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We give an algorithm that, with high probability, maintains a (1 — ¢)-approximate s-t maximum flow in
undirected, uncapacitated n-vertex graphs undergoing m edge insertions in O(m + nF* /¢) total update time,
where F* is the maximum flow on the final graph. This is the first algorithm to achieve polylogarithmic
amortized update time for dense graphs (m = Q(n?)), and more generally, for graphs where F* = O(m/n).

At the heart of our incremental algorithm is the residual graph sparsification technique of Karger and
Levine [STOC ’02, SICOMP ’15], originally designed for computing exact maximum flows in the static setting.
Our main contributions are (i) showing how to maintain such sparsifiers for approximate maximum flows
in the incremental setting and (ii) generalizing the cut sparsification framework of Fung et al. [STOC ’11,
SICOMP °19] from undirected graphs to balanced directed graphs.
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1 Introduction

The maximum s- flow problem has been at the forefront of research in theoretical computer science
and combinatorial optimization. Algorithms developed for maximum s-t flow and its dual problem,
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minimum s-¢ cut, have been highly influential due to their wide applicability [1] and their use as
subroutines in other algorithms [2, 28]. A long line of work has improved our understanding of
how efficiently maximum flow can be solved in the static setting. Two landmark combinatorial
results are the deterministic algorithm by Goldberg and Rao [17], which achieves a running time
of O(min{n?3, m'/?} - m), and the randomized algorithm by Karger and Levine [24] which has a
running time of o (m + nF*),! where F* is the value of the maximum flow. More recently, efforts
building upon a novel blend of continuous optimization techniques, the Laplacian paradigm [33] and
graph-based data structures have led to even faster algorithms; notably, a randomized O(m/e) time
approximate maximum flow algorithm on undirected graphs [25, 27, 29, 30], and a deterministic
9 (m) time exact algorithm for min-cost flow (and thus maximum flow) even on directed graphs [9,
10], which constitutes a major algorithmic breakthrough.

Recently, there has been growing interest in solving the maximum s-t flow problem in the
challenging dynamic setting, where the goal is to maintain a flow (or its value) under edge insertions
and deletions and answer queries about the maintained flow efficiently. For directed graphs, there
are strong conditional hardness results [11, 21] showing a lower bound of Q(n) and Q(y/m)
amortized update time for maintaining exact maximum flow, assuming the Online Matrix vector
(OMv) conjecture. These strong polynomial lower bounds have motivated a shift in focus toward
maintaining approximate maximum flows.

Research on maintaining approximate maximum flows in the dynamic setting can be categorized
into the following three lines of work. The first line of work [4, 8, 19] deals with the fully dynamic
setting, supporting both edge insertions and deletions, and is based on dynamically maintaining
tree-based cut approximations. However, these algorithms require at least a logarithmic loss in the
quality of the maintained flow. The second line of work [18, 20, 22] is purely combinatorial and
works by repeatedly finding augmenting paths in an incremental residual graph together with a
lazy rebuilding technique. While these algorithms achieve sub-linear update time, it is not clear how
to use them to go beyond the v/n barrier on the update time. To address this challenge, the third line
of work [4-6, 9] leverages continuous optimization techniques to maintain a (1 — ¢)-approximate
max flow in the incremental (only edge insertions) and decremental (only edge deletions) settings
in m°(") update time. Table 1 offers a detailed summary of the state-of-the-art results on dynamic
maximum flow algorithms.

Focusing on the (1 — ¢)-approximation regime, the recent partially dynamic maximum flow
algorithms suffer from the following two main drawbacks: (i) they depend on the powerful yet
intricate machinery of continuous optimization methods, such as interior point methods, monotone
multiplicative weight updates, and dynamic min-ratio cycle/cut problems, (ii) all existing algorithms
incur an m°() factor in the update time, a limitation that arises in many modern dynamic graph-
based data structures and appears difficult to overcome. This leads to the following fundamental
question:

Is there an incremental maximum flow algorithm that achieves (1 — ¢) approximation with
polylogarithmic update time?

We answer this question in the affirmative for dense graphs that are undirected and uncapacitated,
as summarized in the theorem below.

THEOREM 1.1. Given any ¢ € (0, 1), there is an incremental randomized algorithm against output-
adaptive adversaries that maintains a (1 — €)-approximate maximum s-t flow f under edge insertions

!In this article, we use O(X) to denote O(X polylog(X)) and O(X) to denote O (X +o(1)).
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Table 1. Results on Dynamic Max Flow

Setting Apx. Factor Flow/Value Directed Weighted Update Time Reference
1 Flow Yes Yes O(F*) [20, 22]
1 Flow No No o(n*’m1) [18]
1+e¢ Flow Yes No O(m®%e7%%)  [18]
Incremental 1+¢ Flow Yes Yes O(n*3¢™1) (6]
1+¢ Flow No Yes o(m°We=3)  [5]
1+¢ Flow Yes Yes o(m°Wey  [9]
1+¢ Flow No No O(nF*m~'e71!) Theorem 1.1
Decremental 1+e¢ Value Yes Yes o(m°We1)  [4]
O(logn) Value No Yes O (n®567) (8]
Fully Dynamic me® Value No No mo® [19]
meM Value No Yes me) (4]

The “Flow/Value” column indicates whether the algorithm maintains an actual flow or just the value of a flow. The update
time stated is the amortized time over all updates.

on an undirected uncapacitated n-vertex graph G with high probability in total time O(mlog(n)a(n) +
nF*log’(n)/e), where m is the number of edge insertions, F* is the value of the max flow after m
insertions, and a(n) is the inverse Ackermann function.

Note that in addition to dense graphs (m = Q(n?)), our algorithm achieves polylogarithmic
amortized update time even for graphs with small flow value F* = 0 (m/n), regardless of their
density. An important feature of our algorithm is that it builds upon arguably simple and classic
combinatorial techniques, such as residual graph sparsification and cut sparsification. Our algo-
rithm can also be extended to allow non-simple graphs, which admit parallel edges between the
same vertices.

1.1 Technical Overview

The main idea underlying our result is to dynamize the static algorithm by Karger and Levine [24]
(abbrv. KL algorithm) that computes an exact max flow in o (m + nF*) time. We start by reviewing
their static construction and then identify the challenges in the dynamic setting, along with our
approach to overcome them. We present the algorithm and its analysis in full in Section 3.

The KL algorithm proceeds by repeatedly sampling p = O(nlog n) edges from the residual graph,
searching for an augmenting path in this sample, and then augmenting along this path before
resampling again. When the search fails to find an augmenting path, the number of sampled edges
is doubled to 2p, and this process is repeated until the sampled graph becomes as large as the
original graph. Denoting the value of the maximum flow by F*, they show that at least F*/2 of the
augmentations are performed on the sparsest graph with p edges, at least F*/4 of the augmentations
are performed on the graph with 2p edges and so on. After spending O(m) on pre-processing to
compute the sampling probabilities, the total running time thus adds up to ~ Y;(F*/2%) - 21~ 1p,
which gives the required O(m + nF*) bound. Crucially, the last augmentation from F* — 1 to F* is
performed on a graph of size Q(m).

This final augmentation, which requires a sample of size Q(m), effectively invalidates any
attempts to use the KL approach for obtaining an incremental exact max flow algorithm. To
understand why, observe that after every edge insertion, the algorithm needs to check if this edge
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insertion creates a new s — t augmenting path in the sampled graph. As we discuss below, this
can be done in two ways, but both lead to algorithmic dead ends.

