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Abstract. We study concurrent graph games where n players cooper-
ate against an opponent to reach a set of target states. Unlike traditional
settings, we study distributed randomisation: team players do not share
a source of randomness, and their private random sources are hidden
from the opponent and from each other.

We show that memoryless strategies are sufficient for the threshold
problem (deciding whether there is a strategy for the team that ensures
winning with probability that exceeds a threshold), a result that not only
places the problem in the Existential Theory of the Reals (3R) but also
enables the construction of value iteration algorithms. We additionally
show that the threshold problem is NP-hard. For the almost-sure reach-
ability problem, we prove NP-completeness.

We introduce Individually Randomised Alternating-time Temporal
Logic (IRATL). This logic extends the standard ATL framework to rea-
son about probability thresholds, with semantics explicitly designed for
coalitions that lack a shared source of randomness. On the practical side,
we implement and evaluate a solver for the threshold and almost-sure
problem based on the algorithms that we develop.

1 Introduction

Multi-agent systems provide a robust mathematical framework for modelling
complex interactions across a diverse array of domains. From the formal verifi-
cation of reactive systems [4,19] and cyber-physical architectures [32,37] to the
study of epidemic processes [30] and distributed probabilistic programs [1], the
interplay between autonomous entities is central to ensuring system correctness.
In these models, such entities are typically represented as players, repeatedly
and concurrently choosing among some set of actions. While classical verifica-
tion often considers a single controller against an adversarial environment, there
are plenty of applications that demand multi-agent models with access to varying
degrees of cooperation and information.

A traditional tool to capture what coalitions of players can achieve in such
settings is Alternating Temporal Logic (ATL) [2]. ATL captures specifications of
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the following form: “Can a coalition achieve a given temporal objective against
all strategies of the other players?” In such a setting, one need only consider
deterministic strategies, since randomising among several actions does not bring
any additional power. Important extensions, however, are Randomised ATL
(RATL) [17] and Probabilistic ATL (PATL) [16], both of which capture notions
such as almost-sure and limit-sure winning—and the latter considers threshold
winning, that is, guaranteeing that the probability of winning exceeds a given
threshold t. For those types of specifications, randomised strategies are strictly
more powerful than deterministic ones. Nevertheless, the semantics of RATL
and PATL allow coalitions to randomise their actions jointly, implicitly assum-
ing that they can resort to shared sources of randomness, or equivalently, that
they can communicate about their random choices privately. Such a hypothe-
sis simplifies significantly the setting, since the coalition can then be seen as a
single player; but it is not realistic in many real-life distributed and multi-agent
systems, where challenges often lie, precisely, in the inability of the agents to
communicate. This paper aims at bridging this gap.

An Ezample. Picture an object that needs to be moved to the other side of a
sliding door. Two robots, named R2D2 and C3PO, can choose at each step to
move the object either to the left or to the right, while an adversarial environment
moves the sliding door, such that one among the left and the right side is open
at each time step. If both R2D2 and C3PO choose the same direction as the
environment, then the object moves to the other side and they win. If R2D2 and
C3PO choose the same side, but the environment opens the other side then the
object remains stationary, and they have to try again. If they choose different
sides, the object breaks due to the opposing forces. This situation is illustrated
in Fig. 1. With what probability can R2D2 and C3PO ensure reaching sgoal?

Fig. 1. The two agents choose among actions {L, R} and the environment chooses
among actions {L, R}.

Consider first the setting where R2D2 and C3PO have access to a shared
source of randomness, which can’t be observed by the adversary. Such games can
be viewed as standard two-player concurrent games, where the team acts as a
single meta-player. By playing the joint actions (L, L) or (R, R) with probability
% each, R2D2 and C3PO ensure that for any environmental choice, the probability
of advancing is %, and the probability of reaching the failure state is 0. By
repeating this, it is almost sure that the target will eventually be reached.

However, when R2D2 and C3PO do not share a source of randomness nor a
private communication channel, they have to randomise their actions indepen-

dently. One can show that against any such strategy profile, the environment
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can respond in such a way that the probability of eventually reaching the target
does not exceed % Observe here that the severity of this result relies on the
order of the quantifiers: we assume that the team fixes a collective strategy first,
and that the environment responds to it, hence the value % is what is called in
the literature the maz-min value. If, instead, the environment must commit to
a strategy first, then R2D2 and C3PO can respond deterministically and reach
the target state almost surely (with probability 1), which is called the min-maz
value. It is because the team can always coordinate on a single deterministic
action (e.g., both constantly playing L or R) that the environment plays with
positive probability. By this, they can avoid the failure state and ensure they
eventually progress. We assume the burden of pessimism and focus on the max-

min value.

Our Results. We first start with the following problem for team games.

Threshold Problem: Given a game, given a rational threshold ¢ € [0, 1],
does there exist a collective strategy for the team that ensures the target is
reached with probability strictly greater than ¢?

