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Abstract

We present an abstract Dyson expansion for perturbations that are merely relatively
form-bounded, and apply it to the polaron problem. For a large class of polaron-
type models, including the Frohlich and Nelson models, we prove that the vacuum
expectation value of the heat semi-group is a completely monotone function of the
square of the total momentum. Consequently, the ground-state energy is a concave
function of the square of the momentum, a result recently proved for the Frohlich
model in [14] using a probabilistic approach via Wiener integrals.
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1 Introduction and main results

The polaron problem concerns the interaction of a charged particle with the excitations
of a medium modeled by a bosonic field. Examples include the Frohlich model [5]
describing the coupling between an electron and the phonon modes of a polarized
crystal, or the Nelson model [13] of quantum electrodynamics. In this paper, we shall
consider a general class of polaron Hamiltonians, formally given by

H(P) = |P — Pf|* + dT' (@) + ®(v) (1.1)

for P € R? corresponding to the total momentum of the system. The operators (1.1)
act on the bosonic Fock space §s(L2(RY)) = C® DBy LZ (RN), where LE RNy
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L2(RN) denotes the subspace of permutation-invariant functions of N (momentum)
variables kj, ..., ky € RZ. Here, the field energy dI'(w) = f]Rd w (k) a}:ak dk is
the second quantization of a non-negative Fourier multiplier w, and Py := dI'(k) is
the field momentum operator. The interaction of the particle with the field modes is
described by the field operator ® (v) = a’ (v) + a(v), where a’(f) and a( f) are, for
f € L*(RY), the usual creation and annihilation operators, satisfying the canonical
commutation relations [a( f), aT(g)] = (f|g). The Hamiltonians (1.1) result from a
restriction of the system to the sector of total momentum P, applying the Lee—Low—
Pines transformation [9].

The usual Frohlich model corresponds to d = 3, o = 1, and v(k) =
Va/(2r?)|k|~! for some coupling constant & > 0. For the Nelson model, o (k) = ||
(or, more generally, w(k) = +/|k|?> +m? for m > 0) and v(k) is proportional to
|k|~1/2, which needs to be suitably cut off at large momentum to avoid an ultraviolet
divergence, however. In general, the Hamiltonian (1.1) is well-defined as a quadratic
form and bounded from below, under the following assumptions on v and .

Assumption 1 We assume that  : RY — R, and that the interaction v is of the form
v = vy + vy with

)2 v k)P 1
A;d o) dk < oo and ./]Rd e <1+w(k))dk<oo. (1.2)

The first condition in (1.2) can be viewed as a condition on infrared regularity, while
the second concerns the ultraviolet behavior of v. Under Assumption 1, the commutator
method of Lieb—Yamazaki [10] shows that @ (v) is infinitesimally form-bounded with
respectto [P — Py |2 + dI'(w), and hence, H(P) defines a semi-bounded self-adjoint
operator via its quadratic form [16, Thm. X.17]. For completeness, we shall repeat this
argument in Appendix A. If w(k) = 1, the condition (1.2) becomes ]Rd (k)2 +
|k|>)~'dk < oo and is satisfied for v(k) = g|k|™# for (d —2)/2 < B < d/2 and
g € C, for instance. If w(k) = |k[, on the other hand, (d —2)/2 < 8 < (d —1)/2
would be admissible.

To state our main results, we need to introduce some notation. For n > 1, let
S, denote the set of permutations of 2n elements, and let W5, C S, be the set
of Wick pairings, i.e., those permutations satisfying 7(2j — 1) < w(2j + 1) for

jel{l,...,n—1}andr(2j—1) < w(2j) forj € {1, ..., n}. Permutations in W,, are
in one-to-one correspondence with partitions into sets of cardinality two, i.e., n pairings
(r(2i —1),7(2i)),1 <i < n,of thenumbers {1, ..., 2n}. Moreover, we shall denote

by Wgn C Wh, those permutations that correspond to pairings that interlace, i.e.,
cannot be decomposed into pairings within disjoint subintervals; explicitly, # € W,
is an element of Wgn if and only if Zf»:l (—1)”71(/') <Oforalll <¢ < 2n.