We could try to use an incremental single-source reachability data structure (e.g., the one by
Italiano [23]) to detect augmenting paths in the sampled graph, but since the actual augmentation
reverses the direction of edges, we would need to reinitialize the incremental data structure on the
sample after each augmentation. Since F* augmentations are performed on samples of size Q(m),
this leads to a time bound of Q(mF™*). As a concrete example, consider an initially empty bipartite
graph G = (SUT,0), with s € S and t € T. In the first phase, insert all edges between S X T \ {t},
then in the second phase, insert all the remaining edges of the type {(v, t) },es. Each edge insertion
in the second phase increases the max flow by 1, and any algorithm based on a KL-type approach
with an incremental reachability data structure needs to check an Q(m)-edge graph to perform
each augmentation.

The second approach would be to use a fully dynamic directed s — t reachability data structure.
This would solve the above problem, as an augmentation in the residual graph can be simulated
using O(n) directed edge deletions and insertions. However, fully dynamic s — t reachability is
known to admit strong conditional lower bounds—for any 1 > 0, no algorithm can achieve O(n!~")
worst-case update time and O(n?~") worst-case query time, assuming the OMv conjecture [21].

Interestingly, we show that the first approach can be extended to the incremental setting if
we relax our algorithm to maintain a (1 — ¢€)-approximate s-t max flow instead of an exact one.
The high-level reason why is as follows: To show that at least F*/2 of the augmentations are
found in the sampled graph of size 2/~ !p, Karger and Levine prove that when at least F*/2 of the
max flow still remains to be augmented, a sampled graph of size 2/~ p suffices to preserve the
existence of an augmenting path with high probability.” For our setting, if we want to maintain a
(1 — ¢)-approximate max flow, the above claim with i = log(1/¢) tells us that it suffices to maintain
a sparsifier with just O(nlog(n)/¢) edges incrementally. This then removes the need to augment on
an Q(m)-edge graph, which lets us circumvent the above barrier. While incrementally maintaining
the sparsifier used by Karger and Levine would be highly non-trivial, we show that we can both
efficiently maintain a different sparsifier incrementally, and that the new sparsifier is powerful
enough to recover the guarantees required for the KL approach to work (at the cost of a log n factor
in the sparsifier size).

The challenge of incrementally maintaining the KL sparsifier is due to its fragility under edge
insertions. The KL sampling depends on a parameter called the strong connectivity of an edge [3],
and in the incremental setting, a single edge insertion could modify the strong connectivities (and
thus the sampling probabilities) of all other edges of the graph. As a result, no existing algorithm
can even just maintain the sampling probabilities, let alone maintain an actual sample from the
corresponding distribution. The same issue arises for other well-known connectivity measures used
for sampling, such as edge-connectivity [15] and effective resistances [31], and even maintaining
approximations to them is quite involved [8, 12, 13, 16]. Instead, our key observation is to use
Nagamochi-Ibaraki (NI) indices [26] for our sampling because of their resilience to incremental
updates.

While the other connectivity parameters mentioned are unique for an edge, the NI index is
determined by the forest packing constructed, and different packings give rise to different indices.
This flexibility in choosing the index allows us to maintain the same value even under edge updates,
which we crucially use to maintain the sampling probabilities. The resilience property we use is as
follows: when inserting an edge, the NI index of all other edges remains the same, and our task is

2For us, high probability refers to the failure probability being < 4/n.
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to only determine the NI index of the newly inserted edge efficiently (which then does not change
in the future). Efficient maintenance of NI indices is discussed in Section 4.

While we now maintain a set of sampling probabilities using NI indices, it is unclear how they
can be used to replace strong connectivity in the KL algorithm. We extend the general result
of Fung et al. [15] on using a wide variety of connectivity parameters for cut sparsification on
undirected graphs to showing that the same parameters also lead to cut sparsification on balanced
directed graphs,® which cover residual graphs that arise in our algorithm as a special case. Their
results sample each edge independently, which in our setting leads to a prohibitive Q(m) time for
sampling. We adapt this to repeated sampling from a probability distribution, where we only spend
O(log n) time per edge for a total O(nlog®(n)/¢) edges sampled. We present this result in full detail
in Section 5.

Finally, we simplify our algorithm by not maintaining an exact sample from the distribution at
each timestep, but an oversample. Specifically, we obtain a sample of the correct size (O(nlog®(n)/e))
right after an augmentation, but between two augmentations, we add edges directly to the sample
instead of trying to maintain the distribution. This could blow up the number of edges in the
sample to Q(m) at some time steps, but since each edge is added this way to at most one sample
throughout the algorithm, the total time bound of O(m + nF*/¢) still holds. This also helps us
obtain our guarantee against adversaries that know the current flow maintained by the algorithm,
since the sample remains independent of the flow: any time the flow is updated, we resample the
graph based on NI indices (which are independent of the flow), and between two augmentations,
all inserted edges are directly added to the sample.

2 Preliminaries
2.1 Graphs and Flows

Flows. Our algorithmic results are on undirected uncapacitated graphs G = (V, E). We denote
n =|V| and m = |E|. For two vertices s,t € V, an s-t flow f € R™ assigns a value f, to each edge
such that >, fe = 0 for all v # s, ¢t with [f| < 1 Ve. The value of a flow f is F(f) = X, fe, and
the maximum flow f* = argmax_, F(f), with value F* = F(f*). We use F without the argument
f when the flow is clear from context. For any « < 1, an s-t flow f is an a@-approximate flow if
F > a- F*.If a > 1, then the statement holds with a’ = 1/a.

Model. In the incremental model, we start with an empty graph with no edges, and the graph
is revealed as a sequence of edge insertions ey, ey, . . ., leading to graphs Gy, Gy, . ... Our goal is to
maintain, after each edge insertion e;, an s-¢ flow f thatis a (1 — ¢) approximation to the max s-¢
flow f;" in the current graph G;. We use F; to denote the value of the flow f;*, and we use F* to
denote the final max s-t flow value after all edge insertions.

Directed Graphs. We denote byg = (V,E)) a directed (multi-)graph without edge capacities. An
edge of integer capacity x € Z* is represented using x parallel edges. For any subset of vertices
S CV,S=V\Sis the complement of S, and 88(5) denotes the set of edges leaving S, which is

also denoted byE)(S) =0z (S). Similarly, we use ((,_‘(S) =0z (S) to denote the set of edges entering

S. We use C and C without the argument S when the subset is clear from context. The capacity
u(—d) = |E‘>| of the cut C is the number of edges in .

Underlying Undirected Graph. For any directed (multi-)graph 6), we denote by G the underlying
undirected (multi-)graph obtained from G by forgetting edge orientations, and d;(S) is the set

3In the static setting, Cen et al. [7] have shown that sampling according to strong connectivity leads to cut sparsification
of balanced directed graphs. Since we work in a dynamic setting, we require the guarantee to hold for a larger class of
connectivity parameters, including NI indices.
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of edges leaving S, which is also denoted by C(S) = d5(S). For a directed cut C = 35(5)’ we use
C = 95 (S) to denote the underlying undirected cut in G, and u(C) = |C| to denote the number of
edges in C.

Residual Graph. For any undirected, uncapacitated graph G, the corresponding residual graph for
the zero flow f = 0™ is given by Gom where each edge (u,v) in G is replaced by two directed edges
b and vi. For any G and a non-zero flow f, the residual graph Gy is constructed the following
way: start with the graph Gym as above, and for every edge e that carries flow in the direction
u — v, replace the edge ud in Gym with the edge 2. In that case there are two edges o7 in Gr. A
flow f* is a maximum flow if and only if G¢- contains no s — ¢ paths.

2.2 Sampling Parameters

We define our importance parameter for sampling edges next. Since the residual graph has multiple
edges between the same vertex pairs, we consider multi-graphs (which allow parallel edges) for the
following definition.

