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Abstract

Artificial intelligence and machine learning have undergone an unprecedented evolution in
the past decade, motivating a research effort toward a theory able to capture the qualitative
behavior of large-scale neural systems. A central puzzle has been the clear benefit of scaling
architecture size and overfitting the training set in supervised learning tasks. This evidence, in
apparent contradiction with classical statistical learning theory, pushed researchers to develop
a new theory capturing the interplay between the algorithmic and architectural bias of training
and the specific target function, differently from previous methods rooted in uniform stability.
This approach has enabled a grounded understanding of novel learning regimes, typically
through formal limits where the number of training samples n, data dimensions d, and model
parameters p grow to infinity at different rates.

In this thesis, we follow this approach, focusing on the trustworthiness of high-dimensional
models: properties that are difficult to control during training or deployment and often emerge
under unpredictable or adversarial conditions. In such settings, it is crucial to formally ensure
a priori the reliability of machine learning systems.

First, we study data memorization, both as label fitting and as the storage of private information
about training samples in trained parameters. We prove that p = €(n) parameters are sufficient
for a deep neural network to memorize a generic set of labels, and for a model to memorize
spurious features across training data. We then give evidence that p = Q(dn) parameters
are instead necessary for an adversary to reconstruct the full training set from the trained
parameters.

Second, we study robustness, both to adversarial perturbations and to distribution shift. We
first prove that p = Q(dn) parameters can be sufficient for a class of neural networks to
overfit the training data while guaranteeing robustness to adversarial perturbations. Then, we
focus on spurious correlations learning in high-dimensional regression, studying the effect of
the ridge regularization parameter in the proportional regime n = ©(d), and connecting it via
an equivalence argument to the role of over-parameterization p = 2(n) in neural networks.
We also investigate the architectural bias of attention-based networks, showing that they are
sensitive to the replacement of individual words in an embedded sentence, allowing them to
generalize on sentences where the contextual meaning depends on one or few words.

Finally, we study differentially private optimization in high-dimensional regimes. We prove that
standard private gradient methods do not suffer in the over-parameterized regime p = Q(n),
challenging the current wisdom based on stability-derived generalization bounds. We then
consider linear regression in the proportional regime n = ©(d), showing that standard private
gradient descent can achieve optimal rates under appropriate hyper-parameter scaling, such as
sufficiently small gradient clipping constants, whose role is still debated in practice.
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CHAPTER

Introduction

In the last decade, machine learning and deep learning have evolved exceptionally fast, both
in terms of performance and of the methodologies used to train and deploy these systems.
This evolution was arguably mainly reinforced by two ingredients: more compute and more
data. The first followed from the increasingly widespread availability of graphics processing
units and the growing investment in computational resources by leading tech companies and
academic institutions, while the latter was achieved through the recent tendency to pre-train
foundation models on datasets built essentially from the entire web. Thus, we will start this
introduction with the following informal statement.

Modern deep learning owes its success to scale:
very large models trained on very large datasets.

This recipe has led to remarkable performance across a broad range of domains, including
image recognition [He et al., 2016, [Dosovitskiy et al., [2021], machine translation Bahdanau
et al. [2014], |Vaswani et al.|[2017], image and text generation [Ramesh et al., 2021, OpenAl,
2023, Anil et al. 2023], and progress on scientific frontiers such as biology [Jumper et al.|
2021} |Abramson et al., 2024], and mathematical reasoning [Trinh et al., 2025, |Chervonyi et al.,
2025).

This empirical success has in turn motivated an extensive theoretical research effort on questions
directly connected to some phenomena observed at scale. Beyond their practical relevance,
such phenomena also offer questions of independent interest at the intersection of statistics
and optimization. Two informal examples directly inspired by our opening statement are (i)
how many samples are needed to learn a generic task? And (ii) why do larger models perform
better?

The first question is central in statistical learning theory, where one focuses on the sample
complexity of a learning task. The second question is less classical, as the reasons behind the
benefits of using larger models are more elusive. In particular, empirical evidence motivated
the study of learning models in the over-parameterized regime, where the number of trainable
parameters p is larger than the number of training data points n. In this regime, the model
can fit the training data essentially perfectly, yet it can still generalize well on unseen test
data, in apparent contradiction with classical learning theory and the bias-variance tradeoff,
where the conventional wisdom suggests training learning models in an under-parameterized
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regime, i.e. where the number of training data points n is much larger than the number of
trainable parameters p, which, for simplicity, can be thought of as the model capacity.

In the following Section [1.1, we briefly review the main tension between the observed general-
ization properties of over-parameterized models and the predictions of classical learning theory.
Then, in Section 1.2, we highlight some properties that a theory of modern deep learning
should have in order to agree with the observed empirical evidence, introducing notions such as
the implicit bias of the training algorithm, benign overfitting, and the linear regime of neural
networks. We then introduce the random features (RF) model, as a simple, mathematically
tractable model, which will be considered in multiple chapters of this thesis. We will argue for
its suitability for analyzing the effects of the number of training samples n, data dimensions
d, and number of trainable parameters p growing to infinity at different rates, as well as its
limitations for the purpose of studying other problems not directly connected to this thesis.

Our main contribution is not strictly connected to the generalization properties of high-
dimensional models, but rather to their trustworthiness. Informally, these tend to be properties
of learning algorithms that cannot be easily controlled during training and validation, as they
generally manifest when the model is deployed out of distribution, or used by an adversarial
user trying to manipulate the model itself. In such settings, the model’s behavior can be
very different from those observed during development, and a theoretically principled, a priori
understanding of such behavior is crucial to ensure the reliability of machine learning systems
in real-world applications. In particular, we focus on questions connected to memorization,
robustness, and privacy, problems that we introduce and motivate in Sections 1.3, [1.4, and [1.5,
where we also outline the specific associated results presented in the chapters of this thesis.

1.1 Rethinking generalization

Modern neural networks are often much larger than the amount of training data used to
train them [He et al., 2016, |Krizhevsky et al., |2017]. Notably, they generalize well at test
time even after fitting the training data essentially perfectly, and they tend to perform even
better as the number of parameters increases. This phenomenon, where over-parameterized
neural networks perform better than their under-parameterized counterparts, seems to defy
the classical bias-variance trade-off, which suggests that increasing the model capacity beyond
a certain point should lead to worse generalization [Belkin et al., 2019b].

This tension is highlighted by the influential work of Zhang et al.|[2017b], titled “Understanding
Deep Learning Requires Rethinking Generalization”. There, the following experiment is
considered: take a standard image dataset such as CIFAR-10 or ImageNet, and create a copy
where the input images are kept fixed, but the training labels are replaced with independent
random labels. Standard neural networks trained with gradient methods can fit these random
labels almost perfectly, but their resulting test accuracy cannot be better than chance on any
distribution since there was no statistical pattern to learn during training. On the other hand,
exactly the same training algorithm used on the original dataset (with true labels) achieves
good performance on the test set, while also achieving zero training error. Thus, the same
training algorithm applied to the same input data can either result in a model that generalizes
well or one that does not, depending only on the label function. Therefore, generalization
bounds that provide guarantees without relying on this function cannot by themselves explain
the generalization properties of deep learning models.
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For example, let us consider generalization bounds based on uniform stability [Bousquet and
Elisseeff, 2002]: an algorithm A is a-uniformly stable with respect to a loss ¢ if, for any pair
of adjacent datasets D and D’, we have

sup E4 [0(A(D),z) — L(A(D"),2)] < a.

zE€

Here, two adjacent datasets are those that differ in only one sample, the expectation is taken
over the randomness of the algorithm, and z is a generic test point, taken from the data space
Z. If the loss of misclassifying a datapoint is set (without loss of generality) to 1, then the
optimization algorithm considered in |Zhang et al.| [2017b] is not uniformly stable for any value
of a smaller than 1. In fact, the algorithm can fit random labels perfectly, so changing one
label in the training set can change the output of the resulting trained model, at least on that
same sample. Then, since typical generalization bounds based on uniform stability are additive
in « (see, e.g., Theorem 12 in Bousquet and Elisseeff| [2002] or Theorem 2.2 in Hardt et al.
[2016]), the resulting bound is vacuous.

As another example, consider approaches based on the Rademacher complexity of the class
of neural networks [Bartlett and Mendelson, 2002, Koltchinskii and Panchenko} 2002|. More
specifically, let H be the class of predictors that can be described by the previous architecture
and training pipeline, and assume for simplicity that the predictors are binary classifiers, with
outputs in {—1,1}. Denoting with X = (x1,...,x,) a fixed set of input data, the empirical
Rademacher complexity of H on X is defined as (see Eq. (1) in Zhang et al.|[2017b])

_ 1

Rx(M) =E, [?25 - ;sz(xz)] :
where 01, ...,0, are i.i.d. Rademacher random variables. Thus, the Rademacher complexity
measures how well functions in H can correlate with random labels. In the example from
Zhang et al. [2017b] discussed above, for every realization of the o;-s, the neural network can
fit such labels. Then, there exists f, € H such that f,(z;) = o; for all i € [n], which results
in ﬁX(H) = 1. Then, since typical generalization bounds based on Rademacher complexity
are additive in Rx () (see, e.g., Theorem 5 in Bartlett and Mendelson| [2002]), the resulting
bound is vacuous.

This state of affairs suggests that standard arguments in classical learning theory structurally
mismatch the regime of learning models that generalize well despite overfitting the training
set. Hence, a modern theory of deep learning has to rely on more hypotheses than just the
complexity of the model function class: these include the data distribution, the target function,
and the rule by which the optimization algorithm selects one solution among many. This shifts
the paradigm from controlling the worst-case capacity of the architecture toward more specific
analyses that are relative to a precise statistical model and to the implicit bias of the training
algorithm.

1.2 Towards a theory of deep learning

Inspired by the review of Bartlett et al.| [2021], titled “Deep learning, a statistical viewpoint”,
we identify three ingredients of potential importance for a predictive theory of neural networks:

1. The first one is the implicit bias of the training algorithm: in over-parameterized problems
that have multiple minimizers of the empirical loss, the specific optimization method

3
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plays a crucial role in selecting a minimizer with certain properties. In linear least
squares, for example, gradient descent initialized at zero converges to the minimum
Euclidean-norm interpolator; in logistic regression with separable data, gradient descent
implicitly maximizes the margin of the solution (see Section 3 in Bartlett et al. [2021]).

2. The second one is benign overfitting: in some statistical models, the selected minimizer
can be decomposed into a component useful for prediction, and a component that serves
to overfit the training samples. These two components separately contribute to the final
risk of the algorithm (see, e.g., Lemma 2 in Bartlett et al.|[2020]), and benign overfitting
happens when the overfitting component has a vanishing effect on it. Notably, this
phenomenon is strongly tied to the high-dimensional nature of the data, as it requires
lower bounds on the ambient dimension d with respect to the number of samples n (see
the discussion in Sections 4.3.1 and 4.3.2 in Bartlett et al.| [2021]).

3. The third one is the behavior of the loss landscape as networks become over-parameterized:
in this regime, gradient methods easily converge to global minimizers of the empirical
risk, despite the non-convexity of the loss. This puzzling phenomenon can be partially
understood through the lens of the linearized or lazy regime, where the network is approx-
imated by its first-order Taylor expansion around initialization and training behaves like a
linear model with a fixed feature map [Jacot et al.| 2018, (Chizat et al., 2019|, associated
to the neural tangent kernel of the network. For a certain class of parameterizations and
initializations, this approximation becomes more accurate as networks become wider [Liu
et al., 2020|, justifying linear models as a simplified proxy to analyze over-parameterized
neural networks.

Then, to theoretically study deep learning, it is desirable to consider a mathematical model
that can capture the properties described above, while remaining sufficiently simple to admit
precise mathematical analysis. A prototypical example is the random features (RF) model
[Rahimi and Recht, 2007], defined as

frr(z,0) = ()"0 = (V) "0,

where € R? is the input, V € RP*? is a random matrix fixed at initialization, ¢ is a
non-linearity applied component-wise, and # € R? are the trainable parameters. This model
can be viewed as a two-layer neural network where the hidden weights are frozen, and it is
therefore a generalized linear model with feature map ¢. Then, if one considers the square
loss, gradient descent with zero initialization converges to the minimum /{y-norm interpolator,
which has a closed form. Besides its simplicity, this model is ideal to study the effects of
over-parameterization, since the number of trainable parameters p can be chosen independently
of n and d, as opposed to, for example, a standard linear regression model figr(z,0) = 26,
where the number of parameters is tied to the input dimension p = d.

RF models have been extensively studied in the recent theoretical literature [Mei and Montanari,
2022, Mei et al., 2021} |Hu et al., 2024], and their test error is well understood for a variety of
data distributions and target functions. In particular, (i) they have infinitely many empirical
risk minimizers in the over-parameterized regime, some of which would not generalize well on
unseen data, (i) the minimum norm interpolator has been shown to display benign overfitting,
and (iii) for some initializations, the solution found by gradient descent when training the
neural network fax(z,V,0) = ¢(Vx)"60, where V is also a trainable parameter, converges to
the solution found by the same algorithm applied to an RF model with the same initialization

4
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[Jacot et al., 2018]1. Furthermore, the RF model has been shown to exhibit other behaviors
that are qualitatively similar to those of neural networks, such as the double-descent curve of
the test error with respect to p [Belkin et al., | 2019b, Nakkiran et al., 2020, Mei and Montanari,
2022|. For this reason, the RF model will be considered in multiple chapters of this thesis,
especially when the role of over-parameterization in some context is discussed.

The RF model has, of course, limitations: the feature map ¢(x) is fixed during training, and
thus does not allow for feature learning, informally referred to as the phenomenon where
the hidden weights significantly adapt to the specific data distribution. Quantitatively, this
has consequences for the sample complexity of learning certain target functions, such as
polynomials of degree g of one-dimensional projections of the input = w*. In the RF model,
assuming uniform spherical data and random features, learning such a target requires on the
order of d? samples [Mei et al 2021, Hu et al., [2024], while it would need only on the order
of d samples if one is allowed to take a single gradient update on the random features V
[Ba et al., 2022, |Damian et al., 2022, Moniri et al., 2023|. A popular alternative to linear
over-parameterized models has been that of neural networks in a mean-field regime [Mei et al.,
2018, 2019]. In this setting, under gradient flow, the evolution of the parameters is described
in terms of the distribution of the neuron weights, but its analysis remains challenging except
in highly symmetric settings.

1.3 Memorization

In the context of machine learning, the term memorization does not have a precise and unique
definition. We identify here two main distinct semantic meanings:

= On the one hand, memorization refers to the ability of a model to fit the (possibly
arbitrary) training labels, a notion tightly connected to model capacity. Early results on
the question of how many samples can be shattered or fitted by a given class of predictors
date back to the classical works of (Cover| [1965], Baum| [1988]. More modern literature
approaches the same question from an optimization perspective, i.e. whether a gradient
descent method can find an interpolating solution in a sufficiently over-parameterized
network. In this context, a rich line of work proved optimization guarantees with
progressively smaller lower bounds on the number of parameters [Allen-Zhu et al., 2019,
Du et al., 2019b, Soltanolkotabi et al., 2018| |Oymak and Soltanolkotabi, 2020, Montanari
and Zhong, 2020, Bombari et al., 2022b|. From a different perspective, Feldman| [2020],
Feldman and Zhang [2020] define memorization as a form of leave-one-out output
stability, which is strictly connected to label fitting, and study its positive relation to
learning and generalization.

= On the other hand, memorization refers to properties closer to the fields of privacy and
security. In this context, it refers to the possibility that information about individual
training samples can be recoverable from the trained model. This can be done via
membership inference attacks, extraction from generated outputs, or more generally by
reconstructing the training inputs from the model parameters [Fredrikson et al., 2015,
Carlini et al |, 2021, [2023a,b, Cooper and Grimmelmann, 2024, Nasr et al., 2025al |Cooper
et al, [2025]. In this sense, memorization goes beyond a model fitting the training labels,
as it also requires the model to effectively store the training inputs.

For some initializations, the neural tangent kernel of fxx converges (in some sense) to the kernel induced
by the random feature map.
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In Chapter 2, we focus on the first notion of memorization, showing that in a fully-connected
deep neural network, the number of parameters needed to fit the labels of n random inputs
can be as small as p = Q(n) where the asymptotic notation 2 hides poly-logarithmic factors.
This is a tight result, as it matches the lower bound of p > n that follows from the fact
that fitting n labels in general requires at least n degrees of freedom. Our proof technique
is inspired by prior work on optimization [Oymak and Soltanolkotabi, 2020], and its main
technical contribution involves providing a tight lower bound on the smallest eigenvalue of the
empirical neural tangent kernel of the network at initialization, in the regime where the width
of the network scales like Q(1/n).

In Chapter 3, we focus on a stylized setting of spurious feature memorization, where each
training sample has two components [z,y], with y being uninformative for the task, but
nevertheless memorized by the model, and usable at test time to infer information about the
corresponding core feature x. Our approach relies on quantifying the leave-one-out stability
of over-parameterized generalized linear models, which will turn out to be useful in the later
Chapter 8 on private optimization.

In Chapter 4, we focus on the problem of reconstructing the full training dataset from the
model parameters. There, we show that for an RF model, data reconstruction becomes
possible only if the number of parameters is sufficiently large. In particular, this threshold is
significantly different from the one required for label fitting: while the latter is p = Q(n) (as
discussed in Chapter 2), the former requires p = 2(dn), which is much larger if the data are
high-dimensional. One intuitive explanation is that reconstructing the full training set implies
reconstructing n data points in d dimensions, which requires on the order of dn equations
for the problem to not be under-determined. Our proof techniques are similar to the ones
used in standard analyses of the RF kernel concentration, but require uniform guarantees in
R? to suggest that the only solution of our proposed reconstruction algorithm is indeed the
original training set. Such uniform guarantees are obtained via packing arguments on the
d-dimensional sphere, which translate into an extra factor d on the right hand side of the
typical lower bound p = 2(n) to achieve RF kernel concentration.

1.4 Robustness

As for memorization, the term robustness can have multiple meanings in the context of
machine learning. We focus here on the following two:

» A model is said to be adversarially robust if its prediction does not significantly change
for any “small” perturbation of the input. To make this more concrete, one could frame
this property in the context of image classification, where each input can be represented
as a vector of pixel values. Then, an adversarially robust model should not change its
prediction on a test sample for any adversarial patch added to the image, as long as
the, for example, /5 norm of the patch is much smaller than the norm of the original
image. In practice, it has been observed that standard training methods do not produce
adversarially robust models [Szegedy et al., 2014} Goodfellow et al., 2015, Madry et al.,
2018].

» A model is said to be robust to distribution shift if its predictions do not significantly
change when the test distribution differs from the training distribution in some structured
way. This can again be made more concrete by considering an image classification
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task, where the correct classification function (e.g. boats vs cars) is correlated in the
training set with a confounding variable (e.g. the background color), but the same
correlation does not hold in the test set. In this case, a model might learn the spurious
correlations between the confounding variable and the label. This, while potentially
improving in-distribution performance, can damage out-of-distribution prediction, with
also negative consequences in terms of fairness and reliability [Geirhos et al., 2019, 2020,
Xiao et al., 2021} Sagawa et al., 2020a].

The label-fitting viewpoint of memorization offers a convenient entry point into adversarial
robustness. If ordinary memorization means that the learning model can interpolate the training
labels, adversarial robustness can be informally interpreted as the same model smoothly
interpolating the same labels. For example, Bubeck et al| [2021] quantifies adversarial
robustness as the Lipschitz constant of the model f(x,6) with respect to the input z. In
Chapter b, we capture this quantity through the sensitivity of the model on a test point x as
|z]2| V. f(2,8)]2, where the initial term is included to make our definition of robustness scale
invariant. Then, we show that, with high probability, (i) some learning models are non-robust
no matter their degree of over-parameterization, (ii) others can be robust if their number of
parameters is at least p = Q(dn), and (iii) this second family also includes some appropriately
initialized two-layer neural networks, thus resolving in the affirmative a previous conjecture
from Bubeck et al|[2020]. Notably, this scaling matches the one discussed in Chapter 4| for
data reconstruction. We expect this connection to be not just a matter of coincidence, as
both problems are strictly tied to the behavior of input space gradients of the model: their
norm characterizes the sensitivity to adversarial perturbations, and they are used to optimize
the reconstruction loss that recovers the original training images in Chapter 4.

In Chapter 6, we instead focus on the problem of spurious correlations, where the training data
are divided into two components [z, y|, where x is the core feature, which is informative for
the task, and y is a spurious feature, which is (differently from the setting analyzed in Chapter
3) correlated with z, and therefore with the label. Importantly, the label only depends on
the core feature, so that it is conditionally independent of y given x. Then, we initially focus
on linear regression, in the high-dimensional regime where the number of training samples is
assumed to be proportional to the input dimension n = ©(d), and we rely on the asymptotic
analysis of Han and Xu| [2023] to characterize the test error and the amount of spurious
correlations learned by the model as a function of the weight decay parameter. Then, through
an equivalence argument between linear regression and RF regression [Goldt et al., 2022|, we
connect these findings to the impact of over-parameterization for this same problem. Finally,
we provide a quantitative interpretation of the simplicity bias, according to which learning
models tend to learn “easier” patterns, even when they come from confounding variables.

In Chapter 7, we look at a problem reminiscent of input-output robustness in the context of
attention-based models. In particular, we ask whether changing an individual token (word) in
a sentence can lead to a large change in the attention feature map of a simplified one-layer
transformer architecture, and we dub this the word sensitivity of the model. We frame this
as a desirable property for a language model, as contextual meaning in a sentence is often
tied to the presence of a specific word, for instance when a negation determines the correct
output of a sentiment classifier. Then, we show that, while the word sensitivity of an RF
model vanishes with the length of the context, it remains lower bounded by a constant for
randomly initialized attention layers, as long as the embedding dimension is of at least the
same order as the context length.
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1.5 Privacy

The security viewpoint of memorization allows us to connect to the last topic of this introduction,
which is differential privacy (DP) [Dwork et al., [2006]. DP is currently the standard formal
framework for privacy guarantees in machine learning and data analysis, and it quantifies
privacy through numerical parameters, which upper bound the impact that a single data point
can have on the output of the algorithm. A common formulation is (¢, §)-DP, which is satisfied
by a randomized algorithm A if, for every pair of adjacent datasets D, D’ differing in one
sample, and every subset S C R” of the parameter space, we have

P(A(D) € S) < eP(A(D') € S) + 6. (1.1)

This guarantee is worst-case: it must hold uniformly over all adjacent datasets and all sets S,
and the probability is only taken over the randomness of the algorithm. Smaller values of ¢
and ¢ correspond to stronger privacy guarantees, as they imply that the output distribution of
the algorithm is less sensitive to changes in the input dataset, becoming fully insensitive in the
limit e =0 = 0.

This worst-case nature of the definition of DP is in sharp contrast with the typical statistical
assumptions used in statistical learning theory, where it is common to assume that the data are
sampled i.i.d. from a distribution with convenient concentration properties. DP, by definition,
does not rely on such assumptions, and its enforced inequality must hold for any pair of
adversarially chosen adjacent datasets. Nevertheless, given a DP algorithm, it is in general
meaningful to study its performance on data satisfying distributional assumptions. This allows
one to identify privacy-utility trade-offs for given learning tasks, as more stringent privacy
requirements (e.g. smaller ¢ and ) typically result in lower utility of the algorithm used, and
a rich line of work spanning over a decade has investigated this trade-off in various settings
[Bassily et al., 2014, 2019, Song et al., [2021b, Varshney et al., 2022, Brown et al., 2024b)|.

In deep learning, the most common training algorithm that is guaranteed to give a custom level
of differential privacy is DP gradient descent [Song et al., 2013, Bassily et al., 2014, |Abadi
et al., 2016]. This algorithm clips the per-sample gradients to control the impact that a single
sample can have on the parameters of the model at every iteration, adds Gaussian noise to the
parameter updates, and limits the number of iterations via early stopping, typically degrading
the test performance. This procedure adds computational overhead and introduces a layer of
complexity with respect to non-private optimization, making tasks such as hyper-parameter
tuning more challenging.

Multiple references in the field (see, e.g., Kamath| [2020], [Yu et al.|[2021a], Mehta et al.
[2022], [Koloskova et al.| [2025]) suggest that, since the DP noise is introduced in a p-
dimensional parameter space, the over-parameterized regime naturally hinders performance in
private optimization, as opposed to non-private optimization, where over-parameterization
has previously been discussed as beneficial when overfitting is benign. This is also reflected
in the fact that existing upper bounds for private optimization typically become vacuous as
the parameter dimension p grows larger than the number of training samples n [Bassily et al.,
2019, Song et al. [2021b]. However, these results rely on stability arguments that do not
capture the implicit bias of DP gradient descent, nor the specific distribution of the data and
the target function, an approach that in Section [1.1 we argued to be doomed in explaining
the generalization properties of gradient descent in the over-parameterized regime even in
the non-private setting. Then, in Chapter 8, we rethink generalization in differential privacy,
tightly analyzing the trajectory of DP gradient descent in an over-parameterized RF model,
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and showing that the cost of privacy can be negligible in the over-parameterized regime if the
hyper-parameters of DP gradient descent are chosen appropriately. In this context, the cost of
privacy is measured with respect to the baseline generalization error of the solution found by
non-private GD, which is known in our setting to be better than chance [Mei et al., 2021] for
a wide set of target functions.

In Chapter 9, we take a complementary route and study the well-established problem of DP
linear regression, focusing on the high-dimensional proportional regime n = ©(d). Existing
nearly optimal DP-GD results for linear regression typically set the clipping constant large
enough that clipping almost never occurs [Varshney et al., 2022, |Liu et al., 2023b, Brown
et al., [2024b|, a strategy that we also adopt in Chapter 8. This simplifies the analysis, but it
also forces larger private noise (see, e.g. Algorithms 8.1 and 9.1). In contrast, our analysis
studies the dynamics when the clipping constant is of the same order as the per-sample
gradients and shows that aggressive clipping can be beneficial as long as the learning rate is
rescaled accordingly. Our method is inspired by Paquette et al. [2022], |Collins-Woodfin et al.
[2024a], Marshall et al.| [2025], and relies on comparing the risk of DP-GD to the solution
of a deterministic system of ordinary differential equations, which in turn allows us to tightly
analyze the dynamics of the algorithm even when clipping is aggressive. Then, we show that,
in the well-conditioned case, a DP-GD algorithm can achieve the minimax rates for this task
if the clipping constant and the learning rate schedule are appropriately chosen. Instead, in
the ill-conditioned case, we consider a data covariance spectrum that follows a power-law
distribution, and we show that the risk follows a power-law scaling law, highlighting the change
in the exponent as a function of the privacy parameter.



CHAPTER

Memorization and Optimization in Deep
Neural Networks with Minimum
Over-parameterization

The Neural Tangent Kernel (NTK) has emerged as a powerful tool to provide memorization,
optimization and generalization guarantees in deep neural networks. A line of work has studied
the NTK spectrum for two-layer and deep networks with at least a layer with 2(n) neurons, n
being the number of training samples. Furthermore, there is increasing evidence suggesting
that deep networks with sub-linear layer widths are powerful memorizers and optimizers, as
long as the number of parameters exceeds the number of samples. Thus, a natural open
question is whether the NTK is well conditioned in such a challenging sub-linear setup. In
this chapter, we answer this question in the affirmative. Our key technical contribution is a
lower bound on the smallest NTK eigenvalue for deep networks with the minimum possible
over-parameterization: up to logarithmic factors, the number of parameters is Q2(n) and,
hence, the number of neurons is as little as Q(1/n). To showcase the applicability of our NTK
bounds, we provide two results concerning memorization capacity and optimization guarantees
for gradient descent training.

This chapter is based on the work published at NeurlPS 2022: |Memorization and optimization
in deep neural networks with minimum over-parameterization.

2.1 Introduction

Training a neural network is a non-convex problem that exhibits disconnected local minima
[Auer et al., 1996, Safran and Shamir, 2018, [Yun et al., 2019a|. Yet, in practice gradient
descent (GD) and its variants routinely find solutions with zero training loss [Zhang et al.|
2017a|. A framework to understand this phenomenon comes from the Neural Tangent Kernel
(NTK). This quantity was introduced in Jacot et al. [2018], where it was proved that, during
GD training, the network follows the kernel gradient of the functional cost with respect to the
NTK. Furthermore, as the layer widths go large, the NTK converges to a deterministic limit
which stays constant during training. Hence, in this infinite-width limit, it suffices that the
smallest eigenvalue of the NTK is bounded away from 0 for gradient descent to reach zero
loss. Going to finite widths, a recipe to prove GD convergence can be summarized as follows:
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show that (i) the NTK is well conditioned at initialization, and (ii) the NTK has not changed
significantly by the time GD has reached zero loss (see e.g. [Oymak and Soltanolkotabi,
2019, Chizat et al [2019, Bartlett et al., 2021]). A number of papers have exploited this
recipe for networks with progressively smaller over-parameterization: two-layer networks [Du
et al., [2019b, (Oymak and Soltanolkotabi, 2020, Song and Yang| 2020, Wu et al., 2019, Song
et al., [2021a], deep networks with polynomially wide layers [Allen-Zhu et al., 2019} Du et al.,
2019a, (Zou et al., 2020, |Zou and Gu, 2019], and deep networks with a single wide layer
[Nguyen and Mondelli, [2020, [Nguyen, 2021|. Besides optimization, showing that the NTK
is well conditioned directly implies a result on memorization capacity [Montanari and Zhong;
2020, Nguyen et al., 2021b], and the smallest eigenvalue of the NTK has also been related to
generalization [Arora et al., 2019a].

In Nguyen et al. [2021b], it is shown that, given n training samples, a single layer with
Q(n) neurons suffices for the NTK to be well conditioned in networks of arbitrary depth.
However, there is increasing evidence that, in the challenging setup in which the layer widths
are sub-linear in n, neural networks still memorize the training data [Bubeck et al.; 2020, Yun
et al., 2019b} Vershynin| 2020|, reach zero loss under GD training in the two-layer setting
[Soltanolkotabi et al., |2018, (Oymak and Soltanolkotabi, 2020, Montanari and Zhong, 2020|,
and in the deep case, GD explores a nicely behaved region of the loss landscape [Nguyen
et al., 2021a]. This is in agreement with simple back-of-the-envelope calculations on CIFAR-10
and ImageNet: CIFAR-10 has n = 50000 images and roughly 10° parameters suffice to fit
random labels [Zhang et al., 2017a]; furthermore, in order to fit random labels to a subset of
1.2 - 10° ImageNet data points, 2.4 - 107 parameters are enough [Zhang et al. [2017a]. These
numbers suggest that having a number of parameters of the same order as the dataset size is
much closer to practice than having a number of neurons of that order. We also note that,
by counting degrees of freedom or bounding the VC dimension [Bartlett et al., 2019], ©2(n)
parameters (and, therefore, Q(1/n) neurons) are in general necessary to fit n data points. This
naturally brings forward the following open question:

Is the NTK well conditioned for deep networks with the minimum possible
over-parameterization (i.e., containing Q(n) parameters corresponding to 2(y/n) neurons)?

Main contributions. In this chapter, we settle this open question for a large class of deep
networks. We consider (i) a smooth activation function, (ii) i.i.d. data satisfying Lipschitz
concentration (e.g., data with a Gaussian distribution, uniform on the sphere/hypercube, or
obtained via a Generative Adversarial Network), (iii) a standard initialization of the weights
(e.g., He's or LeCun'’s initialization), and (iv) a loose pyramidal topology in which the layer
widths can increase by at most a multiplicative constant as the network gets deep. Then,
in Theorem 2.6/ we show that the NTK is well conditioned under the minimum possible
over-parameterization requirement: the number of parameters between the last two layers has
to be Q(n) or, equivalently, the number of neurons has to be Q(/n), where  includes extra
logarithmic factors. We achieve this goal by giving a lower bound on the smallest eigenvalue
of the NTK. This lower bound is tight when all the layer widths are of the same order.

Our NTK bounds open the way towards understanding the behavior of deep networks with
minimum over-parameterization. In particular, an immediate consequence of the fact that the
NTK is well conditioned is a result on the memorization capacity (Corollary 2.10). Furthermore,
by suitably choosing the initialization, we provide convergence guarantees for gradient descent
training (Theorem [2.11). Finally, we highlight that, in order to obtain our bounds on the
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2. MEMORIZATION AND OPTIMIZATION WITH MINIMUM OVER-PARAMETERIZATION

smallest NTK eigenvalue, we give a number of tight estimates on the /5 norms of feature
vectors and of their centered counterparts, which may be of independent interest.

Proof ideas. To prove Theorem 2.6, we restrict to the kernel K;_, = JL,QJLT_Q, where J;_o
is the Jacobian of the output w.r.t. the parameters between the last two hidden layers. This
suffices as K, is a lower bound on the NTK in the positive semi-definite (PSD) sense. We
note that the i-th row (i € {1,...,n}) of Jy_5 is given by the Kronecker product ® between
the feature vector at layer L — 2 and the backpropagation term from the same layer. One key
technical hurdle is to center J;_o, so that its rows have the form © ® v — E [u ® v|, where
E[u] = E[v] = 0, and all expectations are taken with respect to the (random) training data.
To do so, we perform three steps of centering: (i) we center the feature vectors (corresponding
to u), (ii) we center the backpropagation terms (corresponding to v), and (iii) we center again
the whole row (corresponding to u ® v). These centering steps are approximate in the sense
that the centered matrix is not necessarily a lower bound (in the PSD sense) on the original
one. However, we are able to control the operator norm of the difference, and show that it
scales slower than the smallest eigenvalue of the centered kernel. At this point, we leverage
the structure of the rows of the centered Jacobian to bound their sub-exponential norm via a
version of the Hanson-Wright inequality for (weakly) correlated random vectors [Adamczak,
2015]. Finally, after providing also a tight estimate on the ¢5 norms of such rows, we can
exploit a result from Adamczak et al.| [2011] to lower bound the smallest singular value of a
matrix whose rows are independent random vectors with well controlled sub-exponential and
f5 norms.

Existing work bounds the smallest NTK eigenvalue for networks with two layers [Soltanolkotabi
et al., 2018, |Montanari and Zhong, [2020], or deep networks with a layer containing 2(n)
neurons [Nguyen et al} 2021b]. In particular, Soltanolkotabi et al. [2018] also exploits the
results from Adamczak [2015], Adamczak et al. [2011]. However, the centering of the Jacobian
is achieved via a combination of whitening and dropping rows, which appears to be difficult
to generalize to deep networks. In contrast, the 3-step centering we described above applies
to networks of arbitrary depth L. A different approach is put forward in Montanari and
Zhong| [2020], and it is based on a decomposition of the kernel via spherical harmonics. This
technique allows to obtain the exact limit of the smallest NTK eigenvalue, it has been used to
analyze random feature models [Ghorbani et al., 2021, Mei and Montanari, 2022, |Ghorbani
et al., 2020, |Mei et al [2021] and to obtain generalization bounds for two-layer networks
(see again [Montanari and Zhong, [2020]). However, understanding how to carry out such
a decomposition in the multi-layer setup is an open problem. Finally, Nguyen et al. [2021b]
considers the deep case, and it relates the smallest eigenvalue of the NTK to the smallest
singular value of a feature matrix. As feature matrices are full rank only when the number of
neurons is €2(n), this approach is inherently limited to networks with a linear-width layer.

2.2 Related work

Random matrices in deep learning. The limiting spectra of several random matrices
related to neural networks have been the subject of a recent line of work. In particular, the
Conjugate Kernel (CK) — namely, the Gram matrix of the features from the last hidden layer —
has been studied for models with two layers [Pennington and Worah, 2017, Liao and Couillet}
2018, Louart et al., [2018, |Péché, [2019], with a bias term [Adlam et al., 2019, |Piccolo and
Schroder, 2021], and with multiple layers [Benigni and Péché, 2021]. The Hessian matrix has
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been considered in |Pennington and Bahri| [2017], and the closely related Fisher information
matrix in [Pennington and Worah|[2018]. Using tools from free probability, the input-output
Jacobian (as opposed to the parameter-output Jacobian considered in this chapter) of deep
networks is studied in |Pennington et al.|[2018] and the NTK of a two-layer model in Adlam and
Pennington| [2020]. In |Fan and Wang| [2020], the spectrum of NTK and CK for deep networks
is characterized via an iterated Marchenko-Pastur map. The generalization error has also
been studied via the spectrum of suitable random matrices, see |Hastie et al.| [2022], Mei and
Montanari| [2022], [Liao et al.| [2020], Montanari and Zhong| [2020] and Section 6 of the review
by Bartlett et al.|[2021]. Most of the existing results focus on the linear-width asymptotic
regime, where the widths of the various layers are linearly proportional. An exception is Wang
and Zhu [2021], which focuses on the ultra-wide two-layer case (N; > n).

Smallest eigenvalue of empirical kernels. In the line of work mentioned above, the
limiting spectrum of the random matrix is characterized in terms of weak convergence, which
does not lead to a direct implication on the behavior of its smallest eigenvalue. In fact,
lower bounding the smallest eigenvalue often requires understanding the speed of convergence
to the limit spectrum. Quantitative bounds for random Fourier features are obtained in
Avron et al. [2017]. In the two-layer setting, the smallest NTK eigenvalue is lower bounded
in [Soltanolkotabi et al.| [2018], IMontanari and Zhong| [2020], Wang and Zhu| [2021], and
concentration bounds can also be obtained from Adlam and Pennington| [2020], Song and
Yang| [2020], Hu et al.| [2020]. In particular, Montanari and Zhong| [2020] establishes a tight
bound for two-layer networks with roughly as many parameters as training samples (hence,
under minimum over-parameterization), and for a wide class of activations. However, this
result still requires that N; = Q(d). For deep networks, a convergence rate on the NTK can
be obtained from |Arora et al.|[2019b] and potentially from Buchanan et al.|[2021], however
these results require all the layers to be wide. In Nguyen et al. [2021b], it is proved that a
single layer of linear width suffices for the NTK to be well conditioned. Here, Theorem 2.6
provides the first result for deep networks under minimum over-parameterization, therefore
allowing for sub-linear layer widths.

Memorization capacity and gradient descent training. For binary classification, the
memorization capacity of neural networks was first studied by Cover [Cover, 1965, who solved
the single-neuron case. Later, Baum [Baum) 1988| proved that, for two-layer networks, the
memorization capacity is lower bounded by the number of parameters, and upper bounds of the
same order were given in |[Kowalczyk [1994], Sakurai| [1992]. Recently, tight results for two-layer
networks in the regression setting have been provided [Bubeck et al., 2020, Montanari and
Zhong, [2020]. In particular, Bubeck et al.| [2020] generalizes the construction of Baum|[1988],
while the memorization result of [Montanari and Zhong| [2020] comes from a bound on the
smallest NTK eigenvalue. This same route is also followed to analyze deep networks in [Nguyen
et al. [2021b] and in this chapter. Results for multiple layers have been provided in Bartlett et al.
[2019], [Yun et al.|[2019b], Vershynin [2020], |Ge et al. [2019]. As concerns efficient algorithms
achieving memorization, [Daniely, [2020alb| study classification with two-layer networks. A
popular line of research has exploited the NTK view to give optimization guarantees on gradient
descent. Existing work has focused on the two-layer case [Soltanolkotabi et al., 2018, Du et al.,
2019b, |Oymak and Soltanolkotabil 2020, Song and Yang, 2020, Wu et al., 2019, |Song et al.,
2021a, and optimal results in terms of over-parameterization have been obtained [Montanari
and Zhong, [2020]. For deep networks, Du et al.|[2019a] assumes a lower bound on the smallest
NTK eigenvalue, Allen-Zhu et al.| [2019], |Zou et al. [2020], Zou and Gu| [2019] require all
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the layer widths to be (rather large) polynomials in the number of samples, and [Nguyen and
Mondelli [2020], Nguyen| [2021] reduce the over-parameterization to a single layer of linear
width. In particular, in these last two papers, the analysis of the NTK is reduced to that of a
certain feature matrix (the first one in [Nguyen and Mondelli| [2020] and the last one in [Nguyen
[2021]). Hence, these approaches do not seem suitable to tackle networks with sub-linear
layer widths!. Finally, we remark that milder over-paramerization requirements are sufficient
for classification problems. More specifically, it has been proved that polylogarithmic width
suffices for two-layer [Ji and Telgarsky, 2019] and deep [Chen et al., |2020b] ReLU networks
to converge and generalize. In fact, achieving memorization for regression is harder than for
classification, where it suffices to satisfy inequality constraints [Montanari and Zhong, 2020].

2.3 Preliminaries

Neural network setup. We consider an L-layer neural network with feature maps f; : R? —
RNt defined for every z € R? as

x, [ =0,
filz) = oW, fim1), le[L—1], (2.1)
W/ fr-1, l=1L.

Here, W, € RNi-1*M s the weight matrix at layer [, ¢ is the activation function and, given
an integer n, we use the shorthand [n] = {1,...,n}. We assume that the network has a
single output, iie. Ny = 1 and W;, € RVe-1, and for consistency we have Ny = d. Let
g1 : RY — RN be the pre-activation feature map so that fi(x) = ¢(g,(x)) for [ € [L]. We
define go(z) = fo(z) = x. Let X = [z1,...,2,]" € R™ be the data matrix containing n
samples in R?, § = [vec(W), ..., vec(Wy)] be the vector of the parameters of the network,
and Fr(0) = [fr(z1), ..., fo(x,)]" be the network output. We denote by J the Jacobian of
F, with respect to all the parameters of the network:

€ RV Xl NV, (2.2)

[ R OF,
~Ovec(W,)" T Ovec(Wy)

Our key object of interest is the empirical Neural Tangent Kernel (NTK) Gram matrix, denoted
by K € R™*" and defined as:

K:JJT:ZL:lavif&/l)] [av(z(iLWl)]T' (2.3)

=1

In Jacot et al.| [2018], it is shown that, as N; — oo for all [ € [L — 1], K converges to a
deterministic /imit, which stays constant during gradient descent training. The focus of this
chapter is on the finite-width behavior of the empirical NTK (2.3). Quantitative bounds
for the NTK convergence rate can be obtained from |Arora et al.| [2019b], Buchanan et al.
[2021]. However, these bounds lead to a significant over-parameterization requirement, see
the discussion at the end of Section 3 in Nguyen et al.| [2021b]. Here, our main result consists
in showing that the NTK is well conditioned for a class of neural networks with the minimum
possible over-parameterization, i.e., €(n) parameter or, equivalently, Q(y/n) neurons.

LIf the width is sub-linear, then the feature matrix is low-rank and, hence, its smallest eigenvalue is 0.
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Weight and data distribution. We consider the following initialization of the weight
matrices: (W));; ~iia. N(0,82/N,_1) for I € [L — 1],i € [N;_1],7 € [IN]], where 5 is a
numerical constant independent of the layer widths. This covers the popular cases of He's
and LeCun's initialization [Glorot and Bengio, [2010, He et al., 2015, LeCun et al., 2012].
For the last layer, we assume that (Wp); ~iiq. N(0,3%) for i € [Ny_1]. Throughout the
chapter, we let (z1,...,x,) be n i.i.d. samples from the data distribution Py, which satisfies
the conditions below.

Assumption 2.1 (Data scaling). The data distribution Px satisfies the following properties:

1. [|lz]lydPx(z) = ©(Vd).
2. [|l=|l3 dPx(x) = ©(d).
3 [|x— [ dPX(x’)HgdPX(I) =Q(d).

Assumption 2.2 (Lipschitz concentration). The data distribution Px satisfies the Lipschitz
concentration property. Namely, there exists an absolute constant ¢ > 0 such that, for every
Lipschitz continuous function ¢ : RY — R, we have E|p(X)| < 400, and for all t > 0,

P (|ew) - [ ol@)apx(a)

< t) < 9¢—t/ el

Assumption 2.1 is simply a scaling of the training data points and their centered counterparts.
Assumption 2.2| covers a number of important cases, e.g., standard Gaussian distribution
[Vershynin| 2018], uniform distributions on the sphere and on the unit (binary or continuous)
hypercube [Vershynin, [2018], data produced via a Generative Adversarial Network (GAN)?
[Seddik et al., [2020], and more generally any distribution satisfying the log-Sobolev inequality
with a dimension-independent constant. We also remark that Assumption 2.2 is rather common
in the related literature [Nguyen et al., 2021b|, or it is even replaced by a stronger requirement
(e.g., Gaussian distribution or uniform on the sphere) [Montanari and Zhong, 2020].

Assumption 2.3 (Activation function). The activation function ¢ satisfies the following
properties:

1. ¢ is a non-linear (and therefore also non-constant) M-Lipschitz function;

2. its derivative ¢ is a M'-Lipschitz function;

These requirements are satisfied by common activations, e.g. smoothed RelLU, sigmoid, or
tanh.

Assumption 2.4 (Network topology). The network satisfies a loose pyramidal topology
condition, i.e. Ny = O (N;_y), for all l € [L —1].

A strict pyramidal topology (namely, non-increasing layer widths) has been considered in
prior work concerning the loss landscape [Nguyen and Hein, 2017, 2018| and gradient descent
training [Nguyen and Mondelli, 2020]. Our Assumption 2.4 requires a loose pyramidal topology
in the sense that, as we go deep, the layer widths are allowed to increase by a constant

2By applying a Lipschitz map to a standard Gaussian distribution, the map output satisfies Assumption
2.2,
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multiplicative factor. We also note that the widths of neural networks used in practice are
often large in the first layers and then start decreasing [Han et al., 2017, Simonyan and
Zisserman, 2015].

Assumption 2.5 (Over-parameterization). We have that
n-log®n = o(N,_sNp_1). (2.4)
Furthermore, there exists v > 0 such that

n' =0 (NL—l) . (25)

Condition (2.4) requires the number of parameters between the last two hidden layers to be
linear in the number of samples, up to logarithmic factors. This represents our key over-
parameterization condition. When all the widths have the same scaling, (2.4) reduces to
n = o(d?). This is satisfied by several “standard” datasets, such as MNIST (n = 60000,
d = 784), CIFAR-10 (n = 5-10%, d = 3- 32?), and ImageNet (n = 1.4-107, d = 2-10°). We
also note that, if n > d?, the NTK is low-rank and A, (K) = 0. Furthermore, Corollary
2.10/ and Theorem 2.11 cannot generally hold when n > d?, as there are more data points to
fit than parameters to help with the fitting. A milder requirement is possible for classification
tasks, see the discussion at the end of Section 2.2, The second condition (2.5) is rather mild,
as 7y can be taken to be arbitrarily small, and it avoids an exponential bottleneck in the last
hidden layer.

Notation. The feature matrix at layer [ is F; = [fi(z1), ..., fi(z,)]" € RN and ¥(z) =
diag([gﬁ’(gl,j(x))]jy:ll) for | € [L — 1], where g, j(x) is the pre-activation neuron. Given two
matrices F, B € R™*", we denote by F' o B their Hadamard product, and by F' « B =
[(F1. ® By.), ..., (Fp ® Bp)]" € R™ " their row-wise Kronecker product (also known as
Khatri-Rao product). Given a random vector v, let |[v]|,,, and [|v[|,, denote its sub-Gaussian
and sub-exponential norm, respectively (see also Appendix B for a detailed definition). Given
a matrix A, let [|A[|,, be its operator norm, || A its Frobenius norm, Api, (A) its smallest
eigenvalue, and oy (A) its smallest singular value. We denote by |l¢|;;, the Lipschitz
constant of the function ¢. All the complexity notations Q(-), O(-), o(-) and O(-) are
understood for sufficiently large n,d, N1, No, ..., Ny_1. Tildes on such symbols are meant to
neglect logarithmic factors.

2.4 NTK bounds with minimum over-parameterization

Our main technical contribution on the smallest eigenvalue of the empirical NTK (2.3) is
stated below.

Theorem 2.6 (Smallest NTK eigenvalue under minimum over-parameterization). Consider
an L-layer neural network (2.1), where the activation function satisfies Assumption 2.3 and
the layer widths satisfy Assumptions 2.4 and 2.5. Let {x;},_, ~iia Px, where Px satisfies
the Assumptions|2.1-2.2, and let K be the empirical NTK Gram matrix (2.3). Assume that
the weights of the network are initialized as (W));; ~iia. N(0,8/Ni—1) for I € [L — 1],

i € [Ni_1], j € [Ni] and (Wy); ~i1a. N(0, B%) fori € [Ny_1]. Then, we have

Amin (K) = Q(Np_oNp 1), (2.6)
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with probability at least 1 — C ne=¢18" No-1 — Cle=clo8"n oyer (z,)"_, and (W,)E_,, where ¢
and C' are numerical constants. Moreover, we have that

Amin (K) = O (dNp-1), (2.7)

with probability at least 1 — Ce=“Nt-1, over (x;)7_, and (Wy)E_,.

This result implies that the NTK is well
conditioned for a class of networks in which

the number of parameters N;_>N;_; be- 125 n
t the last two hidden layers is linear g
tween the wo hi yers is li 100 J—— 3000
in the number of data samples n, up to —— 3000

. : . X 75
logarithmic factors. This means that the S
total number of neurons of the network < 50
can be. as little as Q(\/ﬁ) which meets -
the minimum possible amount of over-

0

parameterization. The lower bound (2.6)

and the upper bound (2.7) match when 60 02 04 06 08 10
. d? le6

all the widths (up to layer L — 2) have the

same scaling, i.e., d = ©(Ny_3). Through-

out the chapter, we do not explicitly track Figure 2.1: A\pin (K) in a 3-layer neural network, with

the dependence of our bounds on L, in the sigmoid activation and d = N; = Nj.

sense that the numerical constants ¢, C'

may depend on L.

In Figure 2.1, we consider a 3-layer neural network with d = N; = N3, and we plot Ay, (K) as a
function of d?, for three different values of n. The inputs are sampled from a standard Gaussian
distribution, the activation function is the sigmoid o(x) = (1 +¢e™*)~!, and we set 3 = 1 for
all [ € [L]. We repeat the experiment 10 times, and report average and confidence interval at 1
standard deviation. The linear scaling of Ay, (K) in d? is in agreement with the result of The-
orem 2.6. The code used to obtain the results of Figure 2.1 (and Figure 2.2 as well) is available
at https://github.com/simone-bombari/smallest—-eigenvalue—NTK/

2.4.1 Roadmap of the proof

After an application of the chain rule and some standard manipulations, we have
L-1
JIT =3 K, with Ky, = FyF}] o By 1B}, € R™™, (2.8)
k=0

where B, € R™Mk is a matrix whose i-th row is given by

Se(a) (M5 WiSi(@:)) Wi, k€ [L—2],
(Br)i = Y1 (x) Wy, k=L-—1, (2.9)
1 k=L.

From the decomposition (2.8), one readily obtains that K = K| _», since K}, is PSD for all
k € {0,...,L —1}. Hence, it suffices to prove a lower bound on A, (K1_2). We denote
by J;_o the Jacobian obtained by computing the gradient only over the parameters between
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layer L — 2 and layer L — 1. Then, K;_» = J;_»J] , and, by using (2.8) and (2.9), the i-th
row of J;_5 can be expressed as

(Jo—2)i = fra(xi) @ (Dpd' (W[ fr_a(z:))), i € [n], (2.10)

where Dy, is a diagonal matrix with the entries of W, on its diagonal. Note that, if we fix the
weight matrices (W), the rows ((J;_2):;.)", are i.i.d., as the training data (z;)", are i.i.d.
too.

The proof consists of two main parts. First, we construct the centered Jacobian J;_o, which
is obtained from J;_, by iteratively removing expectations with respect to X to its parts, and
we show that its smallest singular value is close to the smallest singular value of J;_5. The
details of this part are contained in Appendix C.3. Second, we bound the smallest eigenvalue
of the kernel obtained from the centered Jacobian J;_, by providing an accurate estimate
of the /5 and sub-exponential norms of its rows. The details of this part are contained in
Appendix |C.4. In order to carry out this program, we exploit a number of concentration
results on the /5 norms of feature and backpropagation vectors, and on the /5 norms of their
centered counterparts. These results are contained in Appendix C.2, and they could be of
independent interest. In particular, we provide tight high-probability estimates on (i) || fi(x)]|,,
(i) EJ)fi@)12, (i) B fi@)]l), () Ball filw) — B LA @12, Eulll () — Eulf(@)]ll),
and || fi(z) — E;[fi(x)]|l5, and (v) | D¢ (9r-1(x)) — E4[Dr¢'(9r-1(x))]|l5. Some preliminary
calculations are also contained in Appendix C.1.

Part 1: centering. We consider the centered Jacobian jL_g, whose i-th row is defined as

(Jr—2)i = fro(z) ® (DLCBI(QL—l(Jﬁi))) — K, [}LJ(%) ® DL&(QL—l(%))} , 1€ [n],

) ) ) (2.11)
where f; (7)) = ¢(gr—2(2:)), with ¢(gr-2(2i)) = d(9r-2(7:)) — Ea,[d(gr-2(:))] and
gb/(gL_l(a:i)) = ¢'(gr—1(x;)) — Ey,[¢' (gr-1(x;))] being the centered versions of the activation
function and of its derivative, respectively. Our strategy is to relate Ay (J_2J] ) to

)\mm(jL_Q:JZ_Q) via the following two steps.

Step (a): Centering F_ and By_,. We show that Ay (Jp_2J] ) > /\min(jFBj;B) —

O(NL:QNL_l), where jFBj;B = FL_QFZ_z o) BL_lg—Lr_l and FL_Q = FL_2 — EX[FL_Q]
and By 1 = By 1 —Ex[By_1] (Lemma C.21in Appendix |C.3.1). Our strategy differs from
existing work (e.g., [Soltanolkotabi et al., 2018, Nguyen et al., 2021b]), where either only
the backpropagation term is centered (cf. Proposition 7.1 of [Soltanolkotabi et al., 2018])
or only the features are centered (cf. Lemma 5.4 of [Nguyen et al., 2021b|). We remark
that, in order to handle deep networks with minimum overparameterization®, the centering of
F;_5 and By is crucially performed at the same time. In fact, by doing so, certain terms
containing an eigenvalue which is negative and large in modulus suitably cancel. As a result,

. . . ~ ~T
the difference between the original kernel J;_»J; , and the centered one JrpJp can be
bounded by a matrix whose operator norm is o(Ny_oNy_1).

Step (b): Centering everything. We show that )\min(jFBj;B) > )\min(:]quzQ)—O(NL_QNL_l),
where the rows of .J;_, are given by (2.11) (Lemma C.22 in Appendix C.3.2). The idea is

3In contrast, |Soltanolkotabi et al., 2018] considers shallow networks, and [Nguyen et al.} 2021b| requires
the existence of a layer with roughly Q(n) neurons.
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2.4. NTK bounds with minimum over-parameterization

to decompose the difference :]FB‘N];B — :]L_QJI_Q into a rank-1 matrix plus a PSD matrix.
Then, in order to bound the operator norm of the rank-1 term, we leverage the general version
of the Hanson-Wright inequality given by Theorem 2.3 in [Adamczak, 2015] (see the tail
bound on quadratic forms that we provide in Lemma |C.5). This strategy avoids whitening
and dropping rows (as done in [Soltanolkotabi et al.| [2018]) and, hence, appears to be better
suited to the deep case.

The main result of this part is stated below, and it is proved by combining Lemmas C.21 and
C.22.

Theorem 2.7 (Jacobian centering). Consider the setting of Theorem 2.6, and let the rows of
Ji—o and Jy_o be given by (2.10) and (2.11), respectively. Then, we have

Nain (Ji2T] 3) = Mmin (T1-2T 1 5) — o(NL—2Np 1), (2.12)

with probability at least 1—C exp(—clog® Ny_;)—C exp(—clog®n) over (z;)", and (W;,)E_,,
where ¢, C' are numerical constants.

Part 2: bounding the centered Jacobian. If we fix the weight matrices (W)X, the
rows of .J;_, are i.i.d. vectors of the form u ® v — E [u ® v], where both u and v are centered.
By exploiting this structure, in Appendix C.4.1 we bound the /5 and sub-exponential norms
of these rows. The /5 norm is bounded in Lemma C.24, and this result relies on the tight
estimates on the /5 norms of centered features and centered backpropagation terms given by
Lemma C.19 and C.20, respectively. The sub-exponential norm is bounded in Lemma C.25, and
we use again the tail bound of Lemma C.5, which exploits the version of the Hanson-Wright
inequality in [Adamczak, 2015]. At this point, the problem is reduced to bounding the smallest
eigenvalue of a matrix such that its rows are i.i.d. and we have a good control on their ¢, and
sub-exponential norms. This goal can be achieved via the following result, whose proof follows
from Theorem 3.2 in [Adamczak et al., 2011] and it is presented for completeness in Appendix
CA4.2

Proposition 2.8. Let J be a matrix with rows J;, € RNt—2Ni—1 for i € [n]. Assume that
{jz‘:}iqn] are independent sub-exponential random vectors with 1) = max; [ Tillpr - Lt Nmin =
IIliHZ' ||J2”2 and Mmax — mMax; ||JZ||2 Seté = ¢K + K/, and A := C§2n1/4(NL_1NL_2)3/4.
Then, we have that

N (T71) 2 iy = A (213)

holds with probability at least

IN,_ N,
1 — exp <—cK\/ﬁ log (“”)) _p (nmax > K’,/N“N“) , (2.14)
n

where ¢ and C are numerical constants.

The main result of this part is stated below, and it is proved in Appendix C.4.3.

Theorem 2.9 (Bounding the centered Jacobian). Consider the setting of Theorem 2.6, and
let the rows of J;_o be given by (2.11). Then, we have

~ ~T
Amin (J1-271 ) = UNp-2Np 1), (2.15)

with probability at least 1 — C'e=*V™ — C' ne=¢1°¢" Ne-1 over (x;)7_, and (Wy)E_,, where ¢ and
C' are numerical constants.
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2. MEMORIZATION AND OPTIMIZATION WITH MINIMUM OVER-PARAMETERIZATION

Recall that K = K5, hence A\yin (K) > Auin (K2—2) = Amin (JL_QJZ_Q). Thus, the lower
bound (2.6) follows by combining the results from Theorem 2.7 and Theorem 2.9.

Finally, the upper bound (2.7) is rather straightforward. First, we write

L-1

Awin (K) = Ain (J77) < (7T )y = 3 Nl (Brv)a - (2.16)

Then, by combining the bound on |(F})y.||> of Lemma |C.16 with a direct calculation for
|(Bi41)1: ]|, the desired result (2.7) follows. The details are contained in Appendix C.5,

2.5 Two applications: memorization and optimization

Memorization capacity. The fact that the NTK Gram matrix (2.3) is well conditioned
readily implies a result on memorization capacity. This was already observed in [Montanari
and Zhong, 2020] for two-layer networks and in [Nguyen et al., 2021b| for deep networks with
a layer containing €2(n) neurons. Here, by using Theorem 2.6, we show that 2(n) parameters
between the last pair of hidden layers are enough for the network to fit n real-valued labels up
to an arbitrarily small error. The result is stated below and, for completeness, we give the
proof in Appendix C.6.

Corollary 2.10 (Memorization). Consider an L-layer neural network (2.1), where the activation
function satisfies Assumption |2.3 and the layer widths satisfy Assumptions 2.4 and 2.5. Let
{x:}7_| ~iia Px, where Px satisfies the Assumptions|2.1-2.2. Then, it holds that for every
Y € R"”, and for every € > 0, there exists a set of parameters 6 such that

1FL(0) =Y, <e, (2.17)

with probability at least 1 — C'ne=¢'8* N1 — Ce=clog®n oyer (2;)7,, where ¢ and C are
numerical constants.

Gradient descent training. Theorem 2.6 has implications on the convergence of gradient
descent algorithms. In particular, by choosing carefully the initialization, we show that gradient
descent trained on the n samples {z;}!, with labels Y = (Y, ...,Y,,) converges to zero loss.
This is — at the best of our knowledge — the first result of this kind for deep networks with
minimum over-parameterization.

To define our initialization, let us assume that the (L — 1)-th layer has an even number
of neurons. With a slight abuse of notation, we indicate its width as 2N;_;. Thus, W, _;
can be written in the form {Wél_)l,Wﬁ)l} where WS_)]_,Wf_)l € RVe-2XNe—1 - Similarly,

W, € R?Vi-1 is the concatenation of W\", W\? € RVi-1. Then, we define the initialization
0y = [vec(Wip), ..., vec(Wy )] as follows:

(Wi0)ij ~iid. N(Oaﬁlz/Nl—l)7 le[L—2],i€ [N, je [Nl
(Wl(/lf)lyo)i,j ~iid. N(07 BE—I/NL—2)7 (S [NL—QL j € [NL—I]’ and W[(/QJI,O = W£121,07

(Wi ~iia N(0, 827), i € [Ny, and W) = —WEY.
(2.18)
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As usual, (5;)E, are numerical constants independent of the layer widths. In contrast, the
quantity v will be set to a suitably large value depending on the number of training samples
and on the layer widths. In words, the initialization is standard for W, g,...,Wr_5, and
WSJLO; the variance of WL(% is boosted up by a factor v; and we duplicate the neurons of

layer L — 1 so that Wﬁ)w = W£121,0 and WL@% = — élg At this point, we are ready to state
our optimization result.

Theorem 2.11 (Optimization via gradient descent). Consider an L-layer neural network (2.1)),
where the activation function satisfies Assumption 2.3 and the layer widths satisfy Assumptions
2.4 and 2.5. Consider training data {x;},_, ~iiqa. Px, where Px satisfies the Assumptions
2.1-2.2, with labels Y € R™ such that ||Y||, = ©(y/n). We consider solving the least-squares

optimization problem
1
ming L(0) := 2 ming || F(6) — YH; , (2.19)

by running gradient descent updates of the form 0,1 = 0, — NNV L(6;), where the initialization
0y is defined in (2.18) with v = d*n?* and n < C(yndNy_,)~'. Then, for all t > 1,

L£(0,) < (1 —enyNy_oNp_1)" L(6), (2.20)

with probability at least 1 — C ne=¢108" No-1 — Cle=¢18" 1 over (1), and the initialization 6,
where ¢ and C' are numerical constants.

In words, (2.20) guarantees that gradient descent linearly converges to a point with zero
loss. We also note that (our upper bound on) the convergence rate can be expressed as a
simple function of the learning rate 7, the number of training samples n, and the layer widths
(N}
We now provide a sketch of the argument of The-
orem 2.11, deferring the detailed proof to Ap-
pendix |C.7. As a consequence of Theorem 2.6,
-4 the NTK is well conditioned at the initialization
0y, which implies that gradient descent makes
progress at the beginning. The idea is that the
NTK remains sufficiently well conditioned also
during training and, hence, the loss vanishes with
the linear rate in (2.20), since the trained weights
400 5400 10400 remain confined in a ball of sufficiently small ra-
d? dius centered at 6,. More specifically, we exploit
the optimization framework developed in [Oymak
and Soltanolkotabi, 2019]. There, a convergence
result is proved if the following condition holds:
there exists «, 5 such that

8800
|
o
log1oL(6f)

4800

400

Figure 2.2: Value of the loss £(6) once gradi-
ent descent has converged for a 4-layer ReLU
network with d = N7 = Ny = .

2

«

0 < 0nn(J(O) < T 0oy < 5. and [I(02) = T(0)]p < 5.

(2.21)

for all 0,6,,0, € D = B(0y, R), where D denotes a ball centered at 6y of radius R :=
4| Fr(00) — Y ||2/cx (cf. Proposition|C.27). In order to control the radius R, we take advantage
of the form (2.18) of the initialization 6. In particular, the spectrum of the Jacobian .J (and,
hence, a) scales linearly in /7, and the network output at initialization F7(6) is equal to 0
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2. MEMORIZATION AND OPTIMIZATION WITH MINIMUM OVER-PARAMETERIZATION

(cf. Lemma C.28). Thus, as [|Y||, = ©(y/n), we have that R = ©(y/n/a), which can be
controlled by choosing suitably . At this point, the argument consists in providing a number
of estimates on feature vectors, backpropagation terms, and finally the Jacobian J(6) for
all @ € D (cf. Lemmas C.29-C.35). This allows us to find «, 8 such that (2.21) holds and
conclude.

In Figure 2.2, we give an illustrative example that 4-layer networks achieve 0 loss when the
number of parameters is at least linear in the number of training samples, i.e., under minimum
over-parameterization. To ease the experimental setup, we use a ReLU activation, with Adam
optimizer. We initialize the network as in the setting of Theorem 2.6, picking 3, = 1 for all
[ € [L]. The inputs, as well as the targets, are sampled from a standard Gaussian distribution.
The plot is averaged over 10 independent trials. As predicted by Theorem 2.11, the loss
experiences a phase transition and it goes from 1 to 0 when the layer widths are of order \/n.

2.6 Concluding remarks

In this chapter, we show that the NTK is well conditioned for deep networks with sub-linear
layer widths. As consequences of our NTK bounds, we also prove results on memorization and
optimization for such a class of networks. Our approach requires smooth activations and layer
widths which do not significantly grow in size with the depth. We believe such assumptions to
be purely technical, and we leave as an open question their removal. Our novel NTK analysis
could potentially be applied beyond standard gradient descent, e.g., for optimization with
momentum [Wang et al., 2021], or federated learning [Huang et al., 2021a].
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CHAPTER

How Spurious Features Are Memorized:
Precise Analysis for Random and NTK
Features

Deep learning models are known to overfit and memorize spurious features in the training
dataset. While numerous empirical studies have aimed at understanding this phenomenon,
a rigorous theoretical framework to quantify it is still missing. In this chapter, we consider
spurious features that are uncorrelated with the learning task, and we provide a precise
characterization of how they are memorized via two separate terms: (i) the stability of the
model with respect to individual training samples, and (ii) the feature alignment between the
spurious feature and the full sample. While the first term is well established in learning theory
and it is connected to the generalization error in classical work, the second one is, to the
best of our knowledge, novel. Our key technical result gives a precise characterization of the
feature alignment for the two prototypical settings of random features (RF) and neural tangent
kernel (NTK) regression. We prove that the memorization of spurious features weakens as
the generalization capability increases and, through the analysis of the feature alignment, we
unveil the role of the model and of its activation function. Numerical experiments show the
predictive power of our theory on standard datasets (MNIST, CIFAR-10).

This chapter is based on the work published at ICML 2024: How spurious features are
memorized: Precise analysis for random and NTK features.

3.1 Introduction

Neural networks often use features that are not inherently relevant for the intended task.
This phenomenon can be caused by positive spurious correlations between certain patterns
and the learning task [Geirhos et al., 2020, Xiao et al., 2021], but it occurs even when the
patterns are rare [Yang et al., 2022| or simply irrelevant [Hermann and Lampinen, 2020],
leading the model to memorize spurious relations present in the training data, which are not
predictive for the sampling distribution. An extensive empirical effort has aimed at mitigating
this phenomenon [Plumb et al., [2022, |Chang et al., 2021a|. In fact, the benefits of solving
this problem range from robustness to distribution-shift [Geirhos et al., 2019} |Zhou et al.|
2021a], fairness [Zliobaite, [2015], and data-privacy [Leino and Fredrikson, [2020]. However,
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avoiding to overfit spurious features is not always feasible, since memorization can be optimal
for accuracy and over-parameterized models often exhibit their best performance when trained
long enough to achieve 0 training error [Nakkiran et al., 2020, Feldman, 2020].

In this regard, a related (but separate) body of work has characterized the role of benign
overfitting [Belkin| 2021} |Bartlett et al., 2020, and it has precisely described the in-distribution
generalization of interpolating models, such as random features and neural tangent kernels
[Mei and Montanari, 2022, (Ghorbani et al., 2021, Montanari and Zhong, 2020|. However,
this powerful theoretical machinery does not cover the memorization of spurious features, as
noise is generally modelled to be in the labels, rather than in the input data. More generally,
while practical work has tried to understand the impact of spurious features and disentangle
them from core features in deep learning models [Hermann and Lampinen, 2020, Singla
and Feizi, 2022], theoretical approaches remain predominantly directed to understand how
learning is impacted by the complexity of the features [Qiu et al., 2023|, or the degree of
over-parameterization [Sagawa et al., 2020b|, without capturing the role of the architecture.

This chapter bridges this gap, offering an analytically tractable framework to understand and
quantify the memorization of spurious features. We consider a setting similar to Yang et al.
[2022], and we in particular look at the case where the spurious features are not correlated
with the true label of the sample (thus the term memorization). Formally, we model the
sample z as composed by two distinct parts, i.e., z = [z, y|, where x is the core feature and y
the spurious one, see Figure 3.1 for an illustration. The memorization of spurious features is
captured by the correlation between the true label g of the training sample and the output of
the model evaluated on the spurious sample z® = [—, y], where "—" corresponds to removing
the core feature = (e.g., replacing it with all zeros). In fact, z° is independent of the label g,
as the spurious feature y is un-informative. However, due to memorization, the output of the
model evaluated on z*® can still be correlated with g. Our analysis describes quantitatively this
phenomenon in the setting of generalized linear regression. Surprisingly, it turns out that the
emergence of memorization can be reduced to the separate effect of two distinct components:

1. The feature alignment F(2*, z), see (3.8). This represents the similarity in feature space
between the training sample z and the spurious one z?; it depends on the feature map
of the model and on the rest of the training dataset. To the best of our knowledge, this
is the first time that attention is raised over such an object.

2. The stability S, of the model with respect to z, see Definition 3.1, Similar notions of
stability are provided in a rich line of work [Bousquet and Elisseeff, 2002|, which relates
them to generalization.

Our technical contributions can be summarized as follows:

» We connect the stability in generalized linear regression to the feature alignment between
samples, see Lemma 3.2. Then, we show that this connection makes the memorization
of spurious features a natural consequence of the generalization error of the model. This
is the case when F(z°, z) can be well approximated by a constant 7 > 0, independent
of the original sample z.

= We focus on two settings widely analyzed in the theoretical literature, i.e., (i) random
features (RF) [Rahimi and Recht| [2007], and (ii) the neural tangent kernel (NTK) [Jacot
et al., 2018]. Using tools from high dimensional probability, we prove the concentration
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of F(2*, z) to a positive constant -y, see Theorems 3.6 and 3.9. For the NTK, we obtain
a closed-form expression for «, which unveils the role of the activation function in the

memorization of spurious features.

In a nutshell, our results give a precise characterization of the feature alignment of RF and
NTK models. This in turn establishes how the memorization of spurious features grows with
the generalization error, and how it depends on the chosen model (RF/NTK) and, in particular,
on the activation function. Finally, going beyond RF/NTK models trained on synthetic data,
we empirically show that our theoretical predictions transfer to standard datasets (see Figure
3.3/ that analyzes the impact of the activation function on MNIST and CIFAR-10) and different
neural networks (see Figures 3.4/ and 3.5/ that consider fully connected, convolutional, and

ResNet architectures).

3.2 Related work

Spurious features. Spurious correlations refer
to signals that are correlated but not causally re-
lated to the learning task [Geirhos et al., 2020,
Xiao et al. 2021], and they have been shown
to lead to poor out-of-distribution robustness
[Geirhos et al., 2019, [Zhou et al., 2021a] or bi-
ased predictors [Zliobaite, 2015, Seo et al., 2022,
\Ghosh et al., [2023]. The phenomenon has been
studied through the lens of over-parameterization
[Sagawa et al. [2020b] and simplicity bias
Imann and Lampinen| 2020, Shah et al., 2020, [Qiu]
et al, [2023], where the latter refers to models

that are inherently prone to learn “easy” patterns
first [Kalimeris et al., 2019].

This chapter considers spurious features that are
independent of the learning task and, hence, fo-
cuses on their memorization. Spurious features
in the training set can in fact be memorized also
if they are irrelevant or rare [Yang et al., 2022,
Bansal et al [2022]. This overfitting can then
be used to retrieve information on the training
set [Leino and Fredrikson| 2020, Bombari et al.,

2022al.

Figure 3.1: Example of a training sample
z (top-left) and its spurious counterpart z*
(top-right). In experiments, we add a noise
background (y) around the original images
(z) before training (bottom-left). We then
query the trained model only with the noise
component (bottom-right).

Memorization and stability. Memorization measures the influence of a single sample on

the final trained model. |Feldman| [2020], Feldman and Zhang| [2020] point out its advantages

on learning from heavy-tailed data, and |Arpit et al.| [2017], Stephenson et al.| [2021] investigate

its emergence in neural networks. A related concept is that of leave-one-out stability, which

has been studied in a classical line of work: Hoaglin and Welsch [1978] focus on under-

parameterized linear models; [Bassily et al.|[2021], [Elisseeff and Pontil| [2002], [Mukherjee et al |

[2006] link it to generalization; and [Bousquet and Elisseeff| [2002] discuss a wide range of

variations on this object.
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Random features and neural tangent kernel. The random features (RF) model [Rahimi
and Recht, 2007, Pennington and Worah, 2017, Louart et al., 2018] can be regarded as a two-
layer neural network with random first layer weights. Its popularity stems from its mathematical
tractability and, in contrast with linear regression where the number of parameters equals the
input dimension, it captures the statistical effects of over-parameterization, since its number
of parameters can scale independently from d and n. [Mei and Montanari [2022] characterized
the test loss of random features, showing that it displays a double descent curve [Belkin et al.|
2019a]. Furthermore, the RF model has been used to understand a wide family of phenomena
such as feature learning [Ba et al., [2022, [Damian et al., 2022} Moniri et al., 2023|, robustness
under adversarial attacks [Dohmatob and Bietti, 2022, Bombari et al., 2023, Hassani and
Javanmard, 2024], distribution shift [Tripuraneni et al.| 2021} [Lee et al., 2023, Bombari and
Mondelli, [2025b], and scaling laws [Defilippis et al., 2024, Paquette et al., 2024b|. The neural
tangent kernel (NTK) can be regarded as the kernel obtained by linearizing a neural network
around the initialization [Jacot et al., 2018, |Bartlett et al., 2021|. Beyond the discussion of its
related literature in Chapter 2, we remark that its behavior has been used in practical work to
study adversarial training |Loo et al., [2022] and examples [Tsilivis and Kempe, 2022], and to
understand reconstruction attacks for dataset distillation [Loo et al., 2024].

3.3 Preliminaries

Notation. Given a vector v, we denote by ||v|, its Euclidean norm. Given v € R% and
u € R%, we denote by v ® u € R%% their Kronecker product. Given a matrix A € R™*",
we denote by P4 € R™ ™ the projector over Span{rows(A)}. All the complexity notations
Q(+), O(+), o(:) and O(+) are understood for sufficiently large data size n, input dimension
d, number of neurons k, and number of parameters p. We indicate with C', ¢ > 0 numerical
constants, independent of n,d, k, p.

Setting. Let (Z,G) be a labelled training dataset, where Z = [z, ..., 2,]" € R" contains
the training data (sampled i.i.d. from a distribution Py) on its rows and G = (g1, ..., 9,) € R”
contains the corresponding labels. We assume the label g; to be a (eventually noisy) function
of the sample z;. Let ¢ : R? — RP? be a generic feature map, from the input space to a
feature space of dimension p. We consider the following generalized linear regression model

f(2,0) = p(2)"0, (3.1)

where p(z) € RP is the feature vector associated to the input z, and ¢ € R? are trainable
parameters of the model. We minimize the empirical risk with a quadratic loss:

ming [ #0 — G2, (3.2)

where @ = [p(21),...,¢(2,)]7 € R™P is the feature matrix. We use the shorthand
K = ®®T € R™" for the kernel associated with the feature map. If K is invertible (i.e., the
model can fit any set of labels (), gradient descent converges to the interpolator which is the
closest in ¢, norm to the initialization (see equation (33) in [Bartlett et al., 2021]):

0" = 60+ ©* (G — f(Z,60), (33)

where 0* is the gradient descent solution, 0y the initialization, f(Z,6,) := ®f, the output of
the model (3.1) at initialization, and ®* := ®" K~! the Moore-Penrose inverse. Let z ~ Py
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be an independent test sample. Then, we define the generalization error of the trained model
as

R =E.up, [(f(2,07) - 9)°], (3.4)

where ¢ denotes the ground-truth label of the test sample z.

Stability. Let us introduce quantities related to “incomplete” datasets. We indicate with
d_; € R"D*P the feature matrix of the training set without the first sample z;. For
simplicity, we focus on the removal of the first sample, and similar considerations hold for
the removal of any other sample. In other words, ®_; is equivalent to ®, without the first
row. Similarly, using (3.3)), we indicate with 0%, := 0y + &, (G_; — f(Z_1,6,)) the set of
parameters the algorithm would have converged to if trained over (Z_;,G_), the original
dataset without the first pair sample-label (21, g1). We can now proceed with the definition of
our notion of “stability".

Definition 3.1. Let 0* (0*,) be the parameters of the model f given by (3.1) trained on
the dataset Z (Z_,), as in (3.3). We define the stability S., : RY — R with respect to the
training sample z, as

This quantity indicates how the trained model changes if we add z; to the dataset Z_;. If

the training algorithm completely fits the data (as in (3.3)), then S.,(z1) = g1 — f(21,0%,),
which implies that

EZINPZ [Szzl (21)} = EZ1~732 [(f(zlv eil) - 91)2} = EZNPZ

(f(Z,e*_1> - g>2:| = RZ—I?

(3.6)
where the purpose of the second step is just to match the notation used in (3.4), and R,_,
denotes the generalization error of the algorithm that uses Z_; as training set.

Memorization of spurious features. The input samples are decomposed in two independent
components, i.e., z = [x,y]. With this notation, we mean that z € R? is the concatenation of
r € R% andy € R% (d,+d, = d). Here, x is the core feature that is useful to accomplish the
task (e.g., the cat in top-left image of Figure 3.1), while y is the spurious feature containing
noise (e.g., the background). Formally, we assume that, for i € {1,...,n}, ¢; = g(x;), where
g is a labelling function, i.e., the label depends only on the core feature z; and it is independent
of the spurious feature y; (a similar setting was previously considered in |Loureiro et al.| [2021]).
Even if y; is not useful for learning, the training algorithm may overfit it, memorizing its
co-occurrence with the label g;. This phenomenon could then lead to unpredictable behaviours
at test time, such as poor performance on samples z; = [z, ;] with different information but
the same spurious feature [Yang et al., [2022], or data privacy breaches, through extraction
of information about z; via the knowledge of y; [Leino and Fredrikson, [2020, Bombari et al.,
2022a]. Specifically, in computer vision, an unusual background could expose information about
the object in the foreground [Leino and Fredrikson, [2020]. In natural language processing,
sensitive information (z;) about an individual (y;) could be extracted with proper prompting
strategies: a language model might in fact be able to successfully auto-complete “The address
of y; is...” with “..x;", as shown by Bombari et al.|[2022a] on question-answering tasks. With
slight abuse of notation, during the discussion, we will use the term feature to indicate both
elements in feature space ¢(z) € RP (as in (3.1)), and portions of the samples = and y. This
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choice is common in the related literature, and we will elaborate whenever it could generate
confusion.

To quantify the memorization of the spurious feature y;, we will consider

Cov (f(1,0), 9:). (3.7)
which represents the covariance between the true label g; = g(x;) and the output of the
trained model (3.3) evaluated on z7 = [z,y;], which replaces the core feature x; with

an independent feature x. As z and x; are independent, this correlation is due to the
memorization of y;. In the experiments, similarly to [Singla and Feizi [2022], Yang et al.
[2022], we report the spurious accuracy, i.e., the fraction of queries f(z7,6*) that returns the
correct label g(z;). For MNIST and CIFAR-10, instead of sampling an independent z, we
simply set it to 0, see Figure 3.1. Our code is publicly available at the GitHub repository
simone-bombari/spurious—-features—-memorization.

3.4 Memorization and feature alignment

We start by relating the output f(z(z),0*) evaluated on the spurious sample z{ = [z, y;]
with the output f(z;, 0*) evaluated on the original sample z;. For generalized linear regression,
this can be elegantly done via the notion of stability of Definition 3.1. By symmetry, from
now on, we set ¢ = 1 without loss of generality.

Lemma 3.2. Let ¢ : R? — RP be a feature map, such that the induced kernel K € R™"
on the training set is invertible. Let z, € R? be an element of the training dataset Z, and
2 € RY a generic test sample. Let Py_, be the projector over Span{rows(®_,)} and S., the
stability with respect to zy, as in Definition |3.1. Define

0(2)" Py o(z)

‘FQO<Z7ZI) = 5 (38)
[Pz,
the feature alignment between z and z;. Then, we have
821 (Z> = ./—';0(2’, Zl) Szl(zl)- (39)

Classical work [Hoaglin and Welschl, 1978| considers a similar problem in the under-parametrized
regime, exploiting the projector H = ®(®"®)~1dT € R™" (p < n is needed for ®'® to
be invertible), known as the hat matrix. In contrast, Lemma 3.2 focuses on the over-
parameterized regime and highlights the role of the projector Py _,. The different behaviour
of under-parameterized and over-parameterized models requires the proof of Lemma 3.2 to
follow a different strategy, which is discussed in Appendix D.1.

In words, Lemma 3.2 relates the stability with respect to z; evaluated on the two samples z
and z; through the quantity F,(z, z1), which captures the similarity between 2 and z; in the
feature space induced by . As a sanity check, the feature alignment between any sample
and itself is equal to one, which trivializes (3.9). Then, as z and z; become less aligned, the
stability S.,(z) = f(z,0%) — f(z,60%,) starts to differ from S,,(z1) = f(z1,0%) — f(z1,0%,).
We note that the feature alignment also depends on the rest of the training set Z_1, as Z_;
implicitly appears in the projector P(Iir We also remark that the invertibility of K directly
implies that the denominator in (3.8) is different from zero, see Lemma D.1|in Appendix D.1.
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3.5. Main result for random features

Armed with Lemma 3.2, we now characterize the correlation between f(z§,6*) and g;. Let us
replace F, (27, 21) in (3.9) with a constant 7, > 0, independent from z;. This is justified by
Sections 3.5 and 3.6, where we prove the concentration of F,(z7, z1) for the RF and NTK
model, respectively. Then, by using the definition of stability in (3.5), we get

P07 = F(25.070) + 758 (51) = F(5.07) + 95 (00— F(20.67))) . (3.10)

Note that f(zf,0*,) is independent from ¢, as it doesn't depend on x;. In fact, z7 = [z, y;]
is independent of x;, and 6, is not trained on z;. Thus, if the algorithm is stable, in the
sense that S, (21) is close to 0, we have that f(z{,6*) has little dependence on g;. Conversely,
if S.,(21) grows, then f(2§,6*) will start picking up the correlation with g;. Concretely, we
can look at the covariance between f(z7,60*) and gy, in the probability space of z;:

Cov (f(25,6%),91) = 7,Cov (S.,(21), 91)
< Yp\Var (8., (1)) Var (91) < 7p/Raz_,/Var (91).

Here, the first step uses (3.10) and the independence between f(z{,0*,) and g, the second
step is an application of Cauchy-Schwarz, and the last step follows from (3.6).

(3.11)

The terms 7, and /R ~_, in the RHS of (3.11) show that the memorization of spurious features

is affected by two factors: (i) the similarity between z; and z; (formalized by F,(2{,21)),
and (ii) the generalization error of the model. While the dependence on the generalization
error is not entirely surprising (overfitting causes both the inability of the model to generalize
and the memorization of spurious correlations between g; and y;), the key role of the feature
alignment (in the form defined in (3.8)) is a-priori far from obvious. Furthermore, via the
analysis of F,(2{,z1) in the next two sections, we will show how the memorization is affected
by the choice of the feature map and, specifically, of the activation function.

Similarly, we can lower bound the spurious loss, defined as
L=E., [(f(z5.07) - 91)]. (312)
By introducing the shorthands f := E,, [f(z5,0%)] and g := E.,[g1], we have the lower bound:
L=E., |((f1.6)-7) = -9+ (F-9))]
—E., (11,09 = )] + Bu [0 - 9] + Bay | (- )] - 2Cov (£:1.67),00)

(91— 9)°] = 27 /R, Var (g1).

(3.13)
The first term on the RHS of (3.13) is the minimal loss when no information about z; is
available (and, thus, the best estimator is the expectation of g;). The second term indicates
how the memorization of the spurious feature y; improves the trivial guess g, and it depends
again on Rz, and 7.

3.5 Main result for random features

The random features (RF) model takes the form
fre(2,0) = ore(2) 10, wre(2) = 6(V2), (3.14)
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Figure 3.2: Test and spurious accuracies as a function of the number of training samples n, for
various binary classification tasks. In the first two plots, we consider the RF model in (3.14) with
k = 10° trained over Gaussian data with d = 1000. The labeling function is g(x) = sign(u'x).
We repeat the experiments for o = {0.25,0.5} and for the two activations ¢o = hy + ha and
¢4 = h1 + hyg, where h; denotes the i-th Hermite polynomial (see Appendix B). In the last two plots,
we consider the same model with ReLU activation, trained over two MNIST and CIFAR-10 classes.
The width of the noise background is 10 pixels for MNIST and 8 pixels for CIFAR-10, see Figure 3.1.
The spurious accuracy is obtained by querying the model only with the noise background from the
training set, replacing all the other pixels with 0, and taking the sign of the output. As we consider
binary classification, an accuracy of 0.5 is achieved by random guessing. We plot the average over
10 independent trials and the confidence band at 1 standard deviation.

where V' is a k x d matrix s.t. V; j ~i;4. N (0,1/d), and ¢ is an activation applied component-
wise. The number of parameters of this model is k, as V is fixed and # € R* contains trainable
parameters. We denote by p; the I-th Hermite coefficient of ¢ (see Appendix B|for details).

Assumption 3.3 (Data distribution). The input data (21, ..., 2,) are n i.i.d. samples from
Pz = Px x Py s.t. z; € R? can be written as z; = [x;,y;], with z; € R%, y; € R% and
d = d, +d,. We assume that x; ~ Px is independent of y; ~ Py, and the following holds:

1 ||zll, = Vd, and |ly|l, = \/d,,

2. E[z] =0 and E[y] = 0.

3. Px and Py satisfy Lipschitz concentration.

The first two assumptions are achieved by data pre-processing and could be relaxed as in
Assumption 1 of Bombari et al.| [2022b] at the cost of a more involved argument. The third
assumption (see Appendix [B| for details) corresponds to data having well-behaved tails, and it
covers a number of important cases, e.g., standard Gaussian [Vershynin, 2018|, uniform on the
sphere/hypercube [Vershynin| 2018|, or data obtained via GANs [Seddik et al., 2020|. This
requirement is common in the related literature [Bombari et al., 2022b| Bubeck and Sellke,
2021, Nguyen et al., 2021b] and it is often replaced by a stronger requirement (e.g., data
uniform on the sphere), see Montanari and Zhong [2020].

Assumption 3.4 (Over-parameterization and high-dimensional data).

nlog®n =o(k),  Vdlogd=o(k),  klogk = o(d®. (3.15)

The first condition in (3.15) requires the number of neurons k to scale faster than the number
of data points n. This over-parameterization leads to a lower bound on the smallest eigenvalue
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of the kernel induced by the feature map, which in turn implies that the model interpolates
the data, as required to write (3.3). This over-parameterized regime also achieves minimum
test error [Mei and Montanari, 2022]. Combining the second and third conditions in (3.15),
we have that k can scale between v/d and d* (up to log factors). Finally, merging the first
and third condition gives that d? scales faster than n. We notice that this holds for standard
datasets (MNIST, CIFAR-10 and ImageNet).

Assumption 3.5 (Activation function). The activation function ¢ is a non-linear L-Lipschitz
function.

Theorem 3.6. Let Assumptions|3.3, 3.4, and 3.5 hold, and let © ~ Px be sampled indepen-
dently from everything. Consider querying the trained RF model (3.14) with z§ = [x,y]. Let
a = d,/d and Fre(25,21) be the feature alignment between z; and z,, as defined in (3.8).
Then,

[ Fre (21, 21) = kel = o(1), (3.16)

with probability at least 1 — exp(—clog®n) over V, Z and x, where yge < 1 does not depend
on z1 and x. Furthermore, letting 1, be the [-th Hermite coefficient of the activation ¢ (see
Appendix B), we have

Zl > Mo
YRE > — 0(1), (317)
PO
with probability at least 1 — exp(—clog®n) over V and Z_,, i.e., Vre is bounded away from 0

with high probability.

Theorem 3.6 proves the concentration of the feature alignment Fgre(2§, 21) to a constant g
between S°;£% pal/ 3750 u? > 0 and 1. The lower bound increases with « (as expected, since
« is the fraction of the input given by the spurious feature), and it depends in a non-trivial
way on the activation via its Hermite coefficients. This result validates the argument in (3.10),
where we replaced the feature alignment JFrr (2], 21) with a constant yre > 0. Thus, (3.11)
now reads

Cov (fre(27,0),91) < VRF\/RZ,l\/Var(gl), (3.18)

which quantifies the memorization of spurious features in terms of the generalization error and
the constant .

These effects are clearly displayed in Figure 3.2/ for binary classification on synthetic (first two
plots) and image (last two plots) datasets. Specifically, as the number of samples n increases,
the test accuracy increases and the spurious accuracy (obtained by querying the trained model
with the spurious sample f(z7, 6*)) decreases. Furthermore, for the synthetic dataset, while the
test accuracy does not depend on « or the activation function, the spurious accuracy increases
with o and by taking an activation function with dominant low-order Hermite coefficients, as
predicted by (3.17). For an additional experiment highlighting the dependence on «, we refer
the reader to Figure D.2/in Appendix |D.5.

Proof sketch. We set

E, .s 25T Pg- z
- ,1[90RF(L1) @,ISDR;:( 1)]' (3.19)
Ezl[“P@,lSORF(Zl)HQ]

Here, Py , is the projector over Span{rows(®gr _1)} and ®re _; the RF feature matrix after
removing the first row. With this choice, the numerator and denominator of Yrr equal the
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Figure 3.3: We consider the NTK model in (3.24) with k& = 100, trained on MNIST (digits 1 and
7, first and second plots), and CIFAR-10 (cats and ships, third and fourth plots). We repeat the
experiments for activations whose derivatives are ¢, = hg + hy and ¢§ = ho + h7, where h; denotes
the i-th Hermite polynomial (see Appendix B)). The rest of the setup is the same as that of Figure
3.2,

expectations of the corresponding quantities appearing in Fre(z, z1). Thus, the concentration
result in (3.16) is obtained from the general form of the Hanson-Wright inequality in [Adamczak|
2015], see Lemma D.12. The upper bound e < 1 follows from an application of Cauchy-
Schwarz inequality. In contrast, the lower bound is more involved and it is obtained via the
three steps below.

Step 1: Centering the feature map pre. We extract the term Ey [¢p(V 2)] from the expression
of Frr and show it can be neglected, due to the specific structure of ngl' Specifically, letting

Pre(2) = ¢rr(2) — Ey [pre(2)], we have

Fre(25, 21) ~ Pre(21) " Po, Pre(21) _ Pre(21) " Pre(21) — Pre(2]) " Po_, Pre(21)
1,%1) = N 2 N 2
Hpi_lSORF(Zl)HQ HP%_ﬁDRF(Zl)HQ

where ~ denotes an equality up to a o(1) term. This is formalized in Lemma D.8.

, (3.20)

Step 2: Linearization of the centered feature map Qge. We consider the terms @re(25), Pre(21)
that multiply Py_, in the RHS of (3.20), and we show that they are well approximated by
their first-order Hermite expansions (y1V 25 and 11V 21, respectively). In fact, the rest of the
Hermite series scales at most as n/d?, which is negligible due to Assumption 3.4. Specifically,
Lemma D.9 implies

Pre(21) " Pre(21) — Pre(2]) T Po_, Pre(21) -~ Pre(2]) Pre(21) — M%(VZT)TPq)—l(VZl)'

. P = N 2
“P$,1¢RF(ZI)"2 HpqilSORF(Zl)Hz
(3.21)
Step 3: Lower bound in terms of a and {y};>2. To conclude, we express the RHS of (3.21)
as follows: . o ) - ) S
Pre(21) Pre(21) —pi(V2)) (V) + i (Vz)) P (V)
- 2 ~ 2
|Ze (20113 = [ Po re(z1) (322)
> Pre(21) T Pre(21) — pi(V2)) T (V) ~ Y5 i <0
~ 1Pre (20115 S

where > denotes an inequality up to a o(1) term. As Py , = I — Py, the term in the
first line equals the RHS of (3.21). Next, we show that xf(V2;)" Py (Vz1) is equal to
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13 (Vy1,0]) " Py (V[y1,0]) (which corresponds to the common noise part in z1, z;) plus a
vanishing term, see Lemma D.10. As p2(V'[y1,0])" Py (V[y1,0]) > 0, the inequality in the
second line follows. The last step is obtained by showing concentration over V' of numerator
and denominator. The expression on the RHS of (3.22) is strictly positive as @ > 0 and ¢ is
non-linear by Assumption 3.5.

3.6 Main result for NTK features

We consider the following two-layer neural network

k

fnn(zaw> = Z¢ (sz> . (323)

=1

The hidden layer contains k£ neurons; ¢ is an activation function applied component-wise;
W € R¥*4 denotes the weights of the hidden layer; W;. denotes the i-th row of W; and we
set the k& weights of the second layer to 1. We indicate with w the vector containing the
parameters of this model, i.e., w = [vec(W)] € R?, with p = kd. We initialize the network
with standard (e.g., He's or LeCun’s) initialization, i.e., [Wyl;; ~ii4. N(0,1/d).

The NTK regression model takes the form

fNTK(Z; 9) = SONTK(Z)Tey @NTK(Z) = wann(Z, w>|w=w0 =zQ ¢/(W02), (3-24)

where V., fun in the second line is computed via the chain rule. The vector of trainable
parameters is 0 € RP, with p = kd, which is initialized with 6y = wy = [vec(V}))]. We note
that fntk(z, 0) is the linearization of f,,(z,w) around the initial point w, [Bartlett et al., 2021,
Jacot et al., 2018], and the model in (3.24) corresponds to training the two-layer network
(3.23) in the lazy regime [Chizat et al., [2019, |Oymak and Soltanolkotabi, [2019|. As such, it
has received significant attention in the theoretical literature, see e.g. [Bombari et al., 2023,
Dohmatob and Bietti, 2022, [Montanari and Zhong, 2020].

Assumption 3.7 (Over-parameterization and topology).

nlog®n = o(kd), n>d, k=0(d). (3.25)

The first condition is the smallest (up to log factors) over-parameterization that guarantees
interpolation [Bombari et al., 2022b]. The second condition is rather mild (it is easily satisfied
by standard datasets) and purely technical. The third condition is required to lower bound
the smallest eigenvalue of the kernel induced by the feature map (3.24), and a stronger

requirement, i.e., the strict inequality k < d, has appeared in prior work [Nguyen and Hein,
2017, 2018, [Nguyen and Mondelli, 2020].

Assumption 3.8 (Activation function). The activation function ¢ is non-linear and its
derivative ¢’ is L-Lipschitz.

We denote by 1 the [-th Hermite coefficient of ¢’. We remark that the invertibility of the
kernel Ktk induced by the feature map (3.24) follows from Lemma [D.13. At this point,
we are ready to state our main result for the NTK model, whose full proof is contained in
Appendix D.4.
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Figure 3.4: Test and spurious accuracies as a function of the number of training samples n, for
a fully connected (FC, first two plots), and a small convolutional neural network (CNN, last two
plots). In the first plot, we use synthetic (Gaussian) data with d = 1000, and the labeling function is
g(x) = sign(u'x). As we consider binary classification, the accuracy of random guessing is 0.5. The
other plots use subsets of the MNIST and CIFAR-10 datasets, with an external layer of noise added
to images, see Figure 3.1. As we consider 10 classes, the accuracy of random guessing is 0.1. We

plot the average over 10 independent trials and the confidence band at 1 standard deviation.

Theorem 3.9. Let Assumptions|3.3, 3.7, and 3.8 hold, and let © ~ Px be sampled indepen-
dently from everything. Consider querying the trained NTK model (3.24) with z{ = [z, y1].
Let @ = d,/d € (0,1) and Fntk(2],21) be the feature alignment between z; and z;, as
defined in (3.8). Then, letting 11; be the I-th Hermite coefficient of the derivative of the
activation ¢/ (see Appendix B), we have

2 1
211/%

<1, (3.26)
Zz 1 Ml

| FnTk (27, 21) — WnTk| = 0(1), where 0 < YnTK = @ =
with probability at least 1 — nexp(—clog® k) — exp(—clog®n) over Z, x and Wj,.

Theorem [3.6| proves the concentration of the feature alignment Fytk (27, 21) to a constant
YNTK, Which has an exact expression depending on « and the Hermite coefficients of the
derivative of the activation. This result validates the argument in (3.10), where we replaced
the feature alignment Fytk(2{, 21) with a constant yntk > 0. Thus, (3.11) now reads

Cov (fntk(21,07), 91) < INTK \/Rz,l \/Var (91), (3.27)

which quantifies the memorization of spurious features in terms of the generalization error and
the constant ynTk.

Figure 3.3| considers training on MNIST and CIFAR-10, and it shows that the predictions of
Theorem 3.9| also hold for standard datasets: as n increases, the test accuracy improves and
the spurious accuracy decreases; considering activations with dominant high-order Hermite
coefficients reduces memorization. For additional experiments using the same setup as Figure
3.2 and highlighting the dependence on «, we refer the reader to Figures D.1 and D.2|in
Appendix D.5.

Proof sketch. The argument is more direct than for the RF model since, in this case, we
are able to express ynTk in closed form. We denote by Py _, the projector over the span of
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the rows of the NTK feature matrix ®ytk 1 without the first row. Then, the first step is to
center the feature map pnTk, Which gives

entk(27) " Py ontr(21) - Park(#1) ' Py, Pnri(#1)

Pt o], P e ()]

: (3.28)

where Py (2) == 2 @ (¢ (Woz) — Ew, [¢'(Woz)]). While a similar step appeared in the
analysis of the RF model, its implementation for NTK requires a different strategy. In
particular, we exploit that the samples z; and 2§ are approximately contained in the span of
the rows of Z_; (see Lemma D.16). As the rows of Z_; may not exactly span all R?, we resort
to an approximation by adding a small amount of independent noise to every entry of Z_;.
The resulting perturbed dataset Z_; satisfies Span{rows(Z_;)} = R? (see Lemma D.15),
and we conclude via a continuity argument with respect to the magnitude of the perturbation
(see Lemmas D.14| and D.17).

2
The second step is to upper bound the terms ‘@NTK(zf)TPq>_1¢NTK(zl)‘ and "P¢_1¢NTK(z1)“ ,

2
showing they have negligible magnitude, which gives

enrk(21) " Po Pnrk(21) N Pnrk(21) Pt (21)

Hpil‘pNTK(Zl)Hz ezl

(3.29)

This is a consequence of the fact that, if z ~ Pz is independent from Z_;, then ¢(z) is
roughly orthogonal to Span{rows(®ntk 1)}, see Lemma D.20.

Finally, the third step is to show the concentration over Wy of the numerator and denominator
of the RHS of (3.29), see Lemma D.18. This allows us to conclude that

~ s\ T ~ +o0 12 4
‘PNTKE%) SONTKQ(Zl) ~ o Zlilooul /(; < 0. (3.30)
||SONTK(ZI)||2 21 My

The RHS of (3.30) is strictly positive as « > 0 and ¢ is non-linear by Assumption 3.8.

Discussion.  As showed by (3.11) o ResNet18 ResNet50
and (313), if .F@(zl, Zf) converges ' —— Spurious accuracy

to 0, spurious correlations are not 038 s

memorized by the model. However, ¢

Theorems|3.6/and 3.9 prove that, for
the RF and NTK model respectively,
a strictly positive geometric overlap 0.2

(v > 0) guarantees a strictly posi- o 107 10°  10f o 100 10°  10°
tive feature alignment. Thus, these N N

results imply that, as long as the
generalization error is not vanish-
ing, spurious features are memorized
and, in fact, we quantify the extent
to which memorization occurs. Re-
markably, our experiments on real
datasets (see Figure 3.3) show that
the effect of the activation function

0.4

Figure 3.5: Test and spurious accuracies as a function of the
number of training samples n, for two ResNet architectures.
We use subsets of the CIFAR-10 dataset, with an external
layer of noise added to images, see Figure 3.1, As we consider
10 classes, the accuracy of random guessing is 0.1. We plot
the average over 10 independent trials and the confidence
band at 1 standard deviation.
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is in line with our predictions: taking ¢’ with higher order Hermite coefficients lead to models
that are less prone to memorize spurious features. Finally, while we focus on generalized
linear regression, the interplay between memorization of spurious features and generalization
provided by our analysis holds in far more generality and, in particular, it is displayed by neural
networks also capable of feature learning, see Figures 3.4 and 3.5!

3.7 Conclusions

In this chapter, we present a theoretical framework to quantify the memorization of spurious
features. Our characterization hinges on (i) the classical notion of stability of the model
w.r.t. a training sample, and (ii) a novel notion of feature alignment F(z%, z) between two
samples that share the same spurious feature y. By providing a precise analysis of the feature
alignment in the prototypical settings of random and NTK features regression, we show
that the memorization is proportional to the generalization error, and we characterize the
proportionality constant, revealing how it depends on the model and its activation function.
Our theoretical predictions are confirmed by numerical experiments on standard datasets (see
Figure 3.3) and on different neural network architectures (see Figures 3.4/ and 3.5).

The approach we put forward is rather general, and our results could be extended to cases
where the spurious feature y is correlated with the ground-truth label g. Another possible
extension involves testing the trained model on a new spurious feature ¢, which is not present
in the training set but is correlated with a feature y that has already been seen; or capturing
the role of simplicity bias in this phenomenon. We also remark that the formalism introduced
by Lemma 3.2 applies to any feature map ¢ (e.g., with multiple fully-connected, convolutional
or attention layers). Characterizing the feature alignment of such maps would allow to compare
different models and establish which of those is less prone to memorizing spurious correlations.
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CHAPTER

A Law of Data Reconstruction for
Random Features (and Beyond)

Large-scale deep learning models are known to memorize parts of the training set. In machine
learning theory, memorization is often framed as interpolation or label fitting, and classical
results show that this can be achieved when the number of parameters p in the model is
larger than the number of training samples n. In this work, we consider memorization from
the perspective of data reconstruction, demonstrating that this can be achieved when p is
larger than dn, where d is the dimensionality of the data. More specifically, we show that,
in the random features model, when p > dn, the subspace spanned by the training samples
in feature space gives sufficient information to identify the individual samples in input space.
Our analysis suggests an optimization method to reconstruct the dataset from the model
parameters, and we demonstrate that this method performs well on various architectures
(random features, two-layer fully-connected and deep residual networks). Our results reveal a
law of data reconstruction, according to which the entire training dataset can be recovered as
p exceeds the threshold dn.

This chapter is based on the work published at ICLR 2026: A law of data reconstruction for
random features (and beyond).

4.1 Introduction

How many parameters does a neural network need to memorize the training data?

The answer to this question depends on what one means by memorization, a term used with
different purposes in the machine learning literature. Informally speaking, as described in
the introduction, it captures the phenomenon of models storing the information of individual
training samples, as opposed to learning the statistical patterns in the data. Thus, on the
one hand, it is used to describe the phenomenon of label fitting [Zhang et al., 2017b| or
forms of leave-one-out output stability [Feldman, 2020, |Feldman and Zhang, 2020|. On the
other hand, memorization is associated with reconstructing parts of the training set through
knowledge of the model parameters |Carlini et al., 2023b, Schwarzschild et al., 2024, Cooper
and Grimmelmann), 2024]. Notably, this reconstruction is possible in modern foundation models
[Carlini et al., [2021] |Nasr et al., 2025a, (Cooper et al., [2025], with consequences in terms of
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privacy concerns and copyright infringement [Tramer et al., [2024, |(Cooper and Grimmelmann,
2024).

Understanding how many parameters a neural network needs to interpolate the dataset (or,
equivalently, memorize the labels) is a classical problem [Cover, 1965|, with more modern
literature showing that interpolation occurs as soon as the number of model parameters p
exceeds the number of training samples n [Soltanolkotabi et al., 2018, Montanari and Zhong,
2020, Bombari et al., [2022b]. An intuition for the phenomenon is that solving n equations
(given by the training samples) generally requires p > n degrees of freedom (given by the
model parameters). In contrast, for the problem of reconstructing the training dataset, the
situation is less clear. Empirical work has observed that this task becomes easier as the model
gets larger [Haim et al [2022, |Carlini et al., [2023b]. However, theoretical work has taken
different perspectives, focusing e.g. on impossibility results for differentially private training
[Balle et al., 2022], on reconstructing the data from the model gradients [Wang et al., 2023]
or on models with an infinite number of parameters [Loo et al., 2024]. To the best of our
knowledge, there is no theoretical result connecting feasibility of data reconstruction and model
size.

To address this gap, we propose a law of data reconstruction, giving a threshold for which
reconstruction becomes possible. We consider random features (RF) regression, where the
model is frr(z,0) = o(x)"0, see Eq. (4.1). Here, x is the d-dimensional input, () the
corresponding p-dimensional feature vector, and 6 the p-dimensional model parameter vector
obtained by running gradient descent on the square loss over n samples. This chapter gives
theoretical and empirical evidence that:

all the training data can be reconstructed when p > dn.

An intuition for the phenomenon is that solving dn equations (given by each dimension of each
training sample) generally requires p > dn degrees of freedom (given by the model parameters).
Our analysis also suggests an optimization algorithm to reconstruct the training dataset and,
as a proof of concept, we discuss the results of the designed method on CIFAR-10. We train
a family of RF models using the square loss on n = 100 training samples. The left panel of
Figure 4.1 shows the training loss in black and the reconstruction error in red (formally defined
in Eq. (4.12)), as functions of the number of parameters p. As expected, the training error
converges to 0 after the interpolation threshold p = n, where labels are memorized. In contrast,
the reconstruction error drops only when p is of order dn. In the right panel of Figure 4.1, we
display training images (odd rows) and reconstructed ones (even rows) for p = 10dn, showing
that the whole dataset is recovered successfully. Our contributions are summarized below:

» In Theorem 4.4, we consider a set of n points Z1,...,%, € R? and prove that when
p > dn, if for every training sample z; it holds (x;) € Span{{p(2;)}}_,}, then all the
Zj-s must be close to one of the original training data.

= As the previous result does not exclude the possibility of duplicates within the Z;-s, in
Theorem 4.5 we prove that the 2 j-s must be distinct, focusing on the case n = 2 for simplicity.
Taken together, Theorem 4.4/ and 4.5 show that, when p > dn, the entire training set
can be reconstructed given knowledge of the subspace Span{{¢(z;)}?,}. In fact, having
access to Span{{y(z;)}{_,}, one can then look for Z1,..., %, s.t. v € Span{{p(Z;)}7_, }

for any v € Span{{p(x;)}j_,}-
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Figure 4.1: Thresholds for label fitting and data reconstruction in the random features model.
(Left) We consider RF regression with RelLU activation on binary labels (frogs vs. trucks) with
n = 100 images (50 examples per class) from CIFAR-10 (d = 3072). We report the mean for both
the reconstruction error (in red, defined in (4.12)) and the training error (in black, mean squared
error), as the number of parameters p increases. Statistics are computed across 4 distinct random
seeds, and the standard deviation across seeds is very small (the confidence interval at one standard
deviation is reported in the plot as shaded area, but it is imperceptible). For p > n, training labels
are memorized, while reconstruction is feasible when p becomes larger than dn. (Right) Results of
the reconstruction when p = 10dn. Odd rows report the ground truth images, while even rows the
reconstructed ones which are all visually very similar.

= In practice, we have access to the vector of trained parameters 6*, which is in Span{{p(z;)}7,},
see Eq. (4.2). This motivates considering the reconstruction loss || Py 6*|3, where Py is
the projector on Span{{y(Z;)}i-,}: if ||Pg6*[|5 = 0, then 6* € Span{{p(2;)}}_,}. We
empirically show that optimizing this loss over the Z;-s via gradient descent leads to the
reconstruction of the training dataset, when p > dn. Notably, this procedure for data
reconstruction is not limited to the RF model, but it performs well also for two-layer and
deep residual networks, see Figures 4.6-4.7.

We finally remark that the scaling p > dn was previously considered in the context of adversarial
robustness: prior work proved that the condition p >> dn is both necessary [Bubeck et al., 2021,
Bubeck and Sellke, 2021] and, in some settings, sufficient [Bombari et al., 2023| for smooth label
interpolation. This suggests an inherent connection between the adversarial robustness of the
model and the ability to reconstruct training data from knowledge of its parameters. Our code is
publicly available at https://github.com/iurada/data-reconstruction-law.

4.2 Related work

Over-parameterization and memorization. The problem of label memorization and how
it relates to the number of parameters in a neural network dates back to seminal results
[Cover, 1965, Baum, 1988]. More recently, a line of work aimed at showing that gradient
descent converges to 0 training loss (i.e., the model memorizes the labels) for networks with
progressively smaller over-parameterization, as discussed in Chapter 2. There, we show that
p > n parameters are sufficient to fit any set of labels in deep neural networks. Under a
separability assumption, it has also been shown that n arbitrary training points can be perfectly
classified by a neural network with p >> /n parameters [Vardi et al., 2022]. This, in the
context of regression, implies that p > log(1/€)/n is sufficient to guarantee an error of at
most €. In contrast, the problem of input data memorization and reconstruction has been
much less explored from a theoretical standpoint. Balle et al.| [2022] proved impossibility
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results if the model is trained with differential privacy [Dwork et al., 2006, and showed that
in generalized linear models it is possible to reconstruct an individual data provided all other
training samples are known. |Loo et al.|[2024] considered networks with an infinite number
of parameters, Smorodinsky et al. [2024] focused on partial uni-dimensional (d = 1) training
set reconstruction, and Wang et al.| [2023] assumed knowledge of model gradients, requiring
p > d? parameters with n at most of order d'/*. The regime p > dn was heuristically
identified by Haim et al.| [2022] as enabling successful data reconstruction, while [Brown et al |
2021, [Feldman et al., 2025| studied its role as a requirement for learning certain tasks, rather
than for data reconstruction.

Data reconstruction. Recent studies have shown that training data can be extracted from
generative models by carefully prompting their generation routines [Carlini et al., 2023a, Zhang
et al., [2023, Nasr et al., 2025a, (Cooper et al., 2025]. More generally, data reconstruction is a
broader task, not limited to generative models, that aims to recover the training set directly
from the learned model’s parameters [Cooper and Grimmelmann, 2024]. A possible approach
is via model inversion attacks, which optimize over the input space to raise a class score,
although this method generally recovers class prototypes rather than specific training samples
[Fredrikson et al., 2015, Mahendran and Vedaldi, 2015]. Another strategy relies on the implicit
bias of gradient descent for homogeneous networks [Lyu and Li, 2020, Ji and Telgarsky, 2020]:
Haim et al.| [2022] proposed a reconstruction objective motivated by the observation that
gradient descent converges to points satisfying the KKT conditions of a max-margin problem,
and empirically showed that training samples on the classification margin can be recovered.
This method was then extended by Buzaglo et al.| [2023], Oz et al.| [2024] to the multiclass
setting with general losses, and to larger scale pretrained models. Loo et al.| [2024] adapted
the idea to neural networks trained with the square loss in the linear (or NTK) regime [Jacot
et al., 2018, |Lee et al., [2019]. This leads to an optimization method for data reconstruction
which has similarities with ours (compare Eq. (7) in [Loo et al., 2024] with Eq. (4.11) in this
chapter).

We refer the reader to Chapter 3 for a discussion of the related literature on the RF model.

4.3 Problem setup

Notation. All complexity notations w, €2, ©, O, o0 are understood for sufficiently large input
dimension d and number of parameters p. Given a positive number k, [k] denotes the set of
positive numbers from 1 to k. Given a vector v, ||v||, denotes its Euclidean norm. Given a
matrix A € R™*", we denote by P4 € R"*" the projector over Span{rows(A)}. We say that
an event holds with overwhelming probability if it holds with probability at least 1 — e~«(logd)

Let (X,Y) be a labeled training dataset, where X = [x1,...,z,]" € R™*? contains the training
input data (sampled i.i.d. from a distribution Px) on its rows and Y = (y1,...,yn) € R"
contains the corresponding labels. We define the random features (RF) model as

fRF<:B7 9) = ¢(Vx)T9 = So(x)—rea (41)

where p(x) € RP is the feature vector associated to the input x € R?, and 0 € R” are
trainable parameters. The random features matrix V' € RP*? is s.t. V; ; ~; ;4. N(0,1/d), and
¢ : R — R is a non-linearity applied component-wise. We note that fre(z,0) is a generalized
linear model, and it can be regarded as a two-layer fully-connected neural network, where
only the second layer is trained. We consider the supervised learning setup where a quadratic
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training loss (without regularization) is minimized via gradient descent. When the learning
rate is sufficiently small, gradient descent converges to the interpolator which is the closest in
{5 norm to the initialization (see Equation (33) in [Bartlett et al., 2021]), which we consider
equal to O for simplicity. Then, denoting with ® := [¢(z1),...,¢(z,)]" € R™P the feature
matrix, the trained parameters are

6 = oY, (4.2)

where &1 is the Moore-Penrose inverse of ®.

Assumption 4.1 (Data distribution). The training samples {x1,...,x,} are n ii.d. samples
from the sub-Gaussian distribution Px, with ||z|,, = O(1), and such that ||z[|, = V.

This assumption requires the data to have well-behaved tails (see the definition of the sub-
Gaussian norm ||-[[,,, in Eq. (B.1) in Appendix B| for further details), and allows for badly
conditioned distributions. This hypothesis is commonly used in the related literature, and
it includes e.g. Gaussian data, data respecting Lipschitz concentration [Bubeck and Sellke,
2021, Bombari et al., 2023, von Berg et al., 2025|, and data uniform on the sphere [Mei and
Montanari, 2022, Hu et al., 2024]. The normalization ||z|| = v/d is chosen for technical
convenience, and this scaling of the norm (combined with the scaling of the random features
matrix V') guarantees that the pre-activations of the model (i.e. , the entries of V) are of
constant order.

Assumption 4.2 (Activation function). The activation function ¢ : R — R is a non-linear,
Lipschitz continuous function such that its derivative is also Lipschitz. Letting j; denote the
[-th Hermite coefficient of ¢, we further assume that jip = ps = 0, py # 0, and that there
exist two non-zero Hermite coefficients of order > 3 with different parity.

This assumption is motivated by theoretical convenience, and we expect our results to hold for
a wider set of activations (as in [Mei et al., 2021]) after a more involved analysis. Except for
the last condition on the parity of high-order Hermite coefficients, Assumption 4.2| resembles
the setting considered by Hu and Lu| [2022], and it covers a wide family of odd activations,
including tanh. The parity of high-order Hermite coefficients is used to reconstruct the correct
sign of the training data, and it appears to be necessary for that, see Remark 4.4 for details.

Assumption 4.3 (Over-parameterization). We consider a data dimensionality regime where
n = O(d), and an over-parameterized model with
p=w (nd log® d) : (4.3)

To guarantee that the RF model interpolates the data, it suffices that p > n [Mei et al.,
2021, Wang and Zhu, 2021]. The stronger over-parameterization requirement in Eq. (4.3)
was shown to be both necessary [Bubeck and Sellke, [2021] and, in some settings, sufficient
[Bombari et al., [2023] to achieve smooth interpolation. We focus on the regime n = O(d),
which includes the popular proportional regime n = ©(d) as well as the regime where n is a
fixed constant (independent of d, p). We expect our results to be generalizable also to n > d
[Mei et al., 2021, |Hu et al., 2024, |Pandit et al., 2024].

4.4 Main results

In this section, we present our main theoretical results, pinpointing p > dn as the over-
parameterization threshold such that data reconstruction can take place given knowledge of
the subspace of the training samples in feature space.
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More formally, the goal of data reconstruction is to exhibit a matrix X € R™* such that
its rows #; € R? are close to the rows of the original training data matrix X. When
2], = l|2ll, = V/d, a reconstructed sample #; can be considered close to a training sample
; if |2, — 24|, = o(V/d). Let us also define d = [p(21),...,0(#,)] € R™™P as the feature
matrix of the reconstructed data. Then, the result below gives sufficient conditions for all
rows of X to be close to training samples.

Theorem 4.4. Let Assumptions 4.1, 4.2, and 4.3 hold. Let )A(AE R™*? be such that its rows
satisfy ||#;]|, = V/d, and for every i € [n], p(x;) € Span{rows(®)}. Then, with overwhelming
probability, for any i € [n], there exists i € [n] such that

13 — a4ll, = o(Vd). (4.4)

In words, Theorem /4.4 states that, if the random features of the training samples are spanned
by the random features of a matrix X, the rows of X must be close (in input space) to the
original training samples. Geometrically, this result proves that, when p > dn, in order to
span the subspace generated by the training data features, one has to consider approximately
the same vectors, as there is no solution to this problem obtained by non-degenerate linear
combinations. In contrast with [Loo et al., 2024] which tackles the case p — oo, our
main contribution is to pinpoint the threshold p > dn constituting a sufficient amount
of over-parameterization to reconstruct the data. We also highlight that, for the claim of
Theorem 4.4 to hold, assumptions on the activation are necessary: if ¢ is linear, picking
Ty = Vd(z; + zip1)/||lzi + 2ipall2 (G € [0 —1]) and 2, = Vd(x, — 1) /|20 — 212 gives a
counterexample to (4.4). The proof of Theorem 4.4 is deferred to Appendix E.1, and a sketch
is below.

