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Abstract. Quantitative automata (QAs) extend finite-state automata 
on infinite words with weighted transitions to specify quantitative sys-
tem properties. However, their finite weight sets rule out properties like 
average response time, where response times can be arbitrarily large. 
Nested quantitative automata (NQAs) overcome this limitation: a par-
ent automaton spawns child automata to compute unbounded values 
over finite infixes and aggregates them into a final result. Despite this 
expressiveness, NQAs have lacked practical tool support to date. 

We close this gap by extending the Quantitative Automata Kit 
(QuAK), a software tool for QA analysis, to support NQAs. Our core 
contribution is implementing a suite of flattening procedures that reduce 
NQAs to QAs, leveraging QuAK’s existing decision procedures. These 
reductions preserve the answers to threshold decision problems, while
allowing users to specify properties in the more expressive NQA formal-
ism. The tool handles all combinations of parent aggregators (includ-
ing limits and averages) and child functions (extrema and monotonic or
bounded summations) for which emptiness and universality are known to
be decidable. Experiments on response-time and resource-consumption
benchmarks demonstrate QuAK’s effectiveness.

1 Introduction 

Formal verification has traditionally focused on boolean properties: a system 
either satisfies a specification or it does not. Yet many critical requirements are 
inherently quantitative; we may require that a server’s average workload stays 
above 20%, or that a process’s peak memory usage stays under 1GB. Quantita-
tive automata (QAs) [8] address this need by assigning rational weights t o transi-
tions in finite-state .ω-automata and aggregating them via value functions such as
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Fig. 1. A .(LimSupAvg, Sum+)-automaton .A = (A, C) for average response time. Left : 
Parent . A spawns child . C on each request. Child . C accumulates weigh t . 1 per step until a 
grant, then terminates. Right : On the shown prefix, the spawned instances of . C return . 5
and . 2; the third instance is still active. Silent transitions (marked . ⊥) do not contribute 
to the parent’s value, so the running average after the event . g is . 7

2
. 

.Sup, .LimSup,  o  r .LimSupAvg. The Quantitative Automata Kit (QuAK) [6,7]  pro-
vides the first comprehensive tool support for analyzing such automata, imple-
menting a lgorithms for emptiness, inclusion, and safety-liveness analyses.

However, QAs cannot express a fundamental class of quantitative properties. 
Consider average response time: a system receives requests and issues grants, 
and we wish to measure the long-run average delay between each request and 
the following grant. For the QA value functions considered in this paper, a 
fixed finite transition-weight set bounds all values a QA can produce. Av erage
response time, however, requires unbounded per-event values, since a grant may
arrive arbitrarily far after its request. Therefore, no QA can express such mea-
surements [11]. 

Nested quantitative automata (NQAs) [11] solve this problem. A parent 
automaton reads an infinite word and spawns child automata on designated 
transitions; each child runs over a finite infix and returns a value upon termina-
tion. The parent aggregates these values using its value function. Figure 1 shows 
a .(LimSupAvg,Sum+)-automaton .A = (A, C) that computes average response 
time. The parent .A spawns the child . C on every request; other letters do not 
contribute a value. The child . C accumulates weigh t . 1 on each step until the 
first grant, then terminates with the accum ulated sum. On the input prefix
.roorogr · · · , the first child returns . 5 (waiting five steps for its grant) and the
second returns . 2, while the third is still running. The parent’s .LimSupAvg aggre-
gates these returned values into their long-run average. Because children can 
run arbitrarily long, their return values are unbounded, enabling measurement
of quantities that non-nested automata cannot express.

Despite solid theoretical foundations and decidability results [9–11], there 
has been no practical implementation of NQA algorithms. We bridge this gap 
by extending QuAK to support NQAs. In particular:

1. We extend QuAK with a modular architecture for NQA analysis built around 
flattening : for a given threshold decision query, QuAK translates the NQA 
instance into a QA instance whose yes/no answer coincides with the original
query.
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2. We implement flattening procedures for all emptiness and universality prob-
lems known to be decidable for combinations of parent aggregators .{Sup, 
. Inf, .LimSup, .LimInf, .LimSupAvg, .LimInfAvg} and child aggregators .{Min, .Max, 
.SumB , .Sum+, .Sum−}. 