Our first main result establishes that when there exists such a collective
strategy, there exists a memoryless one (Theorem 1). This implies that these
games can be fully characterised by local, state-dependent strategies. Therefore,
given an instance of the threshold problem, we can construct a formula in the
Existential Theory of the Reals (ETR) that is satisfiable if and only if we have a
positive instance. This proves that the threshold problem lies in the complexity
class JR (itself contained in PSPACE [11,36]). We also prove that the problem
is NP-hard using a reduction from k-clique problem. This is unlike the situation
for two-player concurrent games, where no such hardness results are known. In
fact, for two-player concurrent games (or for games where the team can share
randomness, which reduces to the latter) the best known lower bound for the
threshold problem is SQRTSUM-hardness [18] and P-hardness derived from turn-
based reachability games [24] and the best known upper bound is the complexity
class IR [12]. While our encoding into ETR provides an algorithm, such large
logical sentences are notoriously difficult for existing solvers to solve. To provide
a more computationally accessible approach, we also develop a Value Iteration
(VI) algorithm that converges to the optimal max-min value—even though it
might never reach it.

Secondly, we prove NP-completeness of almost-sure reachability.

Almost-sure Problem: Given a game, does there exist a collective strategy
for the team that ensures that the target is reached with probability 17

While this problem lies in P in a two-player setting, we show that it is NP-
hard even with three players. Membership in NP is obtained by proving that
memoryless strategies also suffice in this setting—but the proof requires tech-
niques different from that of the threshold problem.
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Thirdly, we implement solvers for the threshold and almost-sure problems,
and evaluate them on existing benchmarks that we modify to fit our setting. For
the threshold problem, we first encode the entire game as a single formula in
IR and use SMT solvers; while this offers strong theoretical guarantees, the for-
mula’s complexity often leads to timeouts. In contrast, we employ VI algorithms
using various termination criteria and heuristics. These heuristics provide sound
under-approximations, and terminate with results close to the actual max-min
values in our benchmarks. Because VI methods query the IR solver using smaller
formulas, they terminate significantly faster than solving the whole encoding. For
the almost-sure case, given its NP-completeness, we utilise SAT solvers on the
succinet SAT encodings that we construct. We use state-of-the-art PRISM-games
to solve the threshold and the almost-sure version of the strict subcase of the
games with shared randomness as a baseline. Despite solving a computationally
harder game, our solvers achieve runtimes comparable to PRISM-games [27].

Finally, we propose a new logic called Individually Randomised ATL (IRATL)
to capture the inability of a coalition to randomise collectively. The syntax of
IRATL extends ATL with operators capturing the fact that a coalition can
enforce an objective without using any shared randomness. For example, consid-
ering our robot team, we would write the formula (R2D2, C3PO)S! _ (O{Sgoal })
to check if the team can reach sgo almost-surely using shared (sh) random-
ness. In contrast, to query if the team can reach the target with a probability
strictly greater than 0.3 using independent (ind) sources of randomness, we write
((R2D2, C3PO)9 . (O{Sgoal })- As established previously, both sentences hold true
in their respective settings. We effectively solve the model-checking problem for
a key fragment of this logic.

Related Work

Logics for Stochastic Team Games. Alternating-time Temporal Logic (ATL) was
first presented in the work of Alur et al. [2], and has inspired a rich ecosystem of
extensions. While the ATL semantics considers only deterministic moves, several
of those extensions introduce randomness into the picture, such as Randomised
ATL (RATL) [17], PATL [16], PAMC [38], rPATL [15], and SGL [5]. SGL and
rPATL are defined only on turn-based games, where the distinction between
shared and individual randomisation is not relevant. RATL, PATL, and PAMC
assume that players in a coalition can resort to shared randomisation, making it
possible to reduce the setting to a standard two-player zero-sum game.!

L PATL and PAMC were actually defined without this hypothesis, but a careful read-
ing of the proofs in the cited papers shows that it is then implicitly introduced,
perhaps inadvertently. This ambiguity has been propagated across the subsequent
literature: all results seem to assume shared randomisation, but the definitions are
sometimes consistent with that hypothesis [15] and sometimes not [41]. Let us also
note that the work introducing PATL [16] claims that model-checking for PATL is
in NP N coNP by invoking a reduction from LTL objectives to parity ones; however,
such a reduction is not polynomial-time.
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Strategy logic [13] is another well-known extension of ATL, that considers
only deterministic strategies. Its extension Probabilistic Strategy Logic (PSL) [3]
is very expressive, and since strategies are represented as variables, individual
randomisation is implicitly implied. But this expressivity comes at the cost of
undecidability in the general case, and very high complexities even when the
players are restricted to memoryless strategies: the easiest known fragment that
subsumes our setting is only known to be in EXPSPACE.

Finally, probabilistic Resource-Bounded ATL (pRB-ATL, [34]) is another
logic that subsumes our setting, with a broader semantics including limited
resources for the agents. No complexity upper bound is known for pRB-ATL
model-checking.

Other Multiplayer Game Settings. Several works including those on population
games [6], concurrent parameterised games [7], and synthesis of coalition strate-
gies [8], work on settings with an unknown number of players as opposed to
the fixed number of players in our case. Fixing the number of players enables
us to obtain value-iteration-like algorithms, more amenable to implementation.
A recent work on one-shot games with partially shared randomness (various
sources of randomness, each of them being accessible to a given subset of play-
ers) shows that the threshold problem with a non-strict inequality (instead of
strict, as in our setting) is IR-complete [10] for one-shot games. However, neither
the hardness nor the easiness results extend to our setting.

