6) of Theorem 11.1, might then produce an
unconditional analogue of Theorem 1.1 in the large g limit. We leave the details to the interested reader.

2. Background

In this section we collect some basic facts about the function field K = F, (¢), which is equipped with
the ring of integers O = F, [¢]. Let K, = Fq((t‘l)) be the field of Laurent series in #~!. Let O* be the
set of monic polynomials r € O; this is analogous to the set of positive integers in Z. For M € R, we
shall write M := gM. Any @ € K, \ {0} can be written uniquely as

a= Z ait’, ay #0, 2.1)
i<M
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for some M € Z and a; € F,. Define |a| := M; then | - | naturally extends to K, the absolute value on K
induced by #~!. Moreover, K., is the completion of K with respect to this absolute value. The analogue
of the unit interval in K, is given by

T:={a@ € Ks: |a| < 1}.

Since K, is a local field, it can be endowed with a unique Haar measure da such that fT da = 1. We shall
extend the absolute value to K2 by || := maX<;<,|a;| and the Haar measure by de := de; - - - day,, for
a = (ay,...,a,) € KZ. Finally, for each prime @ € O, we have an associated absolute value | - | on
K, given by |a|o = g7V= (@42 @ We denote by K, the completion of K with respect to this absolute
value and we write O = {a € K : |a|o < 1}

Farey dissection

Dirichlet’s approximation theorem holds over K. That is, for any @ € T and Q € N := Z;, there exist
a € Oandr e O* with gcd(a,r) = 1 and |a| < |r| < Q such that |ra — a| < Q~'. By the ultrametric
property, this is enough to obtain an analogue of a Farey dissection of the unit interval

T = U u (¢ eT: [ra—al <0}, (2.2)
reO*  lal<|r|

|r|<Q ged(a,r)=1

for any Q > 1. A full proof of this fact can be found in [12, Lemma 4.2], for example.

Characters

For a € K, given by (2.1), we define

V: Ko > C% yla)=e

(TMFTW) (with p = char(F,))

and set (0) = 1, where as usual e(x) := exp(2nix) for x € R. It is easy to see that ¢ is a nontrivial
additive character of K, and that for x € K, and N € Z(, we have

/ Y(ax)da = N7l < N, (2.3)
la|<N-! 0 otherwise.

Note that if x € O, then (2.3) implies

1 ifx=0,
da =
/Tw(a/x) @ {O otherwise.

In addition, we will make frequent use of the following formula for exponential sums. If 7,a € O are
such that » # 0, then

1 ax 1 ifr]a,
7| Z "D( r ) B {O otherwise.
ERA

Poisson summation

We call a function w: K} — C smooth if it is locally constant. Denote by S(KZ,) the space of all smooth
functions w: K, — C with compact support. For such functions the Poisson summation formula [12,
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Lemma 2.1] holds in the following form.

Lemma 2.1. Let f € Koo [x1,...,Xx,] and let w € S(KZ,). Then we have
Y w@ur@) = Y, [ wu(s +e - ud
zeOn ceon VK&

Delta method

Given a homogeneous cubic polynomial F € O[xy,...,x,] and a weight function w € S(KZ,), we are
interested in the counting function

Np(w.P)= > w(%). (2.4)
1§(Ex()920

For a parameter Q > 1 to be specified later, we deduce from (2.2) and (2.3) that

Ne(w.P)= ' ZI|/|9|<|V|IQI S(a/r +0)do,

reo?* |al<|r

Irl<Q

where Z"alqu means that we sum over @ € O with gcd(a, r) = 1 only, and where

S(@) = > y(@Fx)w(x/P)

xeO"

for @ € T. As explained in [12, §4], we can use Poisson summation in Lemma 2.1 to evaluate S(6+a/r),

giving
NeeeP) =P Y i [ Y s .0, 5)
reo* 01<Ir|I7' O™ (eon
Irl<Q
where
. ’ aF(x)-c-x
NOEDIDY w(f) (2.6)
lal<|r|lx|<|r|
and
3 Pc-x
I.(0,¢) := w(x)y|0P F(x) + . dx. 2.7
Moreover, we will also consider averages of I, (6, ¢) of the form
I.(c) = / _ 1.(0,c)de, (2.8)
lol<|r|-tQ™!
in which case we may write
Ne(w, Py = [P" 3 1™ 3 Sr(e)lr(e). 2.9)
reO* ceOn
Irl<Q
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Ultimately Q will be chosen so that | P[>/ < Q .

The expression (2.5) is the starting point for our work and from now on we will mostly be concerned
with estimating the integrals 7, (6, ¢) and the sums S, (c). To keep notation simple, it is convenient to
introduce the normalised sum

SH(e) = Ir[ D25, c).

If r = ryrp, where both r;,r, € O are monic with gcd(r,r;) = 1, the Chinese remainder theorem
readily implies that

S, (€) = Sy, (€)Sr (©). (2.10)

Therefore the prime factorisation of r will play an important role in our analysis. The letter @ will
generally denote a prime in O*.

Notation

Whenever the letter F appears from now on, we take

F:x?+~~~+x

n*

with n = 6. However, we will often work with a general choice of n to clarify the nature of arguments.
Let

F*(c) :ﬂ(ci/zicg/%---iciﬂ) € Ole] @2.11)

be the (primitive) dual form associated to F; it has degree 3 - 272, Let V ¢ P"~! be the hypersurface
defined by F = 0. The dual form F* defines the dual variety V* ¢ P"~! of V, which parameterises
hyperplanes that intersect V tangentially. Alternatively, V* may be described as the closure of the image
under the Gauss map V — P"~! given by x — VF(x). From this description it is clear that

F(x) | F*(VF(x)), (2.12)
as an identity in K [x, ..., x,]. Let
So={ce€eO":F(¢c)=0}, Si={ceO":F(c)+0}. (2.13)
For each ¢ € &y, let
RS ={reO" :ged(r,F*(c)) =1}, RE={reO" :w|r=a|F()}. (2.14)

Given r € O* and nonzero B € O, we will sometimes write 7 | B* to mean that @w | r = @ | B. This
is equivalent to rad(r) | B, where rad(r) is the radical of r. In particular, we note that R = {r € O* :
rad(r) | F*(¢)}.
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To connect S, (¢) to Hasse—Weil L-functions, we define further quantities. Given a finite field &, let
V (k) be the set of k-points on the variety F(x) = 0 in Pz, let V. (k) be the set of k-points on the variety
F(x)=c¢-x =0inP}, and let

Ep (k) = #V(k) = #P*(k),  Ec(k) = #Ve (k) — #P° (k),
where #P9 (k) = ((#k)“*' — 1)/ ((#k) — 1). Next, let
Ej.(k) := (#0)EF(k),  EA(K) = (#k) 7/ Ee (k). (2.15)
For primes @ { c, it is known that
§%(¢) = E{(0/w0) - |w| ' PEL(0/w0); (2.16)

see [34, Lemma 7] for a general reference over prime fields, which carries over directly to prime-power
fields. Moreover, if @ 4 F*(c) then [12, Lemma 5.2] gives

Soi(c)=0 (I>2). (2.17)

Basic strategy

In order to analyse the quantity Ng (w, P), we will decompose the right-hand side of (2.9) into three
main pieces:

1. the contribution from vectors ¢ € S,
2. the contribution from the zero vector ¢ = 0, and
3. the contribution from nonzero vectors ¢ € S,

where the sets S and Sy are as in (2.13). The explicit definitions of these three pieces can be found in
(8.1),(9.1) and (10.1), respectively.

In the following proof sketch, we refer to each section either by its number, or by a representative
definition or result contained within it. Thus the paper can be read either linearly or by focusing on
particular sections of interest. The three pieces will be tied together in § 11.

The first piece will be handled by approximating S, (c) in terms of coefficients of Hasse—Weil
L-functions, which are analysed in § 3 using the Ratios Conjecture. In order to measure the quality of
the approximation, we construct various Euler products in Definition 4.1, whose coefficients we then
investigate using L-function techniques and other methods. This includes exponential sum estimates
such as Lemma 6.1, and moment estimates such as Theorem 7.1. The latter is based on ’Ehe Ekedahl
sieve. Finally, we will also need to show that the integral I,.(c¢) typically decays unless Q/|r| is very
small. This is achieved in § 5.

The second piece is standard and we will find that moduli r of small absolute value |r| dominate it.
This relies on the tail estimate Lemma 9.2, for suitable averages of S, (0).

The third piece is based on a conductor-dropping phenomenon on the set Sp. In general, S, (¢) would
be expected to vary wildly with ¢ and r. However, when ¢ is restricted to the set Sy, we will show
that S, (¢) typically resembles a coefficient of an Euler product that is independent of ¢. A key input
for this is Proposition 10.6, which establishes a certain bias in S, (¢) that we mentioned earlier in the
introduction. Using this bias, which is independent of ¢, we are roughly then left with summing the
integrals I, (¢) over ¢, which is achieved through the Poisson summation formula.

Technical results

We proceed to record some useful results that will often be appealed to during the course of our argument.
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Lemma 2.2. Let R > O and B € O\ {0}. Then
#{re O :r|B®, |r|=R} <. (R|B))*.
In particular, ifc € Sy, then #{r € RE : |r| = R} <, |c|*R".
Proof. %,1p= 1, 1-g < 2y~ (R/IF)® = R [T 5(1 - |@| )" <. R¥|B|*. O
Lemma2.3. I[fZ,R € Rand A, & > 0, then we have

> #rerE:< Ry <a, Z'R®. (2.18)

ceSy: |c\<2

Proof. By replacing A with [A], we may assume A € N. We now proceed based on the size of Z.If
Z < RA, we use Lemma 2.2. Now suppose Z > RA. Let = denote the left-hand side of (2.18). Since
A € N, we have

Y= Z Z 1= Z Z Lrad(ur-up) [F* (c) -

ceSy:le|<Z uy,....ua€RE up,...ua€0% ceSy: e |<Z
lui|<R luiI<R
Let k = rad(u; - --uy), noting that |k| < |u; ---us| < R* < Z. Breaking into residue classes modulo

k, we see that the inner sum over ¢ is at most

~ 7zn
#{ceS]:|c|<Z,csumodk}<<— Z 1.
|k|™
u mod k u mod k
F*(u)=0 mod k F*(u)=0 mod k

Since k is square-free, it follows from the Chinese remainder theorem and the Schwartz—Zippel lemma
that the sum over u is O(|k|"~'*%), whence

zn
T <L, Z
_|rad(uy - - MA)ll_g
Uu,..., upa€O*: |u; |[<R
Zn
D
NI -
reO*: |r|<RA Uup,..., ua€O*: lu; <R, u; |r®

Lemma 2.2 now yields

S<ae . Z'PTNRIFD® < ZTROADE,
reO*: |r|<RA

from which the statement follows on redefining &. O

At several points later, we shall require nontrivial bounds on certain level sets. Let K denote the
algebraic closure of K. For each place v of K, fix an embedding of K into the algebraic closure K, of
K, . The absolute value |-|,, on K,, extends uniquely to fv. Restricting from f‘, to E, we thus obtain an
absolute value ||, on K.

Lemma 2.4. Let B, A € R and z € K. Uniformly over places v of K, we have

#xecO:|x| <B, |x—zl, <A} <k 1+BY=]. (2.19)
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Proof. This is trivial if v = co. If v = @ # oo, we write Q, for the set appearing on the left hand side,
which we may assume is nonempty. Fix an element xy € Q, and note that [x — z|, < 1 & |x — xp], <
1 e @ | x —xg, where | := —|1/deg @] € Z. Hence we can write x = xo + yw' with y € O, to get

#Q, <#{ye O :|a|'|y - 20l < B},

where zg := —xo/@' € K. By the ‘v = oo case’ of (2.19), the desired result follows, since E/lel =
E/qldegw _ Eq(deg @) | A/deg @ | < E;l\ O

Lemma 2.5. Suppose f € K|[x] has leading term ax® with a # 0 and d > 1. Let B,A € R. Then,
uniformly over places v of K, we have

#xeO:|x| <B, |f(X)]y <A} <k d(1+BY (A/]al,)"9). (2.20)

Proof. We use the idea behind Lemma 1 of [10]. By replacing f with f/a, we may assume f is monic.
Let z1,...,z4 € K be the roots of f. Then

xeK:|f@)|, <A} C U {x €K :|x -zl <279},

I<i<d
Summing (2.19) over z = z; gives the desired result. O

Given f € O[x] and r € O*, let N(f;r) be the number of solutions x € O/rO to f(x) = 0 mod r.
Similarly, for g € O[yy,..., yu], define

N(g;r) =#{(y1,...,yn) € (O/rO)" : g(y1,...,¥n) =0mod r}. (2.21)

Lemma 2.6. Suppose f € O[x] has leading term ax? with a # 0 and d > 1. Then there exists Ag > 0
such that for any r € O we have

N(fir) < A7 ged(r,a) 1)) 222)
Moreover, if r is square-free then

N(fir) < d“"|ged(r,a)| <a,a.e Ir|°. (2.23)

Proof. By the Chinese remainder theorem it suffices to assume r = @’ is a prime power. Next, observe
that N(f;7) = N(f +rx%;r) and min(v & (a), v (a +7)) < v (r). Therefore, after possibly replacing
f with f + rx¢, we may assume that a | r. Then to get (2.22), we apply (2.20) with (B,A,v) =
(Ir], 7|, @), noting that |a|Z} = ¢"= @ = |a| = |gcd(r, a)|. Moreover, if [ = 1, then (2.23) holds
because N(f;w) < d |gcd(w, a)|. O

Before stating a useful consequence of this result, we first prove a technical result which allows us to
make a convenient change of variables.

Lemma 2.7. Let n > 1. Let S be a finite subset of O[y1,...,ya] \ {0}. Then there exists a =
(az,...,an) € O such that for all g € S, we have

deg, (a"g) = deg(a”g) = deg(g),

where a*g == g(y1,y2+ a2y1, .-, yn +any1) € O[y1,...,yul.

Proof. For each g € S, let hy € O[y1,...,yn] \ {0} be the leading homogeneous part of g, so that
deg hy = deg g and deg(g — hg) < degg. Then forany g € Sand a € R"! (for any K-algebra R), the
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desired property is equivalent to
he(1,as,...,a,) # 0.

But A is homogeneous, so this defines a nonempty open subscheme of A"K‘l. Since § is finite and 0"~
is Zariski dense in A'I‘(‘l, the lemma follows. O

Corollary 2.8. Fix a nonconstant polynomial g € O[y1, ..., yn], wheren > 1. Then there exists Ag > 0
such that for any r € O we have

N(gir) < A |- (dees)™

Proof. This is analogous to [44, Lemma 4.10] (in which the homogeneity assumed is unimportant). By
Lemma 2.7, we can make an O-linear change of variables in order to assume that deg,, (g) = deg(g).
Then (2.22) immediately implies the desired bound. O

Beyond Corollary 2.8, we need a strong estimate for square-free polynomials.

Lemma 2.9. Fix a nonzero polynomial g € Olyy,...,ynl, where n > 1. Assume g is square-free as an
element of K[y1, ..., yn]. Then there exists Ag > 0 such that for all cube-free r € O* we have

N(g:r) < AL |r" "

Proof. Assume r = @w'. When [ = 1, the Lang—Weil estimate for the quasi-projective variety g = 0
implies N(g; @) <, |@|"! = |r|"~!. When [ = 2, care is needed because K is not perfect. Nonetheless,
in [45, final paragraph of §7 (in “Proof of Theorem 3.4”)], it is shown that N(g; @?) <, |@|>2 =
|7]"~1. This completes the proof. O

Finally, we need an affine dimension growth bound available from [12].

Lemma 2.10 [12, Lemma 2.8]. Let B > 0. Any affine K-variety W (equipped with an integral model
over Q) satisfies #{y € W(O) : |y| < B} <w BdimW

3. Ratios Conjecture and applications

We start generally and then specialise. Let K*°P be the separable closure of K. Fix a prime ¢ # char(F,).
For a smooth proper K-variety X, define the {-adic cohomology

Hy(X) = H'(X xg K*P, Q).

This is an ¢-adic representation of Gal(K*?/K), pure of weight i by Deligne’s resolution of the Weil
Conjectures [20]. The exterior square representation A > Hj, (X), which will soon play an important role,
is pure of weight 2i.

In general, for an ¢-adic representation’ M of Gal(K*®P/K), pure of weight w € Z, we make the
following definitions.