3. We evaluate QuAK on two benchmark families—response time and resource 
consumption—to show its scalability across a range of NQA types and sizes.

Note that these flattening operations need not preserve semantic equiva-
lence between the input NQA and the resulting QA, since NQAs are strictly 
more expressive than QAs in general, but they preserve the answer to the given 
threshold query. Moreover, the benchmarks reflect specifications that arise in 
protocol latency analysis, service-level response-time monitoring, and resource-
consumption analysis f or systems with dynamically started and terminated
tasks. In these settings, each request, job, or process lifetime has a finite cost,
while the parent captures the worst-case or long-run aggregate of these costs
over an infinite execution.

Overview. The rest of the paper makes the flattening-based view explicit.
Section 2 recalls NQAs and their decision problems, Sect. 3 describes QuAK’s 
implementation of the flattening pipeline, and Sect. 4 evaluates the to ol.

Related Work. NQAs were introduced in [11], which established their expres-
siveness beyond QAs and much of the d ecidability landscape. Bounded-width
NQAs [9] restrict the number of concurrently active children, yielding bet-
ter complexity in several cases. Quantitative monitor automata [10]  provide  
a counter-based formulation expressively equivalent to bounded-width NQAs.
QuAK [6,7] is the first tool to automate the analysis of QAs; we build directly 
on its codebase. Weighted automata tools such as Vaucanson [21], Vcsn [12], 
and Awa li [20] primarily target finite words with semiring-style semantics. Signal 
temporal logic tools (e.g., Breach [13], S-TaLiRo [1], and RTAMT [22]), timed-
automata and hybrid-systems tools (e.g., UPPAAL [19] and HyTech [16]), and 
probabilistic model checkers (e.g., PRISM [18] and Storm [15]) address orthog-
onal quantitative v erification problems.

2 Theoretical Background 

Quantitative Automata and Value Functions. A quantitative automaton 
(QA) over (finite or infinite) words is a tuple .A = (Σ,Q, q0, δ, F, C) consisting of 
a finite alphabet . Σ, a finite state set . Q, an initial state . q0, a transition relation
.δ ⊆ Q×Σ ×Q, an accepting-state set .F ⊆ Q, and a weight function .C : δ → Q. 

A run of . A on a (finite or infinite) word .w = w1w2 . . . is a sequence o f states
.π = q0q1 . . . with .(qi−1, wi, qi) ∈ δ for a ll .i ≥ 1. Each run induces a weight
sequence .C(π) = C(q0, w1, q1), C(q1, w2, q2), . . . A value function aggregates the 
weight sequence of a run into a single value. For infinite sequences, we consider:



. 

Inf(x)  =  infi≥1 xi Sup(x)  =  supi≥1 xi 

LimInf(x) = lim infi→∞ xi LimSup(x) = lim supi→∞ xi 

LimInfAvg(x) = lim infk→∞ 
1 
k 

k 
i=1 xi LimSupAvg(x) = lim supk→∞

1
k

k
i=1 xi
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For finite sequences .x = x1 . . . xn,  we  consider .Min(x) = mini xi, . Max(x) =
maxi xi, .Sum+(x) = n

i=1 |xi|, .Sum−(x) = − n
i=1 |xi|,  and .SumB(x),  whic  h

equals .
n
i=1 xi if all partial sums remain in .[−B,B] for a fixed bound . B,  and  

the first bound crossed (.−B or . B) otherwise. For a QA . A on infinite (resp. finite) 
words with value function . f ,  a  run . π is accepting if it visits .F infinitely often 
(resp. if it ends at a state in . F ), and the value of . A on a word . w is the suprem um
of .f(C(π)) over all accepting runs . π on . w. An automaton is deterministic if each 
state has at most one outgoing transition per letter.

Nested Quantitative Automata. A nested quantitative automaton 
(NQA) [11] .A = (A,B1, . . . ,Bk) consists of a parent automaton . A =
(Σ,Q, q0, δ, F, L),  whe  re .(Σ,Q, q0, δ, F ) is an automaton over infinite w ords and
.L : δ → {⊥, 1, . . . , k} is a labeling function, and . k child automata .B1, . . . ,Bk, 
each a QA over finite words. A parent transition . t with . L(t) = j ∈ {1, . . . , k}
invokes (or spawns) child . Bj ; a transition with .L(t) = ⊥ is silent and invokes 
no child. An NQA is an .(f, g)-automaton if the parent uses the v alue function
. f and every child uses . g. 