Fized Environments and Multi-agent Learning. As a side observation, we
consider settings where the environment is memoryless (modelling fixed but
unknown stochastic process). This setting reduces to multi-agent reinforce-
ment learning, where agents must learn to coordinate in a stochastic environ-
ment [20,25,42].

Tools. The landscape of automated verification for multi-agent systems is rich
with tools, yet, to the best of our knowledge, none natively support the indepen-
dent randomisation constraint central to our work. The most prominent tool,
PRISM-games [14,27], extends probabilistic model checking to the two-player
version. While PRISM-games can verify properties for a coalition of players (e.g.,
using the logic rPATL), it treats it as a single “meta-player” capable of correlated
strategies. Tools such as MCMAS [31] and EVE [21] enable strategic reasoning
via ATL and Nash equilibrium synthesis. However, MCMAS focuses primarily
on qualitative (Boolean) verification and epistemic properties, while EVE and
related Nash solvers (e.g., PRISM-Nash) target non-zero-sum equilibria.

2 Preliminaries
2.1 Probabilities

Given a finite set S, a probability distribution over S is a mapping d : S — [0, 1]
that satisfies the equality ) ¢ d(x) = 1. The set of probability distributions
over S is denoted by DistS.
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2.2 Games
We use the word game for team concurrent stochastic reachability games.

Definition 1 (Game Structure, Game). A game structure is a tuple G =
(2,5, (Ap)pes, (Avy)pes, ), consisting of:

- a set X of players;
— a set S of states;
for each player p, a set A, of actions;
for each player p and state s, a set Avy(s) C Ap of actions available at state
s (always assumed to be nonempty);
- a transition function 0 : S x [[ .5 A, — Dist(S) that maps each tuple
(s, (ap)p) with ap € Avp(s) for each p to a probability distribution over S.

A game is a tuple G = (G, II, T, s¢), that consists of a game structure equipped
with a team IT C X, a set T C S of target states, and an initial state sg € S.

When referring to a game G or a game structure G, we often use the notations
S, d, etc., without recalling them. Given a set P C X and a vertex s, we often
write Avp(s) (or Av(s) if P = X)) to denote the product Avp(s) = [ ,cp Avy(s).
For technical reasons, we assume that the target set T" is absorbing, i.e. that for
every state ¢ € T' and action profile @ we have 6(¢t,a)(t) = 1.

We call play (resp. history) in the game structure G an infinite (resp. finite)
word over the alphabet S. We sometimes say that the team wins the play = if
that play contains a target state s € T', and loses it otherwise.

2.3 Strategies, and Strategy Profiles

A strategy for player p € X is a mapping o, that maps each history hs to
a probability distribution o,(hs) € DistAv,(s). A strategy profile for the set
P C XY is a tuple 6p = (0p)pep, Where each o, is a strategy for player p. A
collective strategy is a strategy profile ;7 for the team. A complete strategy
profile is a strategy profile 65 for X, often written &, without subscript. Given
two strategy profiles 6p and 7o with P N Q = 0, we write (op,7g) for the
strategy profile fjpug, where 1, = o, if p € P, and 7, if p € Q. Given two
strategy profiles denoted by 6p and 5\ p, we simply write & for the complete
strategy profile (&p, 5\ p). Given a strategy profile 5p and a history h, we write
a(h) for the induced distribution over joint actions, i.e., for the distribution
o(h) : ap — TTyep o (1) (ay).

A complete strategy profile & defines a probability distribution P5 over plays,
where for each history hs and state ¢, we have:

Py (hstS¥) = > &(hs)(a) - 8(s,a)(t).
acAv(s)

A strategy o, is deterministic if for every history h, there exists an action a
such that o,(h)(a) = 1. It is memoryless if for every state s and every history
h, we have o, (hs) = o,(s).
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2.4 Problems

Throughout this paper, our goal is to design collective strategies for teams that
guarantee a certain property against every strategy of the other players. We
always assume that the team players fix their strategies first, and the other play-
ers (the opponents) respond to it. From the opponents’ perspective, responding
to a collective strategy amounts to finding optimal strategies in a Markov deci-
sion process. It is a well-known result that deterministic strategies are sufficient
in such a setting. Consequently, contrary to the team players, the fact that the
opponents do not share a common source of randomness is not a restriction,
and the opponents can be considered as a single player. For convenience, we will
therefore always assume that the set X'\ IT is a singleton {O}, where player O is
called opponent. In such a setting, a natural question is to ask whether the team
players can win the game with a probability greater than a given threshold.

Problem 1 (Threshold Problem). Given a game G and a threshold t € Q N[0, 1],
does there exist a collective strategy & such that for every strategy oo, the set
T is reached with probability strictly greater than ¢7

A less ambitious question is to ask whether they can win with probability 1.

Problem 2 (Almost-sure Problem). Given a game G, does there exist a collective
strategy & such that for every strategy profile 6o, the set T is reached with
probability 17

In the two next sections, we design algorithms for those two problems.