Proof sketch. Prior results on the RF kernel concentration [Mei et al., 2021, Wang and
Zhu, 2021] guarantee that, for p > n, the smallest eigenvalue A\i,(®®") is bounded
away from 0. Thus, the rows of ® are linearly independent (they span a sub-space of
dimension exactly n). Then, as the n row vectors of & span all rows of & (by hypothe5|s),
Span{rows(®)} = Span{rows(®)}. This in turn gives that, if & € R% is a generic row of X,
then ¢(z) € Span{rows(®)}, i.e.,

z) = iaigo(xi). (4.5)

As argued above, the result cannot hold for linear activations, so let us focus on the non-linear
component @(z;) = ¢(Vx;) — pVa; in the Hermite basis. Taking the inner product of both
sides of (4.5) with @(x;) and with @(Z) yields, with overwhelming probability,

=0 (ﬁ) +o(1),  |lall3-1|=0 (ﬁ) +o(1), (4.6)

where a € R" is defined as the vector containing a; in its i-th entry, and fi? is the sum of
the squares of the Hermite coefficients of ¢ of order at least 3. The two results in Eq. (4.6)
are formalized in Lemmas E.2-E.3, and they rely on concentration arguments on the random
features V, which have to hold uniformly over any & € v/dS*'. To obtain such uniform
concentration, we rely on an e-net argument which crucially uses the condition p > dn.

o) () — ia;

Next, in Lemma E.4, we show that, with overwhelming probability,
TA

d

if C = max; , then < C7 4 o(1), (4.7)

2
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uniformly for every [ > 2. Combining (4.6)-(4.7) gives that |C' — 1| = o(1), i.e., there exists
a single training sample z; aligned with Z. To resolve the ambiguity in the sign, we use
that there exist two non-zero Hermite coefficients of order > 3 with different parity, which
concludes the argument. O

Sign ambiguity. The existence of two non-zero Hermite coefficients with different parity is
a necessary condition to recover the sign of the training samples. In fact, if ¢ is either even
or odd, the problem is under-determined in terms of the sign of the Z;-s, as Span{rows(®)}
does not depend on them. Remarkably, this effect is also evident in numerical experiments
optimizing the reconstruction loss defined in Eq. (4.11): Figure 4.4 considers ReLU activation
(which violates the last condition of Assumption 4.2, as its Hermite coefficients 1541 = 0 for

all I > 1) showing that negatives of training samples may be reconstructed.

Theorem 4.4 guarantees that all the rows of X are close to the training samples. However, it
may still happen that multiple rows of X are close to the same sample, leaving part of the
training dataset not reconstructed. This gap is approached by our next result which focuses
on the case n = 2.

Theorem 4.5. Let Assumptions|4.1, 4.2, and 4.3 hold. Let n = 2 and Xe ]R2fd be such
that its rows satisfy ||7;]|, = V/d, and for every i € {1,2}, p(x;) € Span{rows(®)}. Then,
with overwhelming probability, for any i € {1,2}, there exists i € {1,2} such that

125 — @ill, = o(Vd). (4.8)

In words, Theorem 4.5 shows that all training samples are in fact reconstructed, ruling out the
possibility of X containing repetitions. The proof is deferred to Appendix E.2 and a sketch is
below.

Proof sketch. We approach the problem by contradiction, supposing the existence of two
vectors €1, 5 € R? such that

le1ll2, lleall2 = 0(\/C_1>7 ©(z2) = arp(x1 + €1) + agp(x1 + €2),
for some real values a; and ay. A Taylor expansion of ¢(x; + £5) around z1 + & gives
o(r2) = (a1 + az)p(z1 +€1)

+az¢'(V(z1 +e1)) o (Ve —e1)) (4.9)
+ag ((p(r1 +e2) — p(z1 + 1) — ¢ (V(z1 +e1)) o (V(ea —€1))),

where o denotes the component-wise product of two vectors. First, we take the inner product
of both sides of Eq. (4.9) with V., which yields

|a1 + CL2| =0 <|a2| ng/a_ €1||2> + 0(1)7

with overwhelming probability (see Lemma E.9). Then, we take the inner product with
V(€2 — £1), and show that the first and third term of the RHS of Eq. (4.9) are negligible with
respect to the second one (see Lemmas E.7 and [E.8). An upper bound on the LHS of Eq.
(4.9) based on Cauchy-Schwartz inequality is then enough to show in Lemma [E.10 that

las| = O (ﬂ> L a4 as) = O(1),

lea — 61”2

43



4. A LAwW OF DATA RECONSTRUCTION FOR RANDOM FEATURES (AND BEYOND)

with overwhelming probability. The argument in Lemma E.7 relies on a concentration result
on the sum of independent random variables with sub-exponential norm much larger than their
standard deviation (see Lemma E.6). This is obtained via a Bernstein-type bound combined
with an e-net argument as, similarly to Theorem 4.4, we need a uniform control over any
choice of €1, 5. Finally, by taking the inner product of the two sides of Eq. (4.9) with @(z2),
we obtain

P(2)" p(a2) < ‘(a2 +a)@(x2) (1 + 51)’ + ’@2¢($2)T (o(z1 +&2) — (a1 + 51))’ :
(4.10)
Now, the LHS of Eq. (4.10) is ©(p) since ¢ is non-linear; the first term in the RHS of Eq.
(4.10) is o(p) as x1 and x5 are roughly orthogonal with overwhelming probability; and the last
term in the RHS of Eq. (4.10) is also o(p) via generalized Stein's lemma (see Lemma [E.11).
This gives the desired contradiction. O

Technical challenge for n > 3. We note that, already when n = 3, the presence of
duplicates is either given by the “triplet” 21, Z2, Z3 all similar to each other, or by a pair of
duplicates %1, 2o, with a different 3. The constructive approach used in the proof of Theorem
4.5 would require us to consider the two cases separately, and the amount of cases increases
combinatorially with n. Nevertheless, we suspect the idea that the span of duplicate samples
cannot contain higher order terms of the left-out samples (@(z2) in Eq. (4.10)) to carry over
to a general n, as long as p > dn.

From the theory to a reconstruction algo-
rithm. Our theoretical analysis shows that, un-
der sufficient over-parameterization (p > dn),
the matrix X successfully reconstructs the train-
ing dataset when [|Pzo(z;)[l2 = 0 for every
i € [n], where Pj; denotes the projector on

CIFAR-10 (Binary Labels, n = 100
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Span{rows(®)}. In practice, we only have access
to the trained model 6%, V' and the activation ¢. , '
Recall 6* = &Y € Span{rows(®)}, so 6* is a v “’“’ v o o
linear combination of {¢(x;)} ,, which suggests — Avg. [|Pyo(ei)lle/ VP
to solve the problem:
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Figure 4.2: Features of the training dataset
® are spanned by the features of the recon-

. - 2 -
X = argmin £(X), L(X)= HP;@* , - structed dataset ¢. We consider the same

X ||&illa=Vd
(4.11)

Importantly, enforcing that 6* lies in the span of

A

the reconstructed features (L£(X) = 0) does not

immediately imply that (z;) € Span{rows(®)}
for all 7 (as the implication only goes in the other
direction). In Figure 4.2, we numerically minimize
L(X) and check whether the vectors ¢(z;) ap-

A

proximately lie in the subspace Span{rows(®)}.

setup as in Figure|4.1. For different values of p,
we optimize until £(X) = 0, and report recon-
struction error (in red, defined in Eq. (4.12))
and normalized residual ||P§<p(:ci)||2 averaged
over i € [n] (in blue), with their confidence in-
terval at one standard deviation (shaded area).
Further details and evidence are in Appendix
E.4.1] see Figure E.1.

To do so, we calculate the average per-feature orthogonal residual, i.e. the average over
i € [n] of [|Py(z;)|l2/ /P, where Ps- = I — P4 projects onto the orthogonal complement

of Span{rows(®)}. This quantity equals 0 if and only if every o (z;) lies in Span{rows(®)}.
The normalization by \/p makes r(®) := 7, || Pyo(x;)]l2/(n4/p) of order 1 so that values
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of r(<i>) < 1 indicate numerically negligible residuals (i.e. , effective span inclusion). In Figure
4.2, the per-feature orthogonal residual (plotted in blue) remains large until the model crosses
the threshold p = dn, after which it drops sharply (for p < n, the optimization converges to
the non-degenerate case P; = I, which makes the orthogonal residual trivially zero). Thus,
this numerical evidence suggests that minimizing E(X) is sufficient to satisfy the hypotheses
of our main theorems for p > dn, and hence to successfully reconstruct the training data.
Equipped with these insights and a recipe for dataset reconstruction, we complement our
theory with numerical results as discussed below.

4.5 Numerical experiments

We initialize the rows 2; of X with i.i.d. standard Gaussian vectors. We then minimize E(f()
in (4.11) with gradient descent with momentum, normalizing each row Z; after the update
to constrain it on the d-dimensional sphere v/d S*!. In every experiment, we perform the
optimization until the reconstruction loss converges to zero, i.e. , E(f(*) =0 (up to machine
precision). To quantify reconstruction quality, we report the average /5 distance between the
rows of the ground truth and reconstructed data matrices, modulo a permutation on the rows
of the latter, i.e. ,

p(X, X ) —ﬁgg}lnf

, (4.12)

where P,, denotes the set of permutations of [n]. Obtaining IT* constitutes a classic linear
assignment problem [Bertsekas, 1998|, which we solve in polynomial time via the Hungarian
method [Kuhn, [1955]. We normalize our success metric with nv/d so that a reconstruction
can be considered successful as p(X, X*) becomes much smaller than 1. As our main focus is
on RelLU activations, whose odd Hermite coefficients (except ji1) are zero, recovered samples
can appear with flipped sign (see Remark 4.4 and Figure 4.4). Accordingly, we also maximize
p(X, f(*) over per-image sign flips.

In the following, we present numerical results by first considering a synthetic setup (i.i.d. data
uniformly distributed on the d-dimensional sphere), and then by reconstructing natural images
from the CIFAR-10 dataset (Section 4.5.1). Finally, we explore the extent to which these
phenomena are observed in neural networks trained with gradient descent (Section 4.5.2).

4.5.1 Random features regression

Synthetic data on the d-
dimensional sphere. We begin
with a synthetic task, where the
training data X = [x1,...,2,|" €
R™*? are n i.i.d. samples drawn uni-
formly from the sphere of radius v/d.
The labels Y € R™ are given by
Y = Xg + ¢, where g € R? has en-
tries g; ~ N(0,1/d) and the noise e
€ € R" is independent of the data Figure 4.5: Reconstructlon of higher-dimensional images.

X, with i.i.d. Gaussian entries with Ve repeat the same experiment of Figure 4.1 (right) using
zero mean and variance 0.25. Fig- " = 20 samples from Tiny-ImageNet and a random features

model with p = 10dn.

ure 4.3/ showcases the same trend
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Figure 4.3: Thresholds for label fitting and data reconstruction when training on i.i.d. data
unformly drawn from the d-dimensional sphere. We consider RF regression with ReLU activation,
fitting a noisy linear model. We report mean (solid line) and standard deviation (shaded area) for
both the reconstruction error (in red) and training loss (in black) as the number of parameters p
increases, at different choices of input dimensions d and number of dataset examples n. Statistics
are computed across 10 distinct random seeds. Two distinct thresholds clearly emerge: p > n for
label fitting, and p > dn for data reconstruction.
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Figure 4.4: Images reconstructed from an RF model with ReLU activation may have the
wrong sign. We repeat the experiment of Figure 4.1 using a different random seed and observe that
reconstructions from ReLU models can appear as sign-flipped versions of original training data. This
is due to the fact that ReLU has odd Hermite coefficients of order > 3 equal to zero, as discussed in
Remark 4.4.

for several choices of d and n: at p > n, the training loss approaches zero, while the
reconstruction error approaches zero when p becomes larger than dn.

Natural images with binary labels. The same phenomenon observed in the previous scenario
carries over to natural images with binary labels {£1}. For these experiments, we restrict
the CIFAR-10 training split to the first 50 instances of the “frog” and “truck" classes, fitting
several RF models with ReLU activation. In the left part of Figure 4.1, we can appreciate the
same transitions at p = n and p = dn respectively for label fitting and data reconstruction; the
right part of the figure then demonstrates that the reconstructed dataset appears perceptually
indistinguishable from the original training dataset. Notably, for ReLU the above visual match
may fail due to a sign error. In fact, with a different seed, we reconstruct the negatives
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4.5. Numerical experiments
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Figure 4.6: Thresholds for label fitting and data reconstruction for neural networks trained
with gradient descent on n = 10 CIFAR-10 images. We consider regression with the square loss,
training two-layer ReLU networks on the one-hot encoding of the 10-class labels (left) and ResNets
on binary labels (right). We report mean (solid line) and standard deviation (shaded area) for both
reconstruction error (in red) and training loss (in black), as the number of parameters in the last
layer p{&) increases. Statistics are computed across 10 distinct random seeds.

of some training images (Figure 4.4) even if the condition p > dn is met and the loss in
Eq. (4.11) converges. This aligns with Remark 4.4: RelLU violates Assumption 4.2 since
pogr1 = 0 for £ > 1. In Figure E.2 deferred to Appendix E.4.2, we show that the sign ambiguity
disappears upon taking the activation ¢(z) = ReLU(z) + tanh(z), which has mixed-parity
Hermite coefficients and, therefore, satisfies Assumption 4.2, In Figure 4.5, we display the
reconstructed images from the same experiment on Tiny-ImageNet, which has input dimension
d =3 x 64 x 64, for n = 20 (additional details can be found in Figure E.6 and Appendices
E.3-E.4.3).

4.5.2 Neural networks trained with gradient descent

Motivated by the RF baseline, we now turn our attention to finite-width networks, studying
how the number of parameters in the last layer pt") determines the ability to reconstruct the
training dataset. Concretely, we train two-layer and deep residual networks with full-batch
gradient descent, minimizing the square loss. Given that in this case the initialization is

non-zero, we modify the reconstruction loss as £(X) = HP;(@P — 65|12, where 6" and

0" are respectively the parameters of the last layer at initialization and at the end of training.
The feature matrix ® stacks the penultimate layer feature vectors ©(Z;). We assume access to
trained weights of all layers {94{1), . ,QSKL)}, the last layer at initialization QéL), and the neural
network's computational graph.

Two-layer neural networks. We consider a two-layer neural network fyn(z) = 0@ ¢(0M ),
with k-class output and ReLU activation ¢. The weight matrices #() € R"*¢ and #®? ¢
R**" have i.i.d. entries, initialized as 61(71]») ~ N(0,1/d), 67%) ~ N(0,1/h). In this setting,
p) =k x h, where h is the width of the network. In the left panel of Figure 4.6, we analyze
the ability to reconstruct CIFAR-10 images with one-hot targets for each of the 10 classes.
Although the output is no longer a scalar (as for random features), when p'*) becomes larger
than dn, the reconstruction error starts decreasing. For all models reported in the plot, the
total number of trainable parameters satisfies p > n (even when p¥) < n), so the model
interpolates all training labels and the training loss is close to zero. As a confirmation of
the quality of reconstructed images, we report in Figure 4.7  the reconstruction of n = 100
examples (10 per class), when pl) = 4dn. Also in this scenario, the reconstructed images are
perceptually indistinguishable from original training data.
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4. A LAwW oF DATA RECONSTRUCTION FOR RANDOM FEATURES (AND BEYOND)
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Figure 4.7: Multi-class training data reconstructed from a neural network trained on CIFAR-
10. We train a two-layer ReLU network on n = 100 images from CIFAR-10 dataset (10 examples
per class) with gradient descent. We cast the training procedure as multi-class regression on square
loss, using one-hot encoded class labels as targets. The number of parameters in the last layer of the
network is p(&) = 4dn.
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Figure 4.8: Thresholds for data reconstruction on classification experiments. (Left) We consider
binary classification over n = 100 i.i.d. samples uniformly drawn from the d-dimensional sphere
(d = 100). We train RF models with ReLU activation by minimizing the logistic loss with gradient
descent. (Right) We consider multi-class classification and train two-layer ReLU networks on n = 10
CIFAR-10 images by minimizing cross-entropy loss with gradient descent. We report mean (solid
line) and standard deviation (shaded area) for the reconstruction error (in red), for the training loss
(in black) and for the per-feature orthogonal residual of projecting ® onto Span{rows(®)} (in blue).
We indicate with p(X) the number of parameters in the last layer. Statistics are computed across 10
distinct random seeds.

Deep residual networks. We conclude the experimental evaluation with residual archi-
tectures, probing how their structure (i.e. , residual connections and convolutions) affects
reconstructability. We defer the formal definition of the model involved in these experiments to
Appendix E.3.1. On CIFAR-10 (frogs vs. trucks), shown in the rightmost panel of Figure 4.6,
ResNets display a transition for data reconstruction consistent with earlier experiments and
happening after the p(&) = dn threshold. As for two-layer networks, the ResNets interpolate
training labels even when p) < n, since the total number of parameters p is much larger
than the number of samples n for all models.
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4.6. Conclusions

Classification via logistic and cross-entropy loss. We consider a synthetic task, where
the training data x; are n = 100 i.i.d. samples drawn uniformly on the sphere of radius
v/d = 10. The labels are given by y; = sign(g"z;), where g € R? has entries g; ~ N(0,1/d).
We compute #* minimizing the logistic loss £(6) := ", log(1 + e %#()¢) with gradient
descent, and consider the same reconstruction algorithm as in Eq. (4.11). In the left panel of
Figure 4.8, we find the usual threshold p ~ dn for successful reconstruction of the training
set. In the right panel of Figure 4.8, we consider a two-layer neural network trained with
cross-entropy loss on n = 10 samples from the 10 classes of CIFAR-10. and we see that the
reconstruction algorithm yields similar results as the ones for regression in Figure 4.6, Further
implementation details can be found in Appendix E.4.3, and the reconstructed images can be
found in Figure E.9.

Additional ablation studies. In Appendix [E.4.3, we first show that the optimization of
L(X) is robust to different choices of the learning rate 7 (if it is sufficiently small). Then, we
explore the setting where X has 7 # n rows, showing that the result of the optimization gives
overlapping images in the case 7 < n, and successfully reconstructs the full training set (plus
some extra duplicates) in the case 72 > n. We later show successful reconstruction from the
parameters of a vision transformer, and give empirical evidence that adding a weight decay
regularizer does not affect the law of reconstruction. Finally, we show that it is possible to
reconstruct the data from a pruned neural network, albeit with higher values of p depending
on the sparsity.

4.6 Conclusions

This chapter studies data memorization, intended as the feasibility of reconstructing n data
samples of dimension d from a trained model, focusing on the number of parameters p
at which this becomes possible. Our results on random features point to a law of data
reconstruction, establishing the threshold p &~ dn. Remarkably, the reconstruction method
grounded in our theoretical analysis is also successful in two-layer and deep residual networks.
While our analysis assumes knowledge of the subspace of the training samples in feature
space (Span{{y(x;)}",}), the experimental results demonstrate that, by optimizing the loss
E(X) in Eq. (4.11), the whole training set is reconstructed when p > dn. This suggests two
outstanding open problems to be tackled in future research: proving that (i) all the global
optima of E(X) are permutations of the training dataset, and that (ii) the optimization
problem can be efficiently solved with gradient methods despite the non-convexity of £(X).
Another interesting direction is to understand what happens in the regime n < p < dn. On
the one hand, Balle et al.|[2022] indicate how to reconstruct any single training sample in this
regime under certain model assumptions, given access to the final parameters and, additionally,
to the remaining training data. On the other hand, we cautiously suspect that, without this
additional knowledge, reconstructing the entire dataset is information-theoretically impossible
when p < dn: at fixed machine precision, this would require recovering ©(dn) bits from
only ©(p) bits, underscoring a hard limit on reconstructability. Importantly, this would not
guarantee that none of the training samples is memorized. There is empirical evidence that
learning models tend to memorize outliers [Feldman, [2020], and a possible direction for future
work is to investigate if parts of the training data sampled from a heavy-tailed distribution
(therefore not respecting Assumption 4.1) would result in memorization before the threshold
p = dn.
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CHAPTER

Beyond the Universal Law of
Robustness: Sharper Laws for Random
Features and Neural Tangent Kernels

Machine learning models are vulnerable to adversarial perturbations, and a thought-provoking
paper by Bubeck and Sellke has analyzed this phenomenon through the lens of over-parameterization:
interpolating smoothly the data requires significantly more parameters than simply memorizing
it. However, this “universal” law provides only a necessary condition for robustness, and it is
unable to discriminate between models. In this chapter, we address these gaps by focusing
on empirical risk minimization in two prototypical settings, namely, random features and the
neural tangent kernel (NTK). We prove that, for random features, the model is not robust
for any degree of over-parameterization, even when the necessary condition coming from the
universal law of robustness is satisfied. In contrast, for even activations, the NTK model
meets the universal lower bound, and it is robust as soon as the necessary condition on
over-parameterization is fulfilled. This also addresses a conjecture in prior work by Bubeck, Li
and Nagaraj. Our analysis decouples the effect of the kernel of the model from an “interaction
matrix”, which describes the interaction with the test data and captures the effect of the
activation. Our theoretical results are corroborated by numerical evidence on both synthetic
and standard datasets (MNIST, CIFAR-10).

This chapter is based on the work published at ICML 2024: |Beyond the universal law of
robustness: Sharper laws for random features and neural tangent kernels|.

5.1 Introduction

Despite the deployment of deep neural networks in a wide set of applications, these models are
known to be vulnerable to adversarial perturbations [Biggio et al., 2013, Szegedy et al., 2014],
which raises serious concerns about their robustness guarantees. To address these issues,
a wide variety of adversarial training methods has been developed [Goodfellow et al., 2015,
Kurakin et al., 2017, [Madry et al., 2018, |Raghunathan et al., 2018, Wong and Kolter, 2018].
In a parallel effort, a recent line of theoretical work has focused on providing a principled
understanding to the phenomenon of adversarial robustness, see e.g. [Dohmatob| [2022], Zhu
et al. [2022], Javanmard et al.| [2020b|, Donhauser et al.| [2021] and the review in Section
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5.1. Introduction

5.2. Specifically, the recent paper by [Bubeck and Sellke, 2021| has highlighted the role of
over-parameterization as a necessary condition to achieve robustness: while interpolation
requires the number of parameters p of the model to be at least linear in the number of data
samples n, smooth interpolation (namely, robustness) requires p > dn, where d is the input
dimension. We note that the law of robustness put forward by [Bubeck and Sellke, [2021]
is “universal” in the sense that it holds for any parametric model. Furthermore, an earlier
conjecture by [Bubeck et al., [2021] posits that there exists a model of two-layer neural network
such that robustness is successfully achieved with this minimal number of parameters; i.e., the
condition p > dn is both necessary and sufficient for robustness. This state of affairs leads to
the following natural question:

When does over-parameterization become a sufficient condition
to achieve adversarial robustness?

In this chapter, we consider a sensitivity! measure proportional to ||V, f(z,0)]],, where z is
the test data point and f is the model with parameters 6 whose robustness is investigated.
This quantity is closely related to notions of sensitivity appearing in related works [Dohmatob,
2022, Dohmatob and Bietti, 2022, Bubeck and Sellke, 2021], and it leads to a more stringent
requirement on the robustness than the perturbation stability considered by [Zhu et al., 2022],
see also the discussion in Section 5.3l For such a sensitivity measure, we show that the answer
to the question above depends on the specific model at hand. Specifically, we will focus on
the solution yielded by empirical risk minimization (ERM) in two prototypical settings widely
analyzed in the theoretical literature: (i) Random Features (RF) [Rahimi and Recht, 2007],
and the (ii) Neural Tangent Kernel (NTK) [Jacot et al., 2018|.

Main contribution. Our key results are summarized below.

» For random features, we show that ERM leads to a model which is not robust for any
degree of over-parameterization. Specifically, we tackle a regime in which the universal

law of robustness by [Bubeck and Sellke| [2021] trivializes, and we provide a more refined
bound.

» For NTK with an even activation function, we give an upper bound on the ERM solution
that matches the lower bound by [Bubeck and Sellke, [2021]. As the NTK model
approaches the behavior of gradient descent for a suitable initialization [Chizat et al.,
2019], this also shows that a class of two-layer neural networks has sensitivity of order

\/nd/p. This addresses Conjecture 2 of [Bubeck et al., [2021], albeit for a slightly
different notion of sensitivity (see the comparison in Section 5.3).

At the technical level, our analysis involves the study of the spectra of RF and NTK random
matrices, and it provides the following insights.

= We introduce in (5.19) a new quantity, dubbed the interaction matrix. Studying this
matrix in isolation is a key step in all our results, as its different norms are intimately
related to the sensitivity of both the RF and the NTK model. To the best of our

!The sensitivity can be interpreted as the non-robustness.
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BEYOND THE UNIVERSAL LAW OF ROBUSTNESS

knowledge, this is the first time that attention is raised over such an object, which we
deem relevant to the theoretical characterization of adversarial robustness.

= Our analytical characterization captures the role of the activation function: it turns out
that a specific symmetry (e.g., being even) boosts the adversarial robustness of the
models.

Finally, we experimentally show that the robustness behavior of both synthetic and standard
datasets (MNIST, CIFAR-10) agrees well with our theoretical results. Our code is available at
the GitHub repository simone-bombari/beyond-universal-robustness.

5.2 Related work

From the vast literature studying adversarial examples, we succintly review related works
focusing on linear models, random features and NTK models.

Linear regression. In light of the universal law of robustness, in the interpolation regime,
linear regression cannot achieve adversarial robustness (as p = d). For linear models, [Donhauser
et al|[2021], Javanmard et al.| [2020b] have focused on adversarial training (as opposed to
ERM, which is considered in this work), showing that over-parameterization hurts the robust
generalization error. We also point out that, in some settings, even the standard generalization
error is maximized when the model is under-parametrized [Hastie et al., 2022]. Precise
asymptotics on the robust error in the classification setting are provided in Javanmard and
Soltanolkotabi| [2022], Taheri et al.|[2020]. A different approach is pursued by [Tsipras et al.
[2019], who study a linear model that exhibits a trade-off between generalization and robustness.

Random features (RF). Beyond the more general discussion on the related literature on
this model in Chapter 3, theoretical results on the adversarial robustness of random features
have been shown for both adversarial training [Hassani and Javanmard, 2024| and the ERM
solution [Dohmatob, 2022, [Dohmatob and Bietti, 2022]. We will discuss the comparison with
Dohmatob| [2022], Dohmatob and Bietti| [2022] in the next paragraph.

Neural tangent kernel (NTK). Beyond the more general discussion on the related literature
on this object in Chapter 2, the NTK has also been recently exploited to identify non-
robust features learned with standard training [Tsilivis and Kempe| [2022] and gain insight on
adversarial training [Loo et al., [2022|. More closely related to this chapter, the robustness of
the NTK model is studied in Zhu et al. [2022], Dohmatob and Bietti| [2022], [Dohmatob| [2022].
Specifically, |Zhu et al.| [2022] analyze the interplay between width, depth and initialization of
the network, thus improving upon results by Huang et al.| [2021b], Wu et al.| [2021]. However,
the perturbation stability considered by Zhu et al.|[2022] captures an average robustness, rather
than an adversarial one (see the detailed comparison in Section 55.3), which makes these results
not immediately comparable to ours. In contrast, our notion of sensitivity is close to that
analyzed in Dohmatob and Bietti [2022], Dohmatob| [2022], which establish trade-offs between
robustness and memorization for both the RF and the NTK model. However, [Dohmatob
and Bietti [2022] study a teacher-student model with quadratic teacher and infinite data,
which also does not allow for a direct comparison. Finally, Dohmatob| [2022] studies the ERM
solution and focuses on (i) infinite-width networks, and (ii) finite-width networks where the
number of neurons scales linearly with the input dimension. We remark that this last setup
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does not lead to lower bounds on the sensitivity tighter than those by [Bubeck and Sellke
[2021], and our results on the NTK model provide the first upper bounds on the sensitivity
(which also match the lower bounds by Bubeck and Sellke| [2021]).

5.3 Preliminaries

Notation. Given a vector v, we indicate with ||v||, its Euclidean norm. Given v € R% and
u € R%, we denote by v ® u € R* their Kronecker product. Given a matrix A, let [|Al|
be its operator norm, ||A|| its Frobenius norm and Ay (A) and Ayax (A) its smallest and
largest eigenvalues respectively. We denote by ||go||Lip the Lipschitz constant of the function ¢.
All the complexity notations €2(+), O(+), o(+) and ©(-) are understood for sufficiently large data
size n, input dimension d, number of neurons k, and number of parameters p. We indicate
with C, ¢ > 0 numerical constants, independent of n,d, k, p.

Generalized linear regression. Let (X,Y) be a labelled training dataset, where X =
[z1,...,7,]7 € R"*? contains the training samples on its rows and Y = (y1,...,%,) € R"
contains the corresponding labels. Let ® : RY — R” be a generic feature map, from the input
space to a feature space of dimension p. We consider the following generalized linear model

f(z,0) = ()"0, (5.1)

where ®(x) € R? is the feature vector associated with the input sample x, and § € R? is the
set of the trainable parameters of the model. Our supervised learning setting involves solving
the optimization problem

ming [(X)70 — Y (5.2)

where ®(X) € R™*? is the feature matrix, containing ®(z;) in its i-th row. From now on,
we use the shorthands @ := ®(X) and K := ®®" € R"™*", where K denotes the kernel
associated with the feature map. If we assume K to be invertible (i.e., the model is able to fit
any set of labels Y), it is well known that gradient descent converges to the interpolator which
is the closest in /5 norm to the initialization, see e.g. [Gunasekar et al., 2017]. In formulas,

0 =0+ D" K (Y — f(X,6)), (5.3)

where 0* is the gradient descent solution, 6, is the initialization and f(X,6,) = ®(X) "6, is
the output of the model (5.1) at initialization.

Sensitivity. We measure the robustness of a model f(z,0) as a function of the test sample
z. In particular, we are interested in a quantity that expresses how sensitive is the output
when small perturbations are applied to the input z. More specifically, we could imagine an
adversarial example “built around” z as

Zadv = % + Aadv; with HAadeQ S 5 ||Z||2 . (54)

Here, A,q, is a small adversarial perturbation, in the sense that its /5 norm is only a fraction ¢
of the /5 norm of z. Crucially, we expect ¢ not to depend on the scalings of the problem. For
example, if z represents an image with d pixels, this can correspond to perturbing every pixel
by a given amount. In this case, the robustness depends on the amount of perturbation per
pixel, and not on the number of pixels d. This in turn implies that ¢ is a numerical constant
independent of d.
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We are interested in the response of the model to z.4,, and how this relates to the natural
scaling of the output, which we assume to be ©(1).% Up to first order, we can write

|f(zadw 9) - f(Zv 9)| = ’vzf(z7 Q)TAadv
< Aaa|[ IV f(2,0)]l, (5.5)
<0 |[2lly [IV2f (2, 0]l -

The first inequality is saturated if the attacker builds an adversarial perturbation that perfectly
aligns with V., f(z,0), and the second inequality follows from (5.4). Hence, we define the
sensitivity of the model evaluated in z as

Spo(2) = 20 [IV2£ (2, 0), - (5.6)

Recall that both ¢ and the output of the model are constants, independent of the scaling of
the problem. Hence, a robust model needs to respect Sy, (2) = O (1) for its test samples z.
In contrast, if Sy, (z) > 1 (e.g., the sensitivity grows with the number of pixels of the image),
we expect the model to be adversarially vulnerable when evaluated in z. In a nutshell, the goal
of this chapter is to provide bounds on Sy,(z) for random features and NTK models, thus
establishing their robustness.

Related notions of sensitivity. Measures of robustness similar to (5.6) have been used
in the related literature. In particular, [Dohmatob and Bietti, 2022 study E..p, [S} (2)]
in the context of a teacher-student setting with a quadratic target. [Dohmatob, 2022|
considers the model obtained from solving the generalized regression problem (5.2) and
characterizes a sensitivity measure given by the Sobolev semi-norm. This quantity is again
similar to E,.p, [Sj%g(z)] the only difference being that the gradient is projected onto the
sphere (namely, onto the data manifold) before taking the norm. [Zhu et al., 2022] study a
notion of perturbation stability given by E_ ;4 |V.f(2,0)" (2 — 2)’ where z is sampled from
the data distribution and Z is uniform in a ball centered at z with radius 6. This would be
similar to averaging over A,q, in (5.5), instead of choosing it adversarially. Hence, [Zhu
et al., 2022] capture a weaker notion of average robustness, as opposed to this chapter which
studies the adversarial robustness. Finally, [Bubeck et al| 2021} |Bubeck and Sellke, 2021]
consider || f(z,0)l|;,, where the Lipschitz constant is with respect to z, which is equivalent to
max; Sy,(2)/ ||z]|,- While this is a more stringent condition than (5.6)), we remark that the
adversarial robustness corresponds to choosing adversarially A4, (and not z), as done in (5.5).
We also note that our main results will hold with high probability over the distribution of z.

To conclude, we remark that, differently from previous work [Bubeck and Sellke, 2021,
Dohmatob), 2022], we opt for a scale invariant definition of sensitivity. This derives from the
term ||z||, appearing in the RHS of (5.6), and it allows us to apply the definition to data
with arbitrary scaling. In particular, if we set ||z]|, = 1, then (5.4) would yield [|Audy|l, < 0.
Both [Bubeck and Sellke, 2021] and [Dohmatob) [2022] consider this scaling of the data: the
former paper uses O (1) Lipschitz constant as an indication of a robust model, and the latter
considers a term similar to |V, f(z,6)||,.

Robustness of generalized linear regression. For generalized linear models with feature
map ®, plugging (5.1) in (5.6) gives
Sp(2) = ll2ll, |V-2(2) 6] (5.7)

2This is a natural choice, as e.g. the output label is not expected to grow with the input dimension.
However, any scaling is in principle allowed and would not change our final results.
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This expression can also provide the sensitivity of the model trained with gradient descent. Let
us assume that f(z,6y) = 0 for all x € R? and, as before, that the kernel of the feature map
is invertible. Then, by plugging the value of 8* from (5.3) in the previous equation, we get

Sppe(2) = Izl [ V-0(2) T@TE Y (5:8)

5.4 Main Result for Random Features

In this section, we provide our law of robustness for the random features model. In particular,
we will show that, for a wide class of activations, the sensitivity of random features is > 1
and, therefore, the model is not robust.

We assume the data labels Y € R" to be given by Y = g(X) +¢. Here, g : RY — R is the
ground-truth function applied row-wise to X € R"*? and € € R" is a noise vector independent
of X, having independent sub-Gaussian entries with zero mean and variance E[¢?] = &2 for all
i. The random features (RF) model takes the form

fRF(Jf, 9) = (I)RF($)T97 (I)RF(iL’) = ¢(V.CL'), (59)

where V' is a k x d matrix, such that V; j~;;4 N(0,1/d), and ¢ is an activation function applied
component-wise. The number of parameters of this model is k, as V is fixed and € RF
contains the trainable parameters. We initialize the model at 6y = 0 so that fre(z,6y) =0
for all z. After training, we can write the sensitivity using (5.8), which gives

See(2) = |12l [ V- @re(2) " Oge e Y | (5.10)

2 Y

where we use the shorthands ®gp := Prp(X) = ¢(XVT) € R™** for the RF map and
Kre = @RFCIDEF € R™™ for the RF kernel. We will show that the kernel is in fact invertible
in the argument of our main result, Theorem 5.5. Throughout this section, we make the
following assumptions.

Assumption 5.1 (Data distribution). The input data (x1,...,x,) are n i.i.d. samples from
the distribution Px, which satisfies the following properties:

1. ||z||, = V/d, i.e., the data are distributed on the sphere of radius \/d.
2. E[z] =0, i.e., the data are centered.

3. Px satisfies the Lipschitz concentration property. Namely, there exists an absolute
constant ¢ > 0 such that, for every Lipschitz continuous function ¢ : R? — R, we
havefor all t > 0,

P (Jo(z) — Ex[p(@)]] > t) < 26/ 19l (5.11)

The first two assumptions can be achieved by simply pre-processing the raw data. For the
third assumption, we remark that the family of Lipschitz concentrated distributions covers a
number of important cases, e.g., standard Gaussian [Vershynin, 2018], uniform on the sphere
and on the unit (binary or continuous) hypercube [Vershynin, 2018|, or data obtained via a
Generative Adversarial Network (GAN) [Seddik et al., 2020]. The third requirement is common
in the related literature [Nguyen et al., 2021b, [Bombari et al., 2022b] and it is equivalent to
the isoperimetry condition required by |Bubeck and Sellke| [2021]. We remark that the three
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Figure 5.1: Sensitivity as a function of the number of parameters k, for an RF model with synthetic
data sampled from a Gaussian distribution with input dimension d = 1000 (first and second plot),
and with inputs taken from two classes of the MNIST and CIFAR-10 datasets (third and fourth plot
respectively). Different curves correspond to different values of the sample size n € {400,800, 1600}
and to different activations (¢(z) = tanh(x) or ¢(x) = 2). We plot the average over 10 independent
trials and the confidence interval at 1 standard deviation. The values of the sensitivity are significantly
larger for ¢(x) = tanh(x) than for ¢(x) = 2.

conditions of Assumption 5.1 are often replaced by a stronger requirement (e.g., data uniform
on the sphere), see Montanari and Zhong| [2020], Dohmatob [2022].

Finally, we note that our choice of data scaling is different from the related work [Bubeck and
Sellke, 2021, [Dohmatob), 2022], as they both consider ||z||, = 1. We choose | z|, = V/d, as
we believe it to be more natural in practice. Consider, for example, the case in which z is
an image and d is the number of pixels. If the pixel values are renormalized in a fixed range,
then ||z||, scales as v/d. This choice shouldn't worry the reader, as our definition of sensitivity
(5.6) is scale invariant, facilitating the comparison between previous results and ours.

Assumption 5.2 (Activation function). The activation function ¢ satisfies the following
properties:

1. ¢ is a non-linear L-Lipschitz function.

2. Its first and second order derivatives ¢' and ¢" are respectively L, and Lo-Lipschitz
functions.

These requirements are satisfied by common activations, e.g. smoothed RelLU, sigmoid, or
tanh.

Assumption 5.3 (Over-parameterization).

nlog®n = o(k), (5.12)
dlog*d = o(k). (5.13)

In words, the number of neurons £ scales faster than the input dimension d and the number
of data points n. Such an over-parameterized setting allows to (i) perfectly interpolate the
data (this follows directly from the invertibility of the kernel, which can be readily deduced
from the proof of Theorem 5.5), and (ii) achieve minimum test error, see Mei and Montanari
[2022]. This is also in line with the current trend of heavily over-parametrized deep-learning
models [Nakkiran et al., [2020].

56



5.4. Main Result for Random Features

Assumption 5.4 (High-dimensional data).

nlog’n =o (d3/2) , (5.14)
log® k = o(d). (5.15)

While the second condition is rather mild, the first one lower bounds the input dimension d
in a way that appears to be crucial to prove our main Theorem 5.5 Understanding whether
(5.14) can be relaxed is left as an open question.

At this point, we are ready to state our main result for random features.

Theorem 5.5. Let Assumptions|5.1, 5.2, 5.3 and 5.4 hold, and let Y = g(X) + €, such
that the entries of ¢ are sub-Gaussian with zero mean and variance E[¢?] = & for all i,
independent between each other and from everything else. Let z ~ Px be a test sample
independent from the training set (X,Y'), and let the derivative of the activation function

satisfy IE,n0,1)[¢'(p)] # 0. Define Sgr(z) as in (5.10). Then,
SRF(Z) =0 (%) > 1, (516)

with probability at least 1 — exp(—clog2 n) over X, z, V and e.

In words, Theorem 5.5/ shows that a vast class of over-parameterized RF models is not robust
against adversarial perturbations. A few remarks are now in order.

Beyond the universal law of robustness. We recall that the results by Bubeck and Sellke
[2021] give a lower bound on the sensitivity of order /nd/k. A lower bound of the same order
is obtained by Dohmatob| [2022], whose results in the finite-width setting require n,d, k to
follow a proportional scaling (i.e., n = ©(d) = O(k)). This leaves as an open question the
characterization of the robustness for sufficiently over-parameterized random features (i.e.,
when &k > nd). Our Theorem 5.5 resolves this question by showing that the RF model is in
fact not robust for any degree of over-parameterization (as long as k > n,d and Assumption
5.4 is satisfied).

Impact of the activation function and numerical results. For the result of Theorem 5.5
to hold, we require the additional assumption E, r0,1)[¢'(p)] # 0. This may not be just a
technical requirement. In fact, if E,xr0,1)[¢'(p)] = 0, then a key term appearing in the lower
bound for the sensitivity (i.e., the Frobenius norm of the interaction matrix defined in (5.19))
has a drastically different scaling, see Theorem 5.8 in the proof outline below. The importance
of the condition E,x0,1)[¢'(p)] # 0 is also confirmed by our numerical simulations in the
synthetic setting considered in Figure 5.1. The first plot (corresponding to ¢(z) = tanh(x)
s.t. E,on0,1)[@'(p)] # 0) displays values of the sensitivity which are significantly larger than
those in the second plot (corresponding to ¢(x) = z* s.t. E, n0,1)[¢'(p)] = 0). Furthermore,
the sensitivity for ¢(x) = tanh(z) appears to reach a plateau for large values of k, while it
keeps decreasing in k when ¢(z) = x?. A similar impact of the activation function can be
observed when considering the standard datasets MNIST and CIFAR-10 (third and fourth
plot respectively). Additional experiments with different activation functions can be found in
Appendix F.4.
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5.4.1 Outline of the Argument

The proof of Theorem 5.5 can be divided into three steps. It will be convenient to define the
shorthand
A(2) := V., O (2) Ppe Kgp € R, (5.17)

Step 1. Fitting the noise lower bounds the sensitivity. First, we lower bound the
sensitivity of our trained model with a quantity which does not depend on the labels and grows
proportionally with the noise.

Theorem 5.6. Let Assumptions 5.1, 5.2, 5.3 and 5.4 hold. Define A(z) as in (5.17). Then,
we have

See(2) 2 Szl [AC)] - (5.18)

with probability at least 1 — exp (—c IA(2)||%/ ||A(z)||zp> over €, where ¢ is a numerical
constant.

The proof exploits the independence between g(X) and € and the Hanson-Wright inequality.
The details are contained in Appendix F.2.1.

Theorem 5.6 removes the labels from the expression, and reduces the problem of estimating
the robustness to characterizing the Frobenius norm of A(z) (as long as [|A(z2)|, > [|A(2)]],,
so that (5.18) holds with high probability). This is in line with Bubeck and Sellke| [2021],
Dohmatob [2022], which provide upper bounds on the robustness of models fitting the data
below noise level.

Step 2. Splitting between interaction and kernel components. Next, we split the
matrix A(z) into two separate objects. The first is the interaction matrix given by

Tre(2) i= V. Ope(2) Dpe, (5.19)

where we use the shorthand ®gp := Prp — Ex[®re] € R™**. The second is the centered
kernel f(RF = @Rpégp whose spectrum can be studied separately.

Theorem 5.7. Let Assumptions 5.1, 5.2, 5.3 and 5.4 hold. Define A(z) as in (5.17). Then,

we have B
1A 5 > Ak (Kre) 1 ZTre(2) | — OV + d/d, 5:20)
1AG) < Aaba(Kre) [ Zre(2) ]| + OV +d/d,
which implies
d
A > Cy— —
1A= 2 Crp - 1 Tre ()| — OVt dfd, 521

|AG)|p < Cok™ | Zre(2) | p + CVn + d/d,

with probability at least 1 — exp(—clog2 n) over X and V', where ¢, C', Cy and Cy are absolute
constants.

Proof sketch. To prove the claim, first we characterize the extremal eigenvalues of the kernel
: ~ = =T s
Kgr := Pre®gr and of its centered counterpart Kgp := Prr®Pgrp, with Prp = Prr — Ex Prr,
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see Appendix F.2.2. Then, we perform a delicate centering step on the matrix A(z) defined in
(5.17). Informally, we show that

IV @re (=) DR Kt | = ||V Dre (2) T B K el - (5.22)
see Lemma F.19 for a precise statement. This is the key technical ingredient, since the
rank-one components coming from the average feature matrix have a large operator norm,
which would trivialize the lower bound on the sensitivity. More specifically, the centering leads
to two rank-one terms which are successively removed via the Sherman-Morrison formula
and a number of ad-hoc estimates, see Appendix F.2.3. Finally, the proof of (5.20)-(5.21)
follows by combining (5.22) with the bounds on the smallest/largest eigenvalues of K, and
it appears at the end of Appendix |F.2.3. O]

Theorem 5.7 unveils the crucial role played by the interaction matrix Zgg(z) on the robustness
of the model. This term is the only one containing the test sample z, and it depends on how
the term V_®ge(2) aligns (or “interacts”) with the centered feature map of the training data
CI)RF.

Step 3. Estimating ||Zge(2)|| . Finally, we provide a precise estimate on the norm of the
interaction matrix ||Zge(2)||. To do so, we assume that the test point z is independently
sampled from the data distribution Px.

Theorem 5.8. Let Assumptions 5.1, 5.2, |5.3 and |5.4 hold. Let z ~ Px be sampled
independently from the training set (X,Y"), and Zge(z) be defined as in (5.19). Then,

o (M), (523)

with probability at least 1 — exp(—clog2 k) over X, z and V', where c is an absolute constant.

'HIRF(z)HF _E2¢(p)

Proof sketch. A direct calculation gives that

2
97

|Zre(2) % = z |V diag (6/(V2)) (V)

and we bound separately each term of the sum. Note that the three terms V', diag (¢/(V 2))
and ¢(Vx;) are correlated by the presence of V. However, V contributes to the last two terms
only via a single projection (along the direction of z and z;, respectively). Hence, the key idea
is to use a Taylor expansion to split diag (¢/(V2)) and ¢(V ;) into a component correlated
with V' and an independent one. The correlated components are computed exactly and the
remaining independent term is shown to have a negligible effect. The details are in Appendix
F.2.4. O

At this point, the proof of Theorem 5.5/ follows by combining the results of Theorems 5.6-5.8.
The details are in Appendix |F.2.5.

We note that the results of Theorems 5.6-5.8/do not require the assumption E, x0,1)[¢'(p)] #
0. In fact, the role of this additional condition is clarified by the statement of Theorem
5.8: if E,n01)[@'(p)] # 0, then || Zre(2)|| is of order @(k\/%); otherwise, ||Zrr(2)]|#
is drastically smaller. This provides an explanation to the qualitatively different behavior
of the sensitivity for ¢(x) = tanh(z) and ¢(z) = 2 displayed in Figure 5.1. To conclude,
the interaction matrix appears to be the key quantity capturing the impact of the activation
function on the robustness of the ERM solution.
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5.5 Main Result for NTK Regression

In this section, we provide our law of robustness for the NTK model. In particular, we will
show that, for a class of even activations, the sensitivity of NTK can be O (1) and, therefore,
the model is robust for some scaling of the parameters.

We consider the following two-layer neural network

fon(z, W) = Z ) (VVZIm) — ; ) (I/fo) . (5.24)

Here, the hidden layer contains 2k neurons; ¢ is an activation function applied component-
wise; W1, W? € R¥*? denote the first and second half of the weights of the hidden layer,
respectively; for j € {1,2}, W'Zj denotes the i-th row of W7; the first k weights of the second
layer are set to 1, and the last k& weights to —1. We indicate with w the vector containing the
parameters of this model, i.e., w = [vec(W1), vec(W?)] € RP, with p = 2kd. For convenience,
we initialize the network so that its output is 0. This has been shown to be necessary to have a
robust model after lazy training [Dohmatob and Bietti, 2022, Wang et al.; [2022|. Specifically,
we let wy = [vec(W}), vec(WE)] be the vector of the parameters at initialization, where we
take [Wglij ~iia N(0,1/d) and W = W,. Here, with a slight abuse of notation, we use
the subscript 0 to refer to the initialization, and not to indicate matrix rows. This readily
implies that f.,(x,wy) = 0, for all z.

Now, the NTK regression model takes the form

Intr(,0) = N1 (2) 0, Pni(T) = Vi fan (@, W) | wr—awg - (5.25)

Here, the vector trainable parameters is § € R?, again with p = 2kd, which is initialized with
0o = wp. This is the same model considered by [Dohmatob and Bietti, 2022, Montanari and
Zhong, 2020]. We remark that fytk(x,0) is equivalent to the linearization of f,,(z,w) around
the initial point wy, see e.g. [Jacot et al., [2018, Bartlett et al., 2021].

An application of the chain rule gives
Pnri(z) = {ZU ® gb/(Wolx), —T® Cb,(Won)} =: [ON7r(2), —Phri ()], (5.26)

where the last equality follows from the fact that W) = W¢, and the definition @\ (z) :=
T ® ¢ (Wiz). Thus, since Oy = wy = [vec(W}), vec(WE)] = [vec(Wy), vec(Wy)], we have

Ink(, 00) = ‘I)NTK@)T@O = [Pk (2), _‘I);\lTK(l"ﬂT [vec(W&),vec(W&)] =0. (5.27)

This means that our model’s output is 0 at initialization. Then, we can use (5.8) to express
the sensitivity of the trained NTK regression model as

Surc(2) = 12 [ Vo@rrk(2) T i Kt Y |

. (5.28)
where @\t € R™P contains in its i-th row the feature map of the i-th training sample
Pyt (z;) and Ktk = PnrkPyri- The invertibility of the kernel will again follow from the
proof of our main result, Theorem 5.12. Throughout this section, we make the following
assumptions.

Assumption 5.9 (Activation function). The activation function ¢ satisfies the following
properties:
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Figure 5.2: Sensitivity as a function of the number of parameters p, for an NTK model with synthetic
data (first and second plot), and with inputs taken from two classes of the MNIST and CIFAR-10
datasets (third and fourth plot respectively). The rest of the setup is similar to that of Figure 5.1,

1. ¢ is a non-linear, even function.

2. Its first order derivative ¢’ is an L-Lipschitz function.

We restrict our analysis to an even activation function, as this requirement significantly
simplifies the derivations. The impact of the activation on the robustness will also be discussed
at the end of this section.

Assumption 5.10 (Minimum over-parameterization).

nlog®n = o(kd). (5.29)

Eq. (5.29) provides the weakest possible requirement on the number of parameters of the
model capable to guarantee interpolation for generic data points, as it leads to a lower bound
on the smallest eigenvalue of Kntk [Bombari et al., 2022b].

Assumption 5.11 (High-dimensional data).

k=0(d). (5.30)

This requirement is purely technical, and we leave as a future work the interesting problem of
characterizing the sensitivity of the NTK regression model when d = o(k).

We will still use Assumption 5.1 on the data distribution Px, and the only assumption on the
labels is that ||Y'||, = ©(y/n), which corresponds to the natural requirement that the output
is ©(1). At this point, we are ready to state our main result for NTK regression.

Theorem 5.12. Let Assumptions|5.1, 5.9, 5.10 and 5.11 hold. Then, we have

Sntk(2) =0 <logk; <1 + \/Z> Z) : (5.31)

with probability at least 1—neclos’k _e=clog®n oyer X and wy. Furthermore, whenn = O (k),

(5.31) simplifies to
Sntk(2) = O <log l{:“?) , (5.32)

where p = 2dk denotes the number of parameters of the model.
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Proof sketch. As for the RF model, we crucially separate the contribution of the interaction
matrix and of the kernel of the model. Specifically, we upper bound the RHS of (5.28) with

2, ||V @rrc(2) T [[ Bt

IV, (5.33)

Now, each term in (5.33) is treated separately. First, by assumption, ||[Y||, = ©(y/n). Next,
we have that HK,]%KHOP = Amin (KnTk) = O ((dk)™1), which can be deduced from [Bombari

et al., 2022b|, see Lemma F.28. Finally, the bound on HVZ@NTK(Z)T(P—NFTKH is computed
op

explicitly through an application of the chain-rule (see Lemma F.30), and it critically depends
on the data being 0-mean and on the activation being even. ]

In words, Theorem 5.12 shows that, for even activations and k scaling super-linearly in n,
Sntk(2) = O (1), namely, the NTK model is robust against adversarial perturbations. A few
remarks are now in order.

Saturating the lower bound from the universal law of robustness. We highlight that
our upper bound on the sensitivity in (5.32) exhibits the same scaling as the lower bound by
[Bubeck and Sellke, [2021], thus saturating the universal law of robustness. A lower bound on
the sensitivity of the same order is also provided by [Dohmatob, 2022], albeit restricted to
the setting in which £ = ©(d) and k = O (n). Note that Theorem 5.12 upper bounds the
sensitivity of the model obtained by running gradient descent (over ) on fytk(z,0). It is well
known, see e.g. [Chizat et al., [2019], that a similar solution is obtained by running gradient
descent (over w) on fu,(x,w). This result holds after suitably rescaling the initialization
of fan(z,w), and the rescaling does not affect our Theorem 5.12. As a result, Theorem

5.12 proves that a class of two-layer neural networks has sensitivity of order /nd/p (up to
logarithmic factors), thus resolving in the affirmative Conjecture 2 of [Bubeck et al., 2021].

Impact of the activation function and numerical results. Theorem 5.12 applies to even
activation functions. At the technical level, the symmetry in ¢ directly “centers” the kernel in
the expression (5.28) of the sensitivity, which largely simplifies our argument. We conjecture
that this symmetry may in fact be fundamental to guarantee the robustness of the model. In
fact, the first plot of Figure 5.2 shows that, for ¢(z) = 22, the sensitivity keeps decreasing, as
the number of neurons k (and, therefore, the number of parameters p) grows. In contrast,
for ¢(z) = tanh(x), the sensitivity plateaus at a value which is an order of magnitude larger
than for ¢(x) = 22 (see the second plot of Figure 5.2). This difference is still visible even for
real-world datasets (MNIST, CIFAR-10), as displayed in the third and fourth plot of Figure
5.2

5.6 Conclusions

This chapter provides a precise and quantitative characterization of how the robustness of the
solution obtained via empirical risk minimization depends on the model at hand: for random
features and non-even activations, over-parameterization does not help, and we provide bounds
tighter than the universal law of robustness proposed by [Bubeck and Sellke, 2021]; for NTK
regression and even activations, the model is robust as soon as p > dn, i.e., the universal
law of robustness is saturated. Numerical results on synthetic and standard datasets confirm
the impact of the model on the robustness of the solution. The present contribution focuses
on empirical risk minimization, which represents the cornerstone of deep learning training
algorithms. In contrast, a number of recent papers has focused on adversarial training,
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considering the trade-off between generalization and robust error, see e.g. [Raghunathan et al |
2019| (Zhang et al., [2019, |[Dobriban et al., |2020, |Carmon et al., 2019} Min et al., 2021, [Hassani
and Javanmard, |2024] and references therein. We conclude by mentioning that the technical
tools developed in this chapter could be applied also to the models deriving from adversarial
training, and we leave such an analysis as future work.
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CHAPTER

Spurious Correlations in High
Dimensional Regression: The Roles of
Regularization, Simplicity Bias and
Over-Parameterization

Learning models have been shown to rely on spurious correlations between non-predictive
features and the associated labels in the training data, with negative implications on robustness,
bias and fairness. In this chapter, we provide a statistical characterization of this phenomenon
for high-dimensional regression, when the data contains a predictive core feature x and a
spurious feature y. Specifically, we quantify the amount of spurious correlations C learned via
linear regression, in terms of the data covariance and the strength X of the ridge regularization.
As a consequence, we first capture the simplicity of y through the spectrum of its covariance,
and its correlation with = through the Schur complement of the full data covariance. Next,
we prove a trade-off between C and the in-distribution test loss £, by showing that the value
of A that minimizes L lies in an interval where C is increasing. Finally, we investigate the
effects of over-parameterization via the random features model, by showing its equivalence to

regularized linear regression. Our theoretical results are supported by numerical experiments
on Gaussian, Color-MNIST, and CIFAR-10 datasets.

This chapter is based on the work published at ICML 2025: |Spurious correlations in high
dimensional regression: The roles of regularization, simplicity bias and over-parameterization.

6.1 Introduction

Machine learning systems have been shown to learn from patterns that are statistically
correlated with the intended task, despite not being causally predictive [Geirhos et al., 2020,
Xiao et al., 2021]. As a concrete example, a blue background in a picture might be positively
correlated with the presence of a boat or a plane in the foreground, and while not being a
predictive feature per se, a trained deep learning model could use this information to bias its
prediction. In the literature, this statistical (but non causal) connection is referred to as a
spurious correlation between a feature and the learning task. A recent and extensive line of
research has investigated the extent to which deep learning models manifest this behavior
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6.1. Introduction

[Geirhos et al., 2019, [Xiao et al., 2021] and has proposed different mitigation approaches
[Sagawa et al., [2020a, Liu et al., [2021], given its implications to robustness, bias, and fairness
[Zliobaite, 2015, [Zhou et al., [2021a]. The phenomenon, also referred to as shortcut learning,
is often attributed to the relative “simplicity” of spurious features [Geirhos et al., 2020, Shah
et al, [2020, [Hermann and Lampinen, 2020] and to the implicit bias of over-parameterized
models toward learning simpler patterns [Belkin et al., 2019a| [Rahaman et al., 2019, Kalimeris
et al., 2019]. Consequently, the core features that are informative about the task (e.g., the
boat in the foreground) may be neglected, as spurious features (e.g., the blue background)
provide an easier shortcut to minimize the loss function.

Prior work has attempted to formalize the simplicity bias relying on boolean functions [Qiu
et al., 2023|, model-specific biases [Morwani et al., 2023|, one-dimensional features [Shah
et al., |2020] and their pairwise interactions [Pezeshki et al., 2021]. However, when considering
high-dimensional natural data (e.g., the boat and its background in Figure 6.1), it remains
unclear, based on these notions, what exactly makes the features easy or difficult to learn, and
to what extent a trained model relies on spurious correlations. Furthermore, while Sagawa
et al.| [2020b] show that over-parameterization can exacerbate spurious correlations when
re-weighting the objective on minority groups (e.g., boats with a green background), its effect
on models trained via empirical risk minimization (ERM) is less understood. This is a critical
point when additional group membership annotations are too expensive to obtain, and ERM is
a key part of training [Liu et al., 2021, |Ahmed et al., 2021].

This chapter tackles these issues: we provide
a rigorous characterization of the statistical

mechanisms behind learning spurious corre-
lations in high-dimensional data, focusing on
the solution obtained via ERM. Formally, we ﬂ ‘
model the input sample z as composed by

two distinct features, i.e., z = [z,y|, where

r € R? is the core feature and y € R? the Figure 6.1: Left two panels: pictorial representa-
spurious one. The first panel of Figure 6.1 tion of the core (spurious) feature x (y) and an
provides an illustration with a boat in the independent core feature Z, taken from an image
foreground (q;) and its blue background (y) of a boat and a truck in the CIFAR-10 dataset.
Then, we quantify spurious correlations via Right two panels: examples from a binary Color-
the covariance C (see (6.3)) between the la- MNIST dataset, where the labels correspond to the
bel g (“boat") and the model output given _number Shapes.. and the zeros (ones) are colored
% = [7,y] as input. Here, 7 (a truck in the ™ blue (red) with probability (1 + «)/2.
foreground) is a new core feature independent

of everything else, see the second panel of Figure |6.1. Now, if C is positive, it means that the
model is biased towards g only because of ¥, since  is independent from = and g.

More precisely, we provide a sharp, non-asymptotic characterization of C for linear regression
(Theorem 6.3). Armed with such a characterization, we then:

e Interpret C via upper bounds on its magnitude (Proposition 6.4). This highlights the role
of the regularization strength and of the data covariance via (i) its Schur complement with
respect to the covariance of the core feature x, and (ii) the covariance of the spurious feature
y. Specifically, we link the smallest eigenvalue of the Schur complement to the strength of
the correlation between y and z, and the largest eigenvalue of the spurious covariance to the
simplicity of y.

e Prove a trade-off between C and the test loss (Proposition 6.6), which implies that spurious
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correlations can be beneficial to performance when learning in-distribution. Specifically, we
show that the optimal regularization minimizing the test loss lies in an interval where C is
positive and monotonically increasing.

e Investigate the role of over-parameterization via a random features (RF) model. Specifically,
we show that the RF model is equivalent to linear regression with an effective regularization
that depends on the over-parameterization (Theorem 6.10). This allows to leverage the earlier
analysis on regularized linear regression to quantify spurious correlations in over-parameterized,
non-linear models.

Throughout this chapter, the theoretical results are supported by numerical experiments on
synthetic Gaussian data, Color-MNIST, and CIFAR-10, which validates our analysis even in
settings not strictly following the modeling choices. Our code is publicly available at the
GitHub repository simone—-bombari/spurious—correlations!

6.2 Related work

Spurious correlations. Learning from spurious correlations in a training dataset is rather
common [Geirhos et al., 2019, |Arjovsky et al., 2020, Geirhos et al., 2020, Sagawa et al.,
2020a, Xiao et al. 2021} Singla and Feizi, [2022] and it has unwanted consequences, e.g.,
lack of robustness towards domain shift, prediction bias and compromised algorithmic fairness
[Zliobaite, 2015, Geirhos et al., [2019, Zhou et al., 2021a, |Veitch et al., 2021, Seo et al.,
2022]. Thus, multiple mitigation approaches have been proposed, with [Sagawa et al., 2020a,
Zhang et al., [2021] or without [Liu et al., 2021, Ahmed et al., 2021] available annotations.
Specifically, Tiwari and Shenoy| [2023] exploit the difference in the features learned at different
layers of a deep neural network; lzmailov et al.| [2022], [Kirichenko et al.| [2023] re-train the
last layer of the ERM solution to adapt the features to the distribution shift; and (Chang et al.
[2021a], Plumb et al.| [2022] mitigate the problem via data augmentation.

Simplicity bias. Recent work has shown that deep learning models have a bias towards
learning from “easier” patterns [Belkin et al., 2019a, Rahaman et al., 2019, |Kalimeris et al.|
2019]. In shortcut learning, this property is formalized in different ways across the literature.
The difficulty of a feature is defined in terms of the minimum complexity of a network that
learns it by |Hermann and Lampinen| [2020] and in terms of the smallest amount of linear
segments that separate different classes by Shah et al.| [2020]. Moayeri et al.| [2022] connect
the simplicity to the position and size of the features in an image. Morwani et al.| [2023] define
the simplicity bias in 1-hidden layer neural networks via the rank of a projection operator that
does not alter them substantially, and they focus on a dataset generated via an independent
features model learned via the NTK. The NTK is also used to analyze gradient starvation
[Pezeshki et al., 2021] and feature availability [Hermann et al., 2024, regarded as explanations
of the simplicity bias. Qiu et al.| [2023] focus on parity functions and staircases, analyzing the
learning dynamics of features having different complexity.

High-dimensional regression. The test loss of linear regression when the input dimension d
scales proportionally with the sample size n has been characterized precisely both in-distribution
[Hastie et al., 2022, |Cheng and Montanari, [2024] and under covariate shift [Yang et al., 2023,
Mallinar et al 2024, |Song et al., 2024]. Furthermore, Montanari et al.| [2025], [Chang et al.
[2021b], Han and Xu| [2023] have studied the distribution of the ERM solution via the convex
Gaussian min-max Theorem [Thrampoulidis et al., 2015|. Specifically, our work builds on the
non-asymptotic characterization provided by Han and Xu| [2023].

06


https://github.com/simone-bombari/spurious-correlations

6.3. Preliminaries

In contrast with linear regression where the number of parameters equals the input dimension,
random features models [Rahimi and Recht, 2007] capture the effects of over-parameterization,
as the number of parameters is independent of d and n. Some related literature on this model
is discussed in Chapter 3, This model has been also considered in the setting where the data
has two dependent components [Loureiro et al., 2021], although it was used to study the
training and generalization error when only partial information is available. Furthermore, its
robustness to distribution shift is studied also by [Tripuraneni et al.| [2021], [Lee et al.| [2023].
The equivalence between an over-parameterized RF model and a regularized linear one has
also been studied in detail [Goldt et al., [2022, 2020, Hu and Lu, 2022, Montanari and Saeed,
2022|. However, existing rigorous results show the equivalence at the level of training and test
error. In contrast, we are interested in the covariance defined in (6.3) and, for this reason, we
prove an equivalence at the level of the predictor (Theorem 6.10).

6.3 Preliminaries

Notation. Given a vector v, we denote by ||v||, its Euclidean norm. Given a matrix A,
we denote by tr(A) and [[A]|,, its trace and operator (spectral) norm. Given a symmetric
matrix A, we denote by Apin (A) (Amax (A)) its smallest (largest) eigenvalue. We denote by A
(without a sub-script) the /5 regularization term in ridge regression. All complexity notations
Q(-), O(+), w(+), o(-) and O(-) are understood for large data size n, input dimension d, and
number of parameters p. We indicate with C', ¢ > 0 numerical constants, independent of n, d,
p, whose value may change from line to line.

Setting. We consider supervised learning with n training samples {(z1,¢1), ..., (20, 9n)}
and labels defined by a (not necessarily deterministic) function of the inputs g; = f*(2;),
where z; € R?? denotes the i-th training input and g; € R the corresponding label. Input
samples are composed by two distinct parts (or features), i.e., z; = [x], y'], with z;,y; € R,
and they are sampled i.i.d. from the distribution Pxy. We further denote with Px (Py) the
marginal distribution of the x;-s (y;-s). The features = and y have the same dimension d to
ease the presentation. We opted to focus on the setting z = [z, y| due to its connection with
the motivating example of images with background, but the analysis could be extended to
other cases, such as z = = + y, briefly discussed in Appendix |G.3.

We focus on the setting where the labels g; depend only on z;, ie., g = f*(z) = fi(x;)
for some (not necessarily deterministic) function f*. Hence, y; is independent from g;, after
conditioning on x;. We highlight that the independence between y; and g; is conditional on
x;, and that the covariance between y; and x; is in general non-zero. We refer to y; as the
spurious feature of the i-th sample, and to x; as its core feature. As an example, x; may
represent the main object in an image and y; the (not necessarily independent) background,
see Figure 6.1.

In this setup, the training data is used to learn f*(z) through a parametric model f(6, z)
via regularized empirical risk minimization (ERM). Specifically, we perform the following
optimization in parameter space:

§ = arg ming (iiﬁ(f(&,zi),gi)+/\||9||§>, (6.1)

i=1
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for some regularization term X\ > 0, where £ is a loss function'. We define the test loss
associated to the model f(0,-) as

‘C<é) = EZNPXng:f*(Z) [ﬁ (f(év Z)vQ)} : (62)

We note that this test loss is in distribution.

Spurious correlations. We express the extent to which a model f(@, -) learns spurious
correlations between the spurious feature y and the label ¢ as

C(6) = Cov (£ (6,1z",y"1").9). (6.3)

where the covariance is computed on the probability space of [z, y"]" ~ Pxy, g = f*(z)
and of the independent core feature ¥ ~ Px. In words, C(@) expresses how the output of the
model f(0,-) evaluated on an out-of-distribution sample [Z,47]™ (where the two features
are sampled independently from the marginal distributions Py and Py) correlates to the label

associated to the in-distribution sample g = f*(z) = fX(x). We highlight that, if the model

A

£(0,-) does not rely on the spurious feature y, then C(f) = 0 as 2 and 7 are independent.

We note that (6.3) formalizes to the regression setting the definition in the survey [Ye et al.,
2024| and the fairness metric in [Zliobaite, 2015 (when interpreting y as the protected variable).
Furthermore, in the context of classification, it can connected to the worst group accuracy
[Sagawa et al., 2020a,b]. In fact, our definition (6.3) is also related to the out-of-distribution
test loss: assuming E[f(6, [z7,y])2] = E[f:(2)2] = 1 and E[f(0, [z, y])] = E[f:(&)] = 0 for

simplicity and considering a quadratic loss, we have

Eay | (FO. 127 ) - £20))°] 22241 e (6.4)

A

This implies that an increase in C(¢) hurts the performance of the model when core and
spurious features are sampled independently (and, thus, the model is tested out-of-distribution).
The proof of (6.4) is in Appendix |G.4.

6.4 Precise analysis for linear regression
To study C(-) as defined in (6.3), we focus on a high-dimensional linear regression model, i.e.,
fir(0,2) = 270, (6.5)
where 6 € R??. The data also follows a linear model, i.e.,
=20 +e =210 +¢, (6.6)
where 0* € R??, §* € RY, and ¢; is label noise. The second equality in (6.6) implies that
0* =[0:7,0]]", where 6,0, € R? and each entry of 0, is 0. We set ||6*|, = [|0%], = 1 and

let the €;-s be i.i.d. (and independent from the z;-s), mean-0, sub-Gaussian, with variance
2
o > 0.

1In general, existence and uniqueness of # depend on the choice of the model f(8, 2), the loss function ¢
and the regularization term A. For the purposes of this chapter, we will precisely define 8 for linear regression
(Section 6.4) and for random features (Section 6.6).
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We introduce the shorthands Z = [z],...,2]]" € R™*, G = [g1,...,9,]" € R, and

’rTn

E =le1,...,€,)" € R toindicate the data matrix, the labels, and the noise vector respectively.
Then, using a quadratic loss, (6.1) reads

A

Oun(3) = axgming (120 — G2+ A 612 (6.7)
which admits the unique solution

bV = (272 + ) Z7C, (6.8)
for A\ > 0 and, if Z" Z is invertible, also for A = 0.

Assumption 6.1 (Data distribution). {z;}!" | are n i.i.d. samples from the multivariate, mean-
0, Gaussian distribution Pxy, such that its covariance ¥ := E [ZZT] € R24%24 s jnvertible,
With Apax (2) = O (1), Amin (2) = Q(1), and tr(X) = 2d.

This requirement could be relaxed to having sub-Gaussian data. We focus on the Gaussian
case for simplicity, deferring the discussion on the generalization to Appendix G.1.2!

Warm-up: no regularization (A = 0). Our first result concerns the amount of spurious
correlations learned in the un-regularized setting.

Proposition 6.2. Let A = 0 and Z7 Z € R*™? pe invertible’. Let C(6 x(0)) be the amount
of spurious correlations learned by the model fir(0.r(0),-). Then, we have that

Ee[C(0r(0))] = 0. (6.9)
Furthermore, if Assumption 6.1 holds and n = w(d),
C(Or(0))| = O(log d/Vd), (6.10)

with probability at least 1 — 2 exp(—clog® d) over Z and &£, where c is an absolute constant.

In words, fir(0Lr(0),-) does not learn any spurious correlation between the spurious feature
y and the label g. This is also clear from Figure 6.2, where we report in red the value of
C(6.r(X)), which approaches 0 as A\ becomes small.

The idea of the argument is to write explicitly the solution
Iw(0)= (272) Z7G=0"+(272) ' Z7¢, (6.11)

where in the second step we separate the ground truth 6* (which does not capture any
dependence on y) from a term only depending on the label noise, which is mean-0 and
independent from y. This directly gives (6.9). Then, the bound in (6.10) is obtained via
standard concentration results on Apip (ZTZ). The details are in Appendix |G.1.

2Under Assumption 6.1, this holds with probability 1 for n > 2d.
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General case with regularization (A > 0). Setting a regularizer A > 0 often reduces
the test loss, see the black curve in Figure |6.2. However, it also leads to non-trivial spu-
rious correlations, and our main result provides a non-asymptotic characterization of this
phenomenon.

Theorem 6.3. Let Assumption 6.1 hold, n = ©(d) and C(f.r(\)) be the amount of spurious
correlations learned by the model fir(6ir()\),) for A > 0. Denote by P, € R*>2 the
projector on the last d elements of the canonical basis in R24 and set

CE\) =02 (2 4+ () P,X0", (6.12)
where T := T(\) is implicitly defined as the unique positive solution of
A1 1
1——=—tr((¥ I) " X). 6.13
C=_u((S+r)7y) (6.13)
Then, for every t € (0,1/2),
Pze (|C(BLr(N) = CE(N)| > t) < Cdexp (—dt'/C),

where C' is an absolute constant.

In words, Theorem 6.3 guarantees
that [C(r(N)) — CEZ(N)| = o(1)
with high probability (e.g., setting Synthetic Color-MNIST
t =d'/?). Thus, for large d,n, we o8
can theoretically analyze C(Ar())) s
via the deterministic quantity C*()\),

which, as highlighted by (6.12), de- **
pends on #*, the covariance of the o2
data X, and the regularization A\

— £(6ir(A), n=1000 /
-—- £(6r(A)), n =2000
— C(6r(A), n=1000
—-- C(6r(A)), n = 2000

e\

0.0

via the parameter 7(\) introduced 0 o o o o o

in (6.13). We further analyze the A A

object C*(\) in Section 6.5 that im-

mediately follows. Figure 6.2: Test loss £(ALr()\)) (black) and spurious cor-

relations C(ALr(\) (red) as a function of the regularization

term )\ for two values of the number of samples n. Left:
1 synthetic Gaussian dataset, with d = 400 (additional details

composed as 6" + (ZTZ) Z'€ in Appendix |G.5); right: binary Color-MNIST dataset with

(as in the proof of Proposition 6.2 correlation V1 —a? = 0.25 between color and digit (see

for A = 0). Thus, we rely on the Figure 6.1).

non-asymptotic characterization of

O r(\) recently provided by [Han

and Xu, [2023]. In particular, their analysis focuses on the proportional regime n = ©(d) (as

opposed to the regime n = w(d), considered in (6.10)), and it allows to provide concentration

bounds on a certain family of low-dimensional functions of 9LR()\), which includes C as defined

in (6.3). The details are in Appendix G.1.

Note that, since 8 r()\) is given by
(6.8), when A > 0 it cannot be de-
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6.5 Roles of regularization and simplicity bias

We now interpret C*()), which characterizes the spurious correlations via Theorem 6.3, in
terms of the data covariance X and the regularization A\. To do so, we express ¥ as

5 — @ §y> (6.14)

yr vy

where the block ¥,, = E,.p, {x:ﬁq € R™ (2, = E,up, {yyq € R%9) denotes the
covariance of the core (spurious) feature sampled from its marginal distribution. The off-
diagonal blocks are ¥, = X, = E,7 77 upyy, [xyq € R4 Let us denote by

SE =%y, — DX, (6.15)

the Schur complement of X with respect to the top-left d x d block ¥,,. In our setting, S=
offers a helpful statistical interpretation. In fact, for multivariate Gaussian data, it corresponds
to the conditional covariance of y given z, i.e.,

§% = Cov(yle = ) = Eyoms | (v~ Byosly]) (v~ Eyumsll) |- (616)

Therefore, the spectrum of S* describes the degree of dependence between y and x: on the
one hand, if its eigenvalues are small, the feature y is close to be determined by the knowledge
of the feature = (i.e., y is highly correlated with x); on the other hand, if its eigenvalues are
large, the two features tend to be independent.

As an intuitive example, let us interpret classification for the binary Color-MNIST dataset
(see Figure |6.1) as a 2-dimensional problem: the core feature is z = +1 (—1) if the digit on
the image is 1 (0); and the spurious feature is y = +1 (—1) if the color is red (blue). If the
digits and the colors have a correlation of «, then ¥,, =¥,, =1 and ¥,, = ¥,, = a. Thus,
S =1 — a?, which becomes 0 if |a| =1 (full correlation), and it is maximized in the setting
of independence between colors and parity (o = 0).

At this point, leveraging the decomposition of ¥ in (6.14) and the Schur complement in (6.15),
we provide the following bounds on C*()), which are proved in Appendix G.1.

Proposition 6.4. Let C¥()\) and S* be defined in (6.12) and (6.15)), respectively. Then,

» . max (E) 2/\max (Zyy) — Amin SE
‘C (A)‘ S min (szﬂfuop’ T )\) ) (A) Var(g) g )\min (S%:) )\min (;xxg) : (617)

We discuss the three upper bounds in (6.17) below.
(i): 1C*(N)] < [[Zyellyy- The off-diagonal blocks %y, = E[yz'] and %, = X, describe
the correlation between y and . In the limit case [|Z||,, = 0, we have that z and y are

uncorrelated and, therefore, CE()\) = 0, as there is no spurious correlation that the model can
learn.

(i) |CZ(N)] < Amax (£)* /7(\). From (6.13), one obtains that 7()\) — 0o as A — co. Thus,
the bound implies that C*()\) approaches 0 as A grows large. This captures the intuition that,
when the regularization A is large, the minimization in (6.7) is biased towards solutions with
small norm and, therefore, the output of the model is small, which drives to 0 the spurious
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correlations as defined in (6.3). The behavior is confirmed by Figure 6.2: [C(A.r(\))] is
decreasing for large values of A and it eventually vanishes; at the same time, large values of A
make the output of the model small, which in turn increases the test loss L£(6.r())).

(iii): The third bound in (6.17) can be rewritten as

CEN) [ A (Ba) oy e (Syy) = Amin (S7)

Var(g) — o2 Amin (57)

, (6.18)

where we have isolated on the LHS the terms depending on the covariance of the core feature

2 (1/Amin (X)) and on the scaling of the labels ({/Var(g) — 02). We now discuss the
dependence of the RHS of (6.18) w.r.t. (a) 7()\), (b) A\uin (Sf) and (¢) Amax (2y,). As for

(a), we note that C¥(\) approaches 0 for small values of \. In fact, the RHS of (6.13) is
smaller or equal to 2d/n; thus, if we consider 2d < n, we also get 7 < A (1 — 2d/n)_1, which
implies 7(A) — 0 as A — 0. This is in agreement with Proposition 6.2, which handles the
case without regularization, and also with the numerical experiments of Figure 6.2. As for
(b), we note that the bound is decreasing with Ay, (SE>. This is in agreement with the

xz

earlier discussion on how the spectrum of the Schur complement S measures the degree of
independence between the spurious feature y and the core feature x. Finally, as for (c), we note
that the bound is increasing with Ayax (2,,), which is connected below to the simplicity of the
spurious feature y. The increasing (decreasing) trend of C*(A\) w.r.t. Apax (X4y) (Amin (Sf))
is clearly displayed in Figure 6.3 for Gaussian data.

The connection between Apax (2y,)
and the simplicity bias of ERM can
be illustrated via our initial image Synthetic Synthetic
recognition example. The (spu- °8

) -\ — L£(6a(A)
rious) background feature is intu- o6 Temm LG R
itively an easy pattern to learn from — (BN

0.4

the model: the pixels correspond- ikt
0.2

ing to the spurious feature behave " AS——ammaaee
consistently across the training data.  °°

This in turn skews the spectrum of Amax(Zy,) ' Ain(SE)

>yy, Which has few dominant direc-

tions with eigenvalues much larger A

than the others. Note that this in- Figure 6.3: Test loss L(0_r/rr())) (black) and spurious
terpretation is similar to the model- correlations C(@LR/RF(A)) (red) as a function of Apax (Xyy)
dependent definition of simplicity in (left) and Amin (Sf) (right) on a synthetic Gaussian dataset,
[I\/Iorwani et al.| 2023]- An empiri- for both linear regression and random features, with A = 1
cal verification is provided in Figure (additional details in Appendix G.5).

6.4, where we consider the CIFAR-

10 dataset, restricted to the “boat” and “truck” classes. Before training a regression model,
we whiten up to some level the background feature (as defined in Figure 6.1) to make it
harder to learn, see the right side of Figure 6.4. Then, for different levels of whitening, we
report C(ALr())) as a function of Apax (Zy,). We normalize Apax (3y,) by the trace tr(,,)
to exclude the size of the pattern from our experiment®. The red curve shows an increasing
trend analogous to that displayed in Figure 6.3 for Gaussian data: small values of Apax (Xy,)

3If y has 0-mean, then E||y||3 = tr(3,,), i.e., the trace captures the size of the pattern.
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CIFAR-10 (spurious background)
0.8

—_ — L)
06 T~=——l ——— £ (Bre(A)

— C(6r(A)

o4 ; mmm

—== C(6re(A) -~
02 //——',“;""”—- ¢ g . Y
0.0

0.1 0.2 0.3

Amax(Zyy) 1tr(Zy,) Increasing level of whitening

Figure 6.4: Test loss E(@LR/RF()\)) (black) and

spurious correlations C(@LR/RF(A) (red) as a
function of Amax (Eyy) /tr(Xyy) on a CIFAR-
10 dataset for different levels of whitening (de-
tails on the whitening process in Appendix G.5)).
We restrict to the classes “boat” and “truck”
(n = 10000) and consider both linear regression
and random features, with A = 1.

correspond to significant whitening and, hence,

Proposition 6.4.

width =300 Synthetic, p = 20000
1.0 Y ~
—— £ (Byn(A)), C-MNIST —— £(Bge(A)), tanh
08 ——- £ (Bun(A)), CIFAR-10 === £(6rrA), 61
06 —— C(6un()), C-MNIST — C(6re(1)), tanh
________ === €(B(A), CIFAR-10 ——- C(6re)), 61

Figure 6.5: Test loss C(@NN/RF()\)) (black) and
spurious correlations C(@NN/RF()\) (red) as a func-
tion of A. Left: 2-layer fully connected RelLU
network, trained on the binary color(C)-MNIST
and CIFAR-10 (boats and trucks). Right: RF
model with tanh and ¢; = hy + 0.1 h3 activation.
Implementation details are in Appendix |G.5.

to small spurious correlations, as predicted by

We remark that our results concern the parameter @ as defined in (6.1), which can be
interpreted as the convergence point of an optimization algorithm such as gradient descent.
This perspective differs from the prior work of [Pezeshki et al., 2021, Qiu et al., 2023|, which
focus on how spurious correlations evolve during training. On the other hand, in linear
regression, solving the gradient flow equation dd = —V,L,(0)dt, where L£,(0) is defined as

the argument of the arg min in (6.1), gives

0(t) = (1—exp (-2 (X X/n+AI)t)) 0.

(6.19)

Thus, the components of 0 aligned with the top eigen-spaces of X ' X converge earlier than
the others. Hence, from a dynamical point of view, if XX ~ nX, our results suggest that
spurious features are learned faster the easier they are.

Trade-off between £(A r(\)) and C(Or())).

Figure |6.2 shows that there is an interval of

values for the regularization (A ~ 10~1) where the test loss £(A.r())) is decreasing in A, while
the spurious correlations C(f r(\)) are increasing. This evidence suggests a natural trade-off
between these two quantities, mediated by A. To theoretically capture such trade-off, we first
provide a non-asymptotic concentration bound for £(Ar())).

Proposition 6.5. Let Assumption 6.1 hold, n = ©(d) and L(Ar(\)) be the in-distribution
test loss of the model fir(6ir(N),-) for A > 0. Set

L)) =

o2 + (V2 [(Z + r(N)I) 7 SH20r

2
2

1_ tr((S+r(\)1)°52) ’

(6.20)

n

where 7(\) is defined via (6.13). Then, for every t € (0,1/2),

Pze (|L(OR(N) — L2(V)| > ) < Cdexp (—dt*/C),

where C' is an absolute constant.
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In words, Proposition 6.5 guarantees that |£(f.r()\)) — £Z(\)| = o(1) with high probability.
Its proof is an adaptation of Theorem 3.1 in [Han and Xu, 2023|, and the details are in
Appendix |G.1.

Armed with the non-asymptotic bounds of Theorem 6.3 and Proposition 6.5, we characterize
the trade-off between £(# r()\)) and C(A r()\)) by studying the monotonicity of £*()\) and
C=(N).

Proposition 6.6. Let C*()\) and £>(\) be defined as in (6.12) and (6.20). Then, if 2d < n,
we have that £>()\) is monotonically decreasing in a right neighborhood of \ = 0, and there
exists Ay > 0 such that £*(\) is monotonically increasing for \ > M. Furthermore, if
Y,. = I, then C*()\) is non-negative and there exists \¢ such that C*()\) is monotonically
increasing for A < A¢. Finally, as long as

% S )\mln(z)
n

min (1, 2omas(B)/” 2) ; (6.21)
()‘max(E)/)‘min(Z) + 1)

we have that \¢ > A,.

In words, Proposition 6.6/ shows that C*()\) grows with A at least until the regularization
equals a value A\¢. For example, in Figure 6.2, A\¢ ~ 1 for a Gaussian data and Az ~ 10 for
Color-MNIST. Furthermore, in this interval, £¥()) is initially decreasing and then increasing
as A > Az. These trends in turn imply that the optimal value A7 that minimizes the test
loss is s.t. A\l € (0, Ac| — an interval where the spurious correlations are strictly positive and
increasing.

The proof of Proposition 6.6/ (whose details are in Appendix G.1) relies on the monotonicity of
7(A) in A, and the last statement follows from showing that 7(A\¢) > Amin (SE) > Amin (2) >
7(Az). The upper bound on 2d/n in (6.21) is required to prove that A, (X) > 7(Az) and,
due to Assumption 6.1, it is implied by taking n = w(d). We note that the latter scaling holds
in standard datasets, e.g., MNIST (n =6 - 10%, 2d ~ 2 - 10® when considering the 3 color
channels) and CIFAR-10 (n = 5-10%, 2d ~ 3 - 103).

We conclude the section by noting that learning spurious correlations can be beneficial to
minimize the (in-distribution) test loss. In fact, the spurious features in y are effectively
correlated with the labels, due to their correlation with the core feature x, and hence they can
be helpful at prediction time. This phenomenon is numerically supported by Figures 6.3 and
6.4, where for a fixed value of A, easier spurious features (or higher correlations) generate both
higher values of C(Ar())) and lower values of £(0 g(\)). In words, while a blue background
cannot strictly predict the label “boat”, it is a useful feature in prediction as long as the boats
in the test data tend to have a blue background.

The same conclusion does not hold for the out-of-distribution test loss, where the features x
and y are sampled independently: the lower bound in (6.4) increases with C. Figure G.1in
Appendix |G.4 provides an additional numerical validation of this statement.

6.6 Role of Over-parameterization

Our analysis has so far focused on linear regression, highlighting the role of data covariance
and regularization. However, moving to complex predictive models, such as neural networks,
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may lead to differences in the degree to which spurious correlations are learned. As an example,
in the left panel of Figure 6.5, we train an over-parameterized two-layer neural network on
the binary Color-MNIST and CIFAR-10 datasets, for different values of the regularizer .
While for high values of A the results are qualitatively similar to the ones in Figure 6.2, a
striking difference is that spurious correlations remain significant even when there is little to
no regularization (i.e., A & 0), in sharp contrast with Proposition 6.2. We also note that the
phenomenon is in line with previous empirical work [Sagawa et al., 2020a].

We bridge the gap between linear regression and over-parameterized models by focusing on
random features:

fre(0,2) = o(V2)'0, (6.22)

where V is a p x 2d matrix s.t. V;; ~iia N(0,1/(2d)), and ¢ is an activation applied
component-wise. The number of parameters of this model is p, as V' is a fixed random matrix
and 6 € R? contains trainable parameters. The scaling of input data (tr(X) = 2d) and the
variance of the entries of V' guarantee that the pre-activations of the model (i.e., the entries
of the vector V2 € RP) are of constant order.

We consider the ERM in (6.1) with a quadratic loss

A

1
Ore(3) = axgming (|80 — G + A 0] (6.23)

where we set ® := [¢(Vz),...,6(Vz,)]" € R™P. When A\ = 0, if ®®' is invertible, the
minimization above does not necessarily have a unique solution. In that case, we set fgg(0)
to be the solution obtained via gradient descent with 0 initialization, which corresponds to the

min-norm interpolator (see equation (33) in [Bartlett et al., [2021]). Then*, we can write, for
A>0,

Ore(N) = @7 (827 +nAI) G (6.24)

Assumption 6.7 (Activation function). The activation ¢ : R — R is a non-linear, odd,
Lipschitz function, such that its first Hermite coefficient j1; # 0.

This choice is motivated by theoretical convenience and is similar to the one considered in [Hu
and Lu, 2022]. We believe that our result can be extended to a more general setting, as the
ones in [Mei and Montanari, 2022, Mei et al., [2021], with a more involved analysis. We refer
to [O'Donnell, 2014] for background on Hermite coefficients.

Assumption 6.8 (Over-parameterization). We let p grow s.t. p = w (n log* n) and logp =
O©(logn).

This requires the width of the model (and, hence, its number of parameters) to grow faster
(by at least a poly-log factor) than the number of training samples.

Finally, our requirements on the data are less restrictive than those coming from Assumption
6.1

Assumption 6.9 (Data distribution, less restrictive). {z;}, are n i.i.d. samples from a mean-
0, Lipschitz concentrated distribution Pxy, with covariance ¥ s.t. tr(X) = 2d. Furthermore,
the labels g; are i.i.d. sub-Gaussian random variables.

4®d T is proved to be invertible with high probability in Lemma G.10,
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Note that the labels g; are not required to follow a linear model g; = 20" + ¢;. The
Lipschitz concentration property (see Appendix B| for details) corresponds to data having
well-behaved tails, it includes the distributions considered in Assumption 6.1, as well as the
uniform distribution on the sphere or the hypercube [Vershynin, 2018|, and it is a common
requirement in the related literature [Nguyen et al., 2021b}, Bubeck and Sellke, 2021, Bombari
et al., [2022b)].

Theorem 6.10. Let Assumptions 6.7, 6.8, and 6.9 hold, n = ©(d), and z € R?? pe sampled
from a distribution satisfying Assumption 6.9, not necessarily with the same covariance as
Pxy, independent from everything else. Let fRF(HRF(/\) z) be the RF model defined in (6.22)
with QRF()\) given by (6.24), and fir(Or()), 2) be the linear regression model defined in (6.5)
with O r(\) given by (6.8). Then, for A > 0,

| fre(Ore (M), 2) = fir(Bir(V), 2)|
0 <d1/4 logd log®? d) o) (6.25)

pl/4 /8

with probability at least 1 — Cv/dlog? d/\/p—C log® d/d"/*, where the effective regularization
A is given by
< 20%d  2d
A=t o
pin - pip
and [i* = Y po 17, with i denoting the k-th Hermite coefficient of ¢.

A, (6.26)

In words, Theorem |6.10| shows that the over-parameterized RF model, when evaluated on a new
test sample (not necessarily from the same distribution as the input data), is asymptotically
equivalent to linear regression with regularization \ given by (6.26)). In particular, even in the
ridgeless case (A = 0), the RF model is equivalent to linear regression with strictly positive
regularization. Thus, we expect the presence of spurious correlations, just like in Figure 6.5,
since C(Orr(0)) approaches C=(X) with A > 0 . Notably, the effective regularization \ depends
on the activation ¢ via its Hermite coefficients, and it increases with the ratio /3.

We point out some differences between Theorem 6.10 and earlier work on the equivalence
of random features with regularized linear regression [Goldt et al., 2020, 2022, Hu and Lu,
2022, [Montanari and Saeed, 2022]. First, as mentioned in Section 6.2, existing results prove
equivalence of training and test loss, which does not imply either the equivalence of the
covariance in (6.3) nor the point-wise guarantee of (6.25). Second, existing results focus on
the regime where p and n are proportional, while Assumption 6.8 requires p = w (n log* n)
This reflects on the third difference which is in the proof technique: existing results use
Lindeberg method, while our strategy (summarized below) relies on concentration tools.

Proof sketch: The proof builds on 3 core steps.

. (Amm (@@T)) |
op p

which is a consequence of the concentration of ®® " to its expectation with respect to V/,
then expressed in terms of the Hermite coefficients of ¢ (Lemmas G.9 and G.10).

Step 1: We show that, with high probability,

_[ﬂ]

DT A
D My 2
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Step 2: In Lemma G.12 we upper bound the term IE.[6(V2)d(V2)]|lop (Where we set
o(-) := ¢(-) — p1(+)), which is then used to show that

‘(ﬁ(VZ)TéRF — ulzTVTéRF’ = 0(1),

with high probability, due to Markov inequality. This means that the non-linear component of
®(V z) has a negligible effect on the output (see (G.123) in Lemma G.14).

Step 3: Using a similar intuition, we use matrix Bernstein inequality (Lemma G.13) to show
that [|[(® — 11 ZV ")V |op is small with high probability, so that

e VT (@7 = v ZT) (907 +nAl) G‘ — o(1),

i.e., the non-linear component of ®" in (6.24) is also negligible (see (G.119)).

Finally, by combining Step 2 and Step 3 with standard concentration arguments, we conclude
that

TS 2 2177 T 1
¢(Vz) Ore — pip—-— (22" +nAI)7 G| = o(1),
and the thesis follows from Step I and Woodbury matrix identity for the inverse. m

The right panel of Figure 6.5 presents the test loss £(fre()\)) (in black) and the spurious
correlations C(fre())) (in red) for two activation functions: tanh and ¢, = h; 4 0.1hs, where
hi and hs denote the first and third Hermite polynomials, respectively. Notice that this
gives [i2/p? ~ 0.1 for tanh, 12/u3 ~ 0.01 for ¢, and we take d = 400 and n = 2000. As
expected, C(Are(0)) > 0 for the tanh activation function, since A ~ 0.05 (which matches the
corresponding value in Figure 6.2). On the other hand, C(Are(0)) ~ 0 for the activation ¢,
since A ~ 0.005. As A grows, C(0re()\)) goes to 0 faster for the tanh activation function
(which has higher 5\) as predicted by the second upper bound in Proposition 6.4. These results
match the qualitative behavior of the 2-layer neural network trained on the Color-MNIST
dataset (left panel).

6.7 Conclusions

This chapter provides a rigorous study of spurious correlations in high-dimensional regression
models, with the purpose of connecting the statistical foundation of this phenomenon with its
practical intuition. Specifically, we translate the problem into characterizing the deterministic
object C*(\), which allows us to quantitatively capture the roles of ridge regularization, data
covariance and over-parameterization.

An interesting future direction is to employ our principled approach to design algorithms that
go beyond ERM to mitigate spurious correlations. In that regard, let us mention the usage
of multiple models with different ridge regularization or early stopping (connected to ridge
penalties, see |Raskutti et al.| [2014]), in order to generate additional supervision. Here, having
a quantitative control on which features (core or spurious) are learned by which model would
allow to optimally use the extra labels (e.g., for up-weighting minority groups, as in Liu et al.
[2021]).
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CHAPTER

Towards Understanding the Word
Sensitivity of Attention Layers: A Study
via Random Features

Understanding the reasons behind the exceptional success of transformers requires a better
analysis of why attention layers are suitable for NLP tasks. In particular, such tasks require
predictive models to capture contextual meaning which often depends on one or few words,
even if the sentence is long. This chapter studies this key property, dubbed word sensitivity
(WS), in the prototypical setting of random features. We show that attention layers enjoy
high WS, namely, there exists a vector in the space of embeddings that largely perturbs the
random attention features map. The argument critically exploits the role of the softmax
in the attention layer, highlighting its benefit compared to other activations (e.g., ReLU).
In contrast, the WS of standard random features is of order 1/4/n, n being the number of
words in the textual sample, and thus it decays with the length of the context. We then
translate these results on the word sensitivity into generalization bounds: due to their low WS,
random features provably cannot learn to distinguish between two sentences that differ only
in a single word; in contrast, due to their high WS, random attention features have higher
generalization capabilities. We validate our theoretical results with experimental evidence over
the BERT-Base word embeddings of the imdb review dataset.

This chapter is based on the work published at ICML 2024: Towards understanding the word
sensitivity of attention layers: A study via random features.

7.1 Introduction

Deep learning theory has provided a quantitative description of phenomena routinely occuring
in state-of-the-art models, such as double-descent [Nakkiran et al., 2020, Mei and Montanari,
2022|, benign overfitting [Bartlett et al., 2020, Belkin, 2021], and feature learning [Ba et al.,
2022, Damian et al., [2022]. However, most existing works focus on architectures given by the
composition of matrix multiplications and non-linearities, which model e.g. fully connected
and convolutional layers. In contrast, the recent impressive results achieved by large language
models [Brown et al., [2020, Bubeck et al., [2023] are largely attributed to the introduction of
the transformer architecture [Vaswani et al., [2017], which are in turn based on attention layers

78


https://proceedings.mlr.press/v235/bombari24b.html
https://proceedings.mlr.press/v235/bombari24b.html

7.1. Introduction

i love her  much love her  smile Prom pt Output

Reply with "Yes" if the review | will provide you | No
is positive, and "No" otherwise.

Review: Sorry, gave it a 1, which is the rating |
give to movies on which | walk out or fall asleep.

love

her

Reply with "Yes" if the review | will provide you | Yes
is negative, and "No" otherwise.

Review: Sorry, gave it a 1, which is the rating |
010 o k ‘ k : : - give to movies on which | walk out or fall asleep.

much

Figure 7.1: Left. Average attention scores for the word embeddings of the two sentences "l love
her much” and “l love her smile”. The embeddings are computed with the BERT-Base model, the
scores are averaged over the 12 heads and displayed without the [CLS] token. Right. Output of
the Llama2-7b-chat model for two prompts differing only in a single word.

[Bahdanau et al., 2014, Kim et al., [2017]. Hence, isolating the unique features of the attention
mechanism stands out as a critical challenge to understand the success of transformers, thus
paving the way to the principled design of large language models.

Recent work tackling this problem characterizes the sample complexities required by simplified
attention models [Edelman et al., 2022, [Fu et al., 2023]. However, learning is limited to a
specific set of targets, such as sparse functions [Edelman et al., 2022] or functions of the
correlations between the first query token and key tokens [Fu et al., 2023|. This chapter takes
a different perspective and starts from the simple empirical observation that one or few words
can change the meaning of a sentence. Think, for example, to the pair of sentences “| love
her much” and “l love her smile”, where replacing a single word alters the meaning of the
text. This is captured by the BERT-Base model [Devlin et al., [2019], which shows a different
attention score pattern over these two sentences (see Figure [7.1, left). Another example can
be found in the table on the right of Figure 7.1, where changing one word in the prompt would
require a well-behaved model (in this case, Llama2-7b [Touvron et al., 2023]) to modify its
output. In general, language models need to have a high word sensitivity to capture semantic
changes when just a single word is modified in the context, which motivates the following
question:

Do attention layers have a larger word sensitivity than fully connected architectures?

To formalize the problem, we represent the textual data with X € RV*? where the N rows
represent the word embeddings in RY. Then, we define the word sensitivity (WS) in (7.4), as
a measure of how changing a row in X modifies the embedding of a given feature map. We
focus our study on the prototypical setting of random features, i.e., where the weights of the
layers are random. In particular, we consider (i) the random features (RF) map [Rahimi and
Recht, [2007], defined in (7.1), and (ii) the random attention features (RAF) map [Fu et al.|
2023|, defined in (7.3). The former models a fully connected architecture, while the latter
captures the structure typical of attention layers.

Our contributions can be summarized as follows:

» Theorem 7.2/ shows that an RF map has low WS, specifically of order 1/\/N where N
is the context length. This means that changing a single word has a negligible effect
on the output of the map. In fact, to have a significant effect, one needs to change a
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constant fraction of the words, see Remark 7.4. Furthermore, increasing the depth of
the architecture does not help with the word sensitivity, as shown by Theorem 7.3.

= Qur main result, Theorem 7.4, shows that a RAF map has high WS, specifically of
constant order which does not depend on the length of the context. This means that
changing even a single word can have a significant effect on the output of the map,
regardless of the context length. The argument critically exploits the role of the softmax
in the attention layer, and numerical simulations show its advantages compared to other
activations (e.g., ReLU).

= Section |7.6 exploits the bounds on the word sensitivity to characterize the generalization
error when the data changes meaning after modifying a single word in the context. In
particular, we consider generalized linear models trained on RF and RAF embeddings,
and we establish whether a fine-tuned or retrained model can learn to distinguish between
two samples that differ only in one row. While the answer is provably negative for
random features (Theorems 7.6/ and 7.7), random attention features are capable of
generalizing.

Most of our technical contributions require no distributional assumptions on the data, and the
generality of our findings is confirmed by numerical results on the BERT-Base embeddings of the
imdb dataset [Maas et al., 2011], and on the pre-trained BERT-Base model itself. Our code is
publicly available at the GitHub repository simone-bombari/attention-sensitivity.

7.2 Related work

Fully connected layers. Several mathematical models have been proposed to understand
phenomena occurring for fully connected architectures. Two prototypical examples are the
RF and the NTK models, discussed in Chapters 2/ and 3. Another popular approach involves
a mean-field analysis of the neurons of a fully connected 2-layer neural network [Mei et al.|
2018|, Sirignano and Spiliopoulos, 2020, |Chizat and Bach, 2018} Rotskoff and Vanden-Eijnden,
2018, Javanmard et al., 2020a, [Shevchenko et al., 2021]. Deep random models have also been
considered by Hanin| [2019], Bosch et al.| [2023], Schroder et al.| [2023].

Attention layers. Attention layers [Bahdanau et al., 2014, Kim et al., 2017] and transformer
architectures [Vaswani et al., [2017] have attracted significant interest from the theoretical
community: [Yun et al.| [2020], |Ben-Shaul et al.| [2023] study their approximation capabilities;
Edelman et al. [2022], Trauger and Tewari| [2023] provide norm-based generalization bounds;
Tian et al.| [2023] analyze the training dynamics; Wu et al.| [2023] provide optimization
guarantees; |Jelassi et al.| [2022], |Li et al.| [2023] focus on computer vision tasks and [Oymak
et al. [2023] on prompt-tuning. The study of the attention mechanism is approached through
the lens of associative memories by Bietti et al.| [2023], |Cabannes et al.|[2024]. More closely
related to our setting is the recent work by |Fu et al.| [2023], which compares the sample
complexity of random attention features with that of random features. We highlight that [Fu
et al. [2023] focus on an attention layer with ReLU activation, while we unveil the critical role
of the softmax.

Sensitivity of neural networks. We informally use the term sensitivity to express how a
perturbation of the input changes the output of the model. Previous work explored various
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mathematical formulations of this concept (e.g., the input-output Lipschitz constant) in the
context of both robustness [Weng et al., 2018, Bubeck and Sellke, 2021] and generalization
[Bartlett et al., [2017]. Sensitivity is generally referred to as an undesirable property, motivating
research on models that reduce it [Miyato et al., |2018, Prach and Lampert, [2022]. In this
chapter, however, high sensitivity represents a desirable attribute, as it reflects the ability
of the model to capture the role of individual words in a long context. This is a stronger
requirement than having large Lipschitz constant, hence earlier results on the matter [Kim
et al., [2021] cannot be applied.

7.3 Preliminaries

We consider a sequence of N tokens {z;}Y,, with z; € R? for every i, where d denotes the
token embedding dimension, and N the context length. These tokens altogether represent the
textual sample X = [21,...,2x]" € RN*9 We denote by flat(X) € R?, with D = Nd, the
flattened (or vectorized) version of X. Given a vector z, ||z, is its Euclidean norm. Given a
matrix A, || A|l, := ||flat(A)||, = || A is its Frobenius norm. We indicate with e; the i-th
element of the canonical basis, and denote [N] := {1,..., N}. All the complexity notations
Q(+), w(-), O(+), o(+) and O(+) are understood for sufficiently large context length N, token
embedding dimension d, number of neurons k, and number of input samples n. We indicate
with C, ¢ > 0 numerical constants, independent of N, d, k,n. Throughout the chapter, we
make the following assumption, which is easily achieved by pre-processing the raw data.

Assumption 7.1 (Normalization of token embedding). For every token x;, we assume

lzill, = V.

Random Features (RF). A fully connected layer with random weights is commonly referred
to as a random features map [Rahimi and Recht, 2007]. The map acts from a vector of
covariates to a feature space R”, where k denotes the number of neurons. Thus, we flatten
the context flat(X) € RP before feeding it in the layer, and the RF map ¢gf : RV*? — RF
takes the form

ore(X) = o(V flat(X)), (7.1)

where ¢ : R — R is a non-linearity applied component-wise and V' € R**? is the random
features matrix, with V;; ~;;4 N(0,1/D). This scaling of the variance of V ensures that
the entries of V flat(X) have unit variance, as |/flat X|, = v/D by Assumption [7.1. We
later consider a similar model with several random layers, referred to as deep random features
(DRF) model and recently considered by [Bosch et al., 2023| Schroder et al., 2023].

Random Attention Features (RAF). We consider a single-head sequence-to-sequence
self-attention layer without biases pqky(X) [Vaswani et al., 2017], given by

XWIWiXT
vd

where the softmax is applied row-wise and defined as softmax(s); = €%/ 3, e%; Wo, Wi, Wy €
R¥*4 are respectively the queries, keys and values weight matrices. As in previous re-
lated work [Fu et al., 2023|, we simplify the above expression with the re-parameterization
W = WJWK € R?4 and by removing the values weight matrix. This is for convenience of
presentation, and our results can be generalized to the case where queries, keys and values are

wqrv(X) = softmax ( ) XWy, (7.2)

81



7. WORD SENSITIVITY OF ATTENTION LAYERS

random independent features, see Remark 7.5/ at the end of Section [7.5. Thus, we define the
random attention features layer prap : RV*4 — RV*d a5

X T
WX )X,
Vd

where W, ; ~i14. N(0,1/d). We refer to the argument of the softmax with the shorthand
S(X):= XWX /V/d e R¥*N_ The scaling of the variance of T ensures that the entries of
S(X) have unit variance. Differently from [Fu et al., 2023|, we do not consider the biased
initialization discussed in [Trockman and Kolter] 2023], designed to make the diagonal elements
of W positive in expectation. As remarked in [Trockman and Kolter, [2023], this initialization
is aimed at replicating the final attention scores of vision transformers, and its utility on
language models is less discussed. Furthermore, we remark that our simplified model does
not include any of the architectural tweaks introduced to allow transformer models to process
longer contexts [Bertsch et al., 2023, Beltagy et al., 2020], as it aims to capture the specific
properties of a single attention layer.

©rar(X) = softmax < (7.3)

Word sensitivity (WS). The word sensitivity (WS) measures how the embedding of a given
mapping (X)) is impacted by a change in a single word. Given a sample X = [z1,...,zy]" €
RY*d the perturbed sample X?(A) is obtained from X by setting its i-th row to z; + A and
keeping the remaining rows the same. Here, A € R? denotes the perturbation of the i-th

token, and its magnitude does not exceed the scaling of Assumption 7.1, i.e., ||Al], < V.
Formally, given a mapping ¢, we are interested in
X{(A)) —p(X
S0 - sy  NEX(E) el )
i€[N), AllL,<va (X1l

In words, S,,(X) denotes the highest relative change of ¢ (X'), upon changing a single token
in the input. Our goal is to study how S,(X) behaves for the RF and RAF models, with
respect to the context length V. Informally, if S,(X) = o(1) for any X, the mapping ¢ has
low word sensitivity. On the contrary, if S,,(X) = Q(1), ¢ has high word sensitivity.

We remark that, in language models, tokens are elements of a discrete vocabulary. However,
working directly in the embedding space (as in definition (7.4)) is common in the theoretical
literature [Kim et al., 2021], and critical steps of practical algorithms for language models also
take place in the embedding space [Ebrahimi et al., 2018, Shin et al., 2020} Zou et al., 2023].

The definition of WS recalls similar notions of sensitivity in the context of adversarial robustness
[Dohmatob and Bietti, 2022, Bubeck and Sellke, 2021, Wu et al., 2021, Bombari et al.; 2023],
as well as the literature that designs adversarial prompting schemes for language models
[Ebrahimi et al., 2018, |Guo et al., 2021} Zou et al., |2023]. However, in contrast with the
definition in (7.4), these works consider a trained model and, therefore, the results implicitly
depend on the training dataset. Our analysis of the WS dissects the impact of the feature
map ¢, and it does not involve any training process. The consequences on training (and
generalization error) will be considered in Section 7.6.

7.4 Low WS of random features

We start by showing that the word sensitivity for the RF map in (7.1) is low, i.e., Sgr = o(1).
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RF DRF

0.6 — 192 —2
384
0.5 768 8

20 40 60 80 100 120 10 20 30 40 50 60
N N

Figure 7.2: Numerical estimate of the WS for the RF (left) and DRF (right) map,
with a RelLU activation function. ~We estimate S, looking for the perturbation A* =
argsup | A </a lo(X1(A)) = o(X)]|,, where we fix the first token for symmetry. We find A* by
optimizing our objective with constrained gradient ascent. For RF, we consider d € {192,384, 768},
as N increases (taking the first d dimensions of the embeddings of the first NV tokens). For DRF,
we repeat the experiment for different depths L € {2,4, 8} and fixed d = 768, as N increases. As
textual data X, we use the BERT-Base token embeddings of samples from the imdb dataset, after
a pre-processing to adapt the dimensions and fulfill Assumption 7.1, We plot the average over 10
independent trials and the confidence band at 1 standard deviation. In the figure on the left, we
intentionally dash the plotted lines to ease the visualization, as they overlap.

Theorem 7.2. Let pre be the random features map defined in (7.1), where ¢ is Lipschitz
and not identically 0. Let X € RN*? be a generic input sample s.t. Assumption|7.1 holds, and
assume k = Q(D). Let Sre(X) denote the word sensitivity of pre defined in (7.4). Then, we
have

Srr(X) = 0 (1/VN) = o(1), (7.5)

with probability at least 1 — exp(—cD) over V.

Theorem 7.2 shows that the RF model has a low word sensitivity, vanishing with the length of
the context N. This means that, regardless of how any word is modified, the RF mapping is
not sensitive to this modification, when the length of the context is large. The proof follows
from an upper bound on the numerator of (7.4), due to the Lipschitz continuity of ¢, and a
concentration result on the norm at the denominator. The details are deferred to Appendix
H.1l

Remark. Theorem [7.2]is readily extended to the case where the number of words m that
can be modified in the context is o(NV). In fact, to achieve a sensitivity of constant order, a
constant fraction of rows in X must be changed, i.e. m = ©(N). This extension of Theorem
7.2/is also proved in Appendix |H.1, and it further illustrates that a fully connected architecture
is unable to capture the change of few (namely, m = o(/N)) semantically relevant words in a
long sentence.

We numerically validate this result in Figure 7.2/ (left), where we estimate the value of Sge
for different token embedding dimensions d, as the context length N increases. Clearly, Sgr
decreases as the context length increases, regardless of the embedding dimension d. In fact,
the curves corresponding to different values of d (in different colors) basically coincide.
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Deep Random Features (DRF). As an extension of Theorem 7.2, we show that the word
sensitivity is low also for deep random features. We consider the DRF map

©pre(X) = d(Vio(Vi_1(...Vao (Vi flat(X))...))), (7.6)

where ¢ : R — R is the component-wise non-linearity, k is the number of neurons at each
layer, and V; € R*** are the random weights at layer [, with [V}];; ~i;q. N(0,3/D) and
(Vi)ij ~iia. N(0,8/k) for I > 1. We set 8 according to He's initialization [He et al.| [2015],
which ensures

E,n0,8) [¢2(P)] =1, (7.7)

as done in [Hanin, 2018]| to avoid the problem of vanishing/exploding gradients in the analysis
of a deep network.

Theorem 7.3. Let ppgre be the deep random feature map defined in (7.6), where ¢ is Lipschitz
and [3 is chosen s.t. (7.7) holds. Let X € RN*4 be a generic input sample s.t. Assumption
7.1 holds, and assume k = O(D), L = o(logk). Let Spre(X) denote the word sensitivity of
wpRrr defined in (7.4). Then, we have

e -0 (22). o

with probability at least 1 — exp(—clog® d) over {V;}}-,.

Theorem 7.3 shows that, as in the shallow case, the word sensitivity decreases with the length
of the context N. The proof requires showing that ||pre(X)||, concentrates to vk, which is
achieved via (7.7). The strategy to bound the term ||ppre(X“(A)) — wpre(X)], is similar
to that of the shallow case. The details are deferred to Appendix H.2.

The exponential dependence on L comes from our worst-case analysis of the Lipschitz constant
of the model, and it does not fully exploit the independence between the V;'s. Thus, we expect
the actual dependence of the WS on L to be milder. This is confirmed by the numerical
results of Figure 7.2 (right), where we numerically estimate Sprr for different depths L as the
context length NN increases. For all values of L, the word sensitivity quickly decreases with N.

7.5 High WS of random attention features

In contrast with random features, we show that the word sensitivity is high for the RAF map
in (73), i.e., SRAF = Q(l)

Theorem 7.4. Let prar be the random attention features map defined in (7.3). Let X € RN xd

be a generic input sample s.t. Assumption 7.1 holds, and assume d/log"d = Q(N). Let
Srar(X) denote the word sensitivity of prar defined in (7.4). Then, we have

Srar(X) = Q(1), (7.9)

with probability at least 1 — exp(—clog® d) over W.
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Theorem 7.4 shows that the RAF model has a high word sensitivity, regardless of the length of
the context IV, as long as d/log* d = Q(N). This requires a number of tokens N that grows
slower than the embedding dimension d. Models such as BERT-Base or BERT-Large have
an embedding dimension of 768 and 1024 [Devlin et al., 2019|, which allows our results to
hold for fairly large context lengths. In fact, we prove a stronger statement: for any index
i € [N], there exists a perturbation A* (possibly dependent on i) s.t. the RAF map changes
significantly when evaluated in X*(A*). The proof of Theorem 7.4 is deferred to Appendix
H.3, and a sketch follows.

Proof sketch. The argument is not constructive, and the difficulty in finding a closed-form
solution for the perturbation A* is due to the lack of assumptions on the sample X, which is
entirely generic. We follow the steps below.

Step 1: Find a direction 6* aligned with many words z;’s. Using the probabilistic method,
we prove the existence of a vector 6* € RY, with ||6*||, < V/d, s.t. its inner product with
the tokens embeddings ;s is large for a constant fraction of the words in the context. In

particular, Lemma H.6 shows that (q:jTé*)z = Q(d?/N) for at least (V) indices j € [N].

Step 2: Exhibit two directions A} and A} both aligned with many words in the feature space
{WTx;}IL,. Exploiting the properties of the Gaussian attention features W, we deduce the
existence of two vectors A and Aj that (i) are far from each other, and (ii) ensure a constant
fraction of the entries of XWAZ/Vd, k € {1,2}, to be large. In particular, by exploiting our
assumption d/log* d = Q(N), Lemmas H.7 and |H.8 show that [XTVA}/Vd]; = Q (log2 d)

for at least Q(NV) indices j € [N], with [|AT — A}, = Q(Vd).

Step 3: Show that the attention concentrates towards the perturbed word. Recall that
$(X) := softmax(XW X7 /v/d) denotes the attention scores matrix. Then, Lemma H.9
proves that the attention scores [s(X(Aj))]/. are well approximated by the canonical basis
vector e;, for k € {1,2} and an Q(N) number of rows j € [N]. This intuitively means that
a constant fraction of tokens x; moves all their attention towards the i-th modified token
x; + Aj. This step critically exploits the softmax function in the RAF map: if one entry in its

argument is 2 <1og2 d), then the attention scores concentrate as described above.

Step 4: Conclude with at least one perturbation between A} and Aj. Finally, exploiting
the fact that ||Af — Aj|l, = Q(v/d), Lemma H.10 proves that at least one of them gives
a A sit. |lorar(X) — orar(XH(A))|» = Q(Vdn). This, together with the upper bound
lorar (X))l » = O(Vdn), concludes the argument. O

In Figure 7.3 (first plot), we estimate the value of Sgar for different token embedding
dimensions d, as the context length N increases. In contrast with the random features map,
even for large values of IV, the WS remains larger than 1. In the same figure, in the second
plot, we repeat the experiment for the ReLU-RAF map, which replaces the softmax with a
RelLU activation. SgreLu-rar(X) seems to decrease with the context length N, and has in
general smaller values than Sgrar(X). This highlights the importance of the softmax function,
as discussed in Step 3 of the proof sketch above. The condition d/log” d = Q(N) is required
to allow step 2 to go through. We believe this to be a reasonable assumption, as the maximum
context length tends to be smaller than the embedding dimension. Popular examples include
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Figure 7.3: Numerical estimate of the WS for the RAF (first plot) and ReLU-RAF (second plot) map.
The ReLU-RAF map is defined as the RAF one, but the softmax is replaced with a ReLU activation
over the entries of S(X), followed by a re-normalization to ensure that the attention scores sum up
(on every row) to 1, as in the softmax case. We consider d = 192,384, 768, as IV increases. The
rest of the setup is equivalent to the one described in Figure [7.2. In the third plot, we present the
relative change of the pre-trained BERT-Base model layer embeddings, evaluated on the abstract of
this chapter (~ 200 tokens), when the 42nd token is modified in embedding space with a vector
A. The 0-th layer represents the input itself and, as a comparison, we report the results when the
perturbation is chosen to be Gaussian noise with the same norm. In the fourth plot, we present the
attention scores in the first head of the first layer of BERT-Base model, evaluated on the title of
this chapter, when the 6th token is modified in embedding space with a vector A. In the third and
fourth plots, A is chosen to be a perturbation that attracts all the attention on the perturbed key
token, which follows the proof idea of Theorem 7.4,

BERT-Base (N = 512, d = 768), BERT-Large (N = 512, d = 1024), and the Llama-2 family
(N = 4096, d = 5120).

Remark. The re-parameterization of the attention layer through the features W, which
removes the dependence on queries, keys and values, does not substantially change the problem.
In fact, Step 2 of the argument uses that W acts as an approximate isometry on ¢*. This
would also hold for the product of two independent Gaussian matrices WJWK Similarly,
introducing the independent Gaussian matrix Wy would not interfere with our conclusion
in Step 4. Additionally, the results obtained on the RAF model seem to extend to realistic,
pre-trained, transformer architectures. In fact, in the third plot of Figure 7.3, we provide a
lower bound on the sensitivity of the BERT-Base architecture, evaluated on the abstract of
this chapter, when the 42nd token is modified by a perturbation A. The blue line shows how
after the first layer the embeddings are heavily modified, and how this change increases deeper
in the architecture. In this case, the perturbation A follows from the proof idea of Theorem
7.4, as it is chosen to move all the attention towards x; (see the fourth plot in Figure 7.3).
To do so, we set A to be aligned with the right singular vector of WC—;WK associated with
the largest singular value. We do this on all the heads in the first layer separately, and then
average and re-normalize.

7.6 Generalization on context modification

The study of the word sensitivity is motivated by understanding the capabilities of a model
to learn to distinguish two contexts X and X%(A) that only differ by a word. In fact, in
practice, modifying a single row/word of X can lead to a significant change in the meaning,
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see Figure 7.1, We formalize the problem in a supervised learning setting, and characterize
whether a generalized linear model (GLM) induced by a feature map ¢ generalizes over a
sample (X?(A),ya), after being trained on (X,y). Crucially, the index i € [N] and the
perturbation A are s.t. the label y, is different from y (e.g., y € {—1,+1} and ya = —y),
namely, perturbing the i-th word changes the meaning of the context.