Form e Wy, and 1 < j <2n—1, let

/\/l}’:{lfifn:n(Zi—l)fj<n(2i)}C{1,...,n} (1.3)
corresponding to the set of pairs whose connecting line crosses j (which may
be empty). For convenience, we shall also introduce M = n = 9. For
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k=(ki,....k,) e R and 0 < j < 2n, let
. 2
(. J) _ _
ey w =P > en k| + Y ey k0. (1.4)

We shall denote by A;c the simplex

k
Ap={(to,....0.) =t e R, > gy =1 (1.5)
i=0

Finally, we shall use the notation Q2 = (1,0,0,...) € Fs(L2(R?)) for the vacuum
vector.
Our first main result is summarized in the following Theorem.

Theorem 1 For m € Wh,, the set of Wick pairings defined above, let Egr’j) be given
in (1.4). Under Assumption 1, the following holds:
(a) For t > 0, we have the convergent expansion

n
2n Lo(m,))
(Q' —ZH(P)Q —I|P‘ + Z Z / / e~ _/=0t./8P J (k) 1—[ |U(k])|2dk] dE
n>1geWy, Rén j=1
(1.6)
where the outer integral is over the simplex A, defined in (1.5).

(b) For t > 0, we further have the renewal equation

Qe H(P) gy — e—1IPI?

1 (.j
/(Qle“’ VRPQ) Y Z / / o uEr” Q]—[|v(k )2dk; di ds

n>] 2n—1 j=1

Zn

(1.7)

where Wgn C Why, are the interlacing Wick pairings defined above.

The identity (1.6) formally follows from a Dyson expansion of e "H(") in terms
of the interaction ®(v), but it is a priori not clear how to make sense of such an
expansion in the low-regularity setting considered here, where ®(v) is unbounded
and merely form-bounded relative to the non-interacting Hamiltonian. An abstract
result applicable to this setting will be presented in Sect. 2 and will be the starting
point in the proof of Theorem 1. Part (b) of the theorem is inspired by [14], where a
renewal equation for (Q2|e~"M(")Q) was derived in the Frohlich case, using a closely
related probabilistic approach via Wiener integrals.

Theorem 1 turns out to be very useful in studying the momentum dependence P +—>
(Qle ™MP)Q) for fixed ¢ > 0. We shall need the following additional assumption on v
and w. Recall that, according to Bernstein’s theorem [4], a function on R is completely
monotone if and only if it is the Laplace transform of a positive measure.
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Assumption 2 Assume that w and v are radial, and that the function
P2 r—>/ (k) [2e~ TPk =so ) g (1.8)
]R‘l

is completely monotone for any » > 0 and s > 0.

For w = 1, this additional assumption is fulfilled for v(k) = g|k|~# for any g > 0,
as one can see by writing |v (k) |2 as an integral over Gaussians,

T(B)lk| 2 = /we—lklzxxﬁ—l dx (1.9)
0

for § > 0, and noting that the convolution of two Gaussians is again a Gaussian. The
same applies to (k) = +/|k|? + m? for m > 0, since in this case also e5@®) can be
written as an average over Gaussians:

00 e
s/ kPHm? _ / e’
0 A/ TTX
The assumption is thus satisfied for both the Frohlich and the Nelson models, if in the
latter case, the ultraviolet cutoff is chosen in a suitable way to respect the complete

2

e~ (kPP+m?) gy (1.10)

positivity of (1.8), e.g., via a Gaussian factor as v(k) = g|k|_1/2e_8”‘|2 for e > 0.
Since the cutoff can be removed, i.e., the limit ¢ — 0 taken, after the subtraction of
a diverging (but P-independent) constant, the following consequently also holds for
the renormalized Nelson model.

Corollary 1 Under Assumptions 1 and 2, the following holds:

(a) |P|> — (e ™PIQ) is completely monotone for any t > 0.

(b) If v # 0, then |P|*> — Eo(P) = inf spec H(P) is concave, and in fact strictly
concave on the set of Ps where H(P) has a ground state.

The existence of a ground state of H(P) is guaranteed if Eg(P) < Eess(P), where
Eess(P) denotes the bottom of the essential spectrum of H(P). Under additional
regularity assumptions on w, it is known to have the explicit form [12]

Ees(P) = inf inf, {£0(P- Z’;zl k) + Z’;zl ot} - (1.11)

n>1kp,...,

In the case of the Frohlich model, the infimum is attained at n = 1 and k; = P, hence
Eess(P) = Eo(0) + 1 for any P € RY.

