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1 | INTRODUCTION

In discrete probability, and in particular the theory of random graphs, there has been much inter-
est in establishing central limit theorems for various parameters of interest. More precisely, given a
sequence (Z,,),cy Of random variables defined on the probability spaces G(n, p), we are interested
in when

X, ;:Z”_—[E[Z”] 4 N(0,1),

VVIZ,]

© 2026 The Author(s). The Bulletin of the London Mathematical Society is copyright © London Mathematical Society. This is an open access
article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium,
provided the original work is properly cited.

Bull. London Math. Soc. 2026;58:€70464. wileyonlinelibrary.com/journal/blms 1of14
https://doi.org/10.1112/blms.70464


https://orcid.org/0000-0001-5475-6522
https://orcid.org/0000-0003-1129-4270
https://orcid.org/0000-0001-8729-2779
https://orcid.org/0009-0007-0715-970X
mailto:j.erde@bham.ac.uk
http://creativecommons.org/licenses/by/4.0/
https://wileyonlinelibrary.com/journal/blms
https://doi.org/10.1112/blms.70464
http://crossmark.crossref.org/dialog/?doi=10.1112%2Fblms.70464&domain=pdf&date_stamp=2026-08-10

20f14 | ANASTOS ET AL.

as n — oo, that is, when X,, converges in distribution to the standard normal distribution. Here,
by G(n, p) we denote the binomial random graph, that is, the random graph on n vertices where
each edge appears independently with probability p.

Early work on this topic established such results for various types of subgraph counts in random
graphs, and many different techniques have been developed to deal with these parameters—the
method of moments [18, 19, 25], Stein’s method [4], U-statistics and related methods [16, 21] and
martingale methods [3, 10]. Moreover, these methods can also be used to show multivariate cen-
tral limit theorems for finite collections of subgraph counts, establishing joint normality of the
rescaled random variables. In particular, this implies that, for appropriate ranges of p and exclud-
ing some pathological cases, any finite linear combination of these parameters also satisfies a
central limit theorem, which in turn implies central limit theorems for a broad class of ‘local’
graph parameters—those which can be determined by looking at bounded-order subgraphs of
G(n, p).

More recently, central limit theorems have been proved for more ‘global’ graph parameters. An
early example of this comes from the work of Pittel and Wormald on the order of the giant compo-
nent in a supercritical sparse random graph [23, 24] which used enumerative/analytic methods to
establish a central limit theorem. More modern proofs [5, 7] involve the analysis of a graph explo-
ration process using martingale methods. Central limit theorems have also been shown for the
order of the k-core [9, 17] and very recently the rank and the matching number [14, 15, 20], both of
which analyse certain peeling processes on G(n, p), using martingale methods or the differential
equations method, respectively.

Recent work of the authors [2] establishes a central limit theorem for another ‘global’ graph
parameter, the circumference, which is the length of the longest cycle. Rather than analysing
the evolution of some random process, the proof instead employs a perturbative argument using
more elementary, combinatorial methods based on the Efron-Stein inequality, using the joint
normality of certain subgraph counts as a ‘black-box’. However, the application in [2] is still quite
complicated and technical, due in part to certain ‘non-monotonicity’ issues that arise within the
structural analysis in the particular case of the circumference.

The purpose of this note is to demonstrate the simplicity of the method developed by the authors
in [2] by giving some short proofs of known results of central limit theorems—for the order of the
giant component and the k-core in sparse random graphs in their respective supercritical regimes.

Theorem 1.1. Letc > 1,letp = % and let L be the largest component in G(n, p). Then |L| satisfies
a central limit theorem.

Theorem 1.2. Let k > 3, and let ¢, be the unique real number in (k, o0) such that
P[Poisson(¢,) < k — 1] = (e¢,) ™. ¢))

Letc > ¢, letp = % and let K be the k-core of G(n, p). Then |V (K)| satisfies a central limit theorem.