Supervised learning with generalized linear models (GLMs). Let (X,)) be a labelled
training dataset, where X = (Xi,...,X,,) contains the training data X; € R¥*? and
Y =1[y1,...,yn]" € {—1,1}" the corresponding binary labels. The sample (X,%) does not
belong to (X,)), and it is introduced later in the training set. Let ¢ : R¥*? — RP be a
feature map, and consider the GLM

ftp('ve) = @(')Ta (710)

where § € RP are trainable parameters of the model. We define the feature matrix as
D, = [p(X1),...,0(X,)]" € R™*P, and focus on the quadratic loss

S (X0 3)’ (7.11)

Minimizing (7.11) with gradient descent gives (see equation (33) in [Bartlett et al., 2021])
0" =6y + @;ﬁ(y — d,6)), (7.12)
where 0* is the gradient descent solution, 6 is the initialization, and @g is the Moore-Penrose

inverse of @,

Our goal is to establish whether the additional training on the sample (X, y) allows the model
[, to generalize on (X*(A),ya), with ya = —y. Thus, we do not focus on the case where
fo(X,0%) =y and f,(X'(A),0%) = ya, ie., fo(-,0%) already generalizes well on the two new
samples. Instead, we look at how f,(-,0%) extrapolates the information contained in the pair
(X, y) to the perturbed sample X*(A). This motivates the following assumption.

Assumption 7.5. There exists a parameter y € [0, 2) s.t.

’fso(Xl<A)7 9*) - fLP(X> 9*)

<. (7.13)

The parameter y captures the degree over which the trained model f,(-,6*) can distinguish
between X and X'(A). If v =0, f,(-,6*) does not recognize any difference between X
and X'(A); instead, if f,(-,0%) correctly classifies the two samples X and X*(A) (i.e.,
[o(X,0%) =y and f,(X(A),0%) = ya = —y), then v = 2, which is beyond the scope of our
analysis.

We consider training on (X, y) in the following two ways.

(a) Fine-tuning. First, we look at the model obtained after fine-tuning the solution 6* defined
in (7.12) over the new sample (X, y). This means that 6* is the initialization of a gradient
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7. WORD SENSITIVITY OF ATTENTION LAYERS

descent algorithm trained on this single sample. As (gp(X)T)Jr = gp(X)/||g0(X)||§ the
fine-tuned solution is given by

o gy $X)

0 = 0" + o2 (y - @(X)TQ*) . (7.14)

(b) Re-training. Second, we re-train the model from scratch, after adding the pair (X, y) to
the training set. The new training set is denoted by (X, ),), where X, = (X1,..., X, X)
contains the training data and ), = [y1,...,Yn,y| the binary labels. Thus, denoting by
D, = [p(X1), . 0(X,), p(X)]T € RMHDXP the new feature matrix, the re-trained
solution 6 takes the form

67 = 0y + B (Vy — By by). (7.15)

The quantity of interest is the test error on (X*(A), ya):

Err, (X(A),60) := (f,(X'(A),0) —ya)’, (7.16)

where 0 € {0}, 05} is the vector of parameters obtained either after fine-tuning or re-training.

7.6.1 Random features do not generalize

By exploiting the low word sensitivity of random features, we show that both the fine-tuned
and retrained solutions generalize poorly.

Theorem 7.6. Let pgrg be the random features map defined in (7.1), with ¢ Lipschitz and
not identically 0, and let fre(-,0%5) = @re(-)"0F be the corresponding model fine-tuned on
the sample (X,y), where X € RN*? satisfies Assumption 7.1 and 0% is given by (7.14).
Assume k = Q(D), |fre(X,60%)| = O (1), and that Assumption 7.5 holds with v € [0,2). Let
Errre(X*(A),07) be the test error of fre(:,0%) on (X*(A),ya) as defined in (7.16). Then,

for any A s.t. ||A|l, < Vd and any i € [N], we have
Erree (X7(A),07) > (2 —7)° = O (1/VN), (7.17)
with probability at least 1 — exp(—cD) over V.

Proof sketch. The idea is to use (7.14) to obtain that

_ re(XY(A)) Tore(X)
lore (X) |5

fRF(Xi(A)a 8;) - fRF(Xi(A), o) (y — fre(X,07)). (7.18)

Next, we note that
ore(X(A)) T ore(X)
lre (X113

Theorem 7.2 gives that the RHS of (7.19) is small, which combined with (7.18) implies that
fre(X*(A), 67) is close to

— 1] < Sre(X). (7.19)

Y+ frr(X'(A),07) — fre(X,07). (7.20)
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By upper bounding fre(X*(A),0%) — fre(X,60%) via Assumption 7.5, we obtain that (7.20)
cannot be far from y. This implies that frr(X'(A),#}) cannot be close to the correct label
ya = —y. The complete proof is in Appendix H.1. O]

Theorem 7.7. Let prr be the random features map defined in (7.1), with ¢ Lipschitz and
non-linear, and let fre(+,07) = pre(-) T 0F be the corresponding model re-trained on the dataset
(X, V) that contains the pair (X, y), thus with 0} defined in (7.15). Assume the training data
to be sampled i.i.d. from a distribution Px s.t. Ex.p,[X]| = 0, Assumption|7.1 holds, and
the Lipschitz concentration property is satisfied. Let nlog®n = o(k), nlog*n = o(D?) and
k = Q(D). Assume that |fre(X,0%)] = O (1) and that Assumption 7.5 holds with ~ € [0, 2).
Let Errge(X*(A), 0F) be the test error of fre(-,07) on (X'(A),ya) defined in (7.16)). Then,
for any A s.t. ||A|l, < Vd and any i € [N], we have

Erree(X7(A),6;) > (2—-)* = O (1/VN), (7.21)
with probability at least 1 — exp (—clog2 n) over V, X,.

Proof sketch. The idea is to leverage the stability analysis in [Bombari and Mondelli, 2024a],
which gives

fre(XH(A),07) — fre(XH(A),07) = Fre(X, X*(A)) (fre(X, 07) — fre(X,0%)),  (7.22)
where
_ SDRF(Xi(A))TquSORF(X)
| Pre(X)]

Fre(X, X' (A)) : (7.23)

is the feature alignment between X and X*(A) induced by orr and Ps the projector over
Span{pre(X1), ..., ore(Xn)}. After some manipulations, we have

) [ore (X)),

‘]:RF(XJ X)) - 1’ < SerlX Amin (KRF,)

: (7.24)

where Kgf, := @var@gﬁr is the kernel of the model. A lower bound on its smallest eigenvalue
Amin (Krr ) follows from the fact that the kernel is well-conditioned (see Lemma H.2), which
crucially relies on the assumptions on the data (i.i.d. and Lipschitz concentrated) and the
scalings nlog®n = o(k), nlog*n = o(D?). As the word sensitivity Sgr(X) is upper bounded
by Theorem 7.2, from (7.24) we conclude that Fre(X, X?(A)) is close to 1.

Since Kgg, is invertible, the re-trained model fgre(-,0}) interpolates the dataset (X}, ), ),
giving that f(X,0*) = y. Thus, as Fre(X, X' (A)) ~ 1, fre(X*(A),07) is close to (7.20),
and we conclude from the same argument used for Theorem [7.6. The complete proof is in
Appendix |H.1. ]

In a nutshell, by exploiting the low word sensitivity of random features, Theorems 7.6-7.7
show that, after either fine-tuning or re-training, the model does not learn to “separate” the
predictions on the samples X and X?(A). As a consequence, the test error is lower bounded
by (2 —~)2. In fact, 7y is the distance between the predictions on X and X*(A) before fine-
tuning/re-training (see (7.13)), and the ground-truth labels have distance 2 (ya,y € {—1,1}

and ya = —y).
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7. WORD SENSITIVITY OF ATTENTION LAYERS

While Theorem [7.6/ does not require distributional assumptions on the data, Theorem 7.7
considers i.i.d. training data, satisfying Lipschitz concentration. This property corresponds to
having well-behaved tails, and it is common in the related theoretical literature [Bubeck and
Sellke, 2021, Nguyen et al., 2021b, [Bombari et al., 2022b|, see Appendix B for the formal
definition and a discussion.

We remark that Assumption 7.5 requires the model fre(-,0%) to give a similar output when
evaluated on the two new samples X and X%(A). Thus, we are asking if the model generalizes
on X*(A) only from the additional training on X. Now, one could design an adversarial A s.t.
F(XU(A),07) and f(X,07) are different from each other (so that frr(X%(A), 0*) = ya while
fre(X, 0%) = y), by exploiting the adversarial vulnerability of random features [Dohmatob and
Bietti, 2022, [Dohmatob| 2022, Bombari et al., 2023|. However, if we restrict the possible A's
to those that satisfy Assumption 7.5, Theorems 7.6 and 7.7 prove that such adversarial patch
cannot be found. We finally note that, when the context length N is comparable or larger
than the number of training samples n, the model becomes adversarially robust to any token
modification and Assumption 7.5/ automatically holds, see Appendix H.4|for details.

7.6.2 Random attention features can generalize

Next, the behavior of random features is contrasted with that of random attention features.
Let us consider the RAF model frar(+,0) := flat(wrar(+)) "0, where prar(+) is defined in (7.3).
Theorem [7.4 proves that the word sensitivity of @rar(-) is large. This suggests that the RAF
model is capable of extrapolating the information contained in (X, y) to correctly classify the
perturbed sample X*(A). While proving a rigorous statement on a fine-tuned/re-trained RAF
model remains challenging, we provide experimental evidence of this generalization capability.

Figure 7.4/ (first row) shows that, after fine-tuning on (X,y), frar(X"*(A),07) can be close to
the perturbed label yo = —y, even if the model before fine-tuning was unable to distinguish
between X and X'(A). Specifically, the two central sub-plots consider the RAF model for
two values of the context length N € {40,120}: here, the loss on the perturbed sample
can be close to 0, even when the parameter v in (7.13) is close to 0, i.e., X and X'(A)
were indistinguishable before fine-tuning; in general, the test error Errgap(X*(A), 6%) is often
smaller than the lower bound of (2 —~)? (dashed black line), which holds for random features.

The left sub-plot considers the RF model for N = 40: here, the loss on the perturbed sample
is close to O only if the model before fine-tuning was already able to perfectly distinguish
between X and X*(A), i.e., 7 is not far from 2; in general, the test error Errge(X*(A), 67)
always respects the lower bound of (2 —~)? proved in Theorem 7.6. Finally, the right sub-plot
considers the ReLU-RAF model (which replaces the softmax with a RelLU activation, as
described at the end of Section [7.5) for N = 120: here, even if the lower bound of Theorem
7.6 is often violated, the model still cannot reach small error unless ~ is large, i.e., X and
X*(A) could be distinguished already before fine-tuning. This confirms the impact of the
softmax on the capability of attention layers to understand the context. Analogous results
hold when models are re-trained (instead of being fine-tuned), as reported in the second row
of the same figure.

In a nutshell, our results show that, when a RAF model is not able to distinguish two points
with opposite labels (that only differ in one word), fine-tuning or retraining on one of these
points allows the loss on also the other point to decrease. In contrast, this is not the case
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Figure 7.4: Test error (as defined in (7.16) taking i = 1) for the RF (left subplot), RAF (two central
sub-plots) and ReLU-RAF (right subplot) maps, as a function of the smallest v s.t. Assumption 7.5
holds. The first (resp. second) row considers the fine-tuned solution 0% (resp. re-trained solution
7). Every sub-plot has a fixed embedding dimension d = 768, and context length N € {40,120},
taking the first N token embeddings for each sample. Different colors correspond to a different
number of training samples n € {100, 700,1300}. Every point in the scatter-plots is an independent
simulation where (X,y) and (X,)) are the BERT-Base embeddings of a random subset of the imdb
dataset (after pre-processing to fulfill Assumption 7.1). Circular markers correspond to obtaining A
via gradient descent optimization of the losses in (7.25); cross markers correspond to minimizing
directly the test error in (7.16).

for the RF model, where the loss on the second point can be lower bounded according to
Theorems 7.6 and 7.7. This is shown in Figure 7.4, where most of the points for the RAF
model are below the dashed line representing the lower bound for the RF model.

7.6.3 Experimental details

The experiments of Figure 7.4 are performed on multiple independent trials, for different
choices of the training data. We report in cross markers the results obtained by choosing A
after optimizing the test error in (7.16) via gradient descent. While this approach directly
minimizes the metric of interest, it results in low test error only when ~ is rather large,
regardless of the model taken into account (RF, RAF, or ReLU-RAF). In contrast, optimizing
a different loss controls the value of -y, while still achieving small error for RAF (and, to a
smaller extent, ReLU-RAF). We report in circular markers the results obtained by minimizing
the following two losses (respectively, for fine-tuning and re-training):

XiANT X 2 , 2
éQF(A) — (@RAF( ( )) @RQAF( ) +1) : E@;(A) - (JTRAF(X, XZ(A))+1) ‘
lorar (X))l
(7.25)
This choice is suggested by (7.18) and (7.22) which, after assuming for simplicity that
Trar(XU(A),0%) = frar(X,0%) = 0, can be re-written as

rar(X'(A),0%) = prar (X" (A)) " prar(X)
e XS0 lorar (X)) Y

frar(X(A),07) = Frar(X, X'(A)) y.

(7.26)
Achieving small error means that the LHS of (7.26)) is close to —y, which corresponds to
making the losses in (7.25) small. Further numerical results and comparisons between different
optimization algorithms for finding A are in Appendix H.5.
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7.7 Conclusions

This chapter provides a formal characterization of the fundamental difference between fully
connected and attention layers. To do so, we consider the prototypical setting of random
features and study the word sensitivity, which captures how the output of a map changes
after perturbing a single row/word of the input. On the one hand, the sensitivity of standard
random features decreases with the context length and, in order to obtain to a significant
change in the output of the map, a constant fraction of the words needs to be perturbed. On
the other hand, the sensitivity of random attention features is large, regardless of the context
length, thus indicating the suitability of attention layers for NLP tasks. These bounds on the
word sensitivity translate into formal negative generalization results for random features, which
are contrasted by positive empirical evidence of generalization for the attention layer.

Our analysis allows the perturbations to be any (bounded) vector in the embedding space.
Taking the tokenization process (and, hence, the discrete nature of the textual samples) into
account offers an exciting avenue for future work.
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CHAPTER

Privacy for Free in the
Overparameterized Regime

Differentially private gradient descent (DP-GD) is a popular algorithm to train deep learning
models with provable guarantees on the privacy of the training data. In the last decade, the
problem of understanding its performance cost with respect to standard GD has received
remarkable attention from the research community, which formally derived upper bounds on
the excess population risk Rp in different learning settings. However, existing bounds typically
degrade with over-parameterization, i.e., as the number of parameters p gets larger than the
number of training samples n — a regime which is ubiquitous in current deep-learning practice.
As a result, the lack of theoretical insights leaves practitioners without clear guidance, leading
some to reduce the effective number of trainable parameters to improve performance, while
others use larger models to achieve better results through scale. In this chapter, we show
that in the popular random features model with quadratic loss, for any sufficiently large p,
privacy can be obtained for free, i.e., |Rp| = o(1), not only when the privacy parameter € has
constant order, but also in the strongly private setting € = o(1). This challenges the common
wisdom that over-parameterization inherently hinders performance in private learning.

This chapter is based on the work published in PNAS 2025: Privacy for free in the overparam-
eterized regime.

8.1 Introduction

Deep learning models have been shown to be vulnerable to various attacks directed to retrieve
information about the training dataset [Fredrikson et al., [2015, Carlini et al., 2019, 2021,
Haim et al., 2022]. This vulnerability is a concern when sensitive, private data is included in
the training set of a learning pipeline. To allow developers and model providers to still utilize
these data, differential privacy (DP) [Dwork et al., 2006] consolidated as the golden standard
for privacy in learning algorithms. In fact, this framework comes with algorithmic methods
[Shokri and Shmatikov, 2015, |Abadi et al., [2016] that provide formal protection guarantees
for each individual sample in the training set, which becomes safeguarded (up to some level)
by any adversary with access to the trained model and the rest of the dataset.

Neural networks can be trained in a differentially private fashion via algorithms such as DP
(stochastic) gradient descent (DP-GD) [Abadi et al.; 2016|. This method involves minimizing
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the training loss with additional “tweaks” to guarantee protection, which typically boil down to
(i) clipping the per-sample gradients before averaging, (ii) perturbing the parameters updates
with random noise, and (iii) limiting the number of training iterations with early stopping
(see Algorithm 8.1). While these adjustments provide privacy guarantees, they often come
with a performance cost with respect to standard (stochastic) GD algorithms [Tramer and
Boneh, 2021, |Kurakin et al., 2022]. The impact on performance tends to worsen as the privacy
requirements become stronger, as this requires greater perturbations to the gradients. Thus,
private training of deep learning models involves carefully tuning additional hyper-parameters,
e.g., the clipping constant, the magnitude of the noise, and the number of training iterations,
in order to reach the best performance for a given privacy requirement. Notably, this comes
at a remarkable computational cost, also considering the higher training times and memory
loads that DP optimization has with respect to standard GD algorithms, mainly due to the
computation of the per-sample gradients [De et al., 2022].

The challenging problem of optimizing neural networks with an assigned privacy guarantee has
motivated a thriving field of research proposing novel architectures and training algorithms
[Tramer and Boneh, 2021, |Papernot et al., 2021, De et al., 2022]. Concurrently, theoretical
studies have emerged with the scope of better understanding and quantifying the privacy-utility
trade-offs in different learning settings. Here, privacy is often defined via the pair of parameters
(€,0): the impact of a single data point on the output of the algorithm is controlled by & with
probability 1 — 4, see Definition 8.1/ for the formal introduction of (£, )-DP. In order to provide
meaningful protection, practitioners pick constant-order values of ¢, e.g., € € {1, 2,4, 8}, and
d < 1/n, where n is the number of training samples [Bassily et al., 2019]. The utility, in
this context, is typically measured as the degradation in generalization performance of the
DP-trained solution #”? € RP compared to a non-private baseline 6* € R?, where p denotes
the number of parameters of the model. In particular, considering the standard supervised
setting and denoting by (x,y) ~ Pxy an input-label pair distributed accordingly to the data
distribution Pxy, the excess population risk is defined as

Re = E(LZ/)NPXY [f(x, Y ep)] - E(I,y)'vpxy [€(I7 Y, 0*)] ) (81)

where ¢ (z,y,0) is the loss over the sample (z,y) of the model evaluated in 6. Intuitively,
the excess population risk worsens with more stringent privacy requirements on 67 (i.e., with
smaller values of ¢ and ¢), and a rich line of work spanning over a decade has investigated
this trade-off in various settings, see e.g. [Kifer et al., 2012, Jain and Thakurta, 2014, [Bassily
et al., [2014} 2019, Song et al., 2021b, Varshney et al., 2022, Brown et al., 2024b].

Despite this flurry of research, existing results are unable to address the over-parameterized
regime, i.e., p = Q(n). In fact, in this regime, taking ¢ of constant order (e.g., € = 1) typically
makes the upper bound on the excess population risk to read (at best) Rp = O(1), which is
vacuous as the performance of a trivial model that constantly outputs zero is of the same order.
For additional details, we refer to the discussion on related works in Section 8.2l This result is
sometimes understood via the qualitative argument that the noise introduced at each iteration
by DP-GD increases with the dimension of the parameter space. More specifically, if each
entry of # € RP is perturbed with standard Gaussian noise, the ¢, norm of the perturbation
scales as /p, which suggests that the privacy-utility trade-off worsens as p grows [Yu et al.,
2021a, Mehta et al., 2022]. This motivated a line of research that focuses on DP algorithms
acting over lower dimensional subspaces, both in theory [Zhou et al., 2021b, |Asi et al., 2021}
and in practice [Yu et al 2021b, Golatkar et al., 2022].
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However, reducing the dimensionality of architectures is in stark contrast with the current
trend of increasingly large networks in deep learning. In the non-private setting, the apparent
contradiction between excellent generalization of over-parameterized models and classical bias-
variance trade-off has been the subject of intense investigation, which has unveiled phenomena
such as benign overfitting [Bartlett et al., 2021, |2020] and double descent [Belkin et al., 2019a|
Mei and Montanari, 2022].

Recently, larger models have also shown benefits on down-stream tasks requiring private
fine-tuning [Li et al., 2022b) [Yu et al., 2022, which motivated theoretical studies that provide
refined privacy-utility trade-offs in this specific setting [Wang et al., 2024, LLi et al., 2022a].
Perhaps surprisingly, the recent work by De et al.| [2022] gives evidence of the benefits of scale
even in the absence of public pre-training data, as the generalization performance is shown to
improve with model size on datasets such as CIFAR-10 and ImageNet, following an accurate
hyper-parameter search.

In Figure 8.1, we investigate the interplay be-
tween privacy and over-parameterization in a
simpler and more controllable setting: train- 09

ing a 2-layer, fully-connected ReLU network _— ‘ +
on MNIST (n = 6 - 10*) with DP-GD (see i
Algorithm 8.1). We vary the network width,
spanning both the under-parameterized (p ~
10*) and over-parameterized (p ~ 107)
regime, questioning if the algorithm suffers as

154
©
s}

Test accuracy
o
o
(9]

0.80 =1
the number of parameters grows larger. The z=2
plot shows that this is not the case: the test —+— £=4

ey . . 0.75
accuracy initially increases until the network o' o o o
is wide enough (p ~ 10°), and then plateaus P
without showing any decreasing trend in the
right side of the figure. Figure 8.1: Test accuracy of DP-GD on MNIST

for a 2-layer, fully connected ReLU network, as a
function of the number of parameters p with fixed
n = 50000. Further details on the experimental
setting can be found in Section (8.5!

Then, are larger models truly disadvantageous
when doing private optimization? How can
the result in the simple experiment in Figure
8.1 be reconciled with existing theoretical
work on privacy-utility trade-offs in the over-
parameterized regime? How can one solve the disagreement between the experimental evidence
in De et al. [2022] and the widespread idea that more parameters hurt the performance of
DP-GD? These questions call for a principled understanding of private training in deep learning.
This in particular amounts to (i) establishing meaningful generalization guarantees (i.e., Rp
significantly smaller than trivial guessing at test time) for over-parameterized models, and
(ii) characterizing how the hyperparameters introduced by DP-GD (clipping constant, noise
magnitude, and number of training iterations) affect performance.

8.1.1 Main contribution

In this work, we provide privacy-utility guarantees Rp = o(1) under over-parameterization —
not only when ¢ has constant order, but also in the strongly private setting ¢ = o(1). We
frame this result as achieving privacy for free in the over-parameterized regime.
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We consider a family of machine learning models where the number of parameters p is a free
variable that can be significantly larger than the number of samples n and the input dimension
d, just as in the experimental setup of Figure 8.1. This excludes, for example, linear regression,
where p = d [Varshney et al., 2022, Liu et al., 2023b} |Brown et al., [2024b|. Specifically,
we focus on the widely studied random features (RF) model [Rahimi and Recht, 2007] with
quadratic loss, which takes the form

0z, y,0) = (fre(z,0) —y)*,  fre(z,0) = 6(Vz)T6, (8.2)

where frf is a generalized linear model, ¢ : R — R a non-linearity applied component-wise to
the vector Vo € R?, and V € RP*? a random weight matrix. The RF model can be regarded
as a 2-layer fully-connected neural network, where only the second layer @ is trained and the
hidden weights V' are frozen at initialization. Its appeal comes from the fact that it is simple
enough to be analytically tractable and, at the same time, rich enough to exhibit properties
occurring in more complex deep learning models [Bartlett et al., 2021} Mei and Montanari,
2022].

The DP-trained solution 67 is obtained via DP-GD as reported in Algorithm 8.1, Differently
from [Abadi et al., 2016], we do not perform stochastic batching of the data when aggregating
the gradients. The cost of privacy typically refers to the performance gap between an algorithm
that enforces (¢,d)-DP and one that does not. Thus, we set the non-private baseline 6* in
(8.1) to be the solution obtained by (non-private) GD. In the RF model, the test error of this
baseline has been characterized precisely in a recent line of work [Mei and Montanari, 2022,
Mei et al., 2021, |Hu et al., |2024] and, for a class of data distributions, 6* also corresponds
to the Bayes-optimal solution given by argminy,E, ,)p., [((2,y,0)]. At this point, we can
present an informal version of our result (formally stated as Theorem 8.9).

Theorem (main result — informal). Consider the RF model in (8.2) with input dimension
d and number of features p. Let n be the number of training samples and Rp be defined
according to (8.1), where 6* is the solution of GD and 67 is the (e, d)-differentially private
solution of DP-GD (Algorithm 8.1). Then, for all sufficiently over-parameterized models, under
some technical conditions, the following holds with high probability

Re| =0 (i*ﬁ*’/d?ﬂ) — o(1). (8.3)

In words, in the regime d < n < d*/? — considered e.g. in [Mei et al., [2021} Bombari et al.,
2023|, see Assumption 8.11| for details — we show that |Rp| = o(1) as long as € > d/n. In
fact, when d < n < d*? and £ > d/n, the three terms %, \/g and \/dg% appearing in the
RHS of (8.3) become o(1). We make two observations: (i) as d < n, our result guarantees
vanishing excess population risk, even with a strong privacy requirement € = o(1); (ii) the
bound in (8.3) does not depend on the number of parameters p and Assumption 8.11 only
requires a lower bound on p, which allows for arbitrarily large over-parameterization in the
model. As typical in the related literature, the dependence of Rp on ¢ is only logarithmic and,
therefore, it is neglected in the notation O() that hides poly-logarithmic factors in ¢ and n.

Achieving privacy for free might seem surprising, so we now comment on the intuition behind
the result. In the regime n > d, there is a surplus of samples that can be used to learn
privately. In fact, in our model, the test error of (non-private) GD plateaus when n is between
d and d3/2 [Mei et al., 2021} |Hu et al [2024], hence ©(d) samples are enough to achieve
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utility, with the remaining ones playing the role of achieving privacy. The plateau in the test
loss of GD has been shown for other kernel ridge regression models [Ghorbani et al., 2021],
and in RF it is exhibited when d' << n < d'*! for any [ € N, as long as p >> n, see Figure 1
of [Hu et al.| [2024]. We expect that DP-GD catches up with the performance of GD in any of
these plateaus. However, as n approaches d'*!, the test loss of GD sharply decreases and it
is unclear whether DP-GD has the same rate of improvement. This suggests that our result
could be extended to the regime d' < n < d"*! with p > n. In this chapter, we focus on
d < n < d*? and p = Q(n?) due to the additional challenges in the analysis of clipping, see
the discussion after Lemma 8.14/in Section 8.6!

Figure 8.2| displays the intuition of having a surplus of samples. There, we plot the test
accuracy of a fixed model as the number of training samples n increases, both for GD and
DP-GD, keeping p fixed and much larger than n. In the left side of the figure, the performance
of 6* sharply increases with n, while the private algorithms have very low utility. Moving
towards the right side of the plot, the performance of GD tends to saturate, thus approaching
the regime where there is a surplus of samples required to learn the task. Here, the extra
samples are used to achieve privacy: the utility of DP-GD increases, eventually approaching
the non-private baseline.

Our main result proves that, in the RF model,
this heuristic picture holds for any sufficiently
large degree of over-parameterization. The
key technical hurdle is to formalize these in-

1.00 .

-
—
-

e=1 -
tuitions. Specifically, while Mei et al. [2021], o075 _ :j 4 /
Hu et al|[2024] establish the asymptotic test & V' -
error of §* at convergence, we need a non- 8 s V4 /
© +
g

asymptotic control (in terms of n,d,p) on /"

the whole DP-GD trajectory to understand 025 //' /
the impact of clipping and early stopping. &

This in turn leads to a completely different
proof strategy: we first frame DP-GD as the o 0 o o
Euler-Maruyama discretization scheme of a n

stochastic differential equation (SDE); then,

exploiting a number of concentration argu- Figure 8.2: Test accuracy of DP-GD on MNIST

ments (Dudley, Sudakov-Fernique, and Borell-
TIS inequalities), we establish the size of a
set containing the full trajectory of the SDE

for a 2-layer, fully connected ReLU network, as a
function of the number of training samples n with
fixed hidden layer width = 1000. Further details on

(with high probability), which allows to set the the experimental setting can be found in Section
clipping constant; finally, we study the DP- [8.5!

trained solution 6 via an Ornstein-Uhlenbeck

process, which allows to set the early stopping. Remarkably, our approach provides insights
on the problem of hyper-parameter optimization. In fact, as a byproduct of our analysis, we
establish the scaling of key hyper-parameters (clipping constant, noise magnitude and number
of training iterations) in terms of the learning setup (input dimension d, number of parameters

p) for random features.
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8.2 Related work

Differentially private empirical risk minimization is the problem of minimizing the empirical risk
L(0) =>" l(x;,y;,0)/n while also ensuring privacy guarantees, where (z;,y;) represents an
input-label pair in the training set and ¢ is a loss function. Different algorithms have been
proposed to tackle this problem, and the performance is measured through the excess risks
of their solution 67 with respect to the baseline 6*. In particular, we can define the excess
empirical risk as the difference in the training losses Rg = L(07) — L£(6*), and the excess
population risk Rp as the difference in the test losses, see (8.1). These quantities capture the
privacy-utility trade-off of the DP algorithm, as excess risks worsen with an increase in the
privacy guarantees (i.e., with smaller values of the privacy parameter ). The seminal works
by |Chaudhuri and Monteleoni| [2008], |(Chaudhuri et al.| [2011] quantitatively investigate this
trade-off for strongly convex losses in the context of e-DP (obtained by setting 6 = 0), both
for output and objective perturbation methods.

Constrained optimization. [Kifer et al. [2012] extend the analysis of the objective per-
turbation by |Chaudhuri et al.| [2011], providing a bound on the empirical excess risk of
Re = O(y/p/(ne)) for constrained, strongly convex (&, §)-DP optimization (see their Theorem
4). The subsequent work by Bassily et al. [2014] focuses on a variant of DP-GD previ-
ously studied by Williams and Mcsherry| [2010], and it bounds the excess empirical risk as
Re = BLO(\/p/(ne)) (see their Theorem 2.4.2). Here, 3 is the diameter of the (bounded)
optimization domain B, L is the Lipschitz constant of the loss with respect to the parameters
of the model, and the baseline is defined as the training loss minimizer 6* = arg min,.zL(0).
We note that, in this setting, clipping is not necessary as the loss is Lipschitz. By relying on
the algorithmic stability analysis in Shalev-Shwartz et al.| [2009], [Bassily et al.| [2014] also
provide an excess population risk bound of the form Rp = O(p'/*/+/ne) (see their Theorem
F.2.2), where the baseline is the Bayes optimal solution §* = arg mingcgE(z)pyy [£(2,y,0)].
Using again algorithmic stability [Hardt et al., 2016|, Bassily et al.|[2019] later improve this
bound to E[Rp] = BLO(1/+/n + \/p/(ne)), where the expectation is taken with respect to
the randomness of the training dataset and algorithm.

Unconstrained optimization. In the setting of (convex) unconstrained optimization, Jain
and Thakurta [2014] aim to remove the dependence of p in excess risk bounds for (¢, 4)-DP,
which was present in earlier work by |Chaudhuri et al.| [2011]. They focus on generalized
linear models (GLMs, i.e., {(x,y,0) = {(¢o(x)"0,y) where ¢ is the feature map), assume
L-Lipschitz loss with a strongly convex regularization term, and bound the excess population
risk with respect to the Bayes optimal solution #* as Rp = O(L||6*||2/+/ne). The more recent
work by Song et al.| [2021b] also considers unconstrained convex Lipschitz GLMs, without the
assumption on the strong convexity. Using the same non-private baseline §* and denoting by
M the projector on the column space of E,.p, [p(x)p(x) "], the previous bound is improved
by E[Re] = L | M6*||, O (1/\/ﬁ—|— \/min (rank(]\/[),n)/(gn)) (see their Theorem 3.2). [Li
et al. [2022a] consider Lipschitz losses with ¢5 regularization and introduce the notion of
restricted Lipschitz continuity, which gives dimension-free bounds. However, in the setting of
GLMs, this approach leads to the same bounds as in [Song et al., 2021b|. A similar approach is
taken by [Ma et al.|[2022] that remove the dependence on p at the cost of an additional factor

1The definition of empirical excess risk in Bassily et al.| [2014] is not re-normalized by n. This makes the
bounds of Theorem 2.4.2 therein larger by a factor n, which is removed here for the sake of comparison with
other works.
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tr(H), where H = supy V2 E(; y)~pyy [((7,y,0)]. The work by Arora et al.|[2022] considers
GLMs with a loss that is not necessarily Lipschitz, and it also recovers the result of Song et al.
[2021b] in the Lipschitz setting with ¢ = Q(1).

Importantly, even in the prototypical case of an RF model, existing bounds do not cover
the over-parameterized regime. We now provide a detailed discussion explaining why this
is the case. First, note that the RF model in (8.2) has a non-Lipschitz (quadratic) loss,
which does not allow a direct application of most previous bounds. Thus, to ensure a fair
comparison, one can estimate ||#*||, and evaluate the Lipschitz constant of the training loss
restricted to a bounded set B with radius 3 = ||0*||,. This provides the scaling of the effective
Lipschitz constant of the model, as if the optimization was bounded to the set B. From our
results in the later sections, it can be shown that ||6*]|, = @(M) which in turn gives
16, suppes || Vol (i, yi, 0)||, = ©(n). This makes the bound by Jain and Thakurtal [2014]
read Rp = O(y/n/¢), which is vacuous for ¢ = ©(1). A similar discussion holds for the bound
by Bassily et al.|[2019]. Furthermore, even by assuming that the loss function in (8.2) is
Lipschitz, the result improves only by a factor y/n, which gives Rp = O(l/g) and, therefore, a
trivial bound when £ = ©(1). Similar considerations apply to the bound by Song et al.| [2021b]
(and, thus, to the ones by Li et al.| [2022a], Arora et al.| [2022]), since in this setting we have
that ||M6*||, = ||0*||, and rank(M) > n. As concerns the result by Ma et al.| [2022], it can
be verified that tr(H) > E, {ng(x)”i] = O(p), which reintroduces the dependence on the
number of parameters p, preventing an improvement upon |Jain and Thakurta [2014]. Finally,
while Arora et al.| [2022] give bounds for quadratic losses, the reasoning resembles the one
above on the effective Lipschitz constant in B and it does not lead to an improvement with
respect to the Lipschitz case. The detailed calculation of the quantities mentioned in this
paragraph is deferred to Appendix |I.1.

Linear regression. This model reads /(z,y,0) = (270 —y)?, where y = 27 0* + o, 0" is the
ground-truth solution and o independent label noise. |Varshney et al.| [2022] assume that each
point is sampled from a standard Gaussian distribution and obtain a sample complexity of d/e
via gradient descent with adaptive clipping [Andrew et al., 2021]. This improves over [Wang;
2018, |Cai et al, 2021, |Milionis et al., 2022], and it matches the result of earlier work by [Liu
et al. [2022], which however proposes a computationally inefficient method. Liu et al. [2023b]
relax the assumption on the data (sub-Weibull concentration) and improve the dependence of
the sample complexity on the condition number of the covariance matrix. Brown et al.|[2024b]
remove the need for adaptive clipping, focusing on a setting where the clipping constant is
large enough so that clipping will most likely never happen.

8.3 Differentially Private Gradient Descent

The formal definition of DP builds on the notion of adjacent datasets. In our supervised
learning setting, a dataset D’ is said to be adjacent to a dataset D if they differ by only one
sample.

Definition 8.1 ((¢,0)-DP [Dwork et al., 2006]). A randomized algorithm satisfies (e, J)-
differential privacy if for any pair of adjacent datasets D,D’, and for any subset of the
parameters space S C RP, we have

P(A(D) € S) < P (A(D') € S) + 6. (8.4)
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Algorithm 8.1: DP-GD

Input: Number of iterations 1", learning rate 7, clipping constant C;,, noise o,
initialization 6.

for t € [T'] do

2 Compute the gradient g(x;, y;, 0;-1) < Vol(zi, i, 0i-1);

-

3 Clip the gradients gc,, (i, ¥, 0¢—1) < g9(2i, yi, 0¢—1)/ max (1, w)
clip

4 Aggregate the gradients gy, , < %Zi 90 (Ti, Yis Or—1);
5 Update the model parameters adding noise

0, = 0,-1 — 0go,_, + /T 22 g N (0, I,);

6 end
Output: Model parameters 6.

Here, the probability is with respect to the randomness induced by the algorithm, and the
inequality has to hold uniformly on all the adjacent datasets D and D'.

Different methods have been proposed to train machine learning models while enforcing
(€,9)-DP. An approach is to rely on the scheme of output perturbation, which adds noise to
the output of empirical risk minimization [Dwork et al., [2006, Chaudhuri et al., 2011, Kifer
et al., 2012]. In deep learning, however, it is not easy to characterize the final parameters
of the model, and therefore to estimate the minimal amount of noise required to guarantee
protection. For this reason, a popular choice relies on DP-GD algorithms, which involve
perturbing the individual updates during training time, thus providing privacy guarantees based
on the size of the perturbation and the number of iterations [Song et al., 2013, Bassily et al.,
2014, Abadi et al., [2016]. In this work, we consider Algorithm 8.1, which can be regarded as a
variant of the well-established method by Abadi et al.| [2016] without stochastic batching. Its
privacy guarantees are reported below.

Proposition 8.2. For any § € (0,1), ¢ € (0,8log(1/6)), if we set
\/8log(1/6)
>\ nl—-- 8.5
o =\/n 8, (8.5)

then Algorithm 8.1 is (e, 0)-differentially private.

The proof follows the strategy of |/Abadi et al.|[2016] and is based on the moment accountant
method. As our formulation is slightly different, we provide the complete argument in Appendix
[.2

While existing work tackles the problem of understanding utility through stability arguments
[Bassily et al., [2019] Song et al., 2021b|, we propose a novel approach, which focuses on the
implicit bias of DP-GD. The idea is to resort to a continuous process defined by Algorithm
8.1 in the limit of small learning rates n — 0. This has proven effective in the non-private
setting, where the gradient flow equation helped understanding the properties of GD in
over-parameterized models [Mei and Montanari, [2022, Mei et al., 2021, Hu et al., [2024].
However, two challenges arise in the analysis of DP-GD: (i) the clipping of the per-sample
gradients, and (ii) the injection of noise. To overcome the former, we define an auxiliary
clipped loss L¢,,(0) that incorporates clipping. As for the latter, we consider the stochastic
differential equation (SDE) obtained by adding a Wiener process to the gradient flow. This
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motivates the scaling of the standard deviation of the injected noise as /7, as e.g. considered
by Wang et al.| [2019].

More specifically, similarly to Song et al.| [2021b], we note that the clipping step in Algorithm
8.1 can be reformulated as the optimization of the surrogate loss ;¢ (¢(2;)"0 — y;), whose
derivative for the i-th training sample reads

0 0 (2) = £'(z) min (1, 7 (Z)CC“P ) . (8.6)

()l

This is formalized by the result below, whose proof is deferred to Appendix [|.2.

Proposition 8.3. For any § € R? and any clipping constant Cgi, > 0, we have that
90u, (i, Yir 0) = Volicy, (go(xi)TQt_l — yz> where gc,, (zi,y:,0) is defined in the clipping
step of Algorithm |8.1.

In other words, running Algorithm 8.1 is equivalent to running the same algorithm, without

the clipping step, on the clipped loss L, (0) = = 31" 4; ¢, (¢(2;) 0 — ;). Hence, we can
write the t-th iteration of Algorithm 8.1 as a noisy GD update on L¢,, (), i.e.,
QCclip
975 — Qt_l = —nv‘CCcnp (et_l) + n n 0'./\/(0, Ip) (87)

This update rule corresponds to the Euler-Maruyama discretization scheme of the SDE

(O(t))dt + %0 dB(t) = =V Lc,, (O(t))dt + X dB(t), (8.8)

do(t) = -VLc,, -
with discretization 7) (see Section 10.2 of |Kloeden and Platen| [2011]). Here, B(t) represents
the standard p-dimensional Wiener process, we introduce the shorthand ¥ = 2C¢,0/n, and
we set the initial condition of (8.8) to correspond to the initialization of Algorithm 8.1, i.e.
©(0) = 6y. The strong convergence of the Euler-Maruyama method guarantees that, for any
T =T, the solution 61 of Algorithm 8.1 approaches the solution ©(7) of the SDE in (8.8)
as the learning rate 1 gets smaller. We note that previous work [Paquette et al., [2024a] has
considered a similar SDE to analyze the effects of stochastic batching, separating the dynamics
in a gradient flow plus a Wiener process. Thus, the approach developed here could prove
useful also to study DP-SGD, after incorporating an additional independent Wiener process in
(8.8). Importantly, privacy guarantees analogous to those of Proposition 8.2 hold for ©(7), as
formalized in the result below (the proof is deferred to Appendix [.2).

Proposition 8.4. Let / : R — R be a differentiable function with Lipschitz-continuous
derivative. Then, for any 6 € (0,1), € € (0,8log(1/d)), if we set

- 2Cc:§ﬁ\/810§(1/5)7 9

the solution O(7) of the SDE (8.8) at time 7 is (£, 0)-differentially private.

Armed with Proposition 8.4, the rest of the chapter focuses on the analysis of the DP-trained
solution O(7). In fact, by strong convergence, the privacy-utility trade-offs of 67 approach the
ones of O(7), for sufficiently small learning rates. As a non-private baseline, we consider the
solution of the gradient flow equation

di(t) = —VLO(t)dt, 6" = lim 6(¢), (8.10)

t——+00
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where £(0) = L 57 ((¢(x;) "0 — y;) is the original training loss (see Section 5.1 of Bartlett
et al. [2021] for more details on the convergence). Note that (8.10) resembles (8.8), without
the effects of clipping and the introduction of noise, and 6* is defined at convergence, as it

does not require early stopping.

8.4 Main result

For simplicity, we set the initialization 6y = 0, although similar results can be obtained for a
broad class of initializations. The random features matrix V' € RP*? is a normalized Gaussian
matrix, i.e., V;j ~iia. N(0,1/d), and the data distribution is scaled as follows.

Assumption 8.5 (Data distribution). The training samples {(z1,v1), ..., (Tn,yn)} are n iid.
samples from the joint distribution Pxy, such that the marginal distribution Px satisfies the
following properties:

1. x ~ Px is sub-Gaussian, with ||z|,, = O (1).
2. The data x ~ Px are normalized such that ||z|, = V/d.

3. Amin (EprX [xxTD = Q(1), i.e., the second-moment matrix of the data is well-
conditioned.

Furthermore, we assume all the labels (yi, . ..,y,) to be bounded.

The first assumption requires the data to have well-behaved tails. It is commonly used in the
literature [Liu et al., [2023b], and it covers a number of important cases such as data respecting
Lipschitz concentration [Bubeck and Sellke, 2021] (e.g., standard Gaussian [Varshney et al.,
2022, Brown et al., 2024b| or uniform on the sphere [Mei and Montanari, 2022]). The second
assumption (and the boundedness of the labels) can be achieved via data pre-processing. The
third assumption is also required in related work to achieve the best rates in linear regression
[Varshney et al., 2022, Liu et al., [2023b]. The scaling of input data and random features V'
guarantees that the pre-activations of the model (i.e., the entries of V) are of constant order.
We then process the entries of Vx via the following family of activation functions.

Assumption 8.6 (Activation function). The activation function ¢ : R — R is a non-linear,
Lipschitz continuous function such that jio = ps = 0 and py # 0, where ;. denotes the k-th
Hermite coefficient of ¢.

This choice is motivated by theoretical convenience, and it covers a wide family of activations,
including all odd ones (e.g., tanh). We believe that our result can be extended to a more
general setting, as the one in |Mei et al.| [2021], at the cost of a more involved analysis.

Assumption 8.7 (Parameter scaling).

d3/2

n=0(yp), logn=0(ogp), n=uw(dlog’d), n:()(logg’d

) . (8.11)

We consider an over-parameterized setting in which the number of parameters p is at least of
order n?. To guarantee that the RF model interpolates the data, it suffices that p > n (see
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e.g. [Mei et al, 2021, Wang and Zhu, 2023]), and we expect our result to hold under this
milder assumption. This would however need a different argument, specifically for Lemma
8.14. The requirement logn = © (logp) is mild and it could be relaxed at the expenses of a
poly-logarithmic dependence on p in our final result in Theorem 8.9. Finally, we focus on the
regime d <K n < d®/?, which corresponds to standard datasets, such as CIFAR-10 (n="5- 104,
d ~ 3-10%), or ImageNet as considered in [Zhang et al., 2017b] (n ~ 1.3 - 10%, d ~ 9 - 10%).

Assumption 8.8 (Privacy budget).

5€(0,1), =€ (0,8log(1/s)), \/logg(w =w <d1055”> . (8.12)

The first two conditions on 9, ¢ are standard in differential privacy. The lower bound on &
coming from the third condition still allows for strong privacy regimes with € = o(1), asn > d
from Assumption 8.7. To state our main result, we set the hyper-parameters in the SDE (8.8)

as
log? 2C.i\/T \/81og(1/8
_ dlog'n Caip = +/plog’n, Y= ¢ lrf\/; §< / ) (8.13)

T Y
p

Theorem 8.9. Consider the RF model in (8.2) with input dimension d and number of features
p. Let n be the number of training samples and Rp be defined in (8.1), where 6* is given by
(8.10) and 07 is the solution ©(T) of the SDE (8.8)) at time T, with hyper-parameters set as in
(8.13). Let Assumptions 8.5, 8.6, 8.7, 8.8 hold. Then, we have that 6P is (e, d)-differentially

private, and that
d s oo |d Inlog®d
-~ [ d Id n

with probability at least 1 — 2 exp (—clog2 n) where c is an absolute constant.

(8.14)

The strong convergence of the Euler-Maruyama discretization scheme guarantees that, for
sufficiently small learning rates 7, the solution 67 of Algorithm 8.1 also satisfies (8.14)), which
establishes the utility of DP-GD.

8.5 Numerical experiments

Theorem 8.9 proves that, in the RF model, over-parameterization is not inherently detrimental
in private learning. To verify this numerically, we plot in the first panel of Figure 8.3|the
test loss of a family of RF models trained on a synthetic dataset via DP-GD, as the number
of parameters p increases. As a comparison, we also report the performance achieved by
(non-private) GD, which provides the baseline 8*. While the test loss of 8* displays the typical
double-descent curve [Belkin et al., 2019a, Hastie et al., 2022|, with the expected peak at the
interpolation threshold (p = n), the performance of 6?7 steadily improves and, as p increases,
it plateaus to a value close to the corresponding test loss of 6*. This is in agreement with
Theorem 8.9, which predicts that, for a sufficiently over-parameterized model, there is a small
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Figure 8.3: Experiments on RF models with tanh activation, and synthetic data sampled from a
standard Gaussian distribution with d = 100. The learning task is given by 3 = sign(u' ), where
u € R% is a fixed vector sampled from the unit sphere, and we consider a fixed number of training
samples n = 2000. 67 is the solution of Algorithm 8.1 with e =4, 6 = 1/n, and 6* is the solution of
GD, both with small enough learning rate 7. First panel: test losses of 8P and 6* for different number
of parameters p. Second panel: test loss for 6P as a function of the number of training iterations 7.
Third panel: Same plot as in the second panel, with the x-axis set to be nT'p/d. Fourth panel: test
loss of 67 for a fixed p = 40000, as a function of the hyper-parameters (Cyjip, T').

performance gap between 67 and 6*. Furthermore, the lack of an interpolation peak in the
test loss of DP-GD points to the regularization offered by this algorithm and it resembles the
effect of a ridge penalty, see [Raskutti et al., 2014] for a connection between ridge and early
stopping and also the discussion after Lemma 8.13|in Section 8.6!

In the first panel of Figure 8.3,
the hyper-parameters in DP-GD are

chosen to maximize performance, °** 5000
and the scaling of such optimal 1303
hyper-parameters is considered in
the other panels. Specifically, in the
second plot, we take Ceip = 0.5,/p
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and report the test error as a func-
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tion of the number of iterations
T, setting the noise according to
Proposition 8.2 to guarantee the de-
sired privacy budget. As suggested
by (8.13)), the optimal 7" minimiz-
ing the test error decreases with p.
Then, as nT" = 7 scales proportion-
ally to d/p in (8.13)), we rescale the
plot putting nT'’p/d on the x-axis of
the third panel. The curves now col-
lapse onto each other, confirming
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Figure 8.4: Experiments on a family of 2-layer fully-connected
ReLU networks trained with cross-entropy loss on the MNIST
classification task (d = 768 and we fix n = 50000), with
privacy budget e =1, 6 = 1/n. First panel: validation error
as a function of the number of training iterations T'. Second
panel: validation error for a hidden-layer width of 1000
(p ~ 109), as a function of the hyper-parameters (Cjip, T).

the accuracy of the proposed scaling. This enables us to transfer the hyper-parameters from
small RF models (where brute-force optimization is affordable) to larger models (where training
is more time and resources intensive). Finally, the heat-map in the rightmost panel displays the
results of a full hyper-parameter grid search over (Cp, T) for a fixed p and e. We distinguish
4 regions in hyper-parameters space: in the (1) top-right we have very low utility due to the
large noise required by the high number of training iterations 7" and large clipping constants
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8.6. Proof of Theorem 8.9

Cdip- In the (2) bottom-left the test loss is close to 1 as at initialization, since the model does
not have the time to learn due to low 7" and small Cq,. In the (3) bottom-right we have
larger Cqip which could allow for faster convergence. However, as C, becomes larger than
the typical per-sample gradient size (Cgip > /p), the overly-pessimistic injection of noise
ultimately undermines utility. In the (4) top-left we have high T and small C¢;;,, which lead
to low test loss. At the center of the panel, we have Cgip ~ /p and nT" ~ d/p as in (8.13),
which also lead to low test loss. Moving towards the upper-left part of the plot there is no
decrease in performance, as the slower rate of convergence (smaller Cy, and thus smaller
gradients) is compensated by larger T', keeping fixed the overall amount of injected noise.
Thus, the model has enough time to learn (differently from the bottom-left), while the added
noise does not catastrophically degrade utility (differently from the top-right). This behaviour
is in line with earlier empirical work [Kurakin et al., 2022, |Li et al., 2022b| De et al., 2022]
noting that wide ranges of C, result in optimal performance.

A similar picture emerges from the training of 2-layer neural networks with DP-GD and
cross-entropy loss on MNIST. Figure 8.1 already showed that the performance of 67 steadily
improves and then plateaus as p increases, thus demonstrating that DP-GD benefits from
larger models, contrary to the view that more parameters hinder privacy. Figure 8.4 then
considers the scaling of the hyper-parameters (which are chosen to maximize performance in
Figure 8.1). Specifically, in the first panel, we set Ci;, = 1 and report the validation error
as a function of T'; in the second panel, we present the full hyper-parameter grid search over
(Caip, T'). The results are qualitatively similar to those presented in Figure 8.3 for random
features: on the left, the optimal 7" decreases with p; on the right, the grid exhibits the 4
regions discussed above. The implementation of the experiments is publicly available at the
GitHub repository https://github.com/simone-bombari/privacy-for-free.

8.6 Proof of Theorem 8.9

Notation. All logarithms are in the natural basis. Random variables are defined on different
probability spaces, which describe the randomness in the data, the random features and the
private mechanisms. All complexity notations are understood for sufficiently large data size n,
input dimension d and number of parameters p. We indicate with C' and c¢ absolute, strictly
positive, numerical constants, that do not depend on the scalings of the problem and whose
value may change from line to line. Given a positive number s, [s] denotes the set of positive
numbers from 1 to s. Given a vector v, ||v||, denotes its Euclidean norm. Given a matrix
A, [|A]l,, denotes its operator norm, [|Al| its Frobenius norm and A* its Moore-Penrose
inverse. We use X € R™“ to denote the data matrix (containing the i-th element of the
training set z; € R? in its i-th row), ® € R"*? to denote the feature matrix (containing
o(z;) == ¢(Vx) € RP in its i-th row) and K := ®®T € R"™" to denote the kernel associated
with the feature map.

8.6.1 Technical outline

To circumvent the difficulty in explicitly solving the SDE in (8.8) (i.e., in characterizing the
probability density function of ©(7)), we instead consider the SDE

dO(t) = —VL(O(t))dt + SdB(t) = 20 (®6(t) - V) dt + 2 dB(1), (8.15)

n
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where £(6) is the original (quadratic) training loss and B(t) is the same standard Wiener process
as in (8.8). The solution of the SDE in (8.15) is a multi-dimensional Ornstein—Uhlenbeck
(OU) process which admits a closed form (see, e.g., Section 4.4.4 in Gardiner [1985]|). Let us
then define

C:={0 st |[Vol(e(x:) 0 —y)ll2 < Caip forallie[n]}, (8.16)

which corresponds to the subset of the parameters space where clipping does not happen,
i.e., where Lc, (0) = L(0). If the full path of the process ©(t) happens in this region (i.e.

O(t) € C for all t € [0,7]), then () = O(7). This corresponds to the event
O(t)ec, forall te[0,7], (8.17)

which is easier to control, as é(t) is an OU process. The first part of our proof consists in
showing that, for our choice of the hyper-parameters in (8.13), this event happens with high
probability. To do so, we consider the decomposition

A

O(t) =Es [0(t)] + 6(1)

where we introduce the notation O(t) := O(t) — E5[O(t )] and use that the expectation of an
OU process corresponds to the gradient flow E5[O(t)] = 6(t) defined in (8.10). Then, C can
be characterized as

C:= {9 s.t. HVQE(QO(%)TQ )

— {0 s.t. ’gp(aji)TQ—yi <

(t) + O(1), (8.18)

I
>™>

, < Caip  forallie [n]}
(8.19)

C’clip . }
—————  forallie|n|;,
2ol i

which implies that the probability of the event in (8.17) is lower bounded by the probability of

the event
o) O + [ ) TB(E) — ] < 2

2lp(lly’

As we set Cgip = /plog”n (see (8.13)) and [¢(;)||, = ©(,/p) with high probability (see
the argument in (1.147) and (1.148)), we therefore want to show that, for all i € [n] and for all
t € [0,7], |o(x:)TO(t)| = o(log®n) and |p(z;) TA(t) — y:| = o(log?n) with high probability.
The term |p(2;)T0(t) — y;| is handled by the lemma below.

for all i € [n], forallt €0,7]. (8.20)

Lemma 8.10. Let Assumptions 8.5, 8.6 and |8.7 hold. Then, we have that, jointly for all
i € [n],

sup ’gp ;) 9(15) — ;| = O (logn), (8.21)

te[0,7]

with probability at least 1 — 2 exp (—clog n) over V and X, where c is an absolute constant.

We now briefly sketch the argument to obtain (8.21), deferring the full proof to Section
8.6.2. As the initialization 6y = 0, the solution of the gradient flow in (8.10) takes the form

20 <1>t

0(t) = (1 —e =" H)®TY. Since K is invertible with high probability (due to Lemma [1.11),
the quantity of interest can be expressed as

T T —2eley
yi —o(x) 0(t) = p(z;) e n 'dTY.
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Our approach consists in iteratively controlling this quantity introducing auxiliary leave-one-out
variables, ie., ®_; € R®1*P and Y_; € R"!, defined without the i-th sample. The first
step involves showing that

oty — oty

2 O(p_l/Q)’

20 a
Te

w1 Y |, This result

—1

which implies that we can focus the analysis on sup,¢(y ) |¢(2:)
comes from the stability of GD, as shown in Lemma 8.14, and is a consequence of lower
bounding the smallest eigenvalue of the kernel A, (K).

The second step aims to introduce a leave-one-out variable in the exponent, as we show that

NT —2212p0t o AT -2 tHt+ Vo
sup |(x;) e” " fdTY, o) e” 7 OTY .

te(0,7]

< 2 sup
t€[0,7]

This result is achieved via an explicit computation based on Lie’s product formula for the
matrix exponential, which is carried through in Lemma 8.16.

Finally, since the only dependence on x; is via the term o(x;)", we can conclude the argument
with Dudley’s (chaining tail) inequality, upper bounding the covering number of the set

20

7i<1>77;
described by the curve y(t) = Ve '®%Y ; in Lemma 8.17.
Next, we handle the term |o(x;)TO(t)| via the lemma below, also proven in Section 8.6.2.

Lemma 8.11. Let Assumptions 8.5, 8.6, and |8.8 hold. Then, we have that, jointly for all
i € [n],
sup ‘go(xi)T@(t)’ = 0O (logn), (8.22)
tel0,7]
with probability at least 1 — 2 exp (—clog2 n) — 2nexp (—cp) over B and V', where ¢ is an

absolute constant and B refers to the probability space of the private mechanism, i.e., the
noise in (8.15).

To prove (8.22), we start by noticing that o(z;)"©(t) evolves as a Gaussian random variable
with time-dependent variance. The idea is to upper bound this variance with that of the

auxiliary process

dzi(t) = p(z:) T2 dB(1),
which is obtained by removing the attractive drift [—2®T (®O(t) — Y)/n] from (8.15). Intu-
itively, the removal of the attractive drift increases the variance, as the process becomes less

concentrated around the mean. This is formalized in Lemma 8.18, where an application of the
Sudakov-Fernique inequality gives that

E, [sup o) T6(0)

t€[0,7]

<E, [sup |zz(t)|] : (8.23)
te(0,7]

We note that the RHS of (8.23) is easier to control than the LHS, as z;(t) is a Wiener process

and, therefore, its variance is bounded by O (227' HSD(%)HS) via the reflection principle. Then,

given our hyper-parameter choice in (8.13) and the lower bound on € in Assumption 8.8, we
have that X227 ||¢(z;)||3 = O (1). To conclude, we exploit the Borell-TIS inequality to show
that, with high probability,

sup |o(z;)TOt)| < Eg| sup |p(x:) Ot)]] + logn,
t€[0,7] te[0,7]
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which concludes the argument.

The combination of Lemma 8.10 and 8.11| gives that the event in (8.17) happens with high
probability, which allows us to study the utility of ©(7) through the closed form of the OU
process O(7), as O(7) = (7). This, in turn, boils down to controlling the effects of the
noise and of the early stopping that are decoupled via the decomposition O(7) = A(r) + ().
In fact, on the one hand, é(T) is a mean-0 random variable in the probability space of B and
it captures the effect of the noise; on the other hand, 9(7) is the deterministic component
(with respect to B) describing the flow and it captures the effect of the early stopping. We
show that both the noise and the early stopping provide negligible damage to utility in the
following two lemmas, whose proofs are contained in Section 8.6.3.

Lemma 8.12. Let Assumptions 8.5, 8.6 and|8.8 hold, and let d = o(p). Then, we have
~ d?1og" n log(1/6 s
Bror (00760 =0 (TRE ) o ()~ a2

n2 e2 e2n?2

with probability at least 1 — 2 exp (—clog2 n) over V' and B, where c is an absolute constant.

Similarly to Lemma 8.11, Lemma 8.12| also uses that o(z;)'O(7) is a Gaussian random
variable with variance increasing linearly in ||¢(z;)||3, 7, and 32, Then, the claim in (8.24) is
a consequence of the choice of the hyper-parameters in (8.13) and Assumption 8.8.

Lemma 8.13. Let Assumptions 8.5, 8.6 and 8.7 hold. Then, we have

Eopy [(w(x)T (b(r) — 9*))2} ~0 (Z + W) —0 (Z + d;;z) —o(1), (8.25)

with probability at least 1 — 2 exp (—clog2 n) over X and V', where c is an absolute constant.

The idea of the argument is to decompose the LHS of (8.25) through two disjoint subspaces,
i, o(x)T(Py + PH)(0(r) — 0%), where Py € RP*P is the projector on the space spanned
by the eigenvectors associated with the d largest eigenvalues of @ ®. The rationale is that
there is a spectral gap between the d-th and the (d + 1)-th eigenvalue of the kernel K,
when sorting them in non-increasing order, see Lemma |.11. We note that this result also
uses the well conditioning of the data covariance (Anpin (Ex,\/px [xxTD = Q(1)), see the
discussion right after the proof of Lemma [8.13 in Section 8.6 As a consequence of the
spectral gap, the term || Py(6(7) — 6%)||, is negligible, since in this subspace 6(7) is already
close to convergence, despite the early stopping. To control the other subspace, we consider
the decomposition ¢(Vz) = 1V + ¢(Vx), where iy is the first Hermite coefficient of ¢.
Then, we show that (i) E,[(¢(Vz)TP(A(1) —0%))2] = O(d/n+nlog® d/d*?), exploiting the
upper bound on || E,[¢(Vz)d(V) ]|l in Lemma .21, and (ii) E,[(zT VT P(8(1) — 6%))?] =
@ (d/n + nlog® d/d3/2) exploiting the bound on ||V T P{®*||,, in Lemma I.20.

Finally, denoting by R and R* the generalization error of é(r) and 6* respectively, Lemmas
8.12-8.13| (together with some additional manipulations) guarantee that

N . ~ [ d d n
w0t )

As O(1) = ©(7) (due to Lemmas [8.10-8.11), the result of Theorem 8.9 follows. The details
are deferred to the end of Section 18.6.3.
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8.6.2 Analysis of clipping

This section contains the proofs of Lemmas 8.10 and 8.11, including a number of auxiliary
results required by the argument. We make use of the notation introduced in the previous
section, including the leave-one-out variables (®_; € R"=Vxr Y, ¢ R*7!, X_; € R(v=Dxd
K_y € RO=Dx(=1)) and the OU process O(7) = 0(r) + O(r). We also consider the
hyper-parameter choice in (8.13). When stating that a random variable Z is sub-Gaussian
(sub-exponential), we implicitly mean [|Z]|,, = O (1) (||Z]|,,, = O (1)), i.e, its sub-Gaussian
(sub-exponential) norm does not increase with the scalings of the problem. Given a p.s.d.
matrix A, \;j(A) denotes its j-th eigenvalue sorted in non-increasing order (Amax (4) =
A(A) > Xa(A) > ..o > As(A) = Amin (A)). We indicate with Py, € RP*P the projector on
the space spanned by the eigenvectors associated with the d largest eigenvalues of ®'®. This
quantity is well defined due to Lemma |.11| which proves a spectral gap, and we will condition
on the result of this lemma throughout the chapter. It is convenient to define the function
#(2) == ¢(2) — ju1 2, where puy is the first Hermite coefficient of ¢. Note that this function is
Lipschitz continuous and has the first 3 Hermite coefficients equal to 0, due to Assumption
8.6. We then define the shorthands @(z) = ¢(Vz) € RP, & € R™*? as the matrix containing

@(x;) € R? in its i-th row, and K = bd' e Rrxn,

Lemma 8.14. Let Assumptions|8.5 and 8.6 hold, and let n = O (\/ﬁ) nlog®n =0 (d3/2)
and n = w(d). Then, we have

|ty —ot v, =0 (%;) , (8.26)

with probability at least 1 — 2 exp (—clog2 n) over V and X, where c is an absolute constant.

Proof. From Lemmal.11, we have that K is invertible with probability at least 1—2 exp (—01 log? n)
over V' and X. Conditioning on such high probability event, we have that also K _; is invertible
and, therefore, we can write ®* = ®"K~! and &7, = ®' K~|. Thus, from the proof of
Lemma 4.1 in Bombari and Mondelli| [2024a] (see their Equation (44)), we have

1
m (11— o) @5, Y1), (8.27)
®_1

2
where Pg_, is the projector over the span of the rows of ®_;.

oY — ot Y., =

To bound the term o(z1)"®,Y |, we decompose ¢(z1) = u1Vry + @(x1). Thus, an
application of the triangle inequality gives

(@) TOH Y| < el VIO, Y| + [p(an) "0,V . (8.28)
We bound the two terms in (8.28) separately. As for the first term, we have that
[vrar], < Jvre ] vt = 00).

where the second step is a consequence of Lemma [.16, and holds with probability at least
1—2exp (—02 log2 n) over V and X_;. In fact, notice that considering ® or ®_; in Lemma
[.16 does not change the argument, and therefore the final result. Then, conditioning on this
high probability event, since x; is sub-Gaussian, we have that the first term of (8.28) reads

e VTR, Y | = O (logn), (8.29)
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with probability at least 1 — 2exp (—03 log? n) over V and X.

As for the second term in (8.28), by triangle inequality, we have that

(24) #a)

< KBy @), + K (@-1p(a1) — v [Boap(e)])], - (830)

We bound the two terms in (8.30) separately. As for the first term, using indices i € [n — 1],
we have

B 0ol =, ol bl 0] =p S (P57 @

where we use the Hermite decomposition of the functions ¢ and ¢. Recall that the first 3
Hermite coefficients of ¢ are 0, and the others correspond to the ones of ¢, which we denote
as ju. Since 7, is sub-Gaussian and independent from the z;,;-s, with ||z,.1], = V/d, we
have that

maX;e(pn—1]

%’Tﬂxl‘ < Vdlogn, (8.32)

with probability at least 1 — 2exp (—04 log? n) over x1. Thus, conditioning on this high
probability event, (8.31) gives

3
.
- i\ R log®n
By [@_1p(1)];] <p (E‘) S 2=0 <p i ) , (8.33)
=3
which implies
_ - _ _ Vvnlog®n

|EAEy [@op@)]|, < |[KH| 1By @@, = O (d/ . (839)

with probability at least 1 — 2exp (—05 log? n) over X and V. Here, the last passage also
uses Lemma ||l.11, which provides a lower bound on Apin (K_1) > Apin (K) = Q(p).

As for the second term of (8.30), we have

p

[@-13(x1)]; = By [®-1p(a1)]; = X ¢l o0) @] ve) — B, Sl o) o o) . (8.35)

k=1

All terms in the p~revious sum are independent, sub-exponential, mean-0 random variables,
since both ¢ and ¢ are Lipschitz. Thus, Bernstein inequality (see Theorem 2.8.1 of |Vershynin
[2018]) gives

[ 1@(21)]; — By [®1p(21)];] = O (logny/p) , (8.36)

with probability at least 1 — 2 exp (—06 log? n) over V. Then, performing a union bound over
all the indices i € [n — 1], we obtain

|KZH(@p() — By [2 @), = O (;\/n_plog n> =0 <\/Zlog n> . (8.37)

with probability at least 1 — 2exp (—c;log?n) over V and X. Then, (8.37) and (8.34) make

(8.30) read
B Vnlog®n n B logn
= @) ( F ; logn| =0 i) (8.38)
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with probability at least 1 — 2exp (—08 log? n) over V and X, where the last step is a
consequence of p = Q(n?). Plugging (8.38) and (8.29) in (8.28) provides the upper bound

[p(z1) @5, Y| = O (logn), (8.39)

which holds with probability at least 1 — 2 exp <—09 log? n) over V and X.

To bound the term HPCIilgo(xl)HQ in (8.27), we can use Lemma B.1. in Bombari and Mondelli
[2024a], which gives

| Pa_, (@), = Vi () = Q) (8.40)

where the last step is a consequence of Lemma |I.11, and holds with probability at least
1 —2exp (—010 log® n) over V' and X. The combination of (8.27), (8.39) and (8.40) readily
gives the desired result. O]

After performing a union bound on all i € [n], the result of Lemma 8.14 guarantees that, with
high probability,

H<1>+Y — oY

it —1

logn ‘
=0 , for all 7 € |n|.
2 (\/1_9) "

This will be key in our later proof of Lemma 8.10, where we will use Lemma 8.14 and the fact
that it holds with probability at least 1 — 2 exp (—clog2 n) We note that the proof strategy
of Lemma 8.14 is specifically designed to obtain such a probability guarantee, and it differs
from previous work, especially in the argument to show

logn

vn

see (8.38). Note that, for a fixed 4, this can be proved via Markov inequality through an upper
bound on the second moment of the LHS of the equation above, which in turn reduces to
an upper bound on ||E,[@(z)®(2)"]|lop.- This resembles the strategy followed by Mei et al.
[2021] (see their Proposition 7.(b)) to prove that this term is negligible when estimating the
test loss of the RF model, which is their object of interest. However, this approach would lead
to vacuous probability guarantees after performing a union bound on all the training samples,
due to the polynomial tail bound given by Markov inequality. To solve the issue, we pursue
our desired result via the argument between (8.30) and (8.34), which leads to

\/ﬁlog3n_0 logn
32 NA

and therefore to our assumption d*/2 >> n, see (8.11). Similarly, in the argument between (8.35)
and (8.37), we upper bound ||(®F;)"@(x;) — Ey {(@fi)Tgb(xi)} |2 via Bernstein inequality on
the separate indices of the argument vector, which at the end relies on the bound

n logn
—logn =0 ,
Vo (ﬁ)

leading to our assumption p = Q(n?), see (8.11).

||<<1>:->T¢<asi>||2=o< ) for all € [1].
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Lemma 8.15. Let Assumptions|8.5 and 8.6 hold, and let n = o (p/ log* p), n=uw (d log? d),

andn =0 (d3/2/ log® d). Then, we have that, with probability at least 1 — 2 exp (—clog2 n)
over X andV,

pl)" _seTe, p(z1) e(x

e T < T

(1)l le()lly ezl le(z)ll,

holds uniformly for all t € (0, 7], where ¢ is an absolute constant.

)T zeneenT, o(a)

(8.41)

Proof. Let Py be the projector on the space spanned by the eigenvectors associated with the d
largest eigenvalues of @™ ®, P, be the projector on the kernel of ®'®, and Py = I — Py — P,.
By definition, we have that Pyp(xz1) = 0. Thus, since both Py and P, are projectors on
eigenspaces of ®'®, we can write

()’ P p(r1)

||<P(=’U1)H2 ||S0($1)H2
_ elan) Py amelens, Pap(an) | p(an) ' Py zraelen, Pyp(a) (8.42)
le(zi)ll, le(z)lly ezl le(z)ll,
BN [ VT CN N 1 X GO
2 2
()]l [ (z1)]l;
where we have defined the shorthands
204(K 2 A min (I
A = 2l ), A= Pmin(F) (8.43)
n n

.
Note that the last step of (8.42) holds as ¢ and e~* are the largest eigenvalues of e~ !

in the subspaces Py and P, are respectively projecting on. Furthermore, the RHS of (8.41)
reads

(p(xl)T _QV,(mﬂf(ml)Tt o(x1) _ _2u«p<21>|\%t (8.44)
()l (@)l
In remaining part of the proof, we use the following inequality
1— % > e~ (8.45)
which holds for any ¢ > 0, and 0 < z < 1/c. We also use that, for all z > 0,
l—cz<e @, (8.46)

We prove the inequality in (8.41) in two disjoint intervals.

1. 0 <t <1/A: In this interval, we can use (8.42) and apply (8.45) twice (note that
1/A < 1/)), obtaining

2 2
plr)' asTer p(r) o allPae(@llly | —xellPav(zo)l;

le(zl, ol ~ ()] lo(z0)2
< <1 _ At) ||PA90($1)2H§ N (1 _ /\t> ‘|P>\90(931)2||§
¢ ) T ¢ ) el
AP} APl
e llo@)lZ e o)
(8.47)
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Applying (8.46) to (8.44) we obtain

plan)” mteveen®, pl@) o 2le(m)ll;,

TGl [ZEDI " (8.48)

Then, on this interval, (8.47) and (8.48)) imply that proving the following

L AP ls MRl 2y 2le@)ls, g

2 2
e lelz)ly e lle()l; n
is enough to prove the thesis. This, in turn, can be shown proving that

_2(K) 2 2eflplan)l}

A =
n n||Pap(z)ll;

(8.50)

where the 7 remarks that this inequality still has to be proved.
Now, by Lemmas .11 and ||.18, we jointly have

M) =2 (2) = Qplogn), Pl =90),  (851)

with probability at least 1 — 2 exp (—cz log? n) over X and V. Then, conditioning on
this high probability event, the LHS of (8.50) is Q(plogn /n), while its RHS is O (p/n)

(recall that [|¢(z1)]|2 = O (p)). Thus, (8.50) holds for n sufficiently large, which gives
that the desired result holds in the interval 0 < ¢ < 1/A, with probability at least

1 —2exp (—03 log? n) over X and V' (where cj3 is eventually smaller than ¢y, to make
this probability being 0 for the n-s that are not large enough).

. 1/A <t < 71: We have

2 2
o) awte, p(@) Pl | lPag(m)l;

e <
(1)l (@)l ()l ()l
p 2 p 2
IBeE)l; | P 652
()l (1)l
2
1 <1 B e’l) ||PA90($1)2“2_
(@)l
Applying (8.46) to (8.44) we obtain
2 2
@(xl)T Q_Mt g0($1) >1— 2 ||90(5E1)||2t >1— 2 ||<p($1)||27_' (853)
lo(z1)]l, lo(21)]l, n n
Then, on this interval, (8.52) and (8.53) imply that proving the following
2, 2
(1 ) Pl £ 20l (650

le@ol; —  n

is enough to prove the thesis. By Lemma [l.18, we have that the LHS of the previous
equation is ©(1) with probability at least 1 — 2exp (—04 log? n) over X and V. For
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the RHS, since ||¢(z1)||5 = O (p) with probability at least 1 — 2exp (—csp) over V (see
the argument carried out in (1.147) and (l.148)), we have that

o, _ (') 559

Thus, (8.54) holds for n sufficiently large, which gives that the desired result holds in
the interval 1/A < ¢ < 7, with probability at least 1 — 2 exp (—06 log2 n) over X and V'
(where ¢g is set to make this probability being 0 for the n-s that are not large enough).

]

Lemma 8.16. Let Assumptions 8.5 and|8.6 hold, and let n = o (p/ log® p), n=w (d log? d),
andn =0 (d3/2/ log® d). Then, we have

T
20 @y

p(x) e fdh Y,

T 72¢>Tq>tq)+ v
sup |@(xy) e " Y, , (8.56)

te(0,7]

< 2 sup
te(0,7]

with probability at least 1 — 2 exp (—clog2 n) over X and V', where c is an absolute constant.

Proof. Note that, for any positive number s,

e 12e(z1)I3 '
e T R M ;(m), (8.57)
le(z)ll
where PgoL(m) € RP*? js the orthogonal projector to the space spanned by p(z1), i.e., Pj(wl) -

I —o(z1)o(x1)T/ le(z1)|)2. Thus, we can write

T T
N NIV IV (8.58)
le(z)ll
where we introduced the shorthand
_2leI3,
—l<as)=—(1—e " = < 0. (8.59)

Let us also introduce

T
_ 20(z 1)) T o 22_1P-1

II(s) = (e ns e s t) € RP*P, x(s) = ’cp(xl)TH(s)(I)le_ll € R,

(8.60)
defined for any s being a positive natural number. As o(z1)p(z1)" + @', ®_ | = dTP, an
application of Lie's product formula gives

T
_20'a,

lim TI(s) = e, (8.61)
and therefore N
lim x(s) = go(xl)Tefyt(I)le_l . (8.62)

§—00
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Plugging (8.58) in the expression of TI(s) gives

T(s) = ( (1 + a(s)W) A@))s , (8.63)
lo(@)l3
where we define
Als) = i (8.64)

Note that II(s) can be expanded as

s) = als 80(3')1 )S_l ( als (p(xl)90<xl)—r> A(s)®
1) = (14 P2 S hopar (1 e A ) i
(8.65)
where we define
I (s) = (A(s) <I+ a(s)W)) B A(s)a(s)w. (8.66)
(1) I3 lo(z1)]l3

In words, II;(s) includes all the terms where the last term containing «(s) is taken at the
(I + 1)-th factor of (8.63). This gives

x(s) = [ip(aa) TI(s) BT, Y- \

=|(1+afs ZHz ) TR Y 4 (L4 afs)) p(a1) T Als) @F, Y,

I
=
+
2
S
©
2
S

(8.67)
where we introduce the shorthand
oo @)’ (el T ()
wte) = ey, (409 (1 o0 TR )) Ao, -
_ (A6 () My AL (@)
(@)l lez)lly
and M,(s) is the p.s.d. matrix defined as
s) — 1/2 Sﬁ(xl)%p(xl)T 5)1/2 .
i) = (4" {1+ o 2R ) 4 (509
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Then, note that (8.62) and (8.67) give

s—1 201 ®_
< limsup (‘(1+@(3))a(3)z7ﬁ(8) max;efs_1) |©(1) € n Yoty )
S§—00 =1
29
+ lim sup <|1 + afs)| |e(x1) Te™ TP Y, )
5§—00
s—1 24{1 _1, (870)
< limsup (1 + (s)>_m(s)| sup |p(z1)'e” = " Y,
§7700 =1 t'€(0,t)
207 @ 4
+ limsup |1 + a(s)| ’gp(xl)Te et Y
S5—00
571 2‘I;—rl =1
< (1 + lim sup |« s)Zm(s)) sup |p(z1) e COT Y,
§—00 =1 t'e(0,t)

where in the last line we used lim;_,, a(s) = 0, which follows from (8.59). We will now upper
bound the first factor of this last expression, for all ¢t € (0, 7], as we will treat the case t = 0
separately. Note that, following (8.68), we have

(A0 o) A ()
) = owh, S @l
:HA(S>1/2 H ( 8)1/2 )) MS(S)(lfl)/(sfl) A(S)l/Q‘P(xﬁ

le(z)lly — [1AG) ()]l IA(s)! 2o (z1)ll,

)
9 T —-1)/(s—1 871
sy () et )
@)l [A(s) 2 (z1)]], | A(s)20(z1)]l,

_. HA(S)l/QQO(xl)Hz (5) =D/

I

lo(z1)ll3

where the second line follows directly from (8.69), and the third line is a consequence of
Jensen inequality, since M(s) is p.s.d. and [ < s.

From (8.64), we have that lim, ., A(s) = I. Thus,

lim M;(s) = lim (A(S)l/2 <I + a(S)()w()> A(5)1/2>81

AR e
= lim A(s)"?II(s o Plan)e(z1) s - §)1/2 (8.72)
tig A0 ( (10 AR a00)
= Jin T(s),
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and

| | A ()
A A g, <% M) B s T,
o o)
i () 2
pl1)T _mme, pla) (8.73)
o’ Telel,
) zetneen’, p(z)
o)l ()],

jw(zl)u%t

= e n ,

where the third line follows from (8.61) and Lemma 8.15 guarantees that, with probability at

least 1 — 2exp (—clog2 n) over X and V, the fourth line uniformly holds for all ¢t € (0, 7).
We will condition on this event until the end of the proof.

The previous limit implies that there exists s* such that, for all s > s*, we have pu(s) <

2l (=1)113
e~ — = . Thus, for such s, we also have

_2\w(w1)u§t

0<pu(s)VE™D < p(s)/*<e 7w =14a(s) < 1. (8.74)

Then, for such s, (8.71) leads to

s—1 ) 20(x 2
2, me) = A(us)omi(uil) F
A Ee@)], 11— ) (6.75)
leGl} 1= n(o)VeY
A() o) 1 = o)
Il —als)

where we solve the geometric series in the second line and use (8.74) in the third one. This
gives

lim sup
5—00

afs) p_m(s)

; (8.76)
A(s)Y2p(y
; H () )H2 lim [1 — u(s)] < 1.

< lim 5—00 2 $—00
le(21)ll;

S5—00

Plugging this last result in (8.70), we get

T 20 e, + T 2 t m+
o(xy) e”"n O Y, o(ry)' e n oY 4, (8.77)

<2 sup
t'e(0,t)

which, taking the supremum of ¢ € (0, 7), and extending by continuity to ¢t = 0, leads to the
desired result. O
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For the next lemma, it is convenient to define the e-covering number of a separable set T as
follows

N(T,e) := inf {]T()] such that 7o C T, and T C S(to,e)} : (8.78)

to€Ty

where |Tj| denotes the cardinality of the set Ty, and S(to, €) denotes the closed Euclidean ball

d
with center ¢, and radius €. We denote with diam(T") = sup, 7 ||u — v[|, the diameter of
T.

Lemma 8.17. Let Assumptions 8.5 and 8.6 hold, and let n = o (p/ log4p), nlog®n =
O (d3/2) andn = w(d). Let T C R? be the set described by the curve v : R — R? defined as

AL P
vyt)=V e T OT Y 4, (8.79)

fort € [0,7]. Then, T is separable with respect to the Euclidean norm and, denoting with
N(T,e€) its e-covering number and with diam(T') its diameter, we jointly have that

/ Jog N (T, )de = O (logn),  diam(T) = O (1), (8.80)
0
with probability at least 1 —2 exp (—c log? n) over X_1 and V', where c is an absolute constant.

Proof. T is described by a continuous function « applied to ¢t € [0,7]. Since the interval

207 @
[0, 7| is separable, we also have that 7" is separable. Furthermore, note that e~ = 1t(1>f1 =
K_
CI>J_F16_2 =t Then, for all t,t" € [0, 7], we have
T 2K_ 2K_y ,,,
I (8) = ()], = Hv Ot et t<1_ oL —t>> Y, (8.81)
2
Assuming, without loss of generality, t' > t, we have that
I7(t) =9 (), < [VT@H | IYoall, =0 (1), (8.82)

where the last step is a consequence of Lemma .16 and it holds with probability at least
1—2exp (—cl log? n) over X_; and V' (note that the argument of Lemma ||.16| goes through

equivalently when considering ®_; instead of ®). This proves the desired result on the
diameter.

Following a similar strategy, we can prove that, for all ¢’ > ¢ s.t. [t — /| < A,

2K_ 4

[—e &0

Iy(@®) =), < Ve

Y1l
op

op

2Amax(K_1) ,,,
<|vTet, (1—6" 1“”) Y]],

op
(8.83)
2Amax (K_
< [vrar, | PmeEd gy,
op n
2 A max (K
< [vrar, |y, Pne )y
op n
where the second step is a consequence of the fact that 1 — e*QKTfl(t'*t) is a p.s.d. matrix

. . . 22 (K_1)
with eigenvalues given by 1 —e™ 7 =

(=) " and the third step follows from the inequality
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2>1—e?, for 2> 0. Since ||¢(z;)||5 = O (p) jointly for all i € [n] with probability at least
1 — 2exp (—cop) over V (see the argument carried out in (1.147) and (1.148)), we have that
Amax (K_1) = H(I),lHip < ||®_,||% = O (np). Thus, using again Lemma .16, we get that, for
every A > 0 and for all t' > ¢ s.t. [t — /| < A,

[v(t) = v(#)ll, < CipA, (8.84)

with probability at least 1 — 2exp (—c3 log? n) over X_; and V, where (] is an absolute
constant independent from the scalings of the problems and from A. This means that we can
cover T using [17/A] = [dlog2 n/(pA)W balls with radius C1pA. Then, setting € = CipA,
this implies

N(T,e) <

(8.85)

dlog’n Cip|  [Cidlog’n
P e | € '
Notice that, for ¢ > diam(T"), we simply have N (T,e) = 1. For smaller values of ¢ <
diam(7T") < O, the previous expression reads N (T,¢e) < %"g%, where Cj5 is another
absolute constant set large enough such that %"ggn > 2, for all ¢ < Cy (this allows to

remove the ceiling function), and C3dlog®n > eCy (which will be used in the next inequality).
Then, we have

0o Cs
log V(T €)d </ log (T, €)d
| Vi N(T.ede < [\ log N (T €)ce
Cs log?
S/ log. <C3d og n)de
0 €
Ca . 2
§/ log (602) + log (C’Sdlog n)de
0 eCy

¢ (8.86)
c C dlog?
§/2\/210g<602)d6+/2¢2log<030gn>de
0 € 0 eCy
C 2
< \/5/ 2log (e@) d6+C’2\l210g (C’;;dlogn)
0 € eCy
=20, + C, logn,
which concludes the argument. O

Proof of Lemma 8.10. Throughout the proof, we condition on the event occurring with
probability at least 1 —2exp (—01 log? n) over V and X given by Lemma .11, This guarantees

that K is invertible and, therefore, that ®* = ®" K~!, which implies that the LHS of the
~ T

statement reads y; — o(z;)TO(t) = p(z;)Te 7 LDTY.

Due to symmetry, we prove the statement for ¢ = 1, and the thesis will then be true for all

i € [n] by performing a union bound on the n events. A simple application of the triangle
inequality gives

.
sup @(xl)Te_qu)tCI)JrY’
te(0,7]
T _2078, 4 n T 2078, n (887)
< sup |p(zy) e @ (<I> Y—CID_IY_1> + sup |p(xy) e n TOT Y 4.
t€[0,7] t€[0,7]
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The first term on the RHS can be bounded as follows

)T p
sup gp(wl)Te_qu t (@*Y — <I>J_F1Y_1)

tel0,7]

< llp(z1)ll, @Y — ®5,Y4||, = O (logn) ,

(8.88)
where the last step is a consequence of Lemma 8.14 and ||o(z1)]], = O (\/1_9) (see (1.147)

and (1.148)), and it holds with probability at least 1 — 2 exp (—02 log? n) over V and X. To
bound the second term on the RHS of (8.87), we first consider the term

T
201 @4

o(x)) e dT Y,

2K_q

(TO(I1>T(I)1_1€_ n tY_l

< sup g |z{ ()] + sup
te(0,7] te(0,7]

sup
te(0,7]

Y

(8.89)
2¢f1¢,1t

where we define the shorthand v(t) = Ve~ = ‘@1, Y_ ;. Using (8.38), the second term
reads

2K_q

@(ml)Tq)ile_ " tyl‘ < H((I)L)T@(xl)

2
Va3 =0ogn).  (8:90)

sup
tel0,7]

with probability at least 1 — 2 exp (—03 log? n) over X and V. For the first term of (8.89),
we apply the following decomposition

sup ‘xlT”y(t)‘ < sup ‘(ml —Ex [z1])" ”y(t)’ + sup ’EX [xl]Tfy(t)‘ : (8.91)
tel0,7] tel0,7] te[0,7]

The second term can be easily bounded as follows

sup [Ex [ra]" (8)] < [Ex [milll sup 170l < [Ex fealll, [VTO5 1Yl = 01),
€0,

te[0,7]

(8.92)
where the last step is a consequence of Lemmas .7/ and [.16, and it holds with probability
at least 1 — 2exp (—04 log? n) over X_; and V. For the first term of (8.91), note that the

stochastic process (z; — Ex [x1])" ~(t) is separable, mean-0, and sub-Gaussian, i.e.,

|(@1 = Elza)" (u— )

' < HxT(u —u)

v, PIELl, flu = w'lly < Kju = u'll;, (8.93)

for all u,u’ € T' (where we use Lemma |l.7 and the fact that x is sub-Gaussian by Assumption
8.5). Furthermore, by Lemma 8.17, with probability at least 1 — 2exp (—05 log? n) over
X_; and V, we have that, for t € [0, 7], v(t) describes a separable set T C R? such that
J5° \/1og N (T, €) de = O (logn) and diam(7T") = O (1). Then, conditioning on such event, we
can use Dudley’s (or chaining tail) inequality (see Theorem 5.29 in van Handel [2016]), which
gives

sup |(w1 — Ex [22])" 9(t) = (21 — Ex [a1]) " 7(0)|

te[0,7]

0 (8.94)
<C</«H.Nﬂ de + diam(T) 1 ):01 ,
=G og N (T, €) de 4+ diam(7T") log n (logn)
with probability at least 1 — 2 exp (—06 log? n) over xy. Furthermore, we have that
T T T
(21 = Ex [12]) " 1(0)] < | 7(0)| + [Ex [21] T 7(0)| (6.95)

< Calogn [y (0)[ly + Ex [za]ll, 7 (0)]], < C5[[7(0)[|y logn = O (logn),
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where the second step holds with probability 1 — 2 exp (—07 log?n) over zy, since it is sub-
Gaussian, the third step follows from Lemma .7, and the last step follows from the same
argument used in (8.92)), due to Lemma .16, and holds with probability 1 — 2 exp (—08 log? n)
over X_; and V.

Plugging (8.94), (8.95), and (8.92) in (8.91) gives sup,c(q xlTy(t)‘ = O (logn) with prob-
ability at least 1 — 2exp (—09 log? n) over X and V. Then, this last result, together with
(8.90) and (8.89), leads to

-
20 0y

gp(ml)Te_ ot Y

]
sup [p(z1) e 0TV,
te(0,7]

< 2 sup
t€(0,7]

=0O(logn), (8.96)

with probability at least 1 — 2 exp (—010 log? n) where the first step holds because of Lemma
38.16.

Plugging (8.88) and (8.96)) in (8.87), and performing a union bound over all the indices i € [n],
leads to the desired result. We finally remark that this result does not require the condition
logn = O(logp) in Assumption 8.7. O

Lemma 8.18. For all i € [n|, we have that

En [(p(2)0() -~ () 0(5))"] < 521t = sl (a3 (5.97)

Proof. Let us define the matrix O € RP*? as the orthogonal matrix such that ®'® = ODOT,
with D € RP*P being a p.s.d. diagonal matrix with eigenvalues sorted in non-increasing way
(which we indicate as Dy, k € [p], for simplicity). Then, we have

Egp (@(%’)Té(t) - So(ﬂfi)Té(S))q =Ep (@(%)TOOTQ(U - %0(37i)TOOTé(3))2 :
(.98)
Note that, multiplying both sides of (8.15) by OT we get
d(OT@@D::—%?(OTé@»dt+QO:nydt+Ed(OTB@D. (8.99)

Since D is diagonal, we have that each coordinate of OTO(¢) evolves as an independent, one
dimensional, OU process (without drift, eventually), since each coordinate of O B(t) evolves
as an independent Wiener processes, for rotational invariance of the Gaussian measure. This
implies that, for all s,¢ € [0, 7], and for all k # k', we have

Ep [[0TO®)[0T6(s)l]| = 0. (8.100)

This, together with (8.98), gives

En |(0(e) 6(t) — p(x)T6()) | = Ea

121



8. PRIVACY FOR FREE IN THE OVERPARAMETERIZED REGIME

Since [OTO(t)]), describes an QU process with drift Aj, = %, standard results on the variance
and the auto-correlation of OU processes (see Section 4.4.4 in Gardiner| [1985]) give (supposing

Ay #0)
Es [[0TO1)]] = QEAk (1—e728t) (8.102)
and
Ep [[0TO0I[OTO(s)]i] = fAk (e tultmel — gmanlita) (8.103)

which implies that

_ e—Ak|t—S| + e_Ak(t+5)

Ep [([OTé(t)]k _ [OTé(s)]k)z] 2 <1 B 20kt 4 o2

(8.104)
Then, assuming ¢t > s without loss of generality, and introducing the shorthand 6 =t — s, we
have
TE TE 2l X2 oy [ LTI —2e7 80 —AgS
Es [([o O]k — [0TO(s)]k) ] - 5 <1 e < . _ e
2 BNY) _
:2(1_6 k) 1—6_2Aks 1_6Ak5
Ay 2
22 1 . 7Ak5
T(-e)
< A,
< X% =Pt — s,
(8.105)

where the inequality in the fourth line holds as 1 — e™ < z for all x > 0. Note that, when
[OTO(t)], does not have a drift term (A, = 0), it is a Wiener process, which implies that

Es [([OTé(t)]k _ [oTé(s)]k)z] — 2|t — 5| (see Section 3.8.1 in Gardiner [1985]).

Thus, plugging (8.105) in (8.101) we get

Es | (p(2:)T0(0) — ¢(x) ()

S 0T (s [ (076 ~ 1076 ()]

(O ()i 22 |t — |

IA
LI

[t = sl llp ()3
(8.106)
which gives the desired result. O]

Proof of Lemma 8.11. Consider the auxiliary Wiener process z;(t) € R such that (see
Section 3.8.1 of |Gardiner [1985])

E., |(2:(t) = 2i(s))*] = =2 |t — s (@) (8.107)

By the reflection principle in standard Wiener processes (see Proposition 3.7 in Revuz and Yor
[2010]), we have

2

P, (sup zi(t) > a) =2P,. (z(7) > a) <4dexp (—2612> : (8.108)
te[0,7] AT ||90(x1)||2
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By the same argument carried out in (1.147) and (I.148), we have that ||¢(z;) ]2 = O (p) with
probability at least 1 — 2exp (—cyp) over V. Thus, there exists a constant C' for which we
can write

dlog®n 8log(1/6) dlog2n 32C’d2 log®n log(1/0)

»? I < 4
7 ezl < 4C 2 = » 2 =

=0(1),

(8.109)
where the last step is a consequence of Assumption8.8. Then, (8.108) reads IP,, (supte[oﬁ] zi(t) > a) <

4 exp (—coa?), which implies

“+oo
E., [sup |z (t ] / P, (sup |zi(t)] > a) da < / 2P, (sup zi(t) > a) da < (4,
t€[0,7] t€[0,7] 0 t€[0,7]
(8.110)

where (' is an absolute constant, and the statement holds with probability at least 1 —
2 exp (—c1p) over V. Note that, by Lemma 8.18, for all s,¢ € [0, 7], we have

E[p p(@) )| < 22|t —s|lp(@); = B, [(z:0) — =())°] . (8.111)

te[0,7]

Then, since ¢(x;)TO(t) and z(t) are two mean-0 Gaussian processes, due to Sudakov-
Fernique inequality (see Theorem 7.2.11 of Vershynin| [2018]), we have that, for all finite
subsets T C [0, 7],

<E, [sumz,( >|] | (8112)

teTy

Sup’go (x;) @( )‘

teTy

Differently from Theorem 7.2.11 of Vershynin [2018], we consider the supremum of the absolute
value of the processes. The result can in fact be extended to this case by simply looking at
both ¢(z;)TO(t) and —p(z;) "O(t). To extend to the previous equation to the full interval
[0, 7], we have that the Kolmogorov continuity theorem (see Theorem 1.8 in Revuz and Yor
[2010]) guarantees that o(z;)TO(t) is almost surely continuous (as its a-moment is bounded
by the a-moment of z;(t) via (8.111) since they are both Gaussian processes). Then, in the
compact time interval [0, T] we have uniform continuity, i.e., for every h > 0, there exists r,

such that, for every t € [0, 7], ‘gp )o@t +r)— (xZ)TC:)(t)’ < h, with probability 1 over B.
Then, (8.112) can be extended by continuity to

Ep [Sup ’cp(xi)Té(t)” <E. lsup |zi(t)|] <y, (8.113)

te[0,7] te[0,7]

where the last step is a consequence of (8.110).

Note that, by Lemma 8.18, since we have ¢(z;)T©(0) = 0,

o2 i= sup Es |(pla) 00)| < Srile@l =0 ), (8.114)

t€[0,7]

where in the last step we used (8.109). Then, the Borell-TIS inequality (see Theorem 2.1.1 of
Adler and Taylor| [2007]) allows us to write, for all a > 0,

2
Pg (sup ‘gp ;)T O(t )’ >Ep [sup ‘gp ;)T O(t )” > < exp (_a2> < 2exp (—03a2) .
te[0,7] te[0,7] 202
(8.115)
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Thus, setting a = logn, we get

sup ‘(p ;) é(t)‘ <Eg lsup ‘gp ;) O(t )” +logn < C +logn =0 (logn), (8.116)
te(0,7] te[0,7]

with probability at least 1 — 2 exp (—03 log? n) — 2exp (—c1p) over V and B, where we use
(8.113) in the second step. Our argument holds for any choice of i. Then, the thesis holds
uniformly on every i € [n] with probability at least 1 — 2exp (—04 log? n) — 2nexp (—cqp)
over B and V/, which provides the desired result. O

8.6.3 Analysis of noise and early stopping

This section contains the proofs of Lemmas 8.12 and 8.13, as well as of our main Theorem 8.9,
including a number of auxiliary results required by the argument. We make use of the notation
introduced in the previous sections and consider the hyper-parameter choice in (8.13).

Proof of Lemma 8.12. We denote with A € RP*P the p.s.d. matrix such that A? =
ATA=E, {gp(m)gp(m)w (the definition is well posed as E, [gp(x)go(x)q is p.s.d.). Thus,

A7 = tr (ATA) = tr (Ey [p(2)p(x) ")) = E. [tr (o(2)e(@)")] = B [lo(@)]3]
(8.117)
where we use the linearity of the trace in the third step, and its cyclic property in the fourth
step. Furthermore, we can write

Al = Ex lle@)Il] < 2116(0)15+2L°E, [[Vala] < 216(0)l5+20% V15, B [ll2lly] = O (0).
(8.118)

where we use that ¢ is Lipschitz in the second step, we denote with 0 € RP a vector of

zeros, and the last step follows from the bound on V||, given by Lemma I.8, which holds

with probability at least 1 — 2 exp (—c;d) over V' (high probability event over which we will

condition until the end of the proof). The introduction of A allows us to rewrite the LHS of

(8.24) as E, | ((z)"O(r ))} O(7) Ey [p(x)p(x) | O(r) = HAé(T)Hz, which gives

EZ[(gp(x)Té(T))Q}—HAé(T |2 = |acoTem)|; = | (8.119)

where A € RP*? is a p.s.d. diagonal matrix s.t. A? contains Eg HOT(:)(T)}H in its k-th entry
(O is the same matrix considered in Lemma 8.18), and
p:=AT0T6(r) eRP (8.120)

is a standard Gaussian vector in the probability space of B (since each coordinate of OT(:)(t)
evolves as an independent, one dimensional, OU process, by the argument following (8.99)).
Then, by Theorem 6.3.2 in |Vershynin| [2018], we have

[l4024], -

<Ci

A, LSO |a0A|| (8.121)

where the sub-Gaussian norm is intended in the probability space of p. This can be turned
into the tail inequality (see Proposition 2.5.2 in |Vershynin| [2018])

pX27rlog’n

Pg (HAOAPHQ > HAOAHF + /pX27 log n> < 2exp (02 ‘ — ) . (8.122)
F
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Since we have HAOAH; < ||A||H < ||A||2FHAH2 < CypX27, where the last step
P op
follows from (8.118) (C\ is an absolute constant) and the argument in (8.105), (8.122) gives

|40A|" = 0 (p2r10g?n) = O <d2 log™ 10g(1/5)> =0 < & ) —o(1), (8.123)

n? g2 g2n?

with probability at least 1 — 2 exp (—cz log? n) over B, where the last step is a consequence
of Assumption 8.8. Plugging the last equation in (8.119) provides the desired result. [

Proof of Lemma 8.13. Consider the projector P, on the space spanned by the eigenvectors
associated with the d largest eigenvalues of ®'®. Then, let us decompose the LHS of (8.25)

B | (v (o) = 07)) ]
< 9E, {(w )Py (B(r —9*))2}+2E [( ()T P} (@m_e*))?]
COWNG —9*))2} +4E, | (2(2)TPE (0 )—9*))2]
(VTR (B - o))

We now bound the last three terms separately. As usual, we condition on the high probability

event given by Lemma .11, which guarantees that K is invertible and, therefore, 0(t) =
T

(1-— efmnq)t)@’LY, with probability at least 1 — 2exp (—02 log? n) over V and X, where

®F = dT K1 For the first term of (8.124), exploiting the fact that Py is a projector over

an eigenspace of dTd, we can write

(8.124)
<2E,

+ 4u7E,

A

Py (9* — 9(7’)) = Ppre™

20" 20T
TETOY = Pye AT P oty (8.125)

_MT —calog?n .
= e " n = O(e 3108 ) where c3 is a small enough
op
absolute constant, and the last step is a consequence of Lemma .11/ and 7 = dlog? n/p,

and it holds with probability at least 1 — 2exp (—04 log? n) over V and X. Then, using

ne~¢12°n — O (1) we have

<]
<

where the second step holds because of Lemma I.11. Then, using (8.118), the first term in

(8.124) reads
i=olrm) oG,
(8.127)

—P 22 p
where |[Pre 27 n FATP,

PAB_PA n

HPA (é(T) — 9*)

p \qﬁHop Y|, =0 ( (8.126)

)

Ey

(@) Px (86r) = 67))*] <. [le@)I] | P2 () - )

with probability at least 1 — 2exp (—05 log? n) over V and X.

125



8.

PRIVACY FOR FREE IN THE OVERPARAMETERIZED REGIME

For the second term of (8.124), we have

E, {(S~0(:16)TPAL (@(T) — 9*))2] < ‘Ex [~(3;)9~0($)T} ) ‘qﬁ ip e
o (s 25 1)
_ 0( n log'n nlog3d> (8.128)

NN ICE

d nlog*d

Here, the second line follows from Lemmas |.21 and .11} and it holds with probability at least
1 —2exp (—06 log? n) over X and V.

For the third term of (8.124), since z is distributed according to Py, it is sub-Gaussian and
|z, = O (1). Then, we can bound its second moment (see |Vershynin| [2018], Proposition
2.5.2) as follows

B, (VTR (o) - )| <@V Tt (b - )
=G [vTRiete Y,
< \\VTPiq’+”jp g (8.129)
~o(24 1)
3
) (Z - ni;i d> = o(1),

where C'y is an absolute constant and the fourth line holds with probability 1—2 exp (—07 log? n)

over X and V, because of Lemma 1.20. Plugging (8.127), (8.128), and (8.129) in (8.124)
provides the desired result. O

We would like to remark that a key aspect of the previous argument is the existence of a
spectral gap between \;(K) and Ay 1(K). This result, proved in Lemma ||.11, critically uses
that Apin (XTX> = Q(n), which in turn relies on our assumption Ay, (E [mT:z:D = Q(1),
i.e., that the data covariance is well-conditioned. The spectral gap is what allows us to define
a proper early stopping time, which implicitly connects to the spectrum of K via the previous
argument. We note that, if A\, (E J;‘xTxD = 0(1), then K might lose its spectral gap, a new
argument would be required to set the early stopping time, and we eventually expect the final
bound on the excess population risk to depend on the condition number of the covariance (as
it does also in prior related work [Varshney et al., 2022} |Liu et al., 2023b]).

When discussing Figure 8.3, we have commented on the regularizing effect of DP-GD which
can be connected to the introduction of a ridge penalty. In fact, adding Gaussian noise and
early stopping does not allow DP-GD to interpolate the training samples in a similar way to
{5 regularization. The connection between /5 regularization and early stopping can be made
quantitative by inspecting the argument of the previous Lemma 8.13: there, we show that the
gradient flow at early stopping is close to the gradient flow at convergence when looking only
at the sub-space S5 spanned by the eigenvectors of ® ™ ® associated to the top-d eigenvalues
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(see (8.126))), while the same is not true in the orthogonal sub-space S3. When we look at
the ridge solution

o= (270 + ) @'Y, (8.130)

if X is chosen such that Mg (®'®) < A < A\g(@'®), we have a similar effect: in the
sub-space Sy, 03 is approximately the same as the un-regularized 6*, while we still avoid
over-fitting due to the differences in the orthogonal sub-space Sy.

Proof of Theorem 8.9. First, note that since our model has a quadratic loss, following the
first two equations in Assumption 8.8 we can apply Proposition 8.4. Then, the hyper-parameter
¥ in (8.13) is sufficiently large to guarantee that the solution ©(7) of the SDE (8.8) at time
7 is (g, )-differentially private. Let us introduce the shorthand R(z) = ¢(z)" ((:)(T) — 9*),

and denote the generalization error of @(7’) and 6* by R and R*, respectively. Then, we have
that

R R* <]E(a:y ~Pxy { (x)Té(T) a y)Q] ~ Eww Py {((p(flf)—re* N ?J)1>2

= (Ewyryy [R@) ((0(@)76(0) —4) + (o) 6" ~))])’
E, [ ( 2)TO(1) + ¢(z) 6" — Zy)Q}
(

] (
[ 2} E 90 y)’“pxy (
+ 2E, {R(l’)ﬂ E(%?J)NPXY

IA

'

(
IE:’(af y)~Pxy {
|

R(x) + 2p(z) 0" — 2y) 2}

(2¢($)T9*—-2y)%

E, [R(x)’]” + 16E, [R(z)?] E, [@@)TQ*)T + 16E, [R(0)?] E, [y?].
(8.131)

where we factorize the difference of two squares in the second line and use Cauchy-Schwartz
inequality in the third line. By Lemmas 8.12/ and 8.13, we have that

IA
)

E, [R(z)?]

IA
)

<98, [(p(0)76m)"] + 25, [(o0)” (00 - 0))]  (s132)
o (bt 4 nlog'a)

with probability at least 1— Qexp( ¢1 log? n) over X, V and B. Furthermore, by Lemma .22,

2
we also have that E, {( ) } ) with probability at least 1 — 2 exp (—02 log? n)

over X and V. Since also E, [y*] = O( ) by Assumption 8.5, plugging (8.132) in (8.131)
gives

A 2 d?log"n log(1/6) d nlog’d
(R-R) :o( g~ St | = o), (8.133)
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with probability at least 1 — 2exp (—03 log? n) over X, V and B. Then, since Va+b+c <
Va+ vb+ /¢, we have that, with this same probability,

d s oo |d Inlog®d
~ [ d d n
=0 (ns+\/n+\/d3/2) = o(1).

To conclude the argument, we can now use Lemmas 8.10 and 8.11, which guarantee that,
jointly for all i € [n],

A

R—-R"

(8.134)

sup (|eo(:)"O1)] + |o(:) TO(E) — v

te[0,7]

) < Cilogn, (8.135)

with probability at least 1 — 2 exp(—c4log®n) over X, V, and B, for some absolute constant
C,. Furthermore, with probability at least 1 — 2exp (—csp) over V, [[¢(z;)|l, < Cay/p for
some absolute constant Cy, jointly for every i € [n] (see the argument carried out in (|.147)
and (1.148)). Thus, the previous equation gives

C:
) < Cilogn < 27\/2_96’1 logn
(@)l

< \/]_ologQ n Ceip

= 2lleCll,  2le@l,

with probability at least 1 — 2exp(—cglog®n) over X, V, and B, where ¢ may depend on
C} and C; due to the step in the second line. Hence, due to the argument between (8.16)
and (8.20), we have that, with the same probability,

sup (|io(a:) O] + () "O(t) — v

tel0,7]

(8.136)

o(r) = O(r), (8.137)

which in turn implies R = R, where R is the generalization error of O(7). This, together
with (8.134)), concludes the proof. O

8.7 Concluding remarks

In this chapter, we show that privacy can be obtained for free, i.e., the excess population risk
is negligible even when € = o(1), in sufficiently over-parameterized random feature models.
This proves that over-parameterization is not at odds with private learning.

We focus on the regime where the number of samples n scales with the input dimension d as
d < n < d*?, but we believe that our approach can be applied in much wider generality. In
fact, we crucially leverage the fact that the test loss of the GD solution 6#* does not decrease
with respect the case n = ©(d). This in turn means that there is a surplus of samples that
can be used to learn privately. A similar plateau in the test loss has been demonstrated for
kernel ridge regression by a recent line of work |Ghorbani et al., 2021, Mei et al., 2021, Hu
et al., 2024] tackling increasingly general settings, and showing privacy for free here is an
exciting direction for future research.
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CHAPTER

High-Dimensional Private Linear
Regression with Optimal Rates

Differentially private (DP) linear regression has received significant attention in the recent
theoretical literature, with several approaches proposed to improve error rates. This chapter
considers the popular high-dimensional regime with random data, where the number of training
samples n and the input dimension d grow at a proportional rate d/n — 7, and it studies a
family of one-pass DP gradient descent (DP-GD) algorithms satisfying p?/2 zero concentrated
DP. In this setting, we establish a deterministic equivalent for the DP-GD trajectory in terms
of a system of ordinary differential equations. This allows to analyze the effect of gradient
clipping constants that are smaller than the typical norm of the per-sample gradients — a setup
shown to improve performance in practice. For well-conditioned data, we show that DP-GD,
upon properly choosing clipping constant and learning rate, achieves the non-asymptotic risk
of O(y +~%/p?), and we establish that this rate is minimax optimal. Then, we consider the
ill-conditioned case where the data covariance spectrum follows a power-law distribution, and
we show that the risk displays a power-like scaling law in v, highlighting the change in the
exponent as a function of the privacy parameter p. Overall, our analysis demonstrates the
benefits of practical algorithmic design choices, including aggressive gradient clipping and
decaying learning rate schedules.

This chapter is based on the work under review: High-dimensional private linear regression
with optimal rates|.

9.1 Introduction

Differential privacy (DP) [Dwork et al., 2006] has consolidated as the standard framework for
privacy guarantees and data protection in machine learning. This has motivated an extensive
research effort on theoretical problems connected to statistics and optimization [Chaudhuri
et al, [2011, Bassily et al., [2014, [2019, [Kamath et al., 2019, 2020, |Cai et al., 2021, 2025|,
on its implementation in training large scale deep learning architectures [Li et al., 2022b} De
et al., 2022, McKenna et al., 2025|, and on its adoption for the release of public data [Hawes,
2020, |Desfontaines, 2021]. This framework quantifies privacy through numerical parameters
(e.g. p in Definition 9.1), which upper bound the impact a single data point can have on the
output of the algorithm. Then, guaranteeing a fixed level of DP imposes specific constraints
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on the learning algorithm, which come with a performance cost: the more stringent the privacy
requirements (corresponding to smaller values of p), the higher is such cost. For example,
in first-order optimization, these constraints are typically implemented through clipping the
per-sample gradients if the loss is not Lipschitz, limiting the number of data access via early
stopping, and adding independent noise at every update [Song et al., 2013| Bassily et al.,
2014, |Abadi et al., [2016].

Understanding the cost of privacy in different learning settings and how to achieve optimal
performance has been at the center of a rich line of work spanning over a decade, see e.g.
Chaudhuri et al.| [2011], Bassily et al. [2014, 2019], |Song et al.| [2021b], |Cai et al.| [2021],
Varshney et al.[[2022]. On the one hand, this involves establishing statistical lower bounds on
the expected risk any algorithm must incur when learning with differential privacy; on the other
hand, this involves defining efficient algorithms that provably achieve this risk. A notorious
example is the problem of DP linear regression, where one is given n input-label pairs (x;, y;),
sampled i.i.d. from a joint distribution Pxy such that y; = z] 6* + z;, where §* € R?, x; € R?
has mean-0 and covariance ¥ € R%*?, and z; € R is independent label noise with mean-0 and
variance (2. Informally, the goal is to provide an algorithm M that, given the training set,
outputs a parameter 6P guaranteeing a required privacy budget and minimizing the test risk:

2

/2 (gp _ g*
($T9p_y)2] _ C; _ Hzl 2(02 0") 2 (9.1)

1
R(M ) - iE(x»y)NPXY

On the side of statistical lower bounds, |Cai et al.|[2021] study the maximum risk over a set B
of possible 6*, i.e. supg..z R(M), and Theorem 4.1 therein shows that, if M represents the
set of all p?/2 zCDP algorithms'| and B is the unit Euclidean ball, the minimax rates of this
problem satisfy
inf ER(M)| = d & 9.2
/\L%MEPG% [RIM)] = <n+p2n210gn>’ (92)
where the expectation is taken with respect to the randomness of the data and of the private
algorithm.

On the algorithmic side, a number of recent papers gives efficient algorithms with theoretical
guarantees on the test risk [Wang, [2018, |Cai et al., 2021, Milionis et al., 2022, Varshney et al.,
2022, |Liu et al., 2023b, [Brown et al., [2024b]. In particular, Varshney et al.|[2022], Liu et al.
[2023b], Brown et al.| [2024b] propose gradient-based algorithms for which n = (d) samples
are sufficient to achieve non trivial performance when p is of constant order (here, d denotes
the input dimension and the ~ hides logarithmic factors). For example, |Brown et al.| [2024b)]
show that a p?/2 zero concentrated DP (zCDP) gradient descent (DP-GD) algorithm M

achieves an error of ,

d d
R(M)=0 (n + 2 poly log n) : (9.3)

We note that Varshney et al. [2022], [Liu et al.| [2023b], Brown et al.| [2024b| consider gradient
updates on the square loss (z; 6 — y;)2. As this loss is non Lipschitz, in order to bound the
sensitivity of the parameter updates with respect to any single training data point, the gradient
is clipped. The clipping then ensures that the /5 norm of the gradient does not exceed a
custom hyper-parameter Cip, which in turn defines the amount of private noise introduced at
every iteration (see, e.g., Algorithm 1 in Brown et al. [2024b]). Notably, a common approach

ICai et al.| [2021] give their result in terms of (£,)-DP, and (9.2) can be obtained through the conversion
from zCDP to approximated DP stated in Proposition |J.3.
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in these works is to set the clipping constant Cy, to be sufficiently large so that, with high
probability, gradient clipping effectively does not take place throughout the algorithm. This
simplifies the analysis, as the optimization becomes more easily comparable to a quadratic
problem with noisy gradient updates, but it introduces a larger amount of private noise at
every iteration, which gives the additional poly-logarithmic factor in (9.3)). In fact, the practical
benefit of avoiding gradient clipping is unclear, and it is empirically pointed out in [Brown
et al. [2024b| that the lowest error occurs under significant clipping, see Figure 3 therein. This
last conclusion is also in agreement with experimental evidence for deep learning optimization
[Kurakin et al., [2022, [Li et al., 2022b} De et al., 2022], which supports setting a sufficiently
small Cgip, with the caveat of properly rescaling either the learning rate or the number of
training iterations. At the same time, other empirical work suggests an inherent trade-off in
the choice of Cgp [Amin et al., 2019, |Andrew et al., 2021], due to the bias induced by small
clipping constants [Chen et al., 2020a, Song et al., [2021b]. In short, this picture remains poorly
understood, also on the theoretical side: to the best of our knowledge, there is no analysis of
the dynamics of DP-GD when Cy;, is of the order of the per-sample gradients, nor precise
results quantifying the potential benefits of small clipping constants. Hence, practitioners are
left without clear guidance, highlighting the need for a theoretical understanding of the impact
of this hyper-parameter.

In this chapter, we consider a high-dimensional setting with random data, where the number
of training samples n grows proportionally with the number of input dimensions d so that
d/n — 7 € (0,400), with constant-order privacy parameter p. This proportional regime
has been object of extensive study in the context of high-dimensional statistics and machine
learning [Hastie et al., [2022, Sur and Candés, 2019, Mei and Montanari, 2022|, owing its
popularity also to the fact that, in modern data science, the feature dimension of the dataset
is often comparable to the number of samples. We note that, in this regime, (i) the lower
bound in (9.2) does not capture the cost of privacy, since the second term depending on p is
always negligible with respect to the first term; and (ii) the upper bound in (9.3) gives vacuous
guarantees, due to the extra poly-logarithmic factor. Non-trivial test risk guarantees in the
proportional regime are established by Dwork et al.| [2025] for the solution of minimization
problems with output and objective perturbation. However, the analysis is limited to isotropic
data covariance and it does not characterize how the risk behaves as a function of v. As
concerns gradient-based methods, Dwork et al.| [2025] provide a characterization in terms
of dynamical mean-field theory (DMFT) equations |Celentano et al., 2021, Gerbelot et al.,
2024, |Han| 2024]. However, this characterization is hard to interpret, as it does not provide
an explicit trajectory or rate, but rather a self consistent, non-Markovian dynamical system
(see, e.g., Theorem 7.1 in [Dwork et al. [2025]). In contrast, this chapter considers a DP-GD
algorithm, deriving the non-asymptotic behavior of its test risk as v — 0. Our analysis allows
to characterize the role of the hyper-parameters of the algorithm, such as the learning rate and
the clipping constant, also in the regime where Cy;, is smaller than the typical norm of the
per-sample gradients. Then, upon optimally choosing these hyper-parameters, we show that
DP-GD achieves the rate O(~ +~?/p?), which we prove to be minimax optimal for algorithms
respecting p?/2-zCDP.
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0.1.1 Main results and contributions

More precisely, we focus on a one-pass DP-GD? algorithm (see Algorithm 9.1), with privacy
guarantees on its final output expressed in terms of zero concentrated DP (Proposition 9.2).
Our main technical contributions are summarized below.

1. Following recent progress in high-dimensional optimization [Paquette et al., 2024a, |Collins
Woodfin et al., [2024a,b, Marshall et al., 2025|, we show that, as d,n — oo such that
d/n — v € (0,400), the test risk of DP-GD is well described by the solution of a
deterministic family of d coupled ordinary differential equations (ODEs), see Theorem 9.6.
Importantly, this approach allows to study the setting where the clipping constant Cy, is
smaller than the typical size of the per-sample gradients, characterizing the error rates of
DP-GD via the non-asymptotic behavior of the system of ODEs as v — 0.

2. Next, we focus on the well-conditioned case, i.e., where the eigenvalues of the data
covariance do not scale with . In this setting, we demonstrate the benefits of using small
clipping constants and decaying the learning rate, see Proposition 9.9 Then, in Theorem
9.11, we show that, through a harmonically decreasing learning rate schedule and a properly
set clipping constant, Algorithm 9.1 achieves a test risk of

R(M) =0 <7 + Zi) , (9.4)

both in high probability and in expectation. These are the optimal rates for this task: we
give a matching minimax lower bound in Theorem 9.12. More precisely, we show that, if
M represents the set of all p?/2 zCDP algorithms and B is the unit Euclidean ball, then

. B v?
AhréfMSi%E [R(M)] = (’y + p2> . (9.5)

3. Finally, we study the ill-conditioned case, i.e., where the covariance spectrum follows a
power-law distribution. In this setting, we show that the test risk also follows a power law of
the form v", see Theorem [9.14. More precisely, via a tight analysis of the system of coupled
ODEs, we characterize the exponent h in terms of the privacy level p, the learning rate
schedule and the decays of the covariance spectrum and of the target regression coefficients
0*.

Our results are illustrated via experiments on synthetically generated data as well as on
standard datasets (MNIST, California housing prices). These showcase (i) the accuracy of
the deterministic ODEs (Figure 9.1), (ii) the predictive behavior of our proposed scaling laws
(Figures 9.2 and 9.3)), (iii) the benefits of taking a small clipping constant and the connection
between clipping and an appropriate choice for the learning rate (Figures 9.4, 9.5, 9.6), and
(iv) the impact on performance of decaying the learning rate during training (Figures 9.7/ and
9.8). We finally remark that our analysis is fueled by a methodology that is both innovative
compared to earlier work in the DP optimization literature [Varshney et al., 2022, Liu et al.,
2023b, Brown et al., 2024b] and rather general, thus laying the foundations for the study of
DP algorithms in the high-dimensional setting.