3 The Threshold Problem

In this section, we analyse the structure of the team’s strategies and establish
the theoretical foundations for solving Problem 1. The main result of this section
is Theorem 1, which establishes that memoryless strategies are sufficient.

Building on this result, we provide a decision procedure by encoding the
threshold problem as an ETR formula. Finally, we end the section with a
result on NP-hardness for the threshold problem, which adds to the SQRTSUM-
hardness result that is already known from the two-player case [18].

3.1 Optimality of Memoryless Strategies

In this subsection, we prove that memoryless strategies suffice to exceed a given
threshold. The structure of the proof is similar to that of the same result in
standard two-player zero-sum concurrent games [12|. However, the latter heavily
relies on the equality of the max-min and min-max values, which no longer holds
in our setting. Our proof requires therefore more technical effort.
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Value Iteration. As a step toward our result, and as an algorithmic tool, we
define a value iteration sequence. A wvaluation is a mapping v : S — [0,1]. We
define the predecessor operator based on this intuition: for a fixed valuation v
and a state s, we consider a local one-shot game played in s. In this local game,
the team players choose a joint distribution over their available actions, and the
opponent responds with an action as well. If ¢ is the subsequent state, then the
team gets payoff v(t). The team players want to maximise the expected payoff,
while the opponent wants to minimise it. To avoid confusion, strategies in this
one-shot game are selectors. The predecessor operator is defined in three steps:
given fixed strategies for both the team and the opponent, given a fixed team
strategy against an optimal opponent, and finally, the optimal one-step value.

First, given a valuation v, a collective selector £;7, and an opponent selector
£o, we define the expected payoff at state s as:

Prec(v)(s) = D> Y > &u(s)@)-Lo(s)(b) - 6(s,a,b)(t) - v(t).

acAvr(s) bEAvo(s) tES
We now define the value guaranteed by a fixed collective selector &7:

Prez (v)(s) = inf Preg(v)(s
en(0)(e) = _inf Preg(v)(s)
where Ag(s) = Dist(Avp) is the set of selectors for the opponent in state s.
Finally, we define the predecessor operator Pre, which represents the maxi-
mum value the team can guarantee in one step against the opponent:
Pre(v)(s) =  sup inf  Preg(v)(s)

Epeip(s)Eo€A0(s)

where A (s) is the set of collective selectors for the team in state s.

We can then define a sequence (vy,), of valuations as follows: the valuation
vp maps each target state to the value 1 and each other state to the value 0, and
for each n, we have v, 1 = Pre(v,,). We then have the following result.

Lemma 1. For every vertex s, the sequence (v,(s)), converges to the max-min
value of the game, when initialised in s.

As we will show in Sect. 5, this value iteration sequence also entails a sound
under-approximation algorithm. For now, let us use this tool to prove our result.

Memoryless Strategies Are Sufficient.

Theorem 1. Let G be a game and let t be a threshold. If there is a collective
strateqy o that guarantees victory with probability strictly greater than t against
every opponent’s strategy, then there is a memoryless one.

Proof (Sketch). Using Lemma 1, there exists an index n such that the nth val-
uation, on sg, takes a value that is greater than t. We assign a “rank” to each
state corresponding to the iteration index where its value was determined. The
memoryless strategy is then constructed to ensure that at each step, the next
state has either a higher valuation or a lower rank, which guarantees convergence
to the states with valuation 1 and with rank 0: the target states. O
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A Variant: Playing Against a Memoryless Opponent. Before proceeding
to the study of the threshold problem, we make a remark about a variant of our
problem: the case where the opponent is restricted to memoryless strategies. This
modelling choice is well-motivated by the physical reality of autonomous systems,
whose environments are often fixed (but unknown) stochastic processes rather
than strategic adversaries. We show here that Theorem 1 does not extend to this
setting: surprisingly, restricting the opponent to memoryless strategies can force
the team players to use memory to play optimally. The following example illus-
trates that solving this variant would require significantly different techniques
from the field of multi-agent learning.

Theorem 2. There exists a game G such that against an opponent restricted
to memoryless strategies, the team can achieve a strictly higher probability of
reaching the target using a strategy with memory than with any memoryless
collective strategy.

Proof (Sketch). We give an example in the game in Fig. 2. Intuitively, the team
players can agree to wait arbitrarily long to learn the probability distribution
during the waiting stage and then play the appropriate action to maximise the
probability of reaching the target state. O

(wast, %), a (wait, %), b

Fig. 2. An example game for opponent with no memory.

3.2 Complexity Bounds

After a short detour, we return to the setting where the opponent has (poten-
tially) unbounded memory. We establish complexity bounds.

Membership in the Class JR. We first show that the problem is in IR by
constructing an equivalent ETR formula. Our construction relies on Theorem 1.

Theorem 3. The threshold problem lies in the class AR.