It is straightforward to show that ¢, is well defined and that ¢, = k + y/2klogk + o(k) as
k — oo. For comparison, the k-core threshold c;, that is, the threshold value of ¢ for the existence
of a (non-empty) k-core, is shown in [22] to be asymptotically k + /k logk + O(log k), and so,
whilst ¢, in Theorem 1.2 is not quite sharp, it is very close to ¢, . We also note that with a bit more
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care, it is possible to extract quantitative bounds on the variances in Theorems 1.2 and 1.1, as in
[2].

The proofs for both Theorems 1.2 and 1.1 follow the same rough idea: We take a sequence of
‘local’ approximations to the order of the giant component (or k-core) by taking, for each vertex
v € V(G), an approximation of the indicator of the event that v lies inside the giant component
(or inside the k-core, respectively), based on the ‘local’ structure of G ~ G(n, p) around v, taking
into account larger and larger neighbourhoods as our sequence develops.

A relatively standard application of Stein’s method will show that each of these local approxima-
tions satisfies a central limit theorem and so, modulo some small technical details, it is sufficient
to bound in a sufficiently strong manner the errors of these approximations, which we do using
the Efron-Stein inequality to bound the variance of these errors.

Roughly, the Efron-Stein inequality allows us to bound the variance of a graph parameter by
bounding the expected effect of resampling a single edge. A simple combinatorial analysis will
show that, in both cases, the effect of resampling an edge e = {u, v} on the error of the approx-
imation is in some way ‘localised” within the components C,, and C, containing u and v of the
remainder (or mantle), the graph R remaining after we delete the giant component (or k-core,
respectively). However, simple first moment calculations demonstrate that, for sufficiently large
¢, the component structure of R resembles that of a subcritical random graph, and so the expected
effect of resampling an edge is ‘small’.

In the case of the giant component, this holds for any ¢ > 1, whilst for the k-core we require
that c is sufficiently large (i.e., larger than ¢;). In fact, heuristically this should hold already for
any c above the k-core threshold ¢, although there does not seem to be a simple proof of this fact,
and it is unclear if it follows directly from known results in the literature. However, we note that
such a result, stating that the mantle has a subcritical distribution for a certain range of p, is all
that would be required to extend the proof of Theorem 1.2 to this range of p. We note also that,
whilst the statement and proof of Theorem 1.2 extends without change to the case k = 2, in fact
similar calculations as that for the giant component show that the threshold for the appearance of
alinear 2-core coincides with that for the giant component, and that the ‘mantle’ of the 2-core will
have a subcritical distribution for any ¢ > 1. It is then possible to show an analogue of Theorem 1.2
for k = 2 holds for any ¢ > 1 using similar methods, although we omit the details.

The case of the circumference, dealt with in [2], follows broadly the same strategy, but has to
deal with significant technical difficulties which do not arise in the case of the giant component
or k-core. These difficulties are mostly related to the method of ‘approximating’ the vertex set of
a longest cycle C, in itself not an obviously straightforward task. In particular, the fact that this
approximation is not monotone under edge deletions, which serendipitously is the case for the
applications in this paper, leads to sophisticated combinatorial analysis to determine the effect of
resampling an edge. Furthermore, whilst it is relatively straightforward to estimate the variance
of |[L| and |V (K)|, which is necessary to the application of Stein’s method, the corresponding cal-
culation for |C| is far from trivial. Indeed, the resolutions of both of these problems take almost
as long, if not longer, than this paper.