Since a completely monotone function is log-convex, the concavity in (b) follows
immediately from (a), using that

1
Eo(P) = _llin;o?ln(me*fH(P)Q). (1.12)

If v = 0, (1.12) holds only whenever Eg(P) < Ees(P), but if v # 0, it actually
holds for any P € R4, by a Perron—Frobenius type argument [7, 8, 11] (see also [6]
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and references there). To obtain strict concavity, the renewal equation of part (b) in
Theorem 1 will be useful, similarly as in [14].

The concavity of | P|> — Eq(P) has played an important role in the recent proof of
the validity of the Landau—Pekar formula for the effective mass of the Frohlich model
in the strong coupling limit, see [2, 3].

2 Abstract Dyson expansion for form-bounded perturbations

Let A > 0 be a self-adjoint operator. Let B be a symmetric quadratic form that is
form-bounded with respect to A with relative bound less than 1, i.e., there exista > 0
and 0 < A < 1 such that

B )| =2 (IVAY I +allv?) @1

for any ¥ in the quadratic form domain of A (i.e., the domain of v/A). Then, the
semi-bounded quadratic form VAV |12 + B(y, ¥) (defined on the form domain of
A) defines a unique self-adjoint operator [16, Thm. X.17], which we shall denote by
A+ B.Let

C=(A+a)"?A+B)A+a) V> - AA+a)! (2.2)

which one readily checks to be a bounded operator satisfying |C]| < A < 1. It will
be convenient to think of B as formally given by B = v/ A + aC+/ A + a; the precise
way to interpret this identity is A+ B +a = /A 4+ a(C + 1)s/ A + a, which directly
follows from the definitions.

Our goal in this section is to justify the Dyson expansion, formally given by

e AT =oAL N -1y / e 0ABeTA .. Be i Adr (2.3)

n>1 A

for t > 0, where the integral is over the simplex Al defined in (1.5). However, in
the general setting considered here, where B is merely form-bounded relative to A,
it is not clear how to even make sense of the integrals on the right-hand side. Note
that even under the stronger assumption that B is operator-bounded relative to A, the
validity of (2.3) is not known, in general; we refer to [1, 15] for partial results in this
direction.

The following theorem states that under the assumption (2.1) above, e~
indeed has a convergent expansion in powers of B, but the individual terms in the
expansion cannot necessarily be written in the form (2.3). This will be sufficient for
our application in the proof of Theorem 1, however.

t(A+B)

Theorem 2 Let A > 0 be a self-adjoint operator, B a relatively form-bounded pertur-
bation satisfying (2.1) for 0 < A < l and a > 0, and let A + B be defined as above.
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Fig. 1 The contour I'y, « Jmz
Rez = —kK

T, .

/
\

Then, fort > 0, there exist bounded operators D, satisfying

3/2

&
D]l < T«/n +2A"e 2.4)
such that one has the norm-convergent expansion

e*l(A+B) — e*lA + Z Dn (25)

n>1

The proof gives an explicit formula for D, in terms of a contour integral and the
operator C in (2.2), see Eq. (2.12). For bounded B, one can show that it agrees with
the n’th term on the right-hand side of (2.3).

Proof By absorbing a into A, we can set @ = 0 without loss of generality, and assume
that A has a bounded inverse. We start with the contour integral representation

emitn) = L / L (2.6)
2mi Ty z—A—B
for the contour
I'ye=1{ze€eC: Ne=—«x+yI3z|} 2.7)

for some y > 0 and ¥ > 0, integrated counter-clockwise (i.e., from top to bottom),
see Fig. 1.