Definition 2.1 (NI Index [26]). Given an undirected, unweighted (multi-)graph G, an ordered
sequence of edge-disjoint spanning forests T, T, . . . of is said to be an NI forest packing of G if
each T; is a maximal spanning forest on G \ Ui<j<;{T;}, and U;{T;} is a partition of all the edges of
G. The NI index £, of an edge e is the index i of the forest T; that e belongs to.

While the NI indices are the connectivity parameters that we will use for our sampling scheme
due to their resilience to incremental graph updates, the following connectivity parameter is
required for our directed sparsification proofs and cut-counting.

Definition 2.2 (Edge-Connectivity). Given an undirected unweighted (multi-)graph G and two
vertices u and v, the edge connectivity between u and v is defined to be the value of the minimum
cut (and thus also the maximum flow) between u and v in G. For an edge e = (u, v), we define the
edge-connectivity of e to be the edge connectivity between u and v.

As we perform non-uniform sampling of the edges, we maintain connectivity parameters A, that
influence the sampling probabilities. The NI index of an edge and the edge-connectivity of an edge
are examples of such connectivity parameters. We will show concentration bounds for classes of
edges whose A.s are close to each other, which motivates the following definition.

Definition 2.3 (Connectivity Class). Given an undirected graph G and connectivity parameters
Ae for each edge, taking A = max, [log A.| + 1, the connectivity classes ¥ = {F; : 1 < i < A} are
given by

Fi={e:2"1 <2, <2"—1}.

For any connectivity class F;, the graph (V, F;) does not have the same edge-connectivity prop-
erties that G = (V, E) did. An edge e € F; could have edge-connectivity Q(n) in G and 1 in (V, F;),
e.g., a graph with a single (s, t) edge and Q(n) parallel paths from s to ¢ of length two. The following
definitions from [15] are used to construct a subgraph of G that is slightly larger than F; that certify
connectivity properties of edges in F;.

Definition 2.4 (II-Connected Decomposition [15]). Given an undirected graph G and connectivity
parameters A, a decomposition G = (G; = (V, E;));<;<x is a sequence of subgraphs of G that satisfy
F; C E; for all i with A = max, [log A.] + 1. Further, for a sequence of parameters IT = (7;);<;<a,
the decomposition satisfies I[I-connectivity if all edges e € F; have edge-connectivity at least r; in
G; for all i.

ACM Transactions on Algorithms, Vol. 22, No. 3, Article 31. Publication date: July 2026.



Incremental Approximate Maximum Flow via Residual Graph Sparsification 31:7

Note that the same edge is allowed to appear in multiple sets E;, and the decomposition is not
edge-disjoint. This property is crucial in our proofs.
Definition 2.5 (y-Overlap [15]). For any y > 1, an undirected graph G and its II-connected
decomposition G satisfies y-overlap if for all i and for all cuts C = 95 (S),
A 2i—1
Zu(CnE,—) T <y-u(C).

i=0

2.3 Balance and Cut Counting

Imbalance of Directed Graphs. Preserving various graph properties by subsampling is difficult on
general directed graphs. However, sampling algorithms can be successfully applied when the
directed graph exhibits some nice structure, for example, they have a similar number of edges
crossing a cut in both directions. Eulerian graphs have exactly the same number of edges crossing
any cut in both directions, and more pertinently, the residual graph of a flow that is not a (1 — ¢)
approximate max flow has at least an O(¢) fraction of edges crossing any cut in one direction over
the other.

Definition 2.6 (Balance [14]). Given a directed (multi-)grapha = (V,E}), the (im)balance of a cut
T = 8(—5(5) is defined as

where C = 68(5) is the set of edges in the other direction of the cut.

Counting Cut Projections. Karger shows that there are at most n?* distinct cuts whose size is
< aA, where A is the global mincut. We, like Fung et al. [15], look at larger cuts in the graph and
require a tighter bound than the one given by Karger, which requires the following definition.

Definition 2.7 (Directed k-Projection). Let G = (V,f) be a directed (multi-)graph and let G be the
corresponding undirected graph. The k-projection of any cut C = a(S) inGisCn Hy., where

Hy = {_e> € E : the edge-connectivity of e in G is at least k} .

We use this definition to extend the following statement to directed graphs, which was originally
shown by Fung et al. [15] for undirected graphs.

LemMmaA 2.8 ([15]). Let G = (V, E) be an undirected (multi-)graph. Let k > A be any real number,
where A is the value of the global minimum cut in G. Consider all the cuts C = 9g(S) in G such that

u(C) < ak, and let ‘K,},k be the set of all undirected k-projections of these cuts, where the undirected
k-projection of a cut C = dg(S) is C N Hy and Hy. is the set of edges with edge-connectivity at least k.
Then |7(,£k| < n?®,

2.4 Data Structures

We also need three classic data structures for our results, which we produce here.
Fact 1 (Un1ONFIND [32]). There is a data structure that supports the following operations

— ApD(u): Adds {u} to the set of sets in O(1) time.
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—FIND(u): Finds the representative of the set that u belongs to in amortized O(a(n)) time.
—UNION(u, v): Replaces the sets that u and v belong to with their union in O(1) time.

where n is the number of elements present at that time, and a(n) is the inverse Ackermann function.

FAcT 2 (SINGLESOURCEREACHABILITY [23]). There is a data structure that supports the following

—
operations on a graph G with n vertices

—INITIALIZE(_G), s): Initializes a data structure ona) with special vertex s in O(m + n) time.
—INSERT(e = ud): Inserts the directed edge {e = ud} into G in amortized 0O(1) time.
—REACHABLE(?): Returns “True” if t is reachable from s in'G in amortized O(1) time.

— GETPATH(t): Returns a directed s — t path in'G in time proportional to the length of the path.

FAcT 3 (BINARYSEARCHTREE). There is a data structure that supports the following operations

—INTTIALIZE: [nitializes the binary search tree data structure.
—INSERT (e, x) : Inserts the key e with value x in amortized O(logn) time.
—SEARCH(x): Returns the largest key e with value < x in amortized O(logn) time.

where n is the number of items inserted into the data structure at the time of operation.

High Probability Bounds. Finally, we say that an algorithm satisfies a guarantee with high proba-
bility if the guarantee holds with probability at least 1 — 4/n.

Adversaries. An adversary is said to be oblivious if it fixes the update sequence before the
algorithm picks its random bits. An adversary is output-adaptive if it is allowed to choose the next
update/query based on the past updates and the sequence of answers given by the algorithm to
past queries. An adversary is state-adaptive if it is output-adaptive and also allowed access to the
internal state of the algorithm before choosing the next update.

3 Incremental Maximum Flow

We assume that the algorithm is started on the empty graph. Our main result in this section is the
following.

THEOREM 1.1. Given any ¢ € (0, 1), there is an incremental randomized algorithm against output-
adaptive adversaries that maintains a (1 — €)-approximate maximum s-t flow f under edge insertions
on an undirected uncapacitated n-vertex graph G with high probability in total time O(mlog(n)a(n) +
nF*log®(n)/¢), where m is the number of edge insertions, F* is the value of the max flow after m
insertions, and a(n) is the inverse Ackermann function.

We present the algorithm achieving the guarantees in Algorithm 1. The algorithm works in
phases. At the start of a new phase, we sample O(nlog®(n)/¢) edges from the residual graph using
a specific probability distribution, which we will discuss later, and add them to the sampled graph
H. On top of H, we run an incremental directed single-source reachability algorithm, called D,
starting from s. At the beginning, and after each edge insertion, we query D if there exists an s — ¢
path in the sample. As long as D does not return “Yes,” for each edge insertion e = (u,v), we add
edges ut and vu to D. When D returns “Yes,” this corresponds to an s — t path in the residual
graph, and we retrieve this path from D, augment along this path in Gy, and start a new phase.