Looking forward, we note that, in many cases, it can be shown that multiple parameters of
interest simultaneously satisfy a multidimensional central limit theorem. For example, Pittel and
Wormald [23, 24] showed that the order of the giant component and the order of the 2-core, when
appropriately rescaled, are jointly Gaussian. It would be interesting to know if our methods could
be extended to the multidimensional case, reducing then the derivation of a multidimensional
central limit theorem to the combinatorial analysis of the simultaneous effect of resampling an
edge on some collection of parameters.
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2 | PRELIMINARIES

In this paper, we consider a component to be a maximal set of vertices that induces a connected
subgraph. For a graph G and a vertex set A C V(G), we define G[A] to be the induced subgraph of
G with respect to A, that is, the graph G[A] with vertex set V(G[A]) = A and edge set E(G[A]) =
{x,y} € E(G): x,y € A}. Moreover,weletG — A := G[V(G) \ A]. A rooted graph is a pair (H,r)
where H is a graph and r € V(H). The radius of a rooted graph (H, r) is the maximum distance of
avertex in H to the root r (in particular, if H is disconnected, the radius of (H, r) is o). Two rooted
graphs (H,,r,) and (H,, r,) are isomorphic (written (Hy,r;) = (H,,r,)) if there exists a bijection
f: V(H,) = V(H,) such that f(r;) = r, and f(u)f(v) € E(H,) if and only if uv € E(H;) for all
u,v € V(H)).

The k-core of a graph G is defined to be the maximal subgraph K C G of minimum degree
at least k, which is easily seen to be unique. A useful alternative characterisation of the k-core is
given by the following peeling process. Starting with G, we recursively delete some vertex of degree
less than k. Again it is easy to see that the resulting graph K is the k-core of G. We note that, for any
vertex w which lies in a component C,, of G — V(K), there is some k-degenerate ordering of C,,,
that is, an ordering of the vertices of C,, such that each vertex is adjacent to fewer than k vertices
which appear before it or in K.

2.1 | Probabilistic inequalities

We use the following lemma, proved in [2, Lemma 3.6], which bounds the variance of ‘local’
graph parameters using the Efron-Stein inequality [12] by considering the effect of resampling an
edge.

Lemma 2.1. Let G ~ G(n, p) be a random graph, let {1;(v) : v € V(G)} be a set of (isomorphism-
invariant) random variables and let Z := ¥}, .y ) $6(v). Let f € (V(ZG)) be arbitrary and let G* =

G+ f and G~ =G — f. Suppose that M > 0 is such that |}p;(v)| < M for each v € V(G) and
let

D :={v eV(G): s+ (V) # Pg-(V)}
Then
V[Z] < 2M*p(1 — p)n’E|[|D|?].

We will also use a probabilistic form of Minkowski’s inequality, see, for example, [6,
Equation (19.4)].

Theorem 2.2 (Minkowski’s inequality for variances). For jointly distributed random variables Y
and Z with E [Y?] ,E [Z2] ,|E[Y - Z]| < oo,

VY + Z] < (\/\/[Y] + \/\/[Z])z.
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Furthermore, under the same conditions, Theorem 2.2 also implies"'
IV[Y] = VIZ]| < VIY = Z] + 2(V[Y — Z])> min{V[Y]3,V[Z]3}. @

When applying (2), we further upper bound the minimum by one of its terms, as convenient. We
note that equivalent statements can also be derived from a probabilistic version of the Cauchy-
Schwarz inequality, as in [2, Theorem 3.1].

In the proof we will consider sequences of approximations which are themselves defined on
the sequence (G(n, p)),cy Of random graphs. For this reason, when talking about limits, it will be
useful to have a version of Slutsky’s theorem [26] for ‘double limits’. It can easily be checked that
the proof carries over into this setting.

Given a doubly-indexed sequence (a, ,); ,en Of real numbers and a € R we write

lim a,, =a, (3)
£ ,n—o00 ?
n>¢

if there exists a function N : N — N such that for every € > 0 there exists £, such that for all
(¢,n) € N> with £ > £, and n > N(¢) we have las , — a| < e. Given a doubly-indexed sequence

d
(X4 n)¢ nen of real random variables and a real random variable X, we write X, , — X as#,n — o
if, for every x € R at which x — P [X < x] is continuous, we have

lim P[X,, < x| =P[X <x].
£,n—00 ’
n>¢

Similarly, we write X, ‘m i Xas?,n - coifforall § > 0,

lim P[|X,,-X|> 6] =0.
£ ,n—00 ’
n>¢

Theorem 2.3 (Slutsky’s theorem [26]). Let (X, )z nen> (Y n)znens and (Z4 )z nen be doubly-
indexed sequences of real random variables. Let Y be a real random variable and let x,z € R. If

p d p
Xen—xY,n—>YandZ,, — zast,n — oo, then

d
Xen+tYpyZpy — x+2zY, as’t,n — oo.