1. Let M be the inertia invariants of M at v. Let a?w j(v) (for 1 < j < dim M'v) be the eigenvalues

of geometric Frobenius on M.
2. Letap,;(v) = ag/, j(v)/(#kv)w/z, where k, is the residue field of O,,.
3. Let

Ly(s, M) = [ [(1 = anr )k | ™)™
J

More precisely, M is a finite-dimensional Qg-vector space equipped with a continuous group homomorphism
p: Gal(K*P/K) — GL(M).

https://doi.org/10.1017/fms.2026.10259 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10259

12 T. Browning, J. Glas and V. Wang

be the analytically normalised local factor at v. Let

L(s, M) := I—[Lw(s, M)

(with @ # o0) and

Als, M) := ﬂ L, (s, M)

(including v = o), so that A(x) = L() Lo (x).

Let V and V, be the K-varieties in }P’% defined by F(x) = 0 and F(x) = ¢ - x = 0, respectively. Let
L(s,V) = L(s, H?(V)/H?(Ps)), and for ¢ € S let

L(s.c) = L(s,H}(V)), L(s.c. \*) = L(s, N> H} (Ve)).

Let ay ;(v), ac ;(v), a, A2 j(v) be the corresponding normalised eigenvalues. The local factors are

independent of ¢, by [35, Theorem 5.46], and the number of normalised eigenvalues in each case is

< (120 ) = 45, by classical Betti number calculations for smooth projective hypersurfaces over C, which

follow for instance from [3, Corollary 17.3.8].
For r € O*, define Ay (), Ac(r), A, /\2(1‘) to be the rth coefficients of the Euler products L(s,V),

L(s,c), L(s, ¢, \?), respectively. More precisely, for prime @ € O* let A,(w*) be the coefficient of
|@| 7% in L 4 (s, *), and extend multiplicatively to define A, (r) for r € O*. (We have to carefully define
A.(r), because for any w, @’ the sizes |w@|, |w’| are multiplicatively dependent.)

LetT = %. Note that ¢* is invariant under translation by iT, so

L(s,*) = L(s+iTZ, ). 3.1
Let {x (5) == [1o (1 = |@| ™)' = 3, co 7|7 = (1 = ¢'=%)~1. For later convenience we define
L(s,¢,2) := L(s,¢, A1)/ {k (5), (3.2)

and L, (s,¢,2) := L, (s, ¢, A*)/{x v (5).
Proposition 3.1. Let ¢ € Sy. Let L(s) be one of {kx(s), L(s,V), L(s,¢), L(s,c, A\?), L(s,¢,2). Let
A(s) = L(s) Lo (s) be the corresponding completed L-function.

1. There exist unique polynomials Py, Py, Py € 1+ zR|[z], where the roots of P; are complex numbers
of size q~'/?, such that

Pi(q™)
Po(q=*)P2(q%)"

2. deg Py, deg Py < 1 and deg P1 < 1 +log|F*(c)].

3. At each place v, the local factor L, (s) = [1,(1 —ag™)" has real coefficients, and the inverse roots
a satisfy the Ramanujan bound |a| < 1.

4. We have 1/L(s) < |c|? for R(s) > % +e&.

5. The R™* coefficient of 1/L(s) € R[[qg™*]] is <¢ |c|g§l/2+‘”‘for all R € Zsy.

Proof. (1): For ¢k (s), L(s,V), L(s,¢), L(s, ¢, \?), this follows directly from [33, proof of Theorem
5.58], since the corresponding ¢-adic sheaves Q¢, H}(V)/H}(P5), H; (Ve), \* H3(Ve) are ‘weakly
polarisable’ (by Poincaré duality on V and V., which gives a symmetric pairing on H?(V) and a
skew-symmetric pairing on H?(VC), and thus a symmetric pairing on the tensor squares thereof). By
Proposition 3.2 and the formula ¢k (s) = 1/(1 — ¢'~*), the result then follows for L(s, c¢,2) by (3.2).

A(s) =
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(2): This is explained in [12, §3.4] using Swan conductors.

(3): This follows from [35, Theorem 5.46].

(4): This follows from (1)—(3) and the Hadamard three circle theorem as in [12, proof of Lemma 8.4].

(5): Let s = 1 + & + it and integrate R*/L(s) <, |¢|*R'/*** over T € R/TZ. o
Proposition 3.2. Let ¢ € Sy. Then L(s, c, A?) has apoleats=1.

Proof. Let M = H?(Vc). Poincaré duality gives a perfect skew-symmetric pairing
Wi MAM— Qp(-3),
where Q¢ (—3) denotes the Tate motive of weight 6. Since i is surjective, its dual
v Qe(3) - MY A MY
is injective. But ¢ is perfect, so that it induces an isomorphism
W't M — Hom(M,Q,(=3)) = MY (-3).

After twisting ¥ by Qz(—6), we thus obtain an injection Q;(—3) — M A M. Thus (M A M)(3) (which
is pure of weight 0) has a nonzero space of Gal(K*®P/K)-invariants. So by [42, correction to Theorem
2.1] (which builds on [40,41]), it follows that the L-function L(s, (M A M)(3)) = L(s,¢, A\*) has a pole
ats = 1. m]

Proposition 3.3 (Kisin). Fix a prime @ € O* and a tuple b € O% with F*(b) # 0. Then there exists

an integer | > 0, depending only on @ and b, such that for all tuples a € Ofv with a = b mod w'*,

we have F*(a) # 0 and L4 (s,a) = Ly (s, b).
Proof. This follows directly from [37, case (2) of Theorem 5.1]. m]

Lemma 3.4. For each b € O% with F*(b) # 0, let [(w, b) be the smallest integer | > 0 verifying
Proposition 3.3. Then for any integer | > 0, the set

{(beOb :F*(b) +0, I(w,b) <} (3.3)

is closed under translation by @' O% , and its measure tends to 1 as | — oo.

Proof. We first show that /(z, b) is locally constant. Let b,¢ € O% with F*(b) # 0 and ¢ =
b mod w!*(@-®) Then F*(¢) # 0 and Lo(s,¢) = Ly (s,b), and thus [(w,¢) < [(w,b) (since
a = c¢ mod @@ = g = p mod w'*(@?)) Butthen b = ¢ mod w'*'(@) sol(w,b) < l(w,c),
whence [(@,b) = l(w,c). So if b lies in (3.3) for some [ > 0, then (3.3) is indeed closed under
translation by @'*1 0% .

We now turn to measures. Let A € Z5o. The set S4 = {¢ € O% : v4(F*(c)) < A} is compact.
Yet the function b +— [(w, b) on S, is continuous. So (3.3) contains S, for all [ >4 1, say. But by
Corollary 2.8, the measure of S4 tends to 1 as A — oo. O

Let p.(r) be the rth coefficient of the Euler product L(s,¢)™! = [[ Lo (s,¢)~!. The following
result collects together some facts about averages of u. (r) over vectors c.

Proposition 3.5. Let r,ry € OF. Let Eccs[ f] be the average of f over S. The limit
fipa(rir) = lim B, 5.7 (e (r1) e (r2)]
exists. Moreover, fir »(r1,r2)fir 2(r],r}) = fir 2(r1r], rar}) if ged(rirp, rir)) = 1.
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Now let w € OF be a prime, and let 1, 11,1, > 0 be integers. Then

fir (", w") <, lw|H)e (34

Furthermore,
fra(@, 1) =y (@)|w| "+ 0(lw|™),  fgra(@’, 1) =1+0(a|™), (3.5)
fir (@, @) =1+ 0(lw|™"). (3.6)

Proof. This result is directly analogous to [57, Proposition 6.1], and is purely local. For the reader’s
convenience, we highlight the main points. Existence and multiplicativity of the limit follow from
Lemma 3.4, the bound |u.(r)| < |r|® (which follows from Proposition 3.1(3)) and the Chinese
remainder theorem. The bound |y, (r)| < |r|? implies (3.4). The estimates in (3.5) and (3.6) are
subtler; they relate to the rank and homogeneity type [46, §1] of our geometric family of L-functions
L(s,c).

Recall the definition of Eg (k) from (2.15). The following hold uniformly over primes @ € OF (where
ko = O/wO and k is the unique quadratic field extension of & ):

Eeexs, [Ed (ko) Lo o] = v (@)@ +0(ja| ™), 3.7)
B ers, [E& (ko) mir-(o)] = 1+ 0(l@|™), (3.8)
E, e [EE (ko) Laripe(c)] = 1+0(j@| ™). (3.9)

This is proven for prime fields in [53, Corollary 1.7]; the proof there carries over directly to arbitrary
finite fields of characteristic > 3.
Finally, observe that if @ { F*(c), then L (s,¢)™" = [Ti<j<10(1 — @c,j(@)|@|™), s0

pe(@) == Y (@) = El(ke),

1<j<10

pe(@) = > aei(@)ac (@) = J(Ei (ko) + El (ke 2)),

1<i<j<10

because Ecu(km) = = Yi<j<10 %, j(@) and Eg(kw,z) = = 2i<j<10 ac,j(@)? by the Grothendieck—
Lefschetz trace formula. Thus (3.7)—(3.9) imply (3.5) and (3.6). |

Informally, Proposition 3.5 tells us

[r1]st]ra |52

Fralrira) l_[ [1+|w|_s‘_s2 + Z (Av (@)@ + @] 72)
w

r,r €O 1<j<2

~ Ck(si+50) || (LGsj+ 5. V) (2s)),

1<j<2

where the terms indexed by 1 < j < 2 arise from (3.5) and the trivial symmetry identity jif »(@!, 1) =
ara(l, w@!). Motivated by this, let

Cr (s1+52)7! Ar2(r1,m2)
Micje2(Gx 2s)L(sj+ 5. V), Sde IRl

AF2(s1,82) =
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which by Proposition 3.5 converges absolutely for R (s1), R(s2) > % The expression Af » appears as
the ‘leading constant’ in the Ratios Conjecture for

1
L(s1,¢)L(s2,¢)’

Leto(Z) = % + % For ¢ € &y, let
@ (s) =k (2s) 'L(s+ 5, V) ' L(s,e)7".

For convenience, let a, 1(r) be the rth coefficient of the Euler product ®°-! (s).

The Ratios Recipe [17, §5.1], directly adapted to function fields as in [2], produces the following
Ratios Conjecture (R2), even with a power-saving error term 0(2‘5) independent of 3 for < J, say.
The derivation over K is exactly the same as the derivation over Q in [57, §6.3]. We emphasise that
the summand on the right-hand side of (3.10) does not depend on ¢; a similar point is made after [57,
Conjecture 1.5]. For additional context on random matrix predictions for L-functions, we note that the
L-functions L(s, ¢) over ¢ € S; form a geometric family in the sense of [40, pp. 534-535].

Conjecture 3.6 (R2). There exists a constant 8 € [0, 1] such that if
sj=p+0(Z)+itj,
then uniformly over Z € N and 11, 7 € R, we have
D, NN ) = Y (ks +92) +O(Z ) Apa(si, ). (3.10)
ceSyle|<Z ceSi:le|<Z

(In fact one would expect (R2) to hold with 8 = 0, but the approach of [5,43] suggests that a small
positive value of 8 might be more tractable, at least for large fixed g. Also, the ‘slope’ 6 in the exponent
63 is what we need for our application to Conjecture 3.7 below, but arbitrarily large slope should be
permissible.)

For a vertically T-periodic function f(s) = f(o +i7), define the vertical average

En-e U@l 3 [ plesimar

Note that if f is holomorphic on a vertical strip R(s) € I, then Ex ()= [ f(s)] is independent of o~ € 1,
by Cauchy’s integral theorem over rectangles of height T.

Conjecture 3.7. Let Z, R € Zwith R < 3Z. If og > 1/2, then

—~._|2 ~ o~
Y Exemelett o) R < Z°R, 3.11)

ceSpIcIéZ

Proof assuming (R2). By (3.1) and GRH, the left-hand side of (3.11) is independent of o > % IfZ <1
then (3.11) is trivial, so suppose Z > 2. We find, after shifting contours to R(s) = S+ (Z) € (% 2]
and expanding squares using self-duality of ®¢-!, the left-hand side of (3.11) equals

X = Z E (s)).% (s2)=p+0(2) (@ (s) @ (52) - R¥1+2].

ceSy e |<2
After switching the order of ¢ and s in X, and plugging in (3.10) for each s, we get

PIED VRN IVAR D) (3.12)
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where 1 1= Ex (5)—pro(2) [|1R]] = RF*7#) and

2y = Z ER (s)), R (s2) =+ (2) [k (51 + 52)Ap 2 (51, 52) - RO,

ceS:le|<Z

Since R < 3Z and Z'/% = g < 1, we certainly have ¥, < Z¥R!/2,

Let 6 = 55; then 3 — & > 1 + 6. In 2, we shift R(sy) from B + o°(Z) to %, then shift R(s;) from

B+o(Z)to % — 0. This yields Xy = £3 + O(X4), where

23 = Z E‘R(Sl):%[+lggﬂqAF,2(slil_Sl)'E]

ceS;:le|<Z

comes from the residue (log g) ™! of Zx (s1 +52) = (1 —¢'™72)"L at 55 = 1 — 51, and where we bound
the contribution from R (s) = % and R(s,) = % — by

4= Z R0 « 2613“‘5,
ceSi:lel<Z
on using the bounds Ar 2(s1,52) < 1 and {x (51 + 52) <s 1. Next we note that
2y < Z6§,

since Ar 2(s1,1 —s1) < 1in Z3. But

Yo < O(ZF52) + 35+ 0(Zy),
by (3.12). Plugging in our estimates for X, X3 and X4, we finally get (3.11). m|
Conjecture 3.8. Let Z, R € Z with R < 3Z. Then

2 o~ o~
> ‘Z 1, 7 -dea ()| <Z°R. (3.13)

ceSy:le|<Z TEOT

Proof assuming Conjecture 3.7. Since R € Z, we may write
1, & = Bx(9=0o [(R/I7])’]
for each r € O*. Now apply (3.11). m]

4. Euler product factorisations

Recall the definition (2.14) of RS and RE. Given ¢ € S, consider the factorisation ® = ®S®B, where

Dy e,s) = Y lol s (o),

150
®(c,5) = [ [@mle,s) = D I Si(e), @.1)
w reO*
%(e,s)= [ Pales)= ) SHOII™
@w{F*(c) rerS
®B(c,s) = l_[ D(c,s) = Z SEe)lr| ™.
@ |F*(c) rerB
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For convenience, let LO(x) := [1o4F+(c) Lo (*) and LB(%) := [1oFe(e) Lo ().
Definition 4.1. Let ®¢-!(s) := L(s, c)_lL(% +5,V) 'k (25)7! as before, and let
@°2(s) == L9(2s,¢,2)7",
@3 (s) := @9(c, s)L(s,¢)L(} +5,V){k (25)L9 (25, ¢, 2).
For each j € {1,2,3}, let ac ;(r) be the rth coefficient of the Euler product ®+/(s).

Multiplying out the definitions of &€/ (s) above, we find that

]—[ @7 (s) = ®Y(c, 5).

1<j<3

Thus, in order to use (3.13) (which concerns ®¢-!) to bound dDG(c, s), we will first need to control the
factors ®°-% and ®°3 on average over c.

Proposition 4.2. Let Z,R € Z and A, & € R.. Then

>l Y e

ceSi:le|<Z reO*:|r|=R

A ~ o~
<5 ZORAHE, 4.2)

Proof. If R < 1 then (4.2) is trivial, so suppose R>1. By Holder’s inequality, we may assume A is an
even integer. Let X(Z, R) denote the left-hand side of (4.2) and put

S(Z,R) :=X(Z,R)/Z°.
We claim that for Z > AR we have

Y(Z,R) = (AR, R). (4.3)
To prove this, we write |3, _g ac2(N)* = X, _ i, \=g @e,2(r1) - ac 2(ra), onnoting that ac > (r) €
R.If ri---ra = M, then (by smooth proper base change) the function ¢ — a¢2(r1) - - ac2(ra) is
constant on each fibre of the map

{ceS el <Z (M,F'(c)) =1} > {c € (O/MO)° : ged(M, F*(c)) = 1}.

Each fibre has cardinality (2 /IM|)®, since 1 < |M| < RA < Z. The claim follows.

By GRH (Proposition 3.1(5)), we have (Z, R) <. Z*¢RA/4*2 for all Z > 0. (The exponent is
A/4 rather than A/2, because the Euler product of~<D”’2(s), as given in Definition 4.1, is supported on
square moduli due to the appearance of 2s.) Thus X(Z, R) <4 . R4+ for Z < AR, and so for all Z,
by (4.3). O
Proposition 4.3. For ¢ € S, primes @ € OF, and integers | > 1, we have

e 3(@) Vapree) = 0, e 3(@) gree) < @2, acs(w’) <. |@|'®.