We need to argue about the time bounds and the correctness. For correctness, we show that
whenever an edge insertion increases the max flow to a value larger than a (1 — ¢)~! factor over
the current flow maintained by the algorithm, the existence of an s — t path in the sampled
graph H is guaranteed with high probability. Since H is a subsample of the residual graph Gy,
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Algorithm 1: Algorithm for Incremental Approximate Maximum Flow on Undirected, Uncapaci-
tated Graphs

1 Function INITIALIZE (¢ ):

2 p « 5390 - nlog?(n)/e

3 fe0,F—0,Gf « (V,0),H « Gy

4 D < SINGLESOURCEREACHABILITY.INITIALIZE(H, $)

5 K « INCNISAMPLE.INITIALIZE > Algorithm 4
6 Function INSERT(e = (u,0)):

7 Add uv and ou to H and D

8 K.INSERT(e)

9 if D.REACHABLE(t) then

10 p < D.GETPATH(t)

1 update f and Gy by augmenting along p, and update F < F + 1
12 reset H « (V,0)

13 fori=1,2,...,pdo

14 (u,v) « K.SAMPLE

15 for ab € {uv,ou} do

" if ab € G; then

17 | AddabtoH

18 reinitialize D «— SINGLESOURCEREACHABILITY.INITIALIZE(H, s)
19 Function QUERY(flow/value):

20 ‘ if query = flow then return f else return F

this provides us with an augmenting path in G¢ along which we augment the flow. With a union
bound over the at most n times when this can happen (since the max flow value is at most n and
each augmentation increases the flow by 1), this will imply that at the end of every timestep, the
algorithm maintains a valid (1 — ¢)-approximate s-t flow with high probability. To show this claim,
we first show that an extension of Fung et al.’s high probability result [15] on independent sampling
for cut sparsification on undirected graphs also extends to repeated sampling for cut sparsification
on balanced directed graphs. When combined with the fact that the residual graph of a flow that
is not a (1 — ¢)-approximate max flow is Q(¢)-balanced, this shows that sampling approximately
nlog?(n)/e edges based on the probability distribution discussed below will preserve directed cuts,
and thus also the existence of an augmenting path in residual graphs of non-(1 — ¢)-approximate
flows. Our initial sample at the beginning of a phase already satisfies the size requirement above,
and since we add further edges directly to the maintained sample, we always oversample the rate
required for the augmenting path preservation guarantee.

For the time bounds, assuming that the sampling can be done in time approximately O(log n)
per sample and that the reachability data structure runs in total time proportional to the number of
edges in D, we will show that the algorithm runs in O(m + nF*/¢) time. Note that the graph H is
resampled at most F* times, since each resample occurs after an augmenting path has been found
in the residual graph. Each resample adds O(n/e) edges to D, for a total of O(nF*/e) sampled edges
inserted to D throughout the algorithm. This is in addition to the m edges which are inserted to D
directly on insertion to G, which gives the claimed running time bound.

Finally, we maintain NI indices incrementally for the probability distribution, which we discuss
in Section 4. We use the following definition in our proofs.
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Algorithm 2: Algorithm for Directed Balanced Sparsification

Input: Directed graph G =(V,E), connectivity parameters {A.}.cg, parameters f,y > 1,and ¢ < 1
Output: Sparsified graph H=(V,E,w)

(g Bben 5 L

2 He (V,0,w)

3 forie1,2,...,pdo

4 Sample an edge e from the probability distribution {p, = A;1/Y, -1}

5 Insert e into H with weight w, = (p - p.)~! (additively increasing its weight if e already exists in H)

Definition 3.1 (Phase). Let ty = 0, and let t; be the timestep when the ith augmenting path is found.
Let my be the number of edges inserted in time steps (#x—1, tx]. Phase k refers to the computations
performed after the (k — 1)th augmentation finishes until the kth augmentation ends.

We also use the following two statements directly, whose proofs can be found in Section 4 and
Section 5, respectively.

LeEMMA 3.2. There is an incremental data structure that deterministically maintains an NI forest
packing (and thus the NI index £, of each edge) of an undirected graph under edge insertions in total
time O(m-log m-a(n)) where a(n) is the inverse Ackermann function and m is the number of edges in
the final graph. At any point of time, it also allows querying for an edge sampled from the probability
distribution {{’e_l/L}eeE, where L = Y, £71 in amortized time O(log n) for each sample.

THEOREM 3.3. Let G = (V,f) be any directed (multi-)graph, and G be the underlying undirected
graph. Let {A¢}ecE be some connectivity parameters in G, and B,y > 1 and € < 1 be input parameters.
LetH = (V,?, w) be the random graph with O (yf1n(n) - X.cp A, '/€?) edges generated as in
Algorithm 2.

If there exists a II-connected decomposition G = {G; = (V,E;) : 1 < i < A} of G that satisfies
y-overlap, then for all cuts C = 3(—3>(S) of balance at least B! in ?3), it holds simultaneously with
probability > 1 — 4/n? that

(1-¢)-u(C) <w(C) < (1+e)-u(C).

Remark. This theorem guarantees sparsification for all balanced cuts, even in potentially unbal-
anced graphs. When restricted to only using strong connectivity, this statement was shown by Cen
et al. [7] with stronger parameters, where the quality of sparsification depends on the balance of
the cut, who then used it to give a clearer proof of Karger and Levine [24] static result.

3.1 Running Time

LEMMA 3.4. Phase k takes total time O(my log(n)a(n) + nlog®(n)/¢), where my. is the number of
edges inserted in Phase k and a(n) is the inverse Ackermann function.

PRrOOF. Phase k starts with sampling O(nlog?(n)/¢) edges from the sampler, where each sample
takes time O(log n) by Lemma 3.2. D has a total of m + O(nlog?(n)/e) many edges added to it in
its entire lifetime, which gives a total update time of O(my. + nlog?(n)/e). Inserting each edge into
the sampler takes amortized time O(logm - @(n)) by Lemma 3.2. Augmenting along a path takes
time proportional to the length of the path, which is at most n. O
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LEMMA 3.5. The algorithm takes total time O(mlog(n)a(n) + nlog®(n)F*/e) where F* is the value
of the final max flow after all edge insertions.

ProOF. Let K be the total number of phases in the algorithm. Then K < F* since each phase
increases the value of the flow by 1. Since the set of edges inserted in each phase is disjoint,
>« M = m. By Lemma 3.4, phase k takes time O(my log(n)a(n) +nlog’(n)/¢). Together, all phases
take time

K
Z O(my log(n)a(n) + nlog*(n)/e) = O (mlog(n)a(n) + nlog®(n)F*/e) . o
k=1

3.2 Correctness

We first show that the residual graph of a non-(1 — ¢)-approximate max flow is £/2-balanced. This
then allows us to use our result on sparsifying balanced directed graphs.

LEMMA 3.6. Let f be any s-t flow in an undirected graph G of value F, and let G be its corresponding
residual graph. Suppose F < (1 — €)F*, where F* is the value of the maximum flow. Then every cut in
Gy is at least £/2-balanced.

SN

Proor. For any cut C = d(S) that is not an s-t cut (or a t-s cut), the net flow out of S in Gy is
—

zero, and thus C is 1-balanced. All t-s cuts are > 1-balanced since the residual graph has more flow

in the s — ¢ direction and thus more capacity in the t — s direction. Consider an s-¢ cut C. Let ¢
be the capacity of the corresponding undirected cut C in the graph G. Since F units of flow cross
C in the forward direction s — ¢, the forward capacity across C in Grisc—F, and the backward
capacity is thus ¢ + F since the total capacity is 2c. Using (in order) ¢ > F, ¢ > F*,and F < (1 —¢)F*,
we get

—
C —F -F 1 F 1 F
p@ =M o e =—-(1——)z—-(1——*)zf. o
u(C) c+F 2c 2 c 2 F 2

We then show that the sum of inverse NI indices is not too large.*

LEmMA 3.7. Let {€.},cx be a set of NI indices for an undirected (multi-)graph G with m edges. Then
Yt < 2nlogm.