A run of .A on .w ∈ Σω is a tuple .(Π,π1, π2, . . .) where . Π = Π[0]Π[1] . . .
is a run of the parent on .w = w1w2 . . .,  and  for  each .i ≥ 1:  if  the .i-th parent 
transition has label .j ∈ {1, . . . , k},  then .πi is a finite run of .Bj on the finite infix
.wiwi+1 · · · wi of the same input word, for some endpoint .i ≥ i; otherwise .πi is 
undefined. Here the .i-th parent transition reads . wi, so the child spawned by that 
transition starts on the same input letter. When .πi is defined, the child invoked a t
position . i terminates at position . i , returning the value .g(C(πi)). The endpoint . i
is part of the nondeterministic choice of the NQA run: a child spawned at position
. i may terminate at any position .i ≥ i at which it has an accepting finite run
on .wi · · · wi .  The  run .(Π,π1, π2, . . .) is accepting if: (i) the parent run .Π visits 
.F infinitely often, (ii) every invoked child run is finite and accepting, and (iii) 
infinitely many parent transitions are non-silent. In particular, every spawned 
child must be assigned a finite run ending in an accepting state; a parent run that
leaves some child running forever is not accepting. The value of an accepting run
is . f applied to the sequence of returned child values, o mitting silent transitions.
The value of . A on .w is the supremum over all accepting runs on . w.  An  NQA  
is deterministic if the parent and all children are deterministic, and accepting 
states in each child have no outgoing transitions. Thus, once a deterministic child 
reaches an accepting state, its termination position is forced; it terminates at the
first accepting position reached by its unique run. Figure 1 shows a deterministic
.(LimSupAvg,Sum+)-automaton computing average resp onse time.

Decision Problems. Given a QA or NQA and a threshold .λ ∈ Q,  the  empti-
ness problem asks whether there exists .w ∈ Σω with value at least . λ,  and  the
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Table 1. Complexity of decision problems for NQAs with parent aggregator . f and child 
aggregator . g [11]. . †The .(LimInfAvg, Sum+) case is open; the others are i n ExpSpace.

.f ∈ {Inf, Sup, LimInf, LimSup} . f ∈ {LimInfAvg, LimSupAvg}
Emptiness Universality Emptiness Universality 

.g ∈ {Min, .Max, .SumB} PSpace ExpSpace PSpace Undecidable 

.g ∈ {Sum+, .Sum−} PSpace ExpSpace ExpSp./Open.† Undecidable 

universality whether every .w ∈ Σω has value at least . λ.  Tab  le 1 summarizes 
the complexity landscape from [11]. QuAK supports all combinations that are 
know n to be decidable.

Algorithmic Overview. The decision procedures reduce NQA threshold prob-
lems to QA threshold problems via flattening : constructing a QA that simulates 
the relevant information ab out active child states. We give the key ideas below;
see [11] for the details.

(1) Regular children. For children with .g ∈ {Min,Max,SumB}, the set of possible 
return values is finite, so for each value . v, the words of value . v form a regular 
language. This enables a reduction from .(f, g)-automata to semantically eq uiva-
lent .f -automata with silent transitions [11, Lem. 4.10]: for each child invocation 
guess the child’s return value, verify the guess via a DFA recognizing the cor-
responding language, and emit the guessed value as the transition weight. The
construction incurs exponential blowup in the total size of these DFAs.

(2) Threshold-based bounding. For NQAs with . f ∈ {Sup, LimSup, Inf, LimInf}
and .g ∈ {Sum+,Sum−}, child return values exceeding a given threshold . λ
can be truncated without affecting the emptiness or universality decision [11, 
Thm. 4.18], reducing to the .SumB case. 