Proof (Sketch). To help our reduction, we introduce A-discounted games. These
games share the same structure as concurrent games but employ a discounted
payoff function parameterised by a discount factor A € (0,1). These games are
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quantitative: if the team reaches the target set T  after k steps, the team gets
the payoff A\* (instead of 1). We construct a polynomial-size ETR formula ¥ (\)
which is satisfiable if and only if there exists a collective strategy such that the
A-discounted value exceeds t. Since this only captures the discounted version of
the problem, we then show that it is equivalent to its qualitative counterpart,
in the sense that there exists A such that the formula ¥(\) is satisfiable if and
only if we have a positive instance of the threshold problem.

This intermediary reduction to the A-discounted setting is necessary. A direct
encoding of the reachability problem faces a hurdle: the Bellman optimality
equations for reachability generally admit multiple fixed points. Consider, for
example, a simple loop s — s with no path to the target. The true reachability
probability is 0. However, the assignment v(s) = 1 trivially satisfies the Bellman
equations one would write, making it a valid but spurious fixed point. One stan-
dard solution is to impose the restriction that it is the least fixed point. However,
enforcing a “least fixed point” constraint would require the min operator, which
is not permitted in the standard JR framework. Alternatively, identifying the
non-zero support set requires guessing (if there exists a subset of vertices from
which the target can be reached with nonzero probability), which puts the prob-
lem in a larger complexity class NPZ®. This makes our intermediary detour via
A-discounted settings necessary. a

NP-hardness. We finally end with a proof of NP-hardness for this problem.
Note that it is also SQRTSUM-hard, following from the two-player case [18]. For
the sake of completeness, we also note that the threshold problem with non-strict
inequalities was recently shown to be complete for the class 3R [10, Lemma 5.7].

Theorem 4. The threshold problem is NP-hard, even with three states and three
players.

Proof (Sketch). We establish NP-hardness via a reduction from the clique prob-
lem. Given a graph G and an integer k, we construct a game with two team
players and three states: an initial state, a target state, and a trap state. The
team players select actions consisting of a tuple (u,i) € V x{1,...,k}, claiming
that they have a clique whose i-th vertex is u. Simultaneously, the opponent
selects a pair of indices (i,5) to verify. Transitions from sy are defined as fol-
lows: the play reaches the target if the team plays ((u, %), (v, j)) and the opponent
selects (i, j) such that the selection is consistent with a clique (v = v if ¢ = j, and
(u,v) € E if i # j). The game transitions to the trap state if the team matches
the opponent’s indices (i, j) but fails the clique consistency check (v # v when
i =7, or (u,v) ¢ E when i # j). If the team’s chosen indices do not match the
opponent’s query, the game loops back to repeating the round. We show that if
G contains a clique of size k, the team can reach the target state with probability
1. Otherwise, the maximum probability of reaching the target is bounded by %.
The threshold problem is therefore NP-hard, even with threshold %. a
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4 The Almost-Sure Problem

In this section, we focus on Problem 2: deciding whether the team can win almost
surely. We show that this problem is NP-complete. First, in Sect. 4.1, we show
that memoryless strategies are also optimal for this problem. Second, in Sect. 4.2,
we prove the upper and the lower bound.

4.1 Optimality of Memoryless Strategies

In this subsection, we show that if the team can guarantee reaching the target
almost-surely, it can do so using a memoryless collective strategy. Formally, we
show the correctness of the following theorem. Note that it is not a consequence
of Theorem 1, since the threshold problem is defined with strict inequalities.

Theorem 5. Let G be a game. If there is a collective strategy o7 that guaran-
tees victory with probability 1 against every opponent’s strategy, then there is a
memoryless one.

Proof (Sketch). We assign a rank (a value from N U {oco}) to each vertex, that
captures “distance” from the target: the target set T' has rank 0, and the states
that have rank k 4 1 are exactly those where the team can force a transition to
states with rank k& with positive probability, without visiting a vertex of infinite
rank. We construct a memoryless collective strategy as follows. At every state,
the team plays to guarantee a positive probability of moving to a lower rank,
while staying within the winning set (the states with finite rank). Since the
probability of reducing the rank is always strictly positive, the game is forced to
eventually progress and reach rank 0 (the target) with probability 1.

4.2 Complexity Bounds

SAT Encoding for NP Membership. We show the following theorem.

Theorem 6. The almost-sure problem is in NP.

Proof (Sketch). Based on the results of Sect. 4.1, we know that if an almost-sure
winning collective strategy exists, there exists a memoryless one. We then give an
explicit SAT formula & that is satisfiable if and only if there exists a memoryless
strategy that guarantee almost-sure reachability. The construction of & relies
on the fact that almost-sure reachability is a qualitative property: it depends
only on the support of the strategies, not on the precise probability values. The
formula @ encodes the search for a winning set W and the set of support of
strategy for each player. The constraints enforce the existence of the ranking
function as defined in the proof of Theorem 5. We also apply some optimisations
to reduce the number of variables, like using a binary encoding of the rank. 0O

We end this section with a hardness result. The following theorem is an
immediate consequence of the construction presented in the proof of Theorem 4.