Proor. Consider the NI forest packing Tj, T3, . . . corresponding to the NI indices /.. Since each
forest contains at least one edge, the total number of forests is at most m. As each edge e in T; has
e = i, the sum of NI indices of all edges in forest i contributes at most "T’l to the total sum. Thus,

n-—1
Zt’e_l = Z Zt’;l < Z - <(n-1)-(2logm) < 2nlogm,
ecE 1<i<me€eT; 1<i<m
where 1 + % + % +--- 4 % is the mth harmonic number, which is upper bounded by 2logm. O

Since we work with the residual graph, which has two copies of each edge of G, we prove the
following lemma to show that an NI forest packing of G can be easily transformed into an NI forest
packing of the undirected residual graph.

“We focus on NI indices as the connectivity parameter of choice for our algorithm due to the reasons mentioned earlier. In
principle, one could use any of the parameters that work with Theorem 3.3 in this section.

ACM Transactions on Algorithms, Vol. 22, No. 3, Article 31. Publication date: July 2026.



31:12 G. Goranci et al.

LEmMA 3.8. Let {f.}eck be a set of NI indices for an undirected, simple graph G = (V,E). Let E’
be a copy of the edges in E. Then, for the multigraph H = (V,E U E’) which doubles the edges in E,
assigning he = 2¢, — 1 and hy = 2¢, is a set of NI indices for H.

Proor. If T}, Ty, . .. forms an NI forest packing of G, then T}, T1, T3, T5, . . . forms an NI forest
packing of H. Letting e be the edge in the first copy of T; and e’ be the edge in the second copy
gives the lemma. O

We use the result of [15] that shows that an NI forest packing can be used to obtain a decompo-
sition that satisfies IT-connectivity and y-overlap.

LeEmMA 3.9 ([15]). Let Ty, Tz, ... be an NI forest packing of an undirected graph G leading to NI
indices t,, and let ¥ = {F;} be the corresponding connectivity classes. Then E; = F; and E; = F;_1 UF;
fori > 2 is a decomposition that satisfies I1-connectivity and y-overlap for m; = 2'~' and y = 2, i.e., for
alli and for all cuts C = 95(S),

A

Z u(CNE;) <2-u(C).

i=0

Using these, we will first show that sampling Q(nlog?(n)/¢) edges suffices to sample at least
one edge across all balanced cuts.

LEMMA 3.10. Consider a simple undirected, uncapacitated graph G with some s-t flow f of value

F. Let £, be a NI index of edge e. Let H' = (V,?) be a sample of 5,390 - nlog®(n) /e edges chosen

i.i.d. with probability {fe_l/ze {’e_l}eer from the residual graph Gy. Then it holds with probability

1 — 4/n? that for every directed cut C = d(S) in Gy of balance at least €/2, there is an edge e € el
that is sampled in H'. In particular, if F* is the value of the max flow in G and F < (1 — ¢)F*, then
there exists an augmenting path in the sampled graph H' with probability 1 — 4/n?.

Proor. We will first argue that sampling the mentioned number of edges and reweighting them
as in Algorithm 2 gives a (weighted) cut sparsiﬁerﬁ = (V,?, w) of G¢. This implies positive weight
across every balanced cut in H. Then, we note that the property of the presence of an edge across
the cut holds regardless of the presence of weights. Since the sample H’ chosen in the lemma is an

unweighted version of ﬁ the lemma follows.

Since there are at most () edges in a simple graph G (and thus at most n® edges in a residual
graph), Lemma 3.7 gives that that >,z ;! < 4nlogn. By Lemma 3.9, there is a decomposition
for NI indices that satisfies II-connectivity and y-overlap for z; = 27! and y = 2. Thus, if one
runs Algorithm 2 with p = 5,390 - nlog?(n)/¢ edges, then by Theorem 3.3 one obtains a weighted

(1+ s’)—sparsiﬁerﬁ = (V,T*"), w) of the residual graph G where the parameters are set as ¢’ = 1/2,
Yy=2,p=2/¢,and 3, t’e_l < 4nlog n. Thus, for all cuts? in Gy of balance at least £/2 (Lemma 3.6),
we have that the weighted sparsiﬁerﬁ = (V,?, w) from Theorem 3.3 satisfies

u(C) >0

W(E‘)) >

simultaneously with probability 1 — 4/n?. In particular, this also means that at least one edge from
Sto S is sampled in H for every directed s-t cut 9(S).

Defining H' = (V,?) to be the unweighted graph obtained from H by dropping the edge
weights, the existence of an edge crossing S to S holds in H’ as well for all cuts 8(S) with balance
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at least £/2 simultaneously, with probability 1 — 4/n?. Since the sampled graph stated in the lemma
is generated exactly as in H’, the lemma follows. O

Remark. While we discuss our algorithm purely for simple graphs, this is not an intrinsic barrier.
We use the simpleness to apply Lemmas 3.7-3.10, where we concretely use 2logn as an upper
bound on log m, and for a union bound in Lemma 5.1. If we are given a different upper bound on m
beforehand, then we could use this value instead in the algorithm to obtain the same guarantees.

This lemma gives us that right after a sample happens, and before any future edge insertions, the
augmenting path guarantee holds with high probability.

LEmMaA 3.11. At the beginning of any phase k, if F < (1 — )F; _ , then there exists an augmenting
path in H with probability 1 — 4/n®. Here, F;' is the max flow at time i, and ty_; is the timestep when
the (k — 1)-st augmentation ends. This guarantee holds against output-adaptive adversaries.

Proor. Recall that at the beginning of a phase, the graph H is sampled according to NI indices in
the undirected graph G. We show that the conditions of Lemma 3.10 hold, even with an output-
adaptive adversary. Note that the sampling probabilities are maintained deterministically and
are known even to an oblivious adversary. While an output adaptive adversary knows the flow
maintained by the algorithm (and thus the current residual graph as well), the sampling according
to NI indices is independent of the flow maintained by the algorithm and its previous outputs.
Lemma 3.10 shows the existence of an augmenting path for the residual graph of any flow, so
no matter which updates were performed in the past and what information the output-adaptive
adversary has. Since we assume in the lemma that we are at the beginning of a phase, there have
been no edge insertions after the sampling of H. Since we sample an undirected edge and add
both directions of that edge into H (lines 15-17), this is an oversample of the rate required by
Lemma 3.10, which only requires adding one direction of the edge. Thus, the claim follows from
the guarantees of Lemma 3.10. O

To extend this guarantee to all time steps, we show that Lemma 3.10 holds regardless of the
future sequence of edge insertions that happen in the incremental algorithm. Thus, an adversary
who cannot see the internal randomness of the sample does not get any power by choosing future
updates, since the guarantee holds regardless of the choice of future edge insertions.

LEmMMA 3.12. Consider an undirected, uncapacitated graph G = (V, E) with some s-t flow f of value

F.LetH = (V,?) be the graph sampled from Gy as in Lemma 3.10, and let & = {X € (V x V) |
X NE =0} be the set of all possible future updates. For any X € &, define F, to be the max flow in

the graph Gx = (V,E U X), and define Hy, = (V,? U X). Then the following guarantee holds with
probability at least 1 — 4/n?: for every X € &, if F < (1 — €)Fy,, then there exists an augmenting path

) —
inHj, = (V, F UX).