(3) Extremal parents with monotonic children. For emptiness checking of NQAs
with .f ∈ {Sup, LimSup, Inf, LimInf} and .g ∈ {Min,Max,Sum+,Sum−},  we  provide  
specialized guess-and-verify procedures that exploit two properties to achieve 
smaller state spaces than the general reduction. First, the child functions are
monotonic: for .Min and .Max, we track the closest value to a guessed return value
seen so far; for .Sum+ and .Sum−, the guessed value acts as a budget to produce 
or consume. This enables pruning configurations where children can no longer 
achieve their guessed return values. Second, the parent functions are extremal : 
they select a single weight rather than computing an aggregate like an average.
The parent objective determines how many guessed values to track. For .Inf and 
.LimInf, the flattened automaton pairs each child state with a guessed return 
value, tracking all activ e children; states with dominated guesses are pruned.
For .Sup and .LimSup, exceeding the threshold requires witnessing only one child 
return value, so we track a guessed value for one distinguished child at a time 
while other c hildren are tracked only for termination. This yields substantially
smaller state spaces for .Sup and .LimSup.



Extending QuAK with Nested Quantitative Automata 423

Fig. 2. The extended architecture of QuAK. Shaded components are new in this ver-
sion. A nested quantitative automaton (NQA) is flattened into a standard quantitative
automaton (QA) and fed to existing decision procedures.

(4) Limit-average with unbounded children. Recall that universality for limit-
average QAs is undecidable, and this extends to NQAs with any child aggregator; 
we therefore focus on emptiness. For NQAs with .f ∈ {LimInfAvg, . LimSupAvg}
and .g = Sum−, the construction proceeds in three phases [11, Thm. 4.20]. First, 
the automaton is determinized via alphabet extension, encoding each combi-
nation of nondeterministic choices into a new input letter. Second, child steps 
are synchronized so that all active children a dvance simultaneously. Third, a
powerset-based flattening tracks bounded-multiplicity configurations. For empti-
ness of .(LimSupAvg, .Sum+)-automata, we first check whether child return val-
ues can grow unboundedly; if so, emptiness holds trivially, otherwise the prob-
lem reduces to the .SumB case [11, Lem. 5.10]. The case of .(LimInfAvg,Sum+)-
automata remains open; unlike .LimSupAvg, the unboundedness check does not 
apply since unbounded child returns do n ot resolve emptiness for infimum-based
objectives.

(5) Silent-weight elimination. The procedures above produce QAs with silent 
weights, arising from silent parent transitions, which invoke no child and there-
fore emit no returned value. These must be eliminated to obtain standard QAs.
For extremal objectives, silent weights are replaced by neutral weights (e.g., . −∞
for .Sup and .LimSup, .+∞ for .Inf and .LimInf) that do not affect the c omputed
value [11, Lem. 4.6]. For limit-average objectives we can eliminate silent we ights
via the path-compression construction of [11, Lem. 4.7], which replaces each 
maximal silent-weight segment by a single shortcut transition, p ossibly increas-
ing the number of transitions.

(6) Antichain-based universality. We decide universality for NQAs by an on-the-
fly search for a counterexample word, pruning the exploration using a n antichain
as in Forklift [14]. For the quantitative setting, contexts are enriched with 
value summaries: in addition to the reachable state set, we store for each state the 
current maximal w eight bound, and extend the subsumption relation to compare
both reachability and these bounds [6]. To incorporate Büchi acceptance in this 
version of QuAK, each context keeps two reachability summaries: all reachable 
pairs, and those reachable via a path that already visited an accepting state.
We only evaluate candidate cycles against the weight threshold once acceptance
progress has been witnessed.

3 QuAK’s Architecture and Implementation 

Overview. QuAK [6,7] is a C++ library and command-line tool for analyzing 
QAs. We extend QuAK to support NQAs. The key addition is a suite of flattening
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procedures that compile an NQA into a QA with silent weights. This approach 
supports the known decidable emptiness and universality check s of all combina-
tions of parent objectives in .{Sup, . Inf, .LimSup, .LimInf, .LimSupAvg, . LimInfAvg}
with child objectives in .{Min, .Max, .SumB , .Sum+, .Sum−}. Figure 2 depicts the 
pipeline; the rest of this section describes each phase and its implementation.