2We use the term GD rather than stochastic gradient descent (SGD) to emphasize that our algorithm
does not incorporate techniques such as privacy amplification via sub-sampling or shuffling.
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0.2 Related work

DP optimization. Beyond the discussion on related literature on DP optimization in Chapter
8, in DP linear regression Wang| [2018], |Milionis et al. [2022] require n = Q(d*/?) samples,
where the privacy budget is assumed of constant order, while |Anderson et al.| [2025] require
n = 2(d?) samples to also achieve robustness under a corrupted data model. DP-GD with
adaptive clipping is shown to achieve a sample complexity of n = Q(d) in Varshney et al.
[2022]. This is “nearly optimal”, in the sense that it matches, up to logarithmic factors, the
minimax lower bound in |Cai et al.| [2021]. Similar nearly optimal rates were previously obtained
by Liu et al. [2022] (however with a computationally inefficient method), and more recently by
Liu et al.| [2023b] and Brown et al.| [2024b]. Notably, in the proportional regime n = O(d), if
the privacy budget is of constant order (¢/1/In(1/6) = ©(1) in |Varshney et al.| [2022], [Liu
et al.| [2023b], or p = O(1) in Brown et al.| [2024b]), these bounds on the test risk diverge
logarithmically either in n [Varshney et al., 2022] or in the failure probability [Liu et al., 2023b,
Brown et al., [2024b]>. Precise constant-order values for the test risk in the proportional regime
have been provided by the recent work of Dwork et al.| [2025] for private algorithms based on
output and objective perturbation in the case of isotropic data covariance, without focusing
on the non-asymptotic rates in ~.

Minimax lower bounds. Minimax lower bounds in statistical estimation are classically
derived via tools such as Le Cam's method, Fano's inequality, and Assouad lemma [Tsybakov,
2009, Wainwright, 2019|. In a linear model with Gaussian data, a convenient way to prove
minimax lower bounds is to choose a prior on #* and compute the corresponding Bayes
risk. Under DP, early minimax lower bounds were developed by Barber and Duchil [2014],
with |Acharya et al.| [2021] later formulating private analogues of Le Cam, Fano and Assouad.
Fingerprinting codes and tracing attack arguments were introduced by Bun et al.|[2014], Dwork
et al. [2015], and those were used to provide statistical lower bounds for high-dimensional
mean estimation and linear regression by |Cai et al. [2021]. More recently, tracing attacks have
been generalized to the score attack technique discussed in |Cai et al. [2025], which allows to
treat more general statistical models with a well defined score statistic. In the context of local
DP, where each sample is privatized prior to observation, the statistical cost of privacy has
been studied in |Duchi et al.| [2013, |2018|, Rohde and Steinberger| [2020], Duchi and Ruan
[2024].

Learning in high dimensions. The setting where the input dimension (or model size)
d scales with the number of training samples n gained popularity for its ability to explain
several empirical phenomena observed in modern data analysis and deep learning [Hastie
et al., 2022, Belkin et al., 2019a, Bartlett et al., 2020, 2021]. Early investigations of this
regime appear in the work of Huber| [1973] in the context of robust regression. More recently,
Hastie et al.| [2022] studied linear regression in the proportional asymptotic regime d/n — ~,
analyzing the risk of ridge(-less) regression in both the under-parameterized (v < 1) and
over-parameterized (v > 1) regime. The proportional asymptotic in ridge regression had been
previously considered by Dicker|[2016], Dobriban and Wager|[2018], while Cheng and Montanari
[2024] went beyond this regime establishing non-asymptotic guarantees with multiplicative
error bounds. Sur and Candes| [2019] studied the maximum likelihood estimator in logistic
regression in the proportional regime, highlighting its qualitative differences with respect to

3More precisely, in Liu et al.| [2023b] the number of samples would not be sufficient to achieve Eq. (4)
with high probability.
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the case where d = o(n); |Deng et al.| [2022], [Montanari et al.| [2025] studied logistic models,
considering the effects of over-parameterization and benign overfitting. Another line of work,
closer to our technical approach, analyzes the behavior of one-pass GD algorithms in terms
of high-dimensional stochastic differential equations or coupled ODEs [Paquette et al., 2022,
2024a, |Collins-Woodfin et al., [2024a, Marshall et al., 2025|. This strategy gives a deterministic
equivalent for the gradient dynamics, which in turn leads to insights on optimization stability
and the role of stochastic batching. Another common analytical tool to analyze the high-
dimensional regime is the convex Gaussian minimax theorem [Stojnic, 2013, Thrampoulidis
et al., [2015], which constitutes the main technical tool in Dwork et al.| [2025].

Gradient clipping. In the context of private optimization with a non-Lipschitz loss, the
role of clipping and the magnitude of the corresponding clipping constant Cg, has attracted
attention due to its nuanced implications: while a small Cy;, significantly affects the gradients,
larger values force the addition of more private noise, suggesting that the choice of Cgp
induces a bias-variance trade-off [McMahan et al., 2018, |Amin et al., 2019, Andrew et al.|
2021, Das et al., [2023, |Brown et al., 2024b]. Prior work has argued that the bias induced
by small clipping constants can prevent convergence [Amin et al., [2019, Chen et al., 20203,
Song et al} [2021b], which motivates an adaptive selection of Cj;, based on (private) statistics
of the magnitude of the gradients |Abadi et al., 2016, Andrew et al., 2021} Pichapati et al.,
2019, |Golatkar et al., [2022]. Recent experimental studies have given evidence that the best
performance is achieved with a sufficiently small Cp, [Kurakin et al., 2022, [Li et al., 2022b),
De et al., 2022], but it has also been shown that overly-aggressive clipping can be damaging
in the context of model calibration [Bu et al., 2023, Brown et al., 2024b|. Theoretical insights
on the benefits of small clipping constants have been provided in Das et al.| [2023], Chen
et al.|[2020a], with |Chen et al.| [2020a] proving optimization guarantees when the gradient
distribution is sufficiently symmetric and Das et al.| [2023] considering the setting where the
Lipschitz constant of the loss is sample-dependent. Recent work on DP linear regression
[Varshney et al., 2022, Liu et al., 2023b} Brown et al., 2024b| shares the common feature of
setting the (possibly adaptive) Cgji, a poly-logarithmic factor larger than the expected norm of
the per-sample gradient. This ensures that, with high probability, at most a few gradients
are clipped during training, and we note that these logarithmic factors are strongly tied to
the consequent logarithmic divergence of the test risk guarantees discussed in the previous
paragraph. [Marshall et al. [2025] provide a precise analysis of a version of clipped-GD, although
they do not focus on privacy and, therefore, they do not add private noise. In a parallel work,
Lin et al.| [2025b] add private noise but do not consider clipping, formulating instead a notion
of privacy in terms of a diffusion surrogate of the algorithm which is different from a DP
guarantee on the algorithm itself.

Scaling laws. Large scale experiments on modern Al systems revealed how the risk improves
according to a power-law in the model size and number of training data [Kaplan et al.} 2020,
Hoffmann et al., [2022]. This evidence sparked a recent line of work establishing provable scaling
laws in simplified settings such as linear regression and shallow neural networks [Paquette
et al., 2024b| Defilippis et al.l [2024, Lin et al., 2024, 2025a, Ren et al., 2025, [Ferbach et al.,
2025, Wu et al., 2026]. These results generally achieve power-law type scaling laws assuming
the data covariance spectrum itself follows a power-law distribution. Most similar to our
setting (see Assumption 9.13) is the work by (Collins-Woodfin et al.| [2024b], which establishes
convergence rates for the risk in the context of one-pass GD with adaptive learning rates.
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9.3 Preliminaries

Notation. Given a vector v, we denote by ||v||, its Euclidean norm. Given a matrix A,
we denote by tr(A) and [|Al|,, its trace and operator (spectral) norm. Given a symmetric
matrix A, we denote by Apin (A) (Amax (A)) its smallest (largest) eigenvalue. The complexity
notations Q(-), O(+), w(:), o(-) and O(:) are understood for large data size n and input
dimension d, while the notation €, (), O,(-), ©,(:),w,(-),0,(-) is intended for sufficiently
small v. We indicate with C' > 0 a numerical constant independent of n and d, whose value
may change from line to line, and we say that an event holds with overwhelming probability if
it holds with probability at least 1 — e~(logd)

Linear regression. Let (X,Y) be a labeled training dataset, where X = [zy,...,1,]" €
R™*4 contains the training data on its rows and Y = [y1,...,%,] € R" contains the
corresponding labels, such that the input-label pairs are sampled i.i.d. from a joint distribution
Pxy. We consider a linear regression model, where the labels are defined as

yi =z, 0" + 2, (9.6)

where 0* € R?, z,; has mean-0 and covariance ¥ € R%*“ and z; is independent label noise with
mean 0 and variance (2. We use the shorthand (w;, );) to denote an eigenvector-eigenvalue
pair of the data covariance X, and let A\pax = Amax (2) ; Amin = Amin (X) denote its largest
and smallest eigenvalue respectively.

The goal of a DP linear regression algorithm is to output a parameter 6” that guarantees a

required privacy budget and minimizes the test risk:

‘21/2 (ep . 6)*)
2

2
2
2+C )

(x—l—ep _ y)Q} _ ‘

We also use the notation R(67) = P(67) — ¢%/2 to denote the excess test risk s.t. R(6*) = 0.
This notation slightly differs from the simplified presentation in Section 9.1, as R here is a
function defined in parameter space. We will stick to this notation for the rest of the chapter.

1
73(917) = §E(I7y)~PXY

(9.7)

Differential privacy (DP). The definition of DP builds on the notion of adjacent datasets:
a dataset D’ is said to be adjacent to a dataset D if they differ by only one sample. In this
chapter, we will frame privacy in terms of zero-concentrated DP (zCDP) [Bun and Steinke,
2016], which is defined below.

Definition 9.1 (Zero concentrated DP [Bun and Steinke, 2016]). Given a € (1,+00) and
two random variables X and X' with laws px and px, their a-Rényi Divergence [Rényi, 1961|
is defined as

Do (X || X') = ailm / (ﬁj(&) P (6)d6. (9.8)

Then, a randomized algorithm A satisfies p? /2-zero concentrated DP (p? /2-zCDP) if, for any
pair of adjacent datasets D, D’ and any a € (1,+00), we have D, (A(D) || A(D")) < ap?/2.

Guarantees for zCDP can be translated to other formulations, such as (g,0)-DP, and we
provide conversion formulas in Appendix J.1.

135



9. HiIGH-DIMENSIONAL PRIVATE LINEAR REGRESSION WITH OPTIMAL RATES

Algorithm 9.1: DP-GD
Input: Training data (X, Y), learning rate schedule {n;}}_,, clipping constant Cl,
noise multiplier schedule {o}}7_,, initialization 6, = 0.
1 forke{l,...,n} do

2
2 Compute the gradient g, = Vy (kaHk_l — yk) /2 =y, (a:,j&k_l — yk>; Clip the

gradient g, = gy min (1, ”SZ'W); Set the learning rate adaptively

7, = min <771<;, xi”g) Sample independent Gaussian noise b, ~ A(0, I); Update

the model parameters 0, = 0,_1 — 1,9, + 2Ciip01by;
3 end
Output: Model parameters 67 = 0,,.

9.4 DP-GD and deterministic equivalent

We consider a DP gradient descent algorithm performing a single pass on the n training
samples (Algorithm 9.1). In this formulation, both the learning rate 7, and the magnitude
of the private noise o} at the k-th iteration follow the schedules {n;}7_,, {ok}}_, given as
input, and 7, is modified adaptively as a function of ||z||,. The output of the algorithm is
the final parameter 6,,, which is the only object for which we provide privacy guarantees, due
to our approach based on privacy amplification by iteration [Feldman et al., 2018, 2020|. This
differs from prior work where any intermediate step can be privately released [Varshney et al.,|
2022, [Liu et al., [2023b, Brown et al., 2024b|, which relies on advanced composition theorems
[Dwork and Roth, [2014].

Proposition 9.2. Algorithm 9.1 satisfies (p*/2)-zCDP, where

N/ — (9.9)
=k 0]

p = MaXgeln]

Proposition 9.2/ (whose proof is deferred to Appendix J.1) states that each sample zy is
“protected” by the overall noise introduced in the following updates 3 7, 0]2. For an assigned
privacy guarantee, we can minimize the noise introduced by the algorithm >°7 0]2 (and,
therefore, optimize its performance) via the schedule below:

= 2 _n? ke{l,....,.n—1
M =p,|Y_ 02, or equivalently, p’o} = 771; Mh+1 L. 5

(9.10)

Thus, from now on, we will restrict our study to the noise schedules defined in (9.10), making
Algorithm 9.1] uniquely defined given the privacy parameter p, the clipping constant Cgp, and
a non-increasing learning rate schedule {n;}7_,. We now make two assumptions on data
distribution and hyper-parameter scaling.

Assumption 9.3 (Data distribution). {z;}"_, are n i.i.d. samples from the multivariate,
mean-0, Gaussian distribution Px, with covariance ¥ := E [a:xﬂ € R¥?. Furthermore, the
noise z; is mean-0, Gaussian, with variance (* = ©(1) > 0, and ||0*||, = ©(1), Amax = O(1),
and tr(X) = d.

Gaussian data was considered in [Dwork et al.| [2025], while |Varshney et al.| [2022], Liu et al.
[2023b], Brown et al.| [2024b] assume bounds on the tail of the data distributions. We focus

136



9.4. DP-GD and deterministic equivalent

on the Gaussian case for simplicity, but we expect to be possible to extend some of our results
to data with sufficiently well-behaved tails (see Appendix A in Marshall et al.| [2025]). The
normalization tr(3) = d is also chosen to simplify the presentation of the results, and is not
strictly necessary for our derivation.

Assumption 9.4 (Hyper-parameter scaling). Let the clipping constant in Algorithm 9.1 be
Cuip = cVd, (9.11)
where ¢ > 0 is a constant independent of n and d. Furthermore, the learning rate schedule is

given by
n(k/n
e = ”(n/ ), (9.12)

where 7 : [0,1] — R is a function such that both 7)? (-) and the absolute value of its first and
second derivatives are uniformly bounded from above by a constant independent of n and d.

The norm of the gradient in Algorithm 9.1/is ||gx|l, = |7k ||y |2 Or—1 —yx| = ||zk|l5 /2P (Ok—_1).
Then, if P(fx_1) = O(1), we have that |lgi|l, = ©(Vd), as |lzx|l, = ©(v/d) with high
probability by Assumption 9.3, Note that the condition C¢, = ¢V d considers asymptotically
smaller clipping constants than the ones considered e.g. in Brown et al.| [2024b|, which in this
setting are of order C¢;, = Q(\/Elog?’ n) (see their Theorem 2.7). Let us also introduce

S _ : ¢
r(f,z,y) =2 60—y, re(0, 2, y) T(G,x,y)mm<1, ’T(Q’x7y>|>, (9.13)

where (0, x,y) represents the residual in 6, and r.(0,z,y) is a clipped version of it. Then,
as done in Marshall et al.| [2025], we define the descent reduction factor and the variance
reduction factor

— H]E(wyy)NPXY [TC(G’ Z, y> l’] Hz
H]E(a:,y)NPxY [T(e’ Z, y) I]‘

E(Iuy)"’PXY [TC<97 Z, y)Q]
E(ﬂﬁvy)NPXY [T(97 z, y)Q]

1:(6) w0 = (9.14)

2

In Lemmas J.4 and J.5, we show that, due to Assumption 9.3, the functions p.(6) and v.(6)
only depend on the risk R(0), i.e., pc(01) = p.(02) if R(0;) = R(0) (and same for v,).
Then, with a slight abuse of notation, we will regard . and v, as functions from R to (0,1)
taking as argument directly the value of the risk. Furthermore, in the aforementioned Lemmas,
we show that, for any fixed value of the risk R, y.(R) and v.(R) are monotonically increasing
in ¢, going from 0 (as ¢ — 0) to 1 (as ¢ — +00), see Figure J.1.

Definition 9.5 (Deterministic equivalent). For any t € [0, 1), define the system of d coupled
ODEs

dD;(t) = —2X\n(t) pe(R()) Dydt + N\iii? (1) ve(R()) (R(t) + 2 /2) v dt +-26252(t)2dt, (9.15)

with v, = d/n, 7(t) = min(7(t),2/7,), 6(t) such that p*>52(t) = —di*(t)/dt,
R(t) = clz f \Di(b), (9.16)

and initial condition D;(0) = d (wz-TG*)Q /2.
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We remark that the previous system of ODEs has a unique solution, due to Picard-Lindelof
theorem (see Chapter 2 in [Teschl| [2012]), since the RHS of (9.15) is continuous in ¢, locally
Lipschitz in D; (1.(R) and v.(R) are bounded and Lipschitz due to Lemma J.4), and since it
respects the linear growth condition in Theorem 2.17 in [Teschl [2012].

Theorem 9.6. Let Assumptions 9.3 and 9.4 hold. Let p = ©(1), and n,d — o s.t.
Yo = d/n — v € (0,00). Denote by 0y a realization of Algorithm 9.1, and by R(t) the
solution to the system of ODEs described by (9.15) and (9.16). Then, with overwhelming
probability, we have

sup ’R O\tn)) — ‘ = (10g n) : (9.17)

te(0,1)

Furthermore, we also have

sup [E [R(0)n))| — R(t)| = O <1Og ”) (9.18)

t€(0,1)

where the expectation is taken with respect to both the data and the algorithm.

In words, Theorem 9.6 states that the risk of Algorithm 9.1 can be well approximated in terms
of the solution of a system of d coupled deterministic ODEs. This system of ODEs then
provides a deterministic equivalent for the dynamics of DP-GD, since it approximates sharply
its risk without depending on the stochasticity of the algorithm and of the data. Definition
9.5/ and Theorem 9.6 also implicitly introduce the continuous time variable ¢ € [0, 1], which is
mapped to the iterations via k = |tn].

Notice that, in the isotropic case where ¥ = I, the system in (9.15) reduces to the single ODE
dR(t) = ~20(O)uc(R()R(E)dt + 7P (O)re(R)) (R(E) + ¢ /2)7adt + 276 (1)72d, (9.19)

with R(0) = [|0*|3 /2, 7(t) = min(7(t),2/7,), and p?6%(t) = —di?(t)/dt. The RHS of
(9.19) has three terms: (i) a negative term proportional to R(t), which captures the descent
towards the minimizer of R, (ii) a positive term proportional to R(t) + ¢%/2, which captures
the fact that Algorithm 9.1 at step k£ does not optimize R directly, but rather an estimate
based on (x,yx), and (iii) another positive term proportional to G2(¢), which models the
private noise in Algorithm 9.1. We also remark that the first two terms on the RHS of (9.19)
are proportional to 7(¢) = min(7(t),2/7,), in analogy to the adaptive learning rate step that
defines 7, in Algorithm [9.1|

For general covariance, it is possible to upper and lower bound the value of R(t) as a function
of the largest (Anax) and smallest (Anin) eigenvalues of the covariance matrix 3. In particular,
defining

dR(t) = 2\ min)(t) e(R) RAE + A7 ($)ve(R) (R + (2 /2) yudt + 2652 () dt,

) C
AR(0) = ~ 2t Opie(R)RSE + P Ov(R)E+ C[Ddt + 20502t )
with R(0) = R(0) = R(0) = ||X'/26*||2/2, we have, for every t € [0, 1],
R(t) < R(t) < R(t). (9.21)

We refer to Proposition J.12 in Appendix J.4|for the formal statement and proof. Compared
to the isotropic case, the upper bound R(t) reduces the descent term by a factor A\, < 1
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and increases the second term in the RHS of (9.19) by a factor A\ > 1. Instead, the lower
bound R(t) just increases the descent term by a factor A\, > 1. In Section 9.5 we use these
bounds to (i) quantify the benefit of clipping, (ii) establish the minimax optimality of DP-GD
with a properly chosen learning rate schedule and, more generally, to (iii) give convergence
rates for a wide class of schedules. In Section 9.6/ we consider directly the system of d ODEs
in (9.15) to (iv) derive scaling laws.

Remark 9.7. The risk of Algorithm 9.1/ can be compactly characterized also through the
solution of the following stochastic differential equation

2e(O)P(O)E y pe oV oiamr (9.22)
n

dO; = —n(t)uc(©:) VP(O,)dt + ﬁ(t)\/

n

where ©g = 6y = 0, Bf and B! are two independent standard Brownian motions in R?,
n(t) = min(7(t),2n/d), and G(t) is such that p?G2(t) = —dn?(t)/dt. More precisely, in
Appendix |J.3, we show that, with overwhelming probability,

log®n
sup |R(0)1n1) — R(O:)| = O .
te[o]i)’ leny) ( t>’ ( vn >

This is a description of the dynamics of DP-GD through a single stochastic differential equation,
rather than through a system of d coupled ODEs.

Proof ideas for Theorem 9.6. The argument follows a similar strategy as the one proving
Theorem 1 in Marshall et al.[[2025]. In particular, let u; = 0y — 0* and V;, = ©, — 0%, where
O, is defined in (9.22). Define the set of quadratic functions

L+ —1 .
qz(v):§U (X —z2I)" v, z€Q={z€C:[z[=2]Z,} (9.23)

On the one hand, we can write the Doob's decomposition of the update

1
¢ (ups1) — @ (ug) = ;]—“Z (uk, R(ug), k/n) + AMy(z) + AEg(z2). (9.24)
Here, F. denotes the predictable drift, with contributions coming from the deterministic

descent term, the sampling-variance term, and the private-noise term (see (J.40)):
_ _ tr (X(X —21)7!
Fu, Bot) = = Ol R) (Il + 2-00)) + 7(0) 2w () (R -+ ¢2/2) 5, W)

4 20262@)72“ (X _dZI)_l)_

(9.25)
Combining Lemma 2 in Marshall et al.| [2025] with Lemmas J.8/ and J.11, we show that the
martingale and error terms in (9.24) (3;<, AM;(2) and X ;<. AE;(2)) are O(n='/?).

On the other hand, applying 1t8's formula to (9.22) yields
dg.(Vi) = F. (Vi, R(,),t) dt + dM;*(2). (9.26)

Here, the predictable part F, matches with the one of the discrete Eiynamics and, in Lemma|J.9,
we show that the remaining term is small, i.e., | f§ dM3%(2)| = O(n~'/?) with overwhelming
probability. Then, relying on the Lipschitz continuity of JF, with respect to its first argument
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Figure 9.1: Numerical simulations for Algorithm 9.1/ (d € {10,100, 1000}) and the solution R(t) of
the system of ODEs in (9.15) and (9.16). We consider the two schedules 7(¢t) = 7(0) (first and
second panel) and 7(t) = 77(0)y/1 — ¢ (third and fourth panel). We fix vy =0.1, p =1, ( = 0.3,
(07)? = 1/d, #(0) = 3, ¢ = 1, and consider both isotropic data (X = I, first and third panel)
and data with diagonal covariance whose eigenvalues are uniformly distributed in the interval [0, 2]
(second and fourth panel). For a = 0, we also report for t > 1 the risk R(6?), and the value of
R(1) + 2¢*7?(1)y%/p? with a red line. For each value of d, we report bands corresponding to 1
standard deviation around the mean over 10 independent trials of Algorithm 9.1!

and controlling the discretization errors, Gronwall's inequality yields (see the argument in
(J.45)-(J.48))

SUp |qz(U|m)) — qz(Vt)\ =0 (n*/z) , (9.27)

tel0,1)
with overwhelming probability uniformly in z € €2, due to a net argument on €. Now, intuitively,
one can remove the martingale term from (9.26) and consider the resulting deterministic
evolution. As

; i
o) = R e L e, R ey = L e
(9.28)
where the last two equalitites follow from the Cauchy integral formula, we have that ¢, (V}) is
described by an integro-differential equation in z and ¢ (see (J.78)). Then, due to Lemma 4.1
in |Collins-Woodfin et al.| [2024a], its unique solution is

00 = 33 10 (929)

where D;(t) is defined in (9.15). Using the last relation in (9.28) recovers R(t) = =%, A\;D;(t)/d,
which gives the desired result. The full argument is deferred to Appendix J.3!

Noise in the last iteration. Theorem 9.6/ holds for {6 }7={, as the supremum in (9.17) is
taken on the open interval t € [0, 1), and in general the equivalence does not hold for the
last iterate 6,, (corresponding to ¢t = 1), which gives the (private) output of the algorithm.
Intuitively, for & < n, (9.10) suggests (with abuse of notation)
2 2 d , 1 d 772(16/”),\,/)24

P%-‘@%—_gd(k/n) n2 Ng (k/n)a
where in the second step we use Assumption 9.4 and & is given by Definition 9.5. In contrast,
for the last iterate, again due to (9.10), we have p?c? = n? = p*(1)/n*. The additional n
factor in the denominator of (9.30) implies that, if 77(1) > 0, the noise added to the last
iterate is much larger. Thus, we treat the case separately via the result below (proved in
Appendix |J.3), which quantifies the final test loss of 6,, = 6”.

(9.30)
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Proposition 9.8. Let Assumptions 9.3 and 9.4 hold. Let p = O(1) and n,d — oo s.t.
Yo =d/n — v € (0,00). Then, with overwhelming probability, we have

2% (1)72 log®n
Py _ R(1) = =11\ ) . 31
‘R(@) R(1) 2 O NG (9.31)
Furthermore, we also have
26272 (1)~2 logn
E P\ — R(1) — — 2| — ) 32
‘ RO~ R() — =L =0 (22 (932)

The convergence predicted by Theorem 9.6/ and Proposition 9.8 is already evident at moderate
values of n,d, as showcased by Figure 9.1 for different schedules (7(t) = 7(0) and 7(t) =
7(0)y/1 —t) and different data covariances. In the panels for 7(¢) = 7(0) of Figure 9.1, we
report in a short interval at ¢ > 1 the risk R(6P), after the noise in the last iteration is added,
since (1) > 0.

9.5 Optimal rates

Putting together Theorem 9.6/and Proposition 9.8 gives that the final risk R(6?) asymptotically
converges to a constant independent of n, d and only dependent on . This is in sharp contrast
with earlier upper bounds by |Varshney et al.| [2022], Liu et al.|[2023b], Brown et al. [2024b]
which diverge in the proportional regime (n scaling linearly in d) considered here. Notably, this
is a consequence of taking Ccji, = cVd (see Assumption 9.4) with ¢ a constant independent
of n,d, rather than Cg, = w(x/ﬁ)

We now show that the characterization put forward in Section 9.4 is precise enough to capture
how R(6”) depends on v and p, as well as on the algorithm hyper-parameters 7(t) and c.
While Dwork et al.| [2025] also derive a result which does not diverge in the proportional
regime, their analysis does not draw statistical implications on how the final risk depends on
sample size and privacy requirement. One significant challenge towards this goal is that, in the
framework of Dwork et al.| [2025], the trajectory of DP-GD is expressed via complex DMFT
equations, which are then hard to analyze precisely.

Throughout the section, we focus on the non-asymptotic behavior of R(6”) as v — 0.
Importantly, the limit v — 0 is taken after the limit d,n — oo, which informally means that
d and n are incomparably larger than 1/v. Thus, our bounds on R(6”) neglect the smaller
terms (vanishing as d,n — oo) from Theorem 9.6 and Proposition 9.8, including the difference
Y — Yn] = 0(1). We assume that Apmin, Amax, [|6%]]5, ¢ = ©,(1), i.e., the condition number
of the covariance, the test risk of the model at initialization and the label noise variance are
strictly positive constants independent of ; instead, the privacy parameter p is allowed to
depend on v (but not on n, d).

9.5.1 Output perturbation and constant private noise

In this section, we consider the family of learning rate schedules

(t) = n(0)(1 = )%, (9.33)

for « =0, « = 1/2 and a > 1. Taking a = 0 corresponds to output perturbation: the
learning rate is fixed during the whole training, and the private noise is added only at the end
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of the algorithm, as (9.10) implies o, = 0 for k € {1,...,n—1} and 0, = 1 /p = 77(0)/(np).
Taking o = 1/2 corresponds to a linearly decaying 7?(¢), which in turn implies a constant
level of noise o}, = 11/(v/np) = 71(0)/(n*?p) in the iterations of DP-GD. These two choices
of learning rate schedule are analyzed in Proposition 9.9. At the end of the section, we also
study the effect of taking a > 1 in Proposition 9.10, so that the private noise decays with
time. Note that all these values of « are in agreement with Assumption 9.4.

Proposition 9.9. Let Assumptions 9.3 and 9.4 hold. Let 0§ and 07 ,, be the solutions obtained
with Algorithm 9.1 with 7(t) given by (9.33) for « = 0 and o = 1/2 respectively, with
7(0) < 2/v. Consider Ayin, Amax; [|0*]]5,{ = ©4(1), and p = Q, (’yl*h> for some h > 0.
Pick

c=0,(1), n(0)c = Cln(1/y), (9.34)

for a large enough constant C' which does not depend on ~y. Then, we have that, with
overwhelming probability,

R(#) = 0 (+inay) + T,
9.35
RI6E) =0, (1101 + W) . o
Furthermore, for any choice of the hyper-parameters ¢ and 7)(0), we have that
R(#) = 2, (11n(1/7) + D),
9.36
RO =, () T, o

Proposition 9.9 (proved in Appendix J.4, also in the setting where Ap.x and Apin can depend
on ) gives upper and lower bounds for output perturbation (o = 0) and DP-GD with constant
noise (aw = 1/2). This result has two remarkable consequences: (i) the hyper-parameters in
(9.34) are optimal in terms of rate, and (ii) DP-GD with constant noise outperforms output
perturbation when ~ is sufficiently small. After giving a proof sketch, we elaborate on these
two points in the remainder of the section.

Proof ideas for Proposition 9.9. For simplicity, we consider here the isotropic case (the
case with general covariance is treated in the full argument in Appendix J.4). The ODE in
(9.19) reads

dr(t) = —25(0)c"EO) pyar + (o) LB EDO +E/2) g 39

1 c?

If ¢ = O(1), the bounds on p.(R) and v.(R) in Lemma J.5 yield that, uniformly in ¢ € [0, 1],

pe(R(1)) o,(1) ve(R())(R(1) +¢*/2)

c c?

=0,(1). (9.38)
Thus, due to ODE comparison arguments, we can characterize R(t) studying the closed-form
solution of the ODE )

dR(t) = —7(0)cR(t)dt + (7(0)c)*~dt, (9.39)
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with R(0) = R(0), i.e., R(t) = (R(0) — y7(0)c) e~ 4 47 (0)c. Then, setting t = 1,
Proposition 9.8 gives that the risk is well approximated by

(i(0)0*”

(R(0) = v7(0)e) e ™V 4 47 (0)c + =

(9.40)

Minimizing over 7(0)c gives the desired result.

If ¢ =Q(1), the bounds in Lemma J.5 yield
H(R) = 0,(1),  v(RWO)(R() +C2/2) = (1) (0.41)
Then, R(t) is lower bounded (up to constants independent of ) by the solution to the ODE
dR(t) = —7(0)R(t)dt + 7(0)*~dt. (9.42)

This ODE has the same form as in (9.39) (after replacing 77(0)c with just 7(0)) and, therefore,
it does not give a lower final risk.

The case o = 1/2 follows a similar strategy. In particular, if ¢ = O(1), R(t) can be
characterized via the ODE

dR(t) = —7(0) VTR + (7(0)e)2(1 — e + PO g, 9.43

(t) = =0(0)ev1 — tR()dt + (7(0)c)™y(1 — 1) g (9.43)

with R(0) = R(0). The solution to (9.43) can also be written in closed-form (see (J.152)).
Thus, setting 7(0)c according to (9.34) allows to obtain the improved upper bound.

Optimal hyper-parameters. We now comment on the optimal hyper-parameter choice in
(9.34). First, notice that if 77(0) > 2/, the gradient update would be proportional to 7, < 7,
while the private noise oy, still depends on 7, via (9.10). This suggests the sub-optimality of
having 7,, < nx and of the regime 7(0) > 2/~. Second, the choice 7(0)c = C'In(1/) provides
the optimal trade-off between two competing objectives: on the one hand, 7(t)c controls the
size of the first term of the ODEs in (9.20) (for ¢ = O,(1) and bounded values of R, Lemma
J.5 gives that 1.(R)/c is lower bounded by a constant), which in turn determines the speed
of convergence towards 0 of the risk; on the other hand, a large product 7(0)c increases the
last two terms of the ODEs, which have the opposite effect of increasing the risk. Third, the
choice ¢ = O, (1) is motivated by the fact that increasing ¢ beyond this point does not further
increase .(R) < 1, which drives the risk to 0. However, larger values of ¢ increase the private
noise in DP-GD, and hence the last term in the RHSs of (9.20), which increases the risk.

These conclusions are supported by Figures 9.4, 9.5/and 9.6: performance deteriorates if either
c exceeds 1 (upper part of the heatmaps) or 77(0) exceeds 2/~ (right part of the heatmaps);
the lowest values of the risk are roughly parallel to the line ¢77(0) = In(1/v). A more detailed
discussion of the numerical experiments is in Section 9.7.

Benefits of aggressive clipping. Adding the further condition p/c = Q(~!~") for some
h > 0, the lower bounds in Proposition 9.9 can be improved to

~ max(1, ¢?)y?
R<05,1/2) = Q’V (7 + ,02 ’ (944)

where QW neglects poly-logarithmic factors. The term max(1,c?) in the second quantity at
the RHS of (9.44) quantifies the negative effects on performance due to using a large clipping
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constant ¢ = w,(1). This is also evident from the numerical results in Figures 9.4, 9.5, and
9.6. We note that the requirement p/c = Q(~'~") is analogous to the lower bound for p in
the statement of Proposition 9.9, and it guarantees that the second term in the RHS of (9.44)
is 0,(1), making it comparable to the first term in the RHS.

The lower bound in (9.44) is formally discussed at the end of the proof of Proposition 9.9
in Appendix J.4.1, and it informally follows from the argument that leads to (9.42), which
shows that the first two terms in the RHS of the ODE in (9.19) are qualitatively identical in
the regimes ¢ = O,(1) and ¢ = Q,(1). In the first case (¢ = O,(1)), these two terms are
proportional to 7(t)c and (7(t)c)?; in the second case (¢ = €,(1)), they are proportional to
7(t) and 7(t)?. Thus, with a change of variable, (9.19) behaves as the following ODE:

2 dt

- ~ 1,c? dv?(t
dR(E) = —o(®) R(1)dt + 2 (1)ydt + L) (— vy )> ~dt, (9.45)
p

where v(t) = 7)(t)c in the case ¢ = O,(1), and v(t) = 7(t) in the case ¢ = §2,(1).
Benefits of decaying the learning rate. Motivated by the improvement of DP-GD with
constant noise over output perturbation (Proposition 9.9), we consider reducing the noise
added at the end of training, i.e., we pick a polynomial schedule as in (9.33) with « > 1. This
implies that 62(t) is proportional to 2a/(1 — t)?*~!, which corresponds to decaying the noise
at least linearly.

Proposition 9.10. Let Assumptions 9.3 and (9.4 hold. Let 6% be the solution obtained
with Algorithm 9.1, with 7j(t) given by (9.33) for « > 1, with n(0) < 2/~. Consider
>\min7 )\maxa ||‘9*”2 7C = @’Y(l)' and

In%(1/7)y <a + ;) = 0,(1). (9.46)

Pick

c=0,(1), n(0)c = Caln(1/7y), (9.47)
for a large enough constant C' which does not depend on . Then, we have that, with
overwhelming probability,

R(OP) = O, ((w It (1/7) + 20 ln;f“(l/ 7)) . (9.48)

Proposition 9.10| (proved in Appendix J.4.2, also in the setting where A\, and A, can
depend on ) provides upper bounds on the final risk as the degree « of the polynomial
schedule changes, matching the ones in Proposition 9.9 for o = {0,1/2}. We note that the
condition in (9.46) allows for values of « as large as 1/ (neglecting poly-logarithmic factors),
and it imposes a similar lower bound for p as the one in Proposition 9.9.

An immediate consequence of Proposition 9.10 is that, by taking a = Inln(1/7), one has
2
R(0") = O, (v Inln(1/y) + ZQ(ID In(1 /7))2> . (9.49)

Thus, for sufficiently small ~, it is convenient to increase o and decay the noise faster during
training, up to a level @ = ©,(Inln(1/7)). Values of « larger than that may then deteriorate
performance. This is illustrated in Figure 9.7/ (discussed in detail in Section 9.7), which
compares different schedules after the hyper-parameters 7(0) and ¢ have been optimized
numerically.
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9.5.2 Harmonic schedule and minimax rates
Next, we consider a harmonically decreasing schedule of the form 7(t) = 5/(t + 7).

Theorem 9.11. Let Assumptions|9.3 and 9.4 hold. Consider Ayin, Amax, ||0*||5 . ¢ = ©,(1),
and v*/p* = 0,(1). Let 0} be the solution of Algorithm 9.1 with learning rate schedule

N s
t) = . 9.50
() = (9.50)
Then, there exist values of ¢, T and 3 such that, with overwhelming probability,
2
R#R) =0, (147 ). (051

with the same upper-bound also holding for E [R(67)].

This result shows that the harmonically decreasing schedule 7(¢) = 5/(t+7), for an appropriate
choice of  and 7, allows to get rid of the InIn(1/v) factors in (9.49), guaranteeing the
upper bound in (9.51). More precisely, 3 and ¢ are chosen as constants independent of 7, but
dependent on Apin, Amax, [|0% ||, , ¢, while 7 scales with the maximum between ~ and 72/p?.
The exact values are provided in the proof of Theorem 9.11 in Appendix J.4.3, which also
covers the setting where A\, and A;, can depend on 7.

Proof ideas for Theorem 9.11. To give an intuition of the benefits of a harmonically
decreasing schedule, let us consider the simplified ODE

dR(t) = —i(t)cR(t)dt + (7(t)c)*vdt. (9.52)

We note the resemblance between (9.52) and (9.39), which we used to study the constant
learning rate schedule. Heuristically, to minimize R(1), we wish to minimize the RHS point-wise
in t. Setting to 0 the derivative of the RHS with respect to 7(t)c, we get

R(t) = 2n(t)cy. (9.53)
Plugging this into (9.52), we obtain
-2
~ R (t) 4y
dR(t) = ———=dt = R(l)=——"~——, 9.54
0= 0= IR0 (954)

2

which together with (9.53) gives the harmonic schedule 7)(t)c = T3 B0

Consider now the original ODE in (9.19). Via the same comparison arguments used to obtain
(9.43), when ¢ = O,(1) this ODE can be reduced to

dR(t) = —(t)cR(t)dt 4 (7(t)c)*ydt — ‘szdt, (9.55)

with initial condition R(0) = R(0). Then, we have that (see Lemma J.16)
R(t) = e F® (R(O) + /Ot el (7(?7(5)0)2 - 222’77(8)77(8)02) ds) , (9.56)
where 77 (t) denotes the derivative of 7(t) and F(t) = [; 71(s)cds. Relying on the previous
harmonic heuristic and carrying out explicit computations after plugging the schedule in (9.50)

yields the desired result.

145



9.

HicH-DIMENSIONAL PRIVATE LINEAR REGRESSION WITH OPTIMAL RATES

Minimax rates. Given the result of Theorem 9.11, it is natural to question if a different
choice of schedule, or even a completely different choice of algorithm could improve the rates
in (9.51). In the following, we prove that this is not the case.

Theorem 9.12. Let Assumption 9.3 hold. Consider Ayin, Amax, ¢ = ©,(1) and v*/p* =
O,(1). Let 67 be the solution found by a generic algorithm M belonging to the set of all
p*/2-zCDP algorithms M. Then, we have

- by — g
inf sup E[R(6P)] =Q, <7 + p2> . (9.57)

MEM g+, <1

The proof of Theorem 9.12 follows the same tracing attack technique considered in |Cai et al.
[2021]. We note that Theorem 4.1 in (Cai et al.|[2021] is stated for (¢,d) approximate DP
and, if applied directly to our setting, would yield an extra logn at the denominator of the
privacy term. To avoid this, our minimax rates concern the set of p?/2-zCDP algorithms, as
per Definition [9.1. This gives a minimax lower bound matching the upper bound of Theorem
9.11.

Proof ideas for Theorem 9.12. We define the random variable L; = prqn)(0)/pr(n;)(0),
where p(p) and pa(py) are the probability density functions of the parameters M(D) and
M(D}), with D and D; being neighboring datasets differing in their i-th entry. Due to the
definition of zCDP (see Definition 9.1), we have that, for all o > 1,

E[L?] < exp (W) . (9.58)

Consider now the tracing attack
Ai(0) = zix] (0 —6%). (9.59)
Then, in Lemma J.17 (similar to Lemma 4.1 in |Cai et al. [2021]) we show that there exists a

prior 7 on 6* with support in ||#*]|, < 1 such that, for any p*/2-zCDP algorithm M,

Er | > E[A(M(D))]

i€[n]

= Q(d). (9.60)

In Lemma J.18 we show that this bound, together with (9.58) for o = 2, gives

i By RO =0 (5 5. (9.61)

Merging (9.61) with the Bayes risk obtained in Lemma J.19 gives the desired result, as the
privacy cost dominates only for p = O, (1) such that p> = ©,(e”* — 1). The full argument is
deferred to Appendix |J.4.4.

9.6 Scaling laws

Let us now focus on the ill-conditioned setting, i.e., when the condition number of the data
covariance ¥ depends on the number of dimensions d. In this setting, the bounds in (9.20)
are not tight enough to describe the behavior of Algorithm 9.1, as Ay /Amin diverges with d.
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Therefore, we analyze the full system of ODEs in (9.15) and (9.16)). In particular, D;(t) has
the following implicit solution

¢

D;(t) = D,L-(O)G_Z’\ir(t)—k/ (Aiﬁ2(s)VC(R(s))(R(S) +¢%/2)y + 2025'2(8)’}/2) e~ 2TO-TE) gy,
0

(9.62)

where we introduced the shorthand T'(t) = [5 7i(s)pe(R(s))ds. Multiplying by A; both sides of

(9.62), averaging over i € [d], and using (9.16), we obtain the following implicit equation for
the risk R(t):

R(t) = FO@)+ [ (Pl RE)RE) + C/PKTE) — T(s) + 23572 (0(1) ~ T(5))) ds

(9.63)
where we introduced the shorthands
1 d 1 d 1 d
F(z) = p Z D;(0)\e 2/\217 K(z):= g Z)\?G—Z&m7 J(x) = y Z Ao~ 2N
= i=1 i=1
(9.64)

We assume a power-law distribution for the covariance spectrum.

Assumption 9.13. X has a spectrum that converges weakly as d — oo to the power law

measure p(\) = (1 — gb)C’i’_l)\*‘bl(o,qb), with Cy = % for some ¢ < 1. Furthermore, for

some 1) < 1 — ¢, we have that D;(0) =d (wiTQ*)Q /2 =0.,(\") uniformly for i € [d], with
limsup, ... SN ¥/d < 4o0.

In words, ¢ regulates the distribution of the spectrum. For ¢ = 0, the spectrum is uniformly
distributed in the interval [0, 2]; as ¢ — 1 more eigenvalues are concentrated towards 0; and
as ¢ — —o0o, the covariance approaches the identity. The multiplicative factor Cy is to ensure
that the density p()) is normalized and that tr(X)/d — 1, in agreement with Assumption 9.3.
The coefficient 1) describes how the projections of 6* on the eigenvectors w; of the covariance
depend on the corresponding eigenvalues. For 1) = 0, their squares are distributed uniformly;
as 1) increases, more weight is on the directions where the eigenvalues are small; and as v
decreases, the opposite happens. The last condition is to guarantee ||6*||3 < oo, and it directly
implies the bound ) < 1 — ¢.

We note that Assumption 9.13 differs from those considered in the kernel ridge regression
literature, see|Caponnetto and De Vito| [2007], Rudi and Rosasco| [2017], Defilippis et al.| [2024],
Paquette et al.| [2024b]. Our assumption is instead inspired by [Collins-Woodfin et al.| [2024b],
and it is better suited to the random matrix theory regime underlying Theorem 9.6, where a
deterministic equivalent is derived. More precisely, existing work on kernel ridge regression sets
the eigenvalues of the covariance to \; = i~?, for a > 1, which makes tr(X) converge to a
quantity independent of d. This is in contrast with the requirement tr(X) = d in Assumption
9.3, which in turn is used to prove the concentration argument in Theorem 9.6.

As in the previous section, we study the non-asymptotic behavior of R(62) as v — 0 for the
class of polynomial schedules 7(¢) = 7(0)(1 — t)* with 77(0) < 2/~. The following result
(proved in Appendix |J.5) considers a privacy parameter that scales polynomially with v, i.e.,
p = 6,(7"), and it establishes the optimal risk obtained by optimizing the hyper-parameters

(c,7(0)) for fixed (¢, 1, a, b).
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Theorem 9.14. Let Assumptions 9.3, 9.4 and 9.13 hold. Let 62 be the solution of Algorithm
9.1, with n(t) = n(0)(1 — t)*, where a = {0,1/2} and o > 1 such that (0) < 2/v. Let
p=0,(+") withb < 1. Denote K = (2— ¢ —¢)(a+ 1), and set ¢ = O.,(1) and cij(0) = ~°.

Then,
s ifopla+1)<2andb< K+1) set
a+1 ) K
- f - . _
a ol and define  h il (9.65)
= Ifgp(a+1)<2andb> 2(K+1) set
2(1 =b)(a+1) : _ 2K(1-1)
— K12 s and define h = W, (966)

" lf¢(a+1)>23ndb<1—% set a and define h as in (9.65),

s f¢la+1)>2andb>1— E0000 ser

2(1-0) , 22—¢—¢)(1—0b) In(alnvy)
_ f _ 1 1) =2}.
a > and define  h p— + I~ {p(a+1) =2}
(9.67)
For all of these cases, with overwhelming probability, we have R(6%) = ,Y(yh) Furthermore,
for all of these cases, with overwhelming probability, we have R(62) = ., (y"), for all choices

of ¢ and all choices of a independent of ~.

The scaling laws of Theorem 9.14 highlight two regimes. On the one hand, if b is sufficiently
small (corresponding to a sufficiently large p), privacy is achieved without incurring a penalty
in performance; in fact, in (9.65), h does not depend on b, which implies that the final risk
with optimal hyper-parameter choice is independent of the privacy requirement. On the other
hand, if b exceeds a critical value (corresponding to a more stringent requirement in terms
of p), then the cost of privacy dominates and the final risk depends on b. This is the case
for both ¢(av + 1) < 2 and ¢(a + 1) > 2 (see respectively (9.66) and (9.67)), albeit the
critical value of b and the final risk change in their dependence on (¢, 1, ). We note that
the critical value of b ranges within the interval b € (1/4,1/2) for ¢(av + 1) < 2 and within
the interval b € (0,1/2) for ¢(av + 1) > 2. Similarly to Proposition 9.9, Theorem 9.14 shows
that the optimal value of ¢7(0) is an increasing function of 1/, since a is always negative.
Furthermore, given the admitted ranges of ¢ and v, we have that a > —1 in all cases, which
guarantees the existence of ¢ = O, (1) such that 7(0) < 2/~.

In Figures 9.2 and 9.3, we numerically simulate the system of ODEs in 9.15/and (9.16)) for
different values of (¢, %, a), as v decreases. We fix ¢ = 0.1, optimize over 7;(0), and report
the minimum value of R(1) + 2¢*7?(1)~?%/p? for each ~. Then, we perform a linear best fit in
log-log scale and report the slope as a function of a. More precisely, in Figure 9.2, we consider
small values of (¢, 1, ) and the privacy levels p = 1 and p = +%, which lead to the scaling
laws in (9.65)-(9.66). The simulation results (circles) agree well with the values of h (stars)
from Theorem 9.14, showing that our theory is predictive of the final risk with the optimal
hyper-parameter choice. The plots also illustrate that % increases with K (as predicted by
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Figure 9.2: Numerical simulations for the system of ODEs in (9.15) and (9.16), for d = 100000,
¢ = 0.3 and ¢ = 0.1. In the first and second panel, we report R(1) + 2¢?7?(1)y?/p? for a = 0,
¢ € {0,0.25}, ¥ € {0,0.5}, and p € {1,~7%5}, after optimizing w.r.t. 7(0). In the third and fourth
panel, we report the slope of the linear best fit in log-log scale for o € {0,0.5, 1,2} (circle marker),
together with the values of h given by Theorem 9.14 (star marker).
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Figure 9.3: Numerical simulations for the system of ODEs in (9.15) and (9.16), for d = 10000,
¢ = 0.3 and ¢ = 0.1. In the first three panels, we report R(1) + 2¢%7%(1)+2%/p? for a = 0,
¢ € {0.7,0.8}, v € {0,0.1}, p = 75, after optimizing w.r.t. 77(0), for different schedules with
a = {1,5,10}. In the fourth panel, we report the slope of the linear best fit in log-log scale for
a € {1,...,10} (circle marker), together with the values of h given by Theorem [9.14 (star marker).

(9.65)-(9.66)), and therefore, it increases with both o and 2 — ¢ — 1) (h increases as the color
changes from red to orange, green and blue). In Figure 9.3, we consider larger values of ¢, «
and the privacy level p = 7%, which lead to the scaling laws in (9.67). For values of « large
enough, the simulation results (circles) agree well with the values of h (stars) from Theorem
0.14, We expect a better fit for small values of « if simulations were run for larger values
of v~1, which is computationally more expensive. The plots illustrate how the value of h
saturates after a certain value of «, in agreement with (9.67).

We note that, for fixed (¢, 1), h is non decreasing in «, suggesting that larger values of «
improve performance when ~ is sufficiently small (see also the discussion after Proposition
9.10). This is formalized in the result below (also proved in Appendix J.5), which readily
follows from Theorem 9.14] after taking large enough a.

Corollary 9.15. Consider the setting of Theorem 9.14, and suppose ¢ < 0. Then, for every
€ > 0, there exist a, ¢ and 77(0) such that, with overwhelming probability,

R(P) = O, (’yle + (Zj)l) : (9.68)

Suppose instead ¢ > 0. Then, for every ¢ > 0, there exist o, ¢ and 7(0) such that, with
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overwhelming probability,

R(OP) = O, (#* + (Zi) Qﬂ?) : (9.69)

We recall that the setting ¢ < 0 is closer to the well-conditioned case discussed in Section
9.5, since the covariance approaches the identity as ¢ — —oo. In fact, in this setting, the risk
approaches the same rate O, (y + v%/p?) given by Theorems 9.11-9.12. This implies that the
privacy requirement has a performance cost when b > 1/2, corresponding to p = O(,/7).

In contrast, ¢ > 0 is closer to an ill-conditioned setting, since more eigenvalues concentrate
towards 0 as ¢ — 1. In this setting, the minimax optimal rate for well-conditioned covariance
is not approached. In fact, if

1 ¢

S PR )
the second term in the RHS of (9.69) dominates the first one (when ¢ is sufficiently small).
We note that the RHS of (9.70) is smaller than 1/2. This implies that, when ¢ > 0, the
privacy requirement has a performance cost for a larger privacy parameter p than when ¢ < 0.
In fact, as ¢ approaches 1, even a mild privacy requirement (corresponding to b close to 0)
yields a decrease in performance.

(9.70)

We now provide an interpretation of the higher cost of privacy incurred when ¢ > 0. If ¢ > 0,
then 3 has many small eigenvalues, which corresponds to having several directions with low
signal-to-noise ratio. In this subspace, estimating 6* relies on rare samples with unusually large
components, making the learning algorithm more dependent on atypical observations. The
effect is further enhanced as more weight of 6* is on the directions where the eigenvalues are
small, which corresponds to having a larger value of 1), as discussed after Assumption 9.13.
This is reminiscent of a setting such that “learning requires memorization*"" [Feldman, 2020],
and in this scenario enforcing differential privacy has been shown to deteriorate performance

especially on atypical and under-represented groups [Cummings et al., 2019, Fioretto et al.,
2022].

9.7 Numerical results

Experimental details. We consider synthetic data (Figures 9.4/ and 9.7), the MNIST
dataset (Figures 9.5/ and 9.8), and the California housing dataset (Figures 9.6/and 9.8). For
experiments on synthetic data, we sample Gaussian data following Assumptions 9.3/and 9.13.
For experiments on MNIST, we cast the problem as a binary task by selecting two classes
(digits “1” and "“7") and labeling them with y = 1. Each image is flattened into a vector
in R? with d = 784. For experiments on the California housing dataset, we download its
scikit-learn version and consider as input covariates its d = 8 numerical features. We split
datasets into a training subset, a disjoint normalization subset, and a held-out validation/test
subset. Using the normalization subset, we compute (non-privately) the empirical mean and
standard deviation of each input coordinate (and of the labels) and use them to normalize
both the training and validation covariates (labels), so that each coordinate has zero mean
and unit variance. The plotted quantity P in Figures 9.5, 9.6/ and 9.8 corresponds to the
average value of the final validation square loss. For the housing dataset, we notice that our

#Memorization captures the influence an individual sample has on the final model.
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Figure 9.4: Numerical simulations for R(67) obtained via Algorithm 9.1 for d = 100 and ¥ = I, as a
function of ¢ and 7(0). We consider the schedules corresponding to output perturbation (7(t) = 7(0),
first and second panel) and constant private noise (7(¢t) = 7(0)y/1 — ¢, third and fourth panel), with
fixed p = 0.1 and ¢ = 0.3. We set v = 0.01 in the first and third panel, and v = 0.001 in the second
and fourth panel. The values of R(6P) are capped at 1, and 6* is chosen such that R(6y) = 0.5. We
indicate with red dashed lines the curves ¢ = 1, 7(0) = 2/, and ¢7)(0) = In(1/7), and we display
the average over 10 independent trials.
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Figure 9.5: Numerical simulations for P(6P) obtained via Algorithm on the MNIST dataset, as a
function of ¢ and 7(0). We consider the schedules corresponding to output perturbation (7(t) = 7(0),
first and second panel) and constant private noise (7(t) = 7(0)y/1 — ¢, third and fourth panel), with
fixed p = 0.1. We set v = 1 in the first and third panel, and v = 0.1 in the second and fourth
panel. The values of P(6P) are capped at 0.6. We indicate with red dashed lines the curves ¢ =1,
7(0) = 2/v, and ¢n(0) = In(1/7), and we display the average over 10 independent trials.
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Figure 9.6: Numerical simulations for P(6P) obtained via Algorithm on the California housing
dataset, as a function of ¢ and 77(0). We consider the schedules corresponding to output perturbation
(7(t) = 7(0), first and second panel) and constant private noise (7(t) = 7(0)y/1 — ¢, third and
fourth panel), with fixed p = 0.1. We set v = 0.01 in the first and third panel, and v = 0.001 in the
second and fourth panel. The values of P(6P) are capped at 0.6. We indicate with red dashed lines
the curves ¢ = 1, 77(0) = 2/~, and ¢7j(0) = In(1/7), and we display the average over 5 independent
trials.
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Figure 9.7: Numerical simulations for R(6P) obtained via Algorithm 9.1 for d = 100, ¢ = 0.3,
(62)> =1/d, and p = 0.1, as a function of n. We fix ¢ = 0.1 and consider the polynomial schedules in
(9.33) for a € {0,0.5,1,2} (optimizing w.r.t. 7(0)) and the harmonic schedule in (9.50) (optimizing
w.r.t. 5 and 7). We report the average over 10 independent trials, as well as the confidence interval
corresponding to 1 standard deviation. We consider both isotropic data (3 = I, first and third panel)
and data with diagonal covariance whose eigenvalues are uniformly distributed in the interval [0, 2]
(second and fourth panel).
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Figure 9.8: Numerical simulations for P(6?) obtained via Algorithm 9.1 with p = 1 for the MNIST
and the California housing dataset as a function of n. The method is in common with the one in
Figure 9.7,

algorithm becomes numerically unstable for larger values of n, with the value of the final loss
being disproportionally large for a few values of the random seeds. We manually exclude such
seeds from the plots.

Hyper-parameter space. In Figures 9.4, 9.5 and 9.6, we run Algorithm 9.1 with a fixed
privacy budget p = 0.1 on synthetic, MNIST and California housing data. We focus on the
schedules 7(t) = 7(0) and 7(t) = 7(0)y/1 — ¢, for varying values of the renormalized clipping
constant ¢ and learning rate 7(0). We report on the heatmaps the resulting values of the
final loss as a function of 7(0) (on the x axis) and ¢ (on the y axis). All the results are in
agreement with our discussion on the hyper-parameters following Proposition 9.9; performance
deteriorates if either ¢ exceeds 1 (upper part of the heatmaps) or 7(0) exceeds 2/~ (right
part of the heatmaps), and the lowest values of the risk are roughly parallel to the line
cn(0) = In(1/7). We remark that these scalings agree with the empirical practice in deep
learning of using a sufficiently small clipping constant, with a learning rate renormalized by its
value [De et al., [2022, McKenna et al., 2025].
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Effect of the learning rate schedule. In Figures 9.7/ and 9.8, we compare different sched-
ules for the learning rate 7)(t), after setting ¢ = 0.1 and optimizing 77(0) numerically. We
consider the polynomial schedules in (9.33) for o = {0,0.5,1,2} and the harmonic schedule
in (9.50). The first and second panel in Figure 9.7 (which display the results for synthetic
data) show that all schedules rapidly give better results as n increases, but larger values of «
are optimal only for large enough n. This effect is clearly shown in the third and fourth panel,
which reports the same results normalized by the loss of output perturbation (a = 0).

Hence, if n is sufficiently small compared to d, output perturbation can outperform other
schedules, in agreement with an observation made in Dwork et al.| [2025] regarding the
comparison between output and objective perturbation. Furthermore, the benefits of using
larger values of « for sufficiently large values of n seem more apparent in the case of non-
isotropic covariance, displayed in the second and fourth panel. The results for the harmonic
schedule (reported in blue) are obtained after optimizing numerically 8 and 7 as in (9.50).
The third panel of Figure 9.7 clearly displays the benefits of this choice for both small and
large values of n. In the non-isotropic case (fourth panel), this schedule performs optimally for
sufficiently small values of n, and it is on par with other polynomial schedules when n = 10*d
(right part of the plot). In Figure 9.8, we run the same experiment for the MNIST and
California housing datasets: we note that the harmonic schedule remains optimal, as suggested
by our theory.

9.8 Discussion and future directions

We show optimal rates for DP linear regression in the proportional regime where the number
of samples grows linearly with the input dimension. To achieve this result, a crucial technical
innovation is to establish a deterministic equivalent of the test risk of DP-GD via a family
of deterministic ODEs, in the challenging setting where the clipping constant is of the order
of the per-sample gradient. Analyzing the family of ODEs then gives bounds that are sharp
enough to (i) demonstrate the benefit of small clipping constants, and to (ii) identify the
optimal learning rate schedule.

The optimality of the rate v + v%/p* holds for a well-conditioned covariance, as shown in
the minimax lower bound of Theorem 9.12. In the ill-conditioned setting, we consider a
covariance spectrum distributed according to a power law (Assumption 9.13), and we provide
a tight analysis of the DP-GD risk for polynomially-decaying learning rate schedules. As in
the well-conditioned case, our results highlight the benefits of small clipping constants and
decaying schedules. However, in contrast to the well-conditioned case, establishing minimax
rates remains an interesting direction for future work. We also note that the optimality of our
rates holds when the variance of the label noise (? is a strictly positive constant independent of
7. We cautiously suspect that, for = 0,(1), the optimal rate is of order (*(y +v?/p?) (see
e.g. Theorem 4.1 in |Cai et al.|[2021], where this dependence is tracked). In this regime, our
bounds on p.(R) and v.(R) in Lemma J.4 suggest that a sufficiently small value of the clipping
constant is ¢ = O, (v/2R + ¢?) rather than ¢ = O,(1). If { = 0,(7), setting a fixed ¢ = O,(()
might not allow to achieve the optimal rates (as in the right side of the panels in Figure 9.4),
suggesting the need for a time-dependent scheduling of c. Interesting future directions also
involve (i) proving that the optimal non-asymptotic rates read d/n + d?/(np)? beyond the
proportional regime, and (ii) better understanding the precise proportional asymptotics beyond
the limit v — 0, for example showing the benefits of output perturbation w.r.t. schedules with

153



9. HiIGH-DIMENSIONAL PRIVATE LINEAR REGRESSION WITH OPTIMAL RATES

decaying learning rate when ~ is sufficiently large, as displayed in Figure 9.7.

Finally, we remark that the technical approach of analyzing DP-GD through a deterministic
equivalent can be used to study differentially private optimization beyond linear regression. A
concrete setting for future work is provided e.g. by logistic regression, where the GD dynamics
(in the absence of clipping and private noise) has been considered in |Collins-Woodfin and
Seroussi [2025].
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CHAPTER ]-O ‘

Discussion and Future Directions

In this thesis, we study the asymptotic behavior of machine learning models, such as over-
parameterized neural networks and linear models in the regime of high-dimensional data,
trained with either empirical risk minimization or differentially private gradient descent. Then,
the main focus is on the properties of the trained models in the context of data memorization,
input-output robustness, and privacy-utility trade-offs. In particular, we study how these
properties depend on the scalings of the problem, namely the number of training samples n,
the input dimension d, and the number of parameters p.

Thesis Summary and Contributions

In Chapters 2, 3, and 4, we focus on the problem of memorization in over-parameterized
models. In Chapter 2, we show that a fully-connected deep neural network can fit n labels
with gradient descent as long as its number of parameters is p = Q(n), which achieves the
information-theoretic lower bound for this problem. The proof technique relies on providing
a tight lower bound on the smallest eigenvalue of the empirical neural tangent kernel of
the network at initialization. In Chapter 3, we focus on the problem of spurious feature
memorization, where each training sample has two components [z, y], where y is uninformative
for the task, but is nevertheless memorized by the model, and can be used at test time to infer
information about the corresponding core feature z. The techniques used in this chapter rely
on quantifying the stability of over-parameterized generalized linear models to leave-one-out
perturbations of the training set, which is a useful step also for the proof of the results in
Chapter 8. Then, in Chapter 4, we consider the problem of reconstructing the full training
dataset from the model parameters, focusing on an over-parameterized RF model. There,
we give evidence for the threshold p = Q(dn) for possible data reconstruction, which (in a
high-dimensional setting) is much larger than the one for label fitting, p = 2(n), from Chapter
2. The proof techniques are similar to standard analyses of the RF kernel concentration, but
require uniform guarantees in data space to ensure that the only solution of our reconstruction
algorithm in the dataset space is indeed the original training set. Such uniform guarantees are
obtained via packing arguments on the d-dimensional sphere, which translate into an extra
factor of d in the typical lower bound p = Q(n) required to achieve RF kernel concentration.

In Chapters 5, 6, and 7, we discuss problems connected to robustness in machine learning. In
Chapter |5, we focus on interpolating over-parameterized models and study their robustness
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to adversarial perturbations, in a spirit similar to the previous work of Bubeck et al.| [2021].
There, we show that some learning models are non-robust no matter their degree of over-
parameterization, while others can be robust if their number of parameters is at least p = Q(dn).
This second family also includes some appropriately initialized two-layer neural networks, thus
resolving in the affirmative a previous conjecture from Bubeck et al.| [2020]. Notably, this
scaling matches the one discussed in Chapter 4 for data reconstruction. We expect this
connection to be not just a matter of coincidence, as both problems are strictly tied to the
behavior of input space gradients of the model: their norm characterizes the sensitivity to
adversarial perturbations, and they are used to optimize the reconstruction loss that recovers
the original training images in Chapter 4. In Chapter 6, we instead focus on the problem of
spurious correlations, where the training data are divided into two components [z, y], where
x is the core feature, which is informative for the task, and y is a spurious feature, which
is (differently from the setting analyzed in Chapter 3) correlated with z, and therefore with
the label. There, we initially focus on high-dimensional linear regression, where n = ©(d),
and we rely on the asymptotic analysis of Han and Xu| [2023] to characterize the test error
and the amount of spurious correlations learned by the model as a function of the weight
decay parameter. Then, through an equivalence argument between linear regression and RF
regression, we connect these findings to the impact of over-parameterization for this same
problem. Finally, in Chapter 7, we focus on the study of the word sensitivity of attention-based
models, informally meant as how much the output of the model changes when a single word
in the input sequence is changed. In this context, we frame word sensitivity as a desirable
property for a language model, as contextual meaning in a sentence is often tied to the
presence of a specific word. Then, we show that, while the word sensitivity of an RF model
vanishes with the length of the context, it remains lower bounded by a constant for randomly
initialized attention layers, as long as the embedding dimension is of at least the same order
as the context length.

Finally, in Chapters 8 and 9, we study differentially private optimization, both in an over-
parameterized RF model, and for DP linear regression. In Chapter 8, we challenge the common
wisdom that over-parameterization inherently hinders performance in private learning, showing
that a DP-GD algorithm with proper hyper-parameters can achieve the same asymptotic
test error as non-private GD in an arbitrarily over-parameterized RF model. More at a high
level, we argue that the reason why other upper bounds on the test risk of DP algorithms
in the over-parameterized regime become vacuous is that they do not capture the implicit
bias of DP gradient descent, but rather rely on uniform stability arguments, which have been
argued to be unsuitable for capturing the generalization properties of gradient descent in the
over-parameterized regime even in the non-private setting Zhang et al. [2017b]. In Chapter 9,
we instead focus on the problem of DP linear regression in the high-dimensional proportional
regime n = O(d). There, we show that, in the well-conditioned case, a DP-GD algorithm
can achieve the minimax rates for this task, highlighting the importance of sufficiently small
gradient clipping constants, which allow one to reduce the amount of private noise added
at each iteration. This is in contrast with existing nearly optimal DP-GD results for linear
regression, which typically set the clipping constant large enough that clipping almost never
occurs Varshney et al. [2022], [Liu et al.| [2023b], Brown et al.| [2024b], allowing for a simpler
analysis. Our method is inspired by Marshall et al. [2025], and relies on comparing the test risk
of DP-GD to the solution of a deterministic system of ordinary differential equations, which in
turn allows us to tightly analyze the dynamics of the algorithm even when clipping is done
aggressively.
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Future Directions

The problems discussed in this thesis open a number of related research directions connected
to topics in data memorization and private optimization.

Data memorization. First, we have yet to fully understand the phenomenology described in
Chapter 4, i.e. the role of the model size for data reconstruction. Even in the simplified setting of
a RF model, it is still unclear which are the precise settings under which sufficiently small models
provably do not memorize, whereas sufficiently large models provably do. This would ideally
result in identifying the threshold (possibly p = ©(dn)) that separates information-theoretic
impossibility from computational feasibility of data reconstruction. For the information-
theoretic impossibility, we remark the importance of proper assumptions on the input training
data distribution, such as a notion of anti-concentration or effective dimensionality. In fact, if
data are restricted to a d’-dimensional subspace of R¢, we expect p = Q(d'n) parameters to
contain enough information to enable reconstruction, at least in a setting comparable to that
of Chapter 4. Importantly, all these results depend on the precise definition of memorization.
In Chapter 4, this is associated with the possibility of reconstructing any training sample
without any knowledge of the remaining part of the dataset. In fact, we expect an informed
and powerful adversary with knowledge of the rest of the dataset to be able to reconstruct the
missing one even in the regime p = (d) [Balle et al., 2022]. Next, we consider an exciting
avenue for future research the problem of understanding the interplay and trade-offs between
reconstruction and the privacy parameter p (see Definition 9.1) in a DP-trained model. We
expect this problem to reveal a phase transition at p = ©(+/d) [Balle et al., 2022], highlighting
the relevance of studying DP optimization algorithms in the regime where the privacy budget
is much larger (as it is, in fact, "high-dimensional”) than the usual constant-order values more
commonly used in practice. This privacy scaling could allow to train learning models that are
robust against data reconstruction attacks, with a smaller penalty in performance.

Private optimization. In Chapter 9 we achieved the minimax rates for the task of DP
linear regression. However, this result is limited to the proportional regime n = ©(d) and to
the case where the label noise is of constant order. We expect it to be possible to improve
on these limitations, perhaps by focusing on algorithms that could offer an easier theoretical
analysis, such as output perturbation as in |Dwork et al.| [2025] analyzed with the convex
Gaussian min-max theorem [Thrampoulidis et al., 2015]. Beyond linear regression, we expect
analyses based on concentration to deterministic equivalents (see, e.g., Collins-Woodfin and
Seroussi [2025]) to allow to achieve progress in our understanding of DP logistic regression with
standard gradient methods (such as Algorithm [9.1)), without the need of any dimensionality
reduction techniques [Bassily et al., 2022, Wang et al., 2025]. Both these directions have
the implicit goal of characterizing the role of hyper-parameter optimization in practical DP
algorithms, such as the benefit of using sufficiently small clipping constants.

The cost of p = Q(\/E) A separate direction is connected to studying the utility costs of
privacy budgets larger than p = @(\/E) which we argued in a previous paragraph is relevant in
the context of data reconstruction. Let us consider the problem of linear regression, discussed
in Chapter 9. There, we showed that, in the well-conditioned and proportional regime, the
minimax rates for this task, informally denoted by R, are

2
R-6(t4.1)).

n ' n2p?
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If we suppose these rates to hold on a wider set of scalings, and we set p = Q(\/E) we get
R = O(d/n + d/n*) = ©(d/n), which is the same rate as in the non-private case. This is
a very preliminary calculation, but it suggests that in the regime of privacy budgets larger
than our guessed data reconstruction threshold, p = Q(v/d), the cost of privacy is always
negligible relative to the non-private statistical error. Intuitively, this could follow from the fact
that fully memorizing the input data should not provide any statistical advantage in learning
patterns shared across data. More generally, we believe that, for a wider class of statistical
tasks (such as linear regression, logistic regression, single-index models, etc.), this regime may
be proven to always allow one to achieve privacy for free. We consider this an interesting
future direction for making progress in our general understanding of the fundamental cost of
privacy in different settings, and its relation to the Bayes risk.

The cost of the worst-case. Another research direction is associated with understanding the
cost of the worst-case nature of DP, which by definition provides stability guarantees uniformly
over any pair of adjacent datasets. This requirement is sometimes referred to as too strict, and
potentially responsible for the utility losses often associated with private optimization. For this
reason, several relaxations have been proposed to capture more distributional or average-case
notions of privacy, such as random DP [Hall et al., |2013] or Bayesian DP [Triastcyn and
Faltings, 2020]. These works are perhaps an evidence of a pessimism around calibrating
algorithms to worst-case, pathological, or statistically irrelevant inputs. Specifically to the
material covered in this Thesis, we highlight that in the proof of the lower bound for DP
linear regression in Chapter 9, the definition of zCDP is only used across two datasets with
i.i.d. Gaussian data (see (9.58)), and this is sufficient to provide a matching lower bound
(up to numerical constants) to the upper bound achieved by DP-GD, which in contrast
guarantees privacy in the worst case. Then, we raise the following research questions: in
which settings is the cost of worst-case negligible? In other words, in which settings can a DP
algorithm match the same performance as algorithms satisfying a relaxed notion of privacy,
such as random or Bayesian DP? In which other settings is the cost of worst-case, instead,
significant? Importantly, while privacy is guaranteed in the worst case, we consider the utility
of a DP algorithm in distribution, and determined by the particular statistical model, as done
in Chapters 9/ and 8, and as commonly done in prior work on private learning [Bassily et al.|
2014, |Jain and Thakurta, 2014, Bassily et al., 2019, |Song et al., [2021b].

Copyright in machine learning. Due to the decrease in accuracy and computational
overhead of DP optimization algorithms, modern foundation models are generally pre-trained
without DP. This in turn makes it possible to design prompts that allow training data
extraction, meant as data reconstruction solely through querying the model, and this evidence
has led to lawsuits against Al companies for copyright infringement [Pope, 2024, Barnes,
2025]. These lawsuits are generally associated with the trained model storing some of the
training (proprietary) data, which highlights the importance of bridging our understanding of
data memorization with concepts in copyright law, generally intended to protect the original
expression of creative works, but not the ideas or facts they contain [U.S. Copyright Office,
2025]. Recent work has attempted to build such a connection [Cooper and Grimmelmann,
2024, Vyas et al., 2023, Elkin-Koren et al., [2024, |Cohen, [2025], albeit with different — and
sometimes conflicting — perspectives. The high-dimensional nature of the creative works
typically involved in these lawsuits (snippets of hundreds of words from newspaper articles
reconstructed “near-verbatim” [Pope, [2024]) suggests that the relevant threat model involves
an attacker who reconstructs a number of bits growing with the ambient dimension ©(d) of

158



a protected work. This contrasts with the binary membership inference attacks commonly
considered in privacy research, which suggests that the high-dimensional regime typically
considered in this Thesis offers the ideal framework for studying this problem. Tackling this
problem analytically may appear in tension with the inherently interpretive nature of copyright
law, but we instead redeem it logically coherent to how we now (quantitatively) encode
user privacy in a single real parameter p. Some concrete questions, from the defendant’s
perspective, are: (i) in which settings is it sufficient to train the model with a privacy parameter
satisfying p = o(v/d), such that none of the training data can be reconstructed, while incurring
only negligible statistical costs from DP? (ii) In practice, would training a foundation model
with p = @(\/E) significantly improve robustness against current extraction methods, while
maintaining acceptable performance? | Some other questions, from the plaintiff's perspective,
are the following: (i) in which settings is it possible to provide indisputable proof that a model
has “copied” the training data? One open research direction is to assess the effectiveness of
watermarks [Wei et al., 2024, Rastogi et al., 2025] embedded in the original data: if these are
reconstructed, the result cannot be attributed to the model learning generalizable patterns,
since the watermark is (statistically) unique. Then, (ii) in which settings would this method
be robust, and how can it be made quantitative beyond membership inference?

Beyond the over-parameterized regime

A substantial amount of work in this thesis concerns the over-parameterized regime, meant
as the regime where learning models have a number of trainable parameters larger than the
number of training samples, and implicitly meant as a regime where the models overfit the
training data until they achieve zero training error (with the exception of Chapter 8). Notably,
this regime is not a good representation of how foundation models or large language models
are trained at the time this thesis is being written. This is because (i) the benefit of overfitting
is unclear when training auto-regressive generative language models, and (ii) even if there
were a benefit, the computational costs of training such models have shifted the paradigm
toward developers making only one or a few passes over the vast amount of data available on
the web.

Given this state of affairs, we highlight the research direction of understanding the asymptotic
behavior of machine learning models in the regime where a single pass over the training data is
performed, hence far from the interpolating regime. We expect this regime to be qualitatively
very different in the context of memorization and data reconstruction, as every training sample
is seen only once, and therefore, at least intuitively, is less likely to be memorized by the model.
On the other hand, there is empirical evidence that training data can be reconstructed from
the parameters of language models [Carlini et al., 2021], which suggests that this phenomenon
is still relevant and theoretically observable as well.

One-pass non-convex private optimization. In this direction, an exciting and challenging
problem is that of differentially private pre-training of foundation models. In fact, privacy
accounting methods are typically not optimal in the regime where the batch size is much
smaller than the size of the full training set [Nasr et al., 2025b|, making the noise of private
optimization in this regime perhaps too large and overly conservative. For convex optimization,
this problem can be avoided with accounting methods based on privacy amplification by
iteration |Feldman et al.| [2018], as done in Chapter 9, where the minimax rates are achieved
even with batch size 1. In non-convex deep learning optimization, a promising approach to

Ymportantly, this question raises the problem of identifying the effective value of d for real-world data.
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avoid the problem of sub-optimal privacy accounting is to rely on the recently proposed DP
follow the regularized leader algorithm Kairouz et al.| [2021], which introduces correlated noise
at every iteration. This method guarantees the privacy of every single iterate, unlike privacy
amplification by iteration, but the self-canceling nature of the noise allows for better utility at
the level of the final iterate. This is a very preliminary research idea, and its computational
and technical feasibility must be further investigated.

Post training and reinforcement learning. Beyond pre-training, post-training methods
are increasingly emerging as powerful approaches to improve the performance of Al systems on
complex tasks. Among these, we identify test-time compute [OpenAl, 2024, Snell et al.; 2025]
and reinforcement learning [Christiano et al., [2017, Ouyang et al., 2022 as two interesting
avenues for future research. In particular, the success of these methods depends on scaling
variables that are not considered in this thesis, such as the number of parallel reasoning
branches in best-of-N test-time scaling [Brown et al., 2024a, Snell et al., 2025] (in Brown et al.
[2024a], sampling up to N = 10? times per problem is shown to significantly boost performance
on math and coding tasks), the amount of time spent on chain-of-thought reasoning [Wei
et al., 2022, |OpenAl, [2024], and the number of roll-outs (or group size) in reinforcement
learning policy optimization [Schulman et al., 2017, Shao et al., 2024]. A theoretical analysis
of these methods would benefit from a simplified parametric and data model able to capture
the key statistical ingredients of these modern learning paradigms, in the same way that the
RF model provides a useful prototype for studying the over-parameterized regime in supervised
learning. We discuss in the next paragraph a preliminary idea in the direction of identifying
and analyzing such a model.

A linear model for policy optimization. Consider the supervised learning problem where
we have n training samples {(x;, y;)}";, such that x; € RF*? and y; € RY. Intuitively, it is
useful to think each x; to be a question, made of L tokens in dimension d. Each y; will be
the corresponding answer to the question, which we can think as a single token. Consider the
following data model

Zie+1) = Aizie + 05,

and
Tip = Zit + &, Yi = zipe + &, with T > L.

This model lets every training question-answer ¢ be generated recursively over ¢, according to
the linear map described by A; and v;. The recursion is defined over some noiseless variables
zit, and each token and answer contains some noise &;. T™ describes how many steps in time
the label is separated from the questions. Intuitively, if 7" = L + 1 we are looking at the
case where the answer follows “directly after” the question, with the problem becoming more
challenging as T™ grows larger. Then, consider the following linear, auto-regressive, parametric
model

£6,2) = [z1] 6,

where 6 € R!, z;_;; € R™*? denotes the matrix made by the last [ rows (tokens) of z, with
I < L. This choice implies that the predictive model has a context window of [ and its
prediction only depends on the last [ tokens. Then, we can define the next token generation as

Tpext ~ P (xnext’:l:; 0) = N (f(ea 33), 02[d) .

At this point, we can train this parametric model with Reinforce [Williams, [1992]. This requires
the definition of a reward function. To do so, we fix a number of tokens 7" that defines the
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length of the final context (question plus answer text). In other words, the answer to the
question will be in the form of T' — L tokens, and the reward will be computed on the very
last token. We fix the reward to be the negative squared distance between the label y and the
token generated after 7' — L iterations, i.e.

r(ya xl:T) = - Hy - xT“i )

where 1.7 € RT*? denotes the full sequence composed of the original question 1., and the
tokens generated by the model x1.7. Then, we train 6 to maximize the (empirical) reward.
This can be written as

n

Z Ep(xi,[LJrl;T] ‘zi,[lzL]ﬁ) [T(yiv 'rzT)] . (]_01)

R(O) =

Nz

This reward is in practice optimized via gradient ascent, estimating the expectation via multiple
roll-outs of the generative model over the training samples. In this setup, we can effectively
write the expectation above in closed form (which corresponds to the case of infinite roll-outs),
and optimize this directly. Then, we leave as future work the problem of understanding the
behavior of the final reward of the trained model, as a function of the scalings of the problem,
and of the parameters L, T, and T, which could highlight the benefits of intermediate
reasoning (larger T') before giving the final answer.

A broader perspective on ML research

The discussion in this final chapter has been mainly technical and specific to the work performed
in the past years, and to the research projects that could be meaningful to pursue in the next
few years. What follows is a more high-level discussion of the broader role of a theoretician
working in the field of Al in this decade, both within the research community and, more
generally, in society. The following discussion will be written in the first person, as it will
necessarily contain personal opinions and reflections.

Al as an empirical science. Al and ML are evolving faster than ever, and in the past few
years the massive economic consequences of Al dominance have further shifted the research
culture toward “building things”, rather than slowing down and taking the time to understand
and inspect existing technology. Possibly, this trend has also affected the academic culture
in this field, where hitting the next deadline and having a lot of papers on what is trendy
seem to matter more than producing valuable science. This environment is unfortunately
not very fertile for the goal of building deep and long-standing theory, able to capture and
conceptualize concrete phenomena and to meaningfully translate them into a mathematical
language. Furthermore, much of the published theory of learning in the past decade does not
seem to properly capture some behaviors of neural networks, or is arguably restricted to highly
specific settings (2-layer neural networks, Gaussian distributions, ...). Overall, a common
criticism is that learning theory has not had any direct implication for Al development, but
instead has been limited to identifying patterns visible from empirical evidence, and engineering
specific assumptions and settings that would lead to such patterns. In this sense, deep learning
theory was decently successful in its ability to describe some empirical phenomena in deep
learning, but was quite unsuccessful in predicting other phenomena a priori, or in helping with
the design of better algorithms.
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The role of theory for Al practice. Given the premise of the previous paragraph, it is
natural to question the role and the value of theoretical research in the field of Al. At a high
level, a common argument in favour of any theoretical research is that even if the original
results turn out to have limited direct practical relevance, the concepts and tools developed to
achieve them may not. It is in fact hard to predict a priori which ideas will eventually become
useful in the long term, and while this may generally be unlikely, theoretical research does not
require large amounts of resources (such as compute, lab equipment, or large teams), making
it relatively cost-effective.

In the context of machine learning, we are at a stage where the lack of transparency of large
models limits much of the value that we can extract from them, especially in high-stakes
applications. Thus, | would argue that theoretical effort aimed at clarifying failure modes and
unpredictable behaviors of large systems is something the whole community benefits from.
Such theory does not need to exactly characterize the precise behavior of large, complex
architectures, but should help experts (including non-theoreticians) gain insight into general
phenomena.

Furthermore, modern training methods tend to be a broad collage of different engineering
steps and methods, with multiple moving parts. An example close to this thesis is differentially
private training, which requires gradient clipping, noise injection, and early stopping (together
with the choice of potentially different optimizers, subsampling ratios, etc.). This high degree
of complexity generates many confounding variables, making it hard to understand the role
of each component from experiments alone. ldeally, theory should help with the successful
implementation of such algorithms (e.g. proving that aggressive clipping is beneficial, see
Chapter 9), turning training from trial-and-error engineering into a more straightforward path,
without the risk of running into a combinatorial explosion of ablations, which is not affordable
in a field where the scale of experiments does not seem to stop growing.

Of course, theory should not be seen only as a way to boost experimental work. Its role is also
to conceptualize and formalize problems that we know are important, but do not yet know
how to express precisely. | believe differential privacy is a success story in this direction, as it
connected statistical and cryptographic perspectives within a mathematical framework that
has remained solid and influential twenty years later. This has allowed us to turn a societal
need into a mathematical quantity that can be studied, optimized, and formally debated.

Our role in society. The healthy development of a solid science of Al matters to society as
a whole, including to people far from the technical community. Indirectly, moving the field in
a meaningful direction, educating students to aim for high standards of scientific practice, and
promoting transparency can and will have broad consequences. Still, this does not exempt
academics from asking what direct contribution they can make to the broader ecosystem.
Academic work offers an exceptional degree of intellectual freedom, and this freedom should
also motivate us to pursue directions with a concrete societal impact. | believe that the coming
decades will be shaped by fields at the intersection of Al and policy, education, healthcare,
and science. Technical experts will play a role in shaping this future, and | acknowledge my
responsibility for what is to come.
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APPENDIX

Additional notation and remarks

Given a sub-exponential random variable X, let ||.X||,, = inf{t > 0 : E[exp(|X|/t)] < 2}.
Similarly, for a sub-Gaussian random variable, let || X ||y, = inf{t > 0 : Elexp(X?/t?)] < 2}.
We use the analogous definitions for vectors. In particular, let X € R"™ be a random vector,

— T — T ; ;
then [|X||,,, := supy,,—1 Hu XHw2 and [|X|,, := supj,—1 Hu X " Notice that if a vector
has independent, mean-0, sub-Gaussian (sub-exponential) entries, then it is sub-Gaussian

(sub-exponential). This is a direct consequence of Hoeffding's inequality and Bernstein's
inequality (see Theorems 2.6.3 and 2.8.2 in Vershynin| [2018]).

We use the definition of the Orlicz norm of order o of a real random variable X as
||X||wa =inf{t >0 : E[exp(]X|*/t*)] < 2}. (B.1)

From this definition, it follows that |||.X|” = [| X1,

”wa/w

We say that a random variable or vector respects the Lipschitz concentration property if
there exists an absolute constant ¢ > 0 such that, for every Lipschitz continuous function
7:R? — R, we have E|7(X)| < +00, and for all t > 0,

P (|r(z) — Ex[r(2)]] > t) < 2~ /1", (B.2)

When we state that a random variable or vector X is sub-Gaussian (or sub-exponential), we
implicitly mean [ X||,, = O (1), i.e. it does not increase with the scalings of the problem.
Notice that, if X is Lipschitz concentrated, then X — E[X] is sub-Gaussian. If X € R is
sub-Gaussian and 7 : R — R is Lipschitz, we have that 7(X) is sub-Gaussian as well. Also, if
a random variable is sub-Gaussian or sub-exponential, its p-th momentum is upper bounded
by a constant (that might depend on p).

We recall that the maximum of n Gaussian (not necessarily independent) random variables is
smaller than log N with probability at least 1 — exp(clog®n), see, e.g., Section 1.4 of Rigollet
and Hutter [2023].

In general, we indicate with C' and ¢ absolute, strictly positive, numerical constants, that
do not depend on the scalings of the problem, i.e. input dimension, number of neurons, or
number of training samples. Their value may change from line to line.

Given a matrix A, we indicate with A;. its i-th row, and with A.; its j-th column. Given a
square matrix A, we denote by A\, (A) its smallest eigenvalue. Given a matrix A, we indicate
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With omin(A) = \/Amin (AT A) its smallest singular value, with ||A[| its operator norm (and
largest singular value), and with || Al| . its Frobenius norm (|| A% = i A%).

Given two matrices A, B € R™*", we denote by A o B their Hadamard product, and by
AxB=[(A.®By.),...,(An. @ B,)]" € R™*"” their row-wise Kronecker product (also
known as Khatri-Rao product). We denote A*2 = Ax A. We remark that (A % B) (A% B)" =

AAToBBT. We say that a matrix A € R™*" is positive semi definite (p.s.d.) if it's symmetric
and for every vector v € R™ we have v Av > 0.

Hermite polynomials

In this subsection, we refresh standard notions on the Hermite polynomials. For a more
comprehensive discussion, we refer to O'Donnell| [2014]. The (probabilist’s) Hermite polynomi-
als {h;};en are an orthonormal basis for L*(R, ), where v denotes the standard Gaussian
measure. The following result holds.

Proposition B.1 (Proposition 11.31, |O'Donnell [2014]). Let p1, p2 be two standard Gaussian
random variables, with correlation p € [—1,1]. Then,

Epr.p0 [hi(p1)h; (p2)] = 6350, (B.3)

where §;; = 1 if i = j, and O otherwise.

The first 5 Hermite polynomials are

_ _ _ 1 _r=3p _ =6+
holp) =L, i(p)=p, ha(p) = ==, halp) = === hlp) = —2 (B')
4

Proposition B.2 (Definition 11.34, |O'Donnell| [2014]). Every function ¢ € L*(R,~) is
uniquely expressible as
é(p) = > i hi(p), (B.5)
ieN
where the real numbers uf’ 's are called the Hermite coefficients of ¢, and the convergence is
in L*(R,~). More specifically,

(i) T hi(p)> — ¢(p)

=0. (B.6)

lim ’
L2(R,y)

n—-+4o0o

This readily implies the following result.

Proposition B.3. Let pi, po be two standard Gaussian random variables with correlation
p € [—1,1], and let ¢, 7 € L*(R,~). Then,

Epr 00 [0(p1)T(p2)] =D pif 1l o' (B.7)

€N
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APPENDIX

Appendix for Chapter 2

C.1 Some Useful Estimates

Lemma C.1. Under Assumption 2.5, we have that

n-log® Np_; = o(NL_1Np_s), (C.1)
Np_s-log?n -log® Np_1 = o(Np_1Np_s), (C.2)
NL_1 . lOg2 n- 10g2 NL_1 = O(NL_lNL_Q), (C3)
n-log? Np_1 -log*n = o(N_1Np_2). (C.4)
Proof. We start by proving (C.1). If N;_; = O (n?), then
n-log® Np_y =0 (n -log® n) =0o(Np_1Np_»), (C.5)

where the last passage follows from (2.4). Conversely, if N;_; = Q(n?), then

n- 10g8 NL_1 =0 <\/NL_1 : 10g8 NL_1> = O(NL_l) = O(NL_lNL_Q), (C6)

which concludes the proof of (C.1).

To obtain (C.2), we can exploit the second requirement of Assumption 2.5, which implies that
logn = O (log N_1). This readily implies (C.2). Notice that (C.3) naturally follows since
Np_1 = 0O (Np_3) by Assumption [2.4.

Finally, to obtain (C.4), we write
n- 10g2 NL_1 : 10g4 n=0 (TL . 10g6 NL_1> = O(NL_lNL_Q), (C?)

where in the first passage we use that logn = O (log Ni_1) (from the second requirement of
Assumption 2.5) and the last passage follows from (C.1). O

Lemma C.2 (Lipschitz constant of function of the features). For all | € [L — 1|, and for
every Lipschitz function p, we have

le(gi(@) 1 = O (1), (C8)
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with probability at least
1—2lexp(—Np_1), (C.9)

over (Wy)L_,. We recall that ¢ is applied component-wise to g;(z), and ©(g;(x)) : RY — RN
is intended as a function of x.

Proof. Note that ¢(g;) is a composition of Lipschitz functions. Thus,

-1
oo Iy < Nellip N9l < lellus 1Willop TT (1Willgp 18113, )
k=1
o (C.10)
-1
S ||§0||Lip ||VVl||opM H ||Wk||op’
k=1

where the last step is justified by Assumption 2.3.

Recall that, by the assumption on the initialization of the weights, (W}); j~i1.4.N (0, 82 /N_1),
for some constant 3, which does not depend on the layer widths. Then, by Theorem 4.4.5 of
Vershynin| [2018], we have that, for any k € [l],

[Willyp < C\/f]kT(\/Nk_l +2¢/INy), (C.11)
—1

with probability at least 1 — 2exp (—NNy), C being a numerical constant. By Assumption 2.4
on the topology of the network, we can rewrite this result as

[Willg, = O (1), (C.12)

with probability at least 1 — 2exp (—Np_1). To conclude, using a union bound over the layers
up to layer [, we have that

le(g)lly, = O (1), (C.13)
with probability at least 1 — 2l exp (—Np_;) over (W)L _;. O
Lemma C.3. We have that

1D lly, < log Np-1, (C.14)

with probability at least 1 — 2 exp(—clog® Ni,_1) over W, where ¢ is a numerical constant.

Proof. Recall that D, = diag(W/,) contains on the diagonal N;_; independent Gaussian
random variables (Dy,);; ~ N(0,3%). Thus, for any i € [Ny_4],

P(|(Dy)is| > log Np—1) < 2exp(—log? N;_1/(26%)), (C.15)
which gives

]P’(HDLHOp > log Np—1) =P(max;en, 1 [(Dr)is| > log Np—1)
<N P(|(Dp)ui| > log N 1)
<2exp(log N1 — log® N _1/(2/%))
<2exp(—clog® Ny_,),

(C.16)

where the second step is a union bound on the entries of Dy . This gives the desired result. [J
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Lemma C.4. We have that
DL (gL-1())ll5, = O(log Np—1), (C.17)

with probability at least 1 — 2 exp(—clog® Np_1) — C'exp (—Np_1) over (W;)k_,. We recall
that ¢ is applied component-wise to g;(x), Dy¢'(gr_1(x)) : R — RNt-1 js intended as a
function of x, and c is a numerical constant.

Proof. We know by composition of Lipschitz functions that

1D (gr-1)llLip < IDLllop 16/ (g2-1)ll1sp - (C.18)
By Assumption 2.3, ¢’ is Lipschitz. Hence, by combining Lemma C.2| (where we use ¢ = ¢')
and Lemma |C.3, the result follows. ]

Lemma C.5 (Exponential tails of quadratic forms). Let x ~ Px. Let u : RY — R
and v : R? — R% be mean-0 Lipschitz functions with respect to z, i.e., E [u(x)] = 0,
E.[v(x)] =0, ||lull;, = c1 and [[v]|;, = c2. Let U be a d, x d, matrix, and

[(z) = u(x) " Uv(z) — E, {u(x)TUv(x)} . (C.19)
Then
ITl,, < CE* U]z (C.20)
where K = \/c3 + ¢4, and C is a numerical constant.

Proof. Consider the function z(z) : R? — R+ obtained by concatenating the vectors u

and v, i.e.,
2(z) == [u(x),v(x)]". (C.21)

One can readily verify that | z||;;, < \/cf + 3 := K. Let us set

M = ; <%%) . (C.22)

I'=:"Mz-E,|z"Mz|. (C.23)

Then, we have that

Since x satisfies Assumption 2.2 and z(x) is Lipschitz, in order to obtain tail bounds on T', we
can apply the version of the Hanson-Wright inequality given by Theorem 2.3 in Adamczak
[2015]:

P(| > t) =P(|2" Mz — B [2" Mz] | > t)

IR t? t
<2exp <_C1 min <K4 ||M||?v7 K2 ||M||op>> (C.24)
<2exp (—1min ( r ! ))
- ¢ KU K2 Ul /)
where (' is a numerical constant, and in the last step we use that [|M||,, = [[U],, and

M| = ||U||% /2 < ||U]||%. Thus, by Lemma 5.5 of Soltanolkotabi et al. [2018], we conclude
that
TN, < CoaK* (U]l (C.25)

for some numerical constant C, which gives the desired result. O
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Lemma C.6. Let u € R% and v € R% be two mean-0 sub-Gaussian vectors such that
lully, = c1 and [[v]l,, = c2. Set Ay, =E [uv]. Then,

||AUU||op S C(Cl + 02)27 (C26)

where C is a numerical constant.

Proof. Consider the vector

2= [u,v]". (C.27)
Then, z is sub-Gaussian and, by triangle inequality on the vectors [u, 0] and [0, v], we have
that [|z[[,,, < ¢1 + c2. Since u and v are mean-0, then z is also mean-0 and its covariance

matrix can be written as A, := E [zzq Furthermore, we can show that

1Az]l,p < Cler + ). (C.28)
In fact, let w be the unitary eigenvector associated to the maximum eigenvalue of A,. Then,
1Al = w' Avw = E [w" z2Tw| = E [(w'2)?] . (C.29)
Furthermore, we have that
1
— NT T L T2
2], == sup H(w) 2, 2 Hw 2|, = GVElwT2), (C.30)

w's.t.||w’||y=1

where C'is a numerical constant, and the last inequality comes from Eq. (2.15) of |Vershynin
[2018]. By combining (C.29) and (C.30) with ||z||,, < 1 + c2, (C.28) readily follows.

Finally, we have that

A, = (fi ’ZJ) , (C.31)
where A, = E {uuT} and A, .= E {UUT]. As A, and A, are PSD, we have that

[Auollop < 142lop - (C.32)
Hence, the desired result follows from (C.28) and (C.32). O

Lemma C.7. Let A be an n x m matrix whose rows A; are i.i.d. mean-0 sub-Gaussian
random vectors in R™. Let K = ||A;l|,,, the sub-Gaussian norm of each row. Then, we have

|AAT| = K*O(n+m), (C.33)

op

with probability at least 1 — 2 exp(—cn), for some numerical constant c.

Proof. Without loss of generality, we can assume K = 1 to simplify the proof. Let X be the
second moment matrix of each of the rows of A. Then, X =E [AlAZTJ since the rows are
mean-0. Note that, as the rows of A are i.i.d., X is independent of i. Furthermore, Lemma
C.6/ implies that the covariance matrix £ [AiAﬂ has operator norm bounded by a constant,
since the sub-Gaussian norm of the rows is 1. Then, by using Remark 5.40 in Vershynin|[2012],
we have that

- X

n

HATA

t
< 2 — \/m - X
< max(6,0°), where § = C . + N (C.34)

op
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with probability at least 1 — 2 exp(—ct?), where ¢ and C are numerical constants. Setting
t = \/m and using a triangular inequality gives that, with probability at least 1 — 2 exp(—ct?),

|aaT "= |aTA oo < 1 [Bllgp + max(CVimn + Vi, (Cv/m + v/m)?) = O (n+m).
(C.35)
which implies the desired result (after re-scaling by K). O

Lemma C.8. Let I, = F) — E.[F] € R™ Nt pe the centered features matrix at layer [. Then,
we have L
|\FuF, Hop —O(n+N), (C.36)

with probability at least 1 — Cexp (—cNp_1) over (Wy,),_, and ()" ~iia. Px.

Proof. From Lemma C.2, we have that

/(@) |, = ©(1), (C.37)

with probability at least

1—C"exp(—Np_1), (C.38)
over (Wy)L_,. We condition on this event in the rest of the proof.
Since (z;)!; ~iia. Px and Px satisfies Assumption 2.2, all the rows of F, are mean-0
sub-Gaussian vectors, with sub-Gaussian norm bounded by a numerical constant. Here, we fix

(W)k—; s.t. (C.37) holds, and the “mean-0" and the “sub-Gaussian norm” is intended w.r.t.
the probability space of (x;)I;.

An application of Lemma C.7| gives that

FF, Hp =0+ N,), (C.39)

with probability at least 1 — 2exp (—clV;) over (z;)?_, ~iia. Px. Taking into account the
previous conditioning, we conclude that

HFZFIHOP =0(n+N), (C.40)

with probability at least 1 — (C” + 2) exp (—cNp_1) over (Wi),_; and (z;)7; ~iia. Px. O

Lemma C.9. Let B, = B;_| — E.[Br 1] € R™*Ni-1 pe the centered back-propagation
matrix at layer L. — 1. Then, we have

= =T
HBHBHHOP = O ((n+ Ng1)log® Ny—1) (C.41)
with probability at least 1 — Cexp (—cNyp_1) over (Wy)E_, and ()", ~ii4. Px.

Proof. From Lemma |C.4, we have that

HDL¢,(gLfl(x))HLip = O(log Np—1), (C.42)
with probability at least

1 —2exp(—clog? N;_1) — Cexp (—Ny_1), (C.43)
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over (W)E_,. We condition on this event in the rest of the proof.

Since (x;)!; ~iia. Px and Py satisfies Assumption 2.2, all the rows of B;_, are mean-0
sub-Gaussian vectors, with sub-Gaussian norm O(log N;_1). Here, we fix (W;)E_; s.t. (C.42)
holds, and the “mean-0" and the “sub-Gaussian norm" is intended w.r.t. the probability space
of (z;).

An application of Lemma C.7 gives that

BLABZ_lHOP =0 ((n + Np_1) log® NL,l) , (C.44)

with probability at least 1 — 2exp (—cNp_1) over (z;)"; ~iiqa. Px. Taking into account the
previous conditioning, we conclude that

BL*1§Z—1H =0 ((n + NLfl) 10g2 NL,1) y (C45)

op

with probability at least 1 — (C” + 2) exp (—cNp_1) over (Wy)E_; and (z;)7; ~iia. Px. O
Lemma C.10. Let p be a standard Gaussian random variable, then we have that

p1(c) ==K, [¢(cp)], (C.46)

and
pa(c) :=E, [¢*(cp)] . (C.47)

are continuous functions in c. Furthermore, ¢i(c) is Lipschitz in ¢, and
[p2(c1) = palea)| < Ciler — caf + Cofef — 3, (C.48)

where C and Cy are numerical constants (independent of ¢y, ¢3).

Proof. Let p(p) = \/%6_'02/2. Then, we have

erlc+e) = 1] < [ p() 6((c + £)p) — Blep) dp

< /p(p) |Mep| dp (C.49)
= MeE, [|p]]
= (e,

where in the second line we use that ¢ is M-Lipschitz by Assumption 2.3. Similarly, we have
palete) = a0 < [ p(p) [6*((c + 2)p) = 6*(cn)| dp
= /p(p) [¢((c +€)p) — d(cp)l [¢((c +€)p) + d(cp)| dp

< [ p(p) IMep| 216(0)] + M(Jc + | + |e]) o) dp (C.50)
= CaeBy [Ipl] + ColelE, [*] + Cse’E, | 7]

= 045 + CQ|C|€ + 0362

S C56—|—06 ‘(C—FE)Q — 02‘ .
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Lemma C.11. Let p be a standard Gaussian distribution, and ¢ # 0 be an absolute constant.
Then, we have

E, [¢(cp)] | =O(1). (C.51)
It also holds
E, [¢'(cp)] | = O(1). (C.52)

Proof. For the first statement, we exploit the fact that ¢ is Lipschitz:

[E, [p(cp)l | < B, [[9(0)] + Mepl] = [¢(0)] + MIc|E, [[p]] = Ci. (C.53)

The statement on ¢’ is easily derived following the same proof and using that [|¢/[|,, < M'. O

Lemma C.12. Let p be a standard Gaussian distribution, and ¢ # O be an absolute constant.
Then, we have

E, [¢*(cp)] = 0(1), (C.54)

and

E, [(¢/(cp))*] = ©(1). (C.55)
Proof. For the upper-bound of the first statement, we exploit the fact that ¢ is Lipschitz:

E, [6*(cp)] <E, [(18(0)] + Mlcp])?] = ¢*(0) + 2M c||$(0)[E, [|p]] + M>CE, |p*] = Ci.
(C.56)

For the lower bound, since ¢ is non-zero and continuous, we have that there exist a strictly
positive constant ¢ > 0 and an interval [c;, ca] with ¢; > ¢; such that ¢?(z) > ¢ for each
x € [c1, ca]. Therefore, we have

E, [gbz(cp)} > dPer < cp < ) = Ch. (C.57)

The second statements is proved in the same way, as ¢ is a non-zero Lipschitz function. [

Lemma C.13. Let v : R? — R a Lipschitz function, and let x ~ Px. Then,

E2 [p(o)] > E, [p(x)?] - cllel, (C.58)

where ¢ is a numerical constant.

Proof. We have
E2 [p(x)] = B, [(0(2))?] — Eq [(p(2) — B [p(2)))7]
=B, [p@] - [P ((0lo) ~ e lo(@))? > ) d
=B, [p0)] - [P (o) ~ B o)l > V) &t (C59)
> B, [ow?] - [ 20 (=Ct/ o) de

=E, |¢(2)’] —2ll¢llL, /C,

where the inequality is a consequence of Assumption 2.2. O
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Lemma C.14. Let x ~ Px, and define ¢,(z) = B || fi(z)]| /v/Ni.

Then, we have

~ ~ ||fl||Lip
E.[la(z) - E; [a(@)]]] < C N, (C.60)
and
~ e 1l
E. [(@(x) ~ B [a(@)] < 055 (C61)

where C is a numerical constant.

Proof. We have that

B llafe) ~ Befa@)]] = [ P(a() - B @) > 1) de
= [P (@ B (L A@I > Nt/ de

< / 2exp (—eNit?/ | fill},) dt
il
VN

(C.62)

where ¢ and C' are numerical constants, and the third line is justified by Assumption 2.2.

Similarly, we have

E, |(@(x) — B, [a(2))°] = / +OOIP)((CZ(:E) E, [¢:(2)))* > t) dt
= [P (IA@ =B MA@ > Nt/ de

< [T 2exp (—eNi/ 141, d

_ AR,
N,

(C.63)

where, again, ¢ and C' are numerical constants and the third line is justified by Assumption
2.2 O

Lemma C.15. Let p; and ps be two standard Gaussian random variables, possibly correlated.
Then, we have

B pips [0(p171)P(p22) — D(p1y1)d(p2ya)]| <

(C.64)
< Crlzy — | + Oy |wo| |21 — y1| + Cs |22 — y2| + Cu lyn] |22 — 112]

where C1, Cy, Cs, Cy are numerical constants (which do not depend on x1,x5,y1,Yy2). Fur-
thermore, the same result holds with ¢ instead of ¢.
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Proof. We have

Ep1 o [B(p121)d(p2w2) — d(p1y1)d(p2y2)]|
< [Epipn [0(p121)d(p222) — d(p191)d(p2z2)] + Epy py [0(0191) D (p222) — d(p191)d(p2y2)]|
S Epp, [|0(p121) — d(p1y1)| [9(p222)|] + Epy p, [|0(p22) — d(p2y2)| [9(p151)]]
< Epp, [[Mpr(z1 = y1)| (10(0)] + M [poza|)] + Epypy [[Mpa(@a2 — y2)| (|0(0)] + M [prua])]
< Cilzr =l Eflp1]] + Co|za| [z1 — w1 | E [[p1]| 2]

+ Cs |z2 — yo| E{|pa2]] + Cu[y1| [z2 — yo| E [[p1][ p2]

< Oz =yl + Co || [z — w1 + Cs |w2 — yo| + Cu|yn| |22 — v2]

(C.65)
where in third inequality we use that ¢ is M-Lipschitz, and in the last inequality we use
that the quantities E [|p1|], E[|p2|] and E[|p1]|p2|] are all smaller than 1 (regardless of the
correlation between p; and p,). Since we only used the fact that ¢ is M-Lipschitz, the same
result holds with ¢ in place of ¢.

]

C.2 Concentration of L2 Norms

In this appendix, we state and prove a number of high-probability estimates on the ¢, norms
of feature and backpropagation vectors. More specifically, our results can be summarized as
follows:

= Lemma C.16 gives tight bounds on || fi(x)||,, i.e. the {5 norm of the feature vector at
layer [. The statement holds with high probability over z and (W}),_;.

= Lemmas C.17 and C.18 give tight bounds on E, {Hfl (z) ||§] and E, [|| fi(z)||,], respectively.

These quantities represent the expectation with respect to x of the (squared) ¢5 norm of
the feature vector at layer [. The statements hold with high probability over (W})}_,.

= Lemma C.19 focuses on the centered feature vector fi(z) — E, [fi(z)], and it gives
tight bounds on (i) its expected (w.r.t. z) squared ¢ norm E, [Hfl(x) - E, [fl(x)]Hg}
(i) its expected (w.r.t. x) ¢ norm E, [| fi(x) — E; [fi(x)]]],], and (iii) its ¢, norm
| fi(x) — E; [fi(x)]|l,- The first two statements hold with high probability over (W},)}_,,
and the probability in the last statement is also over .

= Lemma C.20 focuses on the centered backpropagation vector at layer L — 1, and it gives
tight bounds on its ¢ norm || D¢/ (gr—1(z)) — E, [Dr¢' (g91-1(2))]||,- This statement
holds with high probability over x and (W)!_,.

Throughout this appendix, we always assume that Py satisfies Assumptions 2.1/ and 2.2, and
that the layer widths satisfy Assumption 2.4, Furthermore, we use that the activation ¢ and
its derivative ¢’ are Lipschitz (see Assumption 2.3).

Lemma C.16 (L2 norm of features). Let © ~ Px. Then, for every 0 <1< L —1,

1fi(2))]l, = ©(/N)), (C.66)
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with probability at least 1 — C exp(—cNy_;) over x and (W) _,. As usual, ¢ is applied
component-wise on g,(x), and ¢ and C' are numerical constants.

Proof. We prove this by induction over [, and we start with the base case (I = 0). Recall that
we have defined fo(z) := z. As the ¢ norm is a 1-Lipschitz function, by Assumption 2.2, we
have that
—et?
P (lllzlly — Efllzlly]] > ) < 2e7. (C.67)

Furthermore, Assumption 2.1/ implies that E[||z||,] = ©(V/d), hence setting t = E[|z||,]/2 in
(C.67) proves the desired result for the base case (recalling that N _; = O (d) by Assumption
2.4).

By inductive hypothesis, we have

[ fier (@)l = Oy Nica), (C.68)

with probability at least 1 — C exp(—cNp_1).

Define ¢ := G| fi-1(x)|l, /v/Ni—1. From now on, we condition on a realization of z
and (Wy)'Z4 such that & = ©O(1). By (C.68), this happens with probability at least
1 —Cexp(—¢cNp_y).

To ease the notation, we use the shorthands f := f;_i(z) and W := W,. Then, we can write

nﬁwnbzuwwﬂfw,=¢N%];§§w«w”»f» (C.69)

Recall that (W), ~iia. N(0,37/N;—1) and that the Gaussian distribution is rotationally
invariant. Thus, the RHS of (C.69) has the same distribution as

\/NZ\J ]ifl Z ¢2 (Epi> = \/ﬁl\l ]Epl [9252 (Epl)] + ]i/vl ZL Zi, (C'70)

where (pi)f-vzll ~iiqa. N(0,1) and also independent of f, and we have defined the independent,
mean-0 random variables

Zi = 6" (#p:) — By, |8 (ep1)] - (C.71)
Note that, in the definition of Z;, the randomness comes only from p;, since we are conditioning
on ¢.

We have that
16 @pi)lly, < 116 (Cpi) — Ep, [¢ @oi)lll,y, + | Epi [ @oi)lIl,,, < C14+Co=C5, (C.72)

where the first term is bounded by a constant by Theorem 5.2.2 in Vershynin| [2018], and the
bound on the second term follows from Lemma |C.11. As a consequence, we have

120, = |6 @0:) — By, 6% )
<Cul}e* @, (C.73)

=Cy [|¢ ()13,
SCE)’

I
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where the inequality in the second line follows from Exercise 2.7.10 of Vershynin| [2018], the
equality in the third line follows from Lemma 2.7.6 of Vershynin [2018], and the inequality in
the last line follows from (C.72). Hence, the Z;-s are i.i.d. sub-exponential random variables,
with sub-exponential norm bounded by a numerical constant. An application of Bernstein
inequality (cf. Corollary 2.8.3. in |Vershynin| [2018]) gives that

1 M (ot
P N ;Zi >t] <2exp (—cmln (C’g’ C’6> Nl> , (C.74)
where ¢, (s are numerical constants. Furthermore, by Lemma |C.12, we have
E,, [¢* (¢p1)] = ©(1). (C.75)

By setting t = E,, [¢* (¢p1)] /2 into (C.74) and using (C.70) and (C.75), we conclude that

leavTp), = e(/M), (C.76)
with probability at least 1 — C exp(—cNp_1) —2exp(—cN;) > 1 —C) exp(—cNp_1), for some
numerical constant ¢ and C, which concludes the proof. n

Lemma C.17 (Expected squared L2 norm of features). Let x ~ Px. Then, for every
0<I<L-1,

E, [lli()ll3] = (M), (C.77)
with probability at least 1 — C exp(—cNy,_y) over (W)} _,. As usual, ¢ and C are numerical
constants.

Proof. The argument is by induction over [. The base case is a direct consequence of
Assumption 2.1, since fy(z) = z.

By inductive hypothesis, we have
E, || fia(2))ll3] = ©(Ni), (C.78)

with probability at least 1 — C'exp(—cNp_1). Define ¢(x) := 5 || fi1(2)||y /v/Ni—1. From
now on, we condition on a realization of (1}),Z} such that E, [¢*(z)] = ©(1). By (C.78),
this happens with probability at least 1 — C'exp(—cNp_1).

To ease the notation, we use the shorthands f := f;_1(z), W := W, and w; = W,;. Then, we
can write

E, [IA@)IE] = E. [Jov )]
— N, ]\1[1221@ [gzs?((WT)i;f)]) (C.79)
= N, | Eu,Eq [0*(w] )] + ;f[iz) )

where we use that the w;-s are equally distributed and we have defined the independent,
mean-0 random variables

Zi =B |6 (] f(2))] — BuEe |67 (w] f(2))]. (C.80)
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Note that, in the definition of Z;, the randomness comes only from wj;, since we are conditioning
-1
on (W)

We have that

2], <E. |

(w] @) = B, [¢* (] F@)]],
<E, |01 | (w] 7@)], ] (c.81)
—CiE, [[l¢ (] f@)]} ]

where the first line follows from Jensen’s inequality as |||, is convex, the inequality in the
second line follows from Exercise 2.7.10 of Vershynin [2018], and the equality in the third line
follows from Lemma 2.7.6 of |Vershynin| [2018].

Recall that (W), ~iia N(0,37/N;—1) and that the Gaussian distribution is rotationally
invariant. Thus, ¢ (wjf(x)) has the same distribution as ¢ (&(z)p;), where (p;)R!, ~iid.
N(0,1) and also independent of &(z). We now condition on a realization of = and (W;,)\Z,
and provide an upper bound on the sub-Gaussian norm ngﬁ( S f(x) )H , Where the only

randomness comes again from w; (and, hence, from p;). We have that

o (uT 1), el

= [l (e(

< |6 (@(@)pi) = By, [0 @@)pa)lll, + Iy [6 E@)pi)lll,, — (C-82)
< Che(x) + C’gc(x) + C3 = Cy(e(x) + 1).

where the first term in the RHS in the second line is bounded by C&(x) by Theorem 5.2.2

in |Vershynin| [2018], and the second term is bounded by Cy¢(z) + C5 by following the same
proof of Lemma C.11|as ¢ is Lipschitz. By combining (C.81) and (C.82), we get

1Zill,, < CIE. [(&(x) +1)°] < G5, (C.83)

where we use that E, [¢*(x)] = ©(1).

Hence, the Z;-s are i.i.d. sub-exponential random variables, with sub-exponential norm
bounded by a numerical constant. An application of Bernstein inequality (cf. Corollary 2.8.3.

in Vershynin [2018]) gives that
>t <2€X min t2 t N, (C8 )
p|—cmin|—, = .84
Og’ 05 b

where ¢, C'5 are numerical constants.

1 Al

Let us consider the first term in (C.79):

EoEy, [0°(w] f)] = BoE,, [¢ (@x)p1)] (C.85)

where the equality comes again from the rotational invariance of the Gaussian distribution of
wq. We will show that

E.E,, [¢* (&(x)n)] = 0(1), (C.86)
with probability at least 1 — C'exp(—cNy_;) over (W;)i).
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The upper bound in (C.86)) follows from the same passages in (C.56), as E,[¢?(x)] = ©(1).
We now prove the lower bound. By Lemma C.16, we have that there exist numerical constants
Cy > 01 > 0 such that ¢(x) € [c1, ¢o] with probability at least 1 — C'exp(—cNp_1) over x and
(Wi)L—l,. Hence, with probability at least 1 — 2C exp(—cNy_1) over (W), we have that

P.(¢(z) € [c1,¢2]) > 1/2, (C.87)

where we use the symbol P, to hlghlight that this last probability is taken over x. Let us
condition on a realization of (1}).Z} s.t. (C.87) holds. Then, we have

BB, [ @(2)p0)] 2 5 _inf By, [¢2(cn)]. (C59)

2 c€ler,ea)

By Lemma C.10, we have that ¢(c) = E,, [¢? (¢p1)] is continuous in c. Therefore, by Weier-
strass theorem, there exists a strictly positive ¢* € [c1, ¢o] such that inf.cic, o, E,, [¢% (cp1)] =

E, (62 (¢*p1)]. Thus,

E.E, [¢ (e0)n)] > 3B, [¢ (¢m)] = 0(1), (C.89)

where the last equality is a consequence of Lemma C.12. This concludes the proof of the
lower bound in (C.86).

By setting t = E,, [¢* (¢*p1)] /4 into (C.84) and using (C.86) and (C.79), we conclude that

E, | i(=))]3] = ©(N), (C.90)
with probability at least 1 — C'exp(—cNy_1), for some numerical constants C' and ¢, which
concludes the proof. O

Lemma C.18 (Expected L2 norm of features). Let x ~ Px. Then, for every 0 <[ < L — 1,

E, [|lfi(z)ll,) = ©(/N), (C.91)

with probability at least 1 — C exp(—cNy_1) over (W)} _,. As usual, ¢ and C are numerical
constants.

Proof. We condition on the events

E, [|lfi(@)]3] = ©(N), (C.92)
and

H @)l = O (1) (C.93)

which happen with probability at least 1 — C exp(—cNy_;) over (W},)!_, by Lemma C.17 and
C.2

The upper bound is a direct consequence of Jensen's inequality:

E. [IIfi(2)]ly) < \/E: [I£:()]13] = 0(/N). (C.94)

For the lower bound, we use Lemma C.13, and we obtain
E. (1)) > /B [1A@1E] — e lA@ILIE, = 0(/N). (C.95)
UJ
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Lemma C.19 (L2 norms of centered features). Let x ~ Px. Then, for every 0 <[ < L — 1,
the following results hold.

1. With probability at least 1 — C exp(—cNp_,) over (W}),_,, we have that

E, [l fi(x) — E. [Ai(2)]])3] = ©(N). (C.96)
2. With probability at least 1 — C exp(—cNy_1) over (Wy)L_,, we have that

E. [ fi(x) — Ex [fi(@)]]l,) = 0(/N). (C.97)
3. With probability at least 1 — C exp(—cNy_y) over (W) _, and x, we have that

1fi(x) = Ex [fu(@)]ll, = O(/N). (C.98)

Proof. The argument is by induction over [. The base case for (C.96) follows directly
from Assumption 2.1, since fo(z) = z. Since the ¢y norm is a 1-Lipschitz function, from
Jensen inequality and Lemma |C.13 we readily obtain the base case for (C.97). Note that
[z — Ex[2][|4[l;, < 1. Then, the base case for (C.98) is a direct consequence of Assumption
2.2/on x and of the base case of (C.97), and it holds with probability at least 1 —C" exp(—cd) >
1 — C"exp(—cNp_1) over z.

By inductive hypothesis, we assume the three statements to be true for layer [ — 1, for
[ € [L —1]. We will now prove (C.96) for layer [.

To ease the notation, we use the shorthands f(xz) := fi_i(z), f = E,[f(z)], f(z) =
= [&

fz) =
W :=W; and w; = W,;. We also define ¢(z) = ;|| f(z)| //Ni—1 and ¢ = E, ].