Proof. If w | F*(c), then ¢>va (¢,s)=1.If w { F*(c), then (2.17) implies

@ (c,5) = 1+ 5% (0)|@|™ = | - Ac(@)|@|™* - Ay (@) |w| /2,
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because S%, (¢) = EL(O/wO) — |@|V2EL(O/wO) by (2.16) and

(@)= > a (@) =-E(O)m0), Av(m)= ) av (@) =EL(0/zO),
1<5<10 1<j<22

by the Grothendieck-Lefschetz trace formula. In either case, ac,3(wl) <, |@|'® follows from the
Ramanujan bound || < 1 in Proposition 3. ](3)
Now suppose @ 1 F*(c). Multiplying ®S (¢, s) by

Lo(s.¢) = 1+ ()@ + A (@) |w| ™ + O(|w| ),
Lo(3+sV) =1+ Ay (@)@l +0(ja|™' ),
{k(29)Lo(25,¢,2) = Lo (25,6, \*) = 1+ 4, 2 (@)@ +O0(|@| ™),
and discarding all terms of the form O(|@|™* x |@|™%*) or O(|@|™* x |@|~1/?7%), we get
; _ —-1/2-2s —3s
% (s) = 1+0(|lw|">7) + O(|a| ),
since A¢ (@)? = Ae(w?) + A e N2 (@). This completes the proof of the proposition. O
Corollary 4.4. Let Z,R € Zand A, & € R.(. Then
A — —,
>, ( D |ac,3(r>|) <ae ZPRUPHOA,
ceSy: \cléz reO+: |r|<§

Proof. By multiplicativity (of |a. 3|) and positivity, we have

D aesl< DL laea@ Y laes(e)l. (4.4)

reO*: |r|<R deRB: |d|<R ecRS: |e|<R
But by Proposition 4.3, we have a. 3(d) <. |d|¢ and

lacs(e)l _ lac,3(e)| O(lw|”'?)  0.(l=|*)
Z _ R1/3+g Z |e|l/3+s \l;[ 1+ |w.|2/3+25 + |w-|l+3£ < 1,

eeRY: |e|<R

So by (4.4), the quantity to be estimated is

<4 RUPH2OA Z #{d e RE :|d| < R\}A.

ceSy: e |<Z
Now the claimed bound follows from Lemma 2.3. |
Conjecture 4.5. Let € € (0,1]. Let Z, R € Z with R < 3Z. Then
2-¢& ~ ~
| Z L i SE(c)| <, ZORZ9)2, (4.5)

ceSy:le|<Z rerg

Proof assuming Conjecture 3.8. Let ¢ € Sy and Ry, Ry, R3 € Z3(. Writing

IR = Y ae ()

rj cOt: |rj ‘=RJ'
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for brevity, we have

>osieo= > ] =Ry,

FERE'Z |l"|:§ Ri+Ry+R3=R 1<j<3
since @Y = @123 Let B:=2 — &. Let
.— pN . p—(B-1n

for some 1 > 0 to be chosen. Let

Il = Z Wl(Rl).

R{+R+R3=R

Using Holder’s inequality in the form 1 = [%l + é over the set {R; + R, + Rz = R} (and then
exponentiating by ), we obtain

| > s <z Y wawn [ R, “6)

FER,.C"Z |rl:§ R;+R+R3=R 1<5<3

since 8 > 1 and Wlﬁ_le = 1. Here
RN

—_ << E”.
Ry Riz0 (R2R3)7

I

N

Upon summing (4.6) over |¢| < Z, we thus find that the left-hand side of 4.5)1s

<y DL RRYED N TR (R)P. @.7)

Ri+R+R3=R ceSy: IC‘SZ 1<j<3

Let (y1,72,v3) = (2,48/¢,4B/¢). Then X1 j<3 B/y; = 1, so by Holder over ¢, we obtain

oo Eiwpl < [ 48, (4.8)

ceS:e|<Z 1sJs3 1<j<3

where #; = }, |Z€+/(R;)|"i. By Conjecture 3.8 with Ry in place of R, we have

ceS;: le|<Z
MM < 26131,
since R; < R < 3Z by assumption. Also, by (4.2) and Corollary 4.4, we have
My <y, 261?;'72/40 and M3 <, 261?;1”/30.
Therefore, if R; + Ry + R3 = R, then the right-hand side of (4.8) is
<5 73,6817 R\f/zl’éélﬁ/mk‘é 18/30 _ 25(§1/2§;9/40E;2/15)ﬁ_

Plugging (4.8) into (4.7) now bounds the left-hand side of (4.5) by

Z (R/Ry)B-DnZ6RB/2

<n.p =9/40 52/15
(RRY)p

4.9
R|+Ry+R3=R
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Letn = min(9/40,2/15). Then R{+R;+R3 =R = (E/El)" < 1’?2/40%/15. Since -1 > 0, it follows
that the quantity (4.9) is

ZoR1 R
= - =" B2
< Z RO/40 2/15 < Z R0 R2/15 < Z°RTE
Ri+R>+R3=R 2 3 Ry,R3>0 9 3
This implies the desired inequality (4.5). O
5. Integral estimates
Lety € Koo, w € KX and G € K [x1,...,x,]. For a fixed smooth weight function w: K — R with

compact support, we are interested in integrals of the form

Tom (row) i= [ W w00 +w-x)ds,

o0

together with their averages

J(F;’W(w)z‘/ Jg,w(y,w)dy,
lyl<T

for I € Z. (In fact, the dependence of the latter integral on I' is mild, as we will soon see.) With this
notation we have 1,(8,¢) = Jr_,, (P>, Pc/r) in (2.7) and I, (c) = |P|’3J;’W(Pc/r) in (2.8), where
I' = —deg(r) — Q +3deg(P).

When w is the indicator function of T", we shall write Jg (v, w) and J(I;(w) for the sake of brevity.
Moreover, we let Hg be the maximum of the absolute values of the coefficients of G and refer to it as
the height of G.

This level of generality, where G is allowed to vary, will be useful when changing variables to analyse
JE’W (w). Let us recall Lemmas 2.4 and 2.7 of [12].

Lemma 5.1. Let G € Koo[x1,...,x,] and w € KZ. Suppose |w| > 1 and |w| > Hg. Then

/ Y(G(x)+w-x)dx =0.
Tn
Lemma 5.2. Let
Q={xeT": |yVG(x)+w| < Hg max{1, |y|'/*}}.

Then we have
Jotrw) = [ (GG +w -x)ds.

We now fix a nonsingular cubic form F € Olxy,...,x,], which we will eventually take to be
our initial cubic form x? + -+ xg, but is allowed to be arbitrary in this section. Before we start our
investigation, we impose the following conditions on the weight function w.

Hypothesis 5.3. Let H(x) = (giF[;i)) be the Hessian associated to F.
t J

(i) Ifx € supp(w), then det H(x) # 0.
(ii) There exist xg € KX with |xg| < 1, and an integer L > 0, such that

1 iflx—xo| <L,
w(x) =
0 else.
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If char(F,) € {2, 3}, then det H(x) vanishes identically and so (i) is impossible in this case. Therefore,
all of our results in this section have the implicit assumption that char(F,) > 3. Moreover, condition
(ii) is nonrestrictive, since any compactly supported smooth function w’: K! — R can be written as
w =siwi+---+85,Wn, where s; € R and w; are indicator functions of some compact ball in KZ,. Part
(ii) of Hypothesis 5.3 implies the crucial symmetry property

w(x) =w((1+1Ly)x) forallyeT. (5.1

In other words, w is invariant under scaling by 1 + ¢~ZT. Throughout this section, all implied constants
are allowed to depend on the choice of w and in particular implicitly also on the parameter L and the
vector x in the definition of w.

For the purposes of Theorem 1.1, we will be focusing on diagonal cubic forms. In this setting we
shall work with the following explicit weight function.

Definition 5.4. Let F(x) = alx? +-+apx), foray,...,a, € F; and let xg € (IF;‘)" be such that

F(x0) = 0. Then we define a weight function w = wy, by the formula

w(x)={1 if |x —xo| < 1,

0 else.

We check that such weight functions satisfy Hypothesis 5.3 when F is a diagonal cubic form with
coeflicients in IFZ and char(F;) > 3. Condition (i) can then be rephrased as x;---x, # 0 for all
x € supp(w), which is obvious. Condition (ii) clearly holds with L = 0.

Returning to the setting of general weight functions w satisfying Hypothesis 5.3, we begin with the
following estimate.

Lemma 5.5. ForT" € Zand w € K, we have
Thw W) <y r (14 |w])' ™2,

Moreover, if |w| > 1, then Jr , (y,w) = QO unless |y| < |w|.

Proof. In this proof all implied constants are allowed to depend on F. Upon making the change of
variables y = tX(x — x0), it follows that

Traw(rsw) = L (w - x0)JG (v.17"w),
where G(y) = F(t™Ly +x¢). It is clear that H; < Hr < 1. At this point we can use Lemma 5.1 to

conclude that Jr ,, (y,w) = O unless [w| < max{1, |y|}. Furthermore, by Lemma 5.2

—~

[F (v, w)| < L"meas{y € T": |yVG(y) + ¢ ""w| < Hg max{1, y|'"*}}
< meas{x € supp(w): |yVF(x) + w| < max{l, |y|1/2}}
since VG(y) = t"L'VF(x). Let us denote the set whose measure we want to estimate by Q. Since
0 ¢ supp(w), we must have |[VF(x)| < 1 for all x € supp(w). If [w| < 1, then Q is empty unless
|y| < 1, so that we can use the trivial estimate |JF , (v, w)| < 1 to conclude that JF w (W) < 1if

|w| < 1. In particular, we may assume |w| > 1 for the rest of the proof. In this case the contribution
from |y| < 1 vanishes, since then Q is empty, while for |y| > 1 the defining inequality for Q becomes
lyVF(x) +w| < |y|'/2.

This can only hold if |y| < |w|. From this we deduce the statement that Jr_,, (y, w) = O unless |y| < |w|.
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It remains to give an upper bound. This will be similar to [12, proof of Lemma 7.3]. Let us now
assume that x,x + x’ are both in Q. Note that VF(x + x’) — VF(x) = H(x + x’/2)x’, so that we must
then have

|H(x +x'/2)x’| < |y|~"/2. (5.2)

Asdet H(y) # O forall y € supp(w), compactness of supp(w) implies that we have | det H(y)| > 1 for
all y € supp(w). In addition, a straightforward computation shows that x + x’/2 € supp(w), so that we
can multiply (5.2) from the left by the inverse of H(x +x’/2), whose entries have absolute value O (1),
to conclude that |x’| < |y|~'/? <« |w|~'/2. Finally, from this we obtain

JE (W) < / meas(Q)dy < |w|' /2
’ lyl=Iwl
when |w| > 1, as desired. O

The following symmetry property of J g . (W) generalises [26, Lemma 3.6].

Lemma 5.6. Suppose 11, 1> € KX are such that 11/ € 1+t LT. Then
Jll;,w(/hw) = J};’W(/lzw) foranyw € K.

Proof. Letus write 4 = 11 and show that for w fixed, the value of J};’W (Aw) only depends on the image
of A in the quotient group K% /(1 +t~LT). We have

T (AW) :/|y|<f/nw(x)w(yF(x)+/lw - x)dxdy
e /K w -y [ w A E())dydy.

& lyl<T

where we applied the change of variables y = Ax. It follows from (2.3) that

_ T if|F(y)l < TP,
/ yya 3F<y>)dy={
ly|<T 0 else

This formula clearly only depends on |A|. Moreover, w(1~'y) depends only on A mod 1 + =L T by (5.1).
Since we assume L > 0, any two elements of KX whose image in KX /(1 + ¢t~I'T) coincides must have
the same absolute value, from which we deduce that J ; . (Aw) only depends on A mod 1 + LT, o

The above establishes most of the analogue over K of [57, Proposition 8.1]. It still remains to show
that JF ,» (W) vanishes unless |F*(w)| is small. Working over function fields significantly simplifies the
execut10n of the key ideas, because fewer dyadic ranges intervene. We start with an auxiliary lemma.

Lemma 5.7. Let R be a compact set such that R C {x € K!: detH(x) # 0}. Then there exists a
constant C = C(R) > 0 such that if w € K and x € R satisfy

[VE(x) —w| < C,
it follows that there exists s € K with VF(s) = w and
s —x| < C|VF(x) —w].

Proof. Letx € R. Since det H(x) # 0, it follows from the inverse function theorem for local fields [48,
Part 11, §I11.9, Theorem 2] that there exist open neighbourhoods U, U’ c K., with det H(y) # O for any
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y in the closure of U, such thatx € U, VF(x) € U’ and VF: U — U’ is an isomorphism. In addition,
after shrinking U” if necessary, we may assume that it is an open ball of radius C;j !"around VF (x), for
some real Cy = Co(x) > 0. It follows that if w € U’, there exists s € U such that VF(s) = w. Therefore,
we have

w=VF(s)=VF(s—x)+H(x)(s —x) + VF(x).
As x € R, we have det H(x) # 0, and hence
s—x=H(x)"'(w-VF(x) - VF(s - x)).

Moreover, as R is compact, the entries of H(x)~! are Og(1). It follows that there exist constants
Ci, Cy > 0 depending only on R and F such that

Is —x| < Ci|lw = VF(x)| + Co|s — x|*.
Upon shrinking U if necessary, we may assume that |s — x| < (252)“, so that we obtain
s — x| < 2Cy|w — VF(x)|.

Since R is compact, we can cover it with finitely many open sets U and then take C to be the maximum
of the constants that arise in this process. O

Lemma 5.8. Assume L = 0 in condition (ii) on the weight function w. Let I" € Z and w € K. Then
J; W(W) =0 unless |[F*(w)| < 1+ |w|degF*—]‘

Proof. Note that if |w| < 1, then |F*(w)| < 1+ |w|%F = holds trivially, so that we may assume
|w| > 1 from now on. Similarly we can assume 1 <« |w| < I, since otherwise J; w(w) =0 by
Lemma 5.5. Using Lemma 5.5 again, it follows that

L) = / T (yow)dy.
[yl=lw|

Let Z € Z-¢ be such that Z = |w|. We will now consider the contribution to J,I; ,» (w) from those

v with |y| = Z. To do so, write vy = at*(1 +v’), where a € F; and y* € T. Let y := x — x9 and
G(y) := F(y +x¢), as in the proof of Lemma 5.5. Then let

x' = (L4 y) Ve = (1) 2y +x0).

Note that since (1 +y’)~!/2
w(x) = w(x’). In particular, after the change of variables x +— (1 +7y’)~

get

—1 € T and L = 0, property (5.1) of the weight function w implies
1/2x by condition (ii) on w, we

[ waurE e ew wde = w1+ Prow) [ 01y @Gl vy widy
= (149 Pxg - w) /Q W(1+9) P (@?G(y) +y - w)dy,
by Lemma 5.2, where

Q:={y eT": |at?VG(y) +w| < 21/2}
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and we used that yF(x’) = ar? (1 +vy’)~'2F(y +x) since F is homogeneous of degree 3. In summary,
we have proven the identity

-3/2 1/2

JEw (v, w) =Jr W (L+y) 72y, (1+y) " 7w),

and applied stationary phase to the latter integral to get an integral over y € Q.
Upon expressing the integral over y € Q in terms of x =y + x, we find that

Iearow) = [ G woFE)wx0t = [ ey P,

where ®(x) = at* F(x) +w - x and
Q' := {x € supp(w): [aVF(x) +1 “w| < Z~'/?}.

The crucial observation here is that Q' is independent of y’. In particular, when considering the total
contribution to J};,w(w) from the set {y = at*(1+v’) : y* € T}, we may exchange the order of
integration and see that it is given by

/ / W((1 4" 20 (x))dy'dr.
Q JT

Here Q’, ® depend on Z and a, but all estimates below will be uniform over Z and a. Let us now take
the Taylor expansion

(1+y) 2= ay™,

k>0

where ay = (71](/2) € Fy. This is well defined, because |y’| < 1 and char(F,) # 2. Since |y’| < 1, the

value of ¥ ((1 +7’)~'/2®(x)) only depends on f(y’) = 21120:0 ary’* if we choose kg sufficiently large.
We may now apply Lemma 5.2 again with n = 1 to infer that the inner integral is given by

[oronowy,
where
0= {7; eT: |f/(y')¢,(x)| < max{l, |q)(x)|1/2}}.