Input Format and Internal Representation. QuAK reads automata from 
plain text files as transition lists a  :  v,  q ->  p  (letter a,  weight  v, from state 
q to p), with the initial state being the source of the first transition. We extend 
this format with an optional final directive for Büchi acceptance; otherwise, 
all states are accepting. Internally, a QA is stored as an Automaton object that 
does not fix a value function, allo wing the same structure to be analyzed under
different objectives. Automaton states are integer-indexed, and transitions are
stored in adjacency-list form with both outgoing and incoming edges. While
constructing an Automaton object, QuAK prunes unreachable states and caches
its SCCs [6]. QuAK requires automata to be complete: every state must have at 
least one outgoing transition per letter. Determinism is not required, but QuAK
detects it and dispatches to specialized routines when available.

Input NQAs consist of one @PARENT block and one @CHILD . i block per child. 
Children use the syntax above, while paren t transitions use a : i, q -> p,
where .i > 0 invokes child . i and .i = 0 denotes a silent transition. The parent 
uses Büchi acceptance, and children use finite-word acceptance. Internally, the 
NestedAutomaton and ChildAutomaton classes extend QuAK’s base Automaton 
class. A NestedAutomaton object has a parent automaton of type Automaton and
a vector of pointers to ChildAutomaton objects.

Flattening Nested Quantitative Automata. The flattening module imple-
ments the constructions; see Sect. 2 for the algorithmic details.

(1) Regular children. For NQAs wi th .g ∈ {Min,Max,SumB}, QuAK implements 
an obligation-based flattening that preserves semantic equivalence. When a par-
ent transition invokes a child, the flattened automaton guesses the child’s return 
value on that transition; the guess is verified by an obligation tracking p ossible
child configurations in parallel. Each active obligation records the child index, the
guessed value, and a frontier of .(childState, accumulatedValue) pairs; configura-
tions that cannot reach a final state with the guessed value are pruned via target-
aware reachability tables from reverse BFS. Return-value sets are computed 
parent-aware by exploring the synchronized parent–child product restricted to
parent states that can still reach an accepting SCC. QuAK applies this procedure
to universality for .f ∈ {Inf, .Sup, .LimInf, .LimSup} and .g ∈ {Min, .Max, .SumB}, 
and to emptiness when .g = SumB or when .f ∈ {LimInfAvg, .LimSupAvg} and 
.g ∈ {Min, .Max}; remaining emptiness cases use s pecialized procedures.

(2) Threshold-based bounding. For universality of NQAs with .f ∈ {Sup, .LimSup, 
. Inf, .LimInf} and .g ∈ {Sum+, .Sum−}, QuAK reduces the unbounded c hild aggre-
gator to .SumB via threshold-preserving clipping: values at or above the thresh-
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old collapse to it for .Sum+; values below collapse to a strictly smaller value for
.Sum−. The resulting bounded-return automaton is handled by the procedure 
above. The same reduction applies semantically to the corresp onding emptiness
cases, but QuAK uses the specialized threshold constructions below.

(3) Extremal parents with monotonic children. For emptiness with .f ∈ {Sup, 
.LimSup, . Inf, .LimInf} and .g ∈ {Min, .Max, .Sum+, .Sum−}, QuAK avoids computing 
exact child return values. Instead, each child invocation is reduced to a binary 
threshold outcome: whether the child can return a value at least . λ.  F  or .Min and 
.Max, the verifier only needs to remember the current below/above-threshold 
status of each tracked child run; for .Sum+ and .Sum−, it additionally stores 
capped threshold progress. The implementation precomputes backward liveness 
information from final child states and uses it to prune guesses that c an no longer
realize their threshold outcome. The flattened automaton therefore has weights
in .{0, 1}, and emptiness is checked with the same parent aggregator . f against 
threshold . 1.  F  or .f ∈ {Sup, LimSup}, QuAK uses a single-witness variant: the 
flattened state stores one explicitly tracked threshold-reaching child, while the 
remaining active children are represented only by termination obligations.