()

We condition on the following events in the probability space of (1;)\_}

(@) [[f(@)[l;, = O (1), which happens with probability at least 1 — C"exp(—cNg_1) by
Lemma [C.2.

(b) ¢ =©(1), which happens with probability at least 1 — C" exp(—¢cN_1) by Lemma C.18.
Notice that by Jensen inequality this also implies || f||> = O (N;_y).

(c) By inductive hypothesis, we have that, with probability at least 1 — C”" exp(—cN,,_1)
over z and ()42}

N
7@, = 0. (C.99)
Hence, with probability at least 1 — 2C" exp(—cN,,_1) over (Wy)'Z}, we have that
<2
P, (clNl1 < |f@)|, < CQNH) > 1/2, (C.100)

for some numerical constants co > ¢; > 0. In (C.100), we use the symbol P, to highlight
that this last probablllty is taken over x. For the rest of the argument, we condition on
a realization of (W;,)!Z} s.t. (C.100) holds.
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By taking a union bound, the events (a)-(c) happen with probability at least 1—4C" exp(—cN,,_1)
over (W42}

Now, we can write

E. [Ii(x) ~ E. @)]IZ] = E. oV 7)) — B, [ov )] ]
w1

(wavﬂhﬂ@>—ﬁxw«w*»fmnbﬂ)

=MH%{WMﬂm—&MWU@m1+Z&)

(C.101)
where we use that the w;-s are identically distributed and we have defined the independent,
mean-0 random variables

Zi =B, |($(0] £2)) = B[] F@)])] = Bue | (0] 1)) = . [olw] 1@)])°]
(C.102)

As in the proof of Lemma C.17, in the definition of Z;, the randomness comes only from w;,
since we are conditioning on (W)}

We have that

171, % Co e (900 1000) ~ ol sn])]]
< k. | (o007 500 - . ol sn])] |
= CoE, ||o(w] (@) ~ E. [o(w] f@)][] | (C.103)

< ik, | (ot £(@)

+)

+&{

E. [¢(w] f(x))] Hwﬂ
Tu»wDT7

where () is a numerical constant, the first inequality follows from Exercise 2.7.10 of Vershynin
[2018], the second line follows from Jensen's inequality as ||-||,,, is convex, the equality follows
from Lemma 2.7.6 of |Vershynin| [2018], and the last line follows from Jensen's inequality as
[I[[ 5, is convex.

P2

< ik |( ot @)

Recall that (W);; ~iia. N(0, 82/Ny—1) and that the Gaussian distribution is rotationally
invariant. Thus, ¢’ (w:f(x)) has the same distribution as ¢’ (¢(x)p;), where (pi)f\;ﬁ” ~iid.
N(0,1) and also independent of ¢(x). Therefore,

o (wl 1@)],, = ll6 @@l
< 16 (@(@)pi) — By, [ (&) p)lll, + IEp, [0 (E(2)p)ll,,,  (C104)
< C1e(x) + Coe(x) + O3 < Cu(e(z) + 1),

where the first term in the RHS in the second line is bounded by C¢(z) for Theorem 5.2.2
in |Vershynin| [2018], and the second term is bounded by Cy¢(z) + C5 by following the same
proof of Lemma C.11.
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Merging together (C.104) and (C.103) we get
1Zilly, <CoE. [( 4&() + Cyl + Cs) ]
—06 [(E( ) ) ] + C4C + 076 + Cg
—06 ( ) + C4C + 076 -+ 08
SCga

(C.105)

where in the third line we use Lemma |C.14.

Hence, the Z;-s are i.i.d. sub-exponential random variables, with sub-exponential norm
bounded by a numerical constant. An application of Bernstein inequality (cf. Corollary 2.8.3.

in |Vershynin| [2018]) gives that
>t] <2e cmin . N, (C.1006)
xp | — —, = :
P cc)t)

( 1
where ¢, C' are numerical constants. We recall that this probability is intended over W;.

NIZZ

Let's now focus on the first term in the last line of (C.101), using the shorthand w = wy, to
ease the notation. We can rewrite this term as

E. [E, [¢*(w f(2))] = Euy [6(w” f(@))o(w £(5))]]
= E,E,, [¢*(w' f(2))] = BoyBo [6(w” f(2)d(w f(1)] .
The aim of this part of the proof is to show that the quantity in (C.107) is O(1).

(C.107)

Recall that (W), ; ~iia N(0,37/N;_1) and that the Gaussian distribution is rotationally
invariant. Thus, ¢ (wa(:c)) has the same distribution as ¢ (¢(x)p), where p ~ N(0,1) is
independent of ¢(xz). We therefore have
2( T 2T ¢
E.E, [<z> (w'f(@) -0 (w f<x>é(x))H
o [0 (e(x)) = &*(p2)]|
<E, [Cfe - &(x)] + Co | — &(2)?]] (C.108)
E, [C1]¢ — &(x)| + Co(2 — &(x))? + 2Ca¢ |2 — &(x)]|
—o().

where the third line follows from Lemma C.10, and the last passage follows from Lemma C.14|
Similarly, we have

E,,E. lqb(wa (@)(w' f(y) — ¢ (“’Tf (“‘%fx)) ¢ (wa ) ~(Ey)ﬂ ’

= [EayEp,p, [0(p18(2))d(p2t(y)) — ¢(p18)d(p20)]| (C.109)
< Eyy [Cr]e(z) — 2 + Cat(y) [e(z) — ¢ + Cs[e(y) — & + Cae|e(y) — €]
—0 (Nl__ll/ 2) :

where p; and ps indicate two standard Gaussian random variables with correlation
F@)" ) /(1@ | f()]), the third line follows from C.15, and the last passage follows
from Lemma C.14. By combining (C.108) and (C.109), we have that

By [Eo [0°(w! f(@))] = Euy [$(w” f@)o(w f»)]] —¢| = O (NZY?),  (C110)

209



with

(o

i ) lT (715) (7 1053)] e

7E [ pl)} - ]Exy [Empz [¢<,01>&(p2)} )

where we have set ¢(t) = ¢(¢t). Hence, in order to obtain that the quantity in (C.107) is
©(1), it suffices to prove that £ = O(1).

As ¢ is Lipschitz and ¢ is ©(1), ¢ is also Lipschitz, which readily implies that § = O (1). We
now prove that £ = €(1). By exploiting the Hermite expansion of ¢, we have that

. @) fw) \'
=i |1-E ( : (C.112)
; LF @)@
where 4i; is the i-th Hermite coefficient of ¢. Note that, since we conditioned on & = O(1),
these coefficients are numerical constants. As ¢ (and therefore ¢) is non constant, there exist
J > 0 such that p; # 0. Furthermore, we have that the sum in (C.112) contains only positive

terms, as |f(x)" f(y)| < [|f(z)] - ||f(v)|| by Cauchy-Schwarz. Therefore, in order to show
that £ = Q(1), it suffices to prove that, for all j > 0,

J
@) T ()]
LF @@
where Cj is an absolute constant strictly smaller than 1. Furthermore, (C.113) is implied by

the following:
f(2)T 1 ()
Fey (r|f<as>|| ol =) = (C114)

where C; < 1 and ¢; > 0 are numerical constants.

By writing f(x) as f(x)+ f and f(y) as f(y) + f, we have

E,, <Gy <1, (C.113)

@) @+ N7 >+f>\
@I 7o)+ /] Hf + /]
_ @ G + T )+ 1P e
T ity O (C159)
Nl S PR i
"~ mineey ([FG) - 207FE)]) + 1717
Let us provide bounds on the various terms appearing in (C.115):
(i) Part (d) of the conditioning (cf. (C.100)) gives that
P, <mmze{$,y} H}(z)Hz > chl> > i, (C.116)

for some numerical constant ¢ > 0.
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(ii) Part (b) of the conditioning gives that

I£1I5 < C'Niy. (C.117)

(iii) Part (a) of the conditioning gives that || fi—1(z)||;;, = O (1), and part (b) of the
conditioning gives that E, [|| fi—1(y)|]] = ©(v/N,—1). Hence, as y ~ Py, Assumption
2.2 implies that

| @)l = Oy Ni), (C.118)

with probability at least 1 — 2exp(—cIV;_1) over y, where ¢ is a numerical constant.

Furthermore, by recalling that E,[f(x)] = 0 and using again Assumption 2.2, we have
that, for any fixed vector u,

P,(|f(x) Tul > t) < 20t/ Iulz, (C.119)

where ¢, is another numerical constant. Since x and y are independent, (C.119) implies
that
Po(|] ()T f(y)] > NPty < 20 oM/ < gemeatis, (C.120)

where the first inequality holds for every g, and the second inequality holds with probability
at least 1 — 2exp(—cN;_1) over y by (C.118). As a result, we have

Poy(|J(2) T f(y)] > NYJ) < 2e72VNir p9emNimn < gemesv/ N (C121)

(iv) By setting t = N[Q’_/i1 and u = f into (C.119), we obtain

P,(|F(y)" f] > N/}) < 270V N, (C.122)
where ¢4 is a numerical constant and we have also used (C.117).

(v) Finally, as z and y are independent, (C.122) implies that

Py (Maxaciayy |F(2)Tf] > NYT) < demesv/Nies, (C.123)
By plugging into (C.115) the bounds (C.116), (C.121), (C.122) and (C.123), we obtain that

@) I w)] 2N + 11113 i
Fo T 1/4 — 10~V N1 C.124
’y(umunf(y)uSch_l_Qle_/fw”; S g w0eeVE (Caz)

By using also (C.117), we have that (C.114) readily follows from (C.124). From (C.114),
we have that £ = ©(1). Hence, the quantity in (C.107) is ©(1) and in particular it is lower
bounded by a numerical constant, call it Cj.

By setting t = Cy/2 in (C.106), we conclude that

E, [ fi() — Eq [fi(2)]][3] = (M), (C.125)
with probability at least 1 —2exp(—cN;_1) over W}, where ¢ is an absolute constant. By taking
into account the conditioning made at the beginning of the proof over the space (Wk)i_:ll, we

obtain that (C.125) holds with probability at least 1 — 5C" exp(—cN,,—1) — 2 exp(—cN,—1) >
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1 — Cexp(—cN,_1) over (W),_,, where C'is a numerical constant, which concludes the
proof of (C.96).

Finally, we prove (C.97) and (C.98), again for layer [. By Lemma C.2, we have that || fi(2)]|;;, =
O (1), with probability at least 1 — C’ exp(—cNy_1) over (W},)}_,. By conditioning on this
event, we also have that ||| fi(z) — E.[fi(2)]ll, ||, = O (1). Furthermore, we condition on a
realization of (Wj)._, such that (C.96) holds.

To obtain (C.97), we apply Jensen's inequality and Lemma [C.13, which give that

E, [ fi(z) = E.[fi(2)]]l,]) = O(/N), (C.126)

with probability at least 1 — C" exp(—cNp_1) — 5C" exp(—cN,_1) — 2exp(—cN,_1) > 1 —
C exp(—cN,_1) over (Wy)i_,

To obtain (C.98), we condition on a realization of (W},)!_, such that ||| fi(x) — E,[fi(x)] ol =
O (1) and (C.97) holds. Then, by Assumption 2.2, we have that

Pa ([l fi(z) — Ex[fu(2)llly — B [[1f(2) = Eo[fi(@)]l5]] > Ea [l fi(2) — Ealfi(2)]]l5] /2)
< 2exp(—c1NV;) < 2exp(—cNp_y),
(C.127)
where ¢ is a numerical constant. This gives that

1fi(x) — Eu[f(@)]|| = ©(/N), (C.128)

with probability at least 1 — 6C" exp(—cN,,—1) — 2exp(—cN,,_1) — 2exp(—cN,_1) > 1 —
C exp(—cN,,_1) over z and (W})L_,, which concludes the proof. O

Lemma C.20 (L2 norms of centered backpropagation). Let x ~ Px. Then, we have

D¢ (9r-1(2)) — B [Dr¢' (gr—1(2))]ll, = O Ni-1), (C.129)

with probability at least 1 — 10 exp(—clog® N;_) — C exp(—cNy_1) over x and (W;)E_,
over (W)t _, and z.

Proof. An application of Lemma C.19 for [ = L — 2 gives that

[f2-2(x) = Eo [fr-2(2)]ll; = O/ Ni2)- (C.130)

with probability at least 1 — C” exp(—cN;_1) over (Wy)EZ? and .

To ease the notation, we use the shorthands f(z) := f1_o(z), f = E.[f(2)], f(z) = f(x) - f,
W := Wy and w; = W,;. We also define ¢(z) = 5, || f(z)|| /v/Ni—1 and ¢ = E,[¢(z)].

As in Lemma C.19, we condition on the 3 events (a)-(c), which jointly happen with probability
at least 1 — 4C" exp(—cNy_1) over (W,,)r=Z. Note that, to condition on the event (c), we
use (C.130).
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Now, we can write

E, [[|D16/(92-1(2)) — E, [Drdf (9-1(2))]ll3)

~E, | o)~ Ex [Ded/ (W fra(2))] [

= Np (N1 > (DoRE [(#/w] f@) ~ B [¢/(w] f(x))}ﬂ)

N (N1 > (D1, [(0 0] ) . [0 1))+ = 3 2
(C.131)

where we use that the w;-s are identically distributed and we have defined the independent,
mean-0 random variables

2 =(Du . (¢ ] (@) =B [o/] £(a)]) ]

) (C.132)

~ (DB | (0] £(2)) — E. [¢'(w] 1@)])°]
Note that in the definition of Z; the randomness comes only from w; and (D});;, since we are
conditioning on (W )£=2

If we fix the (Dy);-s and follow the same argument in (C.103)-(C.105) (cf. the proof of
Lemma|C.19), we have
(C.133)

i)

1Zill, < Co(Dr);

where Cj is a numerical constant and we have used that ¢’ is Lipschitz. Let &.q be the event
s.t. max;(Dg)? > log? N._1. Then, by following the same argument as in Lemma C.3, we
have that

P(Epaa) < 2exp(—clog? Np_1). (C.134)

Hence, by conditioning on &4, we have that
max; ||ZZ||1/11 < C() log2 NL,1. (C135)

By applying Bernstein inequality (cf. Corollary 2.8.3. in Vershynin| [2018]), we get

Np_1
1 VN1 )
}j Z gl <2exp -Vt ), C.136

for some numerical constant ¢. By combining (C.134) and (C.136)), we obtain that
1 Vi :
P Zi| > <2 —C—— | +2 —clog” Ny,
(‘NL—l ; ) - eXP( “log" Ny, oxp (~elog? Ni)
< 4exp (—clog2 NL_l) ,

1
N (C.137)

where this probability is over W;_; and W7,

Let's now focus on the first term in the last line of (C.131). In particular, we have that
2
£ = Euw, |(¢/ (0] £(@)) ~ B, [0/ 0] £@))])"] = ©(1). (C.138)
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This can be proven by following the same argument in (C.108)-(C.124) (cf. the proof of
Lemma C.19), as ¢ is Lipschitz and non-constant.

Next, we re-write (C.131) as

E, [\ D16 (g2-1(2)) — Ex [Dr¢/ (g1-1(2))]3

1 Nr_1 1 Np—1
= Nia |5 X (D, [(¢'<wf F@) = Ba [0l f@)]) | + 57— X Zz»)
-1 =1 o=l
Np—1 1 Np-1
- NL—l fEWL {(DL)H} NL 1 Z Z)
=1
Np-1 Np—1
= Np 1 §5L+§TZZ+ ZZ)
(C.139)

where we have defined the independent, mean-0, sub-exponential random variables
Zi = (Dp)} — Bw, [(D)}] - (C.140)

Since the (Dy);;-s are standard Gaussian, we have

o S @], = 1Dl = Cu. (C.141)

Hence, another application of Bernstein inequality (cf. Corollary 2.8.3. in |Vershynin| [2018])
allows us to conclude that

‘ Np—1

Z;
Nle

=1

=0 (N1, (C.142)

with probability at least 1 — 2 exp(—cy/Np_1) over Wy,

Thus, by using (C.137) and (C.142), and taking into account the initial conditioning over
(Wi)5=%, we conclude that

B (1000 (92 1()) — B [Dad/ (g @)Y = O ), (C143)

with probability at least 1 — 6 exp(—clog® N;_;) — 6C" exp(—cNp_1) over (W,)E_,.

Proceeding in a similar fashion as in Lemma C.19, we apply Lemma C.4, which gives that
D¢ (9r-1(2))l1;, = O (log Np—1), with probability at least 1 — 2exp(— clog? Np_1) —
C"exp (—Np_1) over (Wk)k ,- By conditioning on this event, we also have that

D¢ (gr-1(2)) — Ex [Drg’(g9r-1(2))]ll2ll Ly, = O (log Np—1). Furthermore, we condition
on a realization of (1W};)£_, such that (C.143) holds.

We can now apply Jensen's inequality and Lemma C.13, to obtain that

E. [ D16/ (911(2)) = Ea [Dr¢/ (gr-1(2))]ll,] = O/ N, (C.144)

with probability at least 1 — 8 exp(—clog® N_;) — 7C" exp(—cNp_1) over (Wy)k_,

Finally, we condition on a realization of (W},)%_, such that
D¢ (gr-1(2)) — Eu [Dr¢'(g9r-1(2))]2ll;, = O (log Np—1) and (C.144) hold. Then, by

214



Assumption 2.2, we have that

Px( 1DL¢' (gL-1(2)) = Eo [Drd (gr-1(2))]ll; — B [[| DL (92-1(2)) — Bo [Dre (gr-1(2))]ll,]]

E, [| D¢ (91-1(x)) — B [Drd (g1-1(2))]ll,) /2)
< 2exp! —cNp_1).

(C.145)

This gives that
DL (9r-1(x)) — Ex [Dr¢' (gr-1(2))]ll, = O(/ Nr-1), (C.146)
with probability at least 1 — 10 exp(—clog® N;_;) — 8C" exp(—cNp_1) over x and (Wy)E_,
This concludes the proof. n

C.3 Proofs for Part 1: Centering

C.3.1 Step (a): Centering Features and Backpropagation

Lemma C.21 (Centering features and backpropagation). Consider the setting of Theorem
2.6, let F;_y € R™Ni-2 pe the feature matrix at layer L — 2, and let B;_; contain the
backpropagation terms from layer L — 1, i.e. (BL 1)i = DngS’(gL (). Let Jp_oJ] 5=

FL 2FL QOBL 1BL 1 andJFBJFB = FL QFL QOBL 1BL 17 WhereFL 9 = FL 9 —
Ex[FL 2] andBL 1—BL 1—Ex[BL 1] Then we have that

)\min (JL_QJEZQ) Z )\min (:]FB:];B> — O(NL_lNL_Q), (C147)

with probability at least 1 — C exp(—cNp_;) — 4 exp(—clog®n) — 8exp(—clog? Ny _;) over
(Wi)E_, and (z;)", ~iia. Px, where ¢ and C' are numerical constants.

Proof. By Lemma C.2 and Lemma C.4, we have that || fr—2||;;, = O (1) and || D¢/ (921 ()14, =
O (log N1_1) with probability 1 — C exp(—Ng_1) — 2exp(—clog® N;_;) over (Wi)E_,. We
will condition on these events for the rest of the proof.

R, R T, _ _
Let's define JpJr = F';_oF; ,0Br_ 1B} . We can now re-write the quantity J;_»J; ,
as follows:

~ ~T
JL_QJ;_Q == JFJF + ]E[FL_Q]E[FL_Q]T o} BL—IBE_l
+ ((Froz = E[Fy-2)E[Fy 2] " +E[F ] (Fy2 — E[Fys]) ") 0 BiiBL,
= Jpdp+ Wl BiaBL y + (A11T +117A) 0 B\ B

. Al ALY T N

= ‘]FJF+ ||V||21+ || || ||V||21+W OBL—lBL—l (C148)
2 2
A11TA
2 BL—IBI—1
[

~ -7  A11TA

= JFJF 2 BL—IBZ—D
w115

where v = E,.[(F},_»);.] € RV2-2 (independent on 1, since the x;-s are i.i.d.), A is a diagonal
matrix such that Ay = T (F_s)i. — ||v||5 =: u(x;), and 1 € R™ is a vector full of ones. The
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last step is justified since the Hadamard product of PSD matrices is PSD by the Schur product
theorem. Notice that we are assuming [|v||, # 0. In fact, if [[v[|, = 0, then we immediately
have that J = Jp.

Expanding in an analogous way the term ij; we get
- -7 A11TA
Jr—od] o= Jpdp— oz ° Br 1B,
2

T
~ =T ' ~ ~T
- ‘]FBJFB + <||TIH21 + || ” ) <||77H21 + ”n||> © FL—QFL—Q

2 2

rii’'r . .t A11TA
g o FL—QFL_Q - T2 O BL—lB;—l
15 1
T
. ~T I ~ v\ =T
= JrJpp + ||77||21+ ”77”21"‘7 oFp o 5 | £
” ||2 ||77||2 ||V||2
T T
N PLQF Py - ALZA o By 1B,
17l w115

(C.149)
where n = E,.[(Br_1)::] € RV2-1 (independent on i, since the z;-s are i.i.d.), " is a diagonal
matrix such that T;; = " (B_1)i. — ||[n]l5 =: ¢(x;). The last step is justified by the fact that
the following matrix is PSD

.
I'1 I'1 ~ v\ =T

il ) (14 ) o Fus (1= 225 ) P

( 2=l 22 il ;) 57

since it is the Hadamard product of two PSD matrices. Notice that we are assuming |||, # 0.
In fact, if ||n||, = 0, then we immediately have that Jr = Jpp.

Taking into account the following relations
Al = FL_QV, 'l = BL_l’f], EX[BL—I] = 177T, (C].SO)

we can simplify the second and the fourth term of the RHS of equation ((C.149) as follows

"

Il I'l ~ W A11TA

(||n||21+”n”>(||n||21+) o P (1) Fla - BraBl o St
2

71l V113 713
= (a1 + ) (a1 oy ) LA
n n ©
27l 27 il vl
. . T A11TA
rii’'r ~ ~ T AllTA AllTA
= <2 - BLIBLl) 0 S = —Bp By 0
71l 115 [
(C.151)
Merging this last relation with (C.149) we get
~ rii’'r . .7 A11TA -
Jiadf o= JppJpp — ——a 0 F oF; s — ——o- 0B, 1B, ,
17l 1115
T T
- r . r . A A
=JreJpp — (FL—2> (FL—2> - ( BL—1> (BL—1> :
5\l 17l [P [P
(C.152)
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Note that ||ull;;, < || fr—2llLp 7[5, and that By [u(x:)] = 0 for all i € [n]. Thus, by using
Assumption 2.2 on x; and exploiting the initial conditioning on the weights, we have that

P(|u(xi)l/ vl > ) < 2exp(—ct?), (C.153)

where the probability is intended over x; ~ Px. Thus, following the same argument of Lemma
C.3, the last relation implies that

1A/ [[l,]l4p = O (logn) , (C.154)

with probability at least 1 — 2exp(—clog®n), where ¢ is a numerical constant, and the
probability is intended over {x;}! ;. This implies that

A A -\
——Bjr_ ——By_
H(nuuz ’ 1><||u||2 : ) .

2
~ =T
S ‘ HBL_lBL_lHop =0 ((TL + NL—I) : 1Og2 n- 1Og2 NL_1> = O(NL_QNL_l),
op

(C.155)
where the second equality is justified by Lemma |C.9, and the last by Lemma C.1. This result
holds with probability 1 — C'exp(—cNy_;) — 2exp(—clog®n) — 4exp(—clog® N;_;) over

(Wi)izy and (2)7;.

Note that [[(][;;, < [1Dré'(9r-1(2))lLip, 7ly, and that E,, [¢(x;)] = O for all i € [n]. Thus,
by using Assumption 2.2 on z; and exploiting the initial conditioning on the weights, we have
that

11l

P(¢(zi)|/ [0l > t - log Np—1) < 2exp(—ct?), (C.156)

where the probability is intended over z; ~ Px. Thus, following the same argument of Lemma
C.3, the last relation implies that

I/ MInllallop = O (logn - log N, (C.157)

with probability at least 1 — 2exp(—clog®n), where ¢ is a numerical constant, and the
probability is intended over {x;}! ;. This implies that

.
I - I -
(FL—2> (FL—2>
171l 171l o

r ~ ~T
< [T 1P, = 0 6w Mot s ) = o e,
2

(C.158)
where the second equality is justified by Lemma |C.8, and the last by Lemma |C.1. This result
holds with probability 1 — C exp(—cNy_1) — 2exp(—clog®n) — 4exp(—clog? N;_;) over
(Wi)k=y and (:)7;.

By merging (C.155) and (C.158) with (C.152), we readily obtain the desired result. O

2
op

C.3.2 Step (b): Centering everything

Lemma C.22 (Centering everything). Consider the setting of Theorem 2.6, let F|_5 €
R"*Ni-2 pe the feature matrix at layer L — 2, and let B;_, contain backpropagation terms
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from /ayer L— 1, ie. (BL—l)i: = DL(b/(gL—l(xi))- Let jFBj;B = FL_QFZ_Q e} BL—IBZ_l
~ ~T ~ =T ~ ~T ~ =T ~ ~T ~
and JL_QJL_2 = FL—%FL_Q O BL—IBL_l — EX [FL_QFL_2 e} BL—lBL_l]: where FL_Q =
FL_2 — Ex[FL_Q] and BL_1 = BL_1 — EX [BL—I]- Then, we have that
~ ~T ~ ~T
Min (T T 5) = Amin (Jo-2715) = 0(Np_1Np—2), (C.159)

with probability at least 1 — C exp(—Np_;) — 2exp(—clog® N;_;) — 2exp(—clog®n) over
(Wi and ()i

Proof. Note that the i-th row of Jxp is now in the form

(Te)i: = Fro(w) @ (D¢ (gr-1(2))), (C.160)

where we recall that f; ,(x;) = fra(z;) — By, [fro(z;)] and é’(gL,l(xi)) =¢'(gp-1(x;)) —
E[¢'(gr—1(z;))]. Furthermore, (J1—2)i. = (JrB)i: — Esy;[(JFB)i]. Then, by following similar
passages as in (C.148), we have
~ NT ~ ~T ~ ~
Jrpdpp =J1-2J;_5 + E[Jpp|E[Jpp]"
+ (Jre —E[Jrp)ElJrs]" +E[Jre|(Jrs — E[JFrs])"
= Jpad) o+ AR 11T +A117 +117A

+ AT Al A1 \T a11Ta (C161)
=St (”“”'Fl ¥ HAHF) (“A”Fl ¥ ||A||F> AR
- =T A11TA
=JroJ g — ———,
24l
where we have defined
A=E,, |fr_a(@:)(Drd (gr1(2:))], (C.162)

which is independent on i (as the x;-s are i.i.d.), and A is a diagonal matrix that contains in
the i-th position

Nsi = Froa(@) T A(DLd (9-1(2:)) = Ba, | Froo(w) TA(DLd (g1 (2:))] . (C.163)
The last passage of (C.161) is true since we are subtracting a PSD matrix.

An application of Lemma (C.2 gives that || fr_a(%;)||Lip and ||¢'(gz—1(x:))||Lip are upper
bounded by a numerical constant both with probability at least 1 — C'exp(—Np_1) over
(Wk)iZ1. Let us condition on this event on the probability space of (W},);Z|. Then, we can
apply Lemma [C.5 with u(z) := f; ,(z) and v(z) := ¢'(gr_1(x)), which implies that

1Ailly, < ClIADLIp < CllAllp [ Dellop = O (log No—1) | Al - (C.164)

In (C.164), C is a numerical constant and the last equality holds with probability at least
1 — 2exp(—clog® N;_,) over Wy, by Lemma C.3. Thus,

P(|Aul/ || Allp >t -log N—1) < 2exp(—ct), (C.165)

where the probability is intended over x; ~ Px and c is a numerical constant. Thus, following
the same argument of Lemma |C.3] the last relation implies that

1A/ Al = O (log? n - log Ny (C.166)
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with probability at least 1 — 2exp(—clog®n), where ¢ is a numerical constant, and the

probability is intended over {x;}! ;.

Thus with probability 1 — Cexp(—Ng_1) — 2exp(—clog® N;_;) — 2exp(—clog®n) over
_, and (z;)",, we have

2
=0 (n -log*n - log? NL_1> =o(Np_aNp_1), (C.167)

op

A
1Al

< (1],

HA11TA
|A]|%

op

where the last equality is a consequence of Lemma C.1.

The desired result follows from merging (C.167) with (C.161). O

C.4 Proofs for Part 2: Bounding the Centered Jacobian

C.4.1 L2 and Sub-Exponential Norms of Centered Jacobian

We start by providing an upper bound on the quantity E, U‘L%(x)(DLé’(gL,l(x)))T}. This
preliminary result will be useful when bounding the /5 norm of the rows of the centered
Jacobian.

Lemma C.23. Consider the setting of Theorem 2.6, let x ~ Py, and let A be defined as
=B, [ f12(2)(D1d (g-1(x)) "] (C.168)

4l =0 (Vo1 log(Ve ). (C.169)

with probability at least 1 — 2 exp(—clog® Ny_1) — Cexp(—cNp_1) over (Wy)E_,, where c is
an absolute constant.

Then, we have

Proof. We condition on || fr—2(2)||;;, = O(1) and on [[¢'(gr-1(z))[l;, = O(1). By
Lemma C.2, these two conditions hold with probability at least 1 — C" exp(—cNp_1) over

(Wi)eZ1. Then, as Px satisfies Assumption 2.2, we have that “fL,z(x)"¢ = O(1) and
2

H(&(QL*1<I))H¢2 = O (1). Hence, an application of Lemma C.6 gives that

‘Ez [}L o )Cg (9p-1(z ))T] Hop < (h, (C.170)

where ('] is a numerical constant.

The following chain of inequalities holds:

[Fra(@)d (g1 @) ]| I1DL ]
Ni-1 [ [Fr (@)@ (g )]

< clm 1D
=0 <\/Elog(NL_1)> ;

where the third line uses (C.170), and the last holds with probability 1 — 2 exp(—clog® Ny_)
over Wy, because of Lemma C.3. Taking into account the initial conditioning, we get the
desired result. ]

1Al < |[Ee

1DLlop

(C.171)
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The next two results provide bounds on the /5 norm and on the sub-exponential ¢); norm of
the rows of Jp_o, respectively.

Lemma C.24 (L2 norm of rows of centered Jacobian). Consider the setting of Theorem 2.6,
let © ~ Py, and let J, be defined as

Jo=F1 () ® (D18 (91-1(2))) — Ba [F15(x) @ D/ (g11(x))] - (C172)

Then, we have
‘ = O(\/ N1 N 2), (C.173)

with probability at least 1 — C exp(—cNp_1) — 12 exp(—clog® N;_1) over x and (W},)£_, and
x.

Ja
2

Proof. We have that

7],

(2) ® (D1 (9-1(2))) = Eq | F1-a(2) © Drd (g1 (2))] |,
—HfL (2)(D1(911(2))) " - [fL (2)(D1d (g1 (@) '], (C178)
=||F12(@) (DL (911 (2))) -

where A is defined in (C.168). The second equahty is justified by the identity ||u ® v||, =
HUUTHF that holds for any vectors u,v. An application of the triangle inequality gives that

n—lAlly < |7
Lemma C.19 gives that
|72, = Il f-2(2) = o [froa(@)]ll, = O(/N1—2), (C.176)

with probability at least 1 — C” exp(—cNy_1) over (W})E_, and z. Furthermore, Lemma C.20
gives that

| D2 (gr-1(2))], = DL (' (g1-1()) = B [¢' (g1 ()D)ll, = O/ Nia),  (C.177)

with probability at least 1 — 10 exp(—clog® N_1) — C"exp(—cNy_;) over z and (Wy)E_,.
By combining (C.175), (C.176)), (C.177) and the bound on ||A]| . provided by Lemma |C.23,
P

we conclude that .
‘ , = O Np_1Np_), (C.178)
with probability at least

1 — C"exp(—cNp_y) — 10exp(—clog? Ny _;)
— " exp(—cNp_1) — 2exp(—clog? Np_1) — C" exp(—cNp_1) (C.179)
> 1— Cexp(—cNp_1) — 12exp(—clog® N;_),

LS+ ALy, with n = || @), |Drd/(91-1(2))], -

(C.175)

T

over x and (Wy)E_,, which gives the desired result. O

Lemma C.25 (Sub-exponential norm of rows of centered Jacobian). Consider the setting of
Theorem 2.6, let = ~ Px, and let J, be defined as in (C.172). Fix a realization of (Wj,)E_,.
Then, with probability at least 1 — 2 exp(—clog® N;_1) — C exp(—cNy_1) over this realization
(c being a numerical constant), we have that

=0 (log N 1) . (C.180)

J
Tl
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Proof. We condition on || fz—2()lly;, = O (1) and on [|¢'(g9z-1(z))ly;, = O (1). By Lemma
C.2, these two conditions hold with probability at least 1 — Cexp(—cN;_;) over (W,)iZ}.
Then, we have

:]93 = sup uT:]r
‘ Vi ust uly=1 H (!

=0 N a0 D18 (g11(2)) = B [ Falw)U D1 (9112

s.t. =
<Coy sup |[UDLlp
Ust ||Ullp=1
< Co || Dl
< Cylog Np_1,
(C.181)

where the third line follows from Lemma C.5 and the last inequality holds with probability
at least 1 — 2exp(—clog® N;_1) over Wy by Lemma C.3. Taking into account the initial
conditioning, we get the desired result. O]

C.4.2 Proof of Proposition 2.8

Proof of Proposition 2.8. Following the notation in Adamczak et al.| [2011], we define

1
n 2, 2
. ~ 12
B:= sup zidill — sz Ji. (C.182)
zER™||z][,=1 |{|4=1 9 =1 2
Then, for any z € R™ with unit norm, we have that
2 " 2 " 2 n 2 2
y y 2|7 2|7 ]y 2
|72, = HE‘TZJ - le Ti|)) + le Ti |, > min, | 7| - B2, (C.183)
1= 2 1= 1=
which implies that
o ~ 2 ~ 2
i (77) = inf || T2] > ming | 7 - B2 (C.184)
z€R™:||z|,=1 2 2

In our case, :]i: € RNe—2No-1 Notice that this dimension is indicated with n in Theorem
3.2 of |Adamczak et al.|[2011]. In the statement of the mentioned Theorem, let’s fix r = 1,
m =n, and = (n/(Np_1Np_3))"/* < 1/4. Then, we have that the condition required to
apply Theorem 3.2 is satisfied, i.e.

N;_oNp_
n10g2 (24’:2“) < /nNy_oNy_4, (C.185)
n

where the inequality follows from Assumption 2.5. By combining (C.184) with the upper bound
on B given by Theorem 3.2 of Adamczak et al.|[2011], the desired result readily follows. [

C.4.3 Proof of Theorem 2.9

Proof of Theorem |2.9. By Lemma |C.25, we have that, with probability~at least
1 —2exp(—clog® N;_;) — C" exp(—cNy_1) over (W;)E_,, the rows of .J are sub-exponential
(with respect to the randomness in (x;) ). In particular, we have that

JZ':

Y = max;

" S Cl IOgNLfl. (C186)
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Furthermore, by Lemma (C.24, we have that

75|, = ©(/NiaNL ), (C.187)

with probability at least 1 — p over x; and (Wj)E_ |, where to ease the notation we have
defined p := C’exp(—coNp_1) + 12exp(—colog® N;_1). Hence, with probability at least

1 — /p over (Wy)_;, we have that
P, (Cl\/NL—2NL—1 < ‘ . = 02\/NL—2NL—1> >1—/p, (C.188)

for some numerical constants ¢ > ¢; > 0. In (C.188)), we use the symbol P, to highlight that
this probability is taken over x;. For the rest of the argument, we condition on a realization of
(Wi)E_, s.t. (C.186) and (C.188) hold. Then, by performing a union bound over the samples,
we have that

ji:

Ji:

Nmin = i || Jii|| > c1y/NpoNp1, (C.189)
and i
Tlmax = Max; Jz 9 < C24/ NL—2NL717 (C190)

with probability at least 1 — n,/p over (z;)i;.
Next, we apply Proposition 2.8 with K =1, K’ = ¢, and
A =C (YK + K')*n"*(Np_ Np_o)¥/*
< Cylog® Np_yn'*(Ny_1Np_p)** (C.191)
= O(NL—lNL—Q)-

Note that (C.1) in Lemma |C.1] gives that n'/*-log® N_; = o((Np_1 Nz_5)"*), which justifies
the last line. Thus, (2.13) implies that

Amin (jjT) > 02— A >N, oNp 1 —o(Ny_ 1Ny o) = O(N,_ Ny ), (C.192)

with probability at least

2N;_{N;_
I —exp <—cK\/ﬁlog (L;LLQ)) —P <77max > K,\/NL—INL—2>

> 1 —exp(—cv/n) — P (nmax > CQM) (C.193)
>1—exp (—c\/ﬁ) — NP,
where the last inequality follows from (C.190). By taking into account the conditioning over
(Wy)E_, made in order to guarantee (C.186) and (C.188), we conclude that A, (:]:]T) =
Q(Np_1Np_5) with probability at least
1 —exp (—c\/ﬁ) —ny/p— /D — 2exp(—clog? N_1) — C"exp(—cNp_1)
=1—exp (—cﬁ) —(n+ 1)\/0’ exp(—coNp_1) + 12 exp(—co log? Np_1)
—2exp(—clog? Ny _1) — C"exp(—cNp_1)
>1—exp (—c\/ﬂ) —(n+1) (\/aexp(—coNL,l/Q) + \/Eexp(—co log? NL,1/2))
— 2exp(—clog? Ny _1) — C"exp(—cNp_1)
>1—exp (—c\/ﬁ) — C"nexp(—c;Np_1) — C"nexp(—clog® Np_1),

(C.194)
over (x;)™, and (W},)E_,, which gives the desired result. O
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C.5 Proof of the upper bound 2.7

Before giving the proof of the upper bound 2.7, we provide again its statement for the reader’s
convenience.

Lemma C.26 (Upper bound on the smallest NTK eigenvalue). Consider the setting of
Theorem 2.6, and let K be the NTK Gram matrix (2.3). Then, we have

Ain () = O (dN11) | (C.195)

with probability at least 1 — C exp(—cNy,_1) over (z;)", and (W},)E_,, where ¢ and C' are
numerical constants.

Proof. By using the expression in (2.8), we have that

L—1
Amin (K) = Amin (JJT) < (JI N = 3 1)l (B3 - (C.196)
1=0
An application of Lemma |C.16| gives that
I(EDLIE = [fi(z)l; = O(N), (C.197)

with probability at least 1 — C" exp(—cNy_;) over (Wy),_, and z;. We condition on the
event such that (C.197) holds for all I € {0,...,L — 1}. This happens with probability at
least 1 — C" exp(—cNy_1) over (Wy)E_, and z;.

By definition, we have that ||B||, = 1 and that, for [ € [L — 1],

2

L-1
1(Bo)1]l; = [T Zk(z) Wips (C.198)
k=l 2
Since X (x1) = diag([¢’(gk7j(x1))]§y;cl), by Assumption 2.3, we have that
12k (1) 0p < M. (C.199)

Let us now condition on the following two events: (i) [|[Wy|,, = ©(1), for all k € [L — 1]
(this happens with probability at least 1 — C” exp(—cNy_;) over (Wy)r=1, see (C.12) in the
proof of Lemma C.2), and (ii) |WL|, = ©(v/NL-1) (this happens with probability at least
1 —exp(—cNp_1) over W, by Theorem 3.1.1 in |Vershynin| [2018]). Then, we readily get

I(B)1:ll; = O (Np-1) . (C.200)
Taking the intersection of all the events over which we conditioned, we finally obtain
L—-1 ) ) L-1
S )2 (Bl = 0 (N“ 3 Nl) _o@vLy),  (Coon)
=0 1=0

with probability at least 1 — (1 + C" + C") exp(—cNy_1) over (Wy)L_, and z;, where in the
last step we have used Assumption 2.4, By combining (C.196)) and (/C.201), the desired result
follows. O]
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C.6 Proof of Corollary 2.10

Proof of Corollary 2.10. By Theorem 2.6, we have that the smallest eigenvalue of J.J ' is
bounded away from zero with probability at least 1 — p over (z;)"; and (Wj)E_,, where

pi=Cne ¢o8 Nt _ Cemclog’n, (C.202)

Hence, with probability at least 1 — p over (z;);, there exists a set of parameters 6, such
that J(6p) has a right inverse. Thus, for all Y € R", there exists 6’ such that

. OFL(0)
()0 = =2

0 =Y. (C.203)
0=0o

This can also be written, for all i € [n], as

Yy = afL(ea xz) 0/ — lim fL(HU + h9 7xz) fL(eﬂwxz) ' (C204)

00 0=0 h—0 h

=bo
Then, for all € > 0, there exists h* such that, for all i € [n],
€

o ) < (C.205)

where b 1 g p
IR PR CLURRAALA RS AU (C.206)
Finally, the desired result follows by noticing that f* can be implemented by a network with
the same depth and twice more neurons at every hidden layer. O]

C.7 Proof of Theorem 2.11

Notation for this appendix. In this appendix, we use J(f) to denote the Jacobian of
the network output F, evaluated in §. We recall that J(6) is a matrix with n rows and
ZILQOS NiNiy1 + 2N 9Ny 1 + 2N columns (for the optimization result, we assume that
the (L — 1)-th layer has an even number of neurons and denote its width as 2N, _;). Let
K(9) = J(0)(J(0))" be the associated empirical NTK Gram matrix, and let 6, be the
initialization defined in (2.18). We also make the dependence on 6 explicit for feature vectors
and backpropagation terms: the feature vector at the I-th layer with input x; and network
parameter 0 is denoted by f;(6,z;), and the corresponding backpropagation term is denoted
by b;(0, x;), where b;(0,x;) = (By(0));.. Finally, we use W;(0) to denote the weights of the
[-th layer evaluated at the parameter 6.

A straightforward application of Theorem 2.1 in Oymak and Soltanolkotabi| [2019] gives the
following proposition.

Proposition C.27. Consider solving the least-squares optimization problem
1
ming £(0) = 5 ming || F(0) - Y3, (C.207)

by running gradient descent updates of the form 0, = 0, — nV L(0;), with some initialization
0o. Assume there exists o, 0 € R, such that, if we define D = B(60g, R) as the {5 ball centered
in Og with radius R, with .

_ 4]Fel0 -,

«

R (C.208)
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the following holds

VO €D : a<omn(J(0) <I[J0O)],, <58, (C.209)
2
V01,0, €D [ J(61) — J(6a)]],, < g‘ﬁ (C.210)
Then, by setting n < 1/(2?), we have that, for all t > 1,
2\t
£(6,) < (1 - 77;‘) L£(0). (C.211)

In order to apply this proposition with initialization 6, = 6,, we need to prove that the
necessary assumptions hold. We will do so by showing the following intermediate results:

= Lemma C.28 shows that, at the initial point 6y, the network output is 0 and the smallest
NTK eigenvalue is lower bounded.

» Lemma C.29 gives a tight estimate on the operator norm of the weights inside a ball D
centered at 0y and with radius R = o(1).

» Lemma C.30 gives an upper bound on the distance between a feature vector in D and
the feature vector at 6.

» Lemma C.31 gives upper bounds on the /5 norm and the /5 distance between feature
vectors in D.

» Lemmas C.32 and |C.33| give upper bounds on the ¢ norm and the ¢, distance of
backpropagation terms in D, respectively.

» Lemma C.34 gives an upper bound on the difference in operator norm between Jacobians
in D.

= Finally, Lemma C.35 gives upper and lower bounds on the NTK spectrum in D.

Lemma C.28 (Network output and smallest NTK eigenvalue at initialization). Let 6, be
defined in (2.18). Then, we have that, for all x € R¢,

fi(z,bh) = 0. (C.212)

Furthermore, we have that

Umin(J(&O)) Z Cly/’)/NL_QNL_l% (C213)

with probability at least 1 — C ne~c°8" Ne-1 — C'e=c18" " over (2,)_| ~iiq. Px and 6, where
¢,cq and C are numerical constants.

Proof. By definition (2.18) of the initialization 6, we have that

Fr(,00) = (WP (06)) "o (Wi (00)) T fr—a(00. )
+ (W2 (00)) TS (W21(00) fr—2(b0, )
= (WP (00)) T o(WEY1(00)) T fr—2(6o, 7)) (C.214)
+ (=W (00) T (W1 (00)T fr—2(, 7))

=0

)
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where in the second equality we use that Wéz_)l(ﬁo) = Wél_)l(eo) and that Wf)(ﬁo) =
—WS)(QO). This proves (C.212).

Let us now compute the Jacobian at initialization J(6y). For [ € [L — 2], we have that

afL X 1 T 1 T 1 TafoQ 9,517
G(W(l)jj_ = (@) (¢ (W24(600))" 1200, 2)) <<W£31<90>> a<w§>ij ) :))
T@fL_g(H,x)

+ (W2 (60)) <¢' ((W21(00)" f1-2(00, 7)) ((WF_%(@O))

)

+0fr_2(0,7) ))
0=0o

O(W1)s;

= V(00 (o (V200 ol ) (0712 00)

O(W1)i;

(C.215)

where in the second equality we use again that WL(Q_)l(Go) = Wél_)l(Go) and that WL@)(GO) =
—W(60)
Let us define £, (6, 2) := (W, (0))7 fr_2(6, 2)) for k € {1,2}. Then, for the (L — 1)-th

layer, by isolating the computation over Wél_)l we have that

0f.(0,z) af (0, 2)

W) <¢’ (W8, (60))" fios(60, ) ((Wmeo))

=0,

LofY, (6, )

_ (1) T (2)
(WY, )is lo—s, — ) o(WiM,)y 9:90+(WL %) O(WP )iz lo—s,
_ (WL@)(@O))Tafg—)l(eax) (C.216)
oW1z lo=a,
= JW(8,),

where we use that ff_)l(@,x) does not depend on the parameters I/VL(I_)1 Proceeding in the
same way and using that WL(Q_)l(QO) = Wél_)l(eo) and WL(Z)(GO) = —WL(l)(HD), we also obtain

that
(9fL(0, 13)

L = —JW(gy). (C.217)
W)y

0=0o

Finally, by observing that f;,(6,2) = (W) T f9.(6,2) + (W) T £2(0, 2), we deduce
ofr(0,z)

= (™ (6y,2)) , for ke {1,2). C.218
o, (/£21(60,2)), {1,2} (C.218)

=0,
Hence, the NTK at initialization K () can be expressed as
K (0p) = Y (00)(JV (00))" + D (00) (T (6)"

+ FY (00) (FL2,(00)) T + 21 (00) (F2(60)) 7. (€.219)

Note that, by construction, J(l)(ﬁo) has the same distribution of .J;_5, whose rows are given by
(2.10). Therefore, by combining the results from Theorem 2.7/ and Theorem 2.9, we conclude

that
Tmin(J (o)) > 2ﬁ0min(JL—2) > c1\/YNL—2Np_1, (C.220)
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with probability at least 1 — C'ne=¢18" Nee1 — C'e=clog®n gyer (1;)7_, and 6y, where ¢, C are
numerical constants. This proves (C.213), and concludes the proof of the lemma. ]

Lemma C.29 (Operator norm of weights in D). Let 6, be defined in (2.18), let D = B(6y, R)
and assume that R = o(1). Then, for any | € [L — 1],
sup |[W,(0)]|,, = O (1), (C.221)
9eD

lop

with probability at least 1 — 2 exp(—cNy_1) over W;(6y).

Proof. By Weyl's theorem, we have that, for all [ € [L — 2],

Sup [[Wi(0)llop < IW(00)llop + sup [W2(0) = Wil0o)llp
< [[Wi (o)l +Sup||Wz( ) = Wi(6o)ll
< [IWi(60)llop +sup||9 bl (C.222)
H Wi(60)llop ()
o),

where in the fourth line we use that R = o(1), and the result of the last line holds with
probability at least 1 — 2 exp(—cNp_1) over Wi(6y) by Theorem 4.4.5 of Vershynin| [2018].
By following the same argument, we have that, with probability at least 1 — 2 exp(—cNy_1)
over WL_1(00>,

sup [} H)HOP =0(1), forke{1,2}, (C.223)

0D

which readily implies that supycp [|[Wi—1(8)||,, = O (1) and concludes the proof. O

op
Lemma C.30 (Distance of features in D from initialization). Let 6, be defined in (2.18),
x ~ Px, D = B(0y, R) and assume that R = o(1). Then, for any 0 <1 < L — 1, we have

sup [1£i(0,@) = fil0o, @), < C RV, (C.224)

with probability at least 1 —C exp(—cNy_1) over (Wy(6p)),_, and x, where ¢, C' are numerical
constants.

Proof. We prove the claim by induction over [. For the base case, we have fy(0, x) = fo(6o, x),
hence (C.224) holds with probability 1.

For the induction case, let [ > 0. Then,
sup [1/(0, 2) = (0o, @), = sup | ((Wz<9)>szfl(9, 7)) = & (Wi(6)) " froa(60, 7)) |,

< MsupH W) fii(0,x) — (W/I(QO))Tfl—l(QO’x)HQ

0eD

< Msup |(Wi(0)) i-1(6.2) = (Wi(8) fics (60, ),
+ 2 sup | (W0))" fia(Bo,2) = (Wi(60) " fims (60,
< M sup ||I/Vl( )||op sup || fi-1(0, ) — fi_1(6o, )|,
0eD €D
- Mglelg [Wi(6) = Wi(60)lop 1 f1-1(60, )5 -
(C.225)
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By Lemma |C.29, we have that

sup [[Wi(0)|l,, = O (1), (C.226)

0eD

with probability at least 1 — 2 exp(—cNy_1) over W;(6y). By inductive hypothesis, we have

zug ||fl*1<97x> - fl*1(007x>”2 S CR\/E, (C227)
S

with probability at least 1 — C'exp(—cNy_;) over (Wi ()i, and x. Clearly, we also have
that

sup [[Wi(0) = Wi(6o) o, < sup [Wi(0) — Wi(6o)|| o < sup [0 — bol| < R. (C.228)
0D 0eD 0D

Furthermore, an application of Lemma C.16 gives that

[ fi2 (60, 2)ll, = ©(/Niea) = O (V) . (C.229)

with probability at least 1 — C exp(—cNy,_1) over (W (6p))4_} and z. By combining (C.225),
(C.226), (C.227), (C.228) and (C.229), we obtain that

sup|1i(0,2) = (0o, ), < C RV, (C.230)

with probability at least 1 — C'exp(—cNy_1) over (W (6p))%_; and x, which completes the
proof. O

Lemma C.31 (L2 norm and distance of features in D). Let 6, be defined in (2.18), x ~ Pk,
D = B(by, R) and assume that R = o(1). Then, for any 0 <1 < L — 1, we have

sup [|3(0, )1, = O (V). (C.231)

with probability at least 1 —C exp(—cNy_1) over (Wy,(0y))._, and z, where ¢, C' are numerical
constants. Furthermore,

sup || fu(6r,x) — (b, 0)ll, < C RV, (C.232)

01,02€D

with probability at least 1 — C exp(—cNy_1) over (Wy(6y))4_, and x.

Proof. The first statement follows from the chain of inequalities below:

sup 1108, 2)lly < [ £1(Bo, )], + sup 1£:(6) = filBo)ll, < Cy/Ni+ C RVd,  (C.233)

where the second inequality holds with probability at least 1—C exp(—cNy_1) over (W (6o))L_;
and z by combining Lemma |C.16 and Lemma |C.30.

We prove the second statement by induction over [. For the base case, we have fy(0;,z) =
fo(62, ), hence (C.232) holds with probability 1.
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For the induction case, let { > 0. Then,

sup_ (61, %)= fi(6z, 2)lla= sup_[[6 ((Wil6) it (61, 2)) =0 (Wil82)) fia (62, 2) )|

01,02€D
<M sup |[(Wil02))" fi1(61,0) = (Wil62))" fi1 (02, 2))

01,02€D

<M sup |[(Wil02))" fi1(61,2) = (Wi(61)) " fi1 (03, 2)

61,00€D
+ M sup |[(Wi01))" fi1(02,2) — (Wi(0)) " fia (6, 2)|
61,02€D
< M sup [[Wi(01)llo, sup || fi-1(61,2) — fio1(b2, )],
6,€D 61,0o€D
+ M sup [[Wi(61) — Wi(0a)ll,, sup || fi-1(02, )]l -
61,02€D 02D
(C.234)
By Lemma C.29, we have that
sup [|[Wi(61)]l,, = O (1), (C.235)
01D

with probability at least 1 — 2 exp(—cNy_1) over W;(6). By inductive hypothesis, we have

sup || fii1(61, %) — fi1(62,7)|, < C RV, (C.236)

01,02€D

with probability at least 1 — C exp(—cN;_1) over (Wi(6))L—} and x. Clearly, we also have
that

sup ||[Wi(01) — Wi(0a)l[,, < sup [[Wi(61) — Wi(0a)| < sup [|6h — Oaf| < R.

op

01,02€D 01,0o€D 01,02€D
(C.237)
Furthermore, by using (C.231), we have that
sup | fi1 (02, 2)l, < C RV, (C.238)
IS

with probability at least 1 — C exp(—cNy_1) over (W (6p))4—} and z. By combining (C.234),
(C.235), (C.236), (C.237) and (C.238), we obtain that

sup ”fl<01’x) - fl(eQ’x)HQ S OR\/E, (C239)

01,02€D

with probability at least 1 — C'exp(—cNy_1) over (Wi (6p))%_; and x, which completes the
proof. O

Lemma C.32 (L2 norm of backpropagation in D). Let 6, be defined in (2.18), © ~ Px, and
D = B(6y, R). Assume that R = o(1) and that v > 1. Then, for any | € [L], we have

sup [h(0, ), < Cy/y - Nooa, (C.240)
(S

with probability at least 1 — C exp(—cNy_1) over (Wi (6o))E_, .1, where ¢,C' are numerical
constants.
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Proof. We prove the claim by induction on l € {L,L —1,...,1}. For the base case, we have
that ||b.(60,x)||, = 1, hence (C.240) clearly holds.

For the induction case, pick [ € [L — 1]. Then,

sup [[b,(6, )|, = sup
0eD 0D

< 1:[2 2k (0, 2) Wit (0)> Y10, 2)WL(0)
k= )

< sup
0eD

( 1:[ Yk(0, 1) Wi (9)> Yr-1(0,2)

k=l

sup [|Wz(6)[l,
6eD

op

L—2
< (H sup [0, @) |, sup ||Wk+1<e>||op) sup [[S2-1(6..2) | sup [ W2 (0),
0eD 0D 0eD

k=l 0eD

L—1
< Mt ( T sup ||Wk<9>||op) (HWL(Qo)Hz + sup [ W, (0) - WL<00>H2)
J=i410€D 0eD

< C M 7 ([Wi(00)ll, +sup |6 — 6oll,)
0eD

< O MY YN+ sup [0~ o)

=C ’YNL_l.
(C.241)
Here, the fourth line follows from Assumption 2.3, which gives supgep [|Zk(6, 2)||,, < M; the
fifth line holds with probability 1 — C exp(—cNp_1) over (Wy(6))s=; by Lemma C.29; the
sixth line holds with probability at least 1 — exp(—cNy_1) over W (6y) by Theorem 3.1.1 in
Vershynin| [2018]; and the last line follows from R = o(1). Taking the intersection of these
events gives the desired result. O

Lemma C.33 (L2 distance of backpropagation in D). Let 6, be defined in (2.18), x ~ Pk,
and D = B(6y, R). Assume that R = o(1) and that v > 1. Then, for any | € [L], we have

sup ||bi(01,x) — bi(fs, x)||, < C R\/vdN_, (C.242)

01,02€D

with probability at least 1 — C'exp(—cNp_1) over (Wy(69))k_,., and x, where c¢,C" are
numerical constants.

Proof. We prove the claim by induction on [ € {L,L —1,...,1}. For the base case, b (0, z)
does not depend on 6, hence (C.242) clearly holds. For the induction case, pick [ € [L — 1].
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Then,

sup ||by(01, z) — by(02, )],

01,02€D

= sup ||5(61, 2)Wig1(01)bi31 (01, ) — 3102, ) Wip1(02)bis1 (02, )|,

01,02€D

< sup [[5(01, @)W1 (01)brs1 (01, ) — Zy(01, ) Wii1 (01)br41 (02, )],

01,02€D

+ sup ||3(01, 2)Wip1(61) b1 (02, ©) — Ei(62, ) Wit1(02) b1 (62, ) ||,

01,02€D

< sup ||%;(61,x sup ||[W;41(0 su bii1(01,2) — byi1(02,
_ele%” 1(0h )||op9161%|| 11 ( 1)||op91,92IE)D|| 1+1(01, ) = biy1 (62, )|, (C.243)

+ sup ||Ez(‘917$)Wl+1(91)—21(92795)Wl+1(92)||op681£||bl+1(92,l“)||2

01,02€D

< sup [[5(01, 7)o SUP [Wit1(01) oy sup |[[bis1(01, 2) — bita (62, )|,
01D 01D 91,926D

+ sup [[(X(0r, 2) = Ey(02, 7)) Wis1(02) |5 sUD [|b141(62, 7)]],
01,92€D 92€D

+ sup [|%(62, ) (Wl+1(91)—Wl+1(92))||op981£||bl+1(92,9€)||2-

01,02€D

Furthermore, we have that the following results hold.

(i) By Assumption 2.3 and Lemma (C.29,

sup [|5;(61, 7)o, sup [[Wiga (1), = O (1),
01D 0:€D

with probability 1 — 2exp(—cNp_1) over Wi, 1(6y);

(i) By inductive hypothesis,

sup _[|bi11(01, 2) — b1 (0o, @), < C Ry/vdNp1,

01,02€D
with probability at least 1 — C'exp(—cNp_1) over (Wy(6o))i—i.o and z;

(iii) By the same argument of the second statement in Lemma C.31 and again Lemma C.29,

sup |[(E:(01, z) — Zi(0a, ) Wit1(62)]]p

01,02€D

< sup ||¢'(9z(91717))—</5'(91(927$))||251é%||Wl+1(92)||op

01,02€D

< CRVd,

with probability at least 1 — C exp(—cNy_1) over (Wi ()i and x;
(iv) By Lemma C.32,
sup [|b11(02, 2)|[, < C'\/¥Np-1,
62D
with probability at least 1 — C'exp(—cNy_1) over (Wi (0o))b_ss1;

(v) By Assumption 2.3,

sup _|[%(02, ) (Wiy1(61) — Wig1(62))ll4p < C R.

01,00€D
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By combining (i)-(v) with (C.243), we conclude that

sup |[by(601, ) = bi(6, 2)[|, < C R \JydNp, (C.244)

01,0o€D

with probability at least 1 — C exp(—cNy,_;) over z and (W, (6,))E_,, which concludes the
proof. O

Lemma C.34 (Difference of Jacobians in D). Let 6, be defined in (2.18), x ~ Px, and
D = B(by, R). Assume that R = o(1) and that v > 1. Then, we have

sup [|J(01) — J(02)ll,, < C Rdy/YNp-1n, (C.245)

61,02€D

with probability at least 1 — Cnexp(—cNp_1) over (z;)?_, and 6y, where ¢,C' are numerical
constants.

Proof. Pick i € [n]. Then, we have

sup [|(J(61))i: — (J(62))is|I3

01,02€D
L—1

< ; 91851273 1 (F1(61)) @ (Biy1(61)). — (Fi(02)): & (Bz+1(92));i\|g

L-1

=Y sup [[fi(61, %) ® biga (01, 25) — fi(62, %) @ bigr (62, 2) |5

1—0 01,02€D

L1
< Z sup |[(fi(01, 75) — fi(02, 7)) ® bl+1(91>37i)”§ (C.246)

1=0 01,02€D
L—1

+ Z sup Hfl(927371) ® (bl+1(917$z‘) - bl+1<91,$i))H§

1=0 91,92 €D

L—1
<Y sup ||fz(@1,x¢)—fz(92,$i)!|§;u%||bz+1(91,$¢)||§
1€

1=0 01,02€D
L—-1 ) )
+ > sup [ fi(Oz, ) ll; sup (biga (61, 2:) — bga (61, 23) 5 -
1=0 02€D 01,02€D

Since z; ~ Px, we can merge together the results from Lemmas |C.30, C.31, |C.32/ and C.33

and obtain ) )
sup [|(J(61))i: — (J(02))islly < CyR*d" Ny, (C.247)

01,00€D

with probability at least 1 — C'exp(—cNy_1) over x; and 6.
Therefore, we have

sup |[[J(01) — J(0a)llop, < sup |[|J(61) — J(02)ll

01,62€D P 910,eD
< JZ sup_[|(J(61))s: — (J(02)):: 5 (C.248)
i—1 01,02€D
< C RN
with probability 1 — Cnexp(—cNp_1) over (z;)"_, and 6. ]
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Lemma C.35 (NTK spectrum in D). Let 6y be defined in (2.18), x ~ Px, and D = B(0y, R).
Assume that R = o(1) and that v > 1. Then, we have

sup || K(6) ]

0eD

<CyndNyp_q, (C.249)

op

with probability at least 1 — C'nexp(—cNp_1) over 6y and (x;)!_,, where ¢, C" are numerical
constants. Furthermore,

91161£ Umin<J(9)) Z C“/’)/NL_QNL_l - Cl Rd\/WNL_ln, (C250)

with probability at least 1 — C' ne=¢'2" No-1 — Cle=¢1o8*n oyer 0y and (x;)7_,, where ¢, Cy are
also numerical constants.

Proof. We have

L—1
up | K(0) oy = sup | 5= Fi(O)F (6) © Bisa(0)BL (0)
=0 op
L—1
< Y sup [ F(0)F (0) 0 Bia(6) B, (6)
1—0 9€D op
L—-1
<> sup [B(O)F(9)] sup maxicu 1B (6)),.]1 (C.251)
=g 9D OP peD
! 2 2
< " sup | E () ][5 sup maxicqy [[bi4 (6, )13
=0 9D 0eD
L—1 n 5 )
< (Z sup (6. mug) sup i, b (6,2,)|2.
=0 \i=10€D 0D

By Lemma (C.31, we have that supy.p Hfl(e,a:i)Hg < (C'd with probability at least 1 —
Cexp(—cNp_1) over (Wyi(6p))._, and z;, for any 0 <1 < L —1 and i € [n]. By Lemma
C.32, we have that supyep |06, 2;)||3 < Cy Ny, with probability at least 1—C' exp(—cNy,_;)
over (Wy(60))fi;1, for any I € [L] and i € [n]. Therefore, we obtain

sup | K (6)

0D

< CyndNyp_q, (C.252)

op
with probability at least 1 — C'nexp(—cNy_1) over 6y and (z;)"_,, which gives the first
statement of the lemma.

By using Weyl's inequality, we get

inf owin(/(0)) = omin(/(00)) — sup [7(61) — J(00)l,p

> c1\/YNp—2Np1 —C1 Rd\/yNp_1n,

where the last inequality follows from Lemma C.28 and Lemma (C.34, and it holds with
probability 1 — C'ne=¢lo8" No-1 _ Cle=clog®n gyer (1;)", and ;. This gives the second
statement of the lemma and concludes the proof. m

(C.253)

Armed with Proposition (C.27 and the intermediate estimates of Lemmas C.284C.35, we are
finally ready to prove Theorem 2.11.
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Proof of Theorem2.11. We show that there exist two absolute constants ¢ and C' such that

o = E\/’}/NL_QNL_l (C254)
B =C\/yndNp_4 (C.255)

satisfy the two assumptions in Proposition (C.27 with initialization 0, := 6y, where 6, is defined
in (2.18). This holds with probability at least 1 — C'ne=¢'8" No-1 — Ce=clog’n over (z;)7,
and 6,.

Recall from Proposition (C.27 that R is defined as 4 ||F;(6y) — Y|, /a, since we have set
0y = 0y. For the moment, we assume that

/ n
R=0 _, C.256
< VNL—zNL—1> ( )

and we will verify that this is the case later. Note that v = d®n? > 1 and, hence, (C.256) and
Assumption 2.5 imply that R = o(1). Thus, we can apply Lemma C.35 and obtain

: _ S B S -
nglfD Omin(J(0)) > c1\/YNp_oNp_1 — Cy Rd\/YN_1n > ¢\/YNp_oNp_1, (C.257)

with probability at least 1 — C'ne=c108” Ne-1 — Cle=clog®n gyer (2;)7_, and 6, where the last
inequality uses (C.256). This shows that the lower bound in (C.209) holds.

and

Now, by using (C.257), we verify that (C.256) holds. Recall that, by assumption of the
theorem, ||Y||, = ©(y/n). Furthermore, by Lemma C.28, Fy,(6) is a vector of all zeros. Then,

LSO
R = = =0 —— C.258
a a YNL_oNp_4 ( )

By Lemma C.35, we have that

sup [|.J(0)||,, < Cy/yndNp_1, (C.259)

0eD

with probability at least 1 — C'nexp(—cN_1) over 6y. Thus, by our choice (C.255) of 3, we
obtain that the upper bound in (C.209) holds.

Next, we verify the second assumption of Proposition C.27. To do so, let us write

2

Q ANy 9N 1y
O O o N, ond), C.260
25 " 20N, W N-and) (C.260)

where we have used Assumption 2.5, Thus,

d 2
sup [|7(61) = J(05)]lo, < C Rdy/ANy—yn = O <\/%> < ;ﬁ, (C.261)

01,00€D

with probability at least 1 — C'nexp(—cNy_1) over (z;)"; and 6,. Here, the first passage
follows from Lemma C.34, in the second passage we use (C.256), and in the last one we use
(C.260). This completes the proof of (C.210) and also of the theorem, since the desired claim
follows from an application of Proposition C.27. ]
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APPENDIX

Appendix for Chapter 3

D.1 Proof of Lemma 3.2

We start by refreshing some useful notions of linear algebra. Let A € R"*P be a matrix, with
p>n,and A_; € R™=1xP he obtained from A after removing the first row. We assume
AAT to be invertible, i.e., the rows of A are linearly independent. Thus, also the rows of
A_; are linearly independent, implying that A_; AT, is invertible as well. We indicate with
P, € RP*P the projector over Span{rows(A)}, and we correspondingly define P, _, € RP*?.
As AAT is invertible, we have that rank(A) = n.

By singular value decomposition, we have A = UDO", where U € R™™ and O € RP*P are
orthogonal matrices, and D € R"*? contains the (all strictly positive) singular values of A
in its “left” diagonal, and is O in every other entry. Let us define O; € R™*? as the matrix
containing the first n rows of OT. This notation implies that if O;u = 0 for u € R?, then
Au =0, i.e, u € Span{rows(A)}*+. The opposite implication is also true, which implies that
Span{rows(A)} = Span{rows(O;)}. As the rows of O; are orthogonal, we can then write

Py =0]0. (D.1)

We define D, € R™*™, as the square, diagonal, and invertible matrix corresponding to the first
n columns of D. Let's also define I,, € RP*P as the matrix containing 1 in the first n entries
of its diagonal, and 0 everywhere else. We have

Py =00, =01,07
=0D'D?DO" =0D"UTUD2UTUDOT

—AT (UD2UT) ' A=AT (UDOTODTUT) " A (D:2)
—AT (44T) A= A4,
where AT denotes the Moore-Penrose inverse.
Notice that this last form enables us to easily derive
Py Atv=AY A | Atv=A" T AA v = AT T yv=A vy, (D.3)

where v € R?, [ ; € RDx" js the n x n identity matrix without the first row, and
v_; € R"! corresponds to v without its first entry.
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Lemma D.1. Let ® € R"™** be a matrix whose first row is denoted as ¢(z;). Let ®_; €
R(=Dxk pe the original matrix without the first row, and let Py_. be the projector over the
span of its rows. Then,

HPqJ;_lQO(Zl)Hz Z )\min (q)q)T) . (D4)

Proof. If A\ (<I><I>T) = 0, the thesis becomes trivial. Otherwise, we have that ®® T, and
therefore CID_I@L, are invertible.

Let u € R™ be a vector, such that its first entry u; = 1. We denote with u_; € R""! the
vector u without its first component, i.e. uw = [1,u_;]. We have

[o7ul, > Auin (227 ull3 > A (227) (D5)
Setting u_; = — ((I>_1<I>I1>_l b_10(21), we get

®'u= () + @ uy = p(z) — Po_yp(n1) = Py, o(=). (D.6)

Plugging this in (D.5), we get the thesis. O
At this point, we are ready to prove Lemma 3.2,

Proof of Lemma|3.2. We indicate with ®_; € R("~D*P the feature matrix of the training set
® € R"*P without the first sample z;. In other words, ®_; is equivalent to ®, without the
first row. Notice that since K = ®® ' is invertible, also K_; := ®_ &', is.

We can express the projector over the span of the rows of ® in terms of the projector over the
span of the rows of ®_; as follows

P$_1¢(21)¢(21)TP$_1
[Pt (]

The above expression is a consequence of the Gram-Schmidt formula, and the quantity at the
denominator is different from zero because of Lemma D.1, as K is invertible.

Py =Py _, + (D.7)

We indicate with ®* = ®" K~! the Moore-Penrose pseudo-inverse of ®. Using (3.3), we
can define 0* | := 0y + &, (G_1 — f(Z_1,6y)), i.e., the set of parameters the algorithm
would have converged to if trained over (Z_;,G_1), the original data-set without the first pair
sample-label (z1, g1).

Notice that Pp®' = @', as a consequence of (D.2). Thus, again using (3.3), for any z we
can write

f(2.0°) —o(2) 0o = p(2) ' @7 (G — f(Z, b))
= ¢(2)" Po®" (G — f(Z,60))
(D.8)

5 T (G — f(Z,6)) .

Notice that, thanks to (D.3), we can manipulate the first term in the bracket as follows
0(2)" Po_, @ (G — f(Z,0)) = ()" %, (G_1 — f(Z_1,60))
= f(2,07) — o(2) "6y
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Thus, bringing the result of (D.9) on the LHS, (D.8) becomes

Fer0) — flzy0my) = P B vTpt g (6 - p(z,00))

Py p(=)|,
_eE) Beple) o (I Ps)®* (G~ f(Z.00) (D.10)
Py, p(21)|,

_ @(Z)quf_l@(f’;l) (f(zl,e*) _ f(21,9i1)> ’
Py ¢(21)

where in the last step we again used (3.3) and (D.9). O

2

D.2 Useful lemmas

Lemma D.2. Let x and y be two Lipschitz concentrated, independent random vectors. Let
((x,y) be a Lipschitz function in both arguments, i.e., for every ¢,

|C<LL’ + 57 y) - C(*Tay)| < L H5||27

for all x and y. Then, ((x,y) is a Lipschitz concentrated random variable, in the joint
probability space of x and y.

(D.11)

Proof. To prove the thesis, we need to show that, for every 1-Lipschitz function 7, the following
holds

Pay (|7 (¢(2,)) = Eay [ (C(z,9))]| > ) < ™", (D.12)

where ¢ is a universal constant. An application of the triangle inequality gives

|7 (C(2,9)) = Bay [7 (2, )]

< |7 (C(x,y) — Ea [T (2, )]l + |Ex [T (2, 9))] — ByBs [7 (C(2,9)]] =0 A+ B.
(D.13)

Thus, we can upper bound LHS of (D.12) as follows:
Pay (I7 (C(2,)) = Bay [T (C(z,9))]| > 1) < Poy (A+ B> 1). (D.14)

If A and B are positive random variables, it holds that P(A+ B > t) < P(A > t/2) + P(B >
t/2). Then, the LHS of (D.12) is also upper bounded by

Poy (I7 (C(2,y)) — B [7 (C(2, )| > £/2) + Py ([Ea [7 (C(2, )] — EyE [ (C(l’,y))ﬂ(g f/)2)‘
15

Since 7 o ( is Lipschitz with respect to x for every y, we have

Pay (I7 (C(2,)) — Ba [7 (C(2,9))]| > £/2) < e, (D.16)

for some absolute constant ¢;. Furthermore, x(y) := E, [7 ({(x,y))] is also Lipschitz, as

IX(y +90) — x(y )\—IJE [ (Clar,y +0)) — 7 (¢, 9)] |
B (|7 (C(z,y +0)) — 7 (C(z,)) |] (D.17)
§L||5||2~
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Then, we can write

Pay (B [7 (C(2,9))] = ByEy [7 (¢, 9)]| > /2) = P, (Ix(y) — By [x()]] > t/2) < e~

(D.18)

for some absolute constant ¢,. Thus,
Poy (17 (C(2,y)) — By [ (C(2, )] > 1) < e 472 < e (D.19)
for some absolute constant ¢, which concludes the proof. O

Lemma D.3. Let x ~ Px, y ~ Py and z = [z,y| ~ Py. Let Assumption|3.3 hold. Then, z
is a Lipschitz concentrated random vector.

Proof. We want to prove that, for every 1-Lipschitz function 7, the following holds
P, (|7 (2) —E, [7(2)]] > t) < e, (D.20)
for some universal constant c¢. As we can write z = [z, y], defining 2’ = [/, y], we have
I7(2) =7 () < Iz = 2l = lz — 25, (D.21)

i.e., for every y, 7 is 1-Lipschitz with respect to x. The same can be shown for y, with
an equivalent argument. Since x and y are independent random vectors, both Lipschitz
concentrated, Lemma D.2 gives the thesis. O

Lemma D.4. Let 7 and ( be two Lipschitz functions. Let z,z' € R? be two fixed vectors
such that ||z]|, = ||2'|l, = V/d. Let V' be a k x d matrix such that V; ; ~i5.4. N'(0,1/d). Then,
for any t > 1,

T(V2)T¢(VE) = By [7(V2)T¢(V2)]| = O (VElogt) (D.22)

with probability at least 1 — exp(—clog®t) over V. Here, T and  act component-wise on
their arguments. Furthermore, by taking 7 = ( and z = 2z, we have that

By [I7(V2)[13] = ¥, [7(p)] (D.23)

where p ~ N(0,1). This implies that |7(V 2)||5 = O (k) with probability at least 1 —exp(—ck)
over V.

Proof. We have
T(V2)T¢(VY) = ZT(UJ-TZ)Q(UJTZ’), (D.24)

j=1
where we used the shorthand v; := V;.. As 7 and ( are Lipschitz, v; ~ N(0,1/d), and
12]|, = ||2'|l, = V/d, we have that 7(V2)T¢(V2') is the sum of k independent sub-exponential
random variables, in the probability space of V. Thus, by Bernstein inequality (cf. Theorem

2.8.1 in Vershynin| [2018]), we have
T(V2)T¢(VE) = By [r(V2) ¢(V2)]| = O (VElogt) . (D.25)

with probability at least 1 — exp(—clog®t), over the probability space of V/, which gives
the thesis. The second statement is again implied by the fact that v; ~ AN(0,I/d) and

]l = V. U
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Lemma D.5. Letz, z, ~ Px andy, ~ Py be independent random variables, with z, z, € R%
and y; € R%, and let Assumption 3.3 hold. Let d = d, + dy,, V be a k x d matrix, such that
Vij~iia. N(0,1/d), and let T be a Lipschitz function. Let z; := [x1,v1] and z§ := [z, y1].
Let « = d,/d € (0,1) and y; be the l-th Hermite coefficient of 7. Then, for any t > 1,

=0 (\/E (\/§+ 1) logt) : (D.26)

with probability at least 1 — exp(—clog®t) — exp(—ck) over V and x, where c is a universal
constant.

+o0o
T(sz)TT(Vzl) —k Z u%al
1=0

Proof. Define the vector 2’ as follows

$$T
/_\/d_a:<[_ 3jlll>$
BNIGESER
dy
T

Note that, by construction, z; 2’ = 0 and ||z’||, = v/d,. Also, consider a vector y orthogonal
to both z; and . Then, a fast computation returns y 'z’ = 0. This means that 2/ is the
vector on the +/d,-sphere, lying on the same plane of x; and x, orthogonal to z;. Thus, we

can easily compute
‘l’Tl’, 2T\ 2T\
=.4|1—- >1- D.2
Fep () e () o2

2
T 2 '
o — oI = llel2 + ||} — 227’ < 2d, (1 - (1 - (d) )) - 2%” (D.29)

As x and z; are both sub-Gaussian, mean-0 vectors, with /5 norm equal to v/d,, we have that

(D.27)

2

P(|z — /||, > t) <P <]xTx1\ > \/@t/ﬁ) < exp(—ct?), (D.30)

where ¢ is an absolute constant. Here the probability is referred to the space of z, for a fixed
x1. Thus, ||z — 2'||, is sub-Gaussian.

We now define 2 := [2',41]. Notice that 2] 2’ = ||y ||> = d,, and |25 — 2|, = || — 2/||,. We
can write

e (V) Tr(Var) = (V) 7 (V)| < (V) = (V) Im(Va),
< C IVl Iz = 2l Il (V1)1

<C (\/54r 1) |z — '], VE (D.31)
=0 (\/E (\/5%— 1) logt) .
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Here the second step holds as 7 is Lipschitz; the third step holds with probability at least
1 — exp(—c; log®t) — exp(—csk), and it uses rTheorem 4.4.5 of Vershynin| [2018] and Lemma
D.4; the fourth step holds with probability at least 1 — exp(—clog”t), and it uses (D.30).
This probability is intended over V' and x. We further have

T(VE) 7 (Va) — By [r(V2) 7(Vay)]| = O (Vilogt), (D.32)

with probability at least 1 — exp(—cslog®t) — exp(—cyk) over V, because of Lemma D.4.

We have
Ev [7(V) 7(Va)| = KEpyp [r(p1)7(p2)] (D.33)

where we indicate with p; and py two standard Gaussian random variables, with correlation

-
2] 2 dy _

corr(py, p2) = —————— = — = Q. (D.34)
[zl 2], d
Then, exploiting the Hermite expansion of 7, we have
X,y
Eprpn [T(p1)T(p2)] = D pifad. (D.35)
1=0
Putting together (D.31), (D.32), (D.33), and (D.35) gives the thesis. O

D.3 Proofs for random features

In this section, we indicate with Z € R"*? the data matrix, such that its rows are sampled
independently from P (see Assumption 3.3). We denote by V' € R**? the random features
matrix, such that V;; ~iiq N(0,1/d). Thus, the feature map is given by (see (3.14))

©(z) = ¢(Vz) € R¥, (D.36)

where ¢ is the activation function, applied component-wise to the pre-activations Vz. We
use the shorthands ® := ¢(ZV') € R™* and K := ®d' € R™", we indicate with
®_, € R"D*F the matrix ® without the first row, and we define K_; := ®_;®",. We call
Py the projector over the span of the rows of ®, and Ps_, the projector over the span of the
rows of ®_;. We use the notations (2) := ¢(2) — Ey[p(2)] and _; :=®_; — Ey[®_4] to
indicate the centered feature map and matrix respectively, where the centering is with respect
to V. We indicate with 1 the i-th Hermite coefficient of ¢. We use the notation 2§ = [z, 1],
where © ~ Py is sampled independently from V' and Z. We denote by V, (V,) the first d,
(last d;) columns of V, ie., V = [V,,V,]. We define a = d,;/d. Throughout this section, for
compactness, we drop the subscripts “RF"” from these quantities, as we will only treat the
proofs related to Section 3.5. Again for the sake of compactness, we will not re-introduce
such quantities in the statements or the proofs of the following lemmas.

The content of this section can be summarized as follows:

= In Lemma D.7 we prove a lower bound on the smallest eigenvalue of K, adapting to our
settings Lemma C.5 of Bombari et al.|[2023]. As our assumptions are less restrictive
than those in Bombari et al.| [2023], we will crucially exploit Lemma D.6.
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» In Lemma D.8, we treat separately a term that derives from Ey [¢(V 2)] = g1y, showing
that we can center the activation function, without changing our final statement in
Theorem 3.6, This step is necessary only if 1o # 0.

= In Lemma D.9, we show that the non-linear component of the features @(z1) — 1V 2

and @(25) — 111V 2§ have a negligible component in the space spanned by the rows of
Dy,

= In Lemma D.12, we provide concentration results for p(z{) " Py ¢(21), and we lower
bound this same term in Lemma D.11, exploiting also the intermediate result provided
in Lemma D.10.

= Finally, we prove Theorem 3.6.

Lemma D.6. Let A := (Z*™) € R"™", for some natural m > 2, where * refers to the
Khatri-Rao product, defined in Appendix B. We have

Amin (AAT) = Q(d™), (D.37)

with probability at least 1 — exp(—clog®n) over Z, where c is an absolute constant.

Proof. As m > 2, we can write A = (Z*%) x (Z*(m_Q)) =: Ay x A,,, (where (Z*°) is defined to
be the vector full of ones 1,, € R™). We can provide a lower bound on the smallest eigenvalue
of such product through the following inequality Schur| [1911]:

Amin (AAT) = Anin (4247 0 ApALL) > Aauin (A247 ) min; || (A ][5 (D.38)

Note that the rows of Z are mean-0 and Lipschitz concentrated by Lemma D.3. Then, by
following the argument of Lemma C.3 in Bombari et al.| [2023], we have

Amin (4243 ) = Q(d?), (D.39)

with probability at least 1 — exp(—clog®n) over Z. We remark that, for the argument of
Lemma C.3 in [Bombari et al|[2023] to go through, it suffices that n = o(d?/log* d) and
nlog*n = o(d?) (see Equations (C.23) and (C.26) in Bombari et al|[2023]), which is implied
by Assumption 3.4, despite it being milder than Assumption 4 in Bombari et al.| [2023].

For the second term of (D.38), we have

I(Amilly = Nzl = a2, (D.40)
due to Assumption 3.3, Thus, the thesis readily follows. ]
Lemma D.7. We have that

Amin (K) = Q(k), (D.41)

with probability at least 1 — exp (—clog2 n) over V' and Z, where c is an absolute constant.
This implies that Apin (K_1) = Q(k).
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Proof. The proof follows the same path as Lemma C.5 of Bombari et al.|[2023]. In particular,
we define a truncated version of ® as follows

;= o(Zvy)x (ll6(Z0;)]; < R), (D.42)

where x is the indicator function and we introduce the shorthand v; := V.. In this case, y =1
if ||¢(Zvj)||§ < R, and x = 0 otherwise. As this is a column-wise truncation, it's easy to

verify that ®® T > <f><f>T. Over such truncated matrix, we can use Matrix Chernoff inequality
(see Theorem 1.1 of [Tropp| [2012]), which gives that A, <@§T> = Q(Amin (C_})) where

G :=Ey @@T]. Finally, we prove closeness between G and G, which is analogously defined
as G 1= Ey [007].

To be more specific, setting R = k/log2 n, we have
A () > Ao (88") > i (G) /22 A (G) /2 = ok, (D.43)

where the second inequality holds with probability at least 1 — exp(c; log®n) over V, if
Amin (G) = Q(k) (see Equation (C.47) of Bombari et al. [2023]), and the third comes from
Equation (C.45) in Bombari et al.|[2023]. To perform these steps, our Assumptions 3.4 and
3.5 are enough, despite the second one being milder than Assumption 2 in Bombari et al.
[2023].

To conclude the proof, we are left to prove that A\, (G) = (k) with probability at least
1 — exp(—cylog?n) over V and Z.

We have that
G =Ey [K] = Ey [z o2V ZVIVT| =8, [o(z00(z0) ] = kM. (D49

where we use the shorthand v to indicate a random variable distributed as V.. We also indicate
with z; the i-th row of Z. Exploiting the Hermite expansion of ¢, we can write

L o

oo (5T2) oo
M;; = E, [¢(21T'U)¢<Z]TU>} = ;LX:NIQ <sz7]) = ;i/hz
=0 =0

where 1 is the [-th Hermite coefficient of ¢. Note that the previous expansion was possible
since ||z;]| = V/d for all i € [n]. As ¢ is non-linear, there exists m > 2 such that z2, > 0. In

2 .
particular, we have M > “m AAT in a PSD sense, where we define

d
A= (Z"). (D.46)
By Lemma D.6, the desired result readily follows. O]
Lemma D.8. Let po # 0. Then,
| Pa_ 14|, = o(VE), (D.47)

cd

with probability at least 1 — e — e~“" over V' and Z, where c is an absolute constant.
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Proof. Note that &, = 1,1 | + éjl. Here, &{1 is a k x (n — 1) matrix with i.i.d. and
mean-0 rows, whose sub-Gaussian norm (in the probability space of V') can be bounded as

.

12 o
o = 10(2V0) ~Evlo(zVill,, < 172 =0 (Jnjd 1), (D48)

where first inequality holds since ¢ is L-Lipschitz and V. is a Gaussian (and hence, Lipschitz
concentrated) vector with covariance I/d. The last step holds with probability at least 1 — e~
over Z, because of Lemma B.7 in Bombari et al.| [2022b].

Thus, another application of Lemma B.7 in [Bombari et al.| [2022b] gives

’ :O((\/E+\/ﬁ) (WTcH 1)) :O<\/E(m+1>), (D.49)

where the first equality holds with probability at least 1 — e™“" over V/, and the second is a
direct consequence of Assumption 3.4.

o'

op

We can write

1, ( ~T 1,_ ~T 1,
T n—1 T n—1 n—1
S — = 1,1, +<I>_>:1 +® ,——— =:1,+wv, (D.50
Yl — 1) ol ) Ty = ek ey T e (050
where
1 ~T k
< — D 1,_ =0 < d 1) = k). D.51
ol < s 5] 1l (wn\m/+ ) oVE). (DY)

Thus, we can conclude

1,_
L _lpL T n—1__
”%1“k‘+%1<¢1mm—1>1ﬁg (052)
< qu Py @Tliln_l + ||vll, = 0(\/%) |
= 1 -1~ — Ho(n_l) ) 2 9

where in the second step we use the triangle inequality, ', = Py ,®',, and HPqilv

[v]]-

‘<
, <

Lemma D.9. Let z ~ P, sampled independently from Z_, and denote ¢(z) := ¢(z) — puo.
Then,

[Poc, (6(V2) = juVz) |, = o), (0.52)

with probability at least 1 — exp (—clog2 n) over V., Z_, and z, where ¢ is an absolute
constant.

Proof. As Py , = &1, ®_;, we have

I, (5072 V)], < o,

‘(I)_l ((/B(VZ) - M1VZ)

op HQ
N SR AN
= \/E ,
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where the last equality holds with probability at least 1 — exp (—clog2 n) over V and Z_;,
because of Lemma D.7.

An application of Lemma D.4 with t = n gives
jui = Ev[u]| = O (Vklogn) , (D.55)

where u; is the i-th entry of the vector u := ®_; (q?)(Vz) — ;Lle). This can be done since

both ¢ and ¢ = ¢ — y are Lipschitz, v; ~ N(0,1/d), and ||z||, = ||zi11]|, = V/d. Performing
a union bound over all entries of u, we can guarantee that the previous equation holds for every
1 <i<mn—1, with probability at least 1 — (n — 1) exp(—clog®n) > 1 — exp(—c; log*n).
Thus, we have

lu = Ev[u]ll, = O (Vikvnlogn) = o(k), (D.56)
where the last equality holds because of Assumption 3.4,

Note that the function f(z) := ¢(x) — pu @ has the first 2 Hermite coefficients equal to 0.
T T . . . . 2T o
Hence, as v;' z and v, z; are standard Gaussian random variables with correlation ERETNAL
have
‘ T

—+o00 ) z !
By [l <k S g2 (221
20\ T,

l
‘ZTZ’i

—+o00
<k 2 — 1
<kmasut 2 (quzuziua)

=2

(D.57)
212 2 1
=k max; j1] ( - )
1—

12115 11zl : I‘TTHZNH
2|2 l|Zillo
T 2 2
<okmax (22| —oFleen)
B [E2{PRiEAI d

where the last inequality holds with probability at least 1 — exp (—clog2 n) over z and z;, as
they are two independent, mean-0, sub-Gaussian random vectors. Again, performing a union
bound over all entries of Ey [u], we can guarantee that the previous equation holds for every
1 < i <mn—1, with probability at least 1 — (n — 1) exp(—clog®n) > 1 — exp(—c; log”n).
Then, we have

d

where the last equality is a consequence of Assumption 3.4.

Finally, (D.56) and (D.58) give

Iy [ul]l, = O (ﬁk log ”) — o(h), (D.58)

[©-1 (2(V2) = mV2) |, < IEv[ulll, + lu— Ev[ulll, = ok), (D.59)
which plugged in (D.54) readily provides the thesis. O
Lemma D.10. We have

2
’(Vz‘f)T P V- HP;IV;MHZ‘ — ok), (D.60)
with probability at least 1 — exp(—clog®n) over z, z; and V', where ¢ is an absolute constant.
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Proof. We have
Vi = Vexr + Vyuy, V2 = Vezy + Vyur. (D.61)

Thus, we can write
s\T pl i 2 T pl T L
’(Vzl) P¢_1V21—HP¢_1Vyy1H2‘:’(V}cx) Py \Va+ (V) Py Vem|

(D.62)
< ]xTv;CTP;lvzl\ + \yfvquilvxxl\ :

Let's look at the first term of the RHS of the previous equation. Notice that [V, =

@) ( k/d+ 1) with probability at least 1 — 2¢7“?, because of Theorem 4.4.5 of Vershynin
[2018]. We condition on such event until the end of the proof, which also implies having the
same bound on [|V;|,, and ||V, || .. Since x is a mean-0 sub-Gaussian vector, independent

Tpl
from V' Py V21, we have
\xT\gTPqilvzl <

<logn ||Vzl|,,

-0 <logn (fl + 1) \/E> = o(k),

where the first inequality holds with probability at least 1 — exp(—clog®n) over z, and the
last line holds because HP%_IH <1, ||z1]| = V/d, and because of Assumption 3.4.

v Val,
P |, 1V lop D121

(D.63)

Similarly, exploiting the independence between z; and ¥, we can prove that ‘yl VTPq) Ve xl‘
o(k), with probability at least 1 — exp(—clog®n) over y;. Plugging this and (D.63) in (D.62

readily gives the thesis. O]
Lemma D.11. We have
2
o) P oo~ (1 (Do) [P Vi) <o @9

with probability at least 1 — exp(—clog®n) over V and Z, where c is an absolute constant.

Proof. An application of Lemma D.4 and Assumption 3.4 gives

leGz0ll, =0 (VE), ez, =0 (VE),

D.65
[Val,=0(VE), IV, =0 (Vk). (069

with probability at least 1 — exp(—c; log”n) over V, where ¢, is an absolute constant. We
condition on such high probability event until the end of the proof.

Let's suppose 19 # 0. Then, we have
0(z) Py (1) = 6(V2) Py o(Var)| = olk), (D.66)

with probability at least 1 — exp(cy log®n) over V and Z, because of (D.65) and Lemma D.8.
Note that (D.66) trivially holds even when pig = 0, as ¢ = ¢. Thus, (D.66) is true in any case
with probability at least 1 — exp(c; log®n) over V and Z.
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Furthermore, because of (D.65) and Lemma D.9, we have
B(V2) Pa (V1) = 3 (V) Po (V)| = o(k), (D.67)

with probability at least 1 — exp(—czlog®n) over V and Z.
Thus, putting (D.66) and (D.67) together, and using Lemma D.10, we get

()T PE () = (30720 0(Va1) — iV (V) + i [P Vo)
<oz Pa,o(21) — 0(V2) Py d(V )|
+|=0(Va) Pa ,6(Var) + (V) Po (V)|

(D.68)

VTP (V) = 2 |Pa Vi | = (k).

with probability at least 1 — exp(—c, log? n) over V and X and x. To conclude we apply
Lemma D.5 setting ¢ = n, together with Assumption 3.4, to get

’&(Vzl) (V) — (Z i ) <\/E (ﬁJr 1) log n> = o(k), (D.69)

‘;ﬁ(sz)T(Vzl) — ku%a’ =0 (\/E (\/§+ 1) logn) = o(k), (D.70)

which jointly hold with probability at least 1 — exp(—c5log®n) over V and .

and

Applying the triangle inequality to (D.68), (D.69), and (D.70), we get the thesis. O
Lemma D.12. We have that
2 2
[Pt o)} - E., { ]P;_lgp(zl)\u ’ — o(k), (D.71)
(=) Py o(21) — Eey s [0(2) T P o(20)] | = o), (D.72)

jointly hold with probability at least 1 — exp(—clog®n) over z;, V and x, where c is an
absolute constant.

Proof. Let's condition until the end of the proof on both ||V, ||, and ||V, [|,, to be O (\/k/d + 1),
which happens with probability at least 1 — e=1¢ by Theorem 4.4.5 of Vershynin [2018]. This

also implies that |[V'[|,, = O (\/k/d + 1).
We indicate with v := E., [p(z1)] = E.s [¢(2})] € R¥, and with $(z) := ¢(z) — v. Note

that, as ¢ isa C (1/k/d + 1)—Lipschitz function, for some constant (', and as z; is Lipschitz
concentrated, by Assumption3.4, we have

loCz)ll, = Eey ko))l = o (VE) (D.73)

with probability at least 1 — exp(—c,log®n) over z; and V. In addition, by the last statement
of Lemma D.4 and Assumption 3.4, we have that |o(z)]], = O (\/E) with probability

1 — exp(—cslog®n) over V. Thus, taking the intersection between these two events, we have
E., [l¢(z1)]l,) = O (VEF), (D.74)
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with probability at least 1 — exp(—c4log®n) over z; and V. As this statement is independent
of 21, it holds with the same probability just over the probability space of V. Then, by Jensen
inequality, we have

Illy = IE=, [e(20)]ll, < Es, [le(z0)]l,) = O (V). (D.75)
We can now rewrite the LHS of the first statement as
[P et~ B, || P oz}
= |IPt. @Gy + 0] - B |
= [¢(21) TPy, p(21) + 20" P p(21) — Eey [0(21) P, 9(21)]|
< [p(21)TPa, (1) — By [$(20) P, p(20)] | + 2w Pa, (21|

The second term is the inner product between (z1), a mean-0 sub-Gaussian vector (in the
probability space of z1) such that [[p(z1)],, = O (w/k/d—k 1), and the independent vector

Py v, such that Hpqill/ ’2 <|lv|l,=0 (\/E) because of (D.75). Thus, by Assumption3.4,
we have that

P )+ )

(D.76)

v Py p(1)| = o(k), (D.77)

with probability at least 1 — exp(—c5log®n) over 2z, and V. Then, as (\/ICTOH‘ 1) &(21)
is a mean-0, Lipschitz concentrated random vector (in the probability space of z;), by the
general version of the Hanson-Wright inequality given by Theorem 2.3 in |Adamczak| [2015],
we can write

B ([l
k
< 2exp | —cgmin )
( (log n k:/d +1) P, H logn(k/dJrl)qulop)) (D.78)

k
<2 —
exp Cq min <log n((k/d)? )’logn(k/d—i-l)))

< exp —c7 log n

(2 —-E,

o, P21 HHZk‘/logn>

where the last inequality comes from Assumption 3.4.This, together with (D.76) and (D.77),
proves the first part of the statement.

For the second part of the statement, we have

(D) P, 0(21) = Euyog [0(20) Po_, (1)

< [p(a) Pa, @(21) = Eey e [2(20) T Pa 0(20) || + [T Pa ()| + [T Pa 9(25)]
(D.79)
Following the same argument that led to (D.77), we obtain
v Py, ¢8| = ofk), (D80)

with probability at least 1 — exp(—cglog®n) over 25 and V. Let us set

_1(0 | P, (ValV, |0
Pl (IR (Bl om
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and
By =& (Valwn,yn,2]") = By g [0 (Valonwn,2]7)] = [2(20), 0T, (D.82)

We have that || Pll,, < 1, [[P2]% < &, [[Vallgp < 2 [Vallop + 2V ll, = O (/R/d + 1), and
that [z1,y1, ] is a Lipschitz concentrated random vector in the joint probability space of z;
and z{, which follows from applying Lemma |D.3 twice. Also, we have

P(2)" Po_,9(21) = @3 Poy. (D.83)

-1
Thus, as (w/k;/d + 1) $, is a mean-0, Lipschitz concentrated random vector (in the proba-
bility space of z; and z{), again by the general version of the Hanson-Wright inequality given
by Theorem 2.3 in Adamczak [2015], we can write

P (|¢
< 2exp (—c min ( h ))
= ! log2n k:/d + 1) |Po)2 logn (k/d + 1) || Pl

= e <_Cgmin <log n ((kjd7 + 1) log”(’fk/d“>>>

< exp( C10 log n

3 Pody — Bz 2z [ @3 Poteo| >k:/1ogn)

(D.84)

where the last inequality comes from Assumption 3.4. This, together with (D.79), (D.77),
(D.80), and (D.83), proves the second part of the statement, and therefore the desired result.

O
Finally, we are ready to give the proof of Theorem 3.6.

Proof of Theorem 3.6. We will prove the statement for the following definition of Ygrg, inde-
pendent from z; and 27,
E., s @(zf)—l—pé_ﬁO(Zl)
YRF ‘= ! [ 3 } (D85)
Il

By Lemma D.1 and D.7, we have

.

|Pa ()], = k) (D-86)

with probability at least 1 — exp(—c; log>n) over V', Z_; and z. This, together with Lemma
D.12, gives
o) P (1) Bay [0(2D)T Pi (1)
2 2
Piel, B el

= o(1), (D.87)

with probability at least 1 — exp(—c;log®n) over V, Z and z, which proves the first part of
the statement.
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The upper-bound on 7rg can be obtained applying Cauchy-Schwarz twice

E.t [P0 P 0(2)] _ Bt [P 00D, [P o020
s lreel] © Ea et

[l et ] e o el

- E., “qu_ﬁp(zl)”ﬂ

Let's now focus on the lower bound. By Assumption3.4/and Lemma D.5| (in which we consider
the degenerate case &« = 1 and set ¢ = n), we have

(D.88)

‘H‘b <V21>H§ - ’“jf/ﬁ? = o(k), (D.89)

with probability at least 1 — exp(—cslog®n) over V and z,. Then, a few applications of the
triangle inequality give

Eoveq [0(1) TP (2] o) TP p(=1)
B, [lre o)) T [Pee;
L e Pa pl(=1)
[P e,

—o(1)

—o(1)

k(2 pial) + 13 HPqilVyyle o) (D.90)
B 12(=21)15
(Zz 5 1o ) + 13 HP<§_ VyylH2
- k‘ZT"fu? — e
Zz =2 Ml

—o(1),
> S (1)
where the first inequality is a consequence of (D.87), the second of Lemma |D.8| and (D.86),
the third of Lemma |D.11 and again (D.86), and the fourth of (D.89), and they jointly hold
with probability 1 — exp(—c4log®n) over V, Z_; and z;. Again, as the statement does not

depend on 2, we can conclude that it holds with the same probability only over the probability
spaces of V' and Z_1, and the thesis readily follows. O

D.4 Proofs for NTK features

In this section, we will indicate with Z € R™*¢ the data matrix, such that its rows are sampled
independently from P (see Assumption 3.3). We denote by W € R¥*? the weight matrix at
initialization, such that W;; ~;;4. NV (0,1/d). Thus, the feature map is given by (see (3.24))

0(2) = 2® ¢ (Wz) € R¥*, (D.91)

where ¢’ is the derivative of the activation function ¢, applied component-wise to the vector
Wz. We use the shorthands ® := Z x ¢/(ZW'T) € R and K := ®® " € R™", where *
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denotes the Khatri-Rao product, defined in Appendix B. We indicate with ®_; € R~ Dk the
matrix ¢ without the first row, and we define K_; := (I>_1<I>L. We call Pg the projector over
the span of the rows of ®, and Ps_, the projector over the span of the rows of ®_;. We use
the notations @(z) 1= ¢(z) — Eyw[@(2)] and ®_y := &_; — Eyy [P_4] to indicate the centered
feature map and matrix respectively, where the centering is with respect to W. We indicate
with g the [-th Hermite coefficient of ¢'. We use the notation 2 = [z, 1], where x ~ Px
is sampled independently from V' and Z. We define a = d,;/d. Throughout this section, for
compactness, we drop the subscripts “NTK" from these quantities, as we will only treat the
proofs related to Section 3.6, Again for the sake of compactness, we will not re-introduce
such quantities in the statements or the proofs of the following lemmas.

The content of this section can be summarized as follows:

= In Lemma D.13| we prove the lower bound on the smallest eigenvalue of K, adapting to
our settings the main result of Bombari et al.| [2022b].

= In Lemma D.17, we treat separately a term that derives from Ey [¢/(W2)] = pj1k,
showing that we can center the derivative of the activation function (Lemma D.21),
without changing our final statement in Theorem 3.9, This step is necessary only if
g 7 0. Our proof tackles the problem proving the thesis on a set of “perturbed” inputs
7 1(8) (Lemma D.16), critically exploiting the non degenerate behaviour of their rows
(Lemma D.15), and transfers the result on the original term, using continuity arguments
with respect to the perturbation (Lemma D.14).

= In Lemma D.20, we show that the centered features @(z;) and @(z) have a negligible
component in the space spanned by the rows of ®_;. To achieve this, we exploit the
bound proved in Lemma D.19.

» To conclude, we prove Theorem 3.9, exploiting also the concentration result provided in
Lemma D.18.

Lemma D.13. We have that
Auin () = Q(kd), (D.92)

with probability at least 1 — ne—clog’k _ g—clog’n oyer 7 and W, where ¢ is an absolute
constant.

Proof. The result follows from Theorem 3.1 of Bombari et al. [2022b]. Notice that our
assumptions on the data distribution P are stronger, and that our initialization of the very
last layer (which differs from the Gaussian initialization in Bombari et al.| [2022b]) does not
change the result. Assumption 3.7, i.e., k = O (d), satisfies the loose pyramidal topology
condition (cf. Assumption 2.4 in |[Bombari et al.| [2022b]), and Assumption 3.7 is the same as
Assumption 2.5 in Bombari et al.| [2022b]. An important difference is that we do not assume
the activation function ¢ to be Lipschitz anymore. This, however, stops being a necessary
assumption since we are working with a 2-layer neural network, and ¢ doesn’t appear in the

expression of NTK. O

Lemma D.14. Let A € R"1*? pe 3 generic matrix, and let Z_,(5) and ®_,(5) be defined
as

7 _1(8) :=Z_1 + 5A, (D.93)

O_1(0) = Z_1(8) ¢/ (2., W) (D.94)
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Let Py_,(8) € R¥ > pe the projector over the Span of the rows of ®_,(5). Then, we have

=1 . , , , .
that Py (0) is continuous in § = O with probability at least 1 — ne=¢18"k — ¢=¢log*n oyer 7
and W, where c is an absolute constant and where the continuity is with respect to ||-||,-

Proof. In this proof, when we say that a matrix is continuous with respect to §, we always
intend with respect to the operator norm ||-[|,,. Then, ®_;(d) is continuous in 0, as

"@—1(5) — ®_4(0)

|04 (ZaWT)| < 0114l gp maxacicn |6’ (W), (D.95)

op -
where the second step follows from Equation (3.7.13) in Johnson| [1990].

By Weyl's inequality, this also implies that A, (tf_l(é)(i)_l(é)T) is continuous in § = 0.
Recall that, by Lemma D.13, det (@_1(0)@_1(0)T) = det <(I>_1<I>I1) # 0 with probability

at least 1 — ne~¢lo8’k — ¢=clog®n oyer Z and W. This implies that (@_1(5)&)_1(5)T)_1 is

also continuous, as for every invertible matrix M we have M~ = Adj(M)/ det(M) (where

Adj(M) denotes the Adjugate of the matrix M), and both Adj(-) and det(-) are continuous
_ _ _ _ -1

mappings. Thus, as Pg_,(0) = ®_1(0)7 (®_1(0)®_1(0)")  ®_4(0) (see (D.2)), we also

have the continuity of ]5q>_1((5) in & = 0, which gives the thesis. O

Lemma D.15. Let A € R"U*4 pe a matrix with entries sampled independently (between
each other and from everything else) from a standard Gaussian distribution. Then, for every
§ > 0, with probability 1 over A, the rows of Z_y := Z_; + A span R%.

Proof. As n — 1 > d, by Assumption 3.7,negating the thesis would imply that the rows of
Z_; are linearly dependent, and that they belong to a subspace with dimension at most d — 1.
This would imply that there exists a row of Z 4, call it Z;, such that z; belongs to the space
spanned by all the other rows of Z_;, with dimension at most d — 1. This means that A;. has
to belong to an affine space with the same dimension, which we can consider fixed, as it's not
a function of the random vector A;., but only of Z_; and {A;.},+;. As the entries of A;. are
sampled independently from a standard Gaussian distribution, this happens with probability
0. m

Lemma D.16. Let A € R(1D*4 pe a matrix with entries sampled independently (between
each other and from everything else) from a standard Gaussian distribution. Let Z_(J) :=

Z_1+6A and ®_y(6) := Z_1(6) x ¢ (Z_IWT). Let Py_,(8) € R¥**d pe the projector over
the Span of the rows of @_1(6). Let ufy # 0. Then, for z ~ Py, and for any 6 > 0, we have

|Ps (0 (= @ 1), = o(V/dR), (D.96)

with probability at least 1 —exp(—c log2 n) over Z, W, and A, where c is an absolute constant.

Proof. Let B_, := ¢/(Z_ W) € R™=Dxk_ Notice that, for any ( € R"!, the following
identity holds

oL,(6)C = (2_4(0) « BL) ' ¢ = (21,(0)¢) ® (BT, 1,-1). (D.97)
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Note that B, = H61k1;_1+BI1: where B | = ¢/(WZT,)—Ey [gb’(WZL)} isakx(n—1)
matrix with i.i.d. and mean-0 rows. For an argument equivalent to the one used for (D.48)
and (D.49), we have

8L, =0 ((vi+va) (yr/a+1)). (D.98)

with probability at least 1 — exp(—clog®n) over Z_; and W. Thus, we can write

BTl ]-nfl
~ po(n—1)

where we have

i 1, T 1,
= (oLl + BL)) s =1+ B s = 1 40, (D.99)

po(n — 1) po(n — 1)

loll, < | B,

op

o o () (e ) o

po(n
where the last step is a consequence of Assumption 3.7. Plugging (D.99) in (D.97) we get

1 -T 1

u&n—n¢*wxzﬂan_n(zﬂﬁ*34)C=(24®K)®uk+m. (D.101)

By Lemma D.15, we have that the rows of Z_,(§) span R?, with probability 1 over A. Thus,

L . =T
conditioning on this event, we can set ( to be a vector such that z = Z_,(§)(. We can
therefore rewrite the previous equation as

1 =T
———P_,(0)( =201, + 2. D.102
,U/O(n_l) 1( )C k ( )

Thus, we can conclude

i 0o,

Péxa@meaj_D

= [|zl, l[v]l, = o(Vdk),

2

< +lz®ul, (D.103)

2

where in the second step we use the triangle inequality, in the third step we use that
®T (6) = Py_,(6)®",(5), and in the last step we use (D.100). The desired result readily
follows. m

Lemma D.17. Let uf, # 0. Then, for any z € R?, we have

1P, (2@ 1), = o(v/dk), (D.104)

y =

with probability at least 1 — ne=¢°8’k — ¢=clog®n oyer 7 and W, where ¢ is an absolute
constant.

Proof. Let A € R("~1*? be a matrix with entries sampled independently (between each other
and from everything else) from a standard Gaussian distribution. Let Z_1(0) := Z_; + §A
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and ®_,(8) :== Z_1(6) * ¢/ (Z_1WT). Let Py_,(8) € R%* be the projector over the Span
of the rows of ®_;(§).

By triangle inequality, we can write

|Pi, o), < [[PE, = Pa_, )] I1® Lell, + [ Po_, (0) (= & 1) (D.105)

.
Because of Lemma |D.14, with probability at least 1 — ne—clog’k _ g—clog’n quar 7 and W,

Pé_l(d) is continuous in § = 0, with respect to [|-[|,,- Thus, there exists * > 0 such that,
for every § € [0, 6*],

1
<= (D.106)

o0 n

| P, — Py, (6)

=Py, (0) = Py, (8)

op

Hence, setting § = ¢* in (D.105)), we get

|Pi, o), < |[Ps, - Ps (8

L@ Ll + [Po (%) @ 1)

*L "
< llelly il /r+ [ Pa, (6%) (2 © 1) (D.107)

= O(\/%)a

where the last step is a consequence of Lemma D.16, and it holds with probability at least
1 — exp(—clog®n) over Z, W, and A. As the LHS of the previous equation doesn't depend
on A, the statements holds with the same probability, just over the probability spaces of Z
and W, which gives the desired result. O

Lemma D.18. We have

~ 7 a\T ~ 400 , 12 4
12(21)ll: 2 M
with probability at least 1 — exp(—clog®n) — exp(—clog® k) over W and z|, where c is an
absolute constant. With the same probability, we also have

2(25) (1) = O(dk),  [|@(=1)ll3 = O(dk). (D.109)
Proof. We have

160N = |2 @8 W), = I3 6 =, = ad W=, (D110)

By Assumption 3.7 and Lemma D.5 (in which we consider the degenerate case ov = 1 and set
t = k), we have

with probability at least 1 — exp(—clog® k) over W and z;. Thus, we have

& (W), = k3w = olk), (D.111)
=1

|||¢<zl>||§ —dklzoouf — ofdk). (D.112)

Notice that the second term in the modulus is O(dk), since the 1-s cannot be all 0, because
of Assumption 3.8; this shows that ||@(21)|5 = O(dk).
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Similarly, we can write

P P(2) = (2] 21) (6 (W) 6 (W2))) . (D.113)
We have
’lezf - ad’ = ‘l'lTiL" < @logd = o(d), (D.114)

where the inequality holds with probability at least 1 — exp(—c; log?d) > 1 — exp(—c; log® n)
over x1, as we are taking the inner product of two independent and sub-Gaussian vectors with
norm +/d,. Furthermore, again by Assumption3.7 and Lemma D.5, we have

o (Wa)" ¢ (W) — k Z ol

(D.115)

with probability at least 1 — exp(—cslog® k) over W and z;. Notice that the second term in
the modulus is ©(k), because of Assumption 3.8.

Thus, putting (D.113), (D.114) and (D.115) together, we get

—+oc0o
\@(szzl) k'S ol | = ofdh), (D.116)
=1

with probability at least 1 — exp(—c3log?® k) — exp(—cylog? n) over W and z; this shows
that 3(2§) 3(21) = O(dk).

Finally, merging (D.116) with (D.112) and applying triangle inequality, (D.108)) follows and
the proof is complete. O]

Lemma D.19. Let z ~ Py be sampled independently from Z_. Then,
[®-1(2), = o (dk), (D.117)

with probability at least 1 — exp(—clog®n) over W and z, where c is an absolute constant.

Proof. Let's look at the i-th entry of the vector ®_;p(z), i.e

plai) (=) = (212) (§ (W) 0 (W) (D.118)

As z and z;,; are sub-Gaussian and independent with norm V/d, we can write ‘ZTZHI‘ =

O (\/alog n) with probability at least 1 — exp(—clog?®n) over z. We will condition on such
high probability event until the end of the proof.

By Lemma D.4, setting t = n, we have

¢ (Wzi1) 6 (W2) = Ew [¢/(W2i1) 6 (W2)]| = O (VElogn) , (D.119)
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with probability at least 1 — exp(—c; log®n) over . Exploiting the Hermite expansion of ¢/
and <~b/, we have

/ T/ I /2 ZZHZ :
Ew [0/ (W2i) "6 (W2)|| <k Yy | e
=1 ||Zz+1||2 ||Z||2

+00 ZT 13’
<kmax; )2 Y ( il B

=\ Uzl M1zl

l

(D.120)
12 Z;lz 1
= kmax; 1 =
lzisalla 2lly g = J2da?]
lziv1llz Mzl
< 2k max; 1!’ ] 0 (klog”>
<2k max py” T = :
il 1zl Vd
Putting together (D.119) and (D.120), and applying triangle inequality, we get
- k1
‘gzﬁ’(WziH)Tqb/(Wz)‘ =0 (\/Elogn - ;gn) =0 (\/Elog n) : (D.121)

where the last step is a consequence of Assumption 3.7.Comparing this last result with (D.118),
we obtain

@(2i01)@(2)| = O (Vdklogn) , (D.122)
with probability at least 1 — exp(—c;log®n) over W and z.

We want the previous equation to hold for all 1 < i < n — 1. Performing a union bound, we
have that this is true with probability at least 1 — (n—1) exp(—cylog®n) > 1—exp(—czlog®n)
over W and z. Thus, with such probability, we have

191¢(2)]l, <vn—Tmax; [p(2:01) @(2)|
(D.123)
=0 (Vdky/nlog®n) = o(dk),
where the last step follows from Assumption 3.7. O]
Lemma D.20. We have
@(’Zf)T@(’Zl) — @(’Zf)—rp@—;@(zl) . @(Z;f)T@(il) _ 0(1)’ (D124)
(1) = Po_,@(21)| 16(21)l;

with probability at least 1 — n exp(—clog® k) — exp(—clog®n) over Z, x and W, where c is
an absolute constant. With the same probability, we also have

B(20) 3(21) = 3(2) Po_ p(21) = O(dk),  [#(21) — P, 3(21)||, = ©(dk). (D.125)

Proof. Notice that, with probability at least 1 — exp(—clog®n) — exp(—clog® k) over W and
z1, we have both

P(=1) (1) = O(dk) [ @(=1)]l; = O(dk). (D.126)
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by the second statement of Lemma D.18. Furthermore,
P P, p(21)| = (=) T@T K1 D1 p(2)|
NP1 (2l Amin (K1) ™" 1215 (21)], (D.127)
1
—o(dk)O ( dk) o(dk) = oldk),

where the third step is justified by Lemmas D.13 and D.19, and holds with probability at
least 1 — ne—¢log’k — g—clog®n ouer 7 2 and W. A similar argument can be used to show

2
that HPq)_lc,”o(zl)H2 = o(dk), which, together with (D.127) and (D.126)), and a straightforward
application of the triangle inequality, provides the thesis. O

Lemma D.21. We have

©(25)" Py (1) B P(25)" Py @(=1)
[P e, [P,

= o(1), (D.128)

with probability at least 1 — n exp(—clog® k) — exp(—clog®n) over Z, x and W, where ¢ is
an absolute constant.

Proof. If iy, = 0, the thesis is trivial, as ¢ = @. If p, # 0, we can apply Lemma D.17, and
the proof proceeds as follows.

First, we notice that the second term in the modulus in the statement corresponds to the first
term in the statement of Lemma D.20. We will condition on the result of Lemma D.20 to
hold until the end of the proof. Notice that this also implies

B() TP p(z1) = O(dR),  |Pi,a(=)|; = ©(dh), (D.129)

with probability at least 1 — nexp(—clog® k) — exp(—clog®n) over Z, z, and W. Due to
Lemma D.17, we jointly have

[P, (1@ 10|, = o(Vak),  |[Ps_, (21 ® 1), = o(Vk), (D.130)

with probability at least 1 — exp(clog®n) over Z_; and W. Also, by Lemma D.4 and
Assumption 3.4, we jointly have

|1Pa_, (1)), < leEDlls = 1231, 16/ (WD), = O (Vdk) (D.131)

and

[Pt 2], < 122011, = llaall,

with probability at least 1 — exp(—c;log®n) over . We will condition also on such high
probability events ((D.130), (D.131), (D.132)) until the end of the proof. Thus, we can write

6 (W), =0 (Vdk), (D.132)

(=) Pa, (1) — @(21) " P, 3 (=)
< |e(z)TPs, (¢l > 2(21))] + |(p(z5) = 2(=D) " Pa (=)

Zl ®/L01k H + HP@ IQO Z1 H HP(I) 1 ’Zl ®M01k H =0 dl{?)
(D.133)

HP<1> o(21)

256



where in the last step we use (D.130), (D.131), and (D.132). Similarly, we can show that

P se, = [Pa el < [Pes otz - P o]

(D.134)
< Hqu_l (z1® N01k>‘ , = o(Vdk).
By combining (D.129), (D.133), and (D.134), the desired result readily follows. O
Finally, we are ready to give the proof of Theorem 3.9.
Proof of Theorem 3.9. We have
p(ad) Pop(n) ¥ uf el P e(z)  e(E) P p(2)
2 = 2 N 2
L I I N L N 1A
LD o) @(ZT)TP%@(ZO _ oz f) @( 1)
2 -
NECEE ) _az#fuf o
(2 )| i Nz
= o(1),
(D.135)

where the first step is justified by the triangle inequality, and the second by Lemmas D.21,
D.20, and D.18, and it holds with probability at least 1 — n exp(—clog® k) — exp(—clog®n)
over Z, x, and W. O

D.5 Additional experiments

Figure D.1| reports the experiments on NTK features for the same setting considered in Figure
3.2 for random features. We consider binary classification tasks involving synthetic (first two
plots) and standard (last two plots) datasets. As predicted by Theorem 3.9, when the number
of samples n increases, the test accuracy increases and, correspondingly, the spurious accuracy
decreases. Furthermore, for the synthetic dataset, while the test accuracy does not depend on
« and on the activation function, the spurious accuracy increases with o and by taking an
activation function with dominant low-order Hermite coefficients.

In Figure D.2, we plot the test and the spurious accuracies as a function of 0 < o < 1. While
the test accuracy does not depend on «, the spurious accuracy monotonically grows with a.
This is in agreement with the results of Theorems 3.6 and 3.9.
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Figure D.1: Test and spurious accuracies as a function of the number of training samples n, for
various binary classification tasks. In the first two plots, we consider the NTK model in (3.24) with
k = 100 trained over Gaussian data with d = 1000. The labeling function is g(x) = sign(u'z).
We repeat the experiments for « = {0.25,0.5}, and for the two activations whose derivatives are
¢h = ho + h1 and ¢ = hg + hs, where h; denotes the i-th Hermite polynomial (see Appendix B).
In the last two plots, we consider the same model with RelLU activation, trained over two MNIST
and CIFAR-10 classes. The width of the noise background is 10 pixels for MNIST and 8 pixels for
CIFAR-10, see Figure 3.1. The spurious accuracy is obtained by querying the model only with the
noise background from the training set, replacing all the other pixels with 0, and taking the sign of
the output. As we consider binary classification, an accuracy of 0.5 is achieved by random guessing.
We plot the average over 10 independent trials and the confidence band at 1 standard deviation.