Corollary 1 (of Theorem 4). The almost-sure problem is NP-hard.
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5 Experimental Results

We implement two algorithms to compute the max-min value and one for the
almost-sure case. The algorithm for the value problem is a global reduction
that maps the game to a single ETR formula. The second algorithm uses a
value iteration (VI) scheme to compute the value. For the almost-sure case, we
implement one algorithm based on its SAT encoding. To establish a baseline and
contextualise our runtime, we also compare our approach with the state-of-the-
art PRISM-games [27], which solves the two-player version of concurrent games.
PRISM-games is particularly relevant as it handles both the quantitative (max-
min value) and qualitative (almost-sure) versions of this problem, but where the
team players have access to shared randomness. PRISM-games, therefore, solves
a strict and computationally easier subcase of our setting. The source code is
available at https://github.com/alipashamontaseri/Team-Concurrent-Game.

5.1 Algorithms

We evaluate three algorithms for the max-min value. The first is a global reduc-
tion. The second is a value iteration framework, for which we provide three dis-
tinct implementations. Each implementation provides a sound under-approzima-
tion of the value. The third is a baseline based on PRISM-games [27].

Algorithm 1: ETR-Direct. This method implements the reduction from
Sect. 3.2. It translates the entire game into a single ETR formula. It then
computes the game value using binary search combined with SMT solvers.

Algorithm 2: Value iteration (VI). ETR-Direct scales poorly on games with
many states. Therefore, we use the value iteration scheme from Sect. 3.1. This
method updates values iteratively by solving local one-shot games. In these
local games, we calculate the highest probability the team can guarantee to
gain in a single step, based on the current value estimates of the states. Based
on this, we update the estimates of state values. The value iteration algorithm
is a lower bound for the max-min value of the game, and improves it every
step. Therefore, the values act as a sound under-approximation. We propose
three implementations for solving these local instances:

1. VI-ETR: This implementation uses an SMT solver to compute each
local instance reliably. This guarantees precision but may take longer on
computationally difficult instances.

2. VI-OPT: This implementation treats each one-shot game as a non-
linear optimisation problem to be faster. We use Sequential Least Squares
Programming (SLSQP) [26] to solve them. Because the constraints are
smooth (in C°), the solver uses analytical gradients. This method yields
an under-approximation of the value because the solver may converge to
a local optimum rather than the global one. However, our experiments
show that the computed value remains close to the true value.
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3. VI-Hybrid: This implementation combines SLSQP optimisation with
exact solving. For each local game, we first generate a candidate value
v* using SLSQP. We then query the SMT solver to verify if a value v >
v* + ¢ is feasible. If the query is unsatisfiable, we accept v* as the global
optimum. If satisfiable (indicating v* is a local optimum), we solve the
instance with binary search using v* as a lower bound. Thus, this reliably
computes the value of the game.

Algorithm 3: Quantitative PRISM (Baseline). We include the state-of-
the-art algorithm from PRISM-games [27]. It assumes that team players
share randomness (whereas our setting assumes that team players do not
share randomness). Our setting is more general, as shared randomness can
be modelled by a single player.

The optimisation strategy used in VI-OPT and VI-Hybrid (SLSQP) is
explained in detail in the full version of the paper [9].
For the almost-sure reachability problem, we evaluate two algorithms:

Algorithm 4: SAT-Direct. This method implements the encoding described
in Sect.4.2. It translates the almost-sure problem into a SAT. We then use a
SAT solver to determine if an almost-surely winning collective strategy exists.
This algorithm always gives a verification guarantee.

Algorithm 5: Qualitative PRISM (Baseline). We use the qualitative ver-
ification engine of PRISM-games [27] as a baseline. Similar to Algorithm 3,
this tool solves the almost-sure problem under the assumption of shared ran-
domness, which is only a comparison point for our general setting.

Implementation. We implemented a prototype solver in Python 3.11.14 to
evaluate these algorithms. We conducted all experiments on a machine running
Ubuntu 24.04 LTS, equipped with an Intel Core Ultra 5 225U processor and 16
GB of RAM. We set a timeout of 600s for each algorithm on each instance. For
the max-min problem, we perform binary search until we achieve a precision of
e=10"%

1. SMT solver: We use the Z3 SMT solver [33] for all ETR queries. This handles
Algorithm 1, and the verification steps in the value iteration variants.

2. SLSQP optimiser: We use the SLSQP algorithm provided by SciPy [40].
This optimiser solves the local games in VI-OPT and generates the candidate
values for VI-Hybrid.

3. Stopping criteria: We terminate the value iteration when the values sta-
bilise. We stop the process when the maximum change across all states drops
below ¢ = 10~* and report the final values.

4. SAT solver: For the almost-sure reachability problem (Algorithm 4), we use
the minisat22 SAT solver [39] provided by the PySAT library.
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Fig. 3. Execution time of the algorithms across three benchmarks. The plots report
execution time in seconds vs. the state space size: both in log scale.

5.2 Benchmarks

We evaluate our algorithms on three distinct benchmarks. The first is Pursuit-
Evasion with Rendezvous, a variant of the game from [35]. In this setting, a
cooperative team of agents must meet at one vertex in a directed graph while
avoiding a pursuer. The second is Robot Coordination, adapted from PRISM-
games [28], where a team of robots navigates a grid against adversarial wind
conditions to reach a target configuration. The third is Jamming Multi-Channel
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Radio Systems, also adapted from PRISM-games [28], which models sensors
transmitting packets over frequency channels subject to adversarial jamming
and collisions. We provide formal definitions, dynamics, and objective functions
for all three benchmarks in the full version.