In the following, we shall use that the distance between I', , and a point on the
positive real axis is

. K+ A
inf |z —A|= i for A > 0. 2.8)
z€ly (1 + Vz)

With C defined as in (2.2) (with a = 0), we have the identity

z—A—B:«/Z(l—CA(z—A)_l) ATV2( - Ay, (2.9)
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Moreover, for z € I'y, ., (2.8) implies that

HA(Z — a1 < H sup (1 ty )1/2 (2.10)

>0 12 =2

and hence |CA(z — A)~'|| < 1 for y small enough. Under this assumption on y, we
thus have the convergent Neumann series

(z—A—B)' = A2z = A)"! (1 —CA(z — A)_l)_l ATL2

Al A\
= C ATV2 2.11
Z—AZ< z—A) @10

n>0

By dominated convergence, we can interchange the sum and the integral. In particular,
we conclude that (2.5) holds with

1 Al/2 A n=l 41/2
D, =— e ® <C ) C dz (2.12)
27i Jr,, z—A 7z—A z—A

for n > 1. Note that D,, is actually independent of y and «. Since

172
HAI/Z(Z e H < sup (1 ty ) 12 (2.13)

a0 12— Al
for z € I'y , (again using (2.8)), the norm of D,, is bounded as

174

1 b2 —19iz c
1Dl = 5— (1+97) 7 lCI" | ez =
2K Ty Kyt

n/2+1
(1+22)" e

(2.14)
The optimal choice of k and y is thus k = 1/, y> = (n + 1)1, leading to
e (n+42)nt2/2 e3/2 .
| Dnll < WHCH < 7vn+2llCI| (2.15)
uniformly in ¢# > 0, and thus to the claim in (2.4) after shifting back by a. O
Remark 1 The proof above can be modified to also show that
2)(n+2)/2
HﬁDﬂXH LAY (2.16)

2t n g o2 ¢

which diverges as t — 0, however.
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3 Application to the polaron model

We shall now apply the result of the previous section to the polaron problem. We shall
write H(P) = A + B — a for suitable (i.e., large enough) a > 0, with

A=|P P +dT () +a (3.1)

and B = ®() = a() + a'(v). As already mentioned in the introduction, the
commutator method of Lieb—Yamazaki (recalled in Appendix A) shows that under
Assumption 1, B is infinitesimally form-bounded with respect to | P — Py |2 +dI'(w),
and in particular ||C|| < 1 for a large enough, where C = A~1/2(A + B)A™1/2 — 1.

With Q the vacuum state, we have AQ = (| P |2 + a)<2. From (2.5), we thus obtain
the convergent expansion

<Q|eftH(P)Q) — ela<Q|efl‘(A+B)Q>
ta —tz A 2n
— 1P e—/ © Q (c ) Q) dz.
;2751 ry_Kz—|P|2—a< | 7z—A )

3.2)

Here, we used that only even n in (2.5) contribute, the odd terms have zero vacuum
expectation value (since they necessarily involve an unequal number of creation and
annihilation operators).

Let CT = A2 (v)A=12 and €~ = A~2a(v)A~1/2, sothat C = Ct + C~.

We have
A 2n 2n A
(Q (CZ_—A> Q) = Z(m]_[(c JZ_A>Q> (3.3)

veD, j=1

where we identify C*! = C* and C~! = C~, and D, denotes the set of Dyck paths
of length 2n, i.e.,

k 2n
Dy={ve{-L+1)": Y vj<Oforl<k<2n—1, Y v;=0¢t. (34)
j=1 j=1

Only these terms contribute to the sum in (3.3), since particles can be annihilated only

after they have been created, i.e., for a particle annihilated at step j, there had to be

one created at some step j' < j. See Figure 2 for an illustration of a Dyck pack.
Forv € D,, for some n > 1, let

2n A
A:) = (QI]] (C”f - A) Q). (3.5)
j=1
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AL

Fig. 2 Example of a Dyck path of length 2n = 8, corresponding to v = {—1,+1,
—1,—1,+41, =1, +1, +1}. Read from the right, we represent a creation (+1) with a line going up in the
Dyck path, and an annihilation (-1) with a line going down

From (3.2)—(3.3), we thus have

Q| —tH(P)Q> _ 1P + e LA v)d (3.6)
¢ —° 2 o Jy,, TP a0 '
veD Ly

To compute the terms on the right-hand side, we need some further notation. Recall
that W»,, C Sz, denotes the set of those permutations satisfying the Wick rule, i.e.,
72j—1) <a@2j+Dforjefl,....n—1}and 7 (2j — 1) < w(2j) for j €
{1, ..., n}. Recall also the definition of ng) in (1.4), and let

2n _
Spe =[] (c—a—e5 w) (37

j=1
form € Wy, and k = (ky, ..., ky).
Lemma 1 Under Assumption 1,

sup /Rdn 85 0| ] lvkpPdk; < oo (3.8)

z€ly j=1

forany m € Wh, and y, k > 0.