2.2 | A central limit theorem for weighted neighbourhood sums

We will also need the following general result, proved in [2, Lemmas 5.2 and 7.6], which asserts a
central limit theorem for a range of graph parameters which have a representation as a weighted
sum of neighbourhood counts.

TTo prove (2), we may assume without loss of generality that V[Z] < V[Y], then write Y = Z 4+ (Y — Z) and apply
Theorem 2.2.
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More precisely, given (£, n) € N? let H be the set of all rooted graphs (H, r) with radius at most
¢ and at most n vertices and let 7 be the set of rooted trees (T, r) € H with 1 < v(T) < t(c, ), for
some appropriately large function ¢ of c and #. A weighted ¢-neighbourhood count is a random
variable of the form

X= Y D w6l
veV(G) (H,r)eH

where () € [0,1] for each (H,r) € H and B;(v, ¢) is the set of vertices in G at distance at most
¢ from v. Moreover, we define the truncation of X to be

Y= Z Z ) V(6B (0. )=(T, 1}
veV(G) (T,r)eT

Lemma 2.4. Letc> 1 and let p = % If X is a weighted ¢-neighbourhood count and Y is the
truncation of X, then the following hold.

(i) VIX - Y] < f1(n,©) - n, wherelimy .o f1(n,€) = 0.

n>¢
2
() Ifv|Y]=w <n§ ) then'Y satisfies a central limit theorem.

For a proof, see [2, Lemmas 5.2 and 7.6]. We note that this follows the classic approach to conver-
gence via Stein’s method, which originated in [4], where it was applied to the problem of counting
induced subgraphs and more generally to random variables which can be decomposed as a sum
of semi-induced properties, such as weighted neighbourhood counts, under some mild technical
restrictions (see [4, Theorem 5]). This version of Stein’s method is by now a standard tool in the
area, and the statement of Lemma 2.4, in particular part (ii), should come as no surprise to experts
in the field.

2.3 | Typical properties of the remainder and mantle

We will require the following properties of a supercritical sparse random graph which follow from
standard arguments, but for completeness we include a short proof. In this paper, log refers to the
natural logarithm.

Lemma 2.5. Letc>1and let p = % Let G ~G(n,p), e :={u,v} € (V(ZG)), G~ :=G—e, and

G' := G +e. Let € be the event that for x€ {—, +}, we have that G* has a unique component L*
of linear order and all other components have order at most log* n. Then P[] =1 — o0 (% >

Furthermore, let R~ = G~ — L™ and for each v € V(R™), we let C be the component of R™
containing v and C; = @ forv € L™. Then for W := C,/ U C, we have

E[IW P gwisele] < f2n,0),

where limy . fr(n,¢) = 0.
n>7
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Proof. The first part of the lemma is a straightforward modification of a standard argument that
appears in any textbook on random graphs (see, e.g., [13]).

Furthermore, by the first part we can assume in the second part that all components of R~ have
order at most log* n and then calculate

log*n
2fn—2
E[IWPgwisale] < X Jz<j_2

>jj_2p,~_z(1 = pY" D +0(1)
j=t

log*n j—2
< 2 j2e2<cel—c+0(l)> +0(1) := f,(n, %)
j=¢

and the conclusion follows since ce!™¢ < 1 for ¢ # 1. O
We will also need similar statements about the properties of the mantle.

Lemma 2.6. Let k > 3, let ¢ > ¢, where ¢, is defined as in (1), and let p = % Let G ~ G(n, p),

lete :={u,v} € (V(ZG)), and let G~ := G —e and G* := G + e. For each =€ {—, 4}, let K* be the
k-core of G* and let R* := G* — V(K*). Let € be the event that for x€ {—, +}, all components of R*
have order at most log* n. Then the following hold.