It is easy to see that | f'(y’)| = 1, so that ® is nonempty only if |®(x)| < 1, which we shall assume for
the rest of the proof.

Since x € Q’, we have x € supp(w) and |[aVF (x) + t % w| < 71?7 « |w . Since we assume
|w| > 1 for a sufficiently large implied constant, we may invoke Lemma 5.7 to deduce the existence
of s € K" such that |s — x| < |[aVF(x) +t%w| < |w|"'/? and VF(s) = —a~'t~“w. Using Taylor
expansion at s it follows that

1/2 |-1/2

laF(x)+t%w-x|=|aF(s)+t“w-s|+0(x —s|?)

=|aF(s)+1%w-s|+0(w|™).
Moreover, as aVF(s) = —t~“w, we have 3aF (s) = —t“w - s and hence

laF(s) +1%w-s|=|F(s)].
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By (2.12), the ratio F*(VF(x))/F(x) is a homogeneous polynomial in O[xy,...,x,] of degree
2deg F* — 3, which immediately implies

|F*(VF(S))| < |F(s)||s|2degF*_3.

In addition, as |s — x| < |w|~'/2, we have |s| =< 1. Together with —a~'t~%w = VF(s), this implies
|F*(t7?w)| = |F*(VF(s))| < |F(s)| and hence

IF*(W)l < ZdegF* (2_1|Cb(x)| + le—l) < |w|degF*—1,

as desired. O

6. Estimates for exponential sums

As usual we assume that K = F,(¢) with O = F,[¢] and char(F,;) > 3. Throughout this section we
assume that

F(x) =a1xf+---+anxfl,

where aj,...,a, € IF;. Let r € OF and let ¢ € O". In this section we collect estimates for the

exponential sums S, (¢) (defined in (2.6)) and the normalisation SE(C) = |r|=*D/25,(¢). As we will
see, the quality of our estimates is governed by the behaviour of the dual form F* € F,[cy,...,ca],
whose formula is recorded in (2.11) in the case F =x] + - - +.x;.

By (2.10), it suffices to treat the case of prime power moduli when estimating S, (¢). Define

sq(c) = n @@ and  cub(c) = 1_[ w’= () 6.1)

@?|c @3|c

for the square-full and cube-full parts of any ¢ € O; if ¢ = 0 we take sq(c) = cub(c¢) = 0. With this in
mind we summarise the relevant facts in the following result.

Lemma 6.1. Let w® € O be a prime power.

1. Ife =1then S (¢) < | ged(w, VF*(¢))|'/? < |w|V/2
2. Ife=2then S° ,(c) < ||,
3. Ife > 3 then

$e(e) < @' [ | Iecd(@®, sq(en)l'*.

I<i<n

Proof. Part (1) is due to Hooley [32, Lemma 60]. Part (2) is straightforward and is recorded in the proof
of [26, Eq. (4.7)], although we take the opportunity to correct the definition of {w*®, ¢;} to be equal to
1 when e = 2. To see part (3) we invoke [26, Eq. (4.7)] to deduce that

$1 . (c) < Jwfl [ ] 12 (@, e},

e|(n+l)/2
|1D' | I<i<n

where {@®, ¢;} = |@|™! if @||c;, with {@®, ¢;} = | gcd(@*®, ¢;)| otherwise. The statement of the lemma
follows on noting that {w®, ¢;} < | ged(@®, sq(c;))|- O

The following result follows from combining Lemma 6.1 with multiplicativity.
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Lemma 6.2. There exists a constant A > 0 such that
72187 ()] < 49 [ ] lged(eub(r), sq(ei]™.
1<i<n
It will also be useful to record a crude upper bound, which will be helpful when ¢ = 0.

Lemma 6.3. There exists a constant A > 0 such that
7712183 (e)] < A€ cub(r)|"/°.

Proof. By multiplicativity, it suffices to show that § EU(, (¢) < |w®|'**% for any prime power @w® € O,
where

For e < 2 this follows from parts (1) and (2) of Lemma 6.1. For e > 3, we apply the 1-dimensional Hua
type estimate recorded in [26, §4.2]. O

The following classical recursive structure will soon prove useful.
Lemma 6.4. If w | c and e > 4, then
Soe () 0 ifw? tc,
elC) =
“ | |28 _es(c/m?)  ifw? | .
Proof. After expressing S < (¢) in terms of one-dimensional sums, this is immediate from the function
field analogues of [29, Eq. (44)—(45)], which hold since char(F,) # 3. O

Since a priori (depending on one’s convention?) the dual form is only defined up to scaling, and
we will soon need to understand its relation to discriminants from work of Busé and Jouanolou [14,
Definition 4.6], we record the following standard fact.

Proposition 6.5. Let R = Fy[c1,...,cn-1]. Then F*(c1,...,cn-1,1) € R is divisible by the discrimi-
nant A € R of the cubic form

F(yi,.. o yn-1,—C1y1 =+ = cum1¥n-1) € R[y1, ... yn1]-
Proof. Here A is defined by a specialisation process explained in [14, paragraph after Eq. (4.2.1)].
Write ¢ = (¢y1,...,cn-1,1) and let disc(F, ¢) be the discriminant associated in [50, §1.1] to the pair
(F(x),c - x).

As explained in [53, Proposition 4.4], for example, we have disc(F,¢)/F*(c) € IF;‘. (This is the only
step where we use char(F,;) > 3.) Also

disc(F,c) = =disc(F(¥1,...» Yn-1,—C1¥1 — "+ — Cn=1Yn-1))»
by [53, Proposition 3.2]. It therefore follows that A/F* € IF;, which suffices. O

The following result is the function field analogue of [57, Lemma 9.1 (2),(3)].

Lemma 6.6. Let w® € O be a prime power.

1. Ife=2and v (F*(c)) < 1 then S;z(c) < 1L
2. Ife 22+ v (F*(c)) then Sge(c) = 0.

2Qur definition of F* differs from the classical ‘eliminant’ of [30, p. 37, footnote 2].
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Proof. Let e > 1 and assume that @ { ¢. We may appeal to an argument of Hooley [34, §6], which
carries over to the function field setting to give

|@|

Sae(c) = {l@lvo(@®, ¢) = @] 'vi (@, 0)}.

|o] -1
Here, for i € {0, 1}, v;(@®, ¢) is the number of y mod w¢® such that F(y) = 0 mod @w*®, with @ { y
and ¢.y = 0 mod @*~". Since F is a nonsingular cubic form with coefficients in F,, it follows that
@ t VF(y) for any y such that @ | F(y) but @ 1 y. Hence vi(@®, ¢) = |@|" 'vo(@*!, ¢), so that

|@|

Sw"(c) = 1 _ |’ZD'|71

{vo(@®, ¢) = @™ *vo(@* !, ¢)}.

Since @w 1 ¢, we can assume without loss of generality that @ 1 ¢,,. Eliminating y,,, we are left with the

expression
Swel(c) = L{v(we,c) - |w|"_2v(we_l,c)},
1 -|o|!
where v(w?®, ¢) is the number of y’ = (y1, ..., y,—1) mod @€ such that G(y’) = 0 mod @w® and @ 1 y’,
where G(y’) = F(cuY1s...,CnYn-1,—C1y¥1 — - — Cn—1Yn-1). Part (2) for @ { ¢ now follows from

takingm =e—1,6 € [0, ’"T_l] and ¢ = 0 in the multivariate form of the Hensel-type lemma [ 1, Lemma
3.3], carried over to O. Indeed, for any u’ counted by v(we", ¢), we must have

v (VG (1) < (e-2)/2=(m-1)/2,

orelse v (F*(c)) > e — 1 by the B8 = [%] case of Lemma 6.7. Using Lemma 6.4 and arguing by
induction on v (c), we can also conclude that part (2) holds if @ | c.

Turning to part (1), we take e = 2 and note that @ 1 ¢ if v (F*(c)) < 1, since deg F* > 1. But then
it follows that

|@|*

S 2(c) = {v(@* ¢) - |z *v(w,c)}.

- o]
Pick u’ counted by v(w,c). If @ + VG (u’) then the contribution to the right hand side vanishes, by
Hensel lifting. On the other hand, if @ | VG (u”) then Lemma 6.7 implies that the contribution to

v(@?, ¢) vanishes. Hence
|w|?

W . |w|"_2#{u' mod @ : @ | VG(U’), w’{u'}.

S';z(c) <

It follows from a result of Zak [31, Katz’s Appendix, Theorem 2] that the hypersurface G = 0 in P"~2
has only O (1) singular points, whence the number of u#” is O (|@|). It follows that

|@|*

n—1
2| (D)2 o™ <1,

Siﬂz (¢) <

which is what we wanted. O
Lemma 6.7. Suppose @ { u’ and @P | VG (u’). Then v o (F*(¢)) > min(v (G (u’)),28).

Proof. Since @w 1 u’, we have @w { ug,, say. Then by Proposition 6.5 and [14, Corollary 4.30; see
the beginning of §4 for the definition of f there], F*(c) is an O[u’][1/ug]-linear combination of G
and the pairwise products (0G/du;)(0G/0uj). Since @?# divides each pairwise product, the desired
divisibility of F*(¢) follows. O
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In addition, we have the following estimate for averages over moduli belonging to RE, which is a
consequence of Lemma 4.4 in [26] and (6.8) in [26], together with the bound #R(C) <« C”".

Proposition 6.8. Let Y, C > 1. Then

Z Z 1S, (¢)] <& 6n+a?1+n/2+s.

le|=C reR
ci-cn#0 |p|=y
F*(c)#0

We end by recalling [26, Lemma 4.2] (a special case of [12, Lemma 8.5]), which concerns square-
root cancellation of S, (c) over ‘good’ moduli r.

Proposition 6.9. Let Y > 1 and ¢ € S). Then

Z Sr(c) < |C|8?1+n/2+8.
rerg
Ir|=Y

7. Moments of bad exponential sums

Our primary goal in this section is to prove the following result.

Theorem 7.1. Let 0 < R < 3Z. There existn,6 > 0 such that if 2 < A < 2+ 6, then

D D) i ske)]

‘-'ESL reRf
lel<Z |r=R
cp-cp#0

A
< Z"R77.

(As we will see in § 8, the complementary locus {¢ € S| : c| - - - ¢, = 0} has essentially already been
satisfactorily treated in [26].)
Let us denote by 4 = £4(Z, R) the sum on the left-hand side in the statement of this result. The
trivial bounds |S, (¢)| < |r|'*" and #{r € RE : |r| = R} < R imply
TaA < RU205,  for2 < A<2+56. (7.1)
To analyse X, it will be convenient to define
S ={ceS :c1-cp #0}
and
5%, ()]
Tr(C) = l_[ maX{I,W .
w®||r

Following the approach in [57, §9], we shall use different arguments according to the size of 7, (c). Let
B > 0 be a parameter to be chosen in due course and note that

% < 2(z<1> + z<2>), (1.2)
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where
2
=20 2 WSkl (7.3)
CES) reRB, |r|=R
lI<Z  1.(c)<B
2
@=L sl (7.4)

ceSy rerE, |r|=R

lel<Z 1.(¢)>B

7.1. Ekedahl sieve

A version of the geometric sieve for arbitrary global fields has been worked out by Bhargava, Shankar
and Wang [7]. Their result sieves out prime moduli, but we need at least a partial version of the result
for square-free moduli. This is folklore but we prove it for the reader’s convenience. A similar idea is
used in [6, §5, Case III].

Theorem 7.2. Let T,Y > 0. Fix two polynomials Hy, Hy € Olcy,...,cy] that are relatively prime in
Klci,...,cpn]. Then

< T _ + . fn =
#{c com- le| < T, 3 square-freer € O sufh that} <, 7¢| L 471,
r | ged(Ho(c), Hi(c)) and |r| =Y Y

Proof. Case 1:Y < T. Applying the Lang—Weil estimate for the quasi-projective variety Hy = H; =0,
the count on the left is seen to be

— n —~
T ™
2 n-2+e| 1
< Z 1% (n)lr| (M) <oz
reO”
lr|=Y

as desired.

Case 2:Y > T. By Lemma 2.7, we can make an O-linear change of variables in order to assume that
deg. (Ho) = deg(Ho) and deg,., (H1) = deg(H).

Let H, € OJcy,...,c,] be the resultant of Hy and H; with respect to ¢;. Then any square-free
r € O* such that r | ged(Hy(c), Hi(c)) must also satisfy?>

r | ged(Ho(c), Ha(ca,...,cn)).

Ifcy,...,cn € O are specified, with |cp|, ..., |c,| < T, then either Hy(c3,...,c,) = 0 or else there
are only O (T®) choices for r | Ha(c2,...,cn), by the divisor function bound. Note that if r is also
specified, then the number of choices for ¢; € O with |c;| < T and r | Hy(c) is

T
< N(g;n)|1+—|,
Ir|
in the notation of (2.21), where g(u) = Ho(u, ca, ..., cy). It follows from (2.23) that N(g;r) < |r|?,

uniformly over ¢y, ...,c, € O.
Putting everything together, and recalling that Y > T, we obtain the overall contribution

< #ceO": |e| <T, Hy =0} +T"'Y%.

3In fact this implication is valid even without assuming r square-free; the key is that H; lies in the ideal (Hyp, H;) of O[c].
However, square-free is important when using Lang—Weil.
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Since Hy and H; are coprime over K, it follows that H is a nonzero polynomial, whence the first term
is O(T"") by Lemma 2.10. O

7.2. Treatment of =V

The main task of this section is to prove the following result.
Proposition 7.3. Let 0 < R < 3Z and let B > 0. Then
(1) n27n+e 1 1
VW <« BZ _—t—,
Zm  R1/(27:2m)
where ng = min{1/p, 1/(3 - 2"*")} and p = char(F,).
Recall the definition (7.3) of (1. Any r € R admits a factorisation r = 7515, where r1, 51, 57 are

relatively coprime such that r; is square-free and s1, s, are both square-full, and satisfy

@°|ls;1 = max{2,e — 1} > v (F*(¢)),

@’||s) = max{2,e — 1} < v (F*(c)).

It follows from parts (1)—(2) of Lemma 6.6 that SE] (¢) <¢ |51|% for any € > 0. On the other hand,
from the definition of s, we have

wmax{Z,e—l} |F*(C)

@ |52

Moreover, it is clear that the left hand side is a square-full element of O with absolute value
[Toe s, |@|max{2-e=1} > |5,]%/3. We note that max{|ri|,|s1],|s2]} > |r|'/? = R'/3. Let us temporarily

write
-1/2
uey= > ISkl
r:rlslsze’RcB, |r|:§
T, (c)<B
so that

0= 3 Ul

ceS)
le|<Z

We will argue differently according to which of |ri|,|s1],|s2| is the maximum in the factorisation
r = r18182, exploiting the multiplicativity of the sum § E (¢).
The contribution to U(c) from the case max{|ry|, |s1], [s2|} = |r1] is

<B ), ), InlIskil

sl,szeRcB T 673103
ls152|<R R'Y3<|ry|<R

since |slsz|‘1/2|S§]s2 (6)] < Ty 5,(c) < Ty(c) < B, by assumption. It follows from Lemma 2.2 that the
number of available 51, s is O -(Z?), on recalling that F*(¢) # 0 and R < 3Z. Hence the overall
contribution to (V) from this case is

<. ?28281),
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where

2
N D IR G e DG

ceSy reRrB
lel<Z RIB< |r|<R

Next, the contribution to U(c) from the case max{|r{|, |s1], |s2]} = |s1] is
n7e

B - BZ
<B Z Z |s1] 1/2|S§l (¢)] <g =7

r,82 E’R? S1 E’RE
[ris2|<R RY3<|si|<R

Finally, the contribution to U(c¢) from the case max{|ry|, |s1], |s2|} = |s2] is

<B e BZ°1,,
<B Z Z | <. BZ

1,81 ERCB 52 E’R,B
[ris1|<R R'3<|sy|<R
53, (€)#0

where
if there exists square-full d € O s.t. d | F*(c¢) and |d| > RO,

1
1. =
0 otherwise.

Putting everything together, it now follows that

~ zn
s < Ezzs(z(()l) + W +maxM>gRN(M,Z)),

where
le| <Z, cy...cnF*(c) £0 }

N(M,Z)=#{c e O": —~
( ) :c Asquare-fulld € Os.t. d| F*(c) and |d| =M

The statement of Proposition 7.3 now follows from the conjunction of the following pair of results, both
of which rely on the version of the geometric sieve for function fields from § 7.1.