(4) Limit-average with unbounded children. For .(LimSupAvg,Sum+) emptiness, 
QuAK separates the unbounded case from the bounded one. It computes a
threshold . λ capturing the largest value a single child can accumulate without 
forcing a repetition of some global configuration with a strictly larger a ccu-
mulated sum, and checks whether the instance is nonempty against . λ.  If  this  
check succeeds, the instance is nonempty; otherwise the relevant c hild values
are bounded, and QuAK calls the regular .SumB flattening with .B = λ.  F  or
.(LimInfAvg,Sum−) and .(LimSupAvg,Sum−) emptiness, QuAK first prepares the 
input for the synchronization construction, completing or determinizing via 
alphabet extension, it when needed. It then replaces all children by one syn-
chronized ultimate child and flattens by tracking a bounded multiset of active
ultimate-child states. The multiset is stored sparsely as sorted . (stateId, count)
pairs; BFS generates states on demand and drops successors whose m ultiplicity
exceeds the computed bound . c. 

(5) Silent-weight elimination. Before passing the flattened automaton to the 
existing decision procedures, QuAK eliminates silent-weight transitions. For
prefix-independent objectives (.LimSup, .LimInf, .LimSupAvg, .LimInfAvg), QuAK 
reduces the potential overhead by only considering those within accepting SCCs. 
This optimization is enabled by default, but can be deactivated.

(6) Antichains, interfacing, and optimizations. The flattening routines are used 
internally by the nested emptiness and universality checks, and exposed through 
the public API for custom analysis pipelines. For limit-average emptiness of 
QAs with Büchi acceptance, QuAK c omputes maximum mean cycles sepa-
rately within accepting SCCs, ignoring non-accepting ones. For Forklift inclu-
sion [14], contexts now store two relations per weight level: all reachable target 
pairs, and the subset reachable via a path through an accepting state. The lasso
membership test was likewise adjusted to require an accepting visit on the target
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Fig. 3. The response-time automaton .A2,2 = (A2,2,A1). Every parent transition with-
out a child automaton annotation is silent.

cycle, ensuring inclusion counterexamples respect Büchi acceptance rather than 
only the weight threshold.

Availability and Usage. QuAK is open-source under the MIT license and
available online.1 The tool has no external dependencies other than a C++17 
compiler. Instructions and e xamples are provided in the repository’s README.

4 Experimental Evaluation 

We evaluate QuAK’s new capabilities along two benchmarks: (i) response-
time properties and (ii) resource-consumption constraints. The experiments are 
designed to isolate the main sources of blowup in the flattening constructions: 
child return-value range, number of simultaneously active children, child-state
space, and transition density of the flattened automaton.

The response-time benchmark is based on the standard example from [11], 
with parameters added to control the number of simultaneously pending requests 
and the response-time b ound. The resource-consumption benchmark follows the
construction of [11, Thm. 6.2], where it is used to show an exponential succinct-
ness gap between deterministic NQAs a nd nondeterministic QAs. The generator
scripts are included with the artifact.

Setup. All experiments were run on Ubuntu 24.04.3 with an Intel Ultra 7 Pro-
cessor 255U and 32 GB RAM. The tool was compiled with GCC using C++17 
and optimization level -O3. Each instance was limited to 300 s and 30 GB of 
memory. R eported runtimes are wall-clock seconds averaged over three runs,
excluding parsing time; each measurement was preceded by a warm-up run.

4.1 Response Time 

We study a parametric family of NQAs .An,k for bounded-response properties 
in request-grant protocols. The parameter . n bounds the number of simultane-
ously pending requests, and . k bounds the allowable response time. The alphabet
1 https://github.com/ista-vamos/nested-quak. 

https://github.com/ista-vamos/nested-quak
https://github.com/ista-vamos/nested-quak
https://github.com/ista-vamos/nested-quak
https://github.com/ista-vamos/nested-quak
https://github.com/ista-vamos/nested-quak
https://github.com/ista-vamos/nested-quak
https://github.com/ista-vamos/nested-quak
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Table 2. Response time benchmarks: runtime in seconds, m = out of memory (30 GB),
t = out of time (300 s).