Proof Recall the definition of M;’ in (1.3). A little thought reveals that, for any
1<j< 2n,./\/l7?_l and M7 differ by exactly one element, namely, thei € {1, ..., n}
such that j € {mw(2i — 1), w(2i)}. We shall denote it by i ;. With the aid of (2.8), one
readily finds that

(k +a)(k +a+ o) + 5k,
l—i—y2

(e e ) () =

3.9
forz €'y cand 1 < j < 2n.Since M§ = M7 = ¢ and thus 87;,’0 = 8’;,‘2” =|P|?,
we can write

2n ) _in . _1/
spe bl =] —a—e5 0| “a-eflw| T G0
J=1
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and hence, (3.9) yields the bound

1+ y2 " an 1 2 _1/2
1
|8P(z,lg)|§<K+a> j]_[l(x+a+w(kij)+§|k,~j| ) . (3.11)
By construction, each k; appears exactly twice in the list {k;,, ..., k;,, }, hence (3.11)

reads
n n 1

" 1 +y?
sl = ((0) 11

K Fat o)+ %Iki|2 ’

(3.12)

The claim (3.8) then follows from our assumptions on v and w in Assumption 1. 0O

Each Wick pairing w € W), corresponds to a Dyck path defined by vz (;) = (—1 ).
We can thus decompose W, = UUED" Wy, where Wy, C W», denotes the set of
those Wick pairings giving rise to the same Dyck path v. With this notation, we have
the following identity for A, (v) defined in (3.5).

Lemma 2 Under Assumption 1, we have

A=Y /Rdn $h(z. k) [ ] vtk Pdk; (3.13)
j=1

v
reWs,

foranyv € Dyandz € I'y .

Formally, the identity (3.13) follows from an application of the Wick rule and the
pull-through formula a; R(dI'(w), Py) = R(dI' (@) + w(k), Py + k)ay for functions
‘R and the operator-valued distribution a; used to define a(v) by a(v) = f akmdk.
The proof below can be viewed as a rigorous justification of this procedure.

Proof By analyticity and the uniform integrability established in Lemma 1, it suffices
to consider the case 91z < 0. Moreover, since both sides of (3.13) are continuous in v
(with respect to the norm defined in Assumption 1), it suffices to consider the case of
suitably nice v. We shall in fact first assume that k — v(k)e**® is in L>(R?) for any
s > 0. In particular, we work under the assumption v € Lz(Rd ), in which case a(v)
is effectively a bounded operator in our computations (where the number of particles
is bounded by n). Moreover, if w is unbounded, this assumption additionally requires
v to suitably decay. (We could choose it to have compact support, for instance.) For
Nz < 0 we can write

1 00 es(z—a) . 2
— _/ e—SdI‘((z)) / elp~(P—Pf)e—|p| /(4&) dp ds (314)
z— A o (4ms)d/2 Rd

and hence

2n
). 1
A,(v) = <sz ;1:[1 <a f(u)Z - A) sz>
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eiPi P oIpjl*/@s))

2n esjz—a)
N /RanRan (47TS )42

2n
x (€ 1_[ (a”f' (v)e**‘jdr(w)e*iprﬂ”f’) ) [ ds; dp; (3.15)
L 11

where we identify a~(v) = a(v) and a™ (v) = a’ (v). Moreover, since

eI @e=1PPr v () = ¥ (eS0T IP " y)e A @e—irPy (3.16)

for v € {+, —}, we have

2n 2n
<Q [T (a" emir@esini®r) Q> = <sz [Ta" @) sz> (3.17)
j=1

j=1
with v; = v and
j—1 . j—1
v; (k) = v(k)e @®vi ici see=k Xini e (3.18)
for j > 2. An application of Wick’s rule further yields