Lemma 7.4. We have
Zn+s

(1)
z Lg — —-
O 7% min{RVS, Z}

Lemma 7.5. We have
Zn+e 1 1
NM,Z) <. Z — + — ,
Z'p min{Z, M}/ 32"

where p is the characteristic of F.
Proof of Lemma 7.4. It follows from multiplicativity and Lemma 6.1(1) that

S(e) <z Z| ged(r, VF*(c))|"/2.
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We pick a parameter 0 < Y < R and break the set S, into two sets

S = {c € S, : Isquare-freed € O s.t.d | VF*(¢) and |d| > 17}
San = {c € S, : any square-free d € O s.t. d | VF*(c) satisfies |d| < )7}
To begin with, if ¢ € S| then we take S?(c) <, Z#|r|'/? and we note that there are O ,(Z%)

choices of r, by Lemma 2.2. On the other hand, if ¢ € S, then we may take SE (¢) <¢ Z¢Y'/? and we
also have O - (Z¥) choices of r overall. It follows that

(1 &
20 SoV4 A

Yz"
#Sg,] + A—)

Since 3-2"2F* = ¢ - VF*, we can apply the geometric sieve, in the form of Theorem 7.2 (with Hy = F*
and H; = 0F*/dcy, noting that F* is absolutely irreducible and deg H| < deg Hy), in order to deduce
the bound

#82,1 <ge A

Z_n + Zn—l

Y

The statement of the lemma follows on combining these and taking ¥ = éR. O
Proof of Lemma 7.5. We shall reduce the problem to estimating the quantities

Ni(M; Z)=#{ce(9": el <Z, 1. caF"(e) %0 }

A square-fulld € O s.t.d | F*(¢) and M, < |d| < Z
and

<Z, ci...caF*
Ng(Mz,Z)z#{ceO":ld Z,ci...chF*(c) #0 }’

Jprime @ € O s.t. @2 | F*(¢) and |@| > M»

for suitable M, M> > 0. R
Let ¢ € O" be counted by N(M, R), so that |c| < Z and ¢;...c,F*(c) # 0, and there exists a
square-full d € O such that d | F*(c) and |d| = M. Any such d admits a factorisation
d=w! ...om

1 - WOm s

Let n € (0, 1] be a parameter, to be chosen in due course. Suppose first that

where ey, ...,e, = 2.
1 < i < m. Then we claim that ¢ is counted by

lw!’| < Z" for all
Ni((1 =) min{M, Z}, Z).
To see this, if M < Z then in fact ¢ is counted by N (M, Z), which is satisfactory since
Mz (1-nM=(1-n)min{M,Z}.

If M > Z then we consider the square-full integer d; = d/ w]“ ', with absolute value |d;| = M / wa‘I >
M/|Z" 1f ]V[/lwf‘l < Z then ¢ is counted by Ni1(M —nZ,Z), where

M-nZ > (1-n)Z=(1-n)min{M, Z}.
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On the other hand, if M / |wle' | > Z then we repeat the argument for d, = d;/ wzez. The claim follows
on continuing in this way, since the process clearly terminates with a square-full divisor in the desired
interval.

We now suppose, by symmetry, that |wf1| > Z".1If |@| < Z"'? then we let e < ey be the largest

. ’ —~ /41 —
integer such that |wf‘ | < Z". It then follows that |wf]+ | > Z", whence

, 7n -
|wle‘| > = > 712

|@1]

’

1

. = . e .
Moreover, we must have ei > 2 since |wy| < Z n/2, Thus, since 7 < 1, we see that @, lisa square-full

divisor of F*(c¢) whose norm lies in the interval (Z /2, Z]. In this case, therefore, we deduce that c is
counted by N (gZ, Z). Finally, we must attend to the case that |wf‘ | > Z" and || > 7"/, But then
it is immediate that ¢ is counted by N2(§Z, 7).

In summary, we may conclude that

N(M,Z) < Ni((1 -p)min{M, Z},Z) + N\(3Z,Z) + N2(3} Z, Z), (7.5)

for any 17 € (0, 1]. We claim that

Zn+e
Ni(M\,Z) <, T (7.6)
M,
and
~[7zn
No(M», Z) <, Z° = +Zmr, (7.7
2

for any My, M> > 0, where p is the characteristic of F,. Applying these in (7.5), we deduce that

N(M,Z) <, Z™*

1 1 zZn
= t= +2 + - +1 ]
ZVp  Zn/2"? " min{M,Z}/?"

since p min{M, Z} < nZ. The statement of Lemma 7.5 easily follows on taking

_ 2min{M, Z}
3z

Treatment of N (M, Z)
We will only make N|(M;, Z) bigger by summing over all possible square-full d, and then breaking
into residue classes modulo d. This gives

—~ n
Z
N(MLZ)< )L N(F5d) 7) :
d €O square-full I |
Mi<|d|<Z
in the notation of (2.21). Let 6 = 27". Since N(F*; d) is multiplicative in d, it follows from Rankin’s

trick that

zn N(F*;@*)
Ni(My,Z) < e l_[(l +Z |we|n6/2+8)

1 @ e>2

https://doi.org/10.1017/fms.2026.10259 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10259

34 T. Browning, J. Glas and V. Wang

When e = 2, we have N(F*; @?) = O(|@|**%) by Lemma 2.9. It follows that
N(F*;@°) < |o|“"N(F*; %) = O(|w|" 7).

Once combined with Corollary 2.8, we conclude that

Zn
Ni(M,Z) < e 1_[

1 w

1+0

|w|en—max{2,6e}
Z |we|n—6/2+g ’

e>2

since F* is an absolutely irreducible form of degree 3 x 2"~ < 2". But clearly

2,

2<e<2n!

wlen max{2,5e}

|
Z |m-e|n 6/2+a

e>2

|w|e(1/2"+l—s)

1 1
Z |w|e(1/2n+l+a) < |w-|1+2"+1.9’

|=|?
ex2n+l

since 6 = 27". Thus the product over @ converges absolutely and the bound (7.6) follows on noting that
M? < Z%.
1

Treatment of N> (M;, Z)
We follow the argument in Poonen [45, §7], noting that F™* is a square-free polynomial defined over F,,.
Poonen defines the polynomial G € O[(y;,j)i<i<n,0<j<p-1] Via

G=F" Z tjy’ij,..., Z tjyij,

0<j<p-1 0<j<p-1

where p is the characteristic of F,. It follows from n applications of [45, Lemma 7.2] that G is square-free

as an element of K[y; ;]. Let Z; = (Z — j)/p. Then, as y; ; runs over elements of O with |y; ;| < Z
so the n-tuples

JyP JjyP
DIREIANEND I
0<j<p-1 0<j<p-1

run over elements z € O" with |z| < Z, with each element appearing exactly once. Hence it follows that

lyi. il < Z forl <i<mnandO < p-1
No(M>,Z) = e P
2(M2, 2) {y EIweOstw2|G(y)and|w|>M2

Poonen’s crucial observation is that we have @ | G(y) and @ | G’(y) whenever @w? | G(y), where
G’ = %. Since G and G’ are coprime as elements of K[y; ;], by [45, Lemma 7.3], we can therefore
apply Theorem 7.2 to deduce that

=pn .
No(Ma, Z) <o 28| 2 + ZP" ' | <, Z2| == + 2717 |,
M2 MZ
since Z; < Zg < Z/p for all 0 < j < p — 1. This therefore establishes (7.7). |

7.3. Treatment of =®

We now turn to the estimation of £, as defined in (7.4), with the main goal being to prove the following
bound.
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Proposition 7.6. Let 0 < R < 3Z and let B > 0. Then

= 1 1
@ «, Z"*g(—A + = )
712 B2/n

Proof. Let r and ¢ be counted by %(?). Then it follows from Lemma 6.2 that

b
—~ N
B <T:(c) < maxs|,||;|(/2)| < max),|s|® ]—[ lged(cub(s), sq(c))| 4

I<i<n

<z R® maxi<i<alged(cub(r), sq(e)) ",
since cub(s) | cub(r). On relabelling ¢y, ..., c,, we may assume that the maximum occurs at i = n
on the right hand side. According to part (2) of Lemma 6.6, moreover, we will have SE (¢) = 0 unless
e < 1+v4(F*(c)) for any prime power @®||r. If we let d = ged(cub(r), sq(cy)), then d is a square-full
element of O with

§4/n

ld| > —
RS

Moreover, |d| < Z since d | ¢, and ¢, # 0. Finally, we note that d | F*(c)? since d | cub(r) and
e<2e-1fore>2.
Let D € R be such that D = B*"/R?. Then we have proved that

2P <.zf Y Y dsalen) - sq(enn]'

d €O square-full c ESZA
D<.|d|<Z lel<Z
dlged(cn,F*(¢)?)

since Lemma 2.2 implies that #{r € RZ : |r| = E} <z Z%. In dealing with this sum we shall make
frequent use of the bound

Z |sq(c)|1/2 < Zlogz,
ceO_
le|l<Z

which readily follows on making the factorisation ¢ = ¢ sq(c), where ¢ is the square-free part of c,
and noting that there are O (C cl/ 2) square-full elements of O with absolute value C.

We proceed by sorting the vectors ¢ into two contributions. Let ¢’ = (¢, ...,cp—1) and let G(¢’) =
F*(c1, ..., cn-1,0)%. We first deal with the contribution from those ¢ for which G(¢’) # 0. In this case
we invert the order of summation and observe that there are O . (Z #) choices of d for which d | G(¢’),
by the standard estimate for the divisor function. Hence the contribution to (2 from this case is

<eZ° ) lsalen-salea)" Yl P € O tlenl < Zod | e

le1].eoslen11<Z _dIG(e") _
G(c")#0 D<g|d|I<Z
Zl+2£
1/2
T D, Isalen--sqep)l”
let]mslen-11<Z
Zn+3£
“ pie

This is satisfactory for the proposition on observing that D > B*n / Ze.
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In order to deal with the remaining contribution from ¢ for which G(¢’) = 0, we note that for fixed
C1,...,Cn-2, there are only finitely many choices of ¢,—; for which G(¢”) = 0. This is due to the fact
that the coefficient of ci‘?lG appears with a nonzero coefficient, as observed by Heath-Brown [28, Eq.
(4.2)]. Hence we obtain the overall contribution

<20 Nz T3 katenl

d €O square-full len|<Z I<i<sn=2 ¢ 1<Z
D<.|d|<Z dlcn

—~ 1

< Zn—l /2+2¢&

€ |d| 1/2

d €O square-full
|d|<Z

< Zn—l /243¢

& s

which thereby completes the proof. O

7.4. Final touches

We combine Propositions 7.3 and 7.6 in (7.2) to deduce that

s cnse| B B2 1 1
R4 — + = + =+ =
Zmno  R1/272%)  71/2  B2/n

B 1 1 )

<. 2n+s _ b+ —
Rmin{n0/3,1/(27-2") } R1/6  RB2/n

since Z > R/3. The middle term is dominated by the first term. Moreover, we clearly have
min{rno/3,1/(27 - 2")} > no/9. Balancing for B, we deduce that

Y, <, Z"ERTM, (7.8)

where 71 =n9/(9n +9).
We may now deduce the statement of Theorem 7.1, recalling the notation X4 = X4(Z, R) for any
2<A<2+6andany 0 < R < 3Z. We claim that

3 (Z,R) < Z"R—m/?,

which will clearly suffice for the theorem, in the light of (7.1). If Z < 2R then the statement follows
from (7.8), on choosing € < 11 /4. Suppose next that Z > 2R and open up the square to get

% (Z,R) < Y > Irira) V2188 (d)SE, (d)|#{c : ¢ = d mod rir3},

|r1|=R d mod rir;

ra|=R w|rn=w|F*(d)

on noting that SEI (c)SEz(c) only depends on the value of ¢ modulo rjr;. The inner cardinality is
0(2"/1?2"), whence
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nZR <= Y Y e PIsh@sk)

I |= R d mod riry
2 |= RwlrlrzﬁwlF (d)

< A—Zz(l’l + 2R, R)
R2n

by Lemma 7.7. The claim now follows on appealing to (7.8).
Lemma 7.7. Suppose |d| < rirp. Then there exists ¢ € Sy with |¢| < ¢" |rir2| and ¢ = d mod ryr).

Proof. LetH(¢)=c1---c,F*(c).LetS = {d+rirk : |k| < ¢""}. We wantto find ¢ € S with H(c) # 0.

The set S is a Cartesian product H1<j<n I;, for some sets I,...,1, € O of size |I;| = q"”. Since
degH =n+3-2"2<2"42" < |1;] for all j, the desired ¢ exists by the combinatorial nullstellensatz
[1, Theorem 1.2] in the field K. m]

8. Endgame outside dual variety

Let w be as in § 5 with the properties specified in Hypothesis 5.3, but with parameter L = 0. Let

E(P)=|PI" > > IrSe (o) (o), (8.1)
ceO" reO*
F*(c)#0 |r‘<Q\

where we recall that Q is chosen in such a way that |P|?/? < Q By Lemma 5.1 we have I,-(¢) = O unless
le| < |rlmax{1,|P]}|r|"'Q""}|P|"! < |P|'/2. In particular, the sum over ¢ in the definition of E|(P)
only runs over vectors ¢ € O" with |¢| < |P|'/2. Moreover, a simple change of variables shows that
Lemma 5.5 implies

1-n/2
M) . (8.2)

Ir|

We also keep in mind the L = 0 case of Lemma 5.6, which implies the following:

I (c) < |P|-3(1 +

If ry, rp € OF with |rq] = ||, then I, (¢) = I, (¢).

The primary goal of this section is to establish the following result.
Proposition 8.1. Assume Conjecture 4.5 holds. If F = x? +-et xg, then E(P) < |P)3.

We begin by dealing with the contribution from ¢ - - - ¢,, = 0, which already follows from [26]. Let
Z c{l,...,n} with#Z = t and define

R(C) ={ceO":|c| = C, such that ci=0if i ¢ 7 and ¢; # 0 else}.

Let us also fix 0 < ¥ < Q. We will now consider the contribution to E;(P) coming from vectors
¢ € R(C) and r € O with |r| = Y. Since the contribution from C > |P|'/2 vanishes, it is clear that
there are at most O (log? | P|) permissible choices for pairs (C,Y). It follows from the last display on
page 21 of [26] that

|P|n | |n 3/2+e ? n/4 ’f t/4

—_— Z Z S,(e),(¢) <« —— | ——| YY" I/OC mind1, —} .

n ceR(C) Ir|= Y n/2 |P|C |P|C
F*(c)#0
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Note that they work with a different weight function; nevertheless, the estimate continues to hold in
our setting as we have the stronger integral estimate (8.2) at our disposal. Since we are assuming that
F*(c) #0and ¢y --- ¢, =0, we must have 1 < 7 < n— 1. One now easily sees that the expression above
is maximal at = 1 or # = n — 1. The contribution fromt =n — 1 is

< |P|M/2SArep112Gn/2-3/4 | p3n/A-13/see

while r = 1 gives

|P|3n/4—7/4+8’Y7(1—n)/125(3—n)/4 < |P|3n/4—7/4+s,

where we used that n > 3 and C < |P|'/2. We have 3n/4 —7/4 < n—3 and 3n/4 — 13/8 < n — 3 for
n > 6 and since there are at most O (log? |P|) choices for (¥, C), this shows that the contribution from
c1---cp =0to E{(P) is O(|P|"*3~%) for some & > 0. This is satisfactory for Proposition 8.1.

Next, we factor r = rirp, where rq € RS andr, € RE.For1 < C < |P|'2and 0 < Y; +Y> < Q, we
shall write Y = Y; + Y, and consider the sum

E(0.2.0) = ) | ) Sh(ef| D) Shiel,

|c|:6 r ER? rze’RcB
[r1|=Y) [r2|=Y>

where the sum over ¢ runs over ¢ € O" with ¢y -+ - ¢, # 0 and F*(¢) # 0. We will now provide an upper
bound for E; (Y1, Y2, C) depending on the size of C and the relative size of ¥, compared to Q/Y . For the
rest of this section, let 6 > 0 be a fixed small real number.

8.1. The case C < |P|!/2=¢
In this case it suffices to use the old estimates from [26] and [12]. Applying Propositions 6.9 and 6.8 in
succession gives

E](Y],Y2,C) < ?1/2+86n+5.