() P[€]=1-0 (%)
(i) We have ¢ > c; where c; is the k-core threshold.
(iii) Furthermore, foreachw € V(R™), welet C, be the component of R~ containingw andC, := &
forw € K. Then for W :=C, UC_, we have

E[IWIPwisale] < 3,0,

wherelimy .o f3(n,2) = 0.
n>r

Proof. We first note that the function f(x) = x - P(Poisson(x) < k — 1) is strictly decreasing for
x > k. Indeed, fory > x > k, as f(y) = Z;‘zl e Yy /(i —1)! < e~ (y/x)K f(x) we have that

FO) < m0-0(y 3 = =091 4 (y — x) /)" < e~ O-IHKO=0/x  =0=0)A=k/2) < 1,
Jx)

By Poisson convergence (see, e.g., [11, Theorem 3.6.1]) and the above, we have that for this choice
of c, there exists a constant a > 1 such that for any j < log4 n,

P(Bin(n — j, p) < k — 1) = (1 + o(1))P(Poisson(c) < k — 1) = (aec — 0(1)) L.

The proof of (i) is similar to the argument appearing in [1, Lemma 7 (b)] or [2, Lemma 4.15]. We
show the statement for G, and the statement for G~ follows similarly. We first note that with

probability 1 — o <n—12 ), the maximum degree of G+ is at most log? n in this regime of p. Consider

then, the k-core peeling process on G*. Since the order of the largest component in the remainder
can increase by a multiplicative factor of at most log® n each time a vertex is ‘peeled’, if there is a
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component of R* := G* — V(K*) of order at least log* n at the end of this process, there is some
intermediary stage at which there is a component C of peeled vertices of order between log® n and
log* n. However, by construction there is a k-degenerate ordering of the vertices of C, and hence
each vertex in C has at most k — 1 neighbours in V(G) \ C. A simple union bound then shows
that the probability that this occurs is at most

log*n log*n
D <?>jj_2pj_2(P(Bin(n —hp)<k=1) < Y Eeey 2(aec - o(1))7

Jj=log?n j=log?n

=o(n7?).

To prove (ii), suppose for a contradiction that ¢, < ¢, and let ¢ be such that ¢, < ¢ < ¢;. Then,
since ¢ < ¢; by results in [22], we have that K = @ with probability 1 — o(1). Together with (i),
this implies that with probability 1 — o(1), we have that G consists only of components of order at

most log4 n. However, since ¢ > ¢, > k > 1, this contradicts Lemma 2.5, which states that G has
a component of linear order with probability 1 — o (% >
Using (i) we can calculate similarly for (iii),

log*n
2fn—2\.i2 i_ . . i
E(W P wisale] < D Jz(._2>ﬂ 2p/=2(P(Bin(n — j, p) <k — 1))

= N
log*n '
< Y jet(ecy (aee — o) = f3(n,0),
j=¢
where it is then clear that limy .o f3(n,2) = 0. O
n>r

As mentioned in the introduction, one should expect a qualitatively similar statement to hold
for any p above the k-core threshold. Indeed, the work of [8] suggests that the components of the
mantle should resemble subcritical (multi-type) Galton-Watson trees, although we were not able
to extract an explicit statement that would imply Lemma 2.6 from their work.

2.4 | Variance of the order of the giant and k-core

For our arguments, it will be important that the variance of the order of the giant component (or
k-core, respectively) is linear in n, which can be shown by elementary considerations. We include
a proof for completeness.

Lemma 2.7. Let k > 3 and let ¢, be as defined in (1). Let p = %, let L be the largest component of
G(n, p), and let K be the k-core of G(n, p).

(V1) Ifc > 1, then V[|L|] = Q(n).

(V2) Ifc > ¢, then V[|[V(K)|] = Q(n).