(o

2n

]_[a“f(uj)sz>

Jj=1 neWznz 1

Q

gV r@i-1 (vn(zl-,]))av”(z‘.) (vn(2i))9>

<U71(2i—1)
n’EWzn i=1

) n<vn(2i_l)

vn<2i)>5vn<z,~_1),—15vn<zi>,+1

Un'(2i)>

JTEW;H i=1
= Z 1_[/ |v(k)|2 w(k)ze 71(21 HSle lkze n(zl HPedk .
reWy, i=1
(3.19)

Inserting this in (3.15) above and interchanging the order of integrations then gives the
desired formula (3.13) under the stated assumptions on v, i.e., under the assumption
that k > v(k)e’?® isin LZ(RY) for any s > 0. The set of such v’s can easily be seen
to be dense in the set defined by Assumption 1 for the appropriate norm; hence, the
general case follows by continuity of both sides of (3.13), as already mentioned in the
beginning of the proof. O

We now have all the prerequisites to give the proof of our main results.
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4 Proof of the main results

4.1 Proof of Theorem 1(a)

The starting point is (3.6), where we insert the identity (3.13) from Lemma 2. Because
of the uniform integrability established in Lemma 1, we can interchange the integration

over ki, ..., k, with the one over z and do the latter first. One easily checks that for
positive numbers b, one has

2n

1 1 2
o | e e = [ e Xonbiar, (1)
271 Jr,, 0%~ bj Al
(To see this, send y — 0, and write (z — bj)_1 = — fooo es@=bidy for 7 € Lo =

{—K +it : t € R}, as sketched by the red contour in Figure 1.) In particular, for 8%
in (3.7)

ta —1z n (,j)
e / o Sh( kdz = / e DRt Wy @)

2 [‘V’KZ—|P|2—CZ Ath

using again that ESZ,T’O) = |P|2. By positivity of the integrand, we can exchange the
integration over ¢ with the one over k, thus arriving at the desired expansion (1.6). O

4.2 Proof of Corollary 1(a)

By Bernstein’s Theorem, Assumption 2 implies that for any r, s > 0 there exists a
measure on du, ¢ on Ry such that

o0
fRd e_’IP_k|2_“‘)(k)|v(k)|2dk=/0 e MPPdp, (). (4.3)

We claim that this implies, for any n > 1,

n [e%9)
/ e YD TTe e ®) |y (k) dk; = / e M dug (1) (44)
Rdn N 0 -

j=1

for a suitable measure dig 4, for any set of positive parameters s = (s1, ..., s,) € R’}
and any positive quadratic form Q on R?"*+D that is invariant under simultaneous
rotations of the n + 1 variables, i.e., is of the form Q(kg, k) = Z;”jzo Q;jk; - kjfora
positive symmetric matrix with coefficients Q;;.

In the case n — 1, this follows readily from (4.3), since Q(P, k1) can be written as
Qi1 lkt + Qo1 Qp P2 + (Qoo — Q3,97 )1P 1%
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For general n, we can proceed by induction. Singling out the last integration variable
ky,, we can write

Q(kO _) an

kn + Q; Zg,nk\ + Qo ki k) 45)
j=0

with Q’ a rotation-invariant non-negative quadratic form on R%", given by

1
Q;.j:Qij_Q_Qinan fOI‘OSi,an—l. 4.6)

nn

Applying (4.3) to the integration over k,, we are left with an integral over similar
problems for n — 1 variables, with quadratic expressions A|Qg, P + Z;’;% Qjnk;j 12+
Q(P,ky, ..., ky—1) for A > 0. The claim (4.4) thus follows by induction.

By positivity of the integrand, we can first carry out the integration over k for fixed
t in the various terms in (1.6). For givent = (tp, ..., t2,) € R%F"H and T € Wy, the

function Z ot E(N’j )(lg) is of the form

2n
S el = acp, k)+Zsja)(k] (4.7)

Jj=0 Jj=1

for a rotation-invariant positive quadratic form Q and positive parameters s;. The
claimed complete monotonicity is thus an immediate consequence of (4.4). O

4.3 Proof of Theorem 1(b)
The starting point is again (3.6), but we shall change back the order of integration and

summation (which is allowed for small enough y, as shown in the proof of Theorem 2
in Sect. 2). That is, we have

eta
<Q ezH(P)Q> — e HIPP 4 Z_m/ - |P|2 Z Az (v)dz. (4.8)