(a) (Sup,Sum+)  emptiness  

n\k 4 8 16 32 64 128 256 512 

4 .00 .00 .01 .01 .06 .32 1.5 6.3 
8 – .00 .01 .03 .16 .76 3.3 14 

16 – – .01 .07 .39 1.7 7.3 32 
32 – – – .13 .85 3.8 17 72 
64 – – – – 1.3 7.8 35 m 

128  – – – – – 12 71 m 
256  – – – – – – m m  
512  – – – – – – – m 

(b) (LimSupAvg,Sum+)  emptiness  

n\k 3 4 5 6 7 8 9 10  

3  .00  .00  .00  .01  .02  .05  .13  .31  
4 – .00 .00 .01 .07 .28 1.1 3.2 
5 – – .00 .03 .21 1.3 5.5 20 
6 – – – .03 .29 2.8 18 93 
7 – – – – .33 4.3 39 284 
8  – – – – –  4.7  58 m 
9  – – – – – – 63 m 

10  – – – – – – – m 

(c) (Sup,SumB) universality 

n\k 2 3 4 5 6 7 8 9  

2 .00 .00 .01 .04 .14 .42 1.2 3.6 
3 – .00 .02 .08 .40 2.3 12 44 
4 – – .02 .12 1.1 12 159 t 
5 – – – .14 2.0 51 t t  
6  – – – –  2.4  136 t m  
7  – – – – –  177 t m  
8  – – – – –  – t m  
9  – – – – – – – m 

comprises a request . r, a gran t . g, and a neutral action . o.  F  or  .n ≥ 1 and .k ≥ n, 
the parent automaton has . n(2k−n+1) 

2 +  2  states and uses a single two-state child 
automaton. A child instance is spawned on each request, so at most . n instances 
are concurrently active; if this bound is exceeded or some request g oes ungranted 
for more than . k steps, the parent moves to a rejecting sink. Each child accumu-
lates the number of steps between its spawning request and the matching grant, 
and the paren t value function determines how these per-request respo nse times
are combined: .Sup yields the worst-case response time, while .LimSupAvg yields 
the long-run average. Figure 3 shows a representative instance .A2,2. 

Unlike the unbounded response-time automaton in Fig. 1, the bounds 
enforced b y .An,k yield a finite-state benchmark suitable for systematic experi-
ments. This family also captures a standard verification scenario: given a finite-
state model of a server, quantify the worst-case or average response time over 
all permitted behaviors. We evaluate QuAK on t his benchmark with emptiness
of .(Sup, Sum+)-automata, emptiness o f .(LimSupAvg, Sum+)-automata, and uni-
versality o f .(Sup, SumB)-automata. The results are reported in Table 2c. 

Emptiness of .(Sup, Sum+ )-automata Table 2a shows that emptiness check-
ing scales well on this family: the dependence on . k is close to quadratic, while 
the dependence o n . n is comparatively mild. This behavior is consistent with 
the specialized procedure for extremal parents with monotonic children (Sect. 2) 
and  with  the  structure  o  f .An,k. All children are copies of the same deterministic 
two-state automaton: before the next grant, every active child is in the same 
nonfinal state and differs only by accumulated .Sum+ value. The specialized con-
struction stores capped threshold progress only for one distinguished witness; the 
other activ e children contribute identical termination obligations, so increasing
. n mainly enlarges the parent q ueue state space.

Emptiness of .(LimSupAvg, Sum+ )-Automata Table 2b shows a different 
pattern: runtime grows quickly with b oth parameters, with the feasible range
of . n much smaller than in Table 2a. For these bounded-response instances, the 
unbounded-child case is ruled out and QuAK falls back to regular .SumB flatten-
ing. Each spawned child is represented by a guessed response time and an obliga-
tion verifying the guess until the next grant. There are .O(k) possible guesses per 
child, and up to . n such obligations may be live simultaneously. Thu s . k enlarges 
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Fig. 4. The resource-consumption automaton .B1,2 =  (B1,2, B1 ). Every parent transition 
without a child automaton annotation is silent. The rejecting sink state of the child 
automaton and transitions to it a re not shown. Every child transition without a w eight
annotation has weight 0.

the per-child value domain, while . n determines the combinatorial search space 
by increasing the number of active g uesses that must be combined.

Universality of .(Sup, SumB )-Automata Table 2c shows that universality fol-
lows a similar pattern: runtime grows rapidly in both parameters and reaches 
time or memory limits at smaller values t han in the emptiness experiments. The 
source of growth is the same: regular .SumB flattening combines .O(k) response-
time guesses across up t o . n concurrently active children. Universality is consis-
tently more expensive because handling the flattened automaton’s nondetermin-
ism requires a PSpace procedure rather than the PTime emptiness check.