RF - Test accuracy RF - Spurious accuracy NTK - Test accuracy NTK - Spurious accuracy
1.0 1.0 1.0 1.0
0.9 0.9 0.9 0.9
0.8 0.8 0.8 0.8
0.7 0.7 0.7 0.7
0.6 = = — (.6 0.6 B ems=S—m—= (6
0.5 0.5 0.5 0.5

0.25 0.50 0.75 0.25 0.50 0.75 0.25 0.50 0.75 0.25 0.50 0.75

a a a a

Figure D.2: Test and spurious accuracies as a function of a. We consider RF (first and second plot)
and NTK (third and fourth plot) models trained on a synthetic dataset. The settings are the same
as in Figures 3.2 and |D.1} and we use a RelLU activation function. The number of training samples
is fixed to n = 200.
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APPENDIX

Appendix for Chapter 4

E.1 Proof of Theorem 4.4

First, notice that, with overwhelming probability over V' and X, due to Lemma 4.5 in [Bombari
and Mondelli, 2025a|, we have

Amin (227) = Q(p). (E.1)
In particular, notice that the lower bound on n in their statement is not required to lower

bound the smallest eigenvalue of the kernel. This implies that ®d" is full rank. Since for
every i € [n| we have ¢(z;) € Span{rows(®)}, we also have

Span{rows(®)} C Span{rows(®)}. (E.2)

Thus, the equation above implies that a subspace of dimension n (®® " is full rank) is a subset
of another subspace of dimension at most n. This implies that the two subspaces must be
identical, which in turn implies, for every i € [n],

©(2;) € Span{rows(®)}. (E.3)

ThroughAout the proof, we omit the subscript 7 to simplify the notation and we let Z denote a
row of X such that £(X) = 0. Then, due to (E.3), we will write

n

p(2) =0 a=>_ p()a, (E.4)

i=1

where we introduced the vector a € R" containing the coefficients of ¢ (Z) written in the basis
{eo(@) Hior-

Furthermore, in this section, we will introduce the shorthand @(z) = ¢(Vz), where ¢ : R — R
is a non-linearity that shares the same Hermite coefficients as ¢, but with the first fi; = 0.
This implies that ¢(z) = ¢(z) — 1z is a Lipschitz function. We will use the shorthand

i = 7 i
Lemma E.1. For any 0 <t < p and any i € [n|, we have that
P(w:) o) — i*p| = O (typ), (E5)
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with probability at least 1 — 2 exp(—ct?) over V. Furthermore, for any i # j, we have

(@) To(ay)| = 0 (wwkﬁ/f) , (E6)

with probability at least 1 — 2 exp(—ct?) — 2 exp(—clog®d) over V and X . Finally, we jointly
have

o [p@)ol@) 8] = O (pdlogd+ ). (E7)
o (R Te(@) — o) pl@)| = O (Vidlogd + ). (E8)
s el o) — pla) Tp(@)] = 0 (Vpdlogd+ 1), (E.9)

for all i € [n], with probability at least 1 — 2 exp(—cdlog® d) over V.

Proof. For the first statement, we have

’ gb(vk xz)qS(UI;rxj)

1

8
.
~—
I
S|

D) p(z;

= 3 (Bl w00 ) — By [l )0 2,)])
+ P [3T2)0 (0T 2y)]

Let us analyze the two terms in the RHS separately. The first is the sum of p independent,
mean-0, sub-exponential random variables (in the probability space of 7). This holds since
both ¢ and ¢ are Lipschitz due to Assumption 4.2, and they arguments are sub-Gaussian.
Then, due to Bernstein inequality (see Theorem 2.8.1 of [Vershynin, [2018|), for any 0 < ¢ < p,
we have

|
S

(E.10)

ol
—

o(vpx;) — E,, [g?)(v,;rxl)qﬁ(vk a:j)} < t\/p, (E.11)

with probability at least 1 — 2exp (—c;t?) over V. For the second term in the RHS of (E.10),
using the Hermite decomposition of ¢ and ¢, we have that

E, {QB(UTx) vz, } —pz,ul( : ) . (E.12)

Considering the case i = j, we readily obtain (E.5). For the case i # j, since the z;-s
are sampled independently from a sub-Gaussian distribution due to Assumption 4.1, and
||24]], = V/d for every i, we have that

max,; |z, z;| < Vdlogd, (E.13)

with probability at least 1 — 2n? exp(—cylog®d) > 1 — 2 exp(—c3log® d), due to Assumption
4.3. Then, with this probability, we have that

pZm plol) (x x") Z i < ot ¢ (E.14)

dl = d3/2 ’
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for every i £ j, which gives (E.6).

Let us now consider an € v/d-net of v/dS% !, namely {z¢ }M_, such that for any 2 € v/d S*!
there exists m € [M] such that ||z — meQ < €v/d. Due to Corollary 4.2.13 in [Vershynin|
2018], for € < 1 we have that the net can be chosen such that M < (3/¢)?. Notice that, for
any m € [M], the same argument leading to (E.5) yields

Bla) " p(as,) — i®p| = O(\/pdlog d), (E.15)

with probability at least 1 — 2 exp(—csdlog? d), after setting t = v/dlogd. Setting e = 1/d?,
and performing a union bound on all m € [M], we have that the previous statement holds
uniformly with probability at least

1 —2(3/€)Y exp(—csdlog®d) = 1 — 2exp((log(3/€) — cslog® d)d) > 1 — 2exp(—cqdlog? d),

(E.16)
where ¢, is an absolute constant. By Lemma C.3 in [Bombari and Mondelli, 2024a| we also
have that for any m € [M], we jointly have

lezr)ll, = OGP),  le(n)ll, = O(vp), (E.17)

with probability at least 1 — 2 exp(—csp). Taking a union bound for all m € [M], (E.17) holds
uniformly over the net with probability at least 1 — 2 exp(—cgp) due to Assumption 4.3. Since
¢ = 1/d?, for any #, there exists m such that ||# — z¢, ||, < 1/d*2. This implies

sup  lo(@)lly, < maxpep lo(r,)lls + sup o) — o(27,)l,
zev/dsd-1 2eVdSsd-1

< max,, )y + LV su T —x,
> e[M] ||S0( )||2 || ||op je\/ZlIS:)d—l || ||2 (E18)

=0 (vr+1yE—s) = oy,

where the third step follows from [|V'|| = O(y/p/d), which holds with probability at least
1 — 2exp(—cyp) due to Theorem 4.4.5 in [Vershynin, 2018|. Then, we have

sup  |p(as) o(ar,) — () T p(@)| < sup [@(a,) To(an,) — Blas,) e (@)

2e/dSd-1 #e/dSd-1
+ sup \@(%)W(@—@(@T@(i)
2eV/dSd—1
< maxpmepn @)l LIV,  sup g, — 2,
2ev/dsd-1
+ sup  [le@) I, LIV, sup [, — 2,
#eV/dSd-1 xe\/ﬁsd—l

<f \\;:df’}ﬂ) =0(z)

(E.19)
Thus, merging (E.15), (E.16) and (E.19) yields
sup [o(2) (@) — ip| = O <\/Tuogd + d2) (E.20)
revdsi-t

with probability at least 1 — 2 exp(—cgdlog® d) over V, which proves (E.7).
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Let us now consider a fixed i € [n] and m € [M]. We have

P(xi)Tp(as,) — pla:) " p(as,) :kﬁ (v 2o (v] 25,) — B, [S(v] 2:1)(vy 75,)])
- 3= (Bl 0l a5) ~ B, [3{ 20500 5)])
+pE, [¢(v 2:)o(v )| - pE, [0 z)(v a,)]
(E.21)

The last line is equal to 0, due to the Hermite coefficients of ¢ and ¢. The first two lines of
the RHS can be bounded separately via Bernstein inequality as in (E.11), giving

P(:) Tp(af,) — @) p(as,)| = O(/pY), (E-22)

with probability at least 1 — 2 exp(—cot?) over V, for any 0 < ¢ < p. As done in (E.16),
considering again ¢ = 1/d?, we have that the previous bound holds uniformly for every
i € [n] and for every m € [M], after setting t = +/dlogd, with probability at least 1 —
2 exp(—cigdlog® d). Then, a similar argument as the one used in (E.19) yields

_0 (\/71 log d + d2) (E.23)

with probability at least 1 — 2exp(—c; dlog?d). This proves (E.8). The proof of (E.9) is
analogous and the argument is complete. O

sup  |p(:) " o(@) — p(ai) " (1)

2ev/dsd—1

Lemma E.2. Let & be a generic row of X such that £(X) = 0 and a € R" be defined
according to (E.4). Then, we have that, for any i € [n],

nlog®d
=0 ((hall 1) (Voton -+ yimona-+ 1)) (220

with probability at least 1 — 2 exp(—clog®d) over V and X.

P(2:) T @(2) — fi*pa;

Proof. For any i € [n], (E.4) implies

B() To(®) = pla) T8Ta = 3" pla) To(z;)a,

i=1 (E.25)
= i*pa; + ({p(xl-)T@(xi)ai — /12pai) + 272 @(%’)T@(SUJ')GJ-
This implies
o) ot2) — ] < (a0l = ip| o+ 32 (B2
=0 (Ha|]2 (\/ﬁlogd + \J <plog d + p? 1053 d))) (E.26)

nlog”d
=0 (tall, (vFroga+ vimoga + Y0 )
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with probability at least 1 — 2 exp (—cl log? d) over V' and X, where the second step holds
due to the first two equations in the statement of Lemma E.1. Then, due to the fourth
equation in the statement of Lemma [E.1, we have

=0 (pdtogd+ L) (E27)

which, together with (E.26), gives the desired result. O

Tp(2)

@) o(@) — @(a:)

Lemma E.3. We have that

dn log® d
llals 1] =0 (,/ log d + N ) : (E.28)

with probability at least 1 — 2 exp(—clog® d).

Proof. (E.4) directly implies

P(2) " p(2) = ¢(2) @ a; Zw (E.29)
Due to the third and fifth equations in the statement of Lemma E.1, we respectively have that
2(2) (@) — it = (\/Tuogd + dQ) (E.30)

o) T8(8) — () 2(@)] = O (pdlogd + %) (E:31)

with probability at least 1 — 2 exp(—c;dlog® d). Then, by Cauchy-Schwartz inequality, (E.31)

=0 <||a||2 (\ﬁ pf)). (E.32)

Again by Cauchy-Schwartz inequality, we have

(2(3) @) — Ppai) | =

log® d
=0 (HaH2 (llall, + 1) <\/pndlogd + y/pnlogd + pn——- T2 )) (E.33)

=0 (Jay Clll +1) Vpndtoga + 52511 )

with probability at least 1 — 2exp(—cylog®d), due to Lemma [E.2, where the last step is
a consequence of Assumption 4.3, Then, merging (E.29), (E.30), (E.32) and (E.33), an
application of the triangle inequality yields

3
i*p|llall; — 1] =0 <(||a||§ +1) (\/Mlogd +plo\g/3d>> . (E.34)

Notice that, if |jal|, = w(l), the LHS of the previous equation would be Q(p|al3), while the
RHS would be o(p ||al|3) due to Assumption 4.3, Then, we necessarily have that ||a|l, = O(1),

which vyields
9 dn log® d>
all, =1 =0 — logd + , E.35
ol = 1] = 0 (/% oga + 5 (€39
with probability at least 1 — 2 exp(—c;log® d), which gives the desired result. O
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Lemma E.4. Let 3 € VdS* ! a generic vector, and let 0 < C' < 1 be defined as

C' = max; x{f (E.36)
Then, with probability at least 1 — 2 exp (—C\/E) over X, we have that
H (ij)d 2 <CM 4o (d ), (E.37)
uniformly for every | > 2.
Proof. Fix 0 < ¢ < 1, and consider the values of i € [n] such that
x;:” > 4. (E.38)

Define M C [n] as the set containing all the values of i that satisfy the inequality above,
m = |M]| as the cardinality of M, and X; € R™*“ as the matrix that contains in its rows all
and only the z;-s such that i € M. Note that X " is a matrix with independent sub-Gaussian
columns, with fixed /5 norm equal to v/d. Then, Theorem 1.3 in [Plan and Vershynin, 2025|
yields

11Xl = Vd| = O(v/n), (E.39)

with probability at least 1 — 2exp(—cyin). This, due to Assumption 4.3, guarantees that
HX/\/EH = O(1), and therefore
op

xz|? | x|z
Pm < ||| <|=|| ==l =0(), E.40
"= d 2_H\/E op \/32 (> ( )
which implies
1
m:o(&). (E.41)

Consider all the possible subsets of size m of [n]. There are in total

m 02

<n> <n™ <exp(mlogn) < exp (Cl 10gd> (E.42)

such subsets, where C' is an absolute constant, and where we used Assumption 4.3, For each
of these subsets, the operator norm of the matrix X, € R™*¢ with rows indexed by M is

1 Xullop — V| < Co (Vim +1), (E.43)

with probability 1 — 2 exp(—cyt?), again due to Theorem 1.3 in [Plan and Vershynin| 2025].
Then, performing a union bound over all subsets and setting t = {/2C" /¢y~ lggd, we have that

all matrices with rows belonging to a generic subset of size m of the rows of X respect (E.43)

with probability at least 1 — 2 exp (—6’1 1%%d>. In particular, with this probability, we also have

1Xsllyp = V| < Co (Vim +1) = 0 ( v 1§gd> , (E.44)
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where in the second step we used (E.41). Then, we have that

2 < '|(X5§;)°l ’
2 B dl

2

+ nd?, (E.45)
2

T (n—m)i < cn2 | Kot

(X2)"
d!

2

where in the last step we used that [ > 2, and the definition of C' in (E.36). Setting 6 = d~%3,
Assumption 4.3 gives nd* = O(d~2), which yields

Viegd +1
\/Eid*0-3 ’

where the last step holds due to (E.44) with probability at least 1 — 2exp (—Clé(igo%) >

1—2exp (—03\/3). Thus, plugging in (E.45), the thesis readily follows. O

‘Xg/\/_H <1+‘HX5/\/_H ‘ <1404

Xsi
H il (E.46)

Proof of Theorem 4.4. As done in Lemma E.1, consider the v/de-net of the sphere
VdS? !, with e = 1/d. For any element z¢, of this set (with a fixed index m € [M], where
M denotes the cardinality of the net), (E.4) yields

p(as,) o(@) = plas,) @ Ta =" p(as,)  l)a;, (E.47)
i=1
where each term of the sum above reads

P Tt = 32 (0ol )otwie) = B, Sl ei)owin]) -
T pE, [3(07a) o0 "))

By Bernstein inequality (see the same argument as in (E.11)), we have that
p ~ ~
> (0] 5)0(0] 21) ~ B, [0 ) 6(0l2)]) = O (Vpdlogd) (E.49)

with probability at least 1 — 2exp (—cldlog2 d). Performing a union bound over the elements
of the net, we have that (E.49) holds uniformly for all ¢ € [n] and all m € [M] with probability
at least 1 —2exp (—czallog2 d) (see the argument prior to (E.16)). Furthermore, the Hermite

decomposition of ¢ and ¢ gives

E, [qﬁ(vTxe (v z; } Z,ul ( ) : (E.50)

which thus allows us to write
Yo oa) e pzazZm ( ) =0 (||aH \/pdnlogd>
i =1 =3

=0 (\/pdnlogd) ,

where the first step follows from (E.48), (E.49) and (E.50), and an application of Cauchy
Schwartz inequality; the second step holds due to Lemma [E.3| with probability at least
1—2exp (—03 log? d).

(E.51)
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By the definition of the net, there exists m € [M] such that |z¢, — #||, < 1/v/d. Fixing such
m, we have

_ / p_p /
—O( pdlogd+d+d+ pdnlogd)
P
=0 [/ 1 + =
( pdnlog d d>’
(E.52)

due to the third equation in the statement of Lemma [E.1, an argument equivalent to the one
n (E.19), and (E.51). Considering the union bound on these high probability events, we have

that (E.52) holds with probability at least 1 — 2 exp (—04 log? d).

Let's suppose we have

AT
r T

di‘gca, (E.53)

max;

where C'is an absolute constant (independent of d,n,p). Thus,

T i’ s, — il |l
d

€
xm

d

i
< max;

max;

1
2 §C+g§05<1, (E.54)

T
+ max;

d
where the last inequality holds for sufficiently large d. Then, we have

6

ﬁ%gm("y<wnfm 2
(o) )

|d
< *C%+ Oy < ;logd—l— d_m) ,

where we applied Cauchy Schwartz inequality separately for every [ in the first step and used
Lemmas E.3 and E.4| in the second step. Here, C'; and (5 denote two positive absolute
constants, and the inequality holds with probability at least 1 — 2exp (—05 log? d). Plugging
(E.55) in (E.52) yields

p’(1-c2)=o0 (ﬁlogd + d‘0'1> =o(1), (E.56)

where the last step is a consequence of Assumption 4.3, which provides a contradiction with
the hypothesis in (E.53), implying that

) ol

= o(1), (E.57)

|1 — max; |——
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with probability at least 1 — 2 exp (—05 log? d).

Let j = arg max; ' (taking the smallest index if there are multiple indices that maximize

this value), and suppose ﬁ:TxZ- > 0. Then, the law of cosines yields

|2 — 2], = sz (1 - “”Zfﬂ) =0 (Vd), (E.58)

where the last step holds due to (E.57). Thus, for k # j we have

Ta T T4 T A
Ty Ty T (T — ) < ’xk I]’ lzelly |12 — 2,
pu— —_— 1 E.
d d d - d d ob), (E.59)

where the last step holds with probability at least 1 — 2 exp <—Cﬁ log? d) due to (E.58) and
(E.13). In the case #"2; < 0 the same argument with —x; instead of z; yields the same

AT
Tr I;

thesis. Thus, comparing with (E.57), we have that arg max;
Jd = o(1).

This proves that Z is aligned with z;. It remains to prove that Z also has the correct sign (i.e.,
it is close to z; and not to —z;). To do so, following the same approach that led to (E.55),
we have that

has a unique solution 7,

and all other indices are such that ‘iTx,»

T e :
o 5 T (E50)

i#£j  1=3

with probability at least 1 — 2 exp (—07 log? d). Thus, comparing with (E.52), we get

I CEN)
i —ajZMlT = o(1). (E.61)
=3

!
Since |a;| <1+ o(1) by Lemma E.3, (E.61) can hold only if (mjm%) have all the same sign

for all [ > 3 such that y; # 0. By Assumption 4.2, this is possible only if a:j:cjn > 0, which
concludes the argument. O]

E.2 Proof of Theorem 4.5

Due to Theorem 4.4, we have that, with overwhelming probability, every Z; has a unique
“closest” row vector in X, such that

L o). (E.62)

Then, if we consider the case n = 2, either both samples are reconstructed, or the same
training sample is reconstructed twice. By contradiction, let us suppose the latter hypothesis,
which without loss of generality can be framed as the first sample x; being reconstructed
twice.
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Since we have that ¢(z,) € Span{rows(®)}, which means that there exist two real numbers
ay and ay such that

©(x2) = arp(xy +€1) + azp(xy + €2), (E.63)

where
o1+ e1ll, = llo1 + e2ll, = V4, (E.64)

as we are considering data reconstruction on the sphere. From now on, we will always assume
that (E.63) and (E.64) hold. We will often consider the following expansion:

@(r2) = arp(w1 + €1) + agp(w1 + £2)
= arp(z1 +€1) + agp(z1 + €1 + (62 — £1))
= (a1 + az)p(x1 + £1) (E.65)
+az ((p(r1 +e2) — (1 + 1)) = ¢'(V(21 + 1)) o (V(e2 — €1)))
Faad(Viwy+en) o (V(ea —21),

which can be used since ¢ admits first derivative according to Assumption 4.2. Note that
0= [lz1 +e1ll; = [leall; = 22{ &1 + ||l (E.66)

which yields
2o e| = leall3, (E67)

with the same relation holding for 5. Similarly, we have
2 2
0= [la1 +enlly = [lo1 + eall; = 22 (61 — 2) + (lerlly + lleally) (leally = lleall,) . (E-68)

which vyields
2|e! (61— 22)| < (llenlly + lleally) ler = e2ll, - (E.69)

We will use the following notation

~ max{[led]ly, lleall}
) e _ o), (E.70)
and
szl gy (E.71)

Vd

Notice that, by definition, we have § = O(€). The idea is to prove that, with overwhelming
probability, there exists no solution to (E.63) such that € = o(1). This then readily implies the
claim of Theorem 4.5. To do so, we state and prove a number of preliminary results.

Lemma E.5. We jointly have
p
Vley = O(/p/d),  IVIE=0(@), X luls=0(), (E.72)
k=1

with probability at least 1 — 2 exp (—clog2 d) over V. Furthermore, we have that

sup [le(z)]l, = ©(v/p); sup [|@(2)]l, = ©(v/p)- (E.73)

zeV/dSd—1 ze/dSd—1

with probability at least 1 — 2 exp (—clog2 d) over V.
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Proof. The first equation holds with probability at least 1 — 2 exp(—cyp) due to Theorem
4.45 in [Vershynin, 2018]. The second equation is a direct consequence of Theorem 3.1.1 in
[Vershynin, 2018|. For the third equation, due to Theorem 3.1.1 in [Vershynin, 2018|, we have

that
1
mmm—ww:Oﬂ@) (E74)

ozl = O (1) (E.75)

Then, we have that the Orlicz norm H“U’“HgHw = O(1), which also implies E {HUM@] =0(1).
2/3

which implies

Then, due to Lemma B.6 in [Bombari et al., 2023|, we have that
L 3
> llvelly = O(p), (E.76)
k=1

with probability at least 1 — 2 exp (—cl log? d), where we also used Assumption 4.3, The last
statement statement can be obtained via the same argument in (E.18). ]

Lemma E.6. Let py, p2, p3 € R be sub-Gaussian random variables, not necessarily independent.
Consider the random variable

Z =min (M, |p1]) |p2ps] , (E.77)

where M = w(1). Then, Z — E[Z] is sub-exponential with parameters (v, «) (see Definition
2.7 in (Wainwright, 2019]) such that

v =0(1), a=0(M). (E.78)

Proof. Since the p-s are sub-Gaussian, we have that both the absolute value of the mean and
the second moment of Z (and therefore its variance) are upper bounded by positive absolute
constants. Denote with (' a constant order upper bound on the absolute value of E[Z].
Furthermore, without loss of generality, we will consider the sub-Gaussian norms of py, ps, p3
to be equal to 1.

Consider a real number A such that 4M|)\| < 1. Defining Z = Z — E[Z], and noting that
e* <1+ 2+ 2%l*l/2 for every z € R (due to the mean-value theorem), we have that

E [&Z} <E

— 2 — 5
1+ AZ + 222&'2]
2 _
<1+E [AZ%WZ']
= 2

<14 /\72 _22 Mlﬂzp3|+01]

E e aM
: (E.79)

A2 p
<1+ SE |(lpapaps| + C1)%e s

P2?3+1:|

A2 ¢ 1/2 lp2p3l+1
< 1+ 5B [(ppane] + '] B[54
<1+ Cu\?
< GCQAQ.

1/2
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Here, in third line we used Z < M/|pyps|; in the fourth line we used that M > C; and
Z < |p1p2ps|; in the sixth line we upper bounded the expectations via an absolute constant,
as |peps| is sub-exponential with norm 1. Thus, we can set a = 4M, and for all |\| < 1/a,
we have

E [¢¥] < @Y, (E.80)

which gives the desired result according to Definition 2.7 in [Wainwright, 2019]. O
Lemma E.7. We have that

(22— ) VT (a1 + 2) = pla1 + €1)) = ¢ (Va1 + 1)) o (V{2 — 1))

E.81
=0 (p(53 + dlog® d(52> , ( )

with probability at least 1 — 2 exp (—06 log? d) overV.

Proof. Since ¢ is differentiable due to Assumption 4.2, by the mean-value theorem, we have
that there exists ( € R? such that

p(x1+e2) — (a1 +e1) = ¢'(V(zr + 1) + () o (V(ez — e1)), (E.82)
where each entry of ( is such that ¢, € [0,[V(e2 —e1)],] (or ¢ € [[V(ea —e1)],,,0], if
[V (g2 — €1)], is negative). Then, we have that the thesis becomes

(22— ) VI (V(wr +21) +0) = (Ve + 1)) o (Viez — 1))

E.83
=0 (p(53 + dlog? d(52) : ( )

First, let £ € R? be defined as
&2 —¢&
5 - 5 ’
i.e. the vector lying on the sphere v/d S with the same direction as £, — 1. Then, dividing
both sides of (E.83) by 4 and expanding the sum, the desired result can be reformulated as

(E.84)

p

]; (v,jf) ¢ (v (21 4+ €1) + Q}) — @' (v, (71 + 1)) (v,jf) -0 <p 4 dlo(;g d) . (E85)

Due to Assumption 4.2, we have both ¢'(2) < L and |¢'(21) — ¢'(22)| < L'|21 — 22|. Thus,

the previous equation is implied by
2 dlog®d
Zé() (vig) =0 <p+ > ) 7 (E.86)

p
Z min ( L

as we have [(;| < §|vf €| from its definition in (E.82).

Let us now consider an € v/d-net of v/d S, namely {z¢ }M_| such that for any = € v/dS?!
there exists m € [M] such that ||z — m||2 < e+/d. Due to Corollary 4.2.13 in [Vershynin,
2018], for € < 1 we have that the net can be chosen such that M < (3/€)?. Setting e = d—3/2,
we have that there exists m* € [M] such that [|{ — 5., < 1/d, and M < e“14'°89, where
c1 is an absolute positive constant. Consider a generic element z{, and define

zi: ( L ) (vla5,) (E.87)
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Each term T,Em) in the sum above is such that its expectation is
2
) (ofs:)
(

Furthermore, Tkm) is sub-exponential (in the probability space of v;) with parameters (v, «)
(see Definition 2.7 in [Wainwright, 2019]) such that

m 2L
E,, [T"] = Ey, [mm (5 Lol 2¢, < L'E, |[ofz<|'| =0(1). (E:88)

v=0(1), a=0(5"), (E.89)

due to Lemma E.6. Thus, Equation (2.18) in [Wainwright, 2019] guarantees that

pv<
k=1

> (17 -, [17])| 2+

dlog®d

> < exp (_CQ min (p, dlog2 d))

< exp (—cgdlog2 d) ,

(E.90)

where the last step used Assumption 4.3. Next, we perform a union bound on the elements of

the net, obtaining that

dlog?®d

sup ‘T ‘— (p—l— 05g ), (E.91)
me[M]

with probability at least 1 — exp (—csdlog® d + edlogd) > 1 — 2exp (—cidlog” d). Then,
with this same probability, due to (E.88), we also have that

dlog®d
)(v,;rxfn*f—O(er Of ) (E.92)

Since the min function is 1 Lipschitz in any of its arguments, for every k € [p], we have

Z min ( L

v Tf,

2L 2L
min (5 L v}z, )—min (5,L' UkaD < LMoglly 1€ = 5,5 <HU§H2> . (E.93)
Thus,
~| (20 T e (2L, T T e \?
> |min (5 L' v, x5, )—mm (5,L kaD (kam*)

k=1
E.94
P 02 3 € ( )
< > lluklls 125 M1z = Op),
k=1 d

where the last step used the first statement of Lemma E.5, and holds with probability at least
1 —2exp (—05 log® d). Furthermore, for every k € [p], we have

(v,;razjn*)Q — (UZS)Q

= [v] (. — O o] (a5, +9)|
2> (E.95)

6 o]
< 2V ull e — €ll, = O ( o

which yields

Zi:mln< ,

{5s)

(0T )” = (o) < 3 Il el = 00, (E96)



again due to Lemma [E.5. Finally, applying the triangle inequality to (E.92), (E.94), and (E.96),

gives
P 2L dlog®d
3" min ( L u,jgﬂ) (v€)" =0 <p + 2% ) , (E.97)
= 4] )
with probability at least 1 — 2 exp (—06 log? d), which concludes the proof. O]

Lemma E.8. Suppose ¢ = o(1). Then, we have that

_ le2 — 51“;

(e2—e1) VT (¢ (V(z1 + 1) 0 (V(e2 —€1))) 7

pm| =o(ps®),  (E.98)
with probability at least 1 — 2 exp (—clog2 d) over V.

Proof. First, let £ € RY be defined as in (E.84). Then, the desired result can be reformulated
as

EP: ¢ (vf (21 + 1)) (UJS)Q — ppa| = o(p). (E.99)

k=1

Let us now consider an € v/d-net of v/dS?! (as we did after (E.86)). Setting ¢ = d~2, we have
that there exist m®) and m(® in [M] such that H§ - x:n(g)H2 <1/d%?, H(a:l +e1) — 26 0 , S
1/d%?, and the size of the net is M < e“191°8? where ¢, is an absolute positive constant.
Consider two generic elements of this net: z¢ ) and x¢ ,), and define

p

> <¢' (Ul;rx:n(l)) (UkT?Cﬁn(z))z - E,, {d)’ (Uz;rl’fn(l)) (U;$;<2>)QD| . (E.100)

k=1

Pm®,m®) _

Since |¢’ (v,;rx;(l))’ < L, each element of the sum is sub-exponential (in the probability space
of vg). Then, due to Bernstein inequality (see Theorem 2.8.1 in [Vershynin, 2018]), we have
that

P, <T(m(1>,m(2)) > C&W) < 2exp (—CQ min (C%dlog d, Cl\/m)) (E 101)

< 2exp (—e3Cidlogd) ,

where the second step is a consequence of Assumption 4.3. Performing a union bound, we have
that, for every pair of points on the net (there are less than e**?!°2¢ such pairs), including x°
and z¢ (), the equation above holds with probability at least 12 exp (—c3C1dlog d + 2c1dlog d) >
1 — 2exp (—cqdlogd) if C is chosen sufficiently large. Thus, with this probability, we have

5 (9 () ()5 [ () (550
¢’ (v;;r:timm) (v;;rxfn<s>)2 —pE {gb’ (pS) (pgﬂ | (E.102)
k=1

=0 <\/dplogd> = o(p),

where we used Assumption 4.3 and introduced p; and p{ as two standard Gaussian variables

T(m(z)m(&)) .

p

-
with correlation (“’fn(z)) ¢ ¢ /d. Note that

(o) =1+ \/i(pZ)ﬁ_l = ho (p5) + V2hs (p5) (E.103)
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where hy and hy denote the Oth and 2nd Hermite polynomials. Thus, we have that

T 2
E {cb’ (r3) (pE)Z] = g +v2u8 (W) : (E.104)

where ugl is the Oth Hermite coefficient of ¢’. Note that ugl corresponds to the 1st Hermite
coefficient of ¢, which is p; # 0 due to Assumption 4.2. The second term on the RHS of
(E.104) can be bounded via

|(@500) T 250 | < 25l 12500 — Elly + 25w — 21 — ell, 1€l + |(@1 + 1) T €

2 |z (g1 —e2)|  |ef (61 —&9) 1
< Z — -
=4 5 5 © (d * dg) ’
(E.105)
where we used (E.69) in the last step. Then, plugging in (E.104), we obtain
/ € € 2 1
E | (05 ()] | = 0 (5 +*) = ol (E.106)
We also have
/ € € 2 / 2
¢ ("Uz;rﬂfm(z)) (U;—xm(é)) —¢ (UkT(l"l + 61)) (Ui;r§) ‘
/ € / € 2
< ‘(Gﬁ (Uz;r$m(z>) —¢ (U]j(xl + 51))) (U;;rﬂcm(s))
2 2
+|¢f (U;;r(% + 51)) ((U;Ixin(s)) - (U;f) ) (E.107)

< L fforlly 1250 — 21 = 21l l[onlls d + 2LV [|ogl3 15,0 — €]l
2 3
k]l + [lvell

\/E )

where C5 is some positive constant. This yields

<

p

>

k=1

¢’ (U;;rﬂﬁfn(m)) (UJJCZ@(&))Z —¢ (Ui;r(l'l + 81)) (U;f)z

_0 (\%) —o(p), (E.108)

with probability at least 1 —2exp (—05 log? d) due to Lemma E.5. Then, applying the triangle
inequality to (E.102), (E.106), and (E.108), the proof is complete. O

Lemma E.9. Suppose ¢ = o(1). Then, we have that

1
|a1 + Cl2| =0 <|a2| 0 + (z/gad> y (E].Og)

with probability at least 1 — 2 exp (—clog2 d) over V and X.

Proof. Consider (E.65), written as
p(2) = (a1 + az)p(r1 + 1) + ag (p(71 + 2) — p(21 +£1)) - (E.110)
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Let us now take an inner product of both sides of (E.110) with Vz;. Due to Lemma E.5 and
since x1 is a sub-Gaussian vector independent of V' and x5 due to Assumption 4.1, we have
that

2]V p(22)| = O (58 log d) , (E.111)

with probability at least 1 — 2exp (—01 log? d) over x1 and V. Then, consider
’xlTVTcp(xl +e1) — ,ulp‘ < ‘xlTVTqb (V(zy+¢e1)) — xlTVTgb(Vxl)’

o (E.112)
+ ‘171 V o(Var) — pup

9

and let us bound the two terms on the RHS separately. For the first one, since ¢ is L-Lipschitz
by Assumption 4.2, we have that

VIOV (ar+e) =2 VIo(Va)| < LVarl, [Verll, = O(pe),  (E113)

with probability at least 1 — 2 exp (—cl log? d) due to Lemma E.5 and (E.70). For the second
term in the RHS of (E.112), using the Hermite decomposition of ¢, we have that

‘xlTVTéb(Vh) - N1p‘ =

> vl a1d(vy 1) — Eyy [v;xlqﬁ(v;xl)} ’ : (E.114)
k=1

Since ¢ is Lipschitz, we have that ¢(v] x;) is a sub-Gaussian random variable (with respect to
vy), and thus v} 21¢(v) z1) are p i.i.d. sub-exponential random variables. Thus, Bernstein
inequality (see Theorem 2.8.1. in [Vershynin, 2018|) yields

|2 VT 6(Vay) — pup| = O (/plogd) (E.115)

with probability at least 1 — 2exp (—03 log? d) over V. Then, plugging this and (E.113) in
(E.112), together with the fact that p; # 0 by Assumption 4.2, we have

‘I‘IVT@(% +e1) — mp\ = O (pe + /plogd) = o(p), (E.116)

with probability at least 1 — 2exp (—04 log? d) over V. Considering now the last term in
(E.110), we have
lp(21 + €2) — p(z1 +e1)ll, = O (Vpd), (E.117)

due to the Lipschitzness of ¢ and due to Lemma E.5. Thus, with probability 1—-2 exp (—65 log? d),
we have

2 VT (21 + &) — p(a1 + 1)) = O (0), (E.118)

where we used again Lemma E.5. Then, plugging (E.111), (E.116) and (E.118) in (E.110), an
application of the triangle inequality yields

log d
|a1+a2]p:O<]a2|p5+p;§ >, (E.119)

which gives the desired result. [
Lemma E.10. Suppose ¢ = o(1). Then, we have that
lag| = O(671), la; + az| = O(1), (E.120)

with probability at least 1 — 2 exp (—clog2 d) over V and X.
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Proof. The proof consists in considering the inner product of both sides of (E.65), namely

p(x2) = (a1 + az)p(z1 + £1)
+az ((p(z1 +e2) —p(z1+ 1)) = '(V(z1 +e1)) o (V(e2 —e1)))  (E121)
+ax¢'(V(z+e1)) o (Viez —e1)),
with V(eg — 7).
First, we have that the LHS reads
(22— 1) "V p(2)| = O (3p), (E.122)

due to Lemma E.5 with probability at least 1 — 2exp (—cl log? d) over V. Consider now

(e2—e1)"V T p(x1+¢1). A net argument similar to the one used to obtain the third statement

in Lemma E.1 yields

(82 — 81)T<ZL’1 + 81)
d

(e2—e1) 'V p(z1 +e1) — pup "

:O< pdlogd—i-(;]j), (E.123)

with probability at least 1 — 2 exp (—02 log? d) over V. This, together with (E.69) and Lemma
E.9, gives
log d

(a1 + a2)(e2 — 1) "V (1 +£1)| = O (<|a2| 5+ ﬂ> (5 pdlogd + flf + 56p>> ,
(E.124)

with probability at least 1 — 2 exp (—03 log? d) over V' and X. Due to Lemma [E.7, we have

‘(82 —e1) 'V (a1 +e2) — plar +e1)) = ¢' (Va1 +e1)) o (V(ez — 51)))‘

E.125
=0 (p53 + dlog® d52) = o(pd?), ( )

and due to Lemma E.8, we have

lea — 61”;

(e2—e1) VT (¢ (V(z1+ 1) 0 (V(e2 —€1))) — y

pul‘ = o(pé®),  (E.126)

jointly with probability 1 —2exp (—04 log? d) over V. Then, taking (E.122), (E.124), (E.125),
and (E.126) together, we have that

2
|CL2|H€2 dngQle :Al +A2+A3+A4, (E127)
where
|As| = O <<|a2| o+ logd> (5 pdlogd + op + &:p)) = o(dp) + o (|a2\p(52)
Vd d (E.128)
|As] = o (Jaz|ps®)
4] = o (Jaz|ps®)
As 11 # 0, this readily implies that
jas| = 0 (57"), (E.129)
which, together with Lemma [E.9 gives the desired result. O
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Lemma E.11. Suppose ¢ = o(1). Then, we have that
a3 (@) (p(a1 + £2) = p(ar +21))| = o(p). (E.130)

with probability at least 1 — 2 exp (—clog2 d) over V and X.

Proof. First, following the same decomposition considered in (E.82), we have
|asp(w2) T (p(1 + £2) = (a1 + 1))
< Jaxp(x2) " (' (V21 +21) +Q) = ' (Ve + 1)) o (V(e2—e))|  (E131)
+ |a2p(w2) "¢ (V (w1 + €1)) 0 (V(e2 — 1)),

where each entry of ( is such that ¢, € [0,[V(e2 —e1)],] (or ¢ € [[V(e2 —€1)],,0], if
[V (g2 — €1)],, is negative). The first term on the RHS can be bounded as

|ax@(@2) " (¢ (V (@1 +21) +¢) = ¢/ (V (w1 + 1)) o (V(e2 — 1))

< |as| i |B(v) 22)| min (2L, L' [uy (2 — €1)|) o4 (e2 — &1)] (E.132)
k=1

= |a2]O (ps® + dlog?ds) = O (pd + dlog*d) ,

with probability at least 1 — 2exp (—61 log? d) over V and X, due to the same argument
used in Lemma [E.7 and where we used also Lemma [E.10.

Next, let us look at the second term on the RHS of (E.131), and consider an ¢ Vd-net of /dS%1
(as we did after (E.86)). Setting ¢ = d~2, we have that there exist m€), m®) and m(*2) in
[M] such that H£ — € <§)H <1/d%? (Where§ is defined in (E.84)) H T1+€1) = T |,
1/d%?, H( 2) = I (o) , < 1/d*?, and the size of the net is M < e®241°8? where ¢, is an

absolute positive constant. Consider three generic elements of this net: z¢ ), z{ ), and
TE ) and define

p ~
T = |52 (Bl )6 (olato) (o5 (E.133)

—E,, {QS(UI;I—JJ )¢ (U;x (2)) (U;x <3)>D’
Since ’gb’ (v,;rx:n(l))’ < L, each element of the sum is sub-exponential (in the probability space

of v). Then, the argument based on Bernstein inequality used in Lemma E.8, after performing
a union bound on the net, yields

T(m@?),m(“”l),m(&)) .

Z (D(0) 2,08 (0 2000 ) (08 oi0) ) = PE [ (05,) & (15,) (pg)]| = o(p),
B (E.134)

with probability at least 1 —2exp (—03dlog2 d) (due to Assumption 4.3)), where we introduced
Py Pa, and pg as three standard Gaussian variables with correlations

€ € (xfn(* ))Tx:n(w ) € € (l‘in(un ))Txfn( )
P12 = COIT (pcglﬂ pgp2) - ! d 2 y plf .= COIT (p1‘17p§> = #57
€ € (:Ein(z )Tm:n()
pag = corr (pt,, pt) = %-
(E.135)
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Note that
lp12l = o(1),  [pie| = o(1), (E.136)

where the two bounds hold due to our net definition, due to |x] 5| = o(d) with probability
at least 1 — 2 exp(—cylog® d) (coming from Assumption 4.1), and due to (E.69). By Isserlis’
theorem (or generalized Stein's lemma) we also have

E[0(65,)0' (05) ] = 2B [0(02,)0 (45,)] + 11 [0(05,)0" (5,)] - (E137)

We have that
e (30600 (05,)]] < I B 3] PE [0 ()] =00, (E130)

where we used (E.136), |¢”| < L' (L' being the Lipschitz constant of ¢) and that ¢ is
Lipschitz due to Assumption 4.2, To study the first term on the LHS of (E.137), notice that
the Hermite coefficient of order 0 of a is 0, since the Hermite coefficient of order 1 of ¢ is 0
by definition. Thus, denoting by ., fi’. the r-th Hermite coefficient respectively of ¢/, a, we
have

2 [8'(05,)0' (5,)]| < lpec] Zururpu < |p12|2|mur

r=1 r=1

smﬂdiwﬁdiwﬁ (E.139)

/

< |p12| E {55

) B[ ()] = o,

where in the last step we used (E.136), |¢/| < L and that ¢ is Lipschitz due to Assumption
4.2, Putting (E.138) and (E.139) in (E.137), and plugging this in (E.134) yields

= o(p), (E.140)

p
7 T,.€ T ,.€
Z S(0f 50e) ' (V) o)) (0] 250

with probability at least 1 — 2 exp(—c;log®d) over V and X.

Then, following a similar argument as the one that led to (E.108), we obtain

i& (W 25)8 (08 25000 ) (W 250 ) = S0 22)¢ (0] (21 + 1)) (%IS)‘ = o(p),
= (E.141)

with probability at least 1 — 2exp (—06 log? d) over V due to Lemma E.5. Putting (E.140)
and (E.141) together with the result of Lemma [E.10 yields

a2 (22) T (V (1 + 20)) © (V(e2 = 21))| = 0(p), (E.142)

with probability at least 1 — 2exp (—07 log? d) over V and X. This last equation, when
plugged in (E.131) together with (E.132), gives the desired result. O
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Proof of Theorem [4.5. Let us consider
p(x2) = arp(a1 + €1) + azp(1 + £2), (E.143)
where

|21 + 1]y = [|21 + 2|, = Vd. (E.144)

Suppose by contradiction that there exists a solution to the equations above such that ¢ = o(1).
Take the inner product of both sides of (E.143) with the vector @(z3), namely

P(z2) T o(m9) = (a1 + a2)P(x2) " (1 + £1) + a2 @(w2) T (p(71 + €2) — (71 + 1))
(E.145)

For the LHS, we have that
p(x2) " o(z2) = O(p), (E.146)

with probability at least 1 — 2 exp (—01 log? d), due to the first statement of Lemma [E.1. For
the first term of the RHS, we have

(a1 + a2) P(22) o1 + 1) — (a1 + a2) P(2) " p(a)|

] (E.147)
< far + ao| |8(z2)lly L [V ][, €1l = olp),

with probability at least 1 — 2 exp (—cz log? d), due to Lemmas E.5/ and E.10. Then, using

the Hermite expansion of gzﬁ and ¢ we have

ot elen -2 (211} <ot (E.148)

with probability at least 1 — 2exp (—03 log? d) due to Bernstein inequality. As we have
|24 21| = o(d) with this same probability due to Assumption 4.1, we readily obtain

(a1 + a2)@(w2) "p(1)| = o(p), (E.149)

where we also used the bound on |a; + as| from Lemma E.10.

Finally, due to Lemma E.11, we have
‘a29~0($2)T (¢(z1 +e2) — (1 + 81))‘ = o(p) (E.150)

with probability at least 1 — 2 exp (—04 log? d).

Plugging (E.146), (E.147), (E.149) and (E.150) in (E.145) generates a contradiction with
high probability. This implies that, with probability at least 1 — 2exp (—05 log? d), we have
e = (1). Taking the intersection between this event and the one described by Theorem 4.4,
we obtain the thesis. O

E.3 Implementation details

Computational resources. We executed all the experiments on a machine equipped with
two GPUs (an NVIDIA GeForce RTX 3090, 24 GB VRAM and an NVIDIA RTX A5000, 24
GB VRAM), an Intel(R) Core(TM) i9-10920X CPU @ 3.50GHz and 128 GB of RAM.
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Training procedure of neural networks. By default, we train both two-layer and deep
residual networks with full-batch gradient descent with step size 10~° on square loss for 10°
steps, unless stated otherwise. For the classification experiments on random features and
two-layer neural networks, we set the step size to 10™3 and optimize logistic loss (in the case
of binary classification) or cross-entropy loss (in the case of multi-class classification) with
full-batch gradient descent for 10° steps.

Optimization details for the reconstruction algorithm. We provide precise implementation
details of the reconstruction algorithm. The inputs of our procedure are the model’s optimal
weights 0* and the structure of frg, i.e. , V and ¢. As already mentioned in Section 4.5.2,
in the case of neural networks where |n|t|al|zat|on is not zero, we define §* £ 6, & _ Q(L)
where 6 are the initial parameters and 6* are the trained parameters after gradient descent
converged on the training set. The superscript (©) indicates the weights of the last layer. For
neural networks we also assume access to their trained weights of all layers {§*(V) ... §*(F)},
but we only require knowledge of the initialization of the last layer QSL) and their internal
structure. The reconstruction problem is solved by minimizing the following objective via
gradient descent with momentum:

X = arg min HPLH*

Xil|zill2=vd

(E.151)

.
We initialize the rows Z; as i.i.d. standard Gaussian vectors. To efficiently compute the
objective in (E.151) at each gradient descent iterate, we leverage the fact that, by definition,

L . . L T o . L o L . .
Pé. is symmetric ((Pg)" = Pz) and idempotent ((P;)* = P;). Expanding according to the
definitions and properties above,

£(X) = |[pier| = PioT Pe"
[6*]T[PJ_]TPJ_6*
= [0"]7(I - & d)o*
— 676 — 0]7h (6 ) 1der
_ [9*]1’9* _ [9*]7 ATa

A AT A
Here, « is the solution of the system of n linear equations in n unknowns (®® ) o = ®§*
which can be numerically computed via the conjugate gradient method [Hestenes et al.|

1952], skipping the need of inverting explicitly (iD(i)T € R™ "™ at each iteration. After the
gradient descent update on X, we then normalize its rows #; to force them to lie on the
d-dimensional sphere v/d S*~'. More precisely, &; <~ v/d - &;/||Z:|2, thus respecting the fact
that minimization should happen on the sphere as in (E.151). Unless stated otherwise, the
step size is set by default to 2-10? for the CIFAR-10 experiments and to 20 for the experiments
on synthetic data. On Tiny-ImageNet we use a step size of 8- 103. Momentum is set to 0.9.
We consider the reconstruction optimization converged when the normalized reconstruction
loss £(X)/||6%]|2 drops below 10~7. Normalizing by ||6*||2 makes the loss of order 1 at the
beginning of the optimization so that the chosen threshold of 107 corresponds to the effective
numerical resolution in floating point representation. Unless explicitly mentioned otherwise,
in every experiment we perform, the optimization is run until the reconstruction loss has
converged.
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Statistical robustness. To ensure that our findings are not tied to a particular random
initialization, all experiments are repeated over multiple random seeds. Each seed induces
independent initializations of network parameters and of the reconstruction variables X. All
the quantitative results reported in the chapter correspond to averages (and variability) across
these runs.

CIFAR-10 protocol. For random features experiments, we construct a balanced subset from
the CIFAR-10 [Krizhevsky et al., [2009] training split by iterating once through the data and
collecting the first n/2 occurrences of the “frog” class (negative) and n/2 of the “truck”
class (positive), yielding n samples. Each image is flattened to d = 3 - 32 - 32 = 3072 and
concatenated into X € R™?  We standardize using subset statistics computed over the
selected n examples. Targets are Y € {£1}", with the first n/2 entries set to —1 and
the remaining n/2 to +1. We use “frog” vs. “truck” purely as a convenient benchmark.
Our conclusions do not hinge on category semantics, and we observed the same qualitative
behavior across alternative class pairs. For multiclass experiments, we use the same balanced
construction; targets are one-hot encoded as 10-dimensional vectors with a single 1 at the true
class index (and 0 elsewhere). Also for ResNet and vision transformer runs we use the same
protocol as for random features, but images are kept in tensor form (R3*32%32) and normalized
per channel using the full CIFAR-10 training split statistics (mean [0.4914, 0.4822, 0.4465],
std [0.247,0.243,0.261]).

Tiny-lmageNet protocol. We construct a balanced subset from the Tiny-ImageNet [Le
and Yang, 2015] training split by iterating once through the data and collecting the first n/2
occurrences of class 2 (negative) and n/2 of class 116 (positive), yielding n samples. Each
image is flattened to d = 3-64-64 = 12288 and concatenated into X € R™*¢. We standardize
using subset statistics computed over the selected n samples. Targets are Y € {£1}", with
the first n/2 entries set to —1 and the remaining n/2 to +1. We have randomly drawn class
2 vs. class 116 and used this pair purely as a convenient benchmark. Also in this case, our
conclusions do not hinge on category semantics.

E.3.1 Additional details on deep residual networks

In this section, we give precise implementation details of the class of deep residual networks we
consider. We focus on ResNet-style architectures [He et al., 2016] adapted to CIFAR-10 images
while preserving the canonical residual topology. Specifically, we remove batch normalization
and max pooling layers so that feature map resolution and statistics are maintained throughout.
Apart from this, the residual block structure and overall layout are preserved. More formally,
let ¢(-) = ReLU(-) applied element-wise and let C**¥[.] denote a bias-free 2D convolution
with kernel size k x k, stride 1 and padding 1, mapping from a to b channels. Let a residual

block be

B(u) = ¢(u+ Cp5[o(CR[u])]) - (E.152)
Given an image z € R**32%32 (as in the case of CIFAR-10 examples), we consider in our

experiments deep residual networks with architecture
29 = C2% B[] 2= B(zp—1) forb=1,...,4, frn(z) = [0 Tvec(z,) , (E.153)

with 01 € R*77 the last layer's parameters. We denote with vec(-) the flattening of the
dimensions of the 3D tensor z, to a vector. The choice of dimensionality for (%) is motivated
by the first convolution mapping the spatial size for CIFAR-10 images to h X 7 X 7 and the
blocks preserving it. We select the number of output channels h based on the choice of the
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Figure E.1:. Features of the training dataset ® are spanned by the features of the reconstructed
dataset ®. We consider RF regression with ReLU activation on i.i.d. samples uniformly distributed
on the d-dimensional sphere (d = 100,n = 20), 10-class one-hot regression with a 2-layer RelLU
network trained with gradient descent on CIFAR-10 (n = 10) and regression on binary labels (frogs
vs. trucks) with a ResNet trained with gradient descent on CIFAR-10 (n = 10). We report mean
(solid line) and standard deviation (shaded area) for the reconstruction error (in red), for the training
loss (in black) and for the per-feature orthogonal residual of projecting ® onto Span{rows(®)} (in
blue), as the number of parameters increases. We indicate with pL) the number of parameters in
the last layer. Statistics are computed across 10 distinct random seeds.

number of parameters in the last layer p(*) as these two quantities are tied together, being
h = p") /72 eventually truncated to the nearest integer. Parameters of the first convolutional

layer are initialized as 91(,0]‘) ~ N(0,1/d) i.i.d. , while for [ > 1 parameters are initialized as
91(1]) ~ N(0,1/fan_in) i.i.d. . Here, fan_in equals the number of input units (for convolutional
layers: h - k2; for the last linear layer: p(*)).

E.4 Additional numerical results

E.4.1 Further results on span inclusion

As mentioned at the end of Section 4.4 and in the caption of Figure 4.2, we test whether the
features computed on the training dataset are spanned by the features of the reconstructed
examples. To this end, we calculate the average per-feature orthogonal residual, formally
defined as

: (E.154)

ZH o(x;)

where Pg = I — P4 projects onto the orthogonal complement of Span{rows((f))}. Thus
r(®) = 0 if and only if every ¢(z;) lies in Span{rows(®)}. The normalization by n,/p makes

7(®) of order 1 so that values of r(®) < 1 indicate numerically negligible residuals (i.e. ,
effective span inclusion).

Figure E.1 summarizes the interpolation-reconstruction behavior across RF regression (synthetic
data, same setting of Figure 4.3)), two-layer ReLU neural networks (CIFAR-10, multi-class,
same setting of left Figure 4.6), and deep residual networks (CIFAR-10, binary, same setting
of right Figure 4.6). Both the reconstruction error (red) and the per-feature orthogonal
residual (blue) remain large until the model crosses the threshold p ~ dn (p'*) ~ dn for
neural networks), after which they drop sharply. This trend is consistent with Figure 4.2:
successful reconstruction occurs precisely when (z;) € Span{rows(®)} for all 4, i.e. , when
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Figure E.2: Reconstructing CIFAR-10 training images from an RF model with the activation
function satisfying Assumption 4.2. We repeat Figure 4.4 with the same seed, reconstructing
CIFAR-10 training images (n = 100) from an RF model with activation function ¢(z) = ReLU(z) +
tanh(z) on binary labels at p = 10dn. Odd rows report the ground truth images, while even rows

the reconstructed ones. In this experiment the activation function is consistent with Assumption 4.2}
and indeed, this excludes the possibility of reconstructing sign-flipped versions of the originals.

| Pio(z:)[|2 = 0. Also in these settings, for p < n, the optimization converges to the
non-degenerate case Py = I, which makes the orthogonal residual trivially zero.

E.4.2 Data reconstruction on RF with mixed-parity activations

Figure E.2 repeats the setup of Figure 4.4 on CIFAR-10 (binary labels, n = 100) using
the same random seed and optimization protocol, but replacing ReLU with the activation
¢(2) = ReLU(z) + tanh(z) that has high-order Hermite coefficients of different parities. In
contrast to Figure 4.4, no sign-flipped reconstructions appear. This outcome is precisely what
Assumption 4.2 and Remark /4.4 predict: ReLU alone violates the assumption (its odd Hermite
coefficients pig,41 vanish for £ > 1), allowing x; and —z; to be indistinguishable under the
reconstruction loss. Adding tanh supplies non-zero coefficients of opposite parity, restoring
identifiability of the sign and removing this degeneracy.

E.4.3 Additional ablation studies

Effects of different learning rates in the reconstruction optimization. To assess the
effect of the step size on the success of the data reconstruction, we have conducted an
additional ablation using Binary CIFAR-10 (n = 20) on the RF model. Starting from the
base step size * = 2 - 103, we have considered n € {n*/4,n*/2,n*,2n*, 4n*} across 10
distinct random seeds. In Figure E.3, we plot the reconstruction error, the total number of
iterations for which the reconstruction algorithm is run, and the final reconstruction loss L, as
a function of the number of parameters p. For larger step sizes (2n* and 471*), we observe
oscillatory behavior of the reconstruction loss that prevents convergence within a reasonable
budget. Guided by the smallest step size (1*/4), for which the loss consistently converges to
zero within at most 6 - 10* iterations across seeds and number of parameters p, we cap the
optimization at 6 - 10* iterations in this experiment. As shown in Figure [E.3| for all step sizes
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that converge within this budget (*/4,1*/2,1*), the reconstruction error drops to zero once
p > dn, indicating that the reconstruction procedure is robust to the choice of the step size
provided it is not taken excessively large.

Number of reconstructed samples different from number of training samples. So far,
we only discussed the results of optimizing £(X) when setting X to be a matrix in R"*¢_ In
Figure E.4, we numerically investigate the effects of setting X to be a matrix of size 7 x d,
when 7 # n. Specifically, we consider Binary CIFAR-10 with n = 50 (25 “frog" images vs. 25
“truck” images) and a RF model with p = 10dn. When reconstructing fewer samples (7 < n),
we observe that the outputs of the reconstruction often mix the structure coming from multiple
ground-truth images. Intuitively, this translates in the fact that the reconstruction seems to
be minimized when X has rows that are a superposition of multiple training data, rather
than a subset of the training data themselves. Increasing 7 progressively reduces this noise.
Conversely, when reconstructing with more rows than training samples (2 > n), we find that
50 of the recovered images match the n = 50 training samples, while the extra 1 —n = 10
reconstructions are simply duplicates. From a practical perspective, this means that, in order
to estimate n, it suffices to iteratively increase 7 until the first duplicate appears.

Reconstruction from vision transformer architecture. In Figure E.5, we provide numerical
results on vision transformers trained on CIFAR-10 in the multi-class setting, using the same
reconstruction procedure. We study randomly initialized vision transformers [Dosovitskiy et al.}
2021] akin to ViT-B/16 on which we vary the embedding dimension trained on one-hot encoded
labels from the first five classes of the CIFAR-10 dataset (n = 5). Vision transformers display
a similar phenomenology to fully connected and residual architectures: when the number of
parameters p(") exceeds dn, the reconstruction error goes down and images are recovered
successfully.

Effects of weight regularization. So far, we discussed reconstruction from the weights of
a trained model without regularization, as expressed in Eq. (4.2). Adding a ridge parameter
A > 0 would change the training loss as

2
((x) 70— i)+ All6]I3, (E.155)

1

Etrain (9) =

n

S|

)

whose unique minimizer is
-1
0" =o' (2" +nAl) Y. (E.156)
For a fixed value of A (not dependent on d,n and p), and due to Eq. (E.1), we have
Al = O(),  Auin (®07) = Q(p). (E.157)

Intuitively this suggests that, as p grows large, the effect of a fixed regularization term A
becomes negligible, and reconstruction is still possible. This is verified numerically in Figure
E.7, where we see that even for very large values of A we find a qualitatively similar threshold
for successful reconstruction.

Effects of pruning. In Figure E.8, we explore numerically the behavior of our reconstruction
algorithm on a pruned network, following the same synthetic setup of Figure 4.3, We first
obtain 6* = @Y and then run Optimal Brain Surgeon [Hassibi and Stork, 1992], which in our
context (convex problem on square loss) provably incurs in the minimal increase in training
loss, given a fixed sparsity ratio. We select either d = 30, n = 20 (left plot of Figure 4.3) or
d = 100,n = 100 (right plot of Figure 4.3), reporting the results for several sparsity ratios. As
expected, pruning seems to increase the number of parameters needed for data reconstruction.

283



CIFAR-10 (Binary Labels, n = 20)
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Figure E.3: Ablation on step size used for the reconstruction procedure. We consider RF
regression with ReLU activation on binary labels (frogs vs. trucks) with n = 20 images (10 examples
per class) from CIFAR-10. Starting from the base step size 7* = 2 - 103 used in all the CIFAR-10
experiments, we report the reconstruction error (left), total number of training iterations needed by
the reconstruction algorithm (center) and reconstruction loss (right) as a function of the number of
parameters p, aggregated over 10 distinct random seeds. Guided by the smallest step size (n*/4),
for which the loss consistently converges to zero within at most 6 - 10* iterations across seeds and
number of parameters p, we cap the optimization at 6 - 10* iterations.

7 = 60 (Top-50 reconstructed examples)

el N s
“ﬂ-ImilvﬁiL!ﬂﬂgunnlﬂEﬂmlh

Surplus examples (as 7 > n)

, DSENEHFME

Figure E.4: Dataset reconstruction without knowing the exact number of training samples n.
We fit an RF model with ReLU activation and p = 10dn on binary labels (frogs vs. trucks) with
n = 50 images (25 examples per class) from CIFAR-10. We then optimize the reconstruction loss
L(X) with X € R"*% and the number of reconstructed samples 7 different from n. We assess
both the case when reconstructing fewer samples (7. < n, left column) and more samples (72 > n,
right column) than the ground-truth number of samples n. In the latter case, we also plot the extra
7 —n = 10 examples.
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Vision Transformer (Multi-class)
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Figure E.5: Thresholds for label fitting and data reconstruction for Vision Transformers
trained with gradient descent on n = 5 CIFAR-10 images. (Left) We consider regression
with the square loss, training Vision Transformers on the one-hot encoding of 5-class labels. We
report mean (solid line) and standard deviation (shaded area) for the reconstruction error (in red),
for the training loss (in black) and for the per-feature orthogonal residual of projecting ® onto
Span{rows(®)} (in blue), as the number of parameters in the last layer p(%) increases. Statistics are
computed across 10 distinct random seeds. (Right) Results of the reconstruction when p(X) = 4dn.
The first row reports the ground truth images, while the second row the reconstructed ones.

Tiny-ImageNet (Binary Labels, n = 20)
1 1 1
14 1 1 I
12 ! S I§ Ig
1 1 1
p ! gl
10 1= 1= 1=
) -\ 1 1 1
0.8 1 1
.o\ N\
0.4 : : |
1
2
0 |
00 X e
10! 102 10° 10 10° 109
p
@ Reconstruction Error ~— emsss Training Loss — e Avg. H[J"»T,?(.’I?‘)Hg/\/p

Figure E.6: Thresholds for label fitting and data reconstruction on Tiny-ImageNet. (Left) We
consider RF regression with ReLU activation on binary labels (class 2 vs. class 116) with n = 20
images (10 examples per class) from Tiny-ImageNet (d = 12288). We report mean (solid line) and
standard deviation (shaded area) for the reconstruction error (in red), for the training loss (in black)
and for the per-feature orthogonal residual of projecting ® onto Span{rows(®)} (in blue), as the
number of parameters p increases. Statistics are computed across 10 distinct random seeds. (Right)
Results of the reconstruction when p = 10dn. Odd rows report the ground truth images, while even
rows the reconstructed ones which are all visually very similar.
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Figure E.7: Thresholds for label fitting and data reconstruction in the presence of regulariza-
tion. We consider RF regression with RelLU activation, fitting a noisy linear model with ¢ penalty
(ridge). The training data is i.i.d. uniformly drawn from the d-dimensional sphere. We report mean
(solid/dashed lines) and standard deviation (shaded areas) for both the reconstruction error (solid
lines) and training loss (dashed lines) as the number of parameters p increases, at different choices
of input dimensions d and number of samples n. Statistics are computed across 10 distinct random
seeds. Lighter colors refer to stronger regularization, which does not significantly deviate from the
behavior of training without regularization (red lines, occluded).
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Figure E.8: Thresholds for label fitting and data reconstruction of pruned models. We consider
RF regression with ReLU activation, fitting a noisy linear model. The training data is i.i.d. uniformly
drawn from the d-dimensional sphere. After fitting, we prune the trained parameters 8* with Optimal
Brain Surgeon [Hassibi and Stork, (1992] to a desired sparsity ratio (i.e. , p'/p with p’ the number
of remaining parameters). We report mean (solid/dashed lines) and standard deviation (shaded
areas) for both the reconstruction error (solid lines) and training loss (dashed lines) as the number of
parameter p increases, at different choices of input dimensions d and number of samples n. Statistics
are computed across 10 distinct random seeds. Lighter colors refer to lower sparsity ratios, compared
against the unpruned baselines (red lines).
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Figure E.9: Multi-class training data reconstructed from a neural network trained with
cross-entropy on CIFAR-10. We repeat the experiment of Figure by training a two-layer ReLU
network on n = 100 images from CIFAR-10 dataset (10 examples per class) with gradient descent.
In this experiment, we cast the training procedure as multi-class classification on cross-entropy loss.
The number of parameters in the last layer of the network is p(X) = 4dn.
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APPENDIX

Appendix for Chapter 5

F.1 Useful Lemmas

Lemma F.1. Let Z be a matrix with rows z; € R, fori € [n], such that n = o(n/log" n).
Assume that {z;}ic|) are independent sub-exponential random vectors with 1) = max; ||z, -

Let Nmin = min, || 2], and nmax = max; ||2i]],. Set € = wK + K', and A := C&2pt/4n3/4,

Then, we have that
Muin (Z227) 2 02 = B A (227) <P+ A
holds with probability at least
1 —exp (—cK\/ﬁlog (2:» —-P (nmax > K’\/ﬁ) :
where ¢ and C' are numerical constants.

Proof. Following the notation in Adamczak et al. [2011], we define

1
2

zuz@

B := sup
wER™: [Jul|,=1

= 2
2
- Zuz ||ZzH2
i=1

Then, for any u € R™ with unit norm, we have that

|ZU||2

Z iz

9 =1 i=1
which implies that

Mo (227) = b || Zul3 > min, | 52— B

weR™:|ul,=1
In the same way, it can also be proven that

Amax (ZZT) < max; ||z,||§ + B2
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In our case, z; € R™. In the statement of Theorem 3.2 of |Adamczak et al.|[2011], let's fix
r=1,m=mn, and § = (n/n)"/* < 1/4. Then, we have that the condition required to apply

Theorem 3.2 is satisfied, i.e. ,
2 4 n
nlog (2 ) < Vnn. (F.7)
n

By combining (F.5) and (F.6) with the upper bound on B given by Theorem 3.2 of Adamczak
et al.| [2011], the desired result readily follows. O

Lemma F.2. Let {x;}}, be random variables in R such that they all respect
P(|z;| > t) < 27", (F.8)

Then, we have
max; |z;] < log*7 n, (F.9)

with probability at least 1 — 2 exp(—clog®n), where ¢ is a numerical constant.

Proof. For any i € [n],
P(|z;] > log?"n) < 2exp(—clog?n), (F.10)
which gives

P(max; |z;] > log®7 n) < nP(|z1] > log?"n) < 2exp(logn — clog®n) < 2exp(—c; log®n),
(F.11)
where the second step is obtained through a union bound. This gives the desired result. [

Lemma F.3. Let z ~ P, be a mean-0 and Lipschitz concentrated random vector (see (B.2)).
Consider
I'z)=20z—-E,[z2® z]. (F.12)

Then,
||F<Z)Hw1 < C. (F.13)

where C' is a numerical constant.
Proof. We have that

0, = sup [uT(2)

llull,=1

"= ”Usll‘,;p:1 HZTUZ —E, {zTUz}

(F.14)

1

Since z is mean-0 and Lipschitz concentrated, we can apply the version of the Hanson-Wright
inequality given by Theorem 2.3 in Adamczak| [2015]:

1 12 t
P(lz"Uz—E, |2'Uz|| >t) < 2exp (—min <>> (F.15)
( [ } ) Ch U7 1U1op

where ('} is a numerical constant. Thus, by Lemma 5.5 of Soltanolkotabi et al. [2018], and
using [|U][ > [|U]l,, we conclude that

Ty, < Ul = C, (F.16)

for some numerical constant C', which gives the desired result. O
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Lemma F.4. Let z € R? be a sub-Gaussian vector such that ||z, = K. Set ¥, = E [zzT}
Then,
1] op < CK?, (F.17)

where C is a numerical constant.

Proof. Let w be the unitary eigenvector associated to the maximum eigenvalue of . Then,

120 = w'Yw=E [szsz} =E [(szﬂ . (F.18)
Furthermore, we have that
1
2|, == su W)zl > w2 > =VE[(wT2)?], F.19
Iellyy = sup @), > uTe], > FVEwTP) (F19)

where C' is a numerical constant, and the last inequality comes from Eq. (2.15) of Vershynin
[2018]. By combining (F.18) and (F.19) we get our desired result. O

Lemma F.5. Let Z be an n x n matrix whose rows z; are i.i.d. mean-0 sub-Gaussian random
vectors in R". Let K = ||z, the sub-Gaussian norm of each row. Then, we have

= K*0 (n+n), (F.20)

op

HZZT

with probability at least 1 — 2 exp(—cn), for some numerical constant c.

Proof. The result is equivalent to Lemma B.7 of Bombari et al.| [2022b]. O

Lemma F.6. Let {Y;}], be independent real random variables such that ||Yi|, < K for
every i (see (B.1)), with a € (0,2]. Then, for every t > 0 we have,

P (é Y; — E[Y]) > t) < 2exp <—c <m>a> | (F.21)

where ¢ is an absolute constant.

Proof. Let Y be the vector containing the Y;'s in its entries. Then, an application of
Cauchy-Schwarz inequality gives that the function

Fr) = ;ﬁzy (F22)

is 1-Lipschitz.
By Lemma 5.6 of |Sambale [2020], we also have that
[max; [Yi[[,,, < CK log'/“n, (F.23)

where C'is a numerical constant (that might depend on «). Thus, as f is also convex, we can
apply Proposition 3.1 of Sambale| [2020], obtaining

P (\/1% 5:2 Y; — E[Y)) > t) < 2exp (_CKatlc;gn> | (F.24)

Rescaling ¢ gives the thesis. O
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F.2 Proofs for Random Features

In this section, we will indicate with X € R"*? the data matrix, such that its rows are sampled
independently from Pyx (see Assumption 5.1). We will indicate with V' € R**¢ the random
features matrix, such that V;; ~i;q. N(0,1/d). The feature vectors will be therefore indicated
by ¢(XV'T), where ¢ is the activation function, applied component-wise to the pre-activations
XV'T. We will also use the shorthands ® := ¢(XV") € R™* and K := &7 € R™". We

also define ® := & — Ex[®] and K := &' Notice that, for compactness, we dropped the
subscripts “RF"” from these quantities, as this section will only treat the proofs related to
Section 5.4, Again for the sake of compactness, we will not re-introduce such quantities in
the statements or the proofs of the following lemmas.

F.2.1 Proof of Theorem 5.6
Proof of Theorem |5.6. We have
JAY I3 = 1A (9(X) + )3 = €TAT Ae + g(X)TATAg(X) + 29(X)TATAe.  (F.25)

As e is sub-Gaussian, we have [|Ae||,,, < C'||A[|,,, where C'is a numerical constant. Indicating
with M = ||Ag(X)||,, we can write

t2
P(|lg(X)TAT Ae| > t) < 2exp | —c——5 | . (F.26)
M2 Allz,

Setting t =y [|A|,, M in the previous equation, we readily get
P(lg(X)TAT Ae| < y || Allyy M) > 1 = 2exp (—cy?) . (F.27)

We will condition on this event for the rest of the proof.

On the other hand, a direct application of Theorem 6.3.2 in Vershynin| [2018], gives

IlAell, =& 1Al pll, < CrllAllgp s (F.28)
where (' is an absolute constant (that depends on ¢). This means that
P (|| Aelly — e[|l | > 2 [|Allp) < 2exp (—cr12%). (F.29)
This also implies
A2
P (|| Aell, > || All /V2) > 1~ 2exp (—02 ||||A||||2F) . (F.30)
op

We will condition also on this other event for the rest of the proof.

Using the triangle inequality, (F.25) gives

2

2 2 € 2 2

IAY[l; > €T AT Ae + M? = 2y [|Allgy M > €T AT Ae —y* [[Allgy > 7 Il — v* [|Allg,

(F.31)

where the second inequality is obtained minimizing over M. Setting y = [|A|[ /(2 [ A[|,,) we
get

£
1AY[l; = 5 1Al (F.32)

with probability at least 1 — exp (—03 A5 / ||A||ip) which concludes the proof. O
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F.2.2 Bounds on the Extremal Eigenvalues of the Kernel

Lemma F.7. Let v € R? be distributed as V;., for some j € [k], independent from X. Then,
we have

lo(Xv)ll,, =0 (Vn), (F.33)

where the sub-Gaussian norm is intended over the probability space of v. This result holds
with probability 1 over X.

Proof. By triangular inequality, we have

[o(X0)lly, < llo(Xv) = Ey [9(X0)],, + [Eo [p(X0)]]l,, (F.34)

Let's bound the two terms separately. As ¢ is an L-Lipschitz function, and v/dv is a Lipschitz
concentrated random vector, we have

1 X lo X
NG <cp2le i = CLv/n, (F.35)

where in the last equality we used the fact that ||z;, = V/d.

[p(Xv) — By [p(X0)]ll,,, < CL—F==

For the second term of (F.34), we have
By [p(X0)]]l,, < ClE, [p(X0)], - (F.36)

Let (¢(Xv)); denote the i-th component of the vector ¢(Xv). As v is a Gaussian vector with
covariance I/d and since ||z;|| = v/d for all i € [n], we have E, [(¢(Xv));] = E,[¢(p)] = O (1),
where p is a standard Gaussian random variable, and the last equality is true since ¢ is Lipschitz.

Thus, we have
IE, [¢(X0)]]l,, = O (V). (F.37)

Putting together (F.34), (F.35), and (F.37), we get the thesis. O

Lemma F.8. Let v € R? be distributed as V;., for some j € [k], independent from X. Then,
we have

l6(Xv) - Ex [¢(Xv)]]l,, = O (V) , (F.38)

where the sub-Gaussian norm is intended over the probability space of v. This result holds
with probability 1 over X.

Proof. By triangle inequality, we have

[p(Xv) — Ex [o(X0)]ll,, < [6(X0)ll,, + [Ex [p(X0)]]],, - (F.39)

The first term is O (y/n), due to Lemma F.7.

For the second term, by Jensen inequality, we have
IEx [6(X0)]]l,, < Ex [[¢(X0)]l,,] < CEx [vn] =0 (V). (F.40)
Thus, the thesis readily follows. O
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Lemma F.9. Let YV := (X*? + (a — 1)Ex [X*?]) for some a € R, where * refers to the
Khatri-Rao product, defined in Section |5.3. Then, we have

Amin (YY) = Q(d?), (F.41)

with probability at least 1 — exp(—clog®n) over X.

Proof. First, we want to compare YY T with Y?T, where
Y= X2 —Eyx [X7]. (F.42)

Let's also define Y := Ey [X*Z] :=1u", where 1 € R™ denotes a vector full of ones, and
uw:=E [x1~® r1]. We will refer to the i-th row of X with ;. It is straightforward to verify
that Y =Y 4+ aY. Thus, we can write

YYT = YY/T + 042}7}7T + ozf/}_/T + ai_/f/T
=YV 4?2117 + arl1lT +all A

T Al A1\ A11TA
Py <a|lu||21+) <a||u||21+> A (F43)
Il 225 Il 2]l el
]
t ??T o A]_]_ 2A7
11215

where we define A as a diagonal matrix such that A;; = MTYZ-:.

Since Y. = 2; ® —Elz; ® 2;] = x; ® x; — 1, where x; is mean-0 and Lipschitz concentrated,

by Lemma F.3, we have that HYZ-: . < (C, for some numerical constant C. Furthermore, we
1

have that

2

4 =¥

,— e @, < |Vi—z@w)|, = |ul, (F.44)

where the second step follows from triangle inequality. We can upper-bound the RHS with the
following argument:

£, ]|, < VAl

lull = | E., [viaf ]| =0(Vd). (F.45)

where the last equality is justified by Lemma [F.4, since x; is sub-Gaussian. Then, plugging
this last relation in (F.44), we have that, for all i € [n],

, = 0d) < Cyd, (F.46)

for some numerical constant C,,.

Y.

2
Q(d). Assumption 5.4 directly implies n = o(d?/log* d?). Thus, we can apply Lemma .1,
setting K = 1 and K’ = (), in the statement, and we get

Note that Y has n independent rows in R? such that Hfﬂz

. < (C for all 7 and min;
1

o (V77) = 02008 a9 = ), o
with probability at least 1 — exp(—cy/n) over X, where ¢ is a numerical constant.
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To conclude the proof, we have to control the last term of (F.43). As A;; = /ff@-z and

< C, we can write
Y1

P([Awl/ [l > 1) < 2exp(=eit), (F.48)

where ¢y is a numerical constant, and the probability is intended over X. After applying
Lemma F.2 with v = 1, the last relation implies that

1A/ 1]l = O (log®n) , (F.49)

with probability at least 1 — 2 exp(—c;log” n) over X, where ¢, is a numerical constant.

Plugging (F.47) and (F.49) in (F.43), we get that, with probability at least 1—exp(—cslog®n),

-~ A11TA
Amin (YY) > Ain (YYT) - HH||2 = Q(d*) = nO (log*n) = Q(d*).  (F.50)
Hilg llop
where the last equality is again consequence of Assumption 5.4. O
Lemma F.10. We have that
Amin (By [K]) = Q(k), (F.51)

with probability at least 1 — exp(—clog®n) over X, where c is an absolute constant.
Proof. We have

k
Ey [K] = Ey [Z ¢<X%T>¢<X%T>T] — kE, [6(Xv)p(X0)T] = kM, (F.52)
i=1
where we used the shorthand v to indicate a random variable distributed as Vi.. We will also
indicate with x; the i-th row of X.

Exploiting the Hermite expansion of ¢, we can write

> x] T oo (X™) (X*n>T
M;; = E, [aﬁ(w:v)ﬁp(fc;v)} = Z:O/ﬁiw = z%/ii[ }

Y F.53
dn ? ( )

where (i, is the n-th Hermite coefficient of ¢. Notice that the previous expansion was possible
since ||z;]| = v/d for all i € [n]. As ¢ is non-linear, there exists m > 2 such that 2, > 0. In
particular, we have M > ,uanm in a p.s.d. sense, where we define

1
M, = T (X)) (X)) . (F.54)
Let’s consider the case m = 2. Then, since all the rows of X are mean-0, independent and
Lipschitz concentrated, such that ||z;|| = v/d, we can apply Lemma F.9 with oo = 1 to readily
get
Amin (M) = Q(1), (F.55)

with probability at least 1 — exp(—clog®n) over X.

Let's now consider the case m > 3. For ¢ # j we can exploit again the fact that z; is
sub-Gaussian and independent from z;, obtaining

2

x:x]’ > t\/a) < exp (—cltz) . (F.56)
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Performing a union bound we also get

x;rxj‘ > t\/@ < n?exp (—01t2) . (F.57)

P (maxivj
Then, by Gershgorin circle theorem, we have that

nt™

m
Amin (M) > 1 — max; Z M >1-— d% max; L

a7

(x:x])m’ >1— (F.58)

where the last inequality holds with probability 1 — n? exp (—cit?). Setting t = logn, we get

Amin (M) > 1 gz B2 gm=-3/2

nlog™n nlog®nlog™ 3 n nlog®n

where the last inequality is a consequence of Assumption 5.4. This result holds with probability
at least 1 — n?exp (—01 log? n) >1—exp (—02 log? n) and the thesis readily follows. [

Lemma F.11. We have that
Amin (K) = Q(k). (F.60)

with probability at least 1 — exp (—clog2 n) over V and X, where c is an absolute constant.

Proof. First we define a truncated version of ®, which we call ®. Over such truncated matrix,
: : c =T -
we will be able to use known concentrations results, to prove that A\, (<I>CI> ) = Q(Amin (G))

where we define G := Ey,

(i)(f)T]. Finally, we will prove closeness between G and G, which

is analogously defined as G := Ey, [CDCI)T}. Let’s introduce the shorthand v; := V,.. To be
precise, we define

®.; = o(Xvy)x (6(Xv)); < R), (F.61)

where x is the indicator function. In this case, xy =1 if ngS(ij)Hg < R, and x = 0 otherwise.
As this is a column-wise truncation, it's easy to verify that

3O - OP (F.62)

Denoting with v a generic weight v;, we can also write
G = kE, [6 (Xv) ¢ (Xv) ], (F.63)
G = KE, [¢ (Xv) ¢ (Xv) x (¢ (X0)|I2 < R)]. (F.64)

Since all the columns of ® have limited norm with probability one, we can use Matrix Chernoff
Inequality (see Theorem 1.1 of |Tropp|[2012]). In particular, for 6 € [0, 1], we have,

s Amin (G)/R
) , (F.65)

F (A (887) < (1= 90 (6)) < 0 (-5

where we used the fact that A\ (@ffﬂ) < R and i)(i)T =3 @;j@;. Setting 6 = 1/2 in

the previous equation gives
P ()\min <<i><i>T) < Auin (G) /2) < exp (~cAuin (G) /R + e logn) (F.66)
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where this probability is over V.

Finally, we prove that the matrices G and G are “close”. In particular, we have
| E, [¢ (Xv) ¢ (Xv) " x (Il (X0)ll} > R)]|
< k8, o (x)0 (¥ x (o (o)l > )|
= kE, [||¢<Xv>||§x(||¢<m>||§ > R)] (F.67)
=k [ P (o (X0)llox (I8 (X0) [} > R) > V5) ds
- k/ (Il¢ (X0)ll, > max(VR, V/5)) ds,

where we applied Jensen inequality in the second line. Let's define ¢ := ||¢ (Xv)],,, where
the sub-Gaussian norm is intended over the probability space of v. We have

max(R, s)> iy

<k exp <_CQ
s=0

op 1/}2
< k;/ exp ( o RQ;_ S) ds (F.68)
= Ckyp? exp (—622}7;2> ,

where the first inequality follows from the definition of sub-Gaussian random variable, and the
second one from max(R,s) > (R+ s)/2.

By Lemma F.7, we have ¢) = O (y/n). Then, setting R = k/log®n, we get

where the last equality is a consequence of Assumption 5.3, Notice that this happens with
probability 1 over v.

< Okt exp —ci < Cikexp | —c +logn | =o(k), (F.69)
op 29)? nlog®n

Due to Lemma|F.10, we have that A, (G) = Q(k), with probability at least 1—exp (—03 log® n)
over X. Conditioning on such event, we have

Amin (G) > Aaain (G) — | ., = Uk) = ok) = Q(k). (F.70)
To conclude, looking back at (F.66), we also get A, <<I> > ) with probability (over
V) at least
- klog n
1 —exp (—c)\min (G) /R+ ¢ logn 1 —exp + c1logn
(F.71)
>1—exp < 5 log? n)
This concludes the proof. O
Lemma F.12. We have that .
Amin (Bv [K]) = Q(k), (F.72)

with probability at least 1 — exp(—clog®n) over X, where c is an absolute constant.
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Proof. Indicating with x; the i-th row of X, and with (] v) := ¢(z] v) — Ex [gb( 7] v)} we
can write

Ey

lz XV, ) XV;.T)T] = kE, [6(X0)¢(Xv)"| = kM, (F713)

where we use the shorthand v to indicate a random variable distributed as V;..

Exploiting the Hermite expansion of ¢, we can write

Mi; = B, [o(x] v)o(x] v)]
=E, [(¢(z]v) — E. [6(z"0)]) (6(x]v) — By |6y v)])]
=FEyuy {gf)(x v)gb(atj v) + qb(va ng(yTv) — ¢ :E;rv)gb(yTv) — gzﬁ(x;v)gb(va)] (F.74)

i, [ ) ) () ()

dn ’

where i, is the n-th Hermite coefficient of ¢, and z ~ Px and y ~ Px are two independent
random variables, distributed as the data and independent from them. Notice that the previous
expansion was possible since ||z;|| = v/d for all i € [n]. As ¢ is non-linear, there exists n > 2
such that 12 > 0. Let m denote one of such n's (i.e, m is such that p2, > 0), and define ¢*
as the function that shares the same Hermite expansion as ¢, but with its m-th coefficient
being 0. We have

N S )" (o) els) <x;z>"]
[ T ) e 1]

dn

| n#m

b ()" 4 B [(T)" = (aT) " = (a]2)")

(F.75)
From the last equation we deduce that M = p2 M,,, since E, [(B*(Xv)&*(XTU)] is PSD.
Proving the thesis becomes therefore equivalent to prove that Ay, (M,,) = Q(1).

Let's consider the case m = 2. We can write

[Mm]z‘j:dlgEzy [(xjxj 2l taly—z y) (x zj+ 2 w;—x)y— Tyﬂ

1

(F.76)
= 5By (@i = 2) (5 +9)) (@i +2) (2 - 9)")]

as the cross-terms will be linear in at least one between y and z, and E[z] = E[z] = 0.

Going back in matrix notation, we can write
1
My = 5Ezy (X +2)(xX-Y)To(X - 2)(Xx+Y)T)], (F.77)
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where Y and Z are n X d matrices respectively containing n copies of y and z in their rows.

We can now expand this term as
1

My = —Ezy (X =2)« (X +2) (X +Y)* (X =Y))]
! (F.78)
= B, (X — 2) % (X + 2By [(X +Y) 5 (X V)]
Since E[Y] = E[Z] = 0, the cross-terms cancel out again, giving
E (X —2) % (X +2)=X*X-Ey[Z+Z]=X*X—Ex[X+X], (F.79)

where the last equality is because all the rows of Z are distributed accordingly to Px. The
same equation holds for the term with Y in (F.78). Thus, we can conclude that

1
TP
where we defined T'= X « X — Ex [X * X|. As all the rows of X are mean-0, independent

and Lipschitz concentrated, such that ||z;]| = v/d, we can apply Lemma F.9 with a = 0 to
readily get

Aumin (M) = = Amin (TTT)), (F.80)

Amin (M) = Q(1), (F.81)
with probability at least 1 — exp(—clog®n) over X.

Let's now consider the case m > 3. Since x is a sub-Gaussian random variable, we have that

% o= C' in the probability space of 2. Notice that this holds for all y, as ||y||, = V/d.
m/2

Then, its m-th momentum its bounded by m™/“, up to a multiplicative constant. As m
doesn't depend by the scalings of the problem, we can simply write

zy " B
[(Z2)] 0w, o
In the same way, we can prove that
.QTTZIZ'i " B yT.ij " .
2[(Z2)]-om. w[(Z2)]-0m. e

Also, for i # j we can exploit again the fact that z; is sub-Gaussian and independent from z;,
obtaining

P ( xZT:cJ’ > t\/a> < exp <—ct2) . (F.84)
Performing a union bound we also get
P (maX#j .732—5153‘ > t\/c_l) < n?exp (—ctQ) : (F.85)

By Gershgorin circle theorem, and setting t = logn, we have that

ol 2;)" 4By [(2Ty)" = (2]y)" = (2]2)"]|

Amin (M) > 1 -0 (d_mﬂ) — max; Z ‘(

j#i dm
>1-0 (d_m/2> — nmax;z; ‘(%Tx])  Bay [(xTy)dm_ (xjy) - (fjx) ”
21-0 (ndimm) - nlc;rf/Qn = 1—0(1),

(F.86)
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where the third inequality holds with probability at least 1 — n?exp (—clog2 n) =1-

exp (—cl log? n) and the last equality is a consequence of Assumption 5.4. This concludes
the proof. O

Lemma F.13. We have that )
Amin (K) = Q(k), (F.87)

with probability at least 1 — exp(—clog®n) over V and X, where c is an absolute constant.

Proof. The proof follows the same exact path as Lemma F.11. The only difference is that
now ¢ (defined right before (F.68)) will be ¢ := ¢ (Xv) — Ex [¢ (Xv)]],,. To successfully
conclude the proof, we have to show that ¢» = O (y/n), which is done in Lemma |F.8. O

Lemma F.14. We have that

K

k
o= O (d(n + d)) , (F.88)
with probability at least 1 — kexp(—cd) over V and X .

Proof. We have that

K=3d" =Y 8@, (F.89)
where we define ' as the n x d matrix containing the columns of ® between (i — 1)d + 1
and id. If i = [k/d], we have that the number of columns is k — d([k/d] — 1) < d.

Every &' has mean-0, i.i.d. rows ¢(Vix;) (in the probability space of X), where V' contains
the rows of V' between (i — 1)d + 1 and id. Notice that, besides corner cases, Viisadxd
matrix.Since the x; are Lipschitz concentrated, we also have

|6(Viz;)

ol
2

—0(1), (F.90)

op

where the last equality follows from Theorem 4.4.5 of Vershynin| [2018] and from the fact that
both dimensions of V* are less or equal than d, and holds with probability 1 — exp(—cd) over
V. Conditioning on such event, a straightforward application of Lemma [F.5| gives

|

with probability at least 1 — exp(—cid) over X.

&'()T

=0(n+d)), (F.91)

op

Thus, performing a union bound over the i-s, we get

()T

max;

=0(m+d), (F.92)

[e]
with probability at least 1 — k exp(—cad). Conditioning over such event, we have

op

~ LZC k
K| < > @) op:O<d(n+d)>, (F.93)

which gives the thesis. O
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F.2.3 Centering and Estimating the Norm of A(z)

In the following section it will be convenient to define E(z) := V.¢(V2)T¢(XV )", Notice
that this gives A(z) = E(z)K . Furthermore, we will use the notation ~ to indicate quantities
involving a centering with respect to the random variable X. In particular, we indicate

R

b= —Ex[d, K=0&d,6 E:=V.(Vz)d, A=EK '  (F.94)

For the sake of compactness, we will not re-introduce any of these quantities in the statements
or the proofs of the following lemmas, and we will drop the dependence on z of A, A, E and
E.

Note the results of this section will be applied only when v :=E,, [¢(V'z;)] is not the all-0
vector. Therefore, we will assume ||v||, > 0 through all the proofs here. Along the section it
will be convenient to recall that V.¢(Vz)" = V diag (¢/(V 2)).

Lemma F.15. Let 1 € R" denote a vector full of ones. Then, the kernel matrix K can be

written as B
K=K-+mm" —\T, (F.95)
where o y
n:=|v|,1+® =0 , (F.96)
? vl vl
~ VU
A= : (F.97)
vl

Proof. Note that ® = ® + 1. Then,
K= ((13 + 11/T) ((13 + 11/T)T

— 0 + 1T + 107 4 y)P117

S NT B TET F.98)
1 & by ST (
907+ (HvHQH) (HVHQH ) -

14
11l 11l w15

- +nm" — AT

]
Lemma F.16. We have that
o5, - Er], | =0 (Y5H). (799

with probability at least 1 —exp(—clog®n) —k exp(—cd) over X and V', where c is a numerical
constant.

Proof. We have )
E=FE+V.¢(Vz) v1'. (F.100)

By triangle inequality, we can write

£, =267 | < [veeva)Ton &7 = |Veeva)T|, £, (R0
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Let's look at the two factors separately. The first one can be upper bounded as follows

[V-6(v2) T, = |V diag (¢'(Ve) v, < [Vlop LlIV]l, = © (\f Hvllz) - (F102)
where the first inequality holds as ¢ is L-Lipschitz, and the second equality holds with probability
at least 1 — e~“ due to (F.207). Notice that from (F.96) and (F.97), we can write

n A

wlly 1wl

(F.103)

By plugging this in the second factor of (F.101) and applying the triangle inequality, we have

J&72), = 157 @ =l < e (el + [&7A) - (Fao)

\WH 2_Hﬂb

Again, let's control these last two terms separately. Since we can write n = v/ ||v||,, we get

1
= )\min (K)71/2 =0 R
k
(F.105)
where the last equality holds with probability at 1 — exp(—clog®n), due to Lemma F.11. We

will condition on such event for the rest of the proof. For the second term, we have

&, = [ 2w/, < 5

=l
op op

&7, = e o], < 57121,
_ 1 k(n+d)\ n+d (F.106)
—)\min(K> O( d)_0< kd)’

where the first equality holds due to Lemma F.14 with probability at least 1 — k exp(—c;d).
Let's condition on this event too. Therefore, putting together (F.104), (F.105) and (F.106),
we have

4 1 1 n+d 1 n+d
1)) - ||u||2(0(k)+0( - )):H%o( kd). (7107

By combining this last expression with (F.101)-(F.102), we conclude

Iz, - 257 | = 0 (f ||vu2) BN (W):o(@) (F.108)

which gives the thesis. O

Lemma F.17. We have that

]HEwHF _ HE (K+0m7)"

(F.109)

F d

-of7)

with probability at least 1 —exp(—clog®n)—k exp(—cd) over X and V', where c is a numerical
constant.
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Proof. A direct application of the Sherman-Morrison formula gives

-1 K-IITK!
K N =K'= F.11
(K +27) T+ ATKT) (F.110)
By triangle inequality we know that [||a|, — ||b]|,| < |la — b]|,. This implies
‘HEK*H - HE (K+>\/\T)_1 < HEK—l ~ B (K + ,\>\T)_1H _ | pEEA K
F 2 - F 1 —|— ATKil)\ F ’
(F.111)
where the last equality is a consequence of (F.110). This term can be bounded as
_ K—l TK—I B K—l TK—I _ TK—Q
K7A K™ < HE KA K™ HE u (F.112)
L+ ATKIN | op || T+ ATK-IN|, op 1+ ATK-IA
The first factor can be bounded as follows
2], = Hvzwz)nﬁ < |[vTdieg eV, |9,
o op o o
P k(n + d) N (F.113)
=0 7 O — | = Ok y ,

with probability at least 1 — k exp(—cd). Here, we used the fact that ¢ is Lipschitz, and we
applied Lemma F.14 and Equation (F.207). Furthermore, since ||M]||,, M — M? is PSD for
every symmetric PSD matrix M, the following relation holds

NEZA<||K| ATK A (F.114)
op
Thus,
ATK=2) ATK=IA 1 1
AR A g AR A kY = = () F.11
1+/\TK—1)\_H op1+/\TK—1)\_H o o (B) 2 \%) (F.115)

where the last equality holds with probability at least 1 — exp(—clog®n), because of Lemma
F.11. Plugging the last equation in (F.112) together with (F.113), and comparing with (F.111),
gives the desired result. O]

Lemma F.18. We have that
Al d) , (F.116)

| B =0 (M

with probability at least 1 —exp(—clog®n)—k exp(—cd) over X and V', where c is a numerical
constant.

’E (f( + nnT)_l

Proof. An application of the Sherman-Morrison formula gives

K g K

~ —1 ~
(Koem') =K ey

(F.117)
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This implies

-1 -1 1 K 'gnTK ™
’HE (K +m") H —|E&7 ‘ < HE (K+m") —EKY| =|EB—"2 |
F B F L+n"K "n||,
(F.118)
where the last equality is a consequence of (F.117). This term can be bounded as
K K & TR - n K
Eﬁ < ' S e S (F.119)
L+n'K 1|5 IL+n'K n|x 1+n"K n

The first factor can be bounded as in (F.113), in Lemma F.17, giving HEH =0 (k:—“f;d)
op
with probability at least 1 — k exp(—cd). Similarly to (F.114), we can write

n K . (F.120)

op

i <

Thus,

< |

e < | e < 5
1+ an(_ln N

oy iy

1 1

Ly () o (F121

°op )\min (K) k ( )

where the last equality holds with probability at least 1 — exp(—clog®n), because of Lemma

F.13. Plugging the last equation in (F.119) together with the bound on HE , and comparing
op

with (F.118), gives the desired result. O

Lemma F.19. We have that

”Hd), (F.122)

it - Jal, = o (¥

with probability at least 1 —exp(—clog®n) —k exp(—cd) over X and V', where c is a numerical
constant.

Proof. Recalling that A= EK~' and A = ERK Y, by triangle inequality we have

Al =[] < flzx=], |25,

+ ‘HEK‘IHF— ’E<K+/\AT)_1 i
+||EE )| - B, (F.123)
F
_0 (x/nd—l— d)

where the inequality holds because of Lemma |F.16, Lemma F.17, and Lemma F.18, each of
them with probability at least 1 — exp(—clog”n) — kexp(—cd) over X and V. This gives
the thesis. n

At this point, we are ready to prove Theorem 5.7.
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Proof of Theorem |5.7. We have

1A(2)]|p < Hvz@(z)TCT)Tf(_l

. +0 (\/n+d/d)
HK”HOP +0 (Vn+d/d) (F.124)
= A (K)Z(2) + O (Vn +d/d),

< HVZCI)(Z)TéT

where the first inequality is justified by Lemma F.19 and holds with probability at least
1 — exp(—clog®n) — kexp(—cd) over X and V. For the other bound of the first equation,

we have - ; (m/d)
> HVZ<I>(Z)T(§THF Nain (K1) = O (Vi + d/d) (F.125)

= Ao (K)Z(2) = O (Vi +d/d),

where the first inequality is justified again by Lemma F.19, and holds with probability at least
1 — exp(—clog®n) — kexp(—cd) over X and V.

4G > V.00 T8 TR

The second equation directly follows from Lemma F.14 and Lemma F.12. O

F.2.4 Estimating the Norm of the Interaction Matrix

The goal of this sub-Section is to estimate the value of the Frobenius norm of the Interaction
Matrix ||Zge|| ., defined in (5.19). To do so, we will estimate the squared ¢, norms of its
columns. In particular, we define

7, = | V.s(vz)o(va), . (F.126)

Thus, we have ||Zge|5 = T2 . In this section, with z ~ Px we refer to a generic input
data, where we drop the index for compactness. Also, we will assume z ~ Py, independent
from the training set.

Recalling that
V.o(Vz)T =V 'idiag (¢/(V2)), (F.127)

we have

T, = ||V diag (¢'(V2)) (V) (F.128)

Along the proof, the following shorthands and notations will be useful

d
m#j m=1
d
Z 0= Vinzm, 2= VinZm, (F.130)
m#£j m=1
k ~
L= V¢ (2) 6 (X)), (F.131)
=1
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which imply
d
:=> 1. (F.132)
j=1

It will also be convenient to use the following notation
Bjii=(¢"(Z.0) (X )z + ¢ (Z3) ¢ (X)), (F.133)

Bji = (¢" (2) 6 (X) 2+ ¢ (2) ¢' (X)) 7). (F.134)

For compactness, we will not necessarily re-introduce such quantities in the statements or the
proofs of the lemmas in this section.

Lemma F.20. Indicating with ¢ a numerical constant, the following statements hold

max; [¢(X)| = O (log k), (F.135)

with probability at least 1 — exp(—clog2 k), over x and V;

max; (X ;)| = O (logk), (F.136)

with probability at least 1 — exp(—clog® k), over x and {Viibizja<i<ks

~off) 1

with probability at least 1 — exp(—clog® k), over x and V.

k ~
S Vid (Zoq) ¢ (Xoy)
=1

Proof. For the first result, as ¢ is Lipschitz and centered with respect to z, its sub-Gaussian
norm (in the probability space of x) is O (||V.||,) = O (1), where the last equality holds with
probability at least 1—e~“? over V., because of Theorem 3.1.1 inVershynin [2018]. In particular,
with a union bound over V;., we have O (max; ||V..||,) = O (1) with probability at least
1—ke%% > 1—e~4 where the last inequality is justified by Assumption 5.4. Thus, by Lemma
F.2, max; ‘&(Xl)‘ = O (log k), with probability at least 1 — exp(—c;d) — exp(—c;log® k) >
1 — exp(—cslog” k), over z and V.

Notice that, with the same argument, we can prove that max; ’gb(X_jl)’ = O (logk), with

probability at least 1 — exp(—c4 log® k), over z and {Vii }izj1<i<k. We will condition on such
event for the rest of the proof.

For the last statement, we have
k ~
S Vi (Zoj) o (X_j) = V;jTU, (F.138)
=1

where u is a vector independent from V.; such that

lully < VELmax; |6 (X ;)| = O (log(k)Vk) . (F.139)
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Since [|V,][,, < C/\/d, we have

vd k
< lj Z_Jl (X_Jl) > m& < eXp(—C5 1Og2 k), (F140)
where the probability is intended over V.;. Thus, using Assumption 5.3, we readily get the
desired result. O
Lemma F.21. We have that
1
E, [¢ (X_;) x; =0|(—|, F.141
B 16 ()l = 0 ) (F.141)

where the norm is intended over the probability space of {V};}i;.

Proof. Let's define an auxiliary random variable p ~ N(0,1/d), independent from any other
random variable in the problem. Let's also define V! as the copy of V. where we replaced the
j-th component with p. Notice that V]! is a Gaussian vector with covariance I/d. Let's also
define A in the same way, i.e., replacing Vj; with p in its expression. All the tail norms |||,
in the proof will be referred to the probability space of V..

Since ¢’ is a Lipschitz function, we can write
By [¢ (X g0) ] — Ba [¢) (X)) 25| < LiR, [|p|23] < Clpl, (F.142)

where we used the fact that z; is sub-Gaussian in the last inequality, and where C' is a
numerical constant. Let's now look at the function

o(v) :=E, [(b’ (vTx) a:]} : (F.143)

= [B [(¢/ (v +)T2) = & (v72)) ]|
<E [|(¢ (0+) 7o) = o/ (o)) [lasl] - (F.144)
<K, | Lo/ x|z

We have

|o(v +v") = ()

Since x is sub-Gaussian (and therefore also z; is) we have that |v'"z||z;| is sub-exponential
with norm (with respect to the probability space of x) upper bounded by C ||[v/||,. Then, we
have

(v +v') = ()] < Bq [Liv alla;|] < Ca |0/l (F.145)

This implies that ||¢||,;, < Ca.

As V! is Gaussian (and hence Lipschitz concentrated) with covariance I/d, we can write

et - By Lo, = 0 5 ). (F.146)
Furthermore,
Ey; [p(Vi)] = Bq |28y, ¢ (Vi 2)]| = Ba [25] By ¢ (0)] = 0, (F.147)

where p’ is a standard Gaussian distribution independent of . Note that the second step
holds since |||, = v/d, and the last step is justified by E[z] = 0.
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This last equation implies

e (9" (Xjo) 2]y, < [ Ba [6 (Xji) 23] = Ba [& (A7) 5], + 1Bae [ (X)) 5],

1
<C + |le(V] =0(—=|,
< Clel, + 1001, =0 72)
(F.148)
where the first term in the last line is justified by (F.142). In fact, the random variable on the

LHS is (with probability one) upper bounded by C'|p|. Then, the bound subsists also between
their tail norms.

Thus,
Py, (o [0/ (X)) ]| > 0) = Py ([E, [ (X_) ]| > 1) < 2exp (—cd??), (F.149)

where with Pry;;. .. we refer to the probability space of {Vj;}ix;. Note that the first equality
is true as the statement in the probability does not depend on the value of p. From this, we
readily get the thesis. O]

—o0 (S) . (F.150)

with probability at least 1 — exp(—clog® k) over x, z and V', where c is an absolute constant.

Lemma F.22. We have that

L= V3 (' (2 6 (Xg) 2y 6 (23 ¢/ (X))

Proof. Exploiting Taylor's Theorem, and the fact that both ¢’ and ¢” are Lipschitz, we can
write

¢ (21) = ¢ (Z_) + 9" (Z_51) Vijz; + awy, (F.151)

O (X)) = ¢ (X_y) + & (X_jn) Vijaj + azy — Bo [¢ (X)) + & (X_jy) Vijaj + azy], (F.152)
where |ay;;| = O (Vlfzf) and |ag;| = O (V}?az?) In the previous two equations, we expanded
¢’ around Z_;; and ¢ around X_j;. For the rest of the proof (except from when expectations

with respect to x are taken) we condition on the events that both |z;| and |z;| are O (log k).
As they are sub-Gaussian, this happens with probability at least 1 — e™“ log”k oyer z and z.

Invoking Lemma [F.6, and setting t = k/d*/®, we can write (for a € (0, 2])

k N ]{3
SVl =0 (dl/a) : (F.153)

=1

with probability at least 1 —exp(—ck®/2/log k). This is true since E,, {pz/o‘} = C,, where p is
a standard Gaussian random variable. Thus, with probability at least 1 — exp(—csk'/°/log k)
over V', we jointly have

k k k

k k i
ZZ‘V”’Q:O<d>’ ;'V’”g:O(dsm)’ ,ZMJ'|5:O<d5/2>' (F.154)
=1 —1 —

We will condition on these events too. It will also be convenient to condition on the high
probability events described by Lemma [F.20. Thus, our discussion is now restricted to a
probability space over z, z and V of measure at least 1 — ¢~108°k _ o—csd,

We are now ready to estimate the cross terms of the product Vj;¢’ (2;) ¢ (&}), exploiting the
expansions in (F.151) and (F.152). Let's control the sums over [ of all of them separately.
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(a) ¢’ (21) (az; — Eu [ax;])

< Oy Y |VGIL (Jazys| + Ea [|azis]])

=1
k klog? k k
écz(w?+1)Z|Vw"°’:0(d3/z> :0@’
=1

where the second inequality is justified by the fact that x; is sub-Gaussian, and the last
equality by Assumption 5.4.

(b) ¢ (X)a

1i® (21) (axj — Eqg [agy])

(F.155)

Z ‘/2]¢ ‘)C‘l) al]l

B =0 <log2(k:) 1og(k)df/2) =0 (2) ,

where the second to last equality follows from Lemma F.20, and the last from Assumption
5.4,

<032221V1J\ ‘¢ () ’<032 maxl‘qﬁ (X1) ’Z‘Vl]’s
-1 (F.156)

(c) ayuj (ax; — E; [ay;]) (as we counted it twice)

i k k

(F.157)

(’;) , (F.158)

k
Z Vijaw; (ag; — Eq [az;])

=1

(d) ¢ (Z_;) & (X_p)

l]¢ —]l (X—]l)

as it directly follows from Lemma [F.20.

(e) (¢ (Z-j) + ¢" (Z-j1) Vij2zi) Ei [¢ (X_ji) Vijj]

k
Z O (Z_j0) + ¢" (Z_51) Vijzj) ViEe [¢) (X_j1) 2]

k
< max; |¢/ (Z_3) + ¢" (Z_j1) Vijz;| max; |E, [¢ (X_j0) 23] D [Viy
. =1 (F.159)
< (L + Lymax; [Vj;] |2]) max; [Eg [¢ (X_j) 2] Y [Viy[?

(45 )0 () ()

where the second to last equality comes from the fact that both HVlew2
IE. [¢' ( ,ﬂ)x]]HwQ are O( d) (see Lemma [F.21) and holds with probability at least

1 — e~olog’k oyer V. The last equality is true for Assumption 5.4.

and
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(f) ¢” (Z_jl) Vijzi¢' (X_ji) Vijx; As ¢ and ¢’ are Lipschitz

i k k
l;¢ Z_j) Vigzi¢' (X_jo) Vigag| < LLi|ajz] Y [ViP = O (10g kd3/2> =0 (d) :
=1
(F.160)

Then, we are left only with two cross terms, and we can write
I = Z ( Z_j1) )6 ( X_j) zj+ ¢ (Z-50) ¢ (X_j) QJJ') + rest, (F.161)

where |rest| can be upper-bounded by the sum of the terms (a)-(f), which gives

0 (’;) (F.162)

with probability at least 1 — exp(—csd) — exp(—c7log” k) over z, z and V. Hence, the thesis
follows after using Assumption 5.4. O

Lemma F.23. We have that

k 1E k

Y ViBy—=Y B_jl=o0l=], (F.163)
= di= d

with probability at least 1 — exp(—clog® k) over x, z and V, where ¢ is an absolute constant.

Z ( (2 ) (X )z + ¢ (Z) ¢ (X—ﬂ)xj)

Proof. We have

k k
S VB =3 (Vi-Ev [VZ]) Boji+ - Z B_j, (F.164)
=1 =1 di=

since Ey [ } =1/d for all 1, 5.

We call v; := Vl? —Ey {Vl?] Then, v = (vq,...,v;) is a mean-0 vector with independent and

sub-exponential entries with norm O (1/d). This implies ||v]|,, = O (1/d). Thus,

(|v u| > t) < 2exp (—CH H ) (F.165)
2
for every vector u independent from v. If we define w; := B_j;, we have

lully < Vi (max; |B_j|) < VE (L2|a] + L]z max; [o(x_)|) = O (log>(k)VE)

(F.166)
where the last equality comes from the fact that x; and z; are sub-Gaussian, and from the
second statement in Lemma F.20. This holds with probability at least 1 — e=¢14 — ¢~ log? k
over z, z and {V};}ij1<i<k, and we will condition on this event.

Then, merging this last result with (F.165) and setting t = log® kv/k/d we have
log* kv/k
P, <\vTu] > Ogd\/_> < 2exp (—C3 log® k) : (F.167)
Performing a union bound gives the thesis. O
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Lemma F.24. We have that

(F.168)

k
> By =
=1

with probability at least at least 1 — exp(—clog® k) over x, z and V', where c is an absolute
constant.

Proof. Let's condition on

log k
ol =0Uogh). |5l = 000k, max Vil =0 (). ()
These events happen with probability at least 1 —exp(—clog® k), as zill,,, = O @), [z, =
O(1) and [[Vil,, = O(l/\/E) The probability is over =, z and V. Also, we have

max; ‘&(X,jl)’ — O (log k) with probability at least 1 — e~“1!=*¥ over z, z and V, for the
second statement in Lemma F.20. Let's condition on these high probability events for the rest
of the proof, whenever we do not take expectations with respect to x.

Exploiting that ¢, ¢’ and ¢” are all Lipschitz,

log” k
maa |6 (23) - o (2)] = 0 (5. (F 170
max; (|¢ (X—j1) = ¢ (Xj)| + [Ea [ (Xj1) — & X—gz )
log? k og” k (F.171)
gO( \/a>—|—maxl\VlJ|E [|z;]] = ( >,
log® k
max; [¢' (Z_3) — ¢’ (Z1)| = O < & ) (F.172)
, log? k
max; |¢' (X_j) — ¢’ (X_p)| = O i) (F.173)
Then, controlling all the cross terms, we get
max; |B_;; — By = O (10g4’“> (F.174)
< |B . — Bl = : _
l 3l 5l \/a
where this scaling is justified by the leading term
" 1 ' 10 k
max; |¢" (2_;1) — ¢ (2)| max; [$(X_p)| |2] = O 7 logklogk (F.175)
Thus, we can conclude
, i klog k
Z ijl - Zle S kmaXl ’B,ﬂ - le‘ =0 ( \/ga ) = O(k), (F176)
=1 =1
because of Assumption 5.4. This gives the thesis. O
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Lemma F.25. We have that
k
> By — kEv[B]| = ok), (F.177)
=1
with probability at least 1 — exp(—clog® k) over x, z and V.
Proof. Since z; and z; are sub-Gaussian, we know that |z;|, |z;| = O (log k) with probability
at least 1 — exp(—clog® k) over x and z. We will condition on such event for the rest of the

proof. Note that, once we fix the values of = and z, the Bj;'s are i.i.d. random variables in
the probability space of V. Thus,

zk: Bj = kEy[Bj] + zk: (Bji —Ey[Bjl). (F.178)

Until the end of the proof, we only refer to the probability space of V.
We have

- 1
[ )], <110 @Iy, + 1[0 (W], < C llelly 7 +Ex [0 ()], ] < 2€, (F.179)

where the second inequality is true because H;I:T‘/I:Hw < C |zl % and because ¢ is Lipschitz.
2

Since ¢ and ¢ are both Lipschitz, we have that also [|¢” (Z))]],,. [¢' (Z1)]],, and [[¢' (A1)
are upper bounded by a numerical constant. Thus, we have that

1Bjill,, < logk. (F.180)
An application of Bernstein inequality (cf. Theorem 2.8.1. in Vershynin|[2018]) gives that

d

and the thesis readily follows. m

k

> (Bj —Ev[Bj])

=1

> Vklog? k:) < exp(—c; log? k), (F.181)

Lemma F.26. Indicating with p a standard Gaussian random variable, we have that
‘Ev[le] - iji[ﬁb'(P)H = o(1), (F.182)

with probability at least 1 — exp(—clog® k) over z and z.

Proof. Let's define the vector 2’ as follows
S Va(I-=r)=
|(7-=r)4,

Notice that, by construction, 2" = 0, and |||, = Vd. Also, consider a vector y orthogonal
to both z and x. Then, a fast computation returns 3 "2’ = 0. This means that 2’ is the vector

(F.183)
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on the v/d-sphere, lying on the same plane of z and z, orthogonal to z. Thus, we can easily

compute
2 2
xTz x'z
= 1= =—] >1- | —= F.184

where the last inequality derives from /1 —a > 1 —a for a € [0,1]. Then,
2
T.\? 'z
Iz — 2|5 = ||2]12 + ||2]13 — 2272 < 2d (1 - (1 - (?) )) = 2( y ) . (F.185)

As x and z are both sub-Gaussian, mean-0 vectors, with ¢, norm equal to V/d, we have that

P(|lz =2, > t) <P (|27 > Vdt/v2) < exp(—ct?), (F.186)

where ¢ is an absolute constant. Here the probability is referred to the space of z, for a fixed
z. Thus, ||z — 2’|, is sub-Gaussian.

Let's now introduce the shorthands v := V;; and Z{ = v 2. We have

[y [6(20)6(X0)] — Ey [¢"(ZD(X)]] < LB, o7 (2 = 2)]lo(X))] (F.187)

Since ¢ is Lipschitz, ¢(X}) is sub-Gaussian with respect to the probability space of v. Since z
and 2’ are independent from v, we deduce that

o O log k
wsw—m%ﬂ—O(ﬁJ, (F 1889)

with probability at least 1 — exp(—clog® k) over z. If we condition on such event, this implies
that the expectation in (F.187) can be bounded as

HUT(Z — 2"

B, Jo" (- o] = 0 (245 (F 180)

This is true since we are computing the first moment of a sub-exponential random variable.

A similar computation gives
By [¢"(21)Ee[¢(X1)]] — Euo [6"(21)0(X1)]

T / E, [||z — 2']l,] 1 (F.190)
< LE,E, Uv (z—2 )||¢(X1)|} < C’T =0 <\/E> :

where the last step is a direct consequence of (F.186). Notice that this, together with the
previous argument between (F.187) and (F.189), gives

log k
y ) (F.191)

B, [67(20606)] - B 6200 - B (2ot =0

With an equivalent argument of the one between (F.187) and (F.189), we can also show that

E, [¢#(2)¢/(3)] — B [¢/(2) ¢/ (X)]| = O (1053’“) | (F.192)
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with probability at least 1 — exp(—clog® k) over .

At this point, since "2’ = 0, we have have that (in the probability space of V), X} and Z;
can be treated as independent standard Gaussian random variables p; and ps. We therefore
have

E, [¢"(Z21)¢(X1)] = Epp, [0"(01)0(p2)] = E,p, [67 (p1)] Ep, [(p2)] (F.193)
Eoo [¢"(21)0(X0)] = Eq [Ep,p, [07(01)0(p2)]] = By, [6"(01)] E,p, [6(p2)] (F.194)
E, [¢'(21)¢'(X1)] = Epyp, [¢(p1)¢ (p2)] = Eg, [¢(p1)] (F.195)

Now, merging (F.191) with (F.193) and (F.194), we get

E, [¢"(20)0(X)] = (Bp, [¢" (0] B, [6(p2)] — By, 67 (01)] By, [0()])

0 F.196
—@Aw@mwmn—oCﬁQ. (F.196)

While merging (F.192) with (F.195) returns

EAd@mwxm—E;wan=0(%§). (F.197)

The previous statements hold with probability at least 1 — exp(—c; log® k) over .

Thus, conditioning on |z;| = O (log k) and |z;| = O (log k), we get

18] - o B2 | = 0 () ot (F 198)

with probability at least 1 — exp(—cy log” k) over x and z. This readily gives the thesis. [
At this point, we are ready to prove Theorem 5.8,

Proof of Theorem|5.8. Let's focus on Z2 = Y°7_, I?, where with a slight abuse of notation
we now refer to I; as the quantity defined in (F.131), with the variable z; instead of z. All
the results from the previous lemmas hold as x; ~ Px. We have, by triangle inequality,

k
I; — ijEZW(P)]g < +

k 1 k
> ViB_ji— p > B
=1 =1

k
;=Y V3B
=1

k k
> Bji—> Bj
=1 =1

ZBﬂ — ]CE\/[BJ ] + I; 'EV[le] - iji[¢/(p)]’

! !
d d

k k 1 1 k k
:o<d> —|—0<d> +g0(k)+g0(k)+g0(1) :O<d>’
(F.199)

where the five terms in the third line are justified respectively by Lemmas F.22, [F.23, [F.24,
F.25/and F.26, and jointly hold with probability at least 1 — exp(—c; log® k) over x; and z
and V.
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This holds for every 1 < j < d with probability at least 1 — dexp(—c;log®k) > 1 —
exp(—cslog® k). Thus, we can write

L JZ (1m0t o (£)) > JE;%[qs'(p)]’;ijilx? o 5) o (B,

j=1
(F.200)
By Cauchy-Schwartz, we have that Y-, |z;| < \/d >, x? =d. If E,[¢'(p)] # 0, we have

L > JE;%[asf(p)]’f ~o %) =B 1 o) =B T - o ().

(F.201)
Following the same strategy, we can also prove that
I, <E0(p) =+ 0 <’“> , (F202)
’ Vd Vd
which finally gives
k k
I, —E2[¢/ =o|—]. F.203
100 = (1) (F 20)
Notice that we easily retrieve the same result also in the case E,[¢'(p)] = 0.
Performing now a union bound over all the data, and recalling that ||Zge||» = i 12 >
v/nmin; I, we have
ky/n kv/n
2
el > B2 (1 o (B2, (F 20)
with probability at least 1 — nexp(—cslog®k) > 1 — exp(—c4log®k) over X and z and V.
The same argument proves also the upper bound, and the thesis readily follows. O

F.2.5 Proof of Theorem 5.5

First, we state and prove an auxiliary result upper bounding [|Al|.

Lemma F.27. Let A=V,p(Vz)"¢(XVT)T K~ Then, we have

[Allg, = O (%) , (F.205)

with probability at least 1 — exp(—clog®n) — exp(—cd) over V and X, where c is an absolute
constant.

Proof. Recalling that V.¢(Vz)" = V 'diag (¢/'(V'2)), we have

[Allep = Vo (V2 To(xX VT TE |

— HVTdiag (¢ (V2)) ¢(XVT)TK_1H

< Vllop lldiag (¢'(V2)) llo
S ||V||op L/\min (K)il/z .

op (F.206)
cI)+

op
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where in the last line we use that ¢ is an L-Lipschitz function and that K= = (&) (®T).
By Theorem 4.4.5 of Vershynin| [2018], we have (as d = o(k) by Assumption 5.3) that

Ve = O (1 + \/g) =0 ( 2) : (F.207)

with probability at least 1 — exp(—cd) over V. Lemma F.11 readily gives Apin (K) = Q(k),
with probability at least 1 — exp(—clog®n) over V and X. Taking a union bound on these
two events gives the thesis. O

Proof of Theorem|5.5. By Theorem 5.8, we have ||Zgg|| > Cl%, with probability at least
1 — exp(—clog® k), which implies, by Theorem 5.7,

d kyn L Vd Vd
[AGE)p = Cop =2 = OVt djd = Cooe = OV d/d 2 G, (F.208)

where the last inequality follows from Assumption 5.4, and the first holds with probability at
least 1 — exp(—clog®n) — kexp(—cd). This also means that

S(2) = CiVa|| A=)l (F.209)

holds with probability at least 1 — exp (—cd?/n), because of Theorem 5.6 and Lemma F.27.
Thus, we can conclude that

d
S(2) = Callzl A p = Cs—= = CsV/n, (F.210)
Vn
where the last inequality is a consequence of Assumption 5.4. O

F.3 Proofs for NTK Regression

In this section, we will indicate with X € R"*? the data matrix, such that its rows are sampled
independently from Px (see Assumption 5.1). We will indicate with W € R¥*? the first half
of the weight matrix at initialization, such that W;; ~;;4 N(0,1/d). The feature vector will
be therefore be (see (5.26))

Oyt (2) = [r @ ¢ (Wa), —2 @ ¢'(W)] (F.211)

where ¢ is the activation function, applied component-wise to the pre-activations Wz.