Proor. By Lemma 3.10, we have that with probability at least 1 — 4/n?, the initially sampled
graph H’ of G satisfies the following: for any directed s-t cut 9(S) of balance at least £/2, there is
at least one edge sampled from S to S. We assume in what follows that H’ satisfies this guarantee,
thereby conditioning on an event of probability at least 1 — 4/n?. Fix an arbitrary X € & such that
F < (1 - ¢)F;. We will show that the augmenting path guarantee holds in Hj,, which completes
the proof.

Note that the augmenting path guarantee is equivalent to showing that for all directed s-t cuts

d(S) in H},, there is at least one edge from S to S. Let C = d(S) be an arbitrary directed s-t cut. By
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Lemma 3.6, E} has balance at least /2 in (G U X) . If? had balance at least £/2 even in G, then
there is at least one edge sampled across this cut in H’ by the conditioning above. If not, then the

balance of E’} changed between Gy and (G U X)r, which means that an edge was inserted across E‘)

_)
in X and, thus, the undirected edge is also added to H)’<. In either case, C has an edge crossing the
cut in Hy,. Since the choice of cut was arbitrary, this proves the claim. O

LeEmMA 3.13. Fix a phase k. Let i be the first timestep within the phase when F < (1 — ¢)F}, where
F! is the value of the max flow at time i. Then there exists an augmenting path in H with probability
1 — 4/n?. The guarantee holds even if an output-adaptive adversary inserts edges in this phase.

Proor. For phase k, we use Lemma 3.12 to argue that the guarantee holds in this phase, for
any sequence of future edge insertions. In particular, let i be the first timestep within the phase
when F < (1 - ¢)F;. Let X be the sequence of edge insertions in this phase, the augmenting path
guarantee holds in the graph H}, with probability 1 —4/n? regardless of the identity of X. Since the
graph Hj, from Lemma 3.12 is the same as the sampled graph H maintained by Algorithm 1 after
inserting the edges in X in this phase, the lemma holds. O

Finally, we take a simple union bound to extend the guarantee to all timesteps.

LEMMA 3.14. Algorithm 1 maintains a (1 — ¢)-approximate s-t max flow at all times with probability
1 — 4/n against an output-adaptive adversary.

ProoF. In any phase k, Lemma 3.13 ensures that an augmenting path exists in the sample at the
first timestep i when F < (1 — ¢)F; with probability 1 — 4/n® Each time an augmenting path is
found, F increases by 1. Thus, we need to invoke Lemma 3.13 for at most F* < n phases. Taking a
union bound over all the phases, we get that the approximation guarantee holds throughout the
entire insertion sequence with probability 1 — 4/n as required. O

4 Incremental NI Indices

In this section, we show how to incrementally maintain (and sample from) NI indices £, for each
edge e. The main result of this section is the following.

LeEmMMA 3.2. There is an incremental data structure that deterministically maintains an NI forest
packing (and thus the NI index €, of each edge) of an undirected graph under edge insertions in total
time O(m-log m-a(n)) where a(n) is the inverse Ackermann function and m is the number of edges in
the final graph. At any point of time, it also allows querying for an edge sampled from the probability
distribution {{’e‘l/L}eeE where L =Y., ;! in amortized time O(log n) for each sample.

We maintain NI indices instead of other sampling parameters because of their stability under
incremental updates. When an edge e = (u,v) is inserted into a graph G, it could change other
connectivity parameters (such as edge-connectivity, strong-connectivity, or the effective resistance)
of every existing edge in the graph. However, the NI index of every other edge remains the same on
edge insertion, which is a very desirable property for dynamic algorithms. This happens because
while other graph properties are unique for an edge in a given graph, the NI index depends heavily
on the particular forest packing used. It could vary wildly for the same edge, and could range from
1 up to n depending on the packing.

The incremental algorithm involves maintaining a collection of forests, where each forest is a
union-find data structure on the vertices currently in that forest. On an edge insertion, we binary
search across the forests to find the first one where its endpoints are disconnected, and insert
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Algorithm 3: Maintaining Incremental NI Indices (INCNIINDEX)

1 Function INITIALIZE:

2 k0 > Number of forests maintained
3 tree «— [] > Collection of forests
4 last_tree[v] « O forallv e V > last forest that v belongs to
5 Function INSERT(e = (u,0) ):

6 i «FINDTREE(y, v, min(last_tree(u), last_tree(v)))) > find correct forest for e
7 if i > k then k += 1, tree[i] < UNIONFIND.INITIALIZE > add new forest
8 for x € {u,v} do

9 ‘ if i > last_tree(x) then last_tree[x] += 1, tree[i].ADD(x) > add x to forest i
10 tree[i].UNION(u, v) > connect u and v in forest i
11 return i

12 Function FINDTREE(u, v, upper_bound):

13 L « 0, R « upper_bound

14 while L <R do

15 M« |(L+R)/2] > binary search for forest
16 if IsCONNECTED(u,0, M) then L «— M + lelse R — M — 1

17 return L

18 Function IsCONNECTED(4, v, i ):

19 ‘ if i = 0 then return TRUE else return tree[i].FIND(u) = tree[i] .FIND(v)

the edge into that forest (and also adding the endpoints to the forest or initialize a new forest if
necessary).

Due to the subtleties of implementing this, we present the data structure in full detail below. In
particular, if we naively “initialized” a new forest by inserting all the vertices into the forest, then
this would lead to a running time of Q(n) per forest, which could be prohibitive. For the extreme
case where n parallel edges are inserted between the same two vertices u and v, this necessitates
initializing Q(n) forests, which leads to Q(n?) total time for the naive implementation, as opposed
to adding a vertex to a forest only when necessary (as done below with the last_tree variable).

LEMMA 4.1 Algorithm 3 maintains the NI forest packing at all times, and runs in total time O(m -
logm - a(n)).

Proor. We first argue about correctness by induction. It is clearly true before any edge insertions.
Suppose it was true until k insertions. Let e = (u,v) be the (k + 1)-th inserted edge. If i is the
index of the tree returned by FINDTREE, then it satisfies the property that for all j < i, vertices
u and v are connected in forest tree[j], and that they are not connected in forest tree[i]. Thus
connecting u and v in forest tree[i] and setting the index of the edge to i maintains correctness
after the (k + 1)-th edge as well.

Next, we argue about the time taken by the algorithm. If there are m edges in the graph currently,
then the algorithm maintains < m forests. Thus, the binary search takes O(logm) iterations.
In each iteration, it queries a union-find data structure if two vertices are connected, which
takes O(a(n)) amortized time. Union of two elements in, insertion of new elements into, and
initialization of a union-find data structure takes constant time. Thus the algorithm runs in total
time O(m - logm - a(n)). O

We quickly recall an example of a binary search tree insertion sequence before we prove the
next lemma. In a binary search tree, if there are three consecutive insertions of (key, value) pairs
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Algorithm 4: Incremental NI Sampling (INCNISAMPLE)

1 Function INITIALIZE:

2 X < INCNIINDEX.INITIALIZE

3 Y < BINARYSEARCHTREE.INITIALIZE
4 L0

5 Function INSERT(e = (u,0) ):

6 £, < X.INSERT(e)

7 Y. INSERT(e, L)

8 Le—L+¢£!

9 Function SAMPLE:

10 z « uniform random number in [0, L]
1 e < Y.SEARCH(z)

12 return e

(a,0),(b,1/3),and (c, 1/2), then searching for any z € [0, 1/3) returns a, searching forz € [1/3,1/2)
returns b, and searching for z € [1/2, c0) returns c.

LEmMA 4.2. Algorithm 4 maintains a sample from the correct distribution at all times, each insertion
takes time O(log(m)a(n)) and each sample takes time O(logn).