Recall the definition of the Dyck paths D, in (3.4), and the one of A; in (3.5). Given
v € D, and v' € D, we can concatenate them to {v, v'} € D, 1,7. We have

A V') = A ()AL (4.9)

and, if we set A;(f) = 1, this continues to hold for v = . Every v € D, can be
uniquely written as v = {V, vy} where vy € D,% forsome 1 <m <nandv € D,_,,
(being possibly empty), where Dg C D,, denotes those Dyck paths that return to the
origin only at the end, i.e., satisfy 21;21 vj < Oforall 1 <k <2n — 1. Hence, with
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D = J,~| D (and similarly for D°)
D Aw) = (1 +> Az(f))> > A(v). (4.10)
veD veD vpeDO

For two functions f] and f5 analytic away from the positive half-line (and satisfying
suitable growth bounds), we have

1
— e "“ f1(2) f2(2)dz

2mi Ty

! 1 —(t—s)z 1 —s7 / ’
=/ 2—/ e f1(2)dz 2—/ e * fo(z)dz | ds. 4.11)
0 TLJTr, . T JTy .

We shall apply this with f1(z) = (z — P> —a@) ' (1 + 3 ,cp A () and fo(z) =
Y vepo Az(v). Using also (4.8) with ¢ replaced by s, we find

t
<sz e‘fH(P)sz> = !IPP +[ <sz
0

Lemma 2 implies that

Sa
e_(z—s)H(P)Q>L/ R Z A (v)dzds.
2mi Ty 70

4.12)

YoAm= ) fR 7@K [ ] vtk Pk, (4.13)
j=1

veDY TeW?,

where W9 C W), are those Wick pairings such that j > (—1)7 "D isin DY, which
are precisely the interlacing Wick pairings defined in the introduction. The desired
identity (1.7) then follows by proceeding as in Sect. 4.1 (compare with (4.2)). O

4.4 Proof of Corollary 1(b)

As already mentioned in the introduction, concavity of | P |2 +— Eo(P)isanimmediate
consequence of part (a) in combination with (1.12).

For v s 0, a simple variational argument shows that Eo(P) < |P |> forall P € R?,
If we assume that H(P) has a ground state ® p, then

Jlim B0 Qe ™MPIQy = (QIDp)> > 0 (4.14)
—00

where the strict positivity follows from the fact that e ~"H(*) is positivity improving on
a suitable cone containing the vacuum [11]. (The statement is proved in [11] for the
Frohlich model, but the method of proof applies to the general case considered here.)
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We can thus take + — oo in (1.7) and obtain, using dominated convergence,

00 7. n
1= [Tenn s [ [T [Pk acas.
0 n=1 e At R j=1
(4.15)
From the complete monotonicity of the terms multiplying e*£0(") in the integrand,
it is then easy to see that Holder’s inequality implies that | P|? — Eo(P) is strictly
concave (as argued in [14, Cor. 8]), using again Bernstein’s theorem. O

Appendix A: the Lieb-Yamazaki argument

In this section, we shall recall the Lieb—Yamazaki commutator method introduced in
[10, Sect. 2] to prove that if v and w satisfy Assumption 1, ®(v) is infinitesimally
form-bounded with respect to the non-interacting Hamiltonian |P — Py | 4+ dI' ().
On the one hand, a simple Cauchy—Schwarz inequality shows that

lv(k)|?
a w(k)

+ ®(v) gedr(w)+s—1f dk (A.1)
R

for any ¢ > 0, which we can apply to v = vy. On the other hand, using that
d(v) =ilP — Py, d(w)] (A.2)

for w(k) = ikv(k)/|k|* (where an inner product between the vectors P — P and w
is understood on the right-hand side), a Cauchy—Schwarz inequality implies that

:|:CD(U)§8|P—]P)f|2+871|(p(w)|2. (A.3)
We can further bound

lv(k)|?
|k |2

®(w)? < 4a’"(w)a(w) + 2|w|* < Al (w) + 2fd dk (A.4)
R

for A = 4 [ |w(k)|*/w(k)dk = 4 [ |v(k)|?/(|k|*w(k))dk. We shall apply this bound
to vy. By suitably adjusting how to split v into the two components v = v| + v,
we can assume that A is as small as desired, which implies the claimed infinitesimal
bound relative to |P — P | + dI' (w).
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