Combining this with (8.2) shows that the contribution to E| (P) with C < |P|'/279 is at most

Z |P|n—3?1—n/2+86n+a

~\ 1-n/2
1+ |P1C) < Z |P|n/2—261+n/2+s?s
Y1,Y5,C Y

Y1,1»,C
|3n/4—3/2+£—5(1+n/2+£)/2
9

< |P

where we used that C < |P|1/2=9, Y < |P|3/? and that the number of available (Y}, Y, C) is O(log |P|) =
O(|P|?). Thus the contribution to E|(P) is at most O (|P|"~3) for n > 6, which is satisfactory.

8.2. The case C > |P|'/?~9

We shall divide the complementary case into two further subcases. First, let from now on € > 0 be a
fixed, sufficiently small real number. We then define @ = (1/2 — ¢)/deg F* and

. P 3/2
W= min{L, |P|(18)/2}. (8.3)
Y
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The case Y% < W2/
In this regime we require the full strength of Conjecture 4.5 and of Lemma 5.8. To make use of
Lemma 5.8, we need the following auxiliary result.

Lemma 8.2. Let G € O|cy,...,cn] be a polynomial. Let C > 0 and A € R. Then
#{ceO": |c| =C,|G(c)| < CI2C} <G C"(A+ C")!/deeG,

Proof. By Lemma 2.7, we may assume deg,., (G) = deg G. By the v = oo case of (2.20), the number of

available choices for ¢ is < 1+ CA'/9%€C once ¢y, ..., ¢, are specified. Summing over cs, . .., cn,
the cardinality in Lemma 8.2 is

<G 6n—l(1 +€;l\1/degG) - En(;{_’_é\—degG)l/degG <« En(;{_'_é?—l)l/degG‘

(A referee pointed out to us that the middle bound C" (1+C %€ G)1/deg G mioht be useful for simplifying
some of the subsequent estimates of § 8, as well as the choice of W in (8.3). However, in order to
maintain compatibility with the published sequel [8], we do not explore such improvements in the
present paper.) O

Recall from Lemma 5.8 that I,,(¢) = O unless |F*(Pc/r)| < 1+ (|P||c|/?)degF*‘1. After setting
S(C)={c e O": || =C,0 < |[F*(Pe/r)| < 1+ (|Ple|/Y)%eF*1 ¢) . c, £ 0},

it then follows from Holder’s inequality with p; =2 — &g, p2 = (2—¢0)/(1 —2&¢) and p3 = (2—&¢) /&0
that

1/p1 1/p3

Ei(Yi,12,0) <[ Y| Y0 S| syt Y1 > ske)|

le|=C|Ir |=Y) le|=C]|r2|=V>

We can now apply the trivial estimate |SE2 (¢)] < |r2]"*V/2 and invoke Lemma 2.3 to estimate the sum
over . Combining this with Conjecture 4.5 with Z = [max(C, %Yl)'l and R =Y to estimate the sum
over r, we get

E (Y1, Y,,C) < Zl/Z(é‘n + ?ln/S)1/(2_80)#S(C)(1—280)/(2—80)Enso/(2—80)?;”+‘)/2+8

PN — - 1/2+
< YI/ZYZ"/2+‘9(C" + Yl”/3) “#s(0)V2e,

where € := % —(1-2&0)/(2-g9) = %80 + 0(53). Note that Lemma 8.2 implies that
-~ 1/deg F* —~ 1/deg F*
# Y —~ Y ~
5 « | min l,——=+C! <|—=+C"! :
cn |P|C

|P|IC
Together with the last display and (8.2) this shows that the contribution to E;(P) from those (Y}, Y2, C)
under consideration is
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a

i on/3
(C" +Y

—~

Y ~
— +C!

n=-3y1-n/2pn/2+e An(1/2-¢)
< Z |p|n3yt-n2yrirre s

Y1.72,.C

PE 1-n/2
X 1+¥
Y

— a
< Z |P|n/2_2?n/2+g((_Y ) +5—d)(5n+?"/3)1/2+861—n8
2 = 1 :

Yi.1,C |PIC

)1/2+8

One can check that —@+n(1/2+¢&)+1—ne > 0 and —@+ 1 —ne > 0, so that upon recalling C < |P|'/2,

we get that the contribution is

—~ a
< Z |P|n/2—3/2-ns/2?2n/2+s(( Y ) || (lPI"/2+?1"/3)1/2+8

= |P|3/2
—~ a
= Y
<2, |P|3"/4-3/2Y2”/“(( P 3/2) + |P|-“/2).
7]

‘We can now use that

)72}’1/2+8 < )’;z—n/ZWa/Z’

which together with the definition of W in (8.3) implies that the contribution is

—~ a
n/2m Y
T |P]

< |P|3n/4—3/2(|P|—30/4 Z ’Y;n/2?a/2 + Z ’Y\2—n/2|P|—(1(l+£)/4)
Y.y, Y.y,

< |P|3n/4—3/2(1 + |P|s—cx(1+£)/4)’

where we used that Yy, y, Yz—n/Z?a/z < |P]P?/*, because Y < |P|*/2. Therefore, as e(1 —a/4) —a < 0
for & sufficiently small, the contribution from the case under consideration is again O (|P|"~3) forn > 6.

The case Y]+ > W2
Applying Holder’s inequality to E (Y1, Y, C) with py =2 — g and pp = (2 —¢€)/(1 — &) gives

1/p1 1/p2
Pl) (Z Pz) .

c
Next we use Conjecture 4.5 with Z = [max(C, %Yl)'l and R = Y| to estimate the first sum and
Theorem 7.1 with Z = [max(C, %Yz)-l and R =Y, for the second, to obtain

E\(Y1,Y5,0C) <

2

c

2. 5h(©) IR

E\(Y1,Y5,C) < 27,1072 (Enler 4 770 (i 4 77272 (8.4)
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for some i > 0. If we choose ¢ sufficiently small, we have C > |P|1/276  |P|4 > Y10 AsY Y, =Y,
this implies that Y’ 11/ < Cor Y21 B «C. Therefore, the bound in (8.4) gives

EV(1h. Y2, C) < FYRT 1P Golen (ol 4 001 4 G-t i),

Moreover, if the third term in the brackets dominates then we must have 6 3« 172. Thus, on noting that
1/p1 — 1/p2 > 0, we obtain

E\(11,,C) < ?1/25"/”2?2_"/”2(5"/”‘ +171"/3’7' +172"/3”‘)

< VV2CmIPy (5n/p1 L pni3e )

where we trivially estimated Y1,Y> < Y. Moreover, we have set n’ = n/pa, which satisfies n” > n/4 for
& small enough.

Observe that n/p, + 1 —n/2 > 0, so that summing over Y}, >, C and using the integral estimate (8.2)
shows that the contribution from this case to E{(P) is

~\ 1-n/2
<y |P|"35n/m?'n/2?—n'(1 N _'P'C) (6w 7rrm)
) —
Y.Y,C Y
< Z |P|11/2—2?;U' ZaHn/pz—n/Z(En/pl +?n/3p1)
Y1.Ys C
< Z P27 | P|(1+"/P2—"/2)/2(| P[P H?n/am)
Y.V
< Z |P|3n/4—3/2)72—n”
Y.,

where we used 1/p; + 1/p> = 1 and that C < |P|'/2, as well as the fact that Y < |P|?/2. Since
3n/4 —3/2 < n—3 for n > 6, to complete our treatment of E;(P) it will suffice to show that
v 17;”/ < 1. To do so, recall that )75“8 > W2 If we set B =n'a/(4(n + ¢€)), then recalling the
definition of W in (8.3) this implies

—~_

Y

r,/ /\_7]//2A_ﬁ
<YW

= \B
v-1n'/2 Y B(e-1)/2
<Y, (—|P|3/2) +|P| .

Therefore, as Xy, y, |PIB(e=D/2 < Q2 |PIB(e~D/2 « 1, we get

Z Z ?2_7”<<|P|_3ﬁ)/2 Z ?2_'7//2% Z ?{3

0<Y><Q 0<Y1<Q-Y» 0<Y»,<Q 0<Y1<Q0-Y»

< Z 172_"//2

0<Y2<0
< 1,

as 7’ > 0. This completes our proof of Proposition 8.1.
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9. Contribution from the centre
In this section we estimate the contribution from ¢ = 0 in (2.9). This takes the shape
M(P) = PI" > |r[7"S,(0)1,(0), ©.1)
reO*

Irl<Q

where S, (0) is given by (2.6), and I,-(0) is given by (2.7) and (2.8). The following is the main goal of
this section.

Proposition 9.1. Let n > 5. Then M(P) < |P|"™3, for any Q > 0.
To begin with, it follows from (8.2) that 1, (0) < |P|™3, if n > 3. Hence
M(P) < [P 37 e[S, (0)] = [P 37 |r[ 02 sk(0)], 9.2)
reO+ reO+
if n > 3. We shall require the following technical result, which will also be useful in the next section.
Lemma 9.2. IfR > O and € > 0, then

Z Irll—n/2 Z |d|—1/2|53(0)| <. E(4—n)/3+8.

reO* d|r
Ir|=R

The statement of Proposition 9.1 follows on combining this result with (9.2) to deduce that

DU rERsEO) < > S Y a2 sh o))

reO* R>0re0O* dlr
Ir|=R

<. Z Rd-n)/3+e
R>0
<1,

ifn > 5.

Proof of Lemma 9.2. Recalling the notation for cub(d) introduced in (6.1), it follows from Lemma 6.3
that |d|‘1/2SEI(0) <, | cub(d)|"/%*#, for any & > 0. Hence

Z |r|1—n/2 Z d_1/2|53(0)| <. El—n/2+e Z |cub(r)|"/6,
reO* dlr reO*
Ir =R Iri=R

on taking the trivial estimate for the divisor function. Writing r = rr,, where r; is cube-free and r; is

cube-full, we see that
Dllewb)Mt < N Y

reO* reot rn et
|r|=R ri cube-free 72 Kk‘/m [
rp cube-full
S1/34n/6 Z 1
< —_—
R |rl |1/3+n/6
r eO*

« R1/3+n/6

since n > 5. The statement of the lemma easily follows. O
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10. Contribution from dual variety

Let w be as in § 5, with the properties specified in Hypothesis 5.3, with parameter L = 0. The purpose
of this section is to study the quantity

ExP)=P" > T IS (e)l (o), (10.1)
ceO"\{0} reO*
F*(e)=0 |r|<0

where Q is chosen so that |P|3/2 < Q and I,(¢) = 0 unless |¢| < |P|'/2, by Lemma 5.1. We shall be
interested in this quantity when n = 6 and F = x; +- - +x,. Let V C P denote the cubic hypersurface
defined by F.

Let Y be the set of 3-dimensional K-vector spaces L C K° with F|; = 0. (Note that the projectivisation
of Y is the K-point set of the Fano variety F>(V) of planes on V.) Since F is nonsingular, it is well-
known that Y is finite, as explained by Starr [9, Appendix]. The task of estimating E,(P) is divided
into two steps. First, in Proposition 10.6 we will establish a bias in the exponential sum S, (¢) whenever
¢ € L*, for some L € Y. Note that the projectivisation of L+ corresponds to a plane contained in the
dual variety of V. Planes contained in the dual variety of V correspond to planes in V via bi-duality.
Using Poisson summation, we shall show that the bias of the exponential sums gives a contribution that
exactly matches the contribution from the points of bounded height on (J; .y L. The second task will
be to show that the vectors ¢ € O° such that F *(¢) = 0, but which do not lie on L* for any L € Y, are
sparse and form a negligible contribution.

The goal of this section is summarised in the following result.

Proposition 10.1. Let & > 0. If F = xj + - +x3, then

Ex(P)= ) > wx/P)+0.(PI"**).

LeY xeLnOS

In fact, much of our argument carries over to general F in n € {4, 6} variables, but a restriction to
diagonal F is necessary when it comes to handling square-full moduli. Throughout this section we shall
therefore assume that F' = x? +.oet+ xg, unless otherwise indicated. For later convenience, we note that
if char(F,) > 3 there is a unique L € Y up to an [F,-linear automorphism of F, given by

Lo: xi+x4=xp+x5=x3+x5=0. (10.2)

A proof of this fact is given in [52, Remark 6.3.8], based on [39,49].

10.1. Geometric preliminaries

Throughout this subsection, £ denotes an arbitrary field with char(k) # 2 and we shall adopt the
notation P(E) for the projectivisation of a k-vector space E. (In particular, P" denotes the projective
space P(k™*!).) Suppose that V c P> is a smooth cubic fourfold containing a k-plane M c P,
corresponding to a three-dimensional vector space L C k°. Projection away from M, defined by the
natural map P(k%) — P(k%/L), gives a morphism V \ M — P(k%/L). Blowing up V along M resolves
the indeterminacy locus and gives a fibration V — P(k°/L) whose fibres are projective quadric surfaces.
Being the blow-up of a smooth variety along a smooth subvariety, V is also smooth. If we denote by
C c P(k®/L) the zero scheme of the determinant of the matrices that define the quadratic forms in the
fibres, it follows from Proposition 1.2 and Exemple 1.4.2 of Beauville [4] that C is a curve of degree 6
which is either smooth or has ordinary double points. Let L' be the orthogonal complement of L inside
k® and note that P(L*) parameterises hyperplanes in P(k®) containing M. If ¢ € P(L*), we shall write
H, for the corresponding hyperplane containing M in P(k®) and H. for the image of H, in P(k®/L),
which defines a projective line.
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If we denote by V, = H, NV, then we get again a morphism V., \ M — H/ by projecting away from
M. Blowing up V, gives a fibration Ve — H] into quadric surfaces and the locus of degenerate quadric
surfaces is given by C, = H. N C.

Note that after a suitable change of variables we may assume that L is given by x; = x, = x3 =0, so
that V is defined by a cubic form of the shape

x101(x,y) +x202(x,y) +x303(x, y),

for some quadratic forms Q1, Q», Q3 € k[x,x2,x3, Y1, Y2, y3]. Upon defining
W= {(s.y) € P> XP*: 5101(0,y) + 5202(0,y) +5303(0,y) = 0},

we obtain a conic bundle W — P? by projecting to the first factor. A straightforward computation
with the Jacobian criterion shows that smoothness of V along L implies smoothness of W. Hence, on
appealing once again to Proposition 1.2 of Beauville [4], it follows that f(s) = det(sy M +syM>+s3M3)
is nonzero as a polynomial in s, where M; is the 3 X 3 matrix underlying Q;. The equation f = 0 thus
defines a curve D c P2

Definition 10.2. Let ¢ € L+ \ {0}. We say that ¢ is good if

(i) C. is smooth of dimension 0,
(ii) H. c P? contains no plane contained in V other than M,
(iii) H/ is not an irreducible component of D,

and we say that ¢ is bad otherwise.

Note that the definition depends on the choice of L. The significance of this definition is that
hyperplane sections coming from good ¢’s enjoy good geometric properties and bad vectors ¢ only
occur rarely, as we will see in the next two results.

Lemma 10.3. Suppose ¢ is bad. Then c lies in a subvariety of P(L*), all of whose irreducible components
have dimension at most one.

Proof. Since C is reduced and has at worst ordinary double points, a generic hyperplane section is
smooth of dimension 0. Indeed, as long as H, does not lie on the dual variety of C or contain one of
the singular points of C, the intersection H, N C will be smooth. Moreover, it will be 0-dimensional as
long as H, is not a component of C. Each case forces ¢ to lie on a subvariety of dimension at most one.
If H, contains two distinct planes contained in V, then it must also contain the linear space they span,
which has dimension at least 3. Hyperplanes in P(k®) containing a fixed three-dimensional linear space
are parameterised by a P! and since there are only finitely many planes contained in V, this shows that
¢ lies on a union of finitely many lines. Finally, the curve D has at most 3 irreducible components and
so there are at most 3 possibilities for ¢ such that H/ is an irreducible component of D. m]

Lemma 10.4. Suppose that c is good. Then every fibre of the quadric surface bundle Ve — H] has at
worst isolated singularities.