PRrOOF. Let ey, .. ., e, be the sequence of edge insertions performed, and let £, be their cor-
responding NI indices obtain from Algorithm 3. The ¢, values obtained from Algorithm 3 are
correct by the guarantees of Lemma 4.1. Define s; =0 and s; = 3 j; f’e_jl be the sum of inverse
NI indices of all edges inserted until e;_;. We will show that at any time k, for all i € {1,...,k},
searching for any z € [s;,si+1] C [0, sg+1] returns key e; in the binary search tree. This then gives
correctness of the algorithm since, after the kth insertion, the edge e; is sampled with probability
(siz1—si)/L = l’e’il/skﬂ since L = sg4 after k edge insertions.

The statement is clearly true after the first edge insertion. Suppose it was true until k—1 insertions.
Since the key ej_; had value sx_1, searching for any z € [si_1, o) would have given key ex_. Let e
be the kth inserted edge, which is inserted with value s. Thus, for all z € [sg, o), the search returns
key ek, and for z € [sg_1, Sk), the search returns key ex_;. As sp — sg_1 = {’e‘kl_l, Sk+1 — Sk = fe‘kl, and
the other edges e; for j < k — 1 are not affected by this insertion, the claim follows.

For time bounds, note that each edge insertion into Algorithm 3 takes time O(log(m)a(n)), each
insertion into the binary search tree with length £, ! takes time O(logn), and each sample takes
time O(logn) as well, given that the random number is generated in time O(log n). O

Lemma 3.2 now follows from Lemma 4.1 and Lemma 4.2.

5 Balanced Sparsification

While Cen et al. [7] obtain a cut sparsification result for balanced directed graphs, their result
only works with strong connectivity and cannot be used with NI indices, which we need for our
algorithm. In this section, we show the following result.

THEOREM 3.3. Let G = (V,?) be any directed (multi-)graph, and G be the underlying undirected
graph. Let {A¢}ecr be some connectivity parameters in G, and B,y > 1 and € < 1 be input parameters.
—
Let H = (V,?, w) be the random graph with O (yf1n(n) - X.cp A;'/€*) edges generated as in
Algorithm 2.
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If there exists a II-connected decomposition G = {G; = (V,E;) : 1 < i < A} of G that satisfies
y-overlap, then for all cuts C = 55(5) of balance at least =1 in ?}), it holds simultaneously with
probability > 1 — 4/n? that

(1-¢) - u(C) <w(®) < (1+e) u(C).

This is an extension of the result of [15] to balanced directed graphs, with the sampling scheme
changed from sampling each edge independently with probability ~ polylog(n)/(A.?) to sampling
~ O(npolylog(n)/e?) edges with probability distribution proportional to A !. The proof proceeds by
reducing the problem to showing concentration for each connectivity class where the connectivity
parameters are close to each other. Inside each connectivity class F;, the cuts are then collected
by the size of the underlying undirected cut in G;, and concentration is shown for each collection
separately. This involves combining the concentration for each cut in the collection, along with a
cut-counting argument similar to the one on [15] (which is an extension of Karger’s cut-counting).
Finally, the concentration of each cut is shown using a standard Chernoff bound.

Concretely, we will show later that the following concentration holds for every connectivity
class.

LEMMA 5.1. It holds for all i € [A] and for all cuts C = 88(5) simultaneously with probability at
least 1 — 4/n? that

u(C N El) . 2i_1

woy-(prn HEN)

w(@nFR)-u(Cnk|s<?- (
where C = d(S) is the underlying undirected cut of? inG.
We first use it to prove Theorem 3.3.

ProoFr or THEOREM 3.3. We group the edges by the probability of being picked, and show
concentration for each such connectivity class separately. With probability > 1 — 4/n?, we have for
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H omiey- (f+1)

u(C) —
. (ﬁ 1 + u(C))
u(C) +u(0)

p+1

IA
DM M N ™

+ u(_c’))

(since u(<5) <pB- (EZ))

AN
™
=
ol

where the penultimate inequality follows since
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zA: u(CNE;) - 21 < 4(0)
=0 iy
by y-overlap and
AL, —
u(CNF)=u(C)
i=0
since F = {F;} is a partition of E. O

To show Lemma 5.1, we partition the cuts in a connectivity class based on the size of the
underlying undirected cut, and show concentration in each of them separately. Formally, we will
show later that

LEMMA 5.2. Let C;j be the collection of all cuts C = oz (S) such that for the corresponding undirected
cut C = dg(S) in G,

-2 <u(CNE) <m-27" -1,

Then for all cuts C in Cij simultaneously, it holds with probability 1 — 2/n4'2j that
€ (u(C NE;) - 21

< - (2= =
T2 \mey-(f+1)

w(CnF)-u(CNnE)

+u(Cn F,-)) .

We first use this to prove Lemma 5.1.

LEMMA 5.1. It holds for alli € [A] and for all cuts C = 0z (S) simultaneously with probability at
least 1 — 4/n? that
u(CNE;) 271
mi-y- (f+1)
where C = 9(S) is the underlying undirected cut ofE‘) inG.

W(E)QFI)—U(E)QF,))SE( +u(E)ﬂFi)),

ProoF. We will show that the statement holds for any fixed i with probability at least 1 — 4/n*.
Since ¥ = {F;} is a partition of the edges, and since there are at most n® edges in the graph, a union
bound over all i with non-empty F; gives the lemma.

Fix any i € [A]. For all cuts "C with no edge in class F;, the claim holds with probability 1. In
what follows, we only consider cuts that have at least one edge in class F;.

We concentrate on the graph G;, and only consider cuts that contain at least 7; edges in E;, since
every edge in F; has connectivity at least ; in G; by II-connectivity. Let C;; be the collection of all

cuts C = 66»(5) such that for the corresponding undirected cut C = d5(S) in G,
72 <u(CNE) <m-2/"1 —1.
Then by Lemma 5.2, for all C e Cij, it holds with probability at least 1 — 2/ n*? that
_E (u(cmsi)-zi—1
N mi-y- (f+1)

2
ﬁ
Thus, the probability that there exists a j for which there exists a cut C € C;; where the bound
does not hold is at most
2 (1 1 ) 4
—=+=+..] <=

20 p2t n4

— — —
W(C ﬂFi)—u(C ﬂFi) +u(C ﬂFi) .
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as required. O

To show Lemma 5.2, we show the bound for a single cut in Lemma 5.3 and use this with a directed
cut-counting argument as in Lemma 5.4.

LEMMA 5.3. For any single cut C in Cij, it holds with probability 1 — 2/n*? that

w(CNF)-u(CNEF) +u(CnF).

- E.(u(CﬂEi)Qi‘1
- mioy-(B+1)

LEMMA 5.4. Let G = (V,TE)) be a directed (multi-)graph, and G be the underlying undirected graph.
Let k > A be any real number, where A is the value of the global minimum cut in G. Consider all the

cuts C = 68(5) inG such that u(C) < ak for the corresponding undirected cut C = 95(S), and let
Cik be the set of all directed k-projections of these cuts. Then ICgllkI <2-n%,

We first use them to show Lemma 5.2.

LEMMA 5.2. Let C;j be the collection of all cuts C = e (S) such that for the corresponding undirected
cut C =9g(S) inG,

ﬂi'szU(CﬂEi)Sﬁi'2j+l—1.

Then for all cuts C in Cij simultaneously, it holds with probability 1 — 2/n*? that

— —
|W(C AF)-u(CNF)

< & u(CﬂEl) '2i_1
‘5'(m-y-<ﬂ+1>

+u(Cn Fi)) .