4.2 Resource Consumption 

We study another parametric family of NQAs .Bn,k that monitors resource con-
sumption in a system with dynamically started and terminated processes. The
parameter . n bounds the number of concurrently running processes, and . k bounds 
the number of distinct resources. The alphabet comprises .n(k +  2  ) actions: for 
each process .i ∈  {1, . . . , n}, a start action . si, a termination action . ti,  and  . k 
resource-access actions .ai,1,  .  .  .  ,  ai,k.  F  or .n ≥ 1 and .k ≥ 1, the parent automaton 
has a single control state and uses . n child templates .B1,  .  .  .  ,  B  n,  each  with . 2k +3  
states. When process . i starts, the parent spawns an instance of child . Bi,  which  
remains active until the matching termination . ti. While active, the instance 
tracks which resources process . i accesses; upon termination, it returns the num-
ber of distinct resources used, computed via the .Max value function. The child 
rejects the words that violate the protocol, such as starting an already-running 
process. The parent aggregates per-process values with either .Sup, yielding the 
maximal consumption across executions, or .LimSupAvg, yielding the long-run 
average. Figure 4 shows a representative instance .B1,2. 

This family provides a controlled benchmark with tw o orthogonal scaling 
axes: increasing . k multiplies the resource-usage patterns a pro cess can exhibit,
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Table 3. Resource consumption benchmarks: runtime in seconds, m = out of memory 
(30 GB), t = out of time (300 s).

(a) (Sup,Max)  emptiness  

n\k 1 2 3 4 5 6  

1 .00 .00 .00 .00 .00 .00 
2 .00 .00 .01 .06 .37 1.9 
3 .01 .10 1.1 11 103 m 
4 .12 2.4 43 m m m  
5  1.3  38 m m m m  
6  9.9  m m m m m  

(b) (LimSupAvg,Max)  emptiness  

n\k 1 2 3 4  

1  .00  .00  .00  .00  
2  .00  .03  1.1  62  
3 .12 48 t t  
4  20 t t m  

while increasing . n multiplies concurrent process overlap. Although .Bn,k is deter-
ministic as a nested automaton, any equivalent non-nested automaton must 
encode joint resource subsets explicitly and can therefore grow exponentially in 
the number of concurrently tracked processes [11]. We evaluate QuAK on empti-
ness of .(Sup, Max)- and  .(LimSupAvg, Max)-automata; results appear in Table 3. 

Emptiness of .(Sup, Max)-Automata Table 3a shows rapid blowup in both 
parameters. Each child encodes which resource subset a process h as accessed, 
giving .Θ(2k) control states per process. The .Sup construction tracks one witness 
(whether some process sees all resources) but still carries termination obligations 
for the remaining children. Since a run may have one active instance per process 
template, these obligations yield a .2Θ(nk) joint s pace. 

Emptiness of .(LimSupAvg, Max)-Automata As Table 3b shows, the limit-
average case becomes substantially harder than the supremum once multiple 
processes overlap. The .Sup procedure needs only one threshold-reaching wit-
ness, whereas t he .LimSupAvg regular-children procedure must preserve the exact 
return values of all active children. These returns range ove r .0,  .  .  .  ,  k,  and  each  
verifier still carries its child’s resource-subset state. Combined with the . 2Θ(nk) 

subset space, this exceeds resource budgets a t small parameter values. 

5 Conclusion 

We presented the first tool for analyzing nested quantitative automata (NQAs), 
extending QuAK with flattening procedures that reduce nested emptiness and 
universality to their non-nested counterparts. This enables automated verifica-
tion of quantitative properties beyond standard quantitative automata, such as 
average resp onse time. Our experiments show that explicit flattening can incur 
large state spaces, especially when many child instances are active. Symbolic 
state representations [5] and domain-specific reductions [4] could mitigate this 
blowup. Identifying tractable fragments, informed for example by safety-liveness 
classifications [2,3,17], would broaden the tool’s applicability. 
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example inputs, and scripts/logs for reproducing the reported tables. The artifact 
is intended to reproduce the experiments under the setup described in Sect. 4; run-
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