Notice that, for compactness, we dropped the subscripts “NTK" from these quantities, as this
section will only treat the proofs related to Section 5.5, Always for the sake of compactness, we
will not re-introduce such quantities in the statements or the proofs of the following Lemmas.

Lemma F.28. We have that
Amin (K) = Q(kd), (F.212)

with probability at least 1 — ne=c18"% — ¢=¢lo8’n oyer X and W.
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Proof. The thesis follows from Theorem 3.1 of Bombari et al.| [2022b]. Notice that our
assumptions on the data distribution Py are stronger, and that our initialization of the very
last layer (which differs from their Gaussian initialization) does not change the result. Our
assumption k£ = O (d) respects the loose pyramidal topology condition, and we left the
overparameterization assumption unchanged. A main difference is that we do not assume
the activation function ¢ to be Lipschitz anymore. This, however, stop being a necessary
assumption since we are working with a 2-layer neural network, and ¢ doesn't appear in the
expression of Neural Tangent Kernel. O

Lemma F.29. We have that

max;

¢ (Wa)) ¢'(W2)| = O (Vklogk), (F.213)

with probability at least 1 — exp(—clog® k) over X and W.

Proof. Let's look at the term ¢ = 1, and let's call x := x; for compactness. As in Lemma
F.26, we define 2’ as follows
\/E(] - )z

==,

We have 272" = 0, and ||2/||, = v/d. Furthermore, by (F.186), we also have that ||z — 2/|, is
a sub-Gaussian random variable, in the probability space of x. It will also be convenient to
characterize ||¢/(W2')]||,. We have, indicating with w; the j-th row of W,

/

(F.214)

sy

o' (W )2 = Z¢’2w Z =;Ew{ F] X (07 (w] ) — Bw [67(w]2)])

]:

= kE, [¢*(p)] + Xk: (¢(05) = E, [0%(0)]) .

j=1
(F.215)
where the p and p;'s indicate independent standard Gaussian random variables. Since ¢’ is
Lipschitz and non-zero, we have that E, [¢"(p)] = ©(1). Furthermore, by Bernstein inequality
(cf. Theorem 2.8.1 in |Vershynin| [2018]), we have 3i_, (¢"(p;) — E, [¢"*(p)]) = O (k) with
probability at least 1 — 2 exp(—ck). This means that, with this probability (which is over 1),
we have

¢/ (W2')|l, < CVE, (F.216)

where C' is a numerical constant. Notice that the same result holds for ||¢'(Wx)||,. We also
have [|[W{|,, = O (1), which happens with probability at least 1 — exp(—ck) over W, because
of Theorem 4.4.5 of Vershynin [2018] and Assumption 5.11.

Since ¢’ is Lipschitz, we can write

(W) ¢'(W2)

(Wa) ¢/ (W2)| <

+ L' (W)l (Wl Iz = 2l (F.217)

Let's look at the first term of the LHS. Since "2 = 0, and ||z, = ||#/||, = V/d, we have
¢ (Wa)' ¢/ (W2') = ¢'(pa)" &' (Ps). (F.218)
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where p, and p, are two independent Gaussian vectors, each of them with independent entries.
As ¢ is an even function (see Assumption 5.9), we have that ¢'(p,) and ¢'(p;) are independent
sub-Gaussian vectors, with norm upper bounded by a numerical constant. Thus,

B

where this holds due to (F.216). Let's now look at the second term of the LHS of (F.217).
We have

¢ (Wa)'¢'(W2)

> CVklog k:) < 2exp(—cy log?k), (F.219)

16/ (W)l W llop 12 = #'ll, < CVECy ||z = [l = O (log kv'k) (F.220)

where the inequality holds with probability at least 1 — exp(—ck) over W, and the equality
holds with probability at least 1 — 2 exp(—cylog® k) over 2. Taking the intersection between
the previously described high probability events, from (F.217) we get

¢ (Wz) ¢/ (W2)| = O (Vklogk), (F.221)
with probability at least 1 — 2 exp(—clog® k) over x and TW. Thus, performing a union bound
over the different x;'s, we get the thesis. O
Lemma F.30.

HVZQ)(Z)T@(X)THOP =0 (logk (Vk + v/n) Vd), (F.222)

with probability at least 1 — exp(—clog® k) over X, W and z.

Proof. We have, by application of the chain rule,
V.0(2) (X)) =2V.9'(2) "' (X)"
=2V, (e d(W2)| (X g/ (X))
=2 (1% 1¢/T(W2) + 127« W diag (¢ (W2))) (X + ¢(XWT))
—2XT o1 (¢(XWT)¢(W2)) +21(Xz)" oW diag (¢"(W2)) ¢/ (XWT)T

=2 X diag (¢'(XWT)¢'(W2)) +2W " diag (¢"(W2)) ¢/ (XWT)  diag (X z) .
(F.223)
Let's now condition on the event ||[W{|,, = O (1), which happens with probability at least
1 — exp(—cd) over W, because of Theorem 4.4.5 of Vershynin [2018] and Assumption 5.11.

Let's now look at the two terms separately. For the first, we have
| X7 diag (¢'(XWT)&' (W) < 11Xl op max; [0/ (W) T/ (W)
=0 (log/f\/% (\/ﬁ—i- \/c_i)) ,

where the last equality is true because of Lemmas |F.5/and F.29| and holds with probability at
least 1 — exp(—cd) — exp(—clog® k) over X and W. For the other term, we have

(F.224)

| W diag (6" (W2)) ¢/ (XW T)diag (X2) | < [Wll,, L [/ (XWT)[_ max;
=0 (log kVd (vn + Vk)) .
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the fact that we are taking the maximum over k sub-
szH¢ < C'z]|, = CV/d, and it holds with probability
2

at least 1 — 2exp(—ck) — exp(—clog® k) over X.

The last step uses Lemma F.5 and
Gaussian random variables such that ‘

Putting everything together, and using Assumption 5.11, we get

HVZQ)(z)Tq)(X)THOP =0 <log kVk (\/ﬁ—i- \/E)) +0 (log kVd (\/ﬁ—i— \/E))

= 0 (logk (Vk + ) V), (F-220)
which gives the thesis. O
F.3.1 Proof of Theorem 5.12
Proof of Theorem5.12. We have
S(z) < V| v.e(z)Te)T| &7 1Y,
= VdO (logk (Vk + vn) V) O (dlk> 0 (vn) (F.227)

:O(logkz(l—{—m) \\;—D

where the second line is justified by Lemmas F.28 and |F.30, and holds with probability at least
1 — ne—clog’k _ g=clog®n guer X and . The second statement is immediate. O

F.4 Additional Experiments

In this section, we provide additional experimental results for the activation functions ¢(z) =
cos(z) (which is even) and ¢(z) = 15; (namely, softplus or smooth ReLU, which is not even).
Again, our theoretical findings are supported by numerical evidence both on the RF (see Figure

F.1) and the NTK regression model (see Figure F.2).

synthetic, ¢(x) = softplus(x)
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synthetic, ¢(x) = cos(x)
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Figure F.1: Sensitivity as a function of the number of parameters k, for an RF model with synthetic
data sampled from a Gaussian distribution with input dimension d = 1000 (first and second plot),
and with inputs taken from two classes of the MNIST and CIFAR-10 datasets (third and fourth plot
respectively). Different curves correspond to different values of the sample size n € {400,800, 1600}
and to different activations (¢(x) = softplus(z) or ¢(x) = cos(z)). We plot the average over 10
independent trials and the confidence interval at 1 standard deviation. The values of the sensitivity
are significantly larger for ¢(z) = softplus(x) than for ¢(x) = cos(z).

318
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Figure F.2: Sensitivity as a function of the number of parameters p, for an NTK model with synthetic
data sampled from a Gaussian distribution with input dimension d = 1000 (first and second plot),
and with inputs taken from two classes of the MNIST and CIFAR-10 datasets (third and fourth plot
respectively). Different curves correspond to different values of the sample size n € {400,800, 1600}
and to different activations (¢(z) = softplus(z) or ¢(x) = cos(x)). We plot the average over 10
independent trials and the confidence interval at 1 standard deviation. The values of the sensitivity
are significantly larger for ¢(x) = softplus(z) than for ¢(z) = cos(x).
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APPENDIX

Appendix for Chapter 6

G.1 Proofs for Linear Regression

Proof of Proposition 6.2. Note that

A

hr(0) = (272) " Z7G. (G.1)

Since we have g; = 2 0* + ¢;, (G.1) reads

A

IR(0)=(272) ' 27 (20" + &)= 0"+ (272) ' 7€, (G.2)
Then, we can plug this result in the definition of C(f) in (6.3) to obtain
Ee [C(Lr(0))] = Ee [Coviprymapyy gmpioamry (fir (Or(0), [27,57]7) ,g)]
= Ee [Covipr gy anry (1253 100r(0),276})]

=27 {Cov[m,y]wpxy,%px (5?9; + "y (ZTZ)_l Zﬂe,;ﬂg;) (G.3)

o ~T n* T pn*
= CoV{y yj~Pyy,&~Px (x 0, x Qz)

=0,

where in the second line we used that £ is independent from everything else, in fourth line we
used E [£] = 0, and that £ is independent from all the other random variables, and the last
step holds since ¥ is independent from .

For the second part of the statement we have that

A

—1
C<0LR(O)) - COV[xTvyT]TNPXy,iNPx ([f—r’ yT] (ZTZ> ZTE"»xTQ;)
-1
= Covyry by ar (€72(272) Bty ) (GH)
S AV AR

where in the second line we introduced P, € R?*™*??, defined as the projector on the last d
elements of the canonical basis in R?¢. Then, since & is a sub-Gaussian vector (the entries are

320



mean-0, i.i.d. sub-Gaussian) independent from everything else, we have that, with probability
at least 1 — 2exp (—cl log? d),

C(BiR(0))] < logd HZ (z7z)"' P

2

-1
<1ogd| 2 (272) 7| 1P,y 11y 1671 (G5)
op :

- logd [|X]l,, |
i (Z72)

where we used || P ||, =1 and [|0*||, = 1. Since Z is a n x 2d matrix with independent rows
having second moment 3, by Theorem 5.39 in |Vershynin| [2012] (see Remark 5.40), we have

that
= ( Z) =o(1), (G.6)

with probability at least 1 — 2 exp (—cad). Hence, with this probability, by Weyl's inequality,
we also have

op

Auin (27 2) 2 1din (2) = | 272 = ¥

= 0O(n), (G.7)

op

where the last step holds because of Assumption 6.1. Thus, we have that (G.5) reads

. logd [|%]l,, log d
’C(QLR(O))‘ < TZTZ) =0 ( NG ) ;

(G.8)

with probability at least 1 —2 exp (—03 log? d) over Z and &, which gives the desired result. []

Proof of Theorem 6.3. As in Han and Xu [2023], we define the Gaussian sequence model
0" € R as

0 — (X + 7\~ u? (21/29* + \;§_d> ’ (G.9)

where p is a standard Gaussian vector in R?? (the Gaussian sequence model is defined in

Equation (1.5) in [Han and Xu| [2023], via the different notation 5, ), and our Gaussian

vector p is denoted as g in the same equation). In the equation above, v > 0 is implicitly
defined via )

e 9 12 (37 px\|I?

=o' +E, U]z (& -0 u . (G.10)

On the other hand, following a similar argument as the one in (G.3), we have that, for every
0 € R*,

C(0) = Covipr yriTmpyy amry ([E 910, 2705)
= GT]E[xT,yT]TNPXy,:ENPX [[Q%T7yT]TxT} 0
= 0" Brymyrapyy 07,27, 07]] 0° (G.11)
= GTPyE[ITﬂuT}T,\,pXY [[xT, y T [zT, yTH 0
=0'P,%0",
where the third line holds since & has 0 mean and is independent from = and y, and by definition

of 6%, and the fourth line holds because P,[z",y"]" = [0,y "] and because the last d entries
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of 0 are 0 (i.e, P,0* = 0). Thus, since we have that ||F,X0"(|, < [|F, [, [IZ]l,, [167], <

13|, because of Assumption 6.1 (and since |[0*|| < 1), we have that C() : R — Ris a
13| 5p-Lipschitz function.

Now, since Pxy is multivariate Gaussian, Theorem 2.3 of Han and Xu| [2023] gives that,
for any 1-Lipschitz function ¢ : R* — R (denoted as g in Han and Xu| [2023]), and any
t€(0,1/2),

Pza (|pir(N) = E, [¢ (87)]| > t) < Cidexp (—dt'/Cy), (G.12)

where C is a constant depending on Ay (), [|X|,,, 0% and n/d = ©(1). Since C(-) is

linear, notice that we have

E,[C(0")] =C(E,[0"]) =c((Z+rND)7'80%) = 0TS (S + 7(N)) " B,R0" =CE(N),
(G.13)

where we used (G.11) in the third step, and the definition of C¥()) in (6.12) in the last one.

Thus, setting ¢(+) to be C(-)/ [|X]|,,, and plugging (G.13) in (G.12) we obtain

- (!c@mu)) - C=()

>t| < Cidexp (—dt*/Cy), G.14
T, ) wdexp (~dt'/C) (614

which gives the thesis after absorbing the constant [|X||, in ¢, and noticing that the bound is
still true for ¢ € (0,1/2) since |[X]|,, > tr(¥)/2d = 1 by Assumption 6.1. O

Proposition G.1. Let C*()\) be defined in (6.12), and let S>™ ™! be the Schur complement
of ¥ + 7(A)I with respect to the top-left d x d block. Then, we have that

C¥(A) = 7(N\) 02 (Sae + 7N ' Ty (5§+T<A>I)‘1 5,0 (G.15)

Proof. During the proof, to ease the notation, we will often leave implicit the dependence of
7 on \. Then, we can write

CE\) =08 (S +70)" PXo"
=0 (S + 7] —7) (S +71) " P,X0"
= —7r0"" (X + 10" P,X0" + 6" P,X0"
= 70T (S +71) P,Y6",

where the last step holds since P,6* = 0. This expression can be further manipulated using
the notation introduced in (6.14). We also introduce the following notation

[(z + ﬂ)*]m \ [(2 + TJ)—l]xy
(7], e

(G.16)

S+ = ( (G.17)

where we divided (X 4 71)"" in four d x d blocks. Notice that, the expression in (G.16) only
depends on {(Z + TI)*ILy, ie.,
C¥(\) = =70 TP, (S + 71) ' BX0" = =0T [(S+7) | 8,0, (G.18)
Ty

where we denoted the projector on the first d elements of the canonical basis of R?? as
P, € R?¥>2d_ Exploiting the Schur complement S>*77 it holds that

-1
(Z+ ﬂ)ﬂmy = = (S + 71 Sy (S5T) (G.19)
which combined with (G.18) proves (G.15). O
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Proof of Proposition 6.4. During the proof, to ease the notation, we will often leave
implicit the dependence of 7 on A. Then, according to (6.12), we have that

W[ = TE @+ BERE | <1075 [SE + D7 IBEP o < [S5ellop
(G.20)
and
\CE(A)\ = 0TS (S + D) Pt < 075 |12 ! < Amax (=) (G.21)
s R A () T T T '

Then, using (G.15), we get

C*(\) =

= 70T (S + 7D S, (ST 8,40

=T G;T (Exx + 7'])71/2 (Zxx + 7—])*1/2 Exy (S§+TI)_1 Zyx (er + 7_[)71/2 (Zxx + 7'[)1/2 9;

1
< VO TS0 + T

" \/)\min (szp) + T

-1

(Baw + 712 S0y (ST) 7 Sy (S +71) 77

op
\/]Exwpx [(xTQ;)Q} +7 H(Exx +70)7V s, jp
=7 \/)\min (Yae) +7 Amin (S317)
\/Eg:mr(;;Jre [¢?]| —o%2+ T Amax (Zyx (Xpz + 7'[)_1 Exy)
- \/ Amin (Zzz) + 7 Amin (Zyy + 71— Sy (Spe +71) 7 zmy)
- VEs 92 =%+ 7 Amax (S 250 S4y)
T in (Sae) + 7 Amin By + 71— BB Y
. \/Eg (%] — 02 + 7 Amax (Zyy) — Amin (Sm)
\/)‘min (Dga) + 7 Amin (S3) +7
- WAW (Zyy) = Auin (S7) |
Amin (53) /Amin (Zaa)
(G.22)

where in the fifth line we denoted with Px the marginal distribution of the core feature =z,
and E, [-] from the sixth line on denotes an expectation with respect to g distributed as the
labels of the model. The last step simplifies the expression with respect to 7, and it holds
since Var(g) — 02 = 6° " 300" > Auin (Z2e). This, together with (G.20) and (G.21) gives
the desired result. O

Proof of Proposition |6.5. During the proof, to ease the notation, we will often leave
implicit the dependence of 7 on A. Then, as in|Han and Xu|[2023] and in the proof of Theorem
6.3, we define the Gaussian sequence model 8" € R as (G.9) where p is a standard Gaussian
vector in R?? and v > 0 is implicitly defined via
2
ny” 9 1/2 (P p*
=+ |2 (C+7D) 'S - 1) 0"

u (G.23)

L (C+70)7°5?)
2 2d ’
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which also reads
w0t TS+ S
20d

2, (G.24)

tr((S+71)7252)

1—

Then, due to Theorem 3.1 of Han and Xu| [2023] on the prediction risk, since Pxy is a
multivariate Gaussian due to Assumption 6.1, we have that, for any ¢ € (0,1/2),

Pz (|L(Br(N) — L¥(N)| > t) < Cdexp (—=dt*/C) (G.25)
where C'is a positive constant depending on Ay (X), [|X|,,, 0%, and n/d = ©(1). O

Proof of Proposition 6.6 As 7()) is an increasing function of ), all the statements on the
monotonicity of £¥()\) and C¥()\) can be proved by showing monotonicity w.r.t. 7 (whose
dependence w.r.t. A is left implicit throughout the argument). In particular, we have

2 1 tr((S+70)7252)
) (-
dr (1 _ tr((z+ﬂ)222))2
r )22
(02 42 H(E +7_]>—1 /2 z> % (1 o+ nI) b ))

(1 ) ) 2

n

dL3(n) _ o (72 (ORISR

(G.26)

To study the sign of the above expression, it suffices to focus on the numerators, as the
denominator is always positive.

Note that the RHS of (6.13) is smaller or equal to 2d/n; thus, as 2d < n, we also get
7 < A(1—2d/n)"", which implies 7(A\) — 0 as A — 0. Hence, to show that £Z()) is
monotonically decreasing in a right neighborhood of A = 0, it suffices to show that (G.26)
evaluated in 7 = 0 is strictly negative. For 7 = 0, the first factor in the numerator of the first
term in (G.26) is 0, as the following chain of equalities holds:

2

)

dci‘ (7@ +rn 2] - ddr ([e/m+ s

= e*TddT (S/7+1)7> %0

=0 (/1) (dd (Z/7 + 1)2> (/7 + 1) %0

T

T2

=0 (B/r+ D)7 ( = (7 + I)) (S/7+ 1) 20"

= 270" (2 4 71)7° X20%.
(G.27)
Furthermore, the second term gives

d tr (T4 71)72 %2 2 4 [2d 22 952 2d 22
ol (1 B e 5 ) s M
n nd7 ;2 (A +7) noo (e +7)
(G.28)

where A\ denotes the k-th eigenvalue of 3. This gives the first claim.
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To show that there exists Az > 0 such that £*()) is monotonically increasing for A > A\ we
will show that the derivative of £¥()\) with respect to 7 is positive for all 7 > 7, := 7(\z).
For simplicity, in the rest of the argument we use the notation \,.. and A, to indicate
the largest and smallest eigenvalues of ¥, respectively. Instead, the notation A, (+) still
represents the smallest eigenvalue of its argument. For the first factor of the first term of
(G.26)), continuing from (G.27), we have

d 1 202
(Pl ) 22 Phin (8/7) = min__
dr 2 Amax (X/7 + 1) T2 (Amax /7T + 1)
(G.29)
For the second factor of the first term of (G.26)), we have
tr (24 71)7% %2 12 X2 2d)\2
1- ( ) ):1—2’“221—“;“. (G.30)
" n & O+ 7) nr
For the first factor of the second term of (G.26), we have
2 “1y1y2p+]2 o 2 Amax
?|(E DTS < P (G.31)

()\min + T)

For the second factor of the second term of (G.26), we have

ndr

d tr (2 +71)72 %2 1d /2 x2 924 )2 AdN2

ol B ( )Y (Z’W)—Z b g —max

dr n it (A +7) n = (Mg +7) nt
(G.32)

Thus, putting together (G.26), (G.29), (G.30), (G.31), and (G.32), the monotonicity of £>()\)
is implied by

2)\2. 2d)\? ? Amax 4d\?
min ¥y <1 o n;ax) 2 <0'2 + 7_2 2) max ) (G33)
72 (Amax/T + 1) nrT (Amin + 7) nrs

Now, we have that the above inequality holds for sufficiently large 7: the LHS is ©(1/7%)
(considering fixed the other quantities), while the RHS is ©(1/7%); and the desired statement
is therefore proved.

Next, we set 7¢ := 7(A¢) = \/Amin (SZ) and show that C*()\) is monotonically increasing for
7 € [0, 7¢]. Plugging ¥,, = I in (G.15) we get

CE ) =70 (So+ 717, (S5 8,40
: ) 5,8

1+7

T * 1
= 0%, (zyy+¢f—
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By the product rule, and introducing the shorthand A(7) =%,, + 71 — LE““’ we have

147
dC=(\)
dr
_(d /T T 15T g <T>d*T 1T g
N (d (1—|—7‘>> (935 Hn AT Ezg@x) 1+7/ \dr <0 ey A7) Ezyﬁg)
o 1 * 1 INvT p* < T ) * 1 -1 _i 1T
= TP 0: S A(T) IS, 08 + =) &% Yy A(T) A | AT TR0
! TN A TSl — (0TS, A 1+ Zoy ey A(r)™'x] o
T (1) W 14T ™ (1+7) =y’
1 T A(T) ET ny
_ sy A _ T Ty A 1ZT *
1+ )0 A <1+r T( +(1+7')2 (7 2z
1t R O 0 SR M P D VI LT
_(1+7_)9m Y., A(T) < T, e 71 T(1+T)2 A(T)7%,,0,
1, _ \
= (1+T>2ejzxyA(T) (B — 2, Sey — 72) A7) 'S0
* T > .2 1T p*
=T 0 TN A(r) T (S = ) A(T) IS, 05
(G.35)

where in the third line we used the identity & (A(7)~!) = A(7)~! (—iA( )) A(T)7%. Then,

if 7 < \/Amin (ST) = 7¢, we have that (Sf — 7'2[) is p.s.d., which in turn implies C ( ) >0,
thus giving the desired claim. The non-negativity of C*(\) readily follows from (G.34).

For the last statement, setting 7, = A (X) we show that £*()\) is monotonically increasing
for all 7 € [1z,400) as long as the additional bound on 2d/n holds. As Ayin (Sf) <
Amin (Zyy) < tr(2y,) /d =tr (X —X;,) /d =1, we also have

Tc = >\m1n (S ) > )\mln (SE) > )\mm( ) =Tr, (G36)

where the second inequality follows from Lemma G.3. Thus, from the monotonicity of 7(A) in
A, the final result readily follows.

It remains to prove the monotonicity of £*(\) in [Apin (3), +00). To do so, we again study
the sign of (G.26).

For the first factor of the first term of (G.26), we have

i (72 (ORI IRET 2) =20 (%/m+ 1) (2/7)°0

dr
= 20" 'SV (S D) (S + 7)) IS (S 4 rL) T BV
2 -1\ 2 —1 y1/29%]|?
> ;Amin(z(z+r) ) 7|+t e
_ 2 D —1 \n1/2p]|?
_;)\min—i‘TT H(E—}—TI) Y40 )
(G.37)
For the second factor of the first term of (G.26)), we have
tr (S +71) 7252 12 N2 2d
1— (( ) ): 1—=>y —F - >1-=—. (G.38)
n o= (A + r n
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For the second factor of the second term of (G.26), we have

d (1_tr ((2—1—7'[)_222)) 2 2BV

D

dr n nis A+ 1)
c2 1 LN (G.39)
~ nT (Amin + 7) = (Mg +7)
< 4d
T (Amin +7)°

Thus, putting together (G.26), (G.37), (G.38), and (G.39), the monotonicity of L*()) is

implied by
2 <1 2d> ;
) >
" (G.40)

2) 4d
2) nT (Amin + 7T)

2 AInin
T )\min + 7

72|+ )7 20

?
> (o + 72+ S

Since we assumed that 2d/n < A, /4 < 1/4, we have

2 Amin ] 2d Ad B 2 Anin ] 2d 2d S 1 Amin
T Amin + 7 n nT (Amin +7) T Amin + 7 n PAmin/ T Amin + T
(G.41)

and
72 |(S + 1)~ 20

> Apin (725 (S +71)7%)
7'2>\k

()\k—l—T)Q

2
2
= ming

= miny

A (G.42)
(Me/Amin + 1)2
e/ Amin
(Ae/Amin +1)°

)\max

> miny,

= )\min mink

(Amax/)\min + 1)27

where in the fourth line we used that 7 > A, and in the last step we used that f(z) :=
x/(x + 1)? is decreasing for z > 1.

Thus, using (G.41) and (G.42) gives that (G.40) is implied by

/\max ]- )\min 4d

2
— >0l G.43
(Amax//\min + 1)2 T >\min + 7 =7 nt (/\min + T) ( )
which holds since we assumed
2d 1 )\max/\min
=< . (G.44)
n 202 (Amax/)\min + 1)
]
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G.1.1 Proofs on S=

For completeness, in this section we prove two known results about SZ.

Lemma G.2. Let z = [mT, yT}T ~ Pxy be distributed according to a mean-0, multivariate
Gaussian distribution with covariance 3., such that X, is invertible. Then, the Schur complement
SZ of ¥ with respect to the top left block X,, (see (6.14)) corresponds to the conditional
covariance of y given z, i.e.,

S = Cov (ylz =7) = Eyjz—z {(y — ]Ey\xzas[y]) (y - ny:a:[y])T] : (G.45)

Proof. Consider the expression z'¥7!z. According to the notation in (6.14) and in (G.17),
we have

xe=aT 87 a4yl [2—1}% y+a’ [2—1}% y+y' [57] w (G.46)

Tx yx

Then, the formulas for the inverse of a block matrix give
2Tyl
T (30 + 00 ST 8T )
+y STy T (—E;;EMSEA) y+y' (—SEAEWE;;) T
T
=z Y lv+ (y — EymE;jx) S ' (y — nyZ;;x) .

(G.47)

-
Then, denoting with p(x,y) and p(x) the probability density functions of z = [xT, yT} and x
respectively, we get that the probability density function of y conditioned on x takes the form

pyle) = 2220

B \/( ) det (2 exp( [x'l' T}T/2)
2d ex xTE L
(27) det(E) P( /2) (G.48)
e )detSE eXp( 27 e, ] B 1:/2)
_oxp (= (= ByeBile) S (y - BBt /2)
(27)" det (S)

where we used Schur formula for the determinants in the third line, and (G.47) in the last step.
Thus, we have that p(y|x) describes the density of a multivariate Gaussian random variable,
with covariance S7. O

Lemma G.3. Let ¥ € R?¥*%d pe a p.s.d., invertible matrix. Then, the Schur complement
S € R4 of ¥ with respect to the top left block 3., (see (6.14)) is such that

Amin () > Amin (%) - (G.49)
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Proof. Let I' € R%4%4 be the rank-d matrix defined as

(s)
I'= I , G.50
L (©:20)

and S € R?¥*24 35 the matrix containing S= in its bottom-right d x d block, and 0 everywhere

else. Then, we have that
Y=S+IT", (G.51)

where both S and I'T'" are rank-d p.s.d. matrices.
Denoting by A (S) the k-th largest eigenvalue of S, by the Courant—Fischer—Weyl min-max
principle, we can write

AM(S) = Maxy, dim(w)=k MiNuew, [uf,=1 (UTSU> , (G.52)

where with W we denote a generic k-dimensional subspace of R2d. Thus, the desired result

follows from
Amin (%) = Amin (S +TT7)

= min||u||2:1 UT (S + FFT) U

: T T
< M eker (PP, ffull,=1 Y (S +1IT ) u

= minueker(rﬂ), llull,=1 u' Su (G.53)
< MAXY, dim(W)=d Miyerw, o], =1 U St
= Aa(9)
= D (S) .
where the last step holds since the d smallest eigenvalues of S are equal to 0, and the d largest
correspond to the ones of S=. [

G.1.2 Remarks on Assumption 6.1

Our results on linear regression rely on Assumption 6.1, and in particular on the training
samples to be normally distributed. This assumption is made for technical convenience, as the
concentration results in Theorem 6.3 and Proposition 6.5/still hold under the following milder
requirement.

Assumption G.4 (Data distribution). The input samples {z;}!_, are n i.i.d. samples from a
mean-0, sub-Gaussian distribution Pxy, such that

1. its covariance 2 € R*¥%4 js jnvertible, with Apax (X) = O (1), Amin (X) = Q(1), and
tr(X) = 2d;

1/2

2. for z ~ Py, the random variable >7'/°z has independent, mean-0, unit variance,

sub-Gaussian entries.

This assumption resembles the requirements A-B in Section 2.2 in Han and Xu| [2023], where
we also included the scaling of the trace. To formally state the equivalent of Theorem 6.3
and Proposition 6.5, one also has to enforce the following technical condition on the true
parameter 6*.
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Assumption G.5. Let 6 = 1/72, then we assume that

0" st [SV2r(2 47D

_< Cd°1/2, (G.54)

In Proposition 10.3 in |Han and Xul [2023], it is shown that this condition excludes a negligible
fraction (Ce="""/C) of the 6* on the unit ball. Since we set § = 1/72, following the same
arguments of the proofs of Theorem 6.3/ and Proposition 6.5, we have that Theorems 2.4 and
3.1 in Han and Xu| [2023] imply the results below.

Theorem G.6. Let Assumptions 6.9 and|G.5 hold, and let n = O(d). Let O r()\) be defined
as in (6.8), and let C(0.r(\)) be the amount of spurious correlations learned by the model
fir (@LR()\), ) as defined in (6.3). Then, for any X\ > 0, we have that, for every t € (0,1/2),

Pza ([COr(N) = CZ(N)| > t) < Ct a3, (G.55)
where C*()\) is defined in (6.12), and C' is a an absolute constant.

Proposition G.7. Let Assumptions 6.9 and|G.5 hold, and let n = ©(d). Let O, r()\) be defined
as in (6.8), and let L(6. r(\)) be the in-distribution test loss of the model fir(OLr()),") as
defined in (6.5). Then, , for any A > 0, we have that, for every t € (0,1/2),

Pza (|LOwRN) — L3N] > ) < Cted =1/, (G.56)

where L*()) is defined in (6.20), and C and c are positive absolute constants.

G.2 Proofs for Random Features

Lemma G.8. We have that
p
IVl =0(y/%). (G.57)

121, = 0 (V). (6.58)

with probability at least 1 — 2exp (—cd) over V' and Z, where c is an absolute constant.
Furthermore, for every i € [n], we have

1z:ll, = v2d] =0 (1) (G.59)

Proof. V' has independent, mean-0, unit variance, sub-Gaussian entries. Then, the first
statement is a direct consequences of Theorem 4.4.5 of Vershynin [2018] and of the scaling

d = o(p).

By Assumption 6.9, we have that Z has i.i.d. mean-0, Lipschitz concentrated rows. This
property also implies that the rows are i.i.d. sub-Gaussian. Thus, by Remark 5.40 in Vershynin
[2012], we have that

n

|27z - nz:Hop =0 (nd> =0(d), (G.60)

with probability at least 1 — 2 exp (—c1d). Then, conditioning on this high probability event,
by Weyl's inequality, we have

HZTZ

oy < 18], + |27z - nZHop = 0(d), (G.61)
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where the last step follows from the argument used to prove |||, = O (1) in Lemma C.1 in
Bombari and Mondelli| [2025a].

For the last statement, we have

2d = tx(2) = tr (E [22"|) =E [tr (227)| = E[tr (z72)| = E[2]3], (G.62)

where we used the cyclic property of the trace. Furthermore, we have

lz[ly = E L=, = O (1), (G.63)

since z is Lipschitz concentrated. Then,
0<2d—E[|z],)* =E [(IIZH2 —E [I\lez])ﬂ < (h, (G.64)

for some absolute constant C. Thus, as /1 —x > 1 — x for z € [0, 1], we obtain

4 Cr_ Ez]l)]
- - — < < 1. i
1 2d_,/l 20 < o <1 (G.65)

Plugging this last result in (G.63) gives the desired claim. O

Lemma G.9. We have that, denoting with i* = 3 ;> iz, with , denoting the k-th Hermite

coefficient of ¢,
A log® d
’EV [007] —p<u§ - +u21> =0 (p \/gZz ) (G.66)
op

with probability at least 1 — 2 exp (—clog2 d) over Z, where c is an absolute constant.

Proof. For all i € [n], we define the functions ¢ : R — R as ¢ () = ¢(||zil, - /v/2d). Note

that ¢ is odd, since ¢ is odd by Assumption 6.7. Thus, denoting with 11\ the k-th Hermite
coefficient of ¢(¥), for every i € [n], we have that ug) = 0 for all even k. This implies that,
by denoting with v a random vector distributed as the rows of V/, i.e., v/2d v is a standard

Gaussian vector, we have

By [207]] = pE, [o(=]0)o(=] v)]

P [w <|| ||2“—”> (IIII\@N

_pz“’f & <H A > o

zillg 125l

0,0 _FZ Sl ( 2 2 )k
— Y S ) )
SR AT P TP [EA P EA S

Then, denoting with Dy, € R"*™ the diagonal matrix containing u,(f)/ HzZHg in its i-th entry,
we can write .
Ey |07 =pD1ZZ" Dy +p> D (2Z7) " Dy (G.68)

k>3
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Notice that, due to the last statement in Lemma G.8, we have that, jointly for all i € [n],

with probability at least 1 — 2 exp(—c; log”d). Then, conditioning on such high probability
event and denoting with p a standard Gaussian random variable, for all i € [n] we have

1 = | = [B, [069(0)] — B, [06(p)]

iy (( ) >ﬂ
(
(

o[

<E, [|p| ’gzﬁ ( 1) p+ p) - <b(p)H (G.70)
< LE, [ H2 - ‘|p|]

:L@ngm

~0 (1(\)/*%;) ,

where we used Jensen's inequality in the fourth line, the L-Lipschitzness of ¢ in the fifth line,
and (G.69) in the last step. With a similar approach, denoting with ||-||,» the L? norm with
respect to the Gaussian measure, we have that for all i € [n]

6@, = lloll,z] < ]|6® ~
, 911/2

—E, |(47() ~ ()]

B ks

Zj
= <¢<<¢2_; _1)p+p> _¢(p)> ] (G.71)
<t -1m 1"
B log d
- O( Vi ) 7

which directly implies that, for all i € | H¢ — Yoo (,u](j))Q _ (1), and that
i logd
];3( ) ];)Mk ’H¢ — ll¢ll7: +‘(u§))2—uf =O<(z§a>. (G.72)

Thus, we are ready to estimate the operator norm of the off-diagonal part of the second term
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on the RHS of (G.68), specifically

> D, (227)" Dy — diag (Z Dy (ZZT)Ok Dk)
k>3 k>3

op
k>3 o
< ’ZTZJ’ ONON v C73
_I;’max#j m ]2: (Mk Mk) (G.73)
- €[n],j€[n]
< (L) S gy
max;;
=z L) S5

log® d
:O<d3/210g dn)zO( N ),

where in the first step we replaced the operator norm with the Frobenius norm, and used
triangle inequality; in the fifth line we used that ||z, = ©(v/d) for all i € [n] (true because
of (G.69)), and that jointly for all i # j we have ‘z;zj‘ /1%ll, = O (log d) with probability
at least 1 — 2 exp(—c; log® d) since the z;-s are independent sub-Gaussian vectors (since they

are mean-0 and Lipschitz concentrated). The diagonal part of the second term on the RHS of
(G.68) respects

. ok ~ i 2 10 d
diag (ZDk (z27) Dk) — P =maxier | Y (m) = X :O( 8 )
k>3 op k>3 k>3 Vd
(G.74)
because of (G.72). Lastly, notice that,
A
D\ ZZ"Dy — ii? =
| i,
ZZT
= sup w' D1ZZ" Dyu — % T d
Jull,=1 2
ZT |
= sup |||Z"Diu| — 12| —=u
fulla=1 |77, =i v2d
- (G.75)
< su (HZTD uH + 1 ) sup (HZTDlu 41 z U )
p 1 — M=
lull=1 lull,=1 v2d |l
. 7T
Z D +
S (C z
|| || fia
< [(||Z D + Pz
< (121001 Puly 0 2 ) 121 21 = ]
By Lemma G.8, we have that [|Z]| O( ) with probability at least 1 — 2 exp (—cad),

and since ||z, = ©(v/d) and ) = O (1) for all i € [n] (true because of (G.69) and (G.70)
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respectively), we have that || D[, = O (1/\/3) Furthermore, we have

(@)
U1 M1 H1
D1 — = max; —
H V'2d op HZZHQ V2d
1 (i) [zl
< a1 (| . (6.76)
> Inax sz”2 (‘:ul Ml‘ + 251 m

log d
o)

where the last step is a consequence of (G.69) and (G.70). Then, we have that (G.75) reads

~0 <hz%d> . (G.77)

A standard application of the triangle inequality to (G.73), (G.74) and (G.77) gives

—0 loggd, G.78
SNC

op

L 277
Y

HDlZZTDl —u

D, 227D Do (227" Do) - (1222 | 21
1 1+ k( ) k i +u
k>3

with probability at least 1 — 2 exp (—63 log? d) over Z (where we used ps = 0 since ¢ is odd),

which readily gives the thesis when plugged in (G.68). O
Lemma G.10. We have that
[®flop = O (VP) (G.79)
PO" —Ey |00 || = ( ) :
H viee )| =0 (). (G.80)

Amin (07) = Q(p), (G.81)

with probability at least 1 — 2 exp (—clog2 d) over Z and V', where c is an absolute constant.

Proof. ®' is a matrix with i.i.d. rows in the probability space of V. In particular, its i-th row
takes the form
[@7], =0(2Vi) = 6 (2Vi) — Ev [6(2V3)], (G.82)

where the last step holds since the (Gaussian) distribution of V. is symmetric and ¢ is an odd
function by Assumption 6.7. Then, since v/2d V. is a standard Gaussian (and hence Lipschitz
concentrated) random vector, and ¢ is a Lipschitz continuous function, we have that
1Z1lop
o 0 =0(1), (G.83)
2

o7, -0

where the ||-||,,, is meant on the probability space of V/, and the second step holds with
probability at least 1 — 2 exp (—c;d) over Z due to Lemma G.8. Conditioning on this high
probability event, ®' is a p x n matrix whose rows are i.i.d. mean-0 sub-Gaussian random
vectors in R™. Then, by Lemma B.7 in Bombari et al.| [2022b|, we have

o7

=0Vt vp) =0(Vp), (G.84)
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with probability at least 1 — 2exp(—can) over V, where the second step holds because
n = o(p).

For the second part of the proof, we again follow the argument in Lemma B.7 in |[Bombari
et al. [2022b], which in turn exploits the discussion in Remark 5.40 in |Vershynin| [2012], and
conclude that

|ooT —Ey [207]| =0 @ﬁ) —0(/p) =0 (\/pTz) , (G.85)

with probability at least 1 — 2 exp(—c3n) over Z and V.

For the last statement, Lemma G.9 and Weyl's inequality imply that, with probability at least
1—2exp (—c2 log? d) over Z we have

w9 )

Ey [cbclﬂ} —p < 227! + ;ﬂf)

251 2d M1 2d op
— |[e@" —Ey [00]] . (G.86)
log® d

> pi2—0 (2 —o< d):Q ,

> it =0 (PEE1) < 0 (Vo) = 20
where the last step is true since ji # 0, as ¢ is non-linear by Assumption 6.7. O]

Lemma G.11. Let ¢ : R — R be defined as ¢(-) := ¢(-) — p1(-), and set
3/2
n’ = min p4 ) d 3 : (G.87)
log™ p log” d

Let {%;}!", ben’ iid. random variables sampled from a distribution respecting Assumption

6.9, not necessar//y with the same covariance as Pxy, and independent from V. Then, if
®,, € R"*? js defined as the matrix containing ¢(V'2;) in its i-th row, we have that

vl =0, (G.88)

with probability at least 1 — 2 exp (—clog2 d) over {3;}, and V, where c is an absolute
constant.

Proof. The proof follows the same strategy as Lemma C.8 in Bombari and Mondelli| [2025a],
with the only difference that they work under their Assumption 1.2, i.e. that the data is
normalized as ||2;]|, = v/2d (in our notation). This difference, however, does not affect
the result. We can in fact condition on the high probability event that all Z; are such that
12:]l, = ©(\/d), which holds with probability at least 1 — 2exp (—cd) by Lemma G.8, and
proceed in the same way (as their Equation (C.78) now holds) until their Equation (C.81),
which requires their Lemma C.7, i.e. that

This holds also in our case, as it can be proven following the argument in (G.73) and (G.74),
where now the n in the last line of (G.73) has to be replaced with n’, making the RHS there

being O (1), as n’ = O (lzzégd) by definition. Lastly, the normalization of the data is used one

= T

Ey |®,/®,,

—0(p). (G.89)

op
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more time in their Equation (C.91), but it is not critical to obtain the result, as ||2;]|, = ©(v/d)
is sufficient. We remark that Assumption 1.2 in Bombari and Mondelli| [2025a] also requires
the covariance of the distribution to be well-conditioned, which however is not required for the
purposes of the above mentioned lemmas. O

Lemma G.12. Let ¢ : R — R be defined as ¢(-) := ¢(-) — pu1(+), and let z € R** be sampled
from a distribution respecting Assumption 6.9, not necessarily with the same covariance as
Pxy, and independent from V. Then we have that

with probability at least 1 — 2p? exp (—clog2 d) over V', where c is an absolute constant.

plog®d
32 )

E. |6(Vz)o(Vz)']

o= O <log4 d+ (G.90)

Proof. The proof follows a similar path as the one in Lemma C.15 in Bombari and Mondelli
[2025a]. In particular, set

P d3/2
n' = min (L 1 J , L 3dJ> , N = p*n/, (G.91)
og p 0g

N
=1

and let &y € RV*P be a matrix containing ¢(V'2;) in its i-th row, where every {%;}
is sampled independently from the same distribution of z. Thus, ®y can be seen as the
vertical stacking of p* matrices with size n’ x p. All these matrices respect the hypotheses of
Lemma |G.11, and hence have their operator norm bounded by O (\/]_9> with probability at

least 1 — 2 exp (—01 log? d). Thus, performing a union bound over these p? matrices, we get

ST N Nplog®d
CD;(PN =0 (p2p) =0 <7f> =0 (N log* p + pog) , (G.92)

d3/2

op
with probability at least 1 — 2p? exp (—01 log? d) over V and {%;}V,.

Via the same argument used for the last statement of Lemma G.8, denoting with v, € R??
the k-th row of V/, we have that ||vg||, = O (1) uniformly for every k with probability at
least 1 — 2pexp(—cyd). Conditioning on such event, we have that each entry of ¢(V'2,) is
sub-Gaussian (with uniformly bounded sub-Gaussian norm), since 2; is sub-Gaussian (as it
is mean-0 and Lipschitz concentrated) and 6 is a Lipschitz function. Thus, we have that

each entry of E;, [(/B(V%l)} is O (1) (see Proposition 2.5.2 in Vershynin| [2018]), and therefore
that ’]Ez1 [&(V%Q]Hw? =0 (‘ E., [&(V%l)} HQ) =0 (\/]_9) Then, conditioning on the high

probability event [[V[[,, = O( p/d) given by Lemma |G.8, we have

o S ove) B [pvzn)| 4B 502, = 0 (B +vB) =0(vp),

(G.93)
where the second step holds because Z; is Lipschitz concentrated and &5 is Lipschitz. Since
the rows of @ are identically distributed, this also holds jointly for all other 2;-s, for i € [N].
Then, Ci)N/\/]_) is a matrix with independent sub-Gaussian rows, and by Theorem 5.39 in

Vershynin [2012] (see their Remark 5.40 and Equation (5.25)), we have that

lo(vzn)

1

p

Bl by
N

~E. [3(v2)s(v2)T]| =0 ( ﬁ) 7 (G.94)

op
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with probability at least 1 — 2exp (—csp) over {2;}~,. Then, we have

e
[E- [ov)eva)T]], < by _ E.[6(V2)o(V2)T]| + M
op N ) N

B [P s plog’d
—O(p N) +O<10g p-i—d3/2>

log*p log® d plog®d
O(\/ﬁ D +\/]_9 d3/2 +O 10g4p+W

plog®d
=0 <log4p—l— d?’/2> )

(G.95)
where the first step follows from the triangle inequality, the second step is a consequence of
(G.94) and (G.92), and the third step follows from the definition of V.

Taking the intersection between the high probability events in (G.92), (G.93) and (G.94),
the previous equation then holds with probability at least 1 — 2p? exp (—04 log? d) over V'

and {2;}Y,. Also note that its LHS does not depend on {Z;}Y,, which were introduced as
auxiliary random variables. Thus, the high probability bound holds restricted to the probability
space of V, and the desired result follows. O

Lemma G.13. Let ¢ : R — R be defined as ¢(-) := ¢(-) — pu1(-) and & € R™*? as the matrix
containing ¢(V z;) in its i-th row. Then, we have

- log d
|ov], =0 <\/,’g—910gd+ L (Zzg ) , (G.96)
with probability at least 1 — 2 exp (—clog2 d) over Z and V', where c is an absolute constant.

Proof. Note that ¢ is Lipschitz (since ¢ is Lipschitz by Assumption 6.7). During all the proof,
we condition on the event || Z||, = O (ﬂ) and ||z, = © (ﬂ) for all ¢ € [n], which holds
with probability at least 1 — 2 exp (—c;d) by Lemma G.8. During the proof we also use the
shorthand v € R2 to denote a random vector such that v/2d v is a standard Gaussian vector,
i.e., it has the same distribution as the rows of V. This implies

E, [[éz,} =o(vn).  ||é@v), ~E. [[é ]

" o), (G.97)
and

Vd

where both sub-Gaussian norms are meant on the probability space of v, and where the very
first equation follows from the discussion in Lemma C.3 in Bombari et al.|[2022b]. Then, there
exists an absolute constant C'; such that we jointly have

E (Il =0, vl —Ed[lel,ll,, =0 (1) , (G.98)

|6(zv)|, <crvd, vl <G (G.99)
with probability at least 1 — 2 exp (—cad) over v.
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Let E). be the indicator defined on the high probability event above with respect to the random
variable vy := V) (the k-th row of V'), i.e

Ep =1 (Jloell, < Crand | (Zwe)]|, < C1vd), (G.100)

and we define £ € RP*P as the diagonal matrix containing Ej, in its k-th entry. Notice that
we have || — E||,, = 0 with probability at least 1 — 2pexp (—cad), and Ev, [||I - E||0p} <
2p exp (—cad).

Thus, we have

|Ev [® (1 - E) V]

< By [[8], 11 = Bllp V1)

A\
=
<
KA

2 2 9 711/2
VI B[l - B,

My~ 4 11/4 1/4 101
<By |[8]. ] B (V1] @pexp(-cyrr (G1OV
1/4

KA

<Ey

= 0<1)’
where the last step holds because of our initial conditioning on Z: the first two terms are the
sum of finite powers of sub-Gaussian random variables (the entries of ® and V'), and thus (see
Proposition 2.5.2 in Vershynin| [2018]) the first two factors in the third line of the previous
equation will be O (p*) for some finite «, which gives the last line due to Assumption 6.8.

1/4
Ev [IVI5] " (2pexp (—cad))'?

F

As in Lemma |G.9, we introduce the notation (for all i € [n]) éﬁ(i) : R — R such that

q~b(i)(-) = ¢(||zill, - /v/2d). Thus, denoting with v € R?? a random vector such that v/2dv is
standard Gaussian (i.e., distributed as the rows of V'), we can write

Ev [#V]], =p B [o(2op7]]

o <J ()@ )] e

_ b i’z e
V2d ||zl
where ﬂgi) is the first Hermite coefficient of q~b(i). Then, denoting with D € R™*™ the diagonal
matrix containing [1,52)/ ||zi|l5 in its i-th entry, we can write
~ . p -~ p ~
HEV [CI’V} o0 \/2d HDZ op = @HD OPH

Then, since we conditioned on ||z;||, = © (\/E) for all 7 € [n], following the same argument

(G.103)

as in (G.70), and since the first Hermite coefficient of ¢ is 0 by definition, we have

[ 7], =0 (155 va) — o (25 (6.104)

with probability at least 1 — 2 exp (—Cg log? d) over Z. A standard application of the triangle
inequality to this last equation and (G.101) then gives

[Ev [o2V]],,

SHEV[&W]H +|[Ev [& (1 - E) V]

B plogd
o)
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with probability at least 1 — 2 exp (—04 log? d) over Z.

Let's now look at
p

PEV — Ry [PEV| =Y ¢(Zvr) Exvl — By, |$(Z0k) Eyvyg | = Z W, (G.106)
k=1

where we defined the shorthand Wy, = (Zvi) Exv] — By, [6(Zvi) Exvf | (G.106) is the sum
of p i.i.d. mean-0 random matrices W, (in the probability space of 1), such that

A Zoe) Evvf — By, [0(Z00) Bl ]| <

= 2sup |6(Zu) |, lewl, B (G107)

sup

-
) Eyvy op

<207V,

because of (G.100). Then, by matrix Bernstein's inequality for rectangular matrices (see
Exercise 5.4.15 in |Vershynin| [2018]), we have that

22
= t) < (n + d) exp <—U2 o \/Zzt/za) . (G.108)

Py (HéEv Ry [éEv]

where o2 is defined as

£, (W],

o2 = pmax (\ E., [W, W] Hp) . (G.109)

For every matrix A, we have E {(A —E[A]) (A —IE[A])T] =E {AAT} — E[A]E[4]T <
E[AAT]. Thus,

|

Ey, Wi,/ |

<
op

o |0(Z0n) Bxvof vxEx(Zvy) " | o
o [0(Zun)o(Zu) ||, sup (B luelly)

< C||Bo, [6(Zvi)é(Zur) ]
=0(1),

<

(G.110)

op

where the last step is a direct consequence of Lemma G.9, applied to @ instead of to ®, and
holds with probability at least 1 — 2 exp (—05 log? d) over Z. For the other argument in the

max in (G.109) we similarly have

HE [WJW;{} op = [[Eue [UkEka)(ZUwT;b(ZUk)Ekvsz] Hop

< ‘Evk [Ukvﬂ o S}}lkp (Ek &(ka)HD (G.111)

< ;Cfd

=0(1).

Then, plugging these last two equations in (G.108) we get
. N plog®d/2
Py (H‘DEV —Ey [2BV][ > Vplog d) (n+d) exp ( Cop + 20/ Jplog d/3>
< 2exp (—c6 log? d) ,

(G.112)
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where we used Assumption |6.8. Then, applying a triangle inequality and using (G.105) and
(G.112), we get

plzgd> , (G.113)

o0 O <\/1_910gd +
with probability at least 1 — 2 exp (—07 log? d) over Z, V. Then, since F = [ with probability
at least 1 — 2pexp (—csd), using Assumption 6.8 we get the desired result.

]

Lemma G.14. Let z € R?! be sampled from a distribution respecting Assumption 6.9, not
necessarily with the same covariance as Pxy, independent from everything else, and let
fre(Ore(N), 2) be the RF model defined in (6.22) with Ore()\) defined in (6.24), with X > 0.
Then, we have that

) ZTZT

. dY*logd log*?d
fre(Ore(X), 2) = pip = 204 8

pl/A JL/8 = o(1),

(G.114)
with probability 1 — Cv/dlog? d/\/p — C'log®d/d"/* over Z, G, V and z, where C is an
absolute constant

(#0" +nA) " G’ ~0 (

Proof. Let ¢ : R — R be defined as ¢(-) := ¢(-) — yu1(+), and let & € R™? be defined
as the matrix containing d)(VzZ) in its i-th row. Then, introducing the shorthand G =

T -1 -
(CI)QD + m\]) G, we can write

fre(Ore(N), 2) = (MlVZ + (B(VZ))T (UIVZT + éT) G
ZTZT

= 1y G T (VTV _ 2pdl> 270+ VT G+ d(ve) B

(G.115)
Notice that since every entry of GG is sub-Gaussian and independent by Assumption 6.9,
Theorem 3.1.1 in Vershynin [2018] readily gives ||G||, = O (v/n) = O (\/E) with probability
at least 1 — 2exp(—cid) over G. Then, conditioning on the high probability event described

by Lemma G.10, we get

G

L < (i (227 +001)) Gy < (A (®27)) Gl = O (*f) . (G.116)

with probability at least 1 — 2exp (—02 log? d) over V', Z and GG. We will condition on this
high probability event until the end of the proof. Let's then investigate the last 3 terms on
the RHS of (G.115) separately:

(i) A direct application of Theorem 5.39 of |Vershynin| [2012] (see their Equation 5.23) gives

—o( ). cm

with probability at least 1 — 2 exp (—c3d) over V. Then, since z is sub-Gaussian and

HVTV I

independent from everything else, with probability 1 — 2 exp (—04 log? d) over itself we
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have

1227 (VTV _ p[) ZTG‘ <logd H (VTV _ pI) 776

2 2d 2
T p /
< logdHV V- leHop 1211\ (G.118)
1
0 (logdf@@ _0 <W> |
d " p VP

where the third step holds with probability at least 1 — 2exp (—csd) over Z due to
Lemma G.8l

(ii) As before, since z is sub-Gaussian and independent from everything else, with probability
1 —2exp (—04 log? d) we have

,ulzTVTéTCAJ' <logd HVT@T

],

op

—0 <1ogd<\/ﬁlogd+pk;gd) \f) =0 (log2d (\/Z+\}3>> ’

(G.119)
where the second step holds because of Lemma |G.13, and holds with probability at least
1 —2exp (—cﬁ log? d) over Z and V.

(iii) For the last term of the RHS of (G.115), its second moment in the probability space of
z reads

E.[6T0To(v2) 6 (v2) oG] < [ [p(v2) s va)T]| 1@l |6

plog®d Vd
=0 ((log4d + 72 ) \/:1? (G.120)

0 <d10g4d N 1og3d) |
p Vd

where the second step follows from Lemmas |G.12| and (G.10, and holds with probability
at least 1 — 2 exp (—07 log? d) over Z and V. Then, by Markov inequality, we have that
there exists a constant (' such that

~ AN 2 dlog*d log® d)
V) eG) < C + t, G.121
(h(vo)Ta6) <, ( L e, (G121)
with probability at least 1 — 1/t over z. Setting
t = min (Vﬁz d1/4> = w(1), (G.122)
Vdlog?d
since p = w (dlog4 d) by Assumption 6.8, we have
- . d/*logd log®*d
-
6 (V2) G| =0 ( " s ) , (G.123)

with probability at least 1 — v/dlog®d/,/p — log® d/d*/*.
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Then, plugging (i), (ii) and (iii) in (G.115) gives

R ZTZT R d/*logd log**d
Jre(Ore(N), 2) — M%p Gl =0 ( Pz J1/8 > ) (G.124)
with probability at least 1 — cg \/3\1;’1%2‘1 — g IZ%jf, which gives the desired result. O
Proof of Theorem 6.10 Let £ € R"*" be the matrix defined as
Z77
E:@(I)T—p<p% 5 T H 1) (G.125)
Note that
1Bl < ||@@T — By [007]|| +|Ey [007] - p (13- 2227 + i*1
op — op 1 2d o
P (G.126)

of(fE5)

with probability at least 1 — 2exp (—01 log? d) over Z,V due to Lemmas G.9 and |G.10. By
the Woodbury matrix identity (or Hua's identity), we have

(207 + n/\]>_1 _
A !
=(p|u] + 1| + E+n)l
2
7277 -
_ 2 ~2

-1
= (prZZT + (/1217 + n)\) I)

2d
.

777 - 77
- (M?pw + (#°p + n) I> E (u?p

-1
2 +(ﬂ2p+nA>I+E> ,

which gives

-1
12p 5 <<I><I>T+n/\l) G~ pip=y 2d+<ﬂp+n)\)l> G| <

2177 2 A YA
lhp

ToT -1 -t
5 24 Z7 Z7
< [P 5d <M1P2d + (# p+n)\) ) E (MPQd + (N p+n)\) I+ F G

7277 - Z277 -
2 ~2 2 ~2
2d (ulp > +(up+n)\)l> E(,ulp 2 +(up+n)\)I+E> G
1
P Ain (PP T)

0 (10gd§ \/_];p <\/Z+ 105?) ;\/Zz)
~0 <1og d\/z + lo\g/i_ld> .

<logd

2

< 10gd* 1Z]l0p - 1] 1G]l

op ~2

(G.128)
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Here, the second step holds with probability at least 1 — 2 exp (—02 log? d) since z is sub-
Gaussian and independent from everything else; the fourth step is a consequence of Lemma
G.8, (G.126), Lemma G.10, and ||G||, = O (\/a) (see the argument prior to (G.116)), and as

a whole holds with probability 1 — 2 exp (—03 log? d) over Z, G, and V.

Note that the second term in the LHS of (G.128) can be written as

ToT T -1 ~2 -1
g 2 Z o L7 9 THoT T 2p°d - 2d
NI G=z2 |(ZZ —A|I] G
Y (“”’ i+ ) ) : < *”(Mn%p
2i%d  2d !
=27 (ZTZ+n (“2 + 2)\> 1) 727G
Hine pip

= fLR(éLR(S\)a Z),
(G.129)

where the second line is due to the classical identity A" (AAT + /d)fl = (ATA + /d)il AT
and the third line uses the definition in (6.5), with 6 ()) defined in (6.8) and

2fi2d  2d

+ ——A. G.130
pin - pdp (6-130)

Furthermore, the first term of the LHS of (G.128) satisfies

d/*logd log**d
:0( i/ + s ) (G.131)

with probability 1 — C;v/dlog? d//p— Ch log® d/d'* over Z, G, V and z, due to Lemma
G.14. Thus, an application of the triangle inequality together with (G.128), (G.129) and
(G.131) gives the desired result. O

\ =

2177

9d ((I)CI)T + n)\I)_l G — fRF(éRF()\), Z)

1ip

G.3 Features Composed as z = x + y

In this work, we consider the data to be composed as z = [xT, yT]T. However, some of the
high level results we obtain can be recovered for settings where the features are composed
differently. As an example, let us consider the model

z2=x+vy, g=a'0"+e¢. (G.132)
Then, according to (6.3), we have
C(B) = Cov (@ +1) 0.270") =0 =,.0", (G.133)

which provides a quantity that could be studied again via the analysis in Han and Xul| [2023].
In this new setup, we remark that the full data covariance takes the form

Y =Y+ 5y + X0y + 2y (G.134)

In a nutshell, we expect the analysis for this setting to provide a qualitative behavior similar to
that unveiled by the case z = [z, y"]". In fact, the experiments on Color-MNIST (which
does not strictly follow the model z =[x,y |, as the color overlaps with the core feature
pattern as in the model z = x + y) suggest that our conclusions hold beyond the setting
of “orthogonal features”. We further remark that in the setting z = [27,y "] the optimal
solution § = 6* gives C = 0, while this is not necessarily the case in the setting z = =z + y.

343
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Figure G.1: Out-of-distribution test loss C(@LR/RF()\)) (black) and spurious correlations C(@LR/RF()\)

(red) as a function of Apax (3yy) (first panel) and Apin (SE) (second panel) on a Gaussian synthetic
dataset, and for the CIFAR-10 experiment (third panel). We consider the same set-up as Figures 6.3
and 6.4} for Gaussian and CIFAR-10 data, respectively.

G.4 Proof of (6.4): connection with out-of-distribution
loss

Let # and [x7,y"]" be sampled independently from Py and Pxy respectively. For simplicity,
assume that E | £(0, [27,9])?| = E[f;(#)?) = 1 and E | £(0, [z",9))] = E[£:(2)] = 0. Thus,
for the quadratic loss, we readily get

Eay | (FO.57,0) = £2@)°| =2 = 2Bs, [0, 127 ) £2(@)]

. (G.135)
— 2 2Cov (0, 177, ). £2(3))
Denoting with S the covariance matrix of the three random variables f (@, [z, y]), f(&), and
f¥(z), we have
1 pC
S=|p 1 0], (G.136)
C 01

where we introduced C = Cov (f(@, 7, y)), f;(x)) and p = Cov (f(@, ", y]), f;(i)) Since
S is p.s.d., its determinant has to be non-negative, hence

1—p*—C*>0, (G.137)

which, when plugged in (G.135), gives (6.4).

This bound suggests the close connection between C and the out-of-distribution test loss.
In Figure (G.1, we repeat the same experiments of Figures 6.3-6.4| and report in black the
out-of-distribution test loss. The plots clearly show that C and the out-of-distribution test loss
follow a similar trend, for both linear regression and random features.

G.5 Experimental details

All the plots in the figures report the average over 10 independent trials, with a shaded area
describing a confidence interval of 1 standard deviation. For the Gaussian and Color-MNIST
datasets, every iteration involves re-generating (or re-coloring) the data, while for the CIFAR-10
dataset the randomness comes from the model and the training algorithm.
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Synthetic Gaussian data generation. This follows the same model across all the numerical
experiments presented in the chapter. In particular, we fix d = 400 and set >,, = I. X, is
a diagonal matrix, such that its first entry equals Ayax (X,,) and all the other entries equal
(d — Amax (Xyy)) /(d — 1). In this way, tr(X) = 2d. Then, we set the off-diagonal blocks 3,
and X, to the same diagonal matrix, so that

Yoy = Zye = (8 — B2, (G.138)

which implies that the Schur complement S* = (I and, therefore, Anin (Sf) = (. To

conclude, we set the ground truth 07 = eq, i.e., the first element of the canonical basis in R<.
This design choice is motivated by our interest in capturing the role of Ap.x (2,,) and to have
an easy control on the Schur complement S> (which is therefore chosen to be proportional to
the identity).

Unless differently stated in the figure, n = 2000, Apax (Xy,) = 2, 3 = 0.5, and X = 1.
Furthermore, to generate the labels, we add an independent noise with variance o = 0.25,
and we subtract this quantity from the test loss, so that the optimal predictor 6* has a test
loss equal to 0.

When we use an RF model, on every dataset, unless differently stated in the figure, we use
tanh as activation function, with p = 20000 neurons.

Binary color MNIST. This dataset is graphically shown in Figure 6.1, To generate it, we
take a subset of the MNIST training dataset (n = 1000 samples as default, unless differently
specified) made only of zeros and ones. Then, for every training image, we color the white
portion in blue (red) with probability (1 4+ «)/2 if the digit is a zero (one), and red (blue)
otherwise. For the test set, we proceed in the same way, but setting a = 0, to make the
core feature (the digit) effectively independent from the spurious one (the color). For all the
experiments, we set § = 1 — o? = 0.25.

CIFAR-10. For the experiments on CIFAR-10, we implicitly suppose that the middle 22 x 22
square contains the core, predictive feature x. Thus, we sum to all the channels of the outer
region white noise with increasing variance, and we later clamp the pixels to ensure their value
is between 0 and 1. Increasing the variance of the noise, this progressively makes the outer
portion being dominated by random noise, thus reducing its value of Apax (£,,) / tr(X,,) when
estimating the covariance on the perturbed training set. At test time, we take the images
from the CIFAR-10 test set, and we add the same level of noise. To compute C, we create an
out-of-distribution dataset where the core features are randomly permuted across different
backgrounds. We always consider the subset of boats and trucks, which contains n = 10000
images.

2-layer neural network. In the experiments shown in Figure |6.5, we consider a 2-layer
neural network trained with gradient descent and quadratic loss on the Color-MNIST and
CIFAR-10 datasets. For both datasets, we train for 1000 epochs, with learning rate 0.003,
and batch size 1000.

G.5.1 Additional Experiments
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Figure G.2: Test loss E(éNN/LR()\)) (black) and spurious correlations C(@NN/LR()\) (red) as a function
of . First and second panel: 2-layer fully connected ReLU network, trained on the multi-class
color(C)-MNIST, for two different values of . Third and fourth panel: Same setup as in Figure 6.2,
for the binary C-MNIST dataset, with multiple values of «.

NN width =1000 RF p=20000
In the left two panels of Figure G.2 we con- *° gy [ I p—
sider Color-MNIST including all 10 digits. We ~ ** =y AT A S AR

0.6

train a 2-layer network on all classes with one- |
hot encoding and MSE loss. Odd (even) dig- ,
its are red (blue) with probability (1 + «a)/2, o
and blue (red) with probability (1 —a)/2. To o et et e et et
compute C, at test time we consider the parity

of the logit with the highest value, with re- Figure G.3: Test loss E(éNN/RF()\)) (black) and
spect to the color of the image. The first and spurious correlations C(@NN/RF()\) (red) as a func-
the second panel correspond to two values of tion of . Left: 2-layer fully connected ReLU net-
a-s and follow a similar profile as Figure |6.5/ work, trained on the Corrupted CIFAR-10 dataset
(left), showing the same qualitative behav- (boats and trucks, with added textures “brightness”
ior of £ and C with respect to \ for the full and “glass blur”). Right: RF model with tanh.
Color-MNIST dataset (i.e., in the multi-class

setting). In the third and fourth panel of Figure G.2 we repeat the experiment in Figure 6.2
(right) for multiple values of «, reporting £ and C with respect to A for linear regression. The
curves behave as expected: for any value of A, as « decreases, C decreases. Furthermore, the
(in-distribution) test loss decreases as « increases, in agreement with our discussion at the
end of Section 6.5.

In Figure |G.3 we train a 2-layer network and a random feature model on the classes “trucks”
and “boats” from the Corrupted CIFAR-10 dataset (used in the context of spurious correlations
in Liu et al.| [2023a]), enforcing a correlation in the training set with respectively the textures
“brightness” and “glass blur”, with a correlation o = 0.95. In both panels, we see a mild
increase in C as A initially increases, until the later decrease predicted by Proposition 6.4, The
profiles are also qualitatively similar to the ones of Figure 6.5/ (left).
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APPENDIX

Appendix for Chapter 7

H.1 Proofs for random features

In this section, we provide the proofs for our results on the random features model. Thus,
we will drop the sub-script “RF" in all the quantities of this section, for the sake of a cleaner
notation. We consider a single textual data-point X = [z, 2y, ...,7x]|" € RV*4 that satisfies
Assumption [7.1. We consider the random features model defined in (7.1), i.e.,

P(X) = o(V flat(X)), (H.1)
where V; ; ~i1a.N(0,1/D), D = Nd and ¢ is the activation function, applied component-wise
to the pre-activations V flat(X).

Further in the section, we will investigate the generalization capabilities of the RF model
f(-,0) := o(-) "0 on token modification. We use the notation (X', )) to indicate the original
labelled training dataset, with X = (X1,...,X,,), X; € R" and Y = [y1,...,ya]' €
{—1,+1}". We will use the short-hand ® := [p(X}),...0(X,)]" € R™P for the feature
matrix and K := ®®' for the kernel. According to (7.12), minimizing the quadratic loss over
this dataset returns the parameters

0" = 0y + (Y — Bby). (H.2)
We consider the test error on the modified sample X*(A) given by (see also (7.16))
. . 2
Err(X(A),0) == (F(X(A),0) — ya)". (H.3)

We will investigate this quantity for both the fine-tuned and the re-trained model. In particular,
the new solution obtained after fine-tuning over the sample (X, y) gives

p(X)

0 =0+ " (y—(X)'0), (H.4)
! o ()5 ( )
while retraining the model with initialization 6, on the new dataset (X,.,)),) returns
0F =0y + (V. — D,6y), (H.5)

where we denote by ®, := [p(X1),...0(X,), o(X)]T € RM+DXP the new feature matrix. The
corresponding kernel is denoted by K, = ®,® .

The outline of this section is the following:
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1. We use Lemma H.1| to upper bound the numerator of the word sensitivity S(X) defined
in (7.4), which readily allows to prove the desired result Theorem 7.2.

2. We prove Theorem 7.6, where we lower bound Err(X*(A),67) for the fine-tuned solution
0} as a function of .

3. We prove Theorem 7.7, where we lower bound Err(X*(A), 67) for the retrained solution
0% as a function of . This result requires additional assumptions and analysis:

= We report in our notation Lemma 4.1 from Bombari and Mondelli [2024a|, which
defines the feature alignment F(X,X"(A)) between the two samples X and
Xi(A).

» In Lemma H.2, we exploit the additional assumptions to prove a lower bound on
the smallest eigenvalue of the kernel A\, (K,) = Q(k).

= In Lemma H.3, we show that |F(X, X'(A)) —1] =0 (l/m) with high proba-
bility. This step is useful as here this term assumes the role previously taken by
S(X).

Lemma H.1. Let p(X) be the random feature map defined in (7.1), with ¢ Lipschitz and
k= QD). Let A € R be such that ||A|l, < V/d. Then, for every i € [N], we have

exia) — e, =0 (%), (H.6)
2 N

with probability at least 1 — exp(—cD) over V.

Proof. Let's condition on the event

D+ k
||V||op=0( D), (H7)

which happens with probability at least 1 —exp(—c; D) over V, by Theorem 4.4.5 of Vershynin
[2018]. Thus, for every i, we have

(X7 (A)) = (X)), = [¢(V flat (X7(A))) — ¢(V flat (X)),
< M ||V (flat (X(A)) — flat (X)),
< M|V, 1Al

D
<o/ va (H.8)
D
D+k

where the first inequality comes from the Lipschitz continuity of ¢, and the last step is a
consequence of k = Q(D). O
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Theorem 7.2 Let p(X) be the random feature map defined in (7.1), where ¢ is Lipschitz
and not identically 0. Let X € RV*9 be a generic input sample s.t. Assumption 7.1 holds, and
assume k = Q(D). Let S(X) denote the the word sensitivity defined in (7.4). Then, we have

S(X) =0 (1/VN) = o(1), (H.9)

with probability at least 1 — exp(—cD) over V.

Proof. As ¢ is Lipschitz and non-0, we can apply the result in Lemma C.3 of | Bombari and
Mondelli| [2024a], getting

le (X, = ©(VE), (H.10)

with probability at least 1 — exp(—c; D) over V. Thus, the thesis readily follows from Lemma
H.1. O

Proof of Remark7.4. The only difference with respect to the argument for Theorem 7.2/ is in
(H.8). Now, A is replaced by a new set of m perturbations Ay, ..., A,,. Thus, the modified
context takes the form

X (A M) =X+ e A, (H.11)
j=1

where {e;; } jeim represent different elements of the canonical basis. Thus, we have

|flat (X (Aq,...,Ay)) —flat (X)]], = ||flat (Zei],AjT) =[> e, Af (H.12)
Jj=1 2 Jj=1 F
Since the ¢;;'s are all distinct (as we are modifying m different words), we obtain
m 2 m
doe AT =0145 < md, (H.13)
=1 P -l

where in the last step we use that [|A;||, < V/d for all j € [m].

This allows to replace the v/d in the fourth line of (H.8) with v/md, increasing the final bound
in the statement of Lemma H.1| by a factor \/m. Thus, the upper bound on the sensitivity is

given by /m/N = o(1), which concludes the proof. O

Theorem 7.6 Let f(-,07) be the RF model fine-tuned on the sample (X, y), where ¢ in
(7.1) is Lipschitz and not identically 0, X € R¥*? is a generic sample s.t. Assumption 7.1
holds and &% is defined in (7.14). Assume k = Q(D), |f(X,0")] = O (1), and that Assumption
7.5 holds with y € [0,2). Let Err(X*(A),07) be the test error of the model on the sample

X'(A) defined in (7.16). Then, for any A such that ||Al|, < v/d and any i € [N], we have
Err(X'(A),07) > (2— )= O (1/VN), (H.14)
with probability at least 1 — exp(—cD) over V.
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Proof. We have

| | | Xi(A) (X
FX),07) = X)) = ()T + PRI (5 = o)),
(H.15)
where the second step is justified by (7.14). As
[(X)T0" — p(X1(A)T0°| = |F(X,0%) = F(X(A),07)] < v by Assumption 7.5, we can

write

L (XA)THX) ‘
[FOX07) = o] = 800 = 150 + it 1) (- 0%
p(X'(A)Te(X) | B )

O i v T L
(H.16)
By Cauchy-Schwartz inequality, we have
|90(Xi(A))T<P(X)_1‘: ((X(A)) — (X)) (X )‘
(X113 (X113
< p(X'(A)) = e(X)ly [l (Xl (H.17)
- le(X)1l5
< S(X).

By Theorem 7.2, we have that S(X) = O (1/\/N) with probability at least 1 — exp(—cD)
over V. Conditioning on such high probability event, we can write

[F(XU(A),07) = ya| > lya — yl = [F(X7(A),07) — |
> ya —yl —v = 8S(X) ly — f(X,607)]
=2—7-5X)ly— f(X,07)]
:2—7—0(1/”),

where the third step is a consequence of |y| = |ya| = 1, with y = —ya, and the fourth step
comes from |f(X,6*)| = O (1). Thus, we can conclude

Em(X'(A),603) = (F(X(A),05) —ya) > (2—7 -0 (1VN)) > (2-9)*~0 (L/VN).
(H.19)
]

(H.18)

Lemma 4.1 Bombari and Mondelli [2024a] Let the kernel K, € R FUx(n+D) pe
invertible, and let Py € R¥** be the projector over Span{rows(®)}. Let us denote by

|Pé o0
the feature alignment between X and X?(A). Then, we have
FIXU(A),07) = F(X(A),07) = F(X, X'(A)) (f(X,07) — f(X,07)). (H.21)
Notice that
|Pro(x H > Amin (Ky) > 0 (H.22)

is directly implied by the invertibility of K., as shown in Lemma B.1 from Bombari and
Mondelli| [2024a].

350



Lemma H.2. Let ¢ be a non-linear, Lipschitz function. Let all the training data in X, be
sampled i.i.d. according to a distribution Px s.t. Ex.p, [X] =0, Assumption 7.1 holds, and
the Lipschitz concentration property is satisfied. Let nlog®n = o(k) and nlog*n = o(D?).
Then, we have

with probability at least 1 — exp (—clog2 n) over V and X,.

Proof. The desired result follows from Lemma D.2 in |[Bombari and Mondelli| [2024a]. Notice
that for their argument to go through, they need their Lemma D.1 to hold, which requires
our assumptions on the data distribution Px, and Assumption 7.1. They further require the
scalings n = o(D?/log* D) and nlog*n = o(D?), which are both given by our assumption
nlog®n = o(D?). Finally, in their Lemma D.2 they require the activation function ¢ to be
Lipschitz and non-linear, and the over-parameterized setting nlog® n = o(k). ]

Lemma H.3. Let ¢ be a non-linear, Lipschitz function. Let all the training data in X, be
sampled i.i.d. according to a distribution s.t. Ex..p.[X] = 0, Assumption |7.1 holds, and
the Lipschitz concentration property is satisfied. Let nlog®n = o(k), nlog*n = o(D?) and
k= Q(D). Let F(X,X"(A)) be defined as in (H.20). Then, we have

Fx(A) —1]=0 <\/1N> | (H.24)

with probability at least 1 — exp (—clog2 n) over X, and V.

Proof. By Cauchy-Schwartz inequality, we have

(P(X(A)) — p(X)) Pio(X)

FX, X(A) - 1] = ;
|Pae)]
le(X(A)) = (Xl eIl (H.25)
el [|PEe(x)),
< S(X)M,
)\min (Kr)

where the last step is a consequence of (H.22). As ¢ is Lipschitz and non-0, we can apply the
result in Lemma C.3 of Bombari and Mondelli| [2024a], getting

le(X)ll, = O(VE), (H.26)
with probability at least 1 — exp(—c; D) over V. Due to Lemma H.2, we can also write
Amin () = Q(k), (H.27)

with probability at least 1 — exp (—02 log? n) over V and X,. Thus, (H.25) promptly gives

F(x,x0(A) — 1] < S(X)% —0(S(X)) =0 <\/1N> | (H.28)

where the last step comes from Theorem 7.2, and holds with probability at least 1 —exp(—c3D).
This gives the desired result. O
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Theorem 7.7 Let f(-,07) be the RF model re-trained on the dataset (X, )),.) that contains
the pair (X, y), thus with 8 defined in (7.15). Let ¢ in (7.1) be a non-linear, Lipschitz function.
Assume the training data to be sampled i.i.d. from a distribution Px s.t. Ex.p,[X] = 0,
Assumption 7.1 holds, and the Lipschitz concentration property is satisfied. Let nlog®n = o(k),
nlog'n = o(D?) and k = Q(D). Assume that |f(X,0%)| = O (1) and that Assumption 7.5
holds with y € [0,2). Let Err(X?(A*), 6*) be the test error of the model on the sample X*(A)
defined in (7.16). Then, for any A s.t. ||All, < V/d and any i € [N], we have

Err(X'(A"),07) > (2-7)* = 0 (1/VN), (H.29)
with probability at least 1 — exp (—clog2 n) over V and A,.

Proof. Let's condition on K, being invertible, which by Lemma |H.2| happens with probability
at least 1 — exp (—01 log? n) over V and X,. Then, by (H.21), we have

FIXHA),07) = f(X(A),07) = F(X, X' (A)) (y — f(X,07)), (H.30)

since f(-,0") fully interpolates the training data, thus giving f(X,05) = y. As
‘gp(X)Té’* — o(XUA) 0| = |f(X,0%) — f(X)(A),0%)| < v by Assumption (7.5, we can
write
FXT(A),00) =y = |F(X(A),07) = F(X,07) + (F(X, X(A) = 1) (y — £(X,0))|
<+ [F(XXA)) =1 [y = £(X,07)]

(H.31)
By Lemma H.3 we have that |F(X, X‘(A))—1| = O (1/\/N) with probability at least

1—exp (—clog2 n) over X, and V. Conditioning on such high probability event, we can write

[FXT(A),02) — ya| = lya —yl = [ F(XT(A).67) — ]
> Jya —yl =7 — [ F(X, XHA)) = 1] [y — F(X,60)
=2 — 7 — |F(X, X*(A)) = 1| Jy = f(X,67)]
:2—v—0(1/\/ﬁ),

(H.32)

where the third step is a consequence of |y| = |ya| = 1, with y = —ya, and the fourth step
comes from |f(X,0%)] = O (1). Thus, we can conclude

Em(X*(A),67) = (F(X(A),6:) —ya) > (2—7 - 0 (1/VN))" > 2-7)~0 (1/VN).
(H.33)
]

H.2 Proofs for deep random features

In this section, we provide the proofs for our results on the deep random features model. We
consider a single textual data-point X = [x1, %9,...,xy]" € RYV*? that satisfies Assumption
7.1. We consider the deep random features model defined in (7.6), i.e.,

orr(X) 1= d(Vid(Vi—i1(...Vap(Vi flat X)...))), (H.34)
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where ¢ : R — R is the non-linearity applied component-wise at each layer, and V; € RP*P
are the random weights at layer [, sampled independently and such that [V}]; ; ~i1a.N(0,/D)
and [V)];; ~iia N(0,8/k) for I > 1. We set /3 according to He's (or Kaiming) initialization
He et al.|[2015], i.e.,

Epn0,8) [¢2(P)} =1 (H.35)
Thus, we require the activation function ¢ to guarantee at least one value 3 for which the

previous equation is respected. We will consider 3 to be a positive constant dependent only
on the activation ¢.

Let's introduce the shorthands
wo(X) = flat(X),
(X)) =0 (Vigi-1(X)), for [ € [L].

The outline of this section is the following:

(H.36)

1. In Lemma H.4, we prove that at every layer, the norm of the features ||¢;(X)||,, with
[ > 1, concentrates to vk. This is the step where He's initialization is necessary.

2. In Lemma H.5, we show that [¢;(X*(A)) — ¢i(X)]|, can be upper bounded by a term
that grows exponentially with the depth of the layer [.

3. In Theorem 7.4, we upper bound Spgg, concluding the argument.

Lemma H.4. Let ¢, (X) be defined in (H.36), and let ¢ be a Lipschitz function such that
(7.7) admits at least one solution 3. Let X € RN*? be a generic input sample such that
Assumption 7.1 holds, and let k = ©(D). Then, for every | > 0, we have

lee(X)l, = VE| < e log D, (H.37)

with probability at least 1 — 2L exp(—clog® D) over {Vi}}- ;.

Proof. By Assumption 7.1 the statement trivially holds for [ = 0, if we replace vk with v/d.
Let's consider this the base case of an induction argument to prove the statement for [ € [L].

Thus, using the notation kg = D and k; = k for [ € [L], the inductive hypothesis becomes

lor-a ()], — ki

with probability at least 1 — 2(I — 1) exp(—clog® D) on {V,,}\>1,. Let's condition on this
high probability event and on |[V;||,, < C; until the end of the proof. By Theorem 4.4.5 of
Vershynin [2018] and since k = ©O(D), there exists C; large enough and independent from [,
such that this holds with probability at least 1 — 2 exp(—c;k) over V;. We therefore aim to
prove the thesis for

< eDlog D, (H.38)

e’ == max (1, MC; + 1), (H.39)

where we denote by M the Lipschitz constant of ¢. (H.39) explicitely shows that C is a
natural constant dependent only on the activation function ¢.

We have

VEi—1o1-1(X)
i1 (X)]l,

+Vi (@z—l(X) - mwl_l(X))) ,

AlX) = otV () =6 (1 e (0,

(H.40)
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which gives

() —¢(

< MCy

2

loa (X, — kit < MCie©D1og D,
(H.41)

where the first step is true since ¢ is M-Lipschitz, and the last step is a direct consequence of
the inductive hypothesis (H.38).

lei-1 (X))l

\/HW 1 (X ))

Let's now consider the second term in the left hand side of (H.41). Let's define the shorthand
o ki—1¢1—1(X)

P = Voo,

random vector, such that all its entries p; are i.i.d. Gaussian with variance 3. Thus, we have

VEi—1oi-1(X)
H¢ (Vl ERGI]] )

€ RP. In the probability space of V}, p is distributed as a Gaussian

2

=E, |[¢(p)3] = kB [¢* (0)] =k, (H42)

2
where the last step is a consequence of (H.35), and of k; = k for [ € [L)].

As the p;'s are independent and ¢ is Lipschitz, the random variables (¢? (p;) — 1) are inde-
pendent, mean-0, and sub-exponential, such that ||¢* (p;) — 1|, < C. Thus, by Bernstein
inequality (cf. Theorem 2.8.1. in Vershynin| [2018]), we have

P, < Z (¢2 (pi) — 1) > Vklog k) < 2exp(—cslog? k), (H.43)
which gives
VEan O\ )
‘H(b (Vl HsOH(X)HQ) k| < Vklogh, (H.44)

with probability at least 1 — 2exp(—c, log? k) over V;. We will condition on such high
probability event until the end of the proof.

Thus, we have

H(b< ufw%< ||2>

B log k 1og o
<Vk+Vklogk = f1+\/_<f< \/_) Vik+log k,

(H.45)
and
VEo1(X) log k log k
¢< ) >k —Vklogk = V1 — z\/E<1— )—\/E—logk.
T (Xl vk vk
(H.46)
Putting together the last two equations gives
VE i1 (X)
¢ (VZ ) —VE| < logk. (H.47)
letsaml

Applying (H.41), (H.47) and the triangle inequality gives

’ngl My — \/_‘ < MCe®Vlogk +logk < (MC’e (=1 4 o= 1)10gk < e“logk,
(H.48)
where the second and the third step are both consequences of (H.39). This inequality,
performing a union bound on the high probability events we considered so far, holds with
probability at least 1 — 2(I — 1) exp(—clog®k) — 2exp(—cik) — 2exp(—colog®k) > 1 —
2l exp(—clog® k) over {V,,}! _,, as soon as we consider ¢ = min(cy, c3). O
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Lemma H.5. Let ;(X) be defined in (H.36)), let ¢ be a Lipschitz function and X € RN*? a
generic input sample such that Assumption 7.1 holds. Assume k = ©(D). Then, for every
1 >0, for every i € [N] and for any A € R? such that ||Al|, < Vd, we have

|eu(X(A)) = @u(X)||, < Ve, (H.49)
with probability at least 1 — 2L exp(—ck) over {V}E£,.
Proof. Let's prove the statement by induction over [. The base case [ = 0 is a direct

consequence of |[flat(X?(A)) — flat(X)]|, = ||All, < V/d, which makes the thesis true for
any C' > 0.

In the inductive step, the inductive hypothesis becomes

o1 (X)) = (), < Vdeot (H.50)
with probability at least 1 — 2(I — 1) exp(—ck) on {V,,}.-1,. Let's condition on this high

m=1
probability event and on [[Vi||,, < Cy until the end of the proof. By Theorem 4.4.5 of
Vershynin [2018] and since k = ©(D), there exists C; large enough and independent from [,

such that this holds with probability at least 1 — 2 exp(—cik) over V.

We aim to prove the thesis for e = M}, and ¢ = ¢;, where M is the Lipschitz constant of
¢. We have

|eu(x*(2) — (X)), = H¢<wz,1<xim>>> — o(Vigi1 (X)),

< MC (X7
> 1 HSOI L(X*(A)) = @i H (H.51)
S MCl\/EGC(l_I
< Vde,
with probability at least 1—2(1—1) exp(—ck)—2exp(—cik) = 1—2l exp(—ck) over {V,,}! _,,
which gives the thesis. O]

Theorem 7.3. Let ¢pre(X) be the deep random feature map defined in (7.6), and let ¢
be a Lipschitz function, such that (7.7) admits at least one solution 3. Let X € RV*4 be a
generic input sample s.t. Assumption 7.1 holds, and assume k = ©(D), L = o(logk). Let
Spre(X) be the the word sensitivity defined in (7.4). Then, we have

e 0(22). e

with probability at least 1 — exp(—clog® k) over {V,,}! _,

Proof. By Lemma H.4 (for the case [ = L) and since L = o(log k), we have

lvore(X)ll, = O(VE), (H.53)
with probability at least 1 — 2L exp(—c; log® k) > 1 — exp(—cylog® k) over {V}-,.
By Lemma H.5 (for the case | = L), we have that, for every i € [N], we have

sup HQODRF(X (A)) — (,ODRF(X)HZ S \/E€CL, (H54)
All,<vd

with probability at least 1 — 2L exp(—csk) > 1 — exp(—c4log® k) over {V}F .

Then, putting together (H.53), (H.54), and (7.4), and recalling that £k = ©(D), we get the
thesis. O]
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H.3 Proofs for random attention features

In this section, we provide the proofs for our results on the random attention features model.

We consider a single textual data-point X = [z1, %9, ...,zy]" € RYV*? that satisfies Assump-
tions 7.1, We assume d/log* d = Q(N). We consider the random attention features model
defined in (7.3), i.e.,
XWXT
X) =softmax | ——=— | X, H.55
SORAF( ) < \/;l ) ( )

where W, i ~i;q. N(0,1/d) sampled independently from X. We define the argument of the
softmax as S(X) € RV given by

XWX’
S(X)=—F+, H.56
(x) == (H.56)
and its evaluation on the perturbed sample as
' X (AYWXHA)T
S(X*(A)) = (8) (8) . (H.57)

Vd

The attention scores are therefore defined as the row-wise softmax of the previous term, i.e.,
[s(X)];: = softmax ([S(X)];.), (H.58)
which allows us to rewrite (7.3) as

prar(X) = s(X)X. (H.59)

Through this section, we will always consider this notation and assumptions, which will
therefore not be repeated in the statement of the lemmas before our final result Theorem 7.4.

The outline of this section is the following:

1. In Lemma H.6, we prove the existence of a vector 6* € R, such that its inner product
with the token embeddings z;'s is large for a constant fraction of the words in the
context.

2. In Lemma |H.7, we show that the result in the previous Lemma can be extended to two
different vectors d; and &3, that are very different from each other, i.e., |07 — 85|, = V/d.
The reason why we would like this statement to hold on two vectors will be clear in
Lemma H.10.

3. In Lemma H.8, exploiting the properties of the Gaussian attention features W, we show
that there exist two different vectors A} and A3, that are very different from each other,
i.e., [|[AT — Ab|l, = Q(V/d), such that a constant fraction of the entries of the vector

XWAL/Vd, k€ {1,2}, is large.

4. In Lemma H.9, we prove that, for the two vectors A} and A} and an Q(N) number of
rows j € [N], the attention scores [s(X?(A))];. are well approximated by the canonical
basis vector e; for k € {1,2}. This intuitively means that a constant fraction of tokens
x; puts all their attention towards the i-th modified token z; + Aj.
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5. In Lemma H.10, using an argument by contradiction, we prove that at least one between
A’f and A; is such that ||90RAF<X) — SORAF(XZ(A*))HF = Q(\/ dn)

6. In Theorem 7.4, we upper bound ||¢rar(X)||, concluding the argument.

Lemma H.6. There exists a vector 6* € R?, such that
15%]l, < Vd, (H.60)

and )

T ox) 2 d

) =0 = H.61
for at least Q(N) indices i € [N].

Proof. Let X' = UDV'" the singular value decomposition of X', where U € R¥¢ D ¢
RN and V € R¥*N and let U, € R?¥*" be the matrix obtained keeping only the first
r = rank(X) columns of U. Let . be defined as follows

0 1= qucf[Ure, (H.62)

where we consider ¢ € R" uniformly distributed on the sphere \/r S""! of radius \/r. By
definition we have U,'U, = I, which implies

1Uselly = llelly, = v (H.63)
As r < N, we have that
16-1l, < Vd, (H.64)
for every . Let's call Z¢ the random variable ; J..

By contradiction, let's assume the thesis to be false. Then, in particular, by (H.64), there is
no € such that 6. respects the second part of the thesis. This implies that, for every ¢, there
are at least [IN/2] values of i such that (Z5)* < 0.01d?/N. Let's define the indicators

1, if (Z5) <0.01d%/N,
0, if (Z5)*>0.01d2/N.
Thus, by contradiction, we have
N N
> | > D H.
ZXZ_LW_Q, (H.66)
for every €. Thus, by the probabilistic method,
N
5 <E. x| =Y Bl = NE: ] = NP ((Z5)° <0.01d°/N) (H.67)

where the second equality is true as the Z; are identically distributed, and the last step comes
from the definition of the indicators in (H.65). This implies, for every i,

P ((Z)* <0.01d*/N) > 0.5. (H.68)
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Let p € R" be a standard Gaussian vector and define p, = ||p||, /+/7. We have that E[p?] = 1
and Var(p?) = 1/r. Thus, for every r, by Chebyshev's inequality, we can write

P, (b2 <3)>0.75>05. (H.69)

By rotational invariance of the Gaussian measure, we have that p,. is distributed as a standard
Gaussian vector. In particular, we have

.
d
pr 25 = pya; 0. = (\/ U:xl) (pre) - (H.70)

As UrTxi is a fixed vector independent from ¢ and p,, we have that p,.Z; is a Gaussian
2
random variable (in the probability space of € and p,), with variance d ‘ U'z; 2/N = d?/N,

as z; € Span{rows(U,")} by construction. Thus, v/Np,Z¢/d is distributed as a standard
Gaussian random variable g;.

Therefore, putting together (H.68) and (H.69) gives
Py, (97 <0.03) > 0.25. (H.71)

However, we can upper-bound the left hand side of the previous equation exploiting the closed
form of the pdf of a standard Gaussian random variable. This gives

1

Py, (19:| < V0.03) < =2 VT3 < 0.14< 025, (H.72)
which leads to the desired contradiction. O

Lemma H.7. There exist two vectors 67 € R? and 05 € R? such that

1650, < Vd, 1631, < Vd, (165 = 83ll, = Vd, (H.73)

and z} 67 >0, 263 > 0, and
x] 67 =0 (\/Elog2 d) , (H.74)
z 85 = Q (Vidlog*d), (H.75)

for at least Q(N) indices i € [N].

Proof. By Lemma H.6, we have that there exists a vector J*, with ||0*||, < v/d such that

(2]6") = (?VQ) , (H.76)

for at least (V) indices ¢ € [N]. This also implies (up to considering —d* instead of 0*) that

Tex _ d ) _ 2
2] 5" = Q <\/N> = (Vidlog*d), (H.77)

where the last step is justified by d/log* d = Q(N).
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Let's now define

0w
5t == + - H.7
and 5
v
= H.

where v € R? is a generic fixed vector such that ||v|, = V/d, and || Xv|l, = 0, ie. v €
Span{rows(X)}*. This is again possible because of d/log"d = Q(N). As ||6*||, < Vd
by Lemma H.6, the first part of the thesis follows from a straightforward application of the
triangle inequality.

Since v'2; = 0 for every 1 <i < N, we also have
x]6F =, 65 =x} 6/2, (H.80)
which readily gives the desired result. O

Lemma H.8. Let’s define o(A) € RY as

o(A) = (H.81)

v

where A € RY. Then, with probability at least 1 — exp(—clog®d) over W, there exist A}
and A} such that,

AT, < Vd, A3, <Vd, AT - A3, = Q(Va), (H.82)

and
(A7) = Q (log*d). (H.83)
o(A3); = Q (log*d). (H.84)

for at least Q(N) indices i € [N].

Proof. Let's set
A=CWTs, (H.85)

where § € R? is independent from W, and C' is an absolute constant that will be fixed later
in the proof. For every i, we can write

5T,
= S (H.86)
il
with 8- being orthogonal with z; by construction. Let's for now suppose ||d;- ) # 0. Let

a(6); == 6" x;. We have

a(0); T2 o] WW T
o(A); >C——— ||W'zl|| —-C|F+—F”"ns—""
(B)z 0 [Wai, Vi o
1L H.87
a(d); T 7 i T TVd o
=02 Nyl - ol N | Ty VL%
v ||z H 2 d 0,
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In the probability space of W, as the entries of W are i.i.d. and Gaussian N'(0,1/d), we have

1
that W 'z; and WT% are two independent standard Gaussian vectors, namely, p; and p».
i oll2

This implies

Vd ot
S

Wil =@, |lwwT

=: ’/)102‘ =0 (\/Elog d) , (H.88)

2

with probability at least 1 — exp(—c; log® d), over the probability space of . The first
statement holds because of Theorem 3.1.1. of |Vershynin|[2018], and the second one because,
in the probability space of py, pj p2 is a Gaussian random variable with variance [|p2||3, which
in turn is O (d) with probability at least 1 — exp(—cad) over py. Using ||z;||2 = d, we get, for
two positive absolute constants C; and (5,

a(8); o;- |, logd a(8); 16|, log d
A);, > C - - C 2 >C L C 2 . H.89
Y/ R (H.89)
Notice that the previous equation would still hold even in the case ||5;" , = 0, which is

therefore a case now included in our derivation.

By Lemma H.7, we can choose two vectors 0] and d;, independently from W such that, for
ke {1,2}, |I6:]l, < Vd and a(5}); = Q(v/dlog? d) for Q(N) indices i € [N]. This gives, for
another absolute positive constant Cj,
o(A}); > Cslog® d — Cylogd = Q(log” d), (H.90)
o(A}); > Cslog®d — Cylogd = Q(log” d), (H.91)
for (V) indices i € [N].
Let's now verify that [|[A} — A}|[, =C HWT((S{ —4%) , = Q(v/d). As 67 — &5 is independent
on W, and ||07 — &5|l, = v/d, we have that W' (5} — d3) is a standard Gaussian random
vector, in the probability space of W. Thus, by Theorem 3.3.1 of |Vershynin| [2018], we have

1AT = Asll, = C [WT(57 = 53)]|, = V), (H.92)

with probability at least 1 — exp(—csd), on the probability space of W,

We are left to verify that, for k € {1,2}, [|A}|, =C HWTé,j ’2 < +/d. This is readily implied
by Theorem 4.4.5 of Vershynin| [2018], which gives [|[W{|,, = O (1) with probability at least

1 — exp(—cy4d). Taking the intersection between this high probability event and the ones in
(H.88) and (H.92), and setting C' small enough to have C'[[W]|,, <1, we get the thesis. []

Lemma H.9. For every i € [N], with probability at least 1 — exp(—clog® d) over W, there
exist A} and A} such that,

ATl < VA, A3l < VA AT = Al = Q(Va), (H.93)

=0 (&) | (H.94)
=0 (&) | (H.95)

for at least QX(N) indices j € [N|, where e; represents the i-th element of the canonical basis
in RY.

and

J2:

|[s(x @A), — e

|[s(x*(An)]). — e

J2:
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Proof. As we can write X*(A) = X + ¢;A", we can rewrite (H.57) as

VdS(X{(A) = X{AWXUA) = XWX + XWAe] +e;,ATWX + e, ATW Ae, .
(H.96)
Let's look at the j-th row of S(X*(A)), with j # i. We have

rf WXT N x] WAe!
Vd Vd

With probability at least 1 — exp(—c; log® d) over W, we have that all the N entries of the
vector ijWXT/\/c_Z are smaller than log d, as they are all standard Gaussian random variables.
By Lemma H.8, we have that there exist A} and A} such that ||Af]l, < V/d, || A3, < V4,
A7 — A3, = Q(Vd) and

[S(X*(A)));: = (H.97)

x] WA
Vd
for Q(N) indices j € [N], with probability at least 1 — exp(—cylog®d) over W. Let's

consider this set of indices until the end of the proof, where we have that, for k € {1, 2},
[S(XT(A}))]s: = Qlog? d).

= Q(log®d), ke {1,2}, (H.98)

After applying the softmax function to the row in (H.97) as indicated in (H.58), we get, for
every index k € [N] and k # i

[s(X7(A])]jx = softmax ([S(X'(AD)];:),
(

~exp ([S(X(AD))]ik)
DY exp([i(-x (AT)]1) (H.99)

= exp ([S(X(AT))];:)
d 1
S Ciogd — © (d) ’

[s(X*(A}))];i = softmax ([S(X*(A}))];:).

and

i

L Ses (SCYAD))
Yo ex AF
N P (SOEAD ) (H.100)
= e ((SCAAD))
Nd 1
> 1= g =10 ()

where the last step is justified by the fact that d/log*d = Q(N).

Thus, for the same reason, we have

7 * 2 % 7 * 2 1 1
s @IT - e = SO @DIE+ (1= s @) = No () =o ()
k#i
(H.101)
As (H.101) can be written also with respect to A3, the thesis readily follows. O]
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Lemma H.10. For every i € [N], with probability at least 1 — exp(—clog® d) over W, there
exist A* such that ||A*||, < Vd, and

|orar(X) = prar(X7(A%)) |, = Q(Vidn). (H.102)

Proof. By (H.59), we have that,
prar(X'(A)) = s(X'(A))X"(A), (H.103)

By Lemma H.9, we have that there exists A}, with ||A}||, < V/d, such that there are Q(N)

indices 7 such that
1
=ol|—], H.104
() (H.100)

with probability at least 1 — exp(—c; log” d) over W. Until the end of the proof, we will refer
to j as a generic index for which the previous equation holds, and we will condition on the
high probability event that the equations in the statement of Lemma H.9 hold.

J2:

[s(xX AN, — e

As we can write

orar(XH(AD)] = [s(X (AN X (AT) = ef XA + ([sCF(AD: — e ) X(A]),

(H.105)
and e] X*(A*) =z + AT, we have
[erex'aD)], = @i+ a7 < lsc@ply - e, X)),
<o) 01+ sl (H.106)
1
~o( ) 0 (van) = o (va),

where the last step follows from our assumption d/log* d = Q(N). By Lemma H.9, there also
exists A} such that || Az, < Vd, ||AT — Ajl|, = Q(v/d) and (H.106) holds.

Let's now suppose by contradiction that, for some j,
Jlrar (X1, = [emar(X'(AD)],

Jirar(),. — [omar(X(2)] |

¥
|
=)
—
S
~—

(H.107)

S

=0 (Vd).

jiz

Then, we have
1A = Aglly =i + AY) — (i + Al
— I (i &) = [erae(XAD)], ) + ([omar(XAD)], = [omar(X)),.)
— (o + 29 = [erar(X (23] ) — ([orar(X (5], — lorar(X)],.) |
(@i 8D = [orar (@D || + [ [rarXX@D)], ~ lomar(0), |

L1+ [[omrcciasn], - fometo |

<

+ | i+ 285) = omar(X(A)]
—o(Vd),

(H.108)
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where the third step holds by triangle inequality, and the last comes from (H.106) and (H.107).
As ||At — A3|l, = Q(v/d) by Lemma H.9, we get the desired contradiction, and we have that
at least one equation in (H.107) doesn't hold.

Let's therefore denote by A* the vector with ||A*||, < v/d such that

= (V) (H.109)

J2:

H[SORAF(X)]]'; - [SORAF(Xi(A*))} ,

2

holds for (V) indices j. Due to the previous conditioning, such a vector exists with probability
at least 1—exp(—c; log” d) over W. Let's denote the set of these indices by .J, with |.J| = Q(N)
(where we denote set cardinality by | - |).

Thus, we have

C_ Q(Nd),

2

HSORAF(X) - @RAF(Xi(A*>>“2F 2 Z

jeJ

[orar (X)), — [rar(X(A")]

J:

(H.110)
which concludes the proof.

]

Theorem 7.4 Let prar(X) be the random attention features map defined in (7.3). Let
X € RN*4 be a generic input sample s.t. Assumption 7.1 holds, and assume d/log* d = Q(N).
Let Srar(X) be the the word sensitivity defined in (7.4). Then, we have

Srar(X) = Q(1), (H.111)

with probability at least 1 — exp(—clog®d) over V.

Proof. We have prar(X) = s(X)X, which implies

[prar (X)), = [s(X)];. X, (H.112)
and N N
lerar (X)), = XX )an| < 3y, lzll, = V4, (H.113)

where the second step follows from triangle inequality, and the last step holds as 3%, [s(X)];, =
1, and |||, = V/d for every k. This readily implies

lorar(X) | < VNd. (H.114)

By Lemma H.10, we have that, with probability at least 1 — exp(—clog2 d) over W, there
exist A* such that |[|A*||, < v/d, and

| orar (X) = erar(X*(A7))] . = Q(Vdn). (H.115)

This, together with (H.114), concludes the proof. 0
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H.4 Assumption 7.5 and adversarial robustness

Assumption 7.5/ requires the perturbation A to be such that the model fre(-, 0%) gives a similar
output when evaluated on the two new samples X and X‘(A). This assumption is necessary
to understand the different behaviour of the RF and the RAF model in our setting, as there in
fact exists an adversarial patch A such that, for example, f(X*(A), 6F) and f(X,67) are very
different from each other (e.g., fre(X*(A),67) = ya while fre(X, 67) = y).

This conclusion derives from the adversarial vulnerability of the RF model, extensively studied
in previous work Dohmatob and Biettil [2022], Dohmatob| [2022], Bombari et al. [2023]. We
remark that this vulnerability depends on the scalings of the problem, i.e., N,d and n. In fact,
(using the re-trained solution as example) we can write (assuming 6y = 0 for simplicity)

re(XH(A),07) = fre(X,07)

= ‘(QORF(Xi<A)) - SDRF(X))T e, Vs

< [ ore (X)) = ore (30|, || e o] 1Vl -

(H.116)

If we bound the three terms on the RHS separately, we get:

o [lpre(X7(A)) = pre(X)ll, = O (\/k/N) with probability at least 1 — exp(—cD) over
V', by Lemma H.1;

= Aait(Kres) = O (y/1/k), with probability at least 1 — exp (—clog”n)

@—i—
‘ RF,r op

over V and X, by Lemma H.2;
= ||Y.||, = v/n+ 1, as we are considering labels in {—1,1}.

Thus, we conclude that

| fre(XT(A),67) = fre (X, 67)

=0< Z) (H.117)

with high probability. As a consequence, in the regime where n = o(N), fre(-,0%) cannot
distinguish between the samples X and X*(A), without the additional need for Assumption
7.5, This result is also shown in our experiments, in the left subplots of Figure 7.4, where the
points approach smaller values of v and consequently higher values of the error as n decreases,
becoming comparable with N.

H.5 Further experiments

In Figure 7.4, we compute A* by optimizing with respect to it the following two losses (for
fine-tuning and re-training, respectively):

lo: (D) 1= (*ORAF(GZ&)&WQAF(X) + 1) , (H.118)
U () = (Frap(X, X7(A)) 1), (H.119)

subject to the constraint ||A*|| < v/d. We also report with cross markers the points obtained
optimizing the loss (g, (A) := ErrRAF(Xi(A),H;Z/T), showing that this method provides less
interesting results, as the error tends to be minimized at the expenses of a large value of ~.
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Figure H.1: Err‘p(Xi(A),Q;Z/r) for the RAF (two left sub-plots) and ReLU-RAF (two right subplots)
maps, as a function of the smallest v for which Assumption [7.5| is satisfied. Every sub-plot has
a fixed context length N = {40,120}, embedding dimension d = 768 and number of training
samples n = 400. Every point in the scatter-plots represents an independent simulation where
(X,y) and (X,)) are the BERT-Base embeddings of a random subset of the imdb dataset (after
pre-processing to fulfill Assumption [7.1). For every point, A is obtained through constrained
gradient descent optimization of (g, ,(A), defined in (H.120), for different values of the penalty
term p = {1,0.1,0.01}.

An alternative approach is to still optimize with respect to the errors directly, but after
introducing a penalty term p on the value of . In particular, we consider the following
penalized loss

lenp(D) = Errgar(X*(A), 0,) + p (frar(XT(A),07) — frar(X,07))".  (H.120)

We perform new experiments with this optimization algorithm, for different values of p, and
we report the results in Figure H.1. In this case, compared to the loss (g, (A), we can more
easily obtain points that lie below the lower bound. However, it remains difficult to find points
where both the error and 7 are small.

Another optimization option is to introduce a penalty term to the losses in (H.118) and
(H.119):

L 1) +p (frar(X7(A),07) — frar(X, 9*))2
(H.121)

lo: p(A) == (ngAF(XZ(A))TSORAF

lorar(X)|5

and
U p(A) = (Frar(X, XH(A)) + 1)+ p (frar(X(A), 07) — frar(X.07))",  (H.122)

for the fine-tuning and re-training case respectively. We perform new experiments with this
optimization algorithm, for different values of p, and we report the results in Figure H.2. In
this case, it is easier to obtain final points that respect Assumption 7.5 with a lower value of ~.

Finally, we consider swapping the losses E@} and /y- defined above, i.e., employ the former
for re-training and the latter for fine-tuning. Given the heuristic nature of these losses, it
is a priori not obvious that they perform their best on the respective setting, as they could
be interchangeable. In Figure H.3, we report the results of this investigation. We report in
deep-blue the points resulting from the optimization of ¢4+, and in yellow the points resulting
from the optimization of /-, for both the fine-tuned and re-trained setting. We note that Eg;;
performs better on the fine-tuned solution, and /4. better on the re-trained one.
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Figure H.2: Err,(X*(A), 7,r) for the RAF (two left sub-plots) and ReLU-RAF (two right subplots)
maps, as a function of the smallest v for which Assumption |[7.5|is satisfied. For every point, A is
obtained through constrained gradient descent optimization of fg: ¢(A) in the fine-tuned case, and
o p(A) in the re-trained case, defined in (H.121) and (H.122) respectively, for different values of
the penalty term p = {1,0.1,0.01}. The rest of the setup is equivalent to the one described in
Figure |H.1.
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Figure H.3: Err@(Xi(A),H;Z/T) for the RAF (two left sub-plots) and ReLU-RAF (two right subplots)
maps, as a function of the smallest ~ for which Assumption 7.5 is satisfied. We consider fixed
embedding dimension d = 768, context length NV = 120, and number of training samples n = 400.
Every point in the scatter-plots represents an independent simulation where (X,y) and (X,)) are
the BERT-Base embeddings of a random subset of the imdb dataset (after pre-processing to fulfill
Assumption [7.1). For every point, A is obtained through constrained gradient descent optimization
of either 69;, defined in (H.118), or /g, defined in (H.119).
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APPENDIX

Appendix for Chapter 8

1.1 Further discussion on related work

In Section 8.2, we have discussed how existing bounds are unable to tackle an over-parameterized
RF model when e = ©(1). This requires the characterization of different quantities, i.e., the
Lipschitz constant of the loss L, the norm of the baseline solution ||6*||,, the rank of the
matrix M, defined as the projector on the column space of E,[p(x)p(x)"], and the quantity
| M6*||,. We provide the desired characterization in the following paragraphs.

Estimate of [|0"][,. Recall that §* = ®*Y, which readily implies that [|0%[|, < (|9 |,, [[Y[],.
An application of Lemma .11 gives that, with high probability, ||®*|, = O (pfl/z). Then,

as the labels are bounded, we have ||6*|, = O ( n/p) This upper bound is tight in different
settings, e.g., when the labels contain random noise independent from the data. In this case,
an argument similar to the one in Theorem 2 of Bombari et al.| [2023], together with Lemma

.11, guarantees that ||0*||s = ©(||®T||r) = ©(1/n/p).

Estimate of L via a bounded set B with radius § = ©(]|0*||). Denoting with (z,y) a
generic input-label pair, we can write

L =sup [Vol((2)60 = )|, = sup2 (@)l [o(2) 6 — y| = © (B lle(@) ), (1)

where we use Cauchy-Schwartz inequality in the last step and the fact that ||¢(z)||, 5 > |y| in
our data scaling. Then, noting that ||o(z)[|, = ©(/p) (which holds with high probability) and
plugging the value 3 = ©(||0*||) obtained in the previous paragraph, we obtain L = O(,/np),
and consequently L ||6*||, = ©(n), as reported in Section 8.2.

Estimate of L via the set C. Alternatively, one could be interested in an RF model with
Lipschitz loss, as the clipped loss defined in (8.6) with C, set as in (8.13). This choice would
guarantee that the Lipschitz constant L of the loss scales as ,/p (excluding poly-logarithmic
factors), which corresponds to the norm of the features ||¢(z)||,. In this setting, we can
show that the solution of gradient flow on this loss corresponds to the solution obtained
by optimizing the quadratic loss, as the dynamics fully happens in the set C where the two
losses coincide (see Lemma 8.10). Thus, this allows to improve the previous estimate by
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a factor \/n, as we now have L 6", = ©(,/p\/n/p) = O(y/n). However, even with this
improvement, one cannot obtain meaningful guarantees from Jain and Thakurta [2014] in the
over-parameterized regime, as discussed in Section 8.2,

Estimate of rank(M) and ||[M6*||, from Song et al. [2021b]. Let A be the projector
over the column space of ®'®. Then, under sufficient regularity of the data distribution
Px, it can be shown that Mp spans a subspace of the one spanned by A (this exact
argument is used also in the proof of Theorem 3.2 of |Song et al.| [2021b]). Then, since
MpbO* = 6* and rank(Mp) = n from Lemma |.11, we also have that ||A/6*], = ||6*], and
min (rank(M),n) = n. Then, in the over-parameterized RF model, the bound of Song et al.
[2021b] corresponds to the one in Jain and Thakurta| [2014], and the previous considerations
hold.

1.2 Proofs for Section 8.3

We start by introducing the notion of sensitivity. Let i : D — RP be an arbitrary, deterministic,
p-dimensional function, where D represents the space of datasets. We define its /5 sensitivity
to be

Dopi= s [u(D) = u(D),. (1.2)

D adjacent with D’

where D adjacent with D’ means that the two datasets D and D’ differ by only one training
sample. The DP-GD algorithm is obtained through the composition of T" independent Gaussian
mechanisms (see Dwork and Roth [2014], Theorem A.1), as every iteration includes a (clipped)
gradient update and a Gaussian noise injection. In this case, we have that Algorithm 8.1
is a randomized mechanism A consisting of a sequence of adaptive (Gaussian) mechanisms
My, ..., My where M;: RP x D — RP for all t € [T]. One option is then to use the
advanced composition Theorem (see Theorem 3.20 in [Dwork and Roth| 2014]) to compute
the privacy guarantees of the algorithm A. Unfortunately, this approach is not fruitful in
our case, as it would involve an additional logT term in our final result in Theorem 8.2,
which would make the variance of the noise added at each iteration to diverge, in the limit of
n— 0, T — 400, with n"T' — 7. Thus, to prove Proposition 8.2, we calculate the privacy
guarantees through the moment accountant method, also used by /Abadi et al.| [2016] to show
their Theorem 2 (which we restate in Theorem |.1, for the sake of completeness and notation).
This allows for a tighter tracking of the privacy budget, exploiting the independence between
the Gaussian mechanisms at every iteration of Algorithm 8.1,

While our approach is conceptually similar to the one used in Theorem 1 of Abadi et al.| [2016],
in contrast with |Abadi et al. [2016] we consider full batch gradient descent and make explicit
the dependence on the learning rate 7, given our choice of scaling for Algorithm 8.1, We rely
on the notion of privacy loss, which describes the difference that a randomized mechanism
has on two adjacent datasets. More specifically, given two adjacent datasets D, D' € D, a
randomized mechanism M,;: R? x D — RP and an auxiliary input 6;_; € RP, the privacy loss
at the output 6 takes the form

(M. (01, D) = 0)
(Mt(et—lv D/) = )7

where the notation p (Z = ) indicates the value of the law of a random variable Z evaluated in
0. As in Abadi et al. [2016], we define the A-th moment ay, (A; 60,1, D, D’) as the logarithm

¥(0; My, 61, D, D') = log 5 (13)
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of the moment generating function of the privacy loss evaluated in )}, i.e.,
am,(A;0i—1, D, D) = log Egrt,(0,1,0) [exp(Ay(0; My, 0,1, D, D"))] . (1.4)

Note that the expectation is taken with respect to the probability distribution of the parameters
given by the mechanism applied to the dataset D. Then, we can define

an,(A) = sup an, (N 01, D, D), (1.5)

0:—1,D adjacent with D’

where the supremum is taken over all possible #;_; and all the adjacent datasets D, D'.

We now re-state Theorem 2 of |Abadi et al. [2016] which translates the moment accountant to
(€,0) privacy guarantees. Next, we bound the sensitivity of each iteration of Algorithm 8.1
and, therefore, the corresponding value of ay,(\) (see Lemmas 1.2/ and [.3). The proof of
Proposition 8.2 will then follow.

Theorem 1.1 (Theorem 2 of |Abadi et al.| [2016]). Let A consists of a sequence of independent
adaptive mechanisms My, ..., My where M;: R? x D — RP. Let ap,()\) be defined
according to (I.5). Then, the following properties hold.