Proof. For s € H], let Qg be the fibre above s in V., which is a projective quadric surface and hence
corresponds to some matrix Mg € Matyx4(k). The claim of the lemma is now equivalent to Mg having
rank at least 3. Note that if rank Mg = 1, then Qg contains a double plane. However, Qg is also a fibre
of the fibration V — P(k®/L) and is thus the residual intersection of a linear 3-space containing M
with the cubic hypersurface V. Therefore, a result of Zak [31, Katz’s Appendix, Theorem 2] shows that
the singular locus of Qg has dimension at most 1 and so Qg cannot be a double plane. Now assume
that rank Mg = 2. This implies that Qg is a union of two distinct planes. However, this is impossible
as at least one such plane would be distinct from M and contained in H.. This would contradict the
assumption that ¢ is good. O
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10.2. Exponential sums

In this section it is no harder to work with an arbitrary cubic form F € O[x1,. .., x¢] defining a smooth
hypersurface V C P%. Let V := V x SpecF, (¢) and for a prime @ of O we let F; = O/wO and set
V& =V x Spec F,. Moreover, we fix a K-vector space L ¢ K such that F; i = 0 and denote by L+
its orthogonal complement inside K®. We then set A = L N 0% and A* = L+ n O° We shall write M
for the subspace of P> corresponding to L. In addition, we let Lo, = A/@A and L = A*/wA*, which
are both F -vector spaces of dimension 3.

Let ¢ € L* \ {0}. Abusing the definition of the previous subsection slightly, we shall also say that
¢ is good if the corresponding point in projective space is good. Let g € O[yy, y2, y3] be a degree 6
form defining the curve C in P(K®/L). Note that if ¢ € L* \ {0} is good, then by definition C, ¢ H.,
is smooth. In particular, if we work with coordinates (s : f) on H_, then there exists a separable binary
form g, € O[s, t] of degree 6 whose coefficients are degree 6 polynomials in ¢ that define C,.

Example 10.5. Suppose that L = {x; = x = x3 = 0}. Then any ¢ € L* \ {0} takes the shape
(¢1,¢2,¢3,0,0,0) and, without loss of generality, we may assume that c3 # 0 and cy,cz,¢c3 € O.
Rational points on H_. are of the form (c3s : c3t : —(cys + cat)) with (s : ¢) € P!(K) and we may take
ge(s,1) = g(c3s, c3t, —(c15 + c21)).

Fix coordinates z1, 72, z3 on L*. It follows from Lemma 10.3 that the collection of all bad ¢ € P(L*)
is contained in a hypersurface. In particular, there exists a nonzero form B € O[zy, 22, z3] such that if
B(c) # 0, then ¢ is good. Moreover, as Lemma 10.3 is independent of the base field, it follows that if
w {1 B(c), then the reduction of ¢ modulo w is also good with respect to L and F,. Recall from part
(1) of Lemma 6.1 that % (¢) < |@|!/2 if F*(c) = 0. The following result refines this estimate and
establishes a bias in the exponential sums for primes.

Proposition 10.6. Suppose that ¢ is good and @ t B(c). Then
S(¢) = @'+ 0(1).
Proof. Tt follows from (2.16) that

Ser(€) = [T #Ve, 0 (Fr) = #Vr () + || (#F4 (Foy) — | #F° (o)
= |w|(|w|#vc,w(Fm) - #Vo(Fgm)+1).

(10.3)

After a suitable F-linear change of variables, we may assume that L is given by x| =x, =x3 =0
and the cubic form F takes the shape

F(x,y) =x101(x,y) +x202(x,y) +x303(x, ),
for some quadratic forms Q;,07,03 € Fgl[x1,x2,x3,¥1,y2,y3]. In particular, we have ¢ =
(c1,¢2,¢3,0,0,0) € ]F%,. Moreover, we must have ¢ # 0, since w { g.. Without loss of gen-

erality, assume that ¢c3 # 0, so that V. 5 is defined by the vanishing of the form F¢(s,t,y) =
F(c3s,c3t,—(c1s + cat),y). Then we may rewrite F, as sq(s,t,y) +tqga2(s,t,y), where

qi(s,1,y) = c3Qi(c3s, c3t, —(c15 + ¢21),¥) — ¢iQ3(c3s, c31, —(c15 + €21), ¥).
Any (s,1) € F2\ {0} satisfies Bs — at = O for a unique (@ : B) € P'(F,) and we may then write
(s:t:yr:ya:y3)=(au:Bu:y;:yr:y3)forsomeu € F; \{0}.If (qu:Bu:y,:y2:y3) ¢ M,

then u # 0 and the equation F,(s,f,y) = 0 becomes

aqi(au, Bu, y1,y2,y3) + Bga(au, Bu, y1,y2,y3) = 0. (10.4)
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This is the defining equation for the residual quadric surface that arises when intersecting V. o with
the hyperplane spanned by L and (s : ¢). Upon defining the quadric surfaces

S(ap) = {(u:y1: y2: y3) € P*: (10.4) holds}

and the conics

C(a/:ﬁ) = {(yl cy2 y3) € PZ: 0611(0,0,)’1,)’2,)’3) +Bq2(0’03y1’y2’y3) = 0}’

we see that C gy is precisely S(q,p) N Lo and we may therefore rewrite

Wew(Fa) =#loFe)+ Y #wpFa)= Y #CapFe).  (105)
(a:p)eP! (F) (a:p)€P! (F)

Since @ t B(c), the reduction of ¢ modulo @ is good and hence the reduction of the binary form g,
modulo @ is separable of degree 6. Moreover, by construction S,.5) will be singular precisely when
@ | gc(a, B), since g¢ (a, B) is just the determinant of the matrix underlying the quadratic form defining
S(a:p). Let y : Ff, — C* be the unique character of order 2. It follows from Schmidt [47, §TV.2] that

#S(a:p)(Fo) = |@|* + |@|(1 + x (g (@, B))) + 1,

provided @ 1 g¢(a, B). Let 0 < Ny < 6 be the number of (@ : 8) € P'(F) such that @ | g¢(a, B). It
then follows that

> #tap) Far) = (@l + [o) (@] +1 - No) + o] > x(ge(t. 1)) + Ol
(a:B)€P! (Fg) teF o
wige (a@.B) wige (1,1)

= (|l@* +1@|)(lw] + 1 - No) + O(|=[*?),

where the O (|@|) term accounts for summing the +1 in Schmidt’s formula and the contribution from
those (a : B) with 8 = 0. The second line follows from the classical Weil bound for character sums,
which is applicable since g, (z, 1) is square-free modulo @.

As the reduction of ¢ modulo @ is good, we know from Lemma 10.4 that the matrix underlying the
quadratic form defining S ,.g) has rank at least 3. In particular, S(,.g) is irreducible and by Lang-Weil
we get #S(o.p) (Fo) = |@|? + O(|@|*'?). Thus

D #8ap (Fo) = Nolal” + 0(|a ).

(@:p)€P! (F)
@ |gc (@.B)

Finally, observe that since @ { B(c), property (iii) in Definition 10.2 implies that there are at most 3
possible (a : B) € P! (F,) for which C(a:p) is singular. If C(4.g) is smooth, then it contains |@|+ 1 F-
points, while if it is singular it is either a double line or a union of two lines, so that in either case it
contains O (|@|) F4-points. Therefore,

D #Clap) (Fo) = @’ + O(l@)).
(a:p)eP! (F)

Combining these estimates with the fact that #L o, (F ) = |@|?> + |@| + 1, it follows from (10.5) that

WV o(Fp) = o’ +2lol* + 0(|=*'?).
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Moreover, by Deligne’s bounds (as recorded in Equation (3.12) and the paragraph thereafter of [12]),
we have #V(F ) = |@|* + |@|? + O(|@|?). Thus (10.3) yields
So(c) = |o|(|ol#Ve, o (Fo) = #Ve (Fo) + 1) = ot + O(|@|?).

|7/2

On dividing both sides by |@|’/#, we are led to the statement of the proposition. O

Motivated by the previous result, for good ¢ € L+ \ {0} we define
NS :={reO: gcd(r,B(c)) =1} and NB:={r e O*:rad(r) | B(c)}

and observe that these sets depend implicitly on L. Moreover, it will be convenient to introduce the
notation

No(D)i={reO":wm|r=vg(r) =1},

for any integer [ > 1.

10.3. A general upper bound

Having completed the treatment of individual exponential sums, we will now focus on our case of
interest and assume that

— 43 3
F(x)=xy+- +x{

for the rest of this section. Recall the definition (2.13) of Sy. For each set 7 C S, let

F=1Pe Y S (o)l - I Z|r/s| 1S(e)]. (10.6)
ceT\{0} reO*
lr|<Q

At several points later, it will be convenient to discard f(7) for various choices of 7. This is achieved
through the following result (which is analogous to [56, Lemma 5.2]).

Lemma 10.7. Let T C Sy and 6 € R. Suppose {dc : (d,¢) € K* X T} nO" = T and
#HeeT:le| <Cy=0(C"39) forall C € Rsq. Assume § < % Then

f(T) <& [PP0/2,
for any € > 0.

Proof. The result [26, Lemma 6.1] essentially gives a version of this result with 6 < 0, and with s = r
instead of } |,. The same method extends to the present setting, with minor modifications that we now
describe.

First, the integral estimate [26, Eq. (6.9)] still holds. (In fact, we have seen that the stronger estimate
(8.2) is available.) Second, taking n = 6, we have

Ss(e) < |s|%Is11*|s2]"3 |53/ |ged (52, €) '3,
in the notation of [26]. Therefore,

D1 /sIIS @) < 1121 4P s P lged (ra, €)',

s|r

since s; | rp and s3 | r3. This is of the exact same strength as the bound for the s = r term given in [26,
Lemma 6.1]. Since —% + 6 < 0, the rest of the argument of [26] goes through with —¢ in place of 1 to
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give the desired upper bound for f (7). Here our assumption on 7 guarantees that if He € T for some
¢ € O"and H € O \ {0}, then in fact we have ¢ € T. This implies that

#{HceT:|c|<C}<#{ceT:|c|<C/|H|},

which is all that is used to arrive at [26, Eq. (6.10)]. O

10.4. Factorising exponential sums

Given the bias established in Proposition 10.6, we typically expect SE (¢) to be of size |r|'/? for ¢ € AL,

at least when r is square-free. To keep track of the error, we will decompose SE (c¢) into smaller pieces.
Forr € O, let ¢k (r) = #(O/rO)* be the Euler totient function. Consider the Dirichlet series

¥(s)= » x (NI _ = @2 lk(s=3)

Irls H—lw[2 e (s+ 1)’

In the notation of (4.1), it follows from Proposition 10.6 that the local factor ® 4 (c, s) should resemble
the local factor W (s) of W(s). Let S, o(c¢) be the rth coeflicient of the Euler product ®(c, s)/¥(s);
then

DTS 0(e) = (e, )/ P(s) = L (s = D7 Lk (s +5) - Dle, s). (10.7)

reO*

Since ug () is the rth coefficient of Zx (5)~! = [1 (1—|@|™*), it follows upon expanding products that

Seole) = > ux(do)ldo|"? - |di[7V2 - 8% (c). (10.8)
doy,d),dy eO*
Moreover, the Euler product factorisation ® = (®/¥) - ¥ implies
Sie) = > Snole)- gk (r)ln| ™2, (10.9)
ro,r1 €OF
ror =r
We will need some basic properties of S, o(c¢) as a function of ¢ € A+ and r € O*.
Lemma 10.8. The quantity S, o(c) is multiplicative in r and only depends on ¢ mod r. Also,
1 ifr=1,

Eeeat/ral[S =
centfra1Sr0(€)] {O otherwise.

Proof. Being the convolution of multiplicative functions, the multiplicativity is clear. Moreover, from
(10.8) it follows that S, o(c) depends only on the list of values ¢ mod d for divisors d of r, which in
turn implies that S, o(c¢) only depends on ¢ mod r. Finally, by orthogonality of characters we have

Eeens/rac [SE(€)] = i ()72,

so that the last assertion follows from the formal identity

DI Beens ras [SHE)] = W(s) D 1r™Beens jras[Sr0(e)],

reO* reO*

which follows from (10.7). O

https://doi.org/10.1017/fms.2026.10259 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10259

Forum of Mathematics, Sigma 49

We now provide some bounds for S, o(¢) for ¢ € A+ \ {0}.

Lemma 10.9. Let r € O, ¢ € A+ \ {0} and let € > 0. Then

12se 1S40l

Sro(e) <g |r| MaXdeN, (3) =7 -
' © dlr |d|1/2

Moreover, if B(c) # 0 and r is a square-free element of NC, then S, o(¢) < |r|®.

Proof. Applying the triangle inequality in (10.8), followed by Lemma 6.1 to cube-free divisors of r, we
obtain

o BG]

|55 ()]

1/2+¢& | d max

deN=(3 s
Edlr() |d|l/2

[Sr0(e)| <g |r] maxdlrw—l/z <g |r]

which verifies the first part. If @ 1 B(c), then (10.8), Proposition 10.6 and Lemma 10.8 together imply

124 || 12 +8 EU (¢) < 1. The second assertion now follows from multiplicativity. O

Sw.0(c) = —|w|
We shall also require the following estimate for averages of S, o(c).

Lemma 10.10. Let £ > 0. Let ¢ € AL\ {0} be such that B(c) # 0 and R > 0. Then

b
. G
2 IS o(e) <o (RleD® - R D, —7—.
reO* deNs (2)
Ir|=R |d|<R

Proof. Any r € O* can be written uniquely as 7 ryrs, where 1, 2,73 € OF are pairwise coprime with
r1 € NS square-free, r; € N2 square-free and r3 square-full. Upon writing S, o(¢) = [11<;<3 Sr;.0(€),
and applying Lemma 10.9 to each factor, we get after decomposing into g-adic intervals

DED »1/2
Dsco@l < DL RER YR Y irsfdl sk e,
reo* Ri+Ry+R3=R reNB r3,deN; (2)
Ir|=R |72 |=R> Ir3|=Rs, d|r3

Since B(c) # 0 and |B(c)| < |c|®, it follows from Lemma 2.2 that the number of r, € NP with
|r2] = Ry is O ((|c|R2)?). In particular, we get, after summing over the r; for each fixed d, that the
right-hand side is

<e Y (RIDRIR? DT (Rs/1d)'d)* (Rs/|d))' 2185 (e)l.

R+Ry+R3=R dGNg (2)
|d|<Rs
Lemma 10.10 follows, since Elﬁé/zﬁé/zﬁé/z < E1§2E3 =R. m]

10.5. Linear space extraction

By an F,-linear change of variables, when studying linear spaces L € Y we may concentrate on L = Ly,
as given by (10.2). Elements of Lé are of the shape (c1, ca,¢3,c¢1,c2,¢3) for ¢ = (cy,¢2,¢3) € O3,
Motivated by this, we define ¢* = (¢, ¢2, ¢3, c1, ¢2, ¢3) for ¢ € O3.

Our next result will allow us to extract the main contribution from solutions on linear subspaces to
our counting function. Before stating it, we need some more notation. Given x € O°, set

Yi=Xxi+xi43 and  z; = X; — Xiy3
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fori = 1,2, 3. Moreover, we let M € GLg(O) be such that x = M (y, z). We then define the cubic form

i(()’i +2) + (i - 2)’)

i=1

F(y,2)=F(x) =

oo | —

and the density
TLo.w 1=/ w(M(0,z))dz.
K3

Note that M (0,z) = %(zl , 22,23, —Z1, —Z2, —23), 80 that o7, ,, measures the density of K..-points on the
lattice Ao with respect to w.

Lemma 10.11. Let ¢g € O3 and assume that r = rory € O*. There exists a constant C € N such that if
|r1| = C|P|, then

3
. . |r1]
Z Ir(G,c0+roc ):O-L()’W(m .

ceO?

Proof. Upon making the unimodular change of variables x +— (y, z) described above, we get that

1,(0. ¢}, + roc )_/ / w(M(y, z))l//(9P3F(y g+ ey Feo y)d dz.

Applying another change of variables given by y’ = Py/r|, we obtain

3
* * r —~
D 1 (0. ¢h+roc”) = (%) /% > &le)dz,
K ceos

ceO?

where g, is the Fourier transform of the function

g K2 —>C, b w(M(rb/P, z))w(0P3F(r1b/P 2)+ o b)
ro

In particular, using Poisson summation, in the form Lemma 2.1, we deduce that

D10, ¢5+roe”) = P > w(“’ )/w(M(rlb/P,z))w(9P3f(r1b/P,z))dz.
K3

3
ceO? Pl beO3

Suppose that b # 0. Then, since we may assume |rq| > C| |P| for a sufficiently large constant C, we
must have w(M(r1b/P,z)) = 0. It follows that only the term b = 0 contributes. However, we have
F(0,z) = 0 identically in z, so that we arrive at the statement of the lemma. m]

10.6. Proof of Proposition 10.1

We will now combine all the results we have obtained so far to complete the proof of Proposition 10.1.
For £ c O°, we set

SE) =PI Y > IrPSHO(e).

cel\{0} reO*
Irl<Q
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Then S(Sp) = E»(P), so that Proposition 10.1 can be rephrased as

SSo)= D DL w(x/P)+ 0PI,

LeY xeLnOS

Let us define

& =80\ LJAl and &(L)={ceAt:B(c)=0o0rcy---cg=0},
LeY

where B € O[x1,x3,x3] is the form in the statement of Proposition 10.6.