Proof. We just prove the second statement, the first can be proved with an analogous argument.
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We utilise a sprinkling argument, taking p; and p, such that (1 —p;)(1 —p,) =1— % where

P = Cn—/ for some ¢’ such thatc > ¢’ > ¢, thus p, = © <%> Let G; ~ G(n, p;) and G, ~ G(n, p,)
be independent random graphs and let G = G; U G, so that G ~ G(n, p). By Lemma 2.6(ii), we
have that ¢, is above the k-core threshold c;. Thus standard results on the k-core threshold (see,
e.g., [22]) imply that whp' G, contains a k-core of linear order. Let us write K for the k-core of
G,, where whp [V(K;)| = Q(n).

Let A, be the set of isolated vertices in G; and let A, C A, be the set of vertices which are
isolated in G — Eg, (A;,V(K;)). Then standard calculations show that whp |A4,| = Q(n).

We let K, be the k-core in G — EGZ(AZ, V(K,)). Then K; C K, C K and we note that |V(K)| =
|[V(K,)| + Z,where Z is the number of vertices in A, adjacent to at least k vertices of K, in G,. Fur-
thermore, conditioned on G, and G — Eg, (A,, V(K;)), noting that this determines A;, 4,, K, and
K,, we have that Z ~ Bin(|A,|, q) where ¢ = P [Bin(|V(K;)|, p,) > k] thus, V[Z] = q(1 — q)|A,|.

Let £ be the whp event that |V(K,)|, |A,| = Q(n), which also implies that g = Q(1), then a
standard calculation (see, e.g., [2, Lemma 6.4]) shows that

VIV > A —o(MW)VIZ | €] = Q(n),

where the implicit constant depends on c and k. [

3 | A CENTRAL LIMIT THEOREM FOR THE ORDER OF THE GIANT
COMPONENT

Let G ~ G(n, p) where p = % and ¢ > 1. Let us define a function ¢ : V(G) — {0, 1} by

4(0) = {1 ifv e V()

0 otherwise.

Note that Z := |L| = ZUGV(G) ¢(v). For £ € N, we also define a ‘localised’ version of ¢ by

1 ifdg(v,7) # @or|Bg(v,7)| > log4 n
¢, (V) 1= .
0 otherwise,

where 9;(v, ) is the set of vertices at distance # from v. Moreover, let Z, := 2vev(c) P ().
Finally, viewing Z, as a weighted neighbourhood count with weights in {0, 1}, let Z{; be the
truncation of Z ¢ (as defined in Section 2.2).

Lemma3.l. V[Z —Z,| <n- fy(n,£), wherelimy .o f4(n,¢) = 0.
n>¢

Proof. By the definition of the double limit, we may assume that ¢ < logn. Let us consider the
effect of resampling an edgee := {u,v} € (v(zc)) and define asbefore GT =G +eandG™ =G —e

T For a sequence of events &,, we say that &, occurs with high probability (whp) if P [£,] — 1 asn — co.
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and
D:={weV(G): ¢"(w)—¢ (W) # ¢~ (w) — ¢, (W)} (4)
By Lemma 2.1,V [Z — Z,| < 2¢nE [|D|?]. By Lemma 2.5, we have

V|Z = Z;] < 2¢nE[|D|?] < 2¢nE[ID*1¢] + o(n), (5)

where £ is the event as defined in Lemma 2.5.

Forv € V(G) and *€ {+, -}, let us define C}; as in Lemma 2.5, to be the component in G* — L*
containing v (and C;; = @ if v € L*). Let W := C,; UC, . We note that in the event £, each of
G™*,G™ has a unique linear order component L™ and L*, respectively. Moreover, since G~ C G,
we have that L~ C L*.

Claim 3.2. In the event £, we have that D C W.