1. Composability. For any ),
T
aa(A) < am (V). (1.6)
=1
2. Tail bound. For any ¢ > 0, A is (¢, 0)-differentially private for
§= i1;\1f exp(aa(N) — Ae). (1.7)

Lemma 1.2. Consider the t-th iteration of Algorithm 8.1 on a dataset D without noise, i.e.,

n
oo =01 — = Y gou, (@i i, Oi-1). (1.8)
(xs,y:)€ED
Then, we have
2nCli
Aoy = sup 6.0 — 116, .0 , S (1.9)
0¢—1€RP,D adjacent with D’ n

Proof. We have

Ui
AQ,LL = sup 9oy (.Ti, Yi, etfl) - 9oy (xia Yi,s 07&*1)
n 0:+—1€RP D adjacent with D’ (Cm%):ED 1P (:Jci,yzi):GD’ P 9
n
= sup Hng;p (ZE, Y, et—l) - ng;p (.I'/7 y/> et—l)HQ
n et_lERP,(I,y),(I/,y')E(X,y)
n o
S - sup 9oy (xay7€—1) + gcy; (m’yae—l)
n 01 €RP (z,y),(z' ') E(X,) (H lip t HQ H lip t H2>
S 2nc’clip’
n
(1.10)
where the last inequality comes from Hgodip(x,y,et,l)H2 < Cqip for any (z,y) € (X,Y) and
any et—l € RP. UJ
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Lemma 1.3. Let M, be the randomized mechanism induced by the t-th iteration of Algorithm
8.1. Then, for every t € [T'] we have

g, (\) = sup apt (b1, D, D) < 5 (4 02). (1.11)
0t—1,D adjacent with D’ 20
Proof. As M; is a Gaussian mechanism with parameter ¢ = \/ﬁwﬁa, we have
p(My(0,_1,D) = 0) = ;exp _M (1.12)
o (2mg2)p 267 ’
where 15, , p represents the update without noise
Hosp = 01— 5" gou (@i yi 0. (1.13)

(xi,y:)€D

Equivalently, (1.12) also holds for P (M;(6;—1, D’) = 0), with wy, , pr = 0:-1 — ngo, , .0
Then, we have that the privacy loss defined in (1.3) takes the form

,-)/(0’ Mt7 Htfb D7 D,)

— log p(M(0;1,D) = 0)
p(My(6i-1,D’) = 6)

)
B _2; (20T(M9t17D’ — Ho,1,D) + H”thl’DHz N HMGtI’Dle)

gz (Jo= ool = o=

(2(9 — pto,.0) " (6, .00 — 1o, .D) — HMeH,DHz + 209, pHo, 1.0 — H/vbetl,D’Hg

(2(9 — 16,.0) Do,_,.p.0r — HA@—I’D’D/ E) ’
(1.14)

where we introduce the shorthand Ay, | p.pr = e, ,.pr — fte, ,,p- We can now compute the

2

1
2¢2
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moment generating function of the privacy loss

A M, (/\7 et—la Dv D/)
= log ]E9~Mt(9t717D) [eXp<)\’y(67 Mt7 915717 D7 D/))]

2
Ag, 1,000 - TA ,
—log | exp | A t21§2 HQ EGNM(GFLD) |FXp (—A( ,uﬁtl,Dgl 6:—1,D,D )]
2
Ag, DD (0 — o, ,.0) Do,y DD
= )\42<2 2 +10gE9NN(M9t71’D7§2[p) lexp (—)\ -1, - i—1,D, )]
Ny, ,.p,p! o' A
_ o 2 0i—1,D,D'
= )\2—§2 + log E@’NN(O,IP) [exp (-)\§1>‘|
2
\ Ag,_, D, > oo )\HABt_l,D,D/HQ
= A (0] ~ ex — A
922 g ILp~N(0,1) P g P
2 2
_ )\ Aet,hD,D’ 9 n /\2 H 0¢—1,D,D’' 9
2¢2 2¢2
sl
22 ’

(1.15)
where we perform a change of variable in the fifth line, use the rotational invariance of the
Gaussian distribution in the sixth line, and compute the moment generating function of a
standard Gaussian on the seventh line. Thus, we can write

A 2
ap, (N) = sup am,(N\; 0,1, D, D) = ( 2’;) ()\ + /\2) , (1.16)
0:—1,D adjacent with D’ 25
where
A2/,L = sup AQt,l,D,D’ 9 (|17)

0+—1,D adjacent with D’

is the /5 sensitivity of the gradient updates in Algorithm 8.1. By Lemma 1.2, we have
that Ayp < 2nCgip/n. Thus, plugging ¢ = \/ﬁzonﬂa in (1.16), we readily get the desired

result. O

Proof of Proposition [8.2. Algorithm 8.1] is a randomized algorithm A consisting of a
sequence of independent adaptive mechanisms My, ..., My such that, for all ¢t € [T], by
Lemma .3, we have

Ui 2
g, (A) < @(AH). (1.18)
Thus, by composability (see Theorem ||.1), we have
nT 2
aa) < 55 (A+ 7). (1.19)

Set § € (0,1) and € € (0,8log(1/d)), and suppose that

nT g2
- < — [.2
202 = T610g(1/9) (1-20)
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Then, considering A > 0, we have that

2

exp (aa(X) — X&) < exp (16102(1/6) ()\ + >\2) — /\5>

g2 ) 5
S exp (1610g(1/6))\ - (1 - 1610g(1/5)> Ag) (1-21)

< ex LAQ—&
= P\ 1610g(1/9) 2 )

Setting \* = 4log(1/6)/e we get
2 *
* * 9 %2 /\ 19
A*) = Ne) < — A\ - —
P (@a(X) = Ne) < exp | 170,775 2 )
— exp (log(1/9) — 2log(1/9))
= exp (—log(1/6)) = 4.
Then, by the tail bound in Theorem |.1, we have that A is (¢, §)-differentially private. In our
argument, we consider 6 € (0,1), € € (0,8log(1/9)), and the inequality in (I.20), which can

be rewritten as
\/8log(1/d
o> nTi/), (1.23)
€

which readily gives the desired result. O]

(1.22)

We now move to the proof of Proposition 8.3, and then present the auxiliary Proposition .4
that will be useful in the discussion on the SDE defined in (8.8). Next, in Proposition ||.5 we
formalize the convergence of Algorithm 8.1]in the limit of small learning rates n — 0. To
conclude, we state the auxiliary Lemma .6, useful for the final proof of Proposition 8.4.

Proof of Proposition 8.3. At every iteration ¢ of Algorithm 8.1, we have

Hg(xi7yi76t1>”2>
Cclip

gCC“p(xiv Yi, et—l) = g(xzv Yi, et—l)/max <17

_ @(ﬁi)gl(W(%)T@tA - yz’)
max (17 ”“’(Ii)'b|£/<%(Ti)wt—1*yi) > (1.24)

= ‘P(fﬂi)@,cdip (@(%)Tet_l - yi)
= Volicy, (Sp(xi)Tetfl — yi) g

Proposition 1.4. Let { : R — R be a differentiable function with Lipschitz-continuous
derivative. Then, for all 0 €¢ RP, we have

|VLe,,(0)], < Cap. (1.25)
Furthermore, there exists a constant K such that, for all 6,0’ € RP, we have

HVﬁCdiP (9) B Vﬁocnp (9/)

<K[0—-0,, (1.26)
with K < LY, |lp(x:)|3 /n, where L is the Lipschitz constant of ¢'.
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Proof. Following the definition in (8.6), we have that, for all i € [n],

Vgl TO — vy,
Volic, ((p(xi)TQ — yz) = Vgﬁ( (z;)"0 — yz) / max ( H ’ ( C’j“p y) ’2) ,
(1.27)
which readily gives
|Volicu (9() "0 = 33) |, < Carip. (1.28)
Then, we can conclude
HVL:Cnp 0)” = Hve ZZ’L CChp ( z)TQ - yz)
2
(1.29)

< - Z HV@@,CC“,,@O(%)TQ — 4) 2
i=1

S C’clip'

For the second part of the claim, following a similar argument as before and exploiting the chain
rule, it is sufficient to show that, for every i € [n], &Cl has Lipschitz-continuous derivative.
For all z € R such that ¢(z) > 0, we can write ng| (2) = min (¢'(2), Caip/ |l(zi)|l5)-
Then, if ¢ is Lipschitz-continuous, also Ki’ Cuo is, as it can be written as composition of
Lipschitz-continuous functions. A similar argument holds for all z € R such that ¢(z) < 0.
Furthermore, for all z such that |¢'(2)| < Caip/ [[0(2:)ll5, we simply have £ o = {". Thus, to
prove that /! Cap 1S Lipschitz-continuous, it suffices that ¢ is Lipschitz-continuous, as assumed
by the prop05|t|on Notice that this argument also proves that the Lipschitz constant of £ "
is smaller or equal than the Lipschitz constant L of ¢'. Thus, we have

|V Ly (0) = VLo, ( Hv Zez o (9(20)T0 — ) — V= Z& Cap(P(2:) 0" = 1)
2
= Z o(; ( i c|. (Ii)TQ —Yi) — fg,cc“,,(@(xz'f@/ - ?Jz))
2
< - Z lp(@i)lly |6y (P(2:) 0 = 1) = L o (i) 0" — i)
< letwl 1o -1,
which proves the last statement. O

Due to Proposition |I.4, the SDE in (8.8) satisfies the assumptions Al-4 in Section 4.5 of
Kloeden and Platen| [2011]. This means that (8.8) admits a unique strong solution ©(t) (see
Theorem 4.5.3 in Kloeden and Platen [2011]). Furthermore, we also have that the assumptions
in Equations (1.5), (1.6), (1.7) of Menozzi et al.|[2021] are verified, implying that at every
fixed time ¢ > 0, the probability density function p(©(t)) is continuous with respect to the
coordinate 0 (see Theorem 1.2 in Menozzi et al.|[2021]). This property will be used later in
Lemma .6/ and Theorem 8.4.

In Section 8.3, we have mentioned that (8.7) is the Euler-Maruyama discretization of (8.8).
This can be formalized defining a family of random variables {61,602, ... }, where 6% is the
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output of Algorithm 8.1 with learning rate 7; := 7/j and number of iterations T} := jT,
with j being a positive integer. Algorithm 8.1 is defined such that, when performing the t-th
iteration, we introduce the Gaussian random variable

2 5 (B(tn/) ~ Bt~ Vn/ ). (1.30)

where B(t) is the standard p-dimensional Wiener process in (8.8). This is coherent with the

definition of Algorithm 8.1, since these random variables are distributed as

261c|ip

n

oN(0,n1/j) = \/n—j%;:“paN(o, 1), (1.31)

and they are independent with each other. Since (8.8) respects all the necessary assumptions
in Theorem 10.2.2 in |Kloeden and Platen| [2011], the following result holds:

Proposition 1.5. Let 7 = nT. Then, for every h > 0, there exists j*, such that for all j > j*,
we have

E (|65 - o()|,] <. (1.32)

Proposition |.5 formalizes in which sense the SDE in (8.8) is a continuous limit of Algorithm
8.1 This is done through the family of algorithms with progressively smaller learning rates
and larger number of iterations. It is important to notice that all these algorithms provide the
same DP guarantee, as 7,1 = nT" for every j, and the result of Proposition 8.2 depends on
learning rate and number of iterations only through their product nT'.

Lemma 1.6. We have that, for any open ball S C R?,

lim P (¢4, € §) =P (O, € 5). (1.33)

Jj—o0

Proof. By contradiction, let the thesis be false. Then, there exists a ball S(rg,7) with center
ro and radius r s.t. there is h* > 0 and j arbitrarily large that satisfy

[P (64 € S(ro,7)) = P(©; € S(ro,m))| > h". (1.34)

We first suppose that we have
P (04 € S(ro,r)) > P (O, € S(ro,7)) + b7, (1.35)
for j arbitrarily large. Then, there is a sequence of events w; s.t. P (w;) > h* and

9%(%-) € S(ro,7), O.(wj) & S(ro,r). (1.36)

As mentioned previously in this section, the law p(©,) is continuous, and therefore bounded
in the closed set S(rg,r’) for any 7’. This implies that there exists 7* > 0, such that

h*

P (O, ¢ S(ro,r) and O, € S(ro,r +1%)) < X (1.37)

which in turn implies that there is a sequence of events w?, such that P (wj) > h*/2 and
O (w)) € S(ro,r),  O(w)) & S(ro,r +17). (1.38)
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Note that, for all such events, by triangle inequality, we have

|62 (w)) = ()

o 2 [[6-5) =, = () = mo],
> (r+r"—ry) —(r—rg) (1.39)

—= ’]"*7

which implies

h*r*

e i -o- 2

J 2 () Jo e,

(1.40)

2

This last equation holds for arbitrarily large 7, which provides the desired contradiction with
Proposition |I.5.

If instead of (1.35) we have
P (O € S(ro,r)) > P (6} € S(ro,m)) + 1", (1.41)

for j arbitrarily large, then the argument follows in the same way. In fact, we exploit the
continuity of the law p(©,) to state that there exists 7* > 0, such that

h*
P(©, ¢ S(ro,r —7r*) and ©, € S(ro,r)) < o (1.42)
thus giving a sequence of events wj, such that IP (w;) > h*/2 and
GJT(w;‘) ¢ S(ro,r), O (wj) € S(ro, 7 —17). (1.43)

At this point, we can again apply the triangle inequality to obtain the same contradiction as
in (1.40). O

Proof of Proposition 8.4. The assumption on ¥ guarantees, due to Theorem 8.2, that for
all j > 0, the discretizations 67 of the SDE (8.8) are, for any § € (0,1) and € € (0, 8log(1/9)),
(g, 6)-differentially private, since

nooo \/_1/810g(1/5) B = 8log(1/0) (1.44)

:2Cc|;p = VT £ R ALRE £ ’

o

where the first step is due to (8.9).

By contradiction, suppose that O is not (g, d)-DP. This means that there exists a point in
the parameters space 6 such that, on adjacent datasets D and D’, we have

p(0-(D)=0) > ep (0,(D) =0) +4. (1.45)

Since both the laws in the previous equation are continuous, we also have that there exists an
open ball S centered in #, such that

P(©.(D) € S) > eP(O.(D) € S)+ 9, (1.46)
which we rewrite as
P(©.(D) € S)=¢P(0.(D) € S)+4d+h, (1.47)
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for some h > 0. Now, by Lemma |I.6, we have that there exists j* large enough s.t.

P (05 (D) € S) =P (0,(D) € S)| < ;L (1.48)
and .
P (65 (D) € ) = P(0,(D) € 5)| < hez (1.49)
Hence, putting together (1.47), (1.48)), and (1.49), we have
P (65 (D) € S) >P(©,(D) € §) - ;L
— e PO.(D)ES) 45 +h— "
2 (1.50)

—€

> ¢ (]P’ (65 (D) e s) - he

h
§+h——
2>++ 2

=P (04 (D) € S) +4.

The previous equation implies that the discretization 0{: is not (g, 0)-DP, therefore contradicting
the thesis of Theorem 8.2. This provides the desired result. O

.3 Auxiliary Lemmas

This section uses the following additional notation. We denote by 1 : R — {0,1} the
indicator function, i.e.,, 1(z) = 1 if z > 0, and 0 otherwise. Given a matrix A, we indicate
With omin(A) = \/Amin (ATA) its smallest singular value. Given a p.s.d. matrix A, \;(A4)
denotes its j-th eigenvalue sorted in non-increasing order (Apax (4) = A (A) > Ao(A) >
oo > A(A) = Amin (A)). Given two matrices A € R¥*** and B € R***> | we denote by
Ax B =[(A. ® By.),...,(As. ® B,.)]" € R***1%2 their row-wise Kronecker product (also
known as Khatri-Rao product), and A;. denotes the j-th row of A. Given a natural number [,

we denote A* = Ax A*(=1 with A*1 = A. We remark that [(A*l> (A*I>T] = ([AAT] ,j)l.
ij ¢

Given A € R*** and B € R***, we use the notation A < B (B = A) to indicate that B — A
is p.s.d. As in Section 8.6, we indicate with Py € RP*P the projector on the space spanned
by the eigenvectors associated with the d largest eigenvalues of ®"®, and we condition on
the high probability event described by Lemma I.11, which guarantees a spectral gap in &' ®
(and, hence, the well-posedness of Py).

Lemma L.7. Let Assumption 8.5 hold, and let x ~ Px. Then, we have that
[E[]ll, = O (1), (1.51)

and
HE[IZL’T]

—0(1). (1.52)

op

Proof. The first statement is a direct consequence of = being sub-Gaussian. In fact, this

implies
+ E[z] ’ _
E [(m ||E[9U]||g> ] =0(1), (1.53)
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as the second moment of sub-Gaussian random variables is bounded. Thus, we have

T Elz] ’ _
" En) ] —ow. (154

\mmM—EkwﬁﬂJ <E

which provides the desired result.

For the second statement, we have, for every u € R? such that ||ul, = 1,

2
(«74)
where the second step holds as the second moment of sub-Gaussian random variables is

bounded. Since ELM:T} is p.s.d., its operator norm is supy,,_; u'E [m:q u, and the second
statement readily follows.

u'E [xxT} u=E =0(1), (1.55)

Lemma 1.8. Let Assumption 8.5 hold, and let d = o(n) and d = o(p). Then, we have that
Amin (XTX) = 6(n), (1.56)

and
Xl = O (V) , (1.57)
with probability at least 1 — 2 exp (—cd) over X, where c is an absolute constant.

Also, we have that

M (VTV) = © (Z) , (1.58)
and
IVl =0 (y/%) (159)

with probability at least 1 — 2 exp (—cd) over V.

Proof. Notice that X € R™*“ is a matrix with i.i.d. sub-Gaussian rows with second moment
matrix ¥ =E, p, {ajxﬂ € R¥4. Thus, by Remark 5.40 in Vershynin [2012], we have that

HXTX U

L =0 (nZ) = o(n), (1.60)

with probability at least 1 — 2 exp (—cad). Then, conditioning on this high probability event,
by Weyl's inequality, we have

Amin (XTX) < HXTX

o < ¥, + XX - n\Ial =0 (n), (1.61)

where the last step is a consequence of Lemma |.7. This proves the upper bound in the first
statement as well as the second statement. Furthermore, again by Weyl's inequality, we have

Amin (X7X) 2 Apin (n®) — | XTX — n\DHp = Q(n), (1.62)

where the last step is a consequence of Ay, (V) = Q(1), true by Assumption 8.5, Merging
this with (1.61) concludes the proof of the first statement.

The third statement can be proven in the same exact way, considering VdV € RP*?, a
matrix with i.i.d. standard Gaussian (and therefore sub-Gaussian) rows with second moment
matrix equal to the identity 7 € R%*?. Finally, the fourth statement is a consequence of
Theorem 4.4.5 of Vershynin| [2018] and the scaling d = o(p), and it holds with probability
1 — 2exp (—c3d). This concludes the proof and provides the desired results. O
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Lemma 1.9. Let Assumptions 8.5 and 8.6 hold, and let nlog®n = o (d3/2) and n = w(d).
Then with probability at least 1 — 2 exp (—clog2 n) over X, all the following hold

M(EVIK) =2 (2, (1.63)
Aar1(Ev[K]) = O (p), (1.64)
M (Ev[K]) = Anin (Bv[K]) = Q(p), (1.65)

where ¢ is an absolute constant.

Proof. As K;; = ¢(x;) " p(x;), we have

By (K = 3 B ol 200l )] = pBo( 00000 )], (169)

where in the last step we exploited that the wv,-s are identically distributed, and introduced the
shorthand v to indicate a random variable distributed as v;. Since ||z;|| = v/d for all i € [n],
and v ~ N(0,1/d), we have that p; := v'z; and py := v'z; are two standard Gaussian
variables with correlation xiij/d. Thus, exploiting the Hermite expansion of ¢, we can write

L

Ev[Kly =p3 mi=—g=p> i
1=0 1=0
where fy; is the [-th Hermite coefficient of ¢. Since ¢ is such that y; = 0 for [ = {0, 2},
(1 # 0, and there exists | > 3 such that 1 # 0 (since ¢ is non-linear), we can write the
previous sum with the two non-0 terms

- X*l X*l T
EV[K]M:/?XXTJFPEM? ( )Ei’ )
=3

4 (1.68)

We analyze the terms of the sum separately. By Lemma .8/ we have that, with probability at
least 1 — 2 exp (—c;d) over X,

Amin (XTX) = O(n). (1.69)

As X € R™? with d < n, this means that (conditioning on this high probability event) X X"
is a matrix with rank equal to d, and that its first d eigenvalues (when sorted in non-increasing
order) are all Q(n). This implies that

2
M, = %pXXT (1.70)
has the first d eigenvalues of order Q(pn/d), and the remaining n — d equal to 0.
We now consider the second term of (1.68):

() ()’

=3
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Let us define
M2=p<2u?>1'=0pf, (1.72)
1=3

corresponding to the diagonal elements of M, where C'is a constant depending only on ¢.
Notice that C' is strictly positive, as ¢ is non-linear. For i # j, since x; is sub-Gaussian and
independent from z;, we have

(

Performing a union bound we also get

:clTxJ‘ > log n\/a) < 2exp (—cg log” n) : (1.73)

x:xj’ > log n\/a> < 2n% exp (—CQ log? n) < 2exp (—03 log? n) . (1.74)

P (maxm
This implies that

i

op S HM2 N MQHF

0o X*l X*l T
(0
=3 B

o X*l X*ZT
o0

=P

T 0 2
> max; ; |T; T (|75)
e
=3

3\ 2
5 max; ; fL‘ZTZE]) & 9
<p|n 5 > Hi

nlog®n
ol

= o(p).

Merging (1.72) and (I.75) together, a standard application of Weyl's inequality gives
)\max (MQ) - 9(]7); )\min (MQ) = @(p)7 (|76)

with probability at least 1 — 2 exp (—03 log? n) Thus, recalling that \;(-) denotes the i-th
eigenvalue of a matrix sorted in non-increasing order and applying Weyl's inequality, we have
that

)\i (Ml + MQ) > >\2 (Ml) — )\max (MQ) = Q(pn/d), for ¢ € [d],

.77
/\i (M1+M2) S /\z (M1)+)\max (MQ) :O(p), ford <1 STL, ( )

where in both lines we used our argument in (1.70) and (1.76). Since Ey[K] = M; + M,, we
have proved that the spectrum of Ey/[K] has a gap, as

aa By (K] = 2 () = wip), (1.78)
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and

Aa+1 (Ev[K]) = O(p). (1.79)

This proves (I.63) and (1.64). To show (I.65), it suffices to note that
Amin (Bv[K]) = Amin (M) = O(p), (1.80)
where the first step is true since M, is p.s.d., and the second step follows from (I.76). ]

Lemma 1.10. Let Assumptions 8.5 and 8.6 hold, and let n = O (p/ log® p), nlog®n =

0 (d3/2) and n = w(d). Then, we have that
n
=0 < lognlogp> , (1.81)
op p

with probability at least 1 — 2 exp (—clog2 n) over X and V', where c is an absolute constant.

|Ev K] (K - Ev[K]) Ey[K] ™

Proof. Consider the truncated function

o1e) = 021 (|41 < 5L ). (152)

where L is the Lipschitz constant of ¢. Define also the truncated kernel K accordingly

We now compare Ey {f(} and Ey[K]. Let v ~ N(0,1/d) and define the random variable

1 1
E;:=1 (‘UTiL'i’ > % or |[v'z;| > in) . (1.84)

As Ej; is an indicator, E;; = E7; and

logp

1
PV(Eij = 1) < ]P)V (|’UT$Z‘| > > +PV <’UT.I'J" > ﬂ

L

7 ) < 2exp (—01 long) , (1.85)

where the second step holds as v'x; ~ N (0,1) and v"z; ~ N(0,1) in the probability space
of V. Thus, a union bound over i and j gives
K=K, (1.86)

with probability at least 1—2n? exp (—01 log? p) > 1—-2exp (—02 log? n) over V. Furthermore,
we can write

By [Ky] —Ev[Ky]| =p

E, [6(v"z)(v" 2;) By

<pE. [(o0Tao0 )] Bl [22]"
< om, [(o07e))'] " Bo(m, = 12 (187)
<2p 011/2 exp (—61102ng>

< 2pexp (—03 log? p) .
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Here, the second and third line follow from Cauchy-Schwartz inequality; the fourth line is a
consequence of (1.85) and ¢(v' z;) being a sub-Gaussian random variable (¢(z) is Lipschitz)
and thus with bounded fourth moment (see Equation 2.11 in Vershynin| [2018]). This result
holds for any i, j € [n], and therefore implies

o 1] - 2.

I, < [Ev [] - EviK)]
< 2pnexp (—Cg log® p) (1.88)
< 2exp (—04 log? p) :

Then, by Weyl's inequality, we have

Amin (Bv [K]) > Ain (By [K]) = ||Ev [K] — Ev[K]

= Q(p), (1.89)

op

where the last step follows from Lemma .9 and it holds with probability at least 1 —
2exp (—65 log? n) over X.

We now prove the bound in (I.81) on the truncated kernel . Let us then define the matrix
H; € R"™"™ as

Hy, = Ey[K]7V2¢(Xvp)p(Xvg) "By [K] 72, (1.90)
This definition requires Ey[K] to be invertible, and it is therefore conditioned on the event

described by (I.89). We will condition on this high probability event over X until the end of
the proof. Then, we have

Ey[K]™? (K — Ev[K]) Ey[K]™/? = Z Hy —Ey [Hy]. (1.91)

k=1

Note that there exists a constant C' such that

sup | Hy, — By [Hy )|, < 2sup [|Hyll,, < 2|Ev(K] WH , 5D \&(Xuk)\\z
Ve Ve Vg

2 (1.92)
2 < 02 10g?p,
b

sup,,

<c &(Xvk)H

where the first step is true because of Jensen and triangle inequality, the third step is true
because of (1.89), and the last step holds because, for every i € [n],

10gp

‘¢(Uk: ;)

< [p(0)| + L—= = [6(0)| +logp < C3logp, (1.93)
where we use that ¢ is L-Lipschitz and the definition in (1.82). We also have
Ey [Hy) = Ev[K] 7By [¢(Xvi)o(Xv] )| Ev[K] 72
1. - _ _
= ~REy[K]"/*Ey[K]Ey[K] ™/ (1.94)

i
p
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which allows us to write

Ey |(Hy — Ev[Hy])’]

Ey |Hf| - Ev [H)?

< Ey [sz
[suanku ]
(1.95)
nlog
C EV [Hk]
:Cnlog P,

p?

where the third line holds since H}, is p.s.d. for all v, the fourth line is a consequence of
(1.92), and the last step of (1.94). This readily gives

HEV [(Hk - EV[Hk]ﬂ < CLOng~

(1.96)

op p2

Thus, (1.91) is the sum of p independent (in the probability space of V'), mean-0, n x n
symmetric random matrices, such that || H; — Ev[H]|,, < %‘)g% almost surely for all k.

Furthermore, we also have HEV [ (Hy, — Ey[Hg)) }H < C”k’g L. Then, by Theorem 5.4.1
Vershynin| [2018], we get

IPV<HEV T2 (K — Ey[K]) Ev[K] 72

>t) <2 t2/2
op > = 4N exp Cnlog p + Cnlog? pt

P 3p
(1.97)
Setting
t= \/Zlogplogn < Cy, (1.98)
where the last step holds since n = O (p/ log? p), we get
~1/2 1—1/2 n
Py (HEV (K EV[KD Ey[K] op = \/;lognlogp>
log®n
<2 1 -
= exp<0g” 2(J+2(Jt/3> (1.99)
log2 n
<2 1 -
=20 ( o 20@/3)

< 2exp (—06 log2 n) ,

which gives the result in (I.81) on the truncated kernel /. We will now translate this in the
desired result. Note that, by (1.86), we have

[Bv (KT (K — By [K]) By [K] 2]

= |Ev (K] (K = Bv[K]) By K]/

)
op

(1.100)
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with probability at least 1 — 2 exp (—02 log? n) over V. Applying the triangle inequality we get

[Ev[K]72 (K - Ey[K]) Ey[K] /2

op

< |Ey[K]72 (K - Ev[K]) By [K] 7?2 . |Ev [K]7/2 (Ev (K] — Ev[K]) By [K] /2

op

< |Bv (K72 (K = Ev([K]) By [K] 7/ Wt H]EV[K]—I/2H; |Ev[K] - Ev[K]

op

IN

Ey[K]7? (K — Ev[K]) By[K]™/?

op

+ (;5 exp (—04 log? p) ,

(1.101)
where the last step follows from (1.88) and Lemma .9, and it holds with probability at least

1—2exp (—c7 log2 n) over X. Then, we have

|Ev[K]72 (K - By[K 1) []
HEV[K]_UQE[ 1/2E ( *) [R—]—l/QEV[f(]lﬂEV[K]—l/Q

*(1.102)
< By [K]2Ey (K] 12

‘E T2 (K — By [K]) Ey[K] 2

op

)
op

<2|Ey (K] (K - IEV[K]) EV[K]—W

where the last step holds since

HEV [K}_l/QE [K]I/Z

HIE "By [K|Ey [K] /2

op

g ][0 + HEV[K]—1/2 (Ev[f(] — EV[K]) Ey K]/

(1.103)

op
<1+ 215 exp (—04 log? p) ,

and the last step of (I.103) follows from (1.88) and Lemma [l.9, and it holds with probability at

least 1 — 2 exp (—07 log® n) over X. Thus, using consecutively (1.100), (1.101), and (I.102),
we get

[Ev (]2 (K — v [K]) By [K] 77

op

= |Ev (K]~ (K = Ev([K]) Ev[K] 7/

op

< HEV[K]—W (K — Ev[K]) Ey[K] /2

o + i‘:’ exp (—04 log? p)

(1.104)

+ % exp (—04 log? p)

—-1/2 r1—1/2
<2|Ey[K]72 (K - Ev[K]) Ev[K] w'

=0 <\/%lognlogp> ,
p

where the last step follows from (1.99), and the steps jointly hold with probability at least
1 —2exp (-CS log? n) over X and V. This concludes the proof. O

Lemma 1.11. Let Assumptions 8.5 and 8.6 hold, and let n = o (p/ log* p), nlog®n = o (d3/2)

and n = w(d). Then, with probability at least 1 — 2 exp (—clog2 n) over X andV, all the
following hold

M(K) = Q (13;) , (1.105)
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Aa1(K) = O (p), (1.1006)
M(K) = Ain (K) = Q(p), (1.107)

where ¢ is an absolute constant.

Proof. By Lemma .10, we have that, with probability at least 1 — 2 exp (—01 log? n) over X
and V, for all © € R"™ we have

u' (Ey[K]72 (K = By [K]) By [K]7/?)u < c\/jlogmogp ull?, (1.108)

where (' is an absolute constant. Then, setting u = EV[K]l/Zﬁ, we have that, for all & € R",

o' (K —BEy[K)a<a' (O\/ﬁlognlogpﬁv[fq) i, (1.109)
p
which reads
K —-Ey[K] < C’\/ﬁlognlogp]Ev[K]. (1.110)
b

In the same way, considering instead (Ey [K] — K) in the very first equation, we can also
derive

EV[K]—KjC\/Hlognlongv[K], (1.111)
p

which therefore gives

<1 - C’\/ﬁlognlogp> Ey[K] =2 K = (1 + C\/ﬁlognlogp> Ey[K]. (1.112)
p p

By the Courant—Fischer—Weyl min-max principle, we can write

Ai(K) = maxg minyeg, |u||,=1 (uTKu) , (1.113)

where S is any i-dimensional subspace of R". Let S* = arg maxgs min,esg, |ju|,=1 (uTKu).
Then, by (1.112), we have

)\Z(K) = Hlil’luesaf7 [lull,=1 (UTKU)

< MiNyegs, |ull,=1 (UT <<1 + C’\/ﬁlognlogp> ]EV[K]> u)
p
7 (1.114)
< maxg minyes, |ju||,=1 (uT ((1 + C\/;bgnlogp> EV[K]> u)
= (1 + C\/jlognlogp) Xi (Ev[K]),

where in the last line we use the same principle to express the i-th eigenvalue of Ey [K].
Following the same strategy, we can therefore conclude that

(1 — Cﬁlognlogp) Ai (Ev[K]) <X (K) < <1 + O\/Zlognlogp> \i (Ey[K]).
(1.115)
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By Lemma|l.9, we have that, with probability at least 1—2 exp (—co logn) over X, Ay (Ey[K]) =
Q(np/d), and that \; (Ey[K]) = O(p), for d +1 < i < n. This implies

M(K) = Q ((1 - c\/ngnlogp> 7?) _Q (?) , (1.116)

/\d+1(K):O<<1+C’\/Zlognlogp> p) =0 (p), (1.117)
A (K) = Apin (K) = Q ((1 — C\/ﬁlognlogp> p> = Q(p), (1.118)
b
where we use nlog?n = o(p/ log® p). This gives the desired result. ]

Lemma 1.12. Let Assumptions 8.5 and 8.6 hold, and let d = o(p) and d = o(n). Then, we

have
/TP
||‘I’||op =0 ( d) ) (1.119)

with probability at least 1 — 2 exp (—cd) over X and V', where c is an absolute constant.

Proof. The k-th row of ®' takes the form ¢(Xwv;) € R". Since the Gaussian distribution is
Lipschitz concentrated (see Theorem 5.22 in Vershynin| [2018]), we have that

1 X |

\/a )
where the first step holds since the 0-th Hermite coefficient of ¢ is zero, and the second step
holds since ¢ is Lipschitz. Notice that the term V/d is due to the fact that v/d vy, is standard

Gaussian. We remark that the sub-Gaussian norm in this equation is intended in the probability
space of v;. By Lemma .8, we have that

1Xlgp = O (V) , (1.121)

with probability at least 1 — 2 exp (—c1d) over X. Thus, conditioning on this high probability
event, due to (I.120), we have that ® T is a p x n matrix whose rows are i.i.d. mean-0 random
vectors with sub-Gaussian norm O( n/d) Then, by Lemma B.7 of Bombari et al.| [2022b],
we have

(X vr)lly, = lo(Xvi) = B, [9(Xvi)]ll,, < C (1.120)

o7

np
—o (™). 1122
o y (1.122)
with probability at least 1 — 2 exp(—con) over V, which provides the desired result. O

Lemma 1.13. Let Assumptions 8.5 and 8.6 hold, and let nlog®n = O <d3/2). Then, we have

[ %]

=0 (p), (1.123)

op

with probability at least 1 — 2 exp (—clog2 n) over X, where c is an absolute constant.

Proof. The proof follows the same strategy as the proof of Lemma |.9, with the difference that
now there is no term M. In fact, ¢ has the same Hermite coefficients as ¢, except that ji; = 0.
The thesis then follows from (I.76). We remark that to prove this result, differently from the

proof of Lemma [l.9, n = w(d) is not required. Also, we require only nlog®n = O <d3/2)

instead of nlog®n = o (d3/2). In fact, we do not need a bound on the smallest eigenvalue of

M (see (I.76)), and therefore we just need H]\/[2 - MQH = O (p) (see (I.75)). O
op
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Lemma 1.14. Let Assumptions|8.5 and|8.6 hold, and let n = O (p/ log* p) and nlog®n =
O (d3/2). Then, we have

—0 (D), (1.124)

with probability at least 1 — 2 exp (—clog2 n) over X and V', where c is an absolute constant.

Proof. Consider the truncated function

&(2) == d(2)1 (\zy < 10@) , (1.125)

where L is the Lipschitz constant of ¢. Define the truncated kernel K accordingly

Kij = o(Va) " d(Va;). (1.126)

We now compare Ey {f(} and Ey[K]. Let v ~ N(0,1/d) and define the random variable

1 1
By ::1<|vaZ~| > ng or v x| > in). (1.127)

Note that since Fj;; is an indicator we have E;; = E2 and

log p
+P
8) e (7

where the second step holds as v"x; ~ A(0, 1) in the probability space of V.

Py(E;; =1) <Py <|U x; }g;/p) < exp (—cl long) , (1.128)

Thus, we can write

By [Ky] — By [Ky)| =

e x]))z} 1/2 E, [Ezﬂ 1/2
411/2

Py (E; = 1)/? (1.129)

)

< pCY2exp (_ ¢1 log” p)

2
< pexp (—czlog’p) .

Here, the second and third lines follow from Cauchy-Schwartz inequality; the fourth line is a
consequence of (1.128) and ¢(v" ;) being a sub-Gaussian random variable (¢(z) is Lipschitz),
and thus with bounded fourth moment (see Equation 2.11 in Vershynin| [2018]). This result
holds for any i, j, and therefore implies

HEV [K} — Ey|[K]

o < |Bv [K] —EvIE]],
< pnexp (—02 log? p) (1.130)
< exp (—cslog”p),
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where in the last step we used n = O (p), which follows from Assumption 8.7. This last
equation, together with Lemma 1.13, gives

[Ev [K]|, =0W. (1.131)

with probability at least 1 — exp (—04 log? n) We will condition on this high probability event
until the end of the proof.

We now define the matrix H; € R"*" as

Hy = ¢(Xuvp)p(Xug) ", (1.132)
which implies
=T =T 2~ =
b —Ey |OP | = Hy—Ey [Hy. (1.133)
k=1
Now, we have
_ _ _ - 2
sup ‘Hk — Ey[Hy] . < 2sup ‘HkH ; < 2sup ’gb(Xvk)HZ < 2nlog®p, (1.134)
Vi o Vi o Vg

where the first step is true because of Jensen and triangle inequality, and the last step holds
because, for every i € [n],
log p

‘&(U;—!%) <L i = logp, (1.135)
given the definition in (1.125). Also, note that
Ey [Hk} =Ey [&(Xvk)&(XUk)T} = ;EV[KL (1.136)
which gives, together with (1.131),
By [H4] L =0, (1.137)

Then, we can use (1.134) and (1.137), together with the same argument in (1.95), to get

=0 (nlog’p). (1.138)

op

HEV [(Hk . ]EV[Hk])T

Thus, (1.133) is the sum of p independent (in the probability space of V), mean-0, n x n
symmetric random matrices, such that Hflk — Ev[flk]H < 2n logzp almost surely for all £,
op

and ’]EV (ﬁk — EV[Hk])2] < Cnlog®p, for some constant C. Then, by Theorem 5.4.1
L op
of [Vershynin, [2018|, we get
- __ £2/2
P ’<I><I>T —Ey [qxﬂ >t] < 2nexp (- . / . . (1.139)
op Cnplog®p + 2tnlog”p/3

Setting t = p, we obtain

P (H@@T ~5, [06]

>p| <2exp|—cs p2 < 2exp (—06 log? n) , (1.140)
op nlog”p
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where in the last step we used n = O (p/ 10g4p>. To conclude, we have that

— _T ~
Py (00 # ®P') < Py (maxicpuep [vf 2] > logp/L)

< 2npexp (—06 log? p) (1.141)
< 2exp (—crlog’p) ,

where the second step holds as v z; ~ A/(0, 1) in the probability space of V, and the last

0
step holds because of the assumption n = O (p/ log* p). Putting (1.140) and (l.141) together,
we finally get
-l#7, =
op

with probability at least 1 — 2 exp (—clog2 n) over X and V, which gives the thesis. O]

Ey

ééT]

+ H@&J _E,

ééT]

—0(@p), (1.142)

op

Lemma 1.15. Let Assumptions 8.5 and 8.6 hold, and p = w(n). Then, we have
llp(z0) 3 — Mp| = O (Vplogn), (1.143)

[1@(20)1; — Map| = O (/plogn) (1.144)

with M and M; being two positive constants only depending on ¢, with probability at least
1 — 2exp(—clog®n) over V, where c is an absolute constant.

Furthermore, we have that M — M; = /L% > 0, which, conditioning on the previous result,
implies

[p(z)lly = 1P(z1)[l, = QD) (1.145)
Proof. We have

()3 = Zd) v 1)’ (1.146)

where we use the shorthand v, to indicate the k-th row of V. As ¢ is Lipschitz, v; ~ N(0,1/d)
and ||z, |, = V/d, we have that || (z1)]|3 is the sum of p independent sub-exponential random
variables, in the probability space of V. Thus, by Bernstein inequality (see Theorem 2.8.1 in
Vershynin [2018]), we have

le@ll; = Ev [le(z1)]13)| = O (vplogn), (1.147)

with probability at least 1 — exp(—c; log” n), over the probability space of V. Exploiting the
Hermite expansion of ¢, we get

Ey [lle(z1)ll3] = PEpion) [6(0)°] = pM, (1.148)

where we set M = Y72, 2.

The same argument applied on ¢, which is also Lipschitz, guarantees
‘HSO z1)ll; — Mlp‘ O (y/plogn), (1.149)

where My =372, ,ul2, since the O-th, 1st and 2nd Hermite coefficients of &5 are 0. Thus, we
readily get
M — M, = 1 (1.150)
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To conclude, it is sufficient to notice that, conditioning on the previous two high probability
events, we have that ||¢(z1)||, and ||@(21)]|, are both O <\/]3) Then,

: lip(a)ll3 = 2 I3

ool =Wl = ol = ol
o O = Mp — [l 3 — pM| — [ p@a) 3 — Mip| - (1151)
- @Ol + 2l
= ()

where we use the triangle inequality twice in the second line and conclude using \/p =
w(logn). O

Lemma 1.16. Let Assumptions|8.5 and 8.6 hold, and let n = o (p/ log* p), nlog®n = o (d3/2)
and n = w(d). Then, we jointly have

HX+OP:()<]ﬁ>, (1.152)
HV+OPZ<D<VE>’ (1.153)
WMVT—aX+®op:()< z>, (1.154)
havTer], o (). (1155)

with probability at least 1 — 2 exp (—clog2 n) over X and V', where c is an absolute constant.

Proof. The first two statements easily follow from Lemma ||.8, which gives

W¥+op:Amm(XTX7U2:(7<Q%>’ (1.156)
HVWHW::Amm(VTV>_U2:()< i), (1.157)

with probability at least 1 — 2exp (—c1d) > 1 — 2exp (—C2 log? n) over X and V. For the
third statement, we condition on this high probability event, and notice that

O =XV 490, (1.158)
which gives

|mvT = xte d

\)(+é

<|x
op

op:<)( p), (1.159)

op ‘ op n

where the last step holds because of Lemma [.14 with probability at least 1 —2 exp (—63 log? n)
For the fourth statement, we write

e, < [ - xe) e

OP+HX+®¢+

op

< fmvT - X"

+|x
op op

off2f5+5)-ol):

o+

op (1.160)



where the second step follows from

1
Ot = A (K) Y2 =0 <> : .161
|2, = Auin () 7 (1161)
which holds with probability 1 — 2 exp (—04 log? n) because of Lemma I.11. This final result
provides the thesis. O

Lemma I.17. Let Assumptions|8.5 and 8.6 hold, and let n = o (p/ log* p), nlog®n = o (d3/2)
andn = w(d). Let Py € RP*P be the projector on the span of the d eigenvectors corresponding
to the d highest eigenvalues of ' ®, and P, be the projector on the span of the columns of
V. Then, we have that

|Piv], =0 Nf) , (1.162)
and
ptRd =0 ( Z) , (1163

Jjointly hold with probability at least 1 — 2exp (—clog2 n) over X and V', where c is an
absolute constant.

Proof. Let u € R? be a vector such that ||u||, = 1. Then, we have

|oPtul, < VAu(@T®) = i (K) = 0 (V) , (1.164)

where the first inequality follows by the definition of Py, and A\gy1(K) (g1 (P ®)) is the
(d + 1)-th eigenvalue of K (®'®) when sorting them in non-increasing order. Then, the

last equality holds with probability at least 1 — 2 exp (—01 log? n) over X and V/, because of

Lemma .11, Then, conditioning on the previous high probability event, since ¢ = é+u1XVT,
we can write

oy X0V, < 30V P
< |optyl|, + |@Piul, (1.165)
<], [P, lulle + | @], = O (V).
where the last step is a consequence of Lemma .14, and it holds with probability 1 —

2 exp (—02 log? n) By Lemma .8, we have that A, (XTX) = O(n) with probability at
least 1 — 2 exp (—czd). Conditioning on such high probability events, (1.165) gives

[T, =0 (). (1.166)

which provides the first part of the thesis, since it uniformly holds for every u (as we did not
condition on any event dependent on u itself). To conclude, since we have

Py=WVHTVT, (1.167)

op

we can use Lemma .16/ to write

v Btul, = vV R, < v

op n

]VUDALUH2 =0 ( d) , (1.168)

with probability at least 1 — 2 exp (—c4d) over V. Since again this result holds uniformly on
all |lul|, =1 and HP/\lPVHop = HPVPALHOP, the thesis readily follows. O
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Lemma 1.18. Let Assumptions|8.5 and 8.6 hold, and let n = o (p/ log* p), nlog®n = o <d3/2)

andn = w(d). Let Py € RP*P be the projector on the span of the d eigenvectors corresponding
to the d highest eigenvalues of ®' ®. Then, we have

[Pap(1)l, = Qv/D), (1.169)

with probability at least 1 — 2 exp (—clog2 n) over X and V', where c is an absolute constant.

Proof. Multiple applications of the triangle inequality yield

|Pag(@)ll, > le(@)ll, — || Pt
= (@), = ||P GuVar + @),
i L (1.170)
> lp@)lly = |PA V|, — | Pp)|
> [lp(@n)ly = ur | PAV] el = 120l
Let us condition on the results of Lemma |l.17| and Lemma .15l Then, we have that
le(a)lly, = le()ll, = (v/), (1.171)

and
[PV el = 0 (/2) Vi = o(y), (1.172)

which readily gives the thesis. O

=0 <\/Tlogn) , (1.173)

with probability at least 1 — 2 exp (—clog2 n) over X and V', where c is an absolute constant.

Lemma 1.19. We have that

Hév

Proof. Note that q~b is Lipschitz (since ¢ is Lipschitz by Assumption 8.6). During the proof, we
condition on the event || X|| ;= O (y/n), which is true with probability at least 1 —2exp (—cd)

by Lemma 1.8, and we use the shorthand v € R? to denote a random vector such that v/d v is
a standard Gaussian vector, i.e., it has the same distribution as the rows of V. This implies

n

Ev[ w2:O< d), (1.174)

o)) =0(vm). |

g~b(XU)Hz — B, {

X0,

and

E (Il =00, [l —Eu [l = 0 (ja) , (1175)

where both sub-Gaussian norms are meant on the probability space of v. Here, the very first
equation follows from the discussion in Lemma C.3 in Bombari et al.| [2022b|, and the upper
bounds on the sub-Gaussian norms follow from the Lipschitz concentration property of v/dv.
Then, there exists an absolute constant C such that we jointly have

|6 (xv), <avm il < Gy, (1.176)
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with probability at least 1 — 2 exp (—cad) over v.

Let £} be the indicator defined on the high probability event above with respect to the random
variable vy := V,; (the k-th row of V), i.e

By =1 (|luell, < Crand & (Xvp)|, < Crv/n) (1.177)

and we define £ € RP*P as the diagonal matrix containing Ej, in its k-th entry. Notice that
we have || — EJ|,, = 0 with probability at least 1 — 2pexp (—cad), and Ev [||I - E||0p} <

2p exp (—cad).

Thus, we have

o b1

< By {8, 11 = Elloy IV,

2 1/2 1/2
LI B (17 - B2

AN
=
<
KA

M~ 4 11/4 1/4 .1
<By ||8]L ] B (V1] @pexp -ty (178)

KA

M= pa]/4 1/4
<Ev ||8[,] " B [IVIE]" @pexp (~ca)”

— o(1),

where the last step holds because of our initial conditioning on X: the first two terms are the
sum of finite powers of sub-Gaussian random variables (the entries of ® and V), and thus (see
Proposition 2.5.2 in Vershynin| [2018]) the first two factors in the third line of the previous
equation will be O (p*) for some finite «, which gives the last line due to Assumption 8.7.

Exploiting the Hermite expansion of ¢ we can write

[Ev [c’ISVHij =p|E, [&(XU)UTHU ﬁE (6 (2 v) (¢] (Vav))] =0, (1.179)

where the last step holds since the first Hermite coefficient of g~b is 0. Thus, the application of
the triangle inequality to this last equation and (I.178) gives

|Ev [PEV] W< |Ev [&V] Wt |Ev [ (1 - E)V] ., = o), (1.180)
with probability at least 1 — 2 exp (—03 log? d) over X.
Let's now look at
OEV — Ry [PEV| = ij S(Xv) Exvy — By, [6(Xvi) By | = Z Wi, (1.181)
k=1

where we defined the shorthand W, = ¢(Xvy) Eyv) — E,, {&(Xvk)Ekvﬂ (1.181)) is the sum
of p i.i.d. mean-0 random matrices W, (in the probability space of 1), such that

N(Xvk)EkUI;r - ]Evk [(}<Xvk)Ekv;} Hop -

)Ekvl;rHop

= 25up ([[o(xX i), o, i) (1182)
<20V,
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because of (1.177). Then, by matrix Bernstein's inequality for rectangular matrices (see
Exercise 5.4.15 in Vershynin| [2018]), we have that

> t) (n+d)exp ( £/ > , (1.183)

Py (H&)EV —Ey [éEV}

o2 + 202 \/nt/3

where o2 is defined as

e ],

o2 — pmax <\ E., [W, W] Hp) . (1.184)

For every matrix A, we have E[(A - E[A]) (A—E[4])"| = E[AAT| — E[AJE[4]" =
E[AAT]. Thus,

E, Wiy ]|, <

[(} X’Uk Ekl)k UkEkgb X?Jk; }H
. [P0 sup (5 L)
By, [(X0)d(X01)T]

C2y -
- ey [

=0(1),

gOf\

(1.185)

op

op

where the last step is a direct consequence of Lemma ||l.13, and holds with probability at least
1 —2exp (—04 log? n) over X. For the other argument in the max in (l.184), we similarly

have .
[ [wiwi |, <]

Evk [UkEk&(Xvk>T$<Xvk)Ekvl;r} Hop

E,, {vkvﬂ sup (Ek quS(Xvk)HD

OoP oy

<|

. (1.186)

-o(3)

Then, plugging these last two equations in (1.183)) we get

Py (H(I)EV E, [2EV]| \/710gn> <

n exp | — (pn/d) log n/2 187
< (n+d)exp ( Co(pn/d) + 2012\/71_]?\/7%10%”/3) | |

< 2exp (—05 log? n) ,

where we used Assumption 8.7. Then, applying the triangle inequality and using (1.180) and

(1.187), we get
’ ¢ Osz(Ui?logn), (1.188)

with probability at least 1 — 2exp (—06 log? n) over X, V. To conclude, since £ = [ with
probability at least 1 — 2pexp (—cad), using Assumption 8.7 gives the desired result. O
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Lemma 1.20. We have that

VT Pe* (1.189)

_0 (ﬁl + ‘/mog?)d) ,
op n d3/?

with probability at least 1 — 2 exp (—clog2 n) over X and V', where c is an absolute constant.

Proof. Let ji* := Y7°; u?, where y; denotes the [-th Hermite coefficient of ¢, and let
E € R™" be the matrix defined as

bod
E:K—p<;ﬁd+ﬁ21>. (1.190)
Note that
_ _ XxT _
HEK 1H0p < ||K — Ey [K]|l,, ‘K 1Hop+ ‘Ev (K] —p (“%d +M2[> HK 1 .
op
= [Bv [K)"2 (5 — By [K) By (K] IBy (K]l |5
nlog®n 1
+0 (p B2 p)
n np 1 nlog®n
=0|(,/—1 1 — = _
(fyormer'y ) o (")
N nlog®n
=0 (dlog n ¥
nlog®n
=0 372 ’
(1.191)

where in the second line we used (1.75) and Ay (/) = Q(p), which holds by Lemma |.11; in the
third line we used Lemma .10, Apin (K) = Q(p) and ||Ev [K]|,, = O (np/d), which follows
from Weyl inequality applied to (I.70) and (1.76) (conditioning on ||.X||,, = O (v/n), given by
Lemma |I.8); in the fourth line we used p = 2(n?), and the last step holds due to Assumption

8.7. The full equation as a whole holds with probability at least 1 — 2 exp (—cl log? n) over
X and V.

By the Woodbury matrix identity (or Hua's identity), we have

XX -
K'= (p <uf y —|—/]2I> ~|—E>

xXxT N\ xXxXT N
=<ufp y +u2p1> —(u?p y +u2pl> EK™".

(1.192)

Then, since we have

-1
pXT (L XXT
P (#%Pd + pitpl

1 1
. = (XTX) “ <\/ﬁ> ’ (1193)



with probability at least 1 — 2exp (—02 log? n) over X due to Lemma 1.8, (1.192) allows us
to write

~1
pXT ([ XxT
y (K t— (ufp T ipl

—1
+ /12]9]) EK™!

pX T MngXT
d Wd

St

op op

372
(1.194)
where we used (1.191) and (1.193) in the last step, which then holds with probability at least
1—2exp <—03 log? n) over X and V. Notice that, with this same probability, the application
of the triangle inequality to (I.193) and (1.194), together with Assumption 8.7, gives

K—l

pXT
d

o(L). 19

Recalling that ® = ;;; XV T + ®, another triangle inequality yields

X7 ~ X'
VTq)TK—l - Hip K_l S HVT¢TK_1 4 " gVTV -7 LK_l
op op p op d op
n 1 d 1 )

=0 —logn—+/— —

( d "y N\ pn
logn
(Vi)
(1.196)

where the second line holds with probability at least 1 — 2exp (—04 log? n) over X and V'

because of Lemma |l.19, Theorem 4.6.1 in Vershynin| [2018] and (I.195)), and the last step is a
consequence of Assumption 8.7.

We now define gy € R™*"™ as the projector on the span of the eigenvectors associated with the
d largest eigenvalues of K. This implies PA®" = &gy, and therefore Pyd+ = dT K 1py.
Hence, we have

v, < 7], + [ o

*|

< VAar1(K) + Hq:)

—0(/p), (1197)

op op

where the last step is a consequence of Lemma||l.11 and Lemma |.14, and holds with probability
at least 1 —2exp (—05 log? n) over X and V. Then, conditioning on this high probability event

and on the event Ay, (VTV') = Q(p/d), which holds with probability at least 1 —2 exp (—cqd)
over V due to Lemma |l.8, we have

X7 ox

|V XTox o

1
< =0 (Vd). .198
P H1 \ )\min (VTV> ( ) ( )
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Thus, with probability at least 1 — 2 exp (—07 log? n) over X and V, we have

pupX '’

XT
HVTPAL(I)JF < K_IQX T lvTeTK ! - Hip K1 Hgk
op d op d op op
-1
1 pXT ) O. 4N
<= (ﬂ?p e e 20 B
op
-1
ppX [ o XXT i log 7
K — — 1
(e ( (ulp T |ox o 1O NG
op
~ ~1 nlog®n logn
op
B -1 Vvnlog®n
< H(MlXTX +jitdI /) H HXTQXHOP +0 <d3/2>
op
1 Vnlog®n
=0, Vi) +0 < B )
—0 (ﬁJr \/ﬁloggn> |
n 372

(1.199)
where the second step holds due to (1.196)), the third step due to (1.194), the fourth due to
Assumption 8.7, and the fifth due to Lemma 1.8 and (I.198). This, together with Assumption
8.7, provides the desired result. O

Lemma 1.21. Let Assumptions 8.5 and 8.6 hold, and let p = w(d) and logp = O(logn) =
O(logd). Let x ~ Px. Then, we have

with probability at least 1 — 2 exp (—clog2 n) over V', where c is an absolute constant.

(1.200)

plog? d)

E, [¢(z)3()"] 7

o~ O <log4n +

Proof. Let N be a positive natural number that will be defined later, and let @N € RV*P pe
a matrix containing ®(2;) in its i-th row, where every {2;}¥, is sampled independently from
Px. Importantly, Z; is different from z; (as they are defined as auxiliary random variables only

useful for the purposes of this proof), but (Z;) = ¢(V'%;) is defined with the same random
features V' in (8.2). Set

P d3/2
n' = min (L 1 J , L 3dJ> : N = p*n/, (1.201)
og p 0g

where n' is a positive integer (as p is large enough). Note that this definition guarantees that
the triple (n’, d, p) satisfies the scalings

n' =0 ( p4 ) , n'log®>n’ = O (d3/2> , (1.202)
log™ p

which provide the sufficient hypotheses to apply Lemma [.14 on a n’ x p block of @ .

Then, @y can be seen as the vertical stacking of p? matrices with size n’ x p. All these matrices
are independent copies of each other (in the probability space of the Z;-s), and each of these
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has operator norm O (\/]_3) by Lemma .14, with probability at least 1 — 2exp (—cl log? n’).
Thus, performing a union bound over these p? matrices, we get

=T ~ 9 Np 4 Nplog®d
’(I)N(I)N op:O(p p):O<n,>:O<N10g p+w y (|203)
with probability at least
1 —2p*exp (—cl log? n’) >1—2p’exp (—02 min (log2 p, log? d)) (1.204)

over V and {#;}Y,. Note that the rows of ®y are identically distributed and such that

sup (311, < [@(0)],+ Lsup [Vailly < [6(0)]|,+L |V gy sup 12:ll, = O (vB) (1205)

where we denote with 0 € R? a vector of zeros, L is the Lipschitz constant of (}5 and the last
step follows from the bound on [|V[[, given by Lemma .8, which holds with probability at
least 1 — 2 exp (—c3d) over V (high probability event over which we will condition until the
end of the proof). This readily gives, for some constant C},

12(2)lly,, = Crsup [[@(:)ll, = O (V) (1.206)

We remark that the sub-Gaussian norm in (1.206) is intended in the probability space of Z;,
and that the bound holds jointly for every i € [N]. Then, there exists a sufficiently small
absolute constant C5 such that C’Q@N/\/]_) is a matrix with independent sub-Gaussian rows,
with unit sub-Gaussian norm. Then, by Theorem 5.39 in Vershynin| [2012] (see their Remark
5.40 and Equation (5.25)), we have that

~T ~
2 |65 d o P
P B pwe@]| =0 () (1:207)
op
with probability at least 1 — 2exp (—cyp) over {#;} V.
Then, we have
&)Ti) Hé;&)]\[
N (AT NPN N (NT op
B [pp@]], < |22 -k, [ppe]| + e
op

B [P s, plog’d
_O(p N)+O<log P+ B )
log* p log® d 4 plog®d

log® d
:O<log4p+pd§’2>,

(1.208)

where the first step follows from the triangle inequality, the second step is a consequence of
(1.207) and (1.203), and the third step is a consequence of (1.201). Taking the intersection
between the high probability events in (1.203) and (1.207), we have

’ plog® d)

E, [¢(x)p(x)"] (1.209)

o 4
o @) (log n + P
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with probability at least 1 — 2p? exp (—05 min <1og2 p, log? d)) >1—2exp (—06 log? n) over
{#;}X, and V. Note that the LHS of the previous equation does not depend on {Z;}X,,
which were introduced as auxiliary random variables. Thus, the high probability bound holds
restricted to the probability space of V', and the desired result follows. O

Lemma 1.22. Let Assumptions 8.5 and 8.6 hold, and let n = o (p/ log* p), nlog®n =o (d3/2),
n = w(d) and logn = O(logp). Then, we have

E,

(ﬂﬁe*)z} —o(1), (1.210)
with probability at least 1 — 2 exp (—clog2 n) over X and V', where c is an absolute constant.

Proof. First, we can upper bound the LHS of (1.210) as

E, [(@(I)TQ*)Q} < 23E,

(«"V7e) ] 1 2F, [( (2)70") ] (1.211)
We bound the two terms separately. Since z is distributed according to Py, it is sub-

Gaussian with |[z|,,, = O (1). Then, we can bound its second moment (see Vershynin| [2018],
Proposition 2.5.2) as

E, [(xTvTe*)Q] <c|ve

c<cviet|l viz=o0 (711 n> —0(1), (1212)

where the third step holds with probability at least 1 — 2exp (—cl log? n) over X and V
because of Lemma |.16. Next, we bound the second term of (I.211) as

E. |(¢(2)70°)] = (07 E. [p@)p(@)]
<|E 1613

[xx

]Ex ‘q)+ |Y||2

1
({2284 1)

nlog*n  nlog®d
:O< D + d3/2 :0(1),

1.,
)o@, (1.213)
pl

where the fourth line holds because of Lemmas |.21] and [.11 with probability at least 1 —
2 exp (—02 log? n) over X and V. The last line provides the desired result. O]
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APPENDIX

Appendix for Chapter 9

J.1 Proofs on differential privacy

The notion of zCDP can be converted to (g, 0)-DP, which in turn is defined below.

Definition J.1 ((¢,6)-DP [Dwork et al., [2006]). A randomized algorithm A satisfies (£, 0)-
differential privacy if for any pair of adjacent datasets D,D’, and for any subset of the
parameters space S C RY, we have

P(A(D) € S) < &P (A(D') € S) + 4. (J.1)

For completeness, we also provide the following definition.

Definition J.2 (Rényi DP [Mironov, 2017]). Given a@ € (1,+00) and ¢ > 0, an al-
gorithm A satisfies («,e) Rényi DP if for any pair of adjacent datasets D,D’ we have
D, (A(D) || A(D")) < ¢, where D, (A(D) | A(D")) is the Rényi Divergence [Rényi, |1961]
between the probability distributions induced by the randomness of A, i.e.,

Da (A(D) || A(D)) = ailm / (%) Do (0)d6. (J.2)

Note that Definitions 9.1 and |J.2 imply that an algorithm is p-zCDP if, for any a > 1, it is

also (a, par) Rényi DP. The following proposition allows to translate Rényi DP and zCDP to
(¢,6)-DP.

Proposition J.3 (Proposition 1.3 in |Bun and Steinke| [2016]). If A satisfies p*/2-zCDP, it
also satisfies (p2/2 + py/21n(1/9), 6) -DP, for any § € (0,1).

Then, if we consider § such that p < {/In(1/0), we achieve (g, 0)-DP if we have

p?/2 4+ py/21In(1/6) < 2py/In(1/6) < e, (J.3)

which means that for algorithms respecting p?/2-zCDP, we can replace 2p by £/4/In(1/6) in
the error bounds to evaluate the cost of privacy in terms of (g,4)-DP.
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J.1.1 Proof of Proposition 9.2

Let us define the family of functions ¢}, ¢, (-) : R — R, for all & € [n], such that ¢, ¢, (0) = 0,
and

Cr,c (2) = zmin (1, Cc"") : (J.4)

|2 |l

In words, /i ¢, (2) is a quadratic function, but linearized for sufficiently large values of |z|,
such that it is Cgip/ ||zk||,-Lipschitz. Then, we have

Car
gy = g min (1, o )
gkl

. C'ci
= Tk (fﬂ;ekfl - yk) min (17 T - ) (JS)

il [ 0 — i

= xkfﬁg’cdip ($29k—1 — yk)
= Volr.cy, (93;91@—1 - yk) ;

where the first step follows from the definition of g, in Algorithm 9.1. Furthermore, for any
0,0 € R, we have

[Vt can (w0 = ) = Vil (28— )]

= Nklly [Ch e, (20 = vk) = by, (216" — )|
< lally 2 (0 -6
< Jlaxll3 16 = 6],

where the second step follows from the fact that Eﬁﬂycdip(z) is a 1-Lipschitz function. Let us
now define

b le) =i (12 ) b 2) (07)

k][5 7t

Then, we have that every iteration of Algorithm 9.1 takes the form
O = 01 — nkvazk,Cc“p (kaekfl — Y) + 2Caipoiby, (J.8)

where Zk,cc“p(:c;e — yx) is Cuip-Lipschitz with respect to 6, and it is 2/n,-smooth, i.e.,
Y T V. Tt 2 /
[obkcuy (@6 = 1) = Volicuy (07 = p0)], < 216 =0l (J.9)

due to (J.6) and (J.7). Thus, the desired result follows from Theorem 3.1 in |Feldman et al.
[2020], after setting their batch sizes { By} identically equal to 1, and their projection set K
equal to all RY. O
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J.2  Auxiliary lemmas on () and v.(0)

Lemma J.4. Let Assumption 9.3 hold, and let yi.(0) and v.(6) be defined according to (9.14).
Then, we have

11(0) = erf (2 ;(9)) , (J.10)

C2

ve(0) = S0 (1 —erf (W)) + F ( 273(0)) : (J.11)

where

2 [ 1 z 2
erf(z) = ﬁ/o e~ dt, F(z) = Ner /_z e 2dt = erf <\j§> —\/;26_22/2. (J.12)
In particular, 11.(0) and v.(0) depend only on ¢ and the test risk P(0) via the ratio c¢/\/2P(0).

Proof. Recall that

r(0,x,y) =x'0 —y, re(0,z,y) = r(0, z,y) min (1, W%?J”) , (J.13)
o Ealn@oall, o By 6.0, 014

By (0,2, 9) 2], Eay [r(0,2,9)%]

Until the end of the proof, we will use the notation clip.(-) : R — R to denote the function
such that

clip.(a) = amin (1, ’c|> : (J.15)
a
In particular, r.(0, z,y) = clip, (r(0, z,v)).
Let us look at the first entry of the vector E, , [1.(0, z,y) x],
E,., [rc(ﬁ, x,y)xTel} =1IE,, ,, [clip.(p1)p2], (J.16)

where the second step introduced p; and ps, defined as two mean-0 Gaussian random variables,
such that

2
Var(pr) = 526 —67)[) + ¢ Var(p) =%n,  Cov(py, pa) = e[ (6 — 6°).
(J.17)
Then, we have
: Cov(p1, p2) .
Ep1 02 [clip(p1)p2] = W;;Em [clip.(p1)p1]
Cov(p1, p , R

= ME;& [C“Pc( Var(p1) )P} (J.18)

f

Var(p;
el $(0 —

_7*) 2l D)
=~ E, [d P 273(9)0)0},

e
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where we used P(0) = R(6) + (/2 = Var(p;)/2 and we introduced the standard Gaussian
random variable p. As this argument holds for any component of the vector E, , [r.(0, z,y) z],
plugging the equation above in (J.16) gives

(0. 136 = o Ty )

Bz brel®, ) all, = == o E; |cip. (2P (0)7)) o
o ||Ex,y[ (07 7y) ]H2 H Y, -
- e DR, [din (/2P0

where in the second step we used that E, , [r(6, z,y) ] = (6 — 6*). Then, we also have

B, [dlip,(1/2P(0)p)7]
pe(6) = 0 : (J.20)

Defining the shorthand ¢/(6) = ¢//2P(0), the numerator of the expression above yields

2P(0) <) R 2
©) pre P 2dp + <

/ " pe 2y
&
V2m J=c(0) V2w Je(6) P P
0 O ey 2c 2
+/ e PPy | — — e/
—c/(0) —c/(6) P \ 27

- <_20’<0)e—0’<9>2/2+ 0 e-ﬁ2/2df)> + 2_; e~ O/
e T

E; [clip.(y/2P(0)7)p] =

+oo
c'(0)

(J.21)
which, plugged in (J.20), gives the first part of the thesis.

For the second part of the thesis, following the same argument we used to write (J.20), we
have

E; [clip.(1/2P(0)5)?]

0) = .22
ve(6) STl — (122)
where, as before, p denotes a standard Gaussian random variable. Then, we have
_ 2¢ (0) oo
. A2 b /2d i A p /2dA
V \/ 27T [c vV 271'
Pe P 2dp + 1— —/ e 7124}
T Vor /_ pt el < Tom p (J.23)
2
= — erf d(0)),
2P(0) ( (QV ))
which concludes the proof. O
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Figure J.1: The functions pu.(R), pe(R)/c, ve(R), ve(R)/c, plotted as a function of ¢ =

¢/\/2R + (2.

Lemma J.5. Let Assumption 9.3 hold, and let u.(R) and v.(R) be defined according to

(9.14), where R denotes a generic value of the test risk, since .(0) and v.(0) depend only on

¢ and the test risk P(0) due to Lemma J.4. Then, for any ¢ > 0, we have that

p(R)WVIRFC \F (e vo(R)(2R + ¢?)
c ﬂ_? =V Y

> <1, (J.24)

cu(c,¢) <

) <

where c,,(c, () and ¢, (c, () denote two positive constants which depend on the values of ¢ and
¢ and are monotonously decreasing in c.

We also have that, as ¢/¢ — 0,

n(R)WV2R+C 2 ve(R) (2R + ¢?
Furthermore, we have
v (R)2R+¢*) 1 _ c
> —, f—— <1,
ve(R) > L i > 1 |
¢ 2’ V2R+(2 7

Proof. Note that, introducing the notation

d = NoEae < o (J.27)
we have that
pe(R) = erf (c'/\/i) <1, (J.28)
and
ve(R) = (¢)? (1 —erf (¢/V2)) + F() < 1, (J.29)

where the last inequalities can be verified directly via the definitions in (9.14). Furthermore, we
have that both yu.(R) and v.(R) are increasing functions of ¢/, equal to 0 when ¢ = 0. This
follows from the definition for u.(R), and can be promptly verified for v.(R) via derivation.

We further have that, for ¢/ > 0,

VIS 1y \/z | (J.30)

c c
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and

ve(R) (2R + ¢?) : ()

> = (1—erf (¢/v2)) + p <L (J.31)

where both the LHSs are decreasing functions of ¢/, going to 0 for ¢’ — +oc (this can be

seen via explicit derivation with respect to ¢/, and via the identity 0 > [ —2t2e Pdt =
22 z _—t2 . .. . . ..

ze”* — [y e " dt), and where the last inequalities can be verified computing the limit for

c — 0% via I'Hépital rule, which gives

ne(R)V2R+ \F
c T’

lim v.(R) (2R + ¢?)

&0+ c?

~ 1. (J.32)

lim
/=0t

Note that, as R > 0, the above limit is achieved when ¢/ — 0. Then, due to the inequality
in (J.27), the first and second part of the thesis follow.

2
ve(R) =1— ,/% ~ 0.516. (J.33)

Thus, the third and fourth part of the thesis follow from the monotonicity of v.(R)/c¢ and
ve(R). O

Note that, for ¢ = 1, we have

J.3 Proofs for Section 9.4

We will use the notation || Z||,, = inf{t > 0: Eexp(|Z|P/t?) <2} to denote the Orlicz norm
of a random variable Z for any p > 1. We denote the inner product between two vectors
a and b as {(a,b) = a'b (with notation applicable to matrices (aa', A) = a' Aa). Given
two real-valued quantities a, b, we denote by a A b = min(a,b). Given a quadratic functions
q : R? — C we define its || - ||c2 norm such that |lq]lcz = [|VZqllop + [[Vq(0)]]2 + |g(0)].
Furthermore, we will denote with -, the ratio d/n for a fixed value of n.

We start by proving a general result about homogenized DP-GD, informally defined in Remark
9.7 and formally defined below.

Definition J.6 (Homogenized DP-GD). For any t € [0, 1), we define homogenized DP-GD
(H-DP-GD) as the solution of the SDE

n

dO; = —20)(t) 1e(O:) VP (O,)dt + ﬁ(t)\/

n

where ©y = 0y = 0, B and B} are two independent standard Brownian motions in R,
n(t) = min(7(t),2n/d), and 5(t) is such that p*6*(t) = —dn*(t)/dt.

Theorem |J.7| below shows that DP-GD is close to H-DP-GD over the class of quadratic
functions (), given by

Q={¢:R* = C st.ql)=v"R(z;%)v/2, with z¢€Q}, (J.35)
where R(z;3) = (X — 2I)~! is the resolvent matrix of ¥ and Q := {w € C : |w| = 2||X|[op}-
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Theorem J.7. Let Assumptions 9.3 and 9.4 hold. Let p = ©O(1), n,d — oo s.t. d/n — v €
(0,00). Denote by ©, and 0y, independent realizations of H-DP-GD (as per Definition J.6)
and Algorithm 9.1. Then, with overwhelming probability, we have

sup 9(61 = 67) = q(Bn) — 6)

tel0,1

~0 (105;”> , (J.36)

uniformly for all functions q € Q).

Proof. Consider the notation uy = 6, — 0*. We have the following update rule for k € [n]:
Up = Up—1 — NG + 20\/80kbk, (J37)

where we recall that

B . 2 B . Vd
nkzmm(nk, ) gkzgkmm( c ) g = (lansug) — =) 2. (J38)

1. ———
[kl gl

Let ¢ : R — R be a generic quadratic function. Then, using a Taylor expansion, the update
rule for q(ug) reads

q(urs1) = q(ur) = 1,95 Va(ug) + 2cVdorb] V(uy,) (J.39)

1 _
+ 3 tr ((20\/Eakbk — nkgk)®2v2q(uk)> .

Defining the o-algebra F := o({u;}%_,) generated by the iterates of DP-GD in (J.39), we
write the Doob's decomposition of the above process:

) — ) = =" () (S, Vo) (J.40)
4 7_72(2’“/ n)yc(uk)P(uk):l tr(EV2g(uy)) + ifgc%(k/ny 6r(V2q(ug))

+ AME(q) + AME(q) + E[AE](q) | Fi]
+ MY (q) + E[AEN™(q) | F] + E[AE®(q) | Fil,

where we recall the notation 7(k/n) = min (7(k/n),2/v,), m = n(k/n)/n, and where we
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introduced the shorthands

AME™(q) == —7i(Gr Valur)) + Tppre(ur) (Sug, Va(ug)) (J.41)
AM(q) = {180 V2am) — 5 B, | Fel, Palu)
BIAEL*(q) | il = 5 (B0.9)° | 7, Vq(wm)

- ngkyc(lbk)P(Uk)TlL tr(XV2q(ur))

| 1 d
AMZIOISe(Q) — 2C\/30'k<bk7 VQ(Uk>> + <20\/;0'kbkn77kg;—7 V2Q(Uk)>

2y/n
+ 62i<(260'kbk>®2, V2q(ug)) — 2dc (o314, Viq(ug))
E[AENS(q) | Fi] = 2dc2<(a,3 - nlg&(k;/n)2> L0 V2q(ug)),

miaed (o) 73] = (M0 ) on) (2, V)

—2 - 2
m,  n(k/n)
* ( 2 2n?

) Ve(ug)Pug) tr(BV3q(ug)).

We note that the first three terms are in common with the analysis in Marshall et al.| [2025],

while the last three are the result of the private noise and the adaptive learning rate step in
Algorithm 9.1.

In a similar way, we introduce the shorthand V; = ©; — 6* such that Vj = ug. Using Itd’s
formula on (9.22), for any quadratic function ¢, we have that

Ag(Ve) = — A(t)e(Vo) SV, Va(V)hot + 7200 (VP (VD) (SV2(Vi))

d (J.42)
+2 5% (1) tr (V2q(Vy)) dt + dMp+PPeP,
where we introduced the shorthand
2n(t)2 »
dM?_DP_GD — <VQ(‘/t>7\/ U(t) VC(it)P(@t) + 4752025'(t)2]dd3t>, (J43)

with B; being a d-dimensional standard Brownian motion.

Let M be a positive constant that will be fixed later. The dynamic is first controlled up to
the stopping time

T :=1inf{k : [uglls > M U [tn] : [|Vi]s > M}. (J.44)

Then, we will denote the stopped processes uj, = ugsr and V;" = Vix(;/n), which will be the
objects we will compare in the following arguments. This stopping time is introduced for
technical reasons, and we will later show that 7 > n.

Taking the difference between (J.40) and (J.42), and following the same argument in Lemma 1
in [Marshall et al.| [2025], we get that there exists an absolute constants C = C(||X]|op, ¢, 1),
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such that

ds

sup |g(ufy) — a(Vy)
0<t<1

1
< 01/ sup \q(UIan) —q(Vy)
0 ¢eQ

0<t<(IA(r/n)) \ k=1 k=1 k=1

Ltn] [tn] _ [tn]
+ sup (\ S E[AE(q) | Fill + | D EIAEY™(q) | Fll +| Y E[AE™(q) | Fi] \)

+ sup (IMTH(Q]+ IMEES ()] + IMIEE(g)] + IMEPPP(g)]) + O(d ),

0<t<(1A(T/n))

(J.45)

where we introduced the notation M (q) = YF_; AM;(q) and M{-PPCP(q) = [FdMH-DP-CD (),
The last term follows from transitioning (J.40) to continuous times, which involves an addi-
tional discretization error of O(d™!) (see also Section A.3 in |Collins-Woodfin et al.| [2024a]
for more details). Importantly, differently from Lemma 1 in Marshall et al.| [2025], we miss

a term proportional to (R(@S) + R(9Lan))_1/Z in (J.45). This is possible since, as ¢ > 0,

both 1.(0) and v.(0)P(0) are Lipschitz with respect to R(#) with constant-order Lipschitz
constant due to Lemma J.5| strengthening the condition in their Assumption 5.

Denoting with M the sum of the last two lines in (J.45), by Lemma 2 in Marshall et al. [2025]
(for |MER (@), IMIER(@)] and | S EIAEL(q) | Fi]]), Lemma .8 (for [MU55(q)
and |Z£@{E[A8§'°ise(q) | F&]]), Lemma J.9 (for |[MPPP-CD(g)|), and Lemma J.11 (for

|./\/lf:§Jp(q)|) there are two constants Cs(||2||op, 7, M, ¢,7) and Cs(||X||op, 7, M, ¢) > 0 such
that

M < Cyn~Y? (log2 n+ Cg) , (J.46)
with probability at least 1 — e~ log’n,

Then, following Lemma 3 in Marshall et al.| [2025], we can define a set Q C @ with
Q| < Cyu(]|Z]|op)d*, such that, for all ¢ € Q, there exists a g € () that satisfies ||¢—ql|c2 < d™2.
Then, taking the union bound over this set yields

1
sup sup lg(ul,y) — (V)| < C1 [ sup laul,,y) — a(Vy)
qeQ 0<t<1 0 e

ds+ M + Csd™2,  (J.47)

with probability at least 1 — Cyd*e™ log”n  Thuys, with this same probability, the application of
Gronwall's inequality gives

1 2
< (M + Csd ) exp (C1) = O ( O%") , (J.48)
where the last step hides a dependence on M (see (J.44)). Then, we are left to show that
7 > n for M chosen to be a constant independent of d and n. This follows the same approach
as in Lemma 4 in Marshall et al |[2025], which is here formalized in Lemma J.10. In particular,
in Lemma J.10, we show that there exists a constant Cs(||X||op, ¢,77) > 0, such that for any
> 0, with probability at least 1—2e¢~"*/2, it holds that SUP;eo,1) 1) 1> < g ||2eCo(1+d™H%r)
and sup, (o1 | Vi[|* < |[Vol[2eCe(+4™ 1) Thus, M can be chosen as a constant independent
from d and n, such that 7 > n with overwhelming probability, and the thesis follows. O

sup sup [g(u;,) — a(Vy)
qeQ 0<t<1

Proof of Remark 9.7. The result follows the same proof of Theorem J.7, but considering
2
g(6 — 6%) = |S1/2(6 — 6%)|| /2. While this function is not included in @, it is still such that

lgllc= = O(1), allowing the same argument to go through. Alternatively, it can be recovered
by the Cauchy integral formula taking ;= 4, zq(-)dz (see, e.g., (J.77)). O
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J.3.1 Technical lemmas for Theorem |J.7

In this section, we present the statements and proofs of the technical lemmas used in the
proof of Theorem J.7. All notation is defined as needed throughout, and Assumptions 9.3
and 9.4/ are assumed to hold unless otherwise specified. For notational simplicity, we use the
shorthand || - || to denote the Frobenius norm for matrices.

Lemma J.8. For any quadratic q € () such that ||q||c2 < 1, it holds that

[tn] 2y
Z E[AEY™(q) | Fi]| < 5=Cha,  as. (J.49)
p*n

where C, 5 denotes the upper bound on the absolute value of the second derivative of 7*(t).
In addition, there is a constant C' = C(c,~, p, M) > 0, such that, for any y € [1,n],

sup | Me=(q)] < Cn 2y, (J.50)

1<k<(nAT)

with probability at least 1 — e~ Y.

Proof. Recall the definition in (J.41)

oise 1 d = —
AM™(q) = 2cV/doy by, Va(ur)) + MQC\/;Uknnkg;—VQQ(uk)bk (J51)
+ 2dc*o} tr((by)¥2V2q(ur)) — 2dcPoi tr(V3q(ug)).

Then, for any £ < 7, we rewrite the martingale as a combination of the following three terms

1
AM(q) = —75 (b, Apy + Apz) + — (652 - 1) , (J.52)

n3/2

where we introduced the shorthands

d
Agq1 = 20n3/2\/aaqu(uk), Ao = cnfaknﬁkvzq(uk)§k, Cy = 2dn*coiV3q(ug).

n
(J.53)
We will separately bound the contribution of each term in terms of its Orlicz norm. Let
us start with the second term, and consider ¢ € (). This is a quadratic function of the
iterates; its Hessian, therefore, does not depend on the iterates and explicitly on k. In addition,
we have that sup,.q ||R(2;2)|lop < 2. Since by ~ N(0,1;) and independent, using the

Hanson-Wright inequality (Theorem 6.2.1 in |Vershynin [2018]) we have that, for some ¢ > 0
and K = maX;e(d] ||bk+1,i||w21

P(lt ((bg” ])C’)>t><2e i o tn”
— I — X —Cc1min
2 kT ) R =)= SO KAl K2[[Crllop

t2 4
< 2exp (—c’ min (;,tn2>> ,

for some ¢ > 0 independent of k, d, n. To justify the last passage, note that, by the structure
of the noise,

1
p*n?

d N 2
2 7077,17

- p2n3

o < 5 l0(k/n)* = a((k +1)/n)*

k k+1
2n3 [n n ]
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as ’%fyz(x)’ < C,,1 for some (), ; due to Assumption 9.4. Using the above bound, we

obtain that ||Cy|lep < 2dn?c?a||qllcz < 8¢%/p*Ch 1, and similarly [|Cy|| < 8Vdc?/p?Cy 1.
We, therefore, have that || (b5 — I4, C) ||y, < Cn™!, for some constant C(p, ¢, Cy1) > 0.

For the first term, by Eq. (89) in Marshall et al.| [2025], the norm of ¢ is bounded for the
stopped process uj, as follows:

IVa()ll < IV qllopllull + 1Va(O)]| < llgllc=(1 + flull) < C(1+ M). (J.54)

Hence, we have that || Ay || < 2n%2cy/no.C(1 + M) < 4v/dey/Cyy1 /7C(1 + M) /p, which
implies that

C
b, A < — J.55
’ 3/2<k7 k1) " (J.55)
with C' = C(M, p, v, Cy1,¢) > 0. Then, we have
1 1 .
373 (bn Av2)| < —seny/Tuowii(h/n) |(be, Va(u)gr)| (.56)
261/0 1
< n\/v_:p ‘<bk;VQQ(Uk>xk+1>(<xk+1»Uk> +Zk+1)‘~

C for some C' > 0 that depends on ||X||,p. Finally, we note that ||(xji1, ug)ly, < C(1+ M),
and ||zg||y, < CC for any k < 7. Combining the above, we obtain that there is a constant
C =C(c,Cha, psYns M, ¢) > 0 such that

Gy = inf{t > 0: Elexp(JAMY ()| /1) | Fra] <2} < Cn" (J.57)

Due to (J.54) and Assumptions 9.3/and 9.4, we have || (b, V2q(ug) k1) v, < Cllbk s |2ar1 g <

We then apply Lemma 5 in [Marshall et al.| [2025] for some absolute constant C' > 0 for all
t>0:

. t t2
P M*e(q) — EMG*(q)| >t | < 2exp | —mi
(1, Pt B2 ) <2 (ol )

(J.58)

< 2exp (—Cn min{t,t2}> .

As we assume that 7 is proportional to d and noting that EM}°*¢(¢) = 0 by definition, we
then have that, for any y € [1,n],

sup  |MN==(g)| < Cn~ 2y, (J.59)

1<k<(nAT)
with probability at least 1 — e~ ¥ for any y € [1,n].

Next, we bound the error due to the discretization:

|tn] _ |tn] 1
S E[AEN™(q) | Fil| < 2dc* Y |oF — —6(k/n)?| - |tx(V2q(w))]
k=1 k=1
2d%||q| 2 5 A 1
< 2R S ik =k + 1)) = o/
2HqH o LR
< N
- p2n2 kzzzlmaxxe(n kj; ) dmgn(x> )




where we use the definition of the noise function as the derivative of the learning rate

p*6(x)? = —L7*(x) at any point z € [0,1). Then, as |%7~72($)| < ()2 for some constant
(2, the desired result follows. O

Lemma J.9. Denote by M} °P°P™ the H-DP-GD martingale in which the stopping time is
imposed. There is a constant C' = C(c, Cyy1, Y, ||X|lop, M) > 0, such that for any quadratic
q € Q with ||g|lc2 < 1, and for any y € [1,n], we have

sup |MEIPPCPT (o) < On 3y, (J.60)
0<t<1

with probability at least 1 — e~ Y.

Proof. To bound the martingale error from H-DP-GD under some general statistic ¢ € @,
differently from the argument to obtain Eq. (72) in Lemma 2 in Marshall et al.| [2025], we
need to control the additional term due to the additive noise in Algorithm 9.1.

Using 1t6’s formula for any quadratic function ¢:

da(Vi) = = 7(t).(©) V() VeVt + () (©)P(80), tr (SV%g) dr

d . _DP-
+2 555 (1) tr (V?q) dt + dM-OP-P, (J.61)

Qﬁ(t)ch(@t)P(G)t)Z

n

d .
dMi—LDP-GD - (Vq(l/}),\/ + 4ﬁ020’(t)21d dB;),

with B; being a standard d dimensional Brownian motion. The quadratic variation of the
martingale is then bounded a.s.

Ct d _
(M@ < <+ GUT S0+ M),
for some constant C' = C(||X||op, M, Cy 1, ¢,7n) > 0, where we used Assumption 9.4 which
gives |p?5(t)| = |$7%(t)| < C,1. The claim is then proved by an application of Gaussian
concentration inequalities as in Section B.6 in Marshall et al.| [2025]. [

Lemma J.10. For any r > 0, with probability at least 1 — 2¢~""/2, we jointly have

—-1/2, -1/2,
sup [|V[|* < [[Vo[fPe“tH ), sup [y [|* < fug||?eCUF. (J.62)
tef0,1) te[0,1)

Proof. The proof follows a path similar to the one of Lemma 4 in Marshall et al.| [2025]. In
particular, consider the function ¢(V;) = log(1 + ||V4]|?). Then, by application of [t&’s Lemma
to (9.22),

:U’c(@t)
1+ [[Vi]|?
ve(©)P(O) 1
(L4 [IVell?)* n

d
2—c253(t
+ nca()

dp(Vy) = —n(t) VP(6)' Vidt

+27%(t) tr (S(L(1+ [Vil?) - Vi@ Vi) dt - (J.63)

1
L e T M)
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with

dM.(p) = MW(%, ¢ 2"(t)2”0(2t)73(@t)2 + 4$c26(t)21dd3t>. (J.64)

The drift terms and the quadratic variation terms can be bounded by some C(c, ||X||op, ¢ Yns M).
The quadratic variation of the martingale term is bounded as (M), < % We then have, by
Gaussian concentration,

P <0s<gp1 (V) = C(1+ r/m) <, (J.65)

which proves the first part of the claim. The bound on sup,c(o ;) [|[u[n[|* follows the same
strategy as the argument following Lemma 4 in [Marshall et al.| [2025]. H

Lemma J.11. For any quadratic g € Q such that ||q||c2 < 1,

sup | S E[AET®(q) | Fi]| < Cn 7 log?n, (J.66)

1<k<(nAT) =1

with probability at least 1 — e=¢log”d,

Proof. Recall that

iaes ) | 7] = (W - 1) ) S Vi) (167
(2= 2O P (5 ()

and ||ug||3 < M by the definition of 7. Thus, this implies

e () (Sur, Va(u))| = O(1),  |ve(u) Plu) r(EVq(wr))| = O(d). (J.68)

First, notice that

L)y (1D, 2)

n n d

n<7~7(k/d) 2 > (J.69)

2
no |zl

which implies

2
n(k/d 1 1 2|||zelly —d
nk/d) g §2|— 5| = [ H: - ] (J.70)
n d |zl d ||zl
Similarly, it can be shown that
latk/d)? | 2|lwklls = d| (lzl; + d)
2] n d? ||zl
Hanson-Wright inequality gives
P ([llzel; — d| > Vdlogd) < 2exp (—c; logd), (J.72)
which is sufficient to show that, with probability 1 — 2 exp (—cl log? d),
E[AES(q) | Fil| = O [ 284 173
EAE () | Fil| =0 25 ) - (J.73)
which yields the thesis after performing a union bound over k € [n]. O
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J.3.2 Proof of Theorem 9.6
Consider (J.61), which reads

da(Vi) =~ 10 (O)VP(O) Va(Vi)dt + 7 (1)0.(0)P(8))- tr (SV%q) -
+ 252352@) tr (V2g) dt + dMFPPEP(g), |

where we recall the notation V; = ©, — 0%, and q(V;) = V,(¥ — 21)7'V;/2, and where in

Lemma J.9 we showed that supy,.; | Jy MPPPCP(g)dr| < C'n~2y with probability at least
1 —e7Y. Then, we have

4a(Vi) =~ H(ORLOVTS(D — 1) Vidt + (D (O)P(O,)  tr (S(x — =) )

d . . op.
2578t (2= 20)7") dt + dMIPPEP(g),

(J.75)
which, using the identity X(X — zI)™! = I 4+ 2(X — zI)™", can be written as
n = tr (B(2 — z1) !
dq(V;) = — () 1e(©) (H‘/tH; + zq(‘/;)) dt + 2 (H)ve(0)P(O)7n (3( - ) )dt
-1
+202&2(t>73;tr((2 dzj) )dt+dM?‘DP‘GD(q).
(J.76)
Notice that
19 Vt,wz ) i g

where the last two equations follow from Cauchy integral formula. Then, we can define the

following (deterministic) integro-differential equation after removing the martingale term from
(J.61):

da(=,1) = — (e (% f z@(z,w) (2§ a0+ =a(0) ) o

( ) ( 7{ 2q(z,t) >7n (E(E; ZI)_I)dt

(J.78)
where all differentials are taken with respect to time. (J.78) is defined for z € €2, ¢t € [0, 1],
and is such that §(z,0) = q(Vo) = 0*T (X — 21)~'6*/2.

Using the same argument as in the proof of Theorem |J.7 based on Gronwall's inequality,
relying on ¢ > 0 which makes both p.(0) and v.(0)P(6) Lipschitz with respect to R () with
constant-order Lipschitz constant, and since the length of €2 is bounded, we have

s [R(©) - 7(0)] = 0 (ﬁ;) , (3.79)

with overwhelming probability, where we have introduce the shorthand R(t) = .= §, 24(z, t).
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Then, due to Lemma 4.1 in |Collins-Woodfin et al.|[2024a], we have that the unique solution
of (J.78) is

Z i (J.80)

where D;(t) is defined according to (9.15). Multiplying both sides by z, integrating it over
and using Cauchy formula, together with Theorem |J.7, gives the first desired result, i.e.,

&\»—‘

sup [R(0)) — R(t)| = O <1Og ”) (J.81)

te 0 1)
with overwhelming probability.
To prove the same inequality in expectation, define the event £ such that
log?n
e

By (J.81), there exists a constant C; such that P(€) < 2e~¢112"d_ Then

A= sup [R(0)m)) — R(t)] > C

te[0,1)

(J.82)

s [E[R(0m))] - R(1)| < sup B [RO)) — R[] < 01105_” LE[AL]. (J.83)
Notice that
A < sup ‘R ettnj)‘ + Oy < C4 (1 + sup HUWJH ) (J.84)
te[0,1) te[0,1)

since R(t) exists in ¢ € [0,1] and does not depend on d and n, and since |3, = O(1).
Thus, Cauchy-Schwartz inequality yields

E[Ale]® <E[A? P(£) < 2C;e ' (1 +E [ sup |[utp | D (J.85)

te(0,1)

By Lemma J.10, we have that for any r > 0, Z = sup,c(y HUWJH g ||2eC+(1+d=1/2r)

—r2/2

with probability at least 1 — 2e . This bound implies that 2log Z has a dimension free

sub-Gaussian tail, which in turn implies that E[¢?!°¢Z] = E {Supte[o,l) H“LntJ Hﬂ = O(1), giving
1

E[AL]2 < Gyt — O () . (J.86)
n

Merging in (J.83) gives the desired result. O

J.3.3 Proof of Proposition 9.8

Due to the update rule in Algorithm 9.1, we have

2

2R(0,) = |[£V2 (6, — 0)

2
2
= HEl/Q (en—l - ﬁngn _|_ 2CC“PO-TLbn — 9*) )

(.87)

=[5 00+ 2t [

— 20,08 = (01 — 0%) — 471,,9,, SClip0nby-

2
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By Assumptions 9.3/ and 9.4, and due to the definition of g,,, we have

d 1
/2 < IS 15| 3.1, = O (*f) ~0 <> . )88
1520, < 1511057 1] 1l - 7 (J.88)

Theorem 3.1.1 in Vershynin| [2018] also guarantees that ||, |, = O(v/d + u) with probability
at least 1 — 2exp (—cluz), for some absolute constant ¢; > 0. Thus, with this probability, we
have

’4nngn YCiponby, ‘ = ’4nngn EC’d,p p

—o(Lvavaliiw)=o (;fj;),
(J.89)

0 (H VR | “) . (J.90)

which gives

’27%(9”) |22 (s = 07 + 2Ciip0, 52, )] = 7 :

Similarly, we have

[£172 (Bar = 0° + 2Caipoubi) [ = |52 (Bams — )
+4Cip0n bt 2 (0,1 — 07) .

'+ |

(J.91)

However, since b, is a standard Gaussian vector, we have that, with probability at least
1 — 2exp (—cou?),

‘4Cclip0nb;1rz (01 — 9*)‘ < 4Cp0m Hzl/Q

= 4e f” el DEE

(“) [ 00 - 07,

R(Qn,l)u
o)

Then, an application of the Hanson-Wright inequality (see Theorem 6.2.1 in Vershynin| [2018])
yields

2 (6,0 = 67)| u

22 (6,0 — 67|, u

(J.92)

|H20cnpanzl/2anz - 4c2d7;2§12> tr (2)| <4 Qd" a >||2|| (%) , (J.93)

with probability at least 1 — 2 exp (—03 min(v/du, u2))

Putting everything together gives

1+4/R(O,-1)) (u+1
R(0n) = R(On-1) — 2772 (1)72/p?| = O <( . <\/E))( i )), (J.94)

with probability at least 1 — 2exp (—04 min(v/du, u2))
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Setting u = log d, we have that

RO - R0 2272 0022/07] =0 (24 (1.95)

with overwhelming probability, where we used tr(X) = d and Theorem 9.6, which implies
R(6,-1) = O(1) with overwhelming probability. Then, the first part of Theorem 9.6 and the
triangle inequality concludes the first part of the proof.

For the result in expectation, notice that we have

E[R(0,)] — R(1) = 237 (1)2/p*| <E [[R(0n) — R(00-1) — 2820 (172 /|

(J.96)
+ |E[R(0,-1)] — R(1)|.

The second term on the RHS is O(log® n/y/n) because of the second part of the statement
of Theorem 9.6, and due to continuity of R(t) in ¢ = 1. The argument of the first term of the
RHS is the product of two random variables. The first one is such that

E [(1+\/M)2

due to the second part of the statement of Theorem 9.6, The second one, due to (J.94), is a ran-
dom variable Z such that Z < (14-u)/+/d with probability at least 1—2 exp (—04 min(v/du, u2))

Thus, VdZ is sub-exponential with norm smaller than a constant, which implies

<2+42E[R(6_1)] = O(1), (.97)

E[2?] =0 (;) . (J.98)

Plugging (J.97) and (J.98) in (J.96)), and using Cauchy-Schwartz inequality, gives the desired
result. O

J.4 Proofs for Section 9.5

In this section, all asymptotic notations are with respect to the limit v — 0.

Proposition J.12. Define R(t), R(t) : [0,1] — R as the unique solutions of the following
ODEs

dR(t) = —2Auinf (1) pte(R)RAt + Amax® (1) ve(R) (R + ¢*/2)7dt + 2¢*67 (t)y2dt, 109
4R(0) = DO (BRI + POv(R)E+ /2t + 2050, 0P

where R(0) = R(0) = R(0) = ||XY/20*||2/2. Then, for every t € [0, 1], we have
R(t) < R(t) < R(t), (J.100)

where R(t) is defined in Definition 9.5 after taking ~y, — .

Proof. Until the end of the proof, we will define more auxiliary ODEs, such that the RHS is
uniformly Lipschitz in the dependent variable at all times ¢ € [0, 1]. Then, by the extension of
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the Picard—Lindelof theorem (see Corollary 2.6 in [Teschl [2012]), we have that their solutions
exist and are unique, and therefore also have continuous derivatives. Then, defining

dD; = =2Amin (1) 1e(R(£) Didt + Ay (E)ve(R(6)) (R(1) + C/2)7dt +2¢°5°(1)y°dlt,
4D, = ~ 2\l (E)pe R(E) Dt + NP (2RI (R() + CJ2)7dlt + 265 (8) 2t
J.101
by standard ODE comparison arguments (see Theorem 1.3 in Teschl| [2012]) we ha\Se that)
D;(t) > D;(t) > D;(t) forall t € [0, 1]. Then, averaging over i (weighting by \;) the equations
n (J.101) and (9.15), and defining R () = 1 3%, A;D;(t) and R'(t) = 1 L, \iDy(t), we
get R (t) > R(t) > R'(t) for all t € [0, 1], with

tr(3? ) -2

AR = ~2 i (Oae (RO R dt + T 0w RN R(E) + ¢P2)7dt + 2752 (1)t
AR = ~20 i (ROVR S + S 52010, (R (R(D) + /20 + 208520t
(J.102)

Furthermore, for a fixed value of ¢, we have that the functions p.(R) and v.(R)(R + (?/2)
are respectively monotonically decreasing and increasing with respect to R (see Lemma J.4).
Then, since by Jensen inequality we have that tr(3?) > tr(X) = d (where the last step holds
due to Assumption 9.3), and since we also have tr(X?) > A\jax t1(2) = Amaxd, by defining

AR = 20l (1) e R) Rt + Ao (el R) (B + CJ2)ydt + 27°5°(0)dt, )
; |

)
— — 2\ (D) pte(R)RAL + 72 (L) vo(R) (R + C2/2)vdt + 26253 (t)~2dt,

again due to Theorem 1.3 in Teschl [2012] we get that R(t) > R (t) > R(t) > R'(t) > R(t)
for all t € [0, 1], which gives the desired result. O

J.4.1 Proofs on output perturbation and constant private noise

All the ODEs defined in this (and the following) section will be such that their RHS is uniformly
Lipschitz in the dependent variable at all times ¢ € [0, 1], which in turn guarantees they have
a unique solution. Furthermore, the RHSs will also be uniformly Lipschitz with respect to the
variable ¢ due to Assumption 9.4. Thus, if R(0) = R'(0), and

dR= f(t,R), dR = f'(1,R), (J.104)
with
F(E R () = f(t, R(1)), (J.105)
for all t € [0,1], we have that

R'(t) > R(t) for all t €]0,1]. (J.106)

The same statement holds also for the opposite inequality, and will be used extensively to
bound the solutions of R(t) for different schedules. This is a direct application of Theorem
1.3 in [Teschl [2012].

To ease the presentation, we introduce the notation v = 7(0). We will provide the proof
separately for « = 0 and @ = 1/2, and the proof for a > 1 in the next section. We will also

denote the test risk at initialization R(0) = H21/29*
with respect to the limit v — 0.

) /2, and all asymptotic notations will be
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The proof of Proposition 9.9 is given separately for the case « = 0 and «« = 1/2, in the general
case where A and A, are allowed to depend on . The results are stated separately in
Propositions J.14 and J.15, and Proposition 9.9 is a direct consequence of them. At the end
of this section we will discuss the sub-optimality of ¢ = w(1), to prove (9.44).

Lemma J.13. Let § < 1 and Es(x) : RT — R* be the exponential integral function defined

as
E e 1107
sa)= [ S (4.107)
Then, we have that
lim 2P Ey(x) = T(1 - B), (J.108)
x—07F
where I'(-) denotes the Euler Gamma function
I(s) = / Tty (J.109)
0
Furthermore, we have that, for all x > 0,
Ep(z) <T(1 — Bz~ 7. (J.110)

Finally, if either B > 0 or x > —2[3, we also have that

2e7 "

Es(x) < , (J.111)
Proof. The change of variable u = xt in the definition of E3(z) yields
+oo g7 U
— B-1 R
Es(z) ==z /x " du
+oo x
= P! </ e "u P du — / e Uy P du> (J.112)
0 0

Then, (J.108) and (J.110) readily follow from the fact that the last term in the equation above
is bounded by

z z 218
0 §/ e "uP du §/ u P du = —. (J.113)
0 0 1-p
For the upper bound, denoting with
(s, z) = /:O et dt (J.114)
the upper incomplete Euler gamma function, (J.112) allows us to write
Es(z) = $1_5F(1 — B, x). (J.115)
Via an integration by parts, we have
r(1—8,a) = /:O et P dt = e~ Ta P — 3/:0 et dt (J.116)
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If B3>0, we have I'(1 — 3,2) < e *z~", which together with (J.115) gives (J.111). If 3 < 0,
the second term in the equation above is positive, and since ¢t > x, it can be upper bounded as

—B/Ooe_tt_ﬁ_ldtg —6/ e 't P dt = —EF(I—B,x), (J.117)
T T Jz T
which, if plugged in (J.116)), for x > —27 gives
e txP
I(1- < <2e "z’ J.118
(1= ) < f o <2 (.119)
and the thesis again follows from (J.115). O

a = 0: output perturbation. Recall that in the setting a = 0, we have

dR(t) = —2Ammvc“6iR> Tt + A (00?22 Uf; E2) g,
(J.119)
dR(1) = —22muvc B Rat 4 ()22l (1?; e

Importantly, recall that the risk R(6”) in this setting is not well approximated by R(1), due to
Proposition 9.8l

Proposition J.14. Let Assumptions|9.3 and 9.4 hold, and let 6P be the solution obtained
with Algorithm 9.1, with the schedule defined in (9.33) for « = 0, in the setting v = d/n — 0.
Furthermore, assume

)\max
2 In(1/7)y = o(1). (J.120)
~ Cln(1/y)
ves >\min 7
for a large enough constant C' which does not depend on v, p, >, we have that, with over-
whelming probability,

Then, by setting

c=0(1), v <2/, (J.121)

AmaxyIn(1/7) | 7*In*(1/7)
R(H”)ZO< T ae ) (J.122)

Furthermore, suppose there exists h > 0 such that p = () (’yl‘h). Then, for any choice of the
hyper-parameters ¢ and v such that v < 2/~, we have that

Proof. Let us introduce the shorthands

F(t,R) = —2\umvch C(CR) Rdt + Apax (ve)? ve( 1) (fi; ¢/ 2)7 . -

corresponding to the RHSs of the ODEs of interest. Then, consider the auxiliary ODEs
dR = —aR'dt+bdt =: ' (t,R)dt,  dR = —aR'dt+bdt =: f'(t,R)dt, @ b,a,b> 0,
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with initial conditions R (0) = R(0) = R(0) = R(0) = R'(0).

Notice that ' (¢) admits the closed form solution
R(t) = (R(0) —b/a) e ™ +b/a, (J.126)

Similarly, we have that
R'(t) = (R(0) — b/a) e ® + b/a. (J.127)

Since ¢ = O(1), by Lemma |J.5, we have that

cu(e,€)  pe(R) 1 2v.(R) (R +¢%/2)
< < , c,(c, () < <1. (J.128
V2R + (? c /7 (R + C2/2) () 2 ( )
Then, let us set
2.2 2.2
a— ZAminUC Q'u(ca C) : 5 — )\maxv c ’Y, a = Que )\max ’ b _ vc ’721/(67 C) ]
R(0) + 1+ ¢2 2 /22 2
(J.129)

As cv = C'In(1/7)/Amin, the choice in (J.129) ensures that b/a < 1 and b/a < 1 as long as
Amax /A2, In(1/79)y = o(1), which in turn guarantees that

R(t)e[0,R(0)+1],  R(t)e|0,R(0)+1]. (J.130)
Thus, (J.129) guarantees
F,R@) <R @),  ft,R@)> f(tR(t), forall t €[0,1]. (J.131)
Thus, by (J.106), we have
R'(t) < R(t), R (t)>R() for all ¢ € (0, 1]. (J.132)

In particular, plugging ve = C'In(1/7)/Amin and (J.129) in (J.126), we have that

R(1) < R(1)<e®+ 2 =0 </)\\r2nax ln(l/fy)fy> : (J.133)

min

as long as C' is chosen to be large enough. Then, the upper bounds follows from Theorem 9.6
and Propositions 9.8 and J.12, as the risk at the last iterate roughly increases by 2c?v?y?/p? =

O n*(1/7)/(P*Xon))-

For the lower bound, let us first suppose ¢ < 1, which implies that (J.128) holds with ¢, (c, ()
and ¢, (c, ¢) lower bounded by constants independent of 7. Pick a,b as in (J.129).

First, let us consider the case a < 1. We have that (J.132) gives

R(1) > R'(1) = R(0)e™® + et > R(0)e™® > R(0)/e = Q(1). (J.134)

In the case a > 1, (J.132) gives

R(1)> R (1) = R(O)e—ﬁ+g_ge—g > R(O)e‘g—l—é(l—e—l) — R(0) <€_vckmxa N vebry ) |

a a a Amax@

(J.135)
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where a, b are positive constants which do not depend on 7, v, ¢ and the spectrum of . Then,
let us consider the following quantity

A —VCAmax @ Ubey 2 272
E = R(O) (6 + )\maxa> + 2v°¢ ? (J136)
We have that ; \ )
]' max
e o (O]
which implies
- veby 7In(1/7)
R > R(0 veAmaxa . 71 ) = Q[ —L ). J.138
R > R(0) (e + )\maxa) ( 2 ( )
Note that, assuming p = Q(y'™"), we have
2 2 27,2
, oA ¥ . gl 7 In” (1/7)
i g 2 i 70T =0 (Tt
2 2In* (1 2In* (1
min,__prme P 12l > T2 <7 ” /7)) _q <7 il /v))_
SUCE Faman p p p P* Ahax
(J.139)
Then, merging (J.136), (J.138) and (J.139) yields
yIn(l/y) | 7*In*(1/y)
R=Q< v + YN : (J.140)

The result in (J.135) together with Theorem 9.6/ and Propositions 9.8 and J.12|imply that,
with overwhelming probability,

max max

It remains to prove the lower bound for ¢ > 1. From (J.10), one readily has that 0 < u.(R) < 1.
Note that
ve(R)(R +¢*/2)

c2

ve(R)(R + ¢*/2) > max ( ,VC(R)C2/2> : (J.142)
which combined with (J.26) gives that v.(R)(R + ¢?/2) > by, for a positive constant b
independent of 7, v, ¢ and the spectrum of . Furthermore, (J.24) implies that v.(R)(R +
¢%/2) < c®/2. Thus, the solution of R is lower bounded by that of the ODE below:

dR" = —2\maxvR"dt + v?bydt, (J.143)

with initial condition R”(0) = R(0). Thus, following the same steps we used to achieve
(J.140), it can be shown that, as ¢ > 1, we have, with overwhelming probability,

R(P) = 0 (71;151/7) N 72;1;(1/7)> | (J.144)

max max

which gives the desired result. O
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a = 1/2: constant private noise. In the setting a = 1/2, (9.33) gives

AR(E) = ~Phuvevl = MC(c )Rdt + Amax (v)*(1 = 1) ve(F) (]i;r €2/2)vdt + 2(@0)2;%
O = =BV 1= MC(cR) Rdt + (ve)*(1 — t>VC<R)UiQ+ L 2(vc)21§dt.
(J.145)

Importantly, recall that the risk R(6P) in this setting is well approximated by R(1), due to
Proposition 9.8, since 7(1) = 0.

Proposition J.15. Let Assumptions|9.3 and 9.4 hold, and let 6P be the solution obtained with
Algorithm 9.1, with the schedule defined in (9.33)) for a = 1/2, in the setting v = d/n — 0.
Furthermore, assume

In?(1 Y)Yy v
00 (s4.2) - ot e
Then, by setting
Cln(1/7)
c=0(1), = v <2/, (J.147)

for a large enough constant C' which does not depend on v, p, >, we have that, with over-
whelming probability,

Amax’Y n?3(1 v 21114/3 1/~
R(OP) = O( )‘12111n< /) + 2)\%(1111/ ) . (J.148)

Furthermore, suppose there exists h > 0 such that p = () (71*"). Then, for any choice of the
hyper-parameters ¢ and v such that v < 2/7, we have that

R(0") = Q (““i/; (1/ 1l ln:galx/ 7)) . (J.149)
Proof. As before, let us introduce the shorthands
0.7 = ~2inee TR 1 a1 0 LS g
£t R) = ~2\ vy T— 1 MCE:R)RJr(UC) (1 oAU, C2) ooy
(J.150)

Then, consider the auxiliary ODEs
dR = —av1 — tRdt + by (1 — t)dt + bpdt =: [ (¢,
dR = —av'1 — tR'dt + b (1 — t)dt + bydt =: f'(t,

with initial conditions R (0) = R(0) = R(0) = R(0) = R'(0), which admit the closed-form
solutions

)dt, a, 61,52 > 0,

J.151
)dt7 a, blu b2 > 0) ( )

R
R

E’(t) _ R(O)e—Qa(l—(l—t)S/z)/B <3+

_ R?O)ble%/g <E1/3 <23“) (1—1)E_1 (W)) (J.152)
(

Eyys (23a> (1 —=1)Eyys3 <M13_t)3/2>>>,
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R'(t) _ R(O)672g(17(17t)3/2)/3 <3+

= 3
_ Rfo)ble (i (5) — 0 pms (2525))
g )00 (2527

(J.153)

expressed in terms of the exponential integral functions E_;3(-), E4/3(-) defined in (J.107).

Note that, for ¢ € [0, 1], E’(t) > 0. In fact, |f this is not the case, by continuity of E’, there
exists an mterval (t*,t* +0) € [0,1] st. R (t*) =0 and R'(t) < 0 for all t € (t*,t* + ).
However, if B (t*) = 0, then the derivative of R evaluated at ¢* is > b, > 0 by (J.151), which

is a contradiction. A similar argument gives that, for ¢ € [0, 1], R'(t) > 0.

Next, we upper bound R (t) as

— 2. 2 2a(1 —t)3/?
R/(t) < R(0) + 3b a(1—-t)3/ /3(1—75) E_ 13 (CL(S>>

2 2 2a(1 —t)*/2
4 2gemi-0sy gy, (20T
3 3
If 2a(1 —t)3/2/3 > 2/3, an application of (J.111) gives that

: ) —(1 _ +)3/2
e2a(17t)3/ /3(1 B t)2E_1/3 <2a(13t)> < i 1—t< i)
a a

~ , — (1 _ £\3/2
(1 — t) By g <2a(1 : > <Saoprre
3 a
Instead, if 2a(1 — ¢)%/2/3 < 2/3, by using (J.110) we have
_ =(1 — 4)3/2 4 92a\ —4/3
2a(1-t)3/2/3 1—$)2E 2a(1 t) < 2/37 () ()
‘ (L=t B 3 = 3/\3)

_ 2a(1 — t)3/2 2\ /2a\ "2/3
e2a(1—t)3/2/3(1 _ t)El/g (a(3)> < 62/3F (3) (;) )

Thus, the following upper bound holds for ¢ € [0, 1]:

— 20 2by | g (2P (4N by a3 (2N L (2\ by
R(t) S RO+ + % e <3> F<3>a4/3+e <3> F(B)m.

a

Following the same passages, we have that, for t € [0, 1],

ob. 9 N AN 2\3 72\ b
, 2y 20y (2 i BN o)
E() < RO+ -2+ o te <3> F<3> an e <3> F<3) @

Let us now pick

2.2
S W 7L 13 B Y Wi SR JI o
VR(0)+1+¢2/2 2 p
1 2.2 2
0= WA, by = CGACD) 2]
7(C2/2 2 p
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(J.154)

(J.155)

(J.156)

(J.157)

(J.158)

(J.159)



Since ¢ = O(1), by Lemma J.5, we have that (J.128) holds. As cv = C'In(1/7)/Amin, the
choice in (J.159) ensures that 0 < R'(t) < R(t) <1+ R(0) for t € [0,1], as long as we have
b1 + by = o(1), which holds due to (J.146).

Thus, (J.159) guarantees
&R <FtR@®), ftR®) > f(t R({1), forall t €[0,1].  (J.160)

Note that f(¢, R) and f(t, R) are continuous in both variables in the intervals ¢ € [0, 1] and
R € [0,1]. Furthermore, they are also Lipschitz in R in these same intervals. Thus, (J.106)
gives

R(t) <R(t), R()<R(t), for all ¢ e (0, 1]. (J.161)

To prove the upper bound, due to Theorem 9.6/ and Propositions 9.8/ and J.12, it suffices to
give an upper bound on ﬁl(l). To this aim, note that Lemma J.13 yields

2 3/2 4/3 4
lim z* E_1/3 @ = (3) r () a 43,
z—0 3 2 3
2 3/2 2/3 2)
hmel/S L — <3> T () CL_Q/B,
z—0 3 2 3
where I'(-) denotes the Euler Gamma function (defined in (J.109)). Thus,
— R(0) 5 2 2a 3NY3 4\
1) = a/3 . b 2a/3 E_ () . () I (> 4/3
R === 8~ mophe 33 2 3)¢
p S 2a 3\¥3 2
_ 2 g () _ () r () a2/ J.163
R(0)* ( 133 2 3)" (4.163)

_ 3 1/3 4\ — 3 —-1/3 2\ _
e O B O L R O
_R(O)G + B r 3 bla + 9 r 3 bga s

(J.162)

where in the last line we have used the non-negativity of the exponential integral func-
tions. For C sufficiently large, due to (J.159), the first term in the RHS is o(y) (re-
call that ve = C'In(1/7)/Amin). The other two terms are O(AmaxyIn?3(1/7)/A2,.) and
O(2In*3(1/7)/(p*A2,,) respectively. Note that R(1) < R'(1) and 7(1) = 0. Thus, the
desired result follows from Theorem 9.6 and Propositions 9.8/ and J.12.

To prove the lower bound, due to Theorem 9.6/ and Propositions 9.8 and J.12, it suffices to
show that the inequality in the thesis holds for R(1). Let us first suppose ¢ < 1, which implies
that (J.128) holds. Pick a, b, b, as in (J.159), and consider the ODE R'(t) defined in (J.151)

with the initial condition R'(0) = R(0), which is a lower bound on R(t) due to (J.161), i.e.,

R(1)> R (1) = R;meza/s <3 _ R?O)blem/z (E_1/3 (2§L> B (2)4/3F (;1) a4/3)

it (2 (5) - ()" (3)2))

(J.164)
We consider two additional cases depending on the value of a. If @ > 2, then (J.111) gives
that 2/ /s
2a 2e 4 2a 2¢2a
E_13 <> S e Eys <> < —5 (J.165)
3 3 3 =
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which implies that

3\ 4
}ﬁ1)2<RUDe_Z”3+-(2) I“<3)bﬂf4“-—2e—%”%na—l

o 173 5 (J.166)
Note that
1/3 4
<2) r (3) blgf4/3 . 2672g/3blgfl > Q1Q74/3 . 2672g/3blgfl > ;bla4/37
o 173 5 . (J.167)
(2) I (3) b2Q—2/3 . 26—2g/3b2g—1 2 QQQ_2/3 o 26_22/3QQQ_1 Z §b2g—2/3’
where the inequalities on the right hold for a > 2. Thus,
R(1) > (R;O)e—cwc)\max n bgl/\;lif’a_‘l/g(vc)w%)
(J.168)

R(0 b 2
I ( ; )e—avc/\max 1 ;A;ﬁiSa_Q/S(vc)4/3;> ’

where a, by, by are positive constants which do not depend on ~, v, ¢, p or the spectrum of 3.

Denoting with @’ = aAmax, T = ve, we have that for a fixed § € {2/3,4/3}, and for any

J=o(1),
A In®?(1
Hnn7>06_7a—+7@ﬂ>§ ::fz<5n(aé;/5>>, (J.169)
which follows from the following calculations:
, o TR , 285 §In*7(1/0)
Ml >1n(1/6)/(2a)€  + (@) > MiN;>1n(1/5)/(24) Wy Q Twe )
J.170)
) 2-p (
Ming<r<in(1/)/(2a€ " +'7@ﬂ)ﬁgz 3P =0 (1/9) = 0 <5lnkkﬂ;3/5>>
Then, since p = Q(y'™"), we can set § = v and § = 2/p? to obtain
Y2 (1)) W' (0*/?)
R(1) = Q ( TR , (J.171)

which implies the desired result (due to Theorem 9.6 and Propositions 9.8 and J.12).
If a < 2, then (J.110) gives that

(5 e E) T me(B) ()5 em

which implies that
R(1) > R(0)e™*/* = Q(1), (J.173)
thus again proving the desired claim (due to Theorem 9.6 and Propositions 9.8 and J.12).
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Finally, for ¢ > 1, due to the same argument used to show (J.142), the solution of the original
ODE is lower bounded by that of the ODE below:

2
dR" = —2\avv/T — IR"dt + v?byy (1 — £)dt + 20°c> _dt, (J.174)
P
with initial condition R"(0) = R(0), where b; is a positive constant independent of v, v, ¢, p

and the spectrum of ». Thus, following the same steps above with a = 20\, b0 =
v2b17, by = 20%c?y?/p?, one readily shows that

yIn?P(1/y) 4?7 (1/)
R'(1)=Q < 12 + A2 ; (J.175)
concluding the proof (due to Theorem 9.6 and Propositions 9.8/ and J.12). [

Sub-optimality of ¢ = w,(1). Note that, if ¢ > 1, the ODE in (J.143) maps to the one in
(J.127)), with a,b defined as in (J.129) (except for absolute constants), with vc — v. This
mapping also holds when defining (J.136), via p — p/c. Then, if we consider the further
condition p/c = Q(y'~"), for some h > 0, the lower bound in Proposition 9.9 becomes

(1m0 | max(l i (1)
Riof) = (TR0 O CAA))

max max

(J.176)

The same argument holds also for the ODE in (J.174), providing analogous expression for
R(07 ). This quantifies the negative effects of using a large clipping constant ¢ = w, (1).

J.4.2 Proofs on decaying private noise: o > 1

In this section, we prove Proposition 9.10. The result is stated in the general case where A«
and A, are allowed to depend on 7.

Theorem. General version of Proposition 9.10. Let Assumptions 9.3/and 9.4 hold, and let
67 be the solution obtained with Algorithm 9.1, with 7(¢) given by (9.33) for a > 1. Consider
the setting

d In*(1/7)y v
v = ﬁ :07(1>’ T )\maxa—i_? :O'y(l>7 (J177)
and pick
=0, aoe= P 0 <2, (J178)

for a large enough constant C' which does not depend on v, p, >, a. Then, we have that, with
overwhelming probability,

, 1 a?y?Inta (1
R(67) = O, (ig‘axmmma/yw a%y” I /7)). (J.179)

2 2
min )\min P

Proof. Let R(t) be defined as in (J.99), with the learning rate schedule in (9.33) for a generic
o > 1. Then, we have

R DD L 2
Vi - 2
dR = —20cApin (1 —1)° el iy (v€)* Amax (1 — 1)* VC(R)(R2+ &/ )Wdt
‘o ¢ (J.180)
+ 4(ve)?a (1 — zf)za*1 szt,
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The argument is similar to the one used to obtain Proposition (9.9, so we only highlight
differences. Using (J.106), we have that R(t) is strictly bounded by the auxiliary ODEs

dR' = —a(l — )" Rdt + by (1 — £)2°dt + by(1 — 1) 'dt = F'(, B)dt,  a.by,bs >0,
dR' = —a(1 — t)*R'dt + by (1 — £)2dt + by(1 — )27 dt = f'(t, R)dt,  a,by,by >0,

with initial conditions R (0) = R(0) = R(0).

(J.181)

To establish a closed form solution for the ODEs in (J.181), we start by analyzing the ODE

dR = —a(1 — t)*Rdt + by (1 — t)>dt,

with initial condition R(0) = R(0), which admits the closed form solution

- R(0) _au