Almost-sure: Pursuit-Evasion with Rendezvous
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Fig. 4. The plot compares the execution time (in seconds, logarithmic scale) of SAT-
Direct under individual and shared randomness constraints against the baseline quali-
tative solver (which assumes shared randomness).

5.3 Results

We evaluate our algorithms in two settings. The first is the general case of
individual randomness. The second is the special case of shared randomness. In
the latter, we model the team as a single “meta-player” with joint actions, which
allows us to compare our results against PRISM-games. Detailed numerical data
is provided in the full version [9].

Max-Min Problem. Across both settings, ETR-Direct fails to solve even
small instances within the timeout. In the case of individual randomness (Fig. 3,
left), the exact and hybrid VI approaches VI-ETR, VI-Hybrid solve small
instances, but their execution time increases drastically as the state space grows.
Conversely, the optimisation-based variant VI-OPT scales effectively, solving
the largest instances across all benchmarks within the time limit.

In terms of precision, VI-OPT yields tight under-approximations in both
settings, consistently converging to values very close to the exact solutions. While
PRISM outperforms our general-purpose solvers in the special case of shared
randomness (Fig. 3, right), VI-OPT stays competitive.
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Almost-Sure Problem. We analyse the Pursuit-Evasion benchmark. We
selected this instance because it is the only one where the team has non-trivial
strategies to win with probability 1. Figure4 presents the results.

First, we look at the case of shared randomness. Here, our SAT-Direct algo-
rithm performs well compared to PRISM-games. On smaller instances (Scenarios
1 to 4), our method is actually faster than PRISM because it has less overhead.
In the largest instances (Scenarios 6 and 7), PRISM scales slightly better, but
our solver remains competitive, despite solving a more difficult problem.

Second, we look at the case of individual randomness. This problem is much
harder because the players cannot coordinate their actions. As expected, the time
needed to find a solution grows much faster than in the shared case. Despite this
added difficulty, SAT-Direct is successful. It manages to solve large games with
over 97,000 transitions within the time limit.

6 Towards Individually Randomised ATL

We conclude this paper by proposing a new logic to capture our concept of
individual randomisation. A classical tool to define specifications over reactive
systems is the Alternating Temporal Logic (ATL) [2], in which one can encode
the fact that a coalition of players can guarantee surely an objective that is
expressible in Linear Temporal Logic (LTL). Since only sure guarantees are
considered here, the semantics of ATL need not consider randomised strate-
gies. This changed with the introduction of Randomised ATL (RATL) [17] (and
PATL [16]). There, sure guarantees are extended with almost-sure and limit-
sure ones, and the semantics allows players to use randomness. For example, the
formula {(C))aimost g means that the coalition C' has a “collective strategy” to
ensure that every state in the play satisfies ¢ with probability 1. However, the
RATL semantics defines a collective strategy for the coalition C' as a mapping
from histories to distributions over the whole set of tuples of actions available
for the players in C, implicitly assuming that those players can randomise based
on a secret common source of randomness—which can then be reduced to a 2-
player setting. Our notion of collective strategy, where players in a coalition can
design their strategy together but randomisation is an individual process, cannot
be captured by this logic. In this section, we introduce Individually Randomised
ATL (or IRATL), whose semantics bridge this gap.

Syntax. Our logic is defined to extend the logic RATL.

Definition 2 (IRATL Formula). Let Q be a set of atoms. Let X be a set of
players. An IRATL formula is either:

— a proposition q € Q;

— or a formula =@ or ¢ V 1, where ¢ and ¥ are IRATL formulas;

— or a formula (C), 0 ¢, (CHr,Op, or (CH: eUt, where C C X is a
coalition of players, where r € {sh,ind} is a randomisation type, and where
w € {sure,almost, limit} U {>¢,>t |t € [0,1)} is a winning condition, and
where ¢ and ¥ are IRATL formulas.
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The operators (())7, are called path quantifiers, the operators o, [J, and U
are called temporal operators, and subformulas of the form Oy, Oy or Uy are

called path formulas.

Semantics. Given a game structure GG, a set of atomic propositions ), and
a labelling function L : S — 29, we define the semantics of IRATL by cross-
induction as follows. Given a state s € S, we define:

— s = q if we have ¢ € L(s);

— s =~y if we do not have s = ¢, and s |= ¢ V 9 if we have s = ¢ or s = 1;

— s = ((O)rd 0 if in the game structure G, from the state s, there exists a
strategy profile G¢ such that for every strategy profile 55\¢ and every play
7 compatible with the strategy profile o, we have 7 |= 0;

~ s | (C)ind 0 if in the game structure G, from the state s, there exists a
strategy profile ¢ such that for every strategy profile 5\ ¢, we have P5{m €
SY|lnE0}=1;