Proof of Claim. Assume that the event £ occurs. Note that if w ¢ W then e does not meet the
component of w in G~ — L™, thatis, C;; N {u, v} = @. It follows that G~[C; ] = G*[C}]. This, and
L~ C LY imply that ¢+ (w) = ¢~ (w). Next, we will show that ¢7(w) is completely determined by
G*[C;] for each x€ {—, +}. Indeed if C; # @, then dg-(w,?) = aG*[c,‘;J(w» ?) and Bg«(w,?) =
BG*[C.‘;J(w»f)- On the other hand, if C; = @, then w € L* and thus we have 0;+(w,?) # @
or |Bg«(w,?)| > |L*| > log* n implying that ¢7(w) = 1. Hence G~[C] = G*[C}f] also implies
¢7(w) = ¢7(w). Thus ¢*(w) — ¢ (w) = $~(w) — ¢, (w), which implies w ¢ D. O

Claim 3.3. In the event £, we have that if |W| < £, then D = @.

Proof of Claim. Assume that the event £ occurs and |W| < . By Claim 3.2, it suffices to show that
w & D for all w € W. Let w € W. Note that it suffices to show that for each € {—, +}, we have
¢;(w) = ¢*(w) (since then ¢+ (w) — ¢;(w) =0=¢ (w)— ¢;(w) which implies that w ¢ D). Let
*€ {—, +}. f w € L*, then ¢*(w) = 1 by definition and since £ occurs, we have d;.(w, £) # @ or
|Bg«(w, £)| > log4 n, and therefore ¢;’;(w) = 1. Hence we may assume that w ¢ L*. Thus, by def-
inition, we have ¢*(w) = 0. Note that, since W := c,ucy and e = uv, we have that C,u C;j -
W. Hence 0 < |C;| <. This implies that d;+(w,?) = @ and |Bg«(w,?)| < |C; | < < logn.
Hence ¢Z;(w) =0 = ¢*(w). O

By (5), the two claims above, and Lemma 2.5 it follows that

V[Z — Z,] < 2enE[ID|*1¢] + o(n) < 2enE[|W [* Ty s 1] + 0(n)

<2n-cf,(n, ) +on) =:n-f,(n70),

where hmf,n—»oo f4(n, £)= hmt’,n—»oo (2c- fz(}’l, £)+ 0(1)) =0. O

n>¢ n>¢

At this point we are essentially done. Lemma 3.1 implies that Z, is a good approximation to
Z, and Lemma 2.4 implies that Z , is a good approximation to Z, and that Zf satisfies a central
limit theorem. The rest of the proof consists of relatively straightforward calculations making the
above precise, whilst keeping careful track of the double limit over # and n.
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Proof of Theorem 1.1. First, from Minkowski’s inequality (Theorem 2.2), we obtain

< <\/\/[z_z,] N2 _@])2
<n <\/f4(n, )+ Fi(n, f))z, ©

where at the last inequality we used Lemmas 2.4 and 3.1.

Letuswrite 0 = \/V[Z] and 6, = \/V [Z,|,Y :=Z-E[Z]and ¥, = Z, - E [Z,], and

 Z-FE[Z] Y o . Ze—E[Z] ¥,
X.=—=—, Xf.=/\—=/\—
g o G, G,

Then, by Lemma 2.7, we have g = Q( \/;), and so by (6) together with Theorem 2.2, it follows that
G, = \/ﬁ) as well. Moreover, by (2),

@,

g2

_ vizi-viz|
= lim —
£ n—co g2

n>r

-1

£ ,n—o00
n>¢

viz-z] , 2(\/[2—2/] “min {\/[z],\/[zf]}f

o2 o2

< lim
£ ,n— oo 0'2
n>r

< lim V[Z_Zf]+2<v[z_zf])2 —0. )

£,n—c0 g2 g2
n>r

Then, since 0 = Q( \/ﬁ), by (6) and Chebyshev’s inequality

Y-Y,
(o)

2o as £, n — oo. ®

~ d
Furthermore, for any # € N, by Lemma 2.4, we have X, — N(0,1) as n — oo and so

~ d
X, — N(0,1) as?Z,n — oo. 9)

Hence, by Slutsky’s theorem (Theorem 2.3), using (7) -(9)