Lemma 10.12. Forany C > 1 and L € Y, we have
#{cecEUE(L): e < C} <, C**2.

Proof. Since B € O[xy,x2,x3] is a nonzero form, we get from Lemma 2.10 that the contribution from
¢ € &(L) with B(¢) = 0is O(C?). Moreover, any ¢ € A* takes the shape (c1, ¢2, c3, ¢1, 2, ¢3) for
some (c1, ¢, c3) € O3 From this description it immediately follows that the contribution from ¢ € A*
with ¢1 -+~ ¢ = 0is O(C?).

For ¢ € &, this is already implicit in the proof of Lemma 5.1 of [26] and so we shall be brief.
Let my,...,m; € O with 1 < k < 6 be square-free and either monic or with leading coefficient a
primitive root of Fy. Suppose that ¢ € 05 satisfies F*(¢) = 0. We then partition {1, ...,6} into sets
Z(1),...,Z(k), where i € Z(j) if and only if ¢} = m;d? for some d; € O. It then follows from the
last display in the proof of Lemma 5.1 of [26] that the contribution from all ¢ € S ranging over all
permissible my, ..., my is O o(C**¥) unless k = 3 and #Z(1) = #Z(2) = #Z(3) = 2. If the latter holds,
then the display after (5.1) in the proof of Lemma 5.1 of [20] gives d;, = —d;, for Z(j) = {i1,i2} and
Jj =1,2,3, which in turn implies c?l = c?z and hence c lies in A* for some L € Y. O

Note that for any distinct L, L, € Y, we have
{fce Ay NAY: el < C) < C2.
In particular, applying Lemma 10.7 twice, with § = 1 — &, in conjunction with Lemma 10.12, we obtain

S(SO) = |f)|6 Z Z Z |r|*5/2SE(C)Ir(C) +08(|P|371/2+8)'

LeY ceAt\& (L) reOt
[rl<Q

Note that since any Li, L € Y are isomorphic under an FF,-linear map, we may concentrate on the
contribution from L = L. In particular, Proposition 10.1 will follow once we have established

PO Y DT IPPSHO () = PP+ O (IPP714), (10.10)
eAR\E reO”*
T <o

where & = & (Lo). Indeed, the only step that needs explaining is the equality

DT w@/P) = a1yl PP+ 0 (IPP4),

xelo

However, this counting result is standard (with a much better error term) and we omit the proof.
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For a real number U > 0 and a set 7 € 09, let

(P T) =PI Y, DI P(e) Y Snole) - b (rln|™. (10.11)
ceT reO* rori=r
Ir<0 Inl<t

Similarly we define X5y (P, T) by replacing |r;| < U with |r;| > U. For a parameter W > 1, to be
chosen in due course, (10.9) allows us to rewrite the left-hand side of (10.10) as

S g (P AT\ &) + 25,5 (P AY) = 2, 5,5 (P, &) (10.12)

We will complete the proof of Proposition 10.1 with the following three results.

Lemma 10.13. For any real W > 1, we have

o (P.AG\ &) <, |PPFoW!2,

Proof. Since I,(c) # 0 only for |¢| < |P|'/?, it follows that

S omPATNE) < IPIE > T rori Py (@) 111 0(0)].
cehg\& <O
lel<IPI'? |ri|<Q/W

We now examine an individual ¢ € Ag \ &. Since ¢; - - - ¢ # 0, it follows from (8.2) that

IPI*1,(c) < |Pc/r] ]—[ |Pc; Jr|7V2. (10.13)

1<i<6

Recall that any element of /’\j takes the shape (¢1, ¢, ¢3, ¢1, €2, ¢3). Let us now consider the contribution
from those ro with |rg| = Ry. Upon inserting (10.13) and then applying Lemma 10.10, we find that the
contribution to the quantity % _ o /W(P, Aé \ &) is

|PI**21P| e =

e Z Z ) 1/2 il - Ro
cco=nt  Ryim<a (RolriDEler- s deN(2)
0<lci|<|P|"/? |r |<Q/W ldI<Ro

15% ()]
Id|

We also have Sz(c) < |d|"V**2 [11<i<3l8q(ci)|/? by Lemma 6.2, and

Z ld|"'? <, R,

deNs (2)
|[dI<Ro

so that the last display is

12
<e L 2 1Pl @nnd [ |Sq(|c,)|| .

ceO"?  in|<Q/W I<is<d
0<|c;|<|P|'/?

Since ZO<|C|<CA|sq(c)|1/2/|c| <g C#, this becomes

<e Y IPIFEIPIE Q) < (PP QMO IW)
Ir1|<Q/W

Recalling that Q = |P|*/? and that there are O . (é €) = O ¢(|P|?) choices for Ry completes the proof. O
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In the light of Lemma 10.11, we make the choice
W =C'|p|V2. (10.14)
We now turn to the range |r|| > Q/W in (10.12).
Lemma 10.14. We have

2 5w (P AY) = oL PP(1L+O(WT).

Proof. By the first part of Lemma 10.8, Sy, 0(c) only depends on ¢ mod ro. If |r;| > é/VT’ = 5|P|, then
after splitting ¢ into residue classes, Lemma 10.11 implies that

3
.
Zsro,o<c)-1r(e,c>=aL0,w(%) S Suolb).
beAt /roAF

L
c E/\O

By Lemma 10.8 and the equality #Ag /roAf = |rol*, we conclude that

3
Ir|
Z Sr,0(€) - 1 (0,¢) = ory,w m L=t
cely
We have therefore established the identity
o (PAY) = o wlPP D k() 146,
reo* [ol<lr|-'1Q!

O/W<Ir|<Q

However, by Dirichlet’s approximation theorem (2.2) we have

S oeo [ =y S f

1o >, ex(lr0™

_ feor lo]<|r|1 Q! reo lai<ir Y 101<IrI1Q"! reor
Q/W<|r|<Q lr|<Q [rl<Q/W
=1+0(W™h,
which completes the proof. O

Lemma 10.15. We have
T 5w (P &) <. [P,

Proof. The main subtlety here is that we must treat ¢ # 0 and ¢ = 0 separately. First, given r € O, we
apply the triangle inequality and the trivial divisor estimate to (10.8), giving

Do 1Sno(@l ek (rOlrl ™ <o 1, g e > 1dIT S (o). (10.15)
ror1=r d
I [>0/W '

Inserting (10.15) into the definition (10.11) of Z;Q/W(X’ & \ {0}) and recalling the definition (10.6)
of f, we get

5w P&\ < P Y > 22 11(0)] ). 1dIT IS5 (0)] < Q°f ().
ce&\{0} reO” dlr
r|<Q
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On combining Lemma 10.7 with the choice 6 = 1 — & in Lemma 10.12, we deduce that f(&2) <.
|P|3-1/2*# which is satisfactory since Q = |P|*/2. Similarly, (10.15) gives

S 5w (P A0 <o IPIC D P2 EI1.(0)] D 1d| 72 Is5 ()],
reQ*A d|r
[r|>Q/W

which is 0 (|P|*+(Q/W)~2/3+¢) by (8.2) and Lemma 9.2 summed over g-adic ranges for |r|. Since
Q/W > |P|, we conclude that |P|>(Q/W)~%3 < |P|?~%/3. m]

Recalling our choice for W in (10.14), we see that (10.10) follows from inserting Lemmas 10.13—
10.15 into (10.12). This finally completes the proof of Proposition 10.1.

11. Final reckoning
11.1. Proof of Theorem 1.1

Let F(x) = x*f +-- 4 xg and let w,, be the weight function defined in Definition 5.4, associated to an
appropriate xo € (IF;)G. Then we have

N(P)y= > Np(weP),
xo€(F3)0
F(x0)=0

for any P € O, in the notation of (1.1) and (2.4). Let L(s, ¢) be the Hasse—Weil L-function introduced
in § 3, for ¢ € O°. Theorem 1.1 relies on the Ratios Conjecture for these L-functions, as ¢ varies. We
have seen several forms of the Ratios Conjecture during the course of the paper. The following result is
a stronger version of Theorem 1.1, and makes clear the various interdependencies.

Theorem 11.1. Assume char(F,) > 3. Then each of the following implies the next:

The Ratios Conjecture 3.6 (R2), for shifted second moments of 1/L(s, c).

Conjecture 3.7 holds.

Conjecture 3.8 holds.

Conjecture 4.5 holds.

N(P) <4 |PP? forany P € O.

If S C O has positive lower density, then so does {x*> +y> + 23 1 x,y,z € S}.

The set {k : x> +y> + 22 = k is soluble in OF with max{|x|, |y|, |z} = |k|'3} has positive lower
density.

Nk R =

Proof. We gave a proof that Conjecture 3.7 follows from the Ratios Conjecture (R2) directly after the
annunciation of the conjecture, so that (1) =(2). Similarly for the deduction of Conjecture 3.8 from
Conjecture 3.7, whence (2) =(3), and for the deduction of Conjecture 4.5 from Conjecture 3.8, whence
(3) =(4). These implications mostly lie in the world of L-functions.

The implication (4) =(5) requires the full force of the function field circle method. Combining (2.9)
with the notation introduced in (8.1), (9.1) and (10.1), we see that

N(P) < ¢® max (M(P)+E(P)+ E»(P)).
X0€ IF; 6
F (x0)=0

Assume that Conjecture 4.5 holds. Bearing in mind the bound (10.10) and the fact that Y is finite, we
may combine Propositions 8.1, 9.1 and 10.1 in order to conclude that N(P) < |P|? for any P € O.

The implication (6) =(7) follows by taking S = O* in (6). Indeed, in O* we always have deg(x> +
y? +73) = 3 max(deg(x), deg(y), deg(z)), since char(F,) > 3.
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Finally, we deal with the implication (5) =(6). For any positive integer d, let
Us(d) =#{k € O : k| < ¢*¢, 3(x,y,2) € §* such that x* + y* + 2° = k}.
We wish to prove that

.. #Us(d)
liminf
d—o0 q3d

> 1,

where the implied constant is allowed to depend on S and ¢. Since S € O has positive lower density,
there exists A € N such that

. d
liminf#{xes'|x|<q}> ! .
d— qd qA—l

LetS, = {x € §: |x| = ¢°}, for any e € Z5¢. Then, for all sufficiently large integers d, we have

d
q
Z#Se> AT

e<d

Since Yo<g_a #S. < g4, by trivially bounding #S,., we obtain

d d-A
#S. > —Aq — g4 ‘{4 .
d-A<e<d q° -1 q" -1

Thus, by the pigeonhole principle, there exists e = e(d) € [d — A, d — 1] such that

(11.1)

Given k € O, we denote by rg(k) the number of (x,y,z) € S for which x> + y? + 23 = k and
|x| = |y| = |z] = ¢°. Then it follows from Cauchy—Schwarz that

2

D, rs()| <Us(e) D rs(k)* <Us(eN(t).

lkl<q k|<g
Part (5) implies that N (z¢) = O(g>¢). Moreover, on the left hand side we have
D rsk) > #S3 >4 4™,
|k|<q®

by (11.1). It now follows that Us(d) > Us(e) >4 ¢>¢, which establishes part (6). O

When F = x% +- 4 xg, through careful use of Holder’s inequality, it would be possible to replace
the upper bound in (5) by Nr(w, P) <,, |P|? for any w € S(K”.). However, since doing so would make
the paper needlessly longer, we have decided to omit the details here.

11.2. Possible reductions to Ratios

To facilitate a deeper discussion of the Ratios Conjecture, we make the following definition.
Definition 11.2. Let F, be a geometric family of L-functions L(s, f) over F,(¢), with a gauge function
D(f) approximating the conductor, in the sense of [46, pp. 534-535]. Let Q C Z. Assume F, varies
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naturally with g € Q, forming a family F = (F,),eco. We say that the g-restricted Ratios Conjecture
holds if for any ratio average over D(f) < g%, one has an asymptotic with power saving O, (¢~ %%) in
the strip

Lig 0 <R(s)<L+6 (112)

where § > 0 depends only on F, Q and the ratio in question.

Note that one can also study the Ratios Conjecture in other aspects; see work of Bui—Florea—
Keating [13], and work of Florea [22]. We shall prove in Theorem 11.4 that the g-restricted Ratios
Conjecture suffices in Theorem 1.1, if g is large enough. The homological stability framework of [5,43]
might eventually resolve this particular form of the Ratios Conjecture for sufficiently large values of q.
Evidence for this appears in work of Wang [55], in the simpler setting of (imaginary) quadratic Dirichlet
L-functions.

Theorem 11.3 [55]. The g-restricted Ratios Conjecture holds for quadratic Dirichlet L-functions over
F,(2), for odd q large enough in terms of the ratio in question.

The following result illustrates how a homological stability proof might impact the work of this
paper. The specific term ¢~¢ in (11.2) is unimportant; any term of the form 04— (1) would suffice.

Theorem 11.4. The g-restricted Ratios Conjecture for L(si,¢)"'L(s2,¢)™", in the sense of Defini-
tion 11.2, implies (1)—(6) in Theorem 11.1 for all large enough q.

Proof. Assume the g-restricted Ratios Conjecture, for L(sy,¢) ' L(s2,¢)™". Let g := 2¢7%. If g and Z
are sufficiently large in terms of &, then ¢7° < 8+ % < ¢ and 68 < 4, so Conjecture 3.6 holds with
constant 8 = 2¢~°. On the other hand, if Z < 1, then L(s1,¢) ' L(s2,¢)™" <, 1 for |c| < ¢Z by
GRH, so Conjecture 3.6 holds trivially. This proves (1) in Theorem 11.1, and therefore (1)—(6) too, for
qg>1. O

11.3. Future extensions

First, as mentioned in the introduction, a density 1 relative of Theorem 1.1 is proven in the sequel [8].
Second, most of the proof of Theorem 11.1 works when char(F,;) = 2, but the proof of the following
main ingredients would need to be modified: Lemmas 5.5 and 5.8, [32, Lemma 60], Lemma 6.6, and
Proposition 10.1. We leave open the challenge of extending Theorem 11.1 to char(F;) = 2, but some
general progress towards Proposition 10.6 (which is a key ingredient in Proposition 10.1) and [32,
Lemma 60] can be found in [53, Theorem 1.2].

We close by discussing the task of rigorously verifying Conjecture 3.6 (R2). Thanks to a uniform
homological stability result for braid groups established in [43], the Moments Conjecture for quadratic
Dirichlet L-functions for large fixed odd ¢ is now proven, even with a power saving [5]. The next questions
would be (a) whether these techniques can establish the g-restricted Ratios Conjecture, say, for negative
moments; and (b) whether they work for more general geometric families in the sense of [46].

The note [55] affirmatively answers (a). On the other hand, question (b) is much more technical, so
we limit ourselves to a few brief remarks. The L-function of a quadratic field K (Vd) = K[y]/(y* - d)
of discriminant d € O* can be interpreted in terms of the corresponding hyperelliptic curve y?> = d(t)
over Fy. In higher dimensions the situation is more complicated, but at least when F*(c) € O is nearly
square-free, one may use [55, Proposition A.1] to interpret the L-function of a smooth cubic threefold

3
xl+---+x2=c1(t)x1+-~~+06(t)x6=0

over K in terms of the corresponding fibred fourfold over F,.
In [5], braid groups arise as the fundamental groups of moduli spaces

Conf,(A")(C) = {d € C[r] monic : deg(d) = e, disc,(d) # 0}
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of hyperelliptic curves. Moreover, the moduli spaces in question are aspherical, allowing for a purely
group-theoretic reformulation of the relevant homology groups arising from the Grothendieck—Lefschetz
trace formula. As a first step towards (b), one might try to compute the (likely very rich) fundamental
groups of the moduli spaces

X, :={c € C[1]® : deg(c;) = e, deg,(F*(c)) = edeg F*, disc,(F*(c)) # 0},

to bound their Betti numbers and to determine whether X, is aspherical or not.

An interesting, yet simpler higher-dimensional task for (b) would be to study L-function statistics in
quadratic or cubic twist families of elliptic curves over F, (¢). In this case, the base moduli spaces from
[5] would most likely not need to be changed much, with the main changes occurring for the relevant
local systems and gluing maps.
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