~ s = (O)ird. 6 if in the game structure G, from the state s, for every ¢ > 0,
there exists a strategy profile ¢ such that for every strategy profile 6\ ¢,
we have P{mr € S¥ |m =0} >1—¢;

— s | (C)n90 (resp. (C)d0) if in the game structure G, from the state s,
there exists a strategy profile ¢ such that for every strategy profile & \C»
we have Pz{m € S¥ | 7 =0} >t (resp. > t);

— s = ((C)®"0 is defined analogously, but in the game structure G¢, in which
all C players have been merged into one player who can pick an action profile

at each state.
On the other hand, given a play m = mg7y ..., we define:

— 7 = oy if we have myma ... = ¢;

— 7 | Oy if for every n € N, we have 7, |E ¢;

— 7 | Uy if there exists n € N such that we have m, = ¢, and 7 = ¢ for
every k < n.

Other classical symbols can be derived: for example, the formula T is short
for q V —q for some ¢, and the formula Q¢ for TUp.

Model-Checking. The algorithms presented in the previous sections enable us
to define a decidable fragment of IRATL.

Theorem 7. Given a game structure G, a state s and a formula ¢ that does
not contain the symbols (C)ird. = (CHnd, or (OO, deciding whether in the
game G we have s = ¢ can be done in PSPACE, and in polynomial time if the
size of the game structure is fized.

Proof. As a preliminary remark, let us remind that when a coalition C' seeks to
achieve an objective # against all strategies of the other players, those can be
modelled by a single opponent, as they do not need any form of randomisation
to respond to the coalition’s strategy. We can then apply the following recursive
algorithm. Given an IRATL formula ¢:
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— if o =q,, or Y V y, treat it recursively as expected.

— If ¢ = ((C)3h, then apply the same recursive operations as for RATL [17]
and PATL [16].

— If p = ((C)ind 0: since the coalition must surely reach the target, randomis-
ing is useless, and the coalition can then be seen as a single player. We can
therefore apply the algorithms cited at the previous point.

— If p = (C)ind _hp: this formula is semantically equivalent to (C)ind,Cp.
We can therefore apply the previous point.

— Ifp=(O)nd 01 (resp. (C)Nd01p), first compute the set T of states that
satisfy the formula 1. Then, consider the game in which the team C wants
to reach the set T', and all states except s are made absorbing. Then, decide
whether the team can guarantee reaching the set T' almost surely (resp. with
probability greater than t), using Theorem 3 (resp. Theorem6).

— If o= (C)ind Uy (resp. (C)ndpUy), first compute the sets U and T of
states that satisfy the formulas ¢ and y, respectively. Consider the game in
which all states s’ € S\ U are made absorbing. Then, decide whether in this
game, the team C' can guarantee reaching the set T almost surely (resp. with

probability greater than ¢), using Theorem 3 (resp. Theorem 6).

The size of the recursion stack is bounded by the size of the formula, and
each recursion consists in a polynomial-space algorithm, hence the conclusion. O

The decidability of the full logic IRATL will be obtained if one can handle
the two following problems, which we leave as open questions.

Problem 3 (Limit-sure Problem). Given a game G, does it hold that for every
€ > 0, there exists a collective strategy ;7 such that for any strategy oo, the
probability of reaching the set T under the strategy profile & is greater than 1—e?

Problem 4 (Safety Problems). Given a game G, can the team guarantee (with
probability greater than a given threshold, or limit-surely) that the set T is not
eventually reached?

The reader may already be convinced that the limit-sure problem requires
new techniques, but believe that the safety threshold problem can be treated
in a way analogous to the reachability threshold problem. This is not the case,
because Theorem 1 does not extend to safety games: as shown in the work of
de Alfaro et al. [17, Theorem 8]. Even in a two-player setting, infinite memory
may be required to guarantee that a safety objective is satisfied with positive
probability. However, in that setting, this problem can be decided by taking
the perspective of the opponent—by asking whether the opponent has a strat-
egy to make the player lose with probability at least 1 — . Such arguments no
longer work in our setting, since the max-min value does not equal the min-max
value. Hence, the safety threshold problem seems to be more challenging than
its reachability counterpart.
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7 Discussion

We introduced the logic IRATL, that extends the well-studied ATL to support
cases where players randomise independently without a common coin. We showed
that this distinction is not just semantic but requires new algorithms.

IRATL describes games where players form teams, but must randomise indi-
vidually. The exact complexity of solving these games is left as an open problem.
We show JR-easiness and NP-hardness for the threshold problem, which is also
SQRTSUM-hard, following from the two-player case [18]. It would be interesting
to know the exact complexity of this problem.

Second, from a practical perspective, our current value iteration method relies
on asymptotic convergence without a certified stopping criterion. Even in the
simpler two-player concurrent setting, it is known that a double-exponential
number of iterations might be required to approximate the value to within an
g-approximate value [22]. A promising avenue for future work is to extend recent
results on stopping criteria for concurrent games [29]. By developing techniques
to approximate the value from both above and below, we could rigorously guar-
antee e-optimality upon termination. We leave as future work the integration into
established model checkers such as PRISM-games [27] or STORM |[23] enabling
model checking tools that accurately model decentralised systems.
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