N :
ProoF. For any single cut C in C;;, Lemma 5.3 shows that with probability at least 1 — 2/n%%',

|W(E*’ NF)-u(CNF)| <

e (u(CnE)- 2!
2'(m~y-<ﬁ+1>

At this point, we would like to take a union bound over all the cuts in C;;. Ideally, we would like

+u(Cn F,-)) .

i —
the number of cuts in this set to grow as n¢? . However, the number of directed cuts C that arise
might be much larger than that. We can circumvent this, since the inequality only depends on

— — -
C N F;, and not C. We thus focus on working with the distinct subsets C N F; that arise, and use
these to prove our claim.

We first show that the number of distinct directed cuts C N F; that are encountered is still O(nc'zj)
using Lemma 5.4. In particular, we apply Lemma 5.4 on the graph G; = (V, E;), setting k = 7; and

. —
ak = m; - 271 — 1. The total number of distinct subsets C N Hy that arise from cuts in C; j is at most
on?® < on*?

where Hy is the subgraph of G; of all edges with edge-connectivity at least ;. Since each edge in F;
has edge-connectivity at least 7; by II-connectivity, we have that F; C Hy. Every non-empty subset
of the form C N F; has a corresponding subset of the form C N Hy, that is counted above, and for

— —
every C N Hj counted above, there is at most one non-empty subset of the form C N F;, which
proves the claim.
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To simplify notation, we use the following definition for the next claim. Call a subset of directed
- S - = .. —
edges R C E to be bad for a directedcut C € E if C NF; = R and

u(C N Ez) . 21'71

my-(grn B

w(R) —u(Te’)( > g (

Note that if R is bad for any particular directed cutZ‘), then it is also bad for

-

D= argmin u(C’' NE)
C(CnF=R)A(CeCyy)
since
CNE;)-21 DNE;)-2"!
w(R) - u(Tz’)’ > £ (u + u(_fi)) > £ (u +u(R)|,
2 -y (f+1) 2 -y (f+1)

where the first inequality is because R is bad for E) and the second inequality is by choice of D.
Thus, the probability we need to bound is

— — —

Pr[3acut C € Cj; such that C N F; is bad for C]
- = — - —
=Pr[3an R C E and acut C € Cj; such that R is bad for C]

— - —
< Z Pr[3acut C € C;j such that R is bad forC]

RCE
ﬁ . _) .
= Z Pr R isbadfor D = argmin u(CNE;)
RcE C(CnF=R)A(C eCyy)
cont? 2 <2

; )
nd2’ n4?

where the penultimate inequality holds because the number of distinct R's that can be of the form

=4 . 4.27 -3 .1 =3 . . 8.2/
C N F; is at most 2n**", and for each R, the probability that R is bad for D is at most 2/n®“ by

Lemma 5.3. O

We will prove a Chernoff bound of the following form in Appendix A.

LEmMMA 5.5. Let Xy, ..., X, be n independent random variables that take values in the range [0, M]
for some M > 0. Then, for any e € (0,1) and N > E[}}; X;|, we have

n n
ZXi—E in

i=1 i=1

Pr > eN| < 2exp(—0.38¢°N/M).

Using this, we prove Lemma 5.3.
- ,
LEMMA 5.3. For any single cut C in Cj, it holds with probability 1 — 2/n®? that

— — e (u(CNE;)-21 —
w(CNF)-u(CNF)| < 5 . (m-l-u(c NF)|.
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Proor. For each round j € {1,2,... p}, let X; be the following random variable

xoo W= (p-pe)” ! ifanedgee eCn F; is chosen in round j
! 0 ifan edge e ¢ Cn F; is chosen in round j -
Defining X = Zf:l X, we have that X = W(E'> NF;) and E[X] = u(E‘) N F;). Since A, < 2/*! for any
edge e € F;, we have that
A0 1
= 2 1 -
ZeEE /Ie 2t ZeeE Ae
This gives an upper bound on the weight as

Pe 2

1 2i+1 . /‘l—l
max |X;| = max we = max < Leck Ao .
J eeCmF eeCmF P Pe P
Recall that in the algorithm, we set
128 +1)Inn
12y(B+ Dl 55
0. 3862

ecE

Substituting this into the upper bound on the weight, we apply Lemma 5.5 to the random variables
X; using the following explicit values of M and N.

12 Dlnn\™" ) - 2671
0.38 - 2i+1¢2 y-(B+1)
It trivially holds that
— u(C NE;) - Zi_l
N=u(CNnNF)+ —— > (C N F;) = E[X].
y-(B+ 1)
Thus,
CNE)-21
Pr [ w(@NF)—u@n Fl-)‘ s £ (u u(Cn Fi))]
2 \m-y-(B+1)

e\2 (128y(B+1)Inn\ [(u(CNE;)-2! —
<Zexp( 038-(5) ( kP )'(m~y~(ﬁ+l) +u(CmFi)))

g 2 (128y(ﬁ +1) lnn) (u(C NE;) - 2171 ))
0.38 .
0.38 - 2i*1¢2 moy-(f+1)

pE 8'u(CmE) lnn)
(-

I/\

<2exp(-8-2/- Inn) (since(C_G Cj = u(CnE)>m- 27)
as required. O

Finally, we use the undirected projection result of [15] to prove Lemma 5.4.

LEMMA 5.4. Let G = (V,f)) be a directed (multi-)graph, and G be the underlying undirected graph.
Let k > A be any real number, where A is the value of the global minimum cut in G. Consider all the
cuts C = 88(5) in'G such that u(C) < ak for the corresponding undirected cut C = 95(S), and let

Col!k be the set of all directed k-projections of these cuts. Then |Col!k| <2-n%
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Proor. We first apply Lemma 2.8 on the undirected graph G. Consider the set of all undirected
cuts C = §(S,S) in G such that u(C) < ak. Lemma 2.8 gives that there are at most n?* undirected
k-projections of such cuts, i.e., |7(0i(k| < n?* We will show that |C0lck| <2- |‘K0l,k|, which gives the
lemma.

We define a function from the first set to the second set where each image has a pre-image set of
size at most two. Recall that Hy, is the set of edges in G of edge-connectivity at least k. We map
each directed projection <n Hy in CF to the corresponding undirected projection C N Hi. The
latter belongs to ‘Kik since u(C) < ak by definition. For each C N Hy € ‘Kik, there are at most

two directed projections that map to it since each undirected cut can be directed as either (S, S) or
S, S). m]
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Appendix
A Chernoff Bounds
We use the following Chernoff bound from [15] to obtain Lemma 5.5.

LEmMA A.1 ([15]). Let Yy, ..., Y, ben independent random variables each taking values in [0, 1].
Let p =E[Y}; Y;]. Then for all 5 > 0, we have

n
R

i=1

Pr > Sp| < 2exp (—0.38 min{1, §}Sp) .

Recall the bound we want to prove.

LEmMMA 5.5. Let Xy, ..., X, ben independent random variables that take values in the range [0, M]
for some M > 0. Then, for any e € (0,1) and N > E[}}; X;|, we have

n
Pr Z Xl‘

i=1

n
ZX,»—E

i=1

> eNl < 2exp(—0.38¢*N/M).

PrOOF. Define ¥; = M™! - X;. Then Y; € [0,1] and = E[Y; Y;] = M~ - E[Y; X;]. Applying
Lemma A.1 for § = <Y we get that

BTy, X
n n
in —E ZX,-
i=1

i=1
If § < 1, then using the fact that N > E[}}; X;], the bound becomes

Pr > eN| < 2exp (—0.38 min{1, 5}5p) .

eN 2 [
2 -038 - |——| M- E Xi||<2 —0.38¢2N /M),
exp( (E[ZiXi]) Z 1)_ exp ( e“N/M)

and if 6 > 1, then the bound becomes

eN

2 exp (_0_33 . (m) M. E Zi:Xi) < 2exp (—0.38¢N/M),

where the final bound follows since 2 < ¢ for ¢ € [0, 1]. o
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