Y-Y, &

~ d
X= +?-Xf—>0+1-N'(0,1):N'(0,1) as#,n — oo. (10)

o

d
However, since X does not depend on 7, it follows that X — AN'(0,1)asn — co,as claimed. []
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4 | A CENTRAL LIMIT THEOREM FOR THE ORDER OF THE k-CORE

To emphasise the similarities between the proofs of Theorems 1.1 and 1.2 we will use similar vari-
able names to the previous section (e.g., R, C,,, ¢ and ¢,). Nevertheless, the reader should be
careful to note that these objects are defined differently in these two sections.

Let k > 3 be given, letc > ¢, let p = § and let G ~ G(n, p). Let K be the k-core of G and let
R := G — V(K) be the mantle. For each v € V(R), we let C,, be the component of R containing v
and for each v € V(K), we set C, = @.

We define a function ¢ : V(G) — {0,1} by

#(0) :={1 ifv e V(K)

0 otherwise.

Note that Y := |V(K)| = ZveV(G) ¢(v). We also define a ‘localised’ version as follows. Given
v € V(G) and ¢ € N, we define the #-local k-core K(v, £) as the maximal subset of B;(v, ¢) such
that 0;(v,2) C K(v, ) and for every w € K(v,?) \ d5(v, £), we have that w has at least k neigh-
bours in K(v, £). We note that we could equivalently define K (v, £) in terms of a peeling process
where, starting with B;(v, #) we recursively delete vertices in B;(v, # — 1) of degree less than k.
In particular, if a vertex w lies in a component Cf; of G[B;(v,?) \ K(v, )], then there is some
¢-local k-degenerate ordering of Ci’ that is, an ordering of the vertices of Ci such that each vertex
is adjacent to fewer than k vertices which appear before it or are in d;(v, £). We then define

b0 = {1 ifv e K(v,2)

0 otherwise.

Ifv lies in a component Cf of G[B;(v,2) \ K(v, )], then there is some #-local k-degenerate order-
ing ¥ of Cf . Note that Z can be extended to a k-degenerate ordering of C, in G and therefore it
does not include any vertices outside C,. Thus Cf C C, and every ¢-local k-degenerate ordering
of Cf has the property that every vertex is adjacent to fewer than k vertices which appear before
itor are in d;(v, £), or are in NG(Cf ). Moreover, note that if C;, = @ (which happens if and only
if v € V(K)) then ¢,(v) = 1. It follows that G[C,] together with the edge boundary of C;, in G
completely determine C7.

LetY, := 2oevc) $-(v) and viewing Y, as a weighted neighbourhood count with weights in

{0,1}, let ?f be the truncation of Y, (as defined in Section 2.2).

Lemmad4.l. V|Y - Y,| <n- f5(n,¢), wherelimy .o f5(n,£) = 0.

n>7

Proof. The proof of Lemma 4.1 follows as the proof of Lemma 3.1 verbatim, with Lemma 2.6 in
place of Lemma 2.5 and the following minor alterations. In the proof of Claim 3.2, instead of the
assertion that G~[C, | = G*[C/] implies that qb:;(w) = ¢, (w), we now use that since GT[C,] =
G*[C}] and the edge boundaries of C; and C;/ are identical in G~ and G™, respectively, we have
that gb;(w) =¢ (w). In the proof of Claim 3.3, we can instead use the following. If w € V(K*) (i.e.,
¢*(w) = 1), then also gb;(w) = 1 as observed above. Otherwise, we obtain 0 < |C}/| < # and thus

T Here the ball B;(v, £ — 1) is not updated dynamically in this process.
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9s+«(w, ) = @. This implies that the k-degenerate ordering of C;; is also a #-local k-degenerate
ordering and thus ¢*(w) =0 = ¢;(w). O

Proof of Theorem 1.2. The proof of Theorem 1.2 follows as the proof of Theorem 1.1 verbatim, with
Lemma 4.1 in place of Lemma 3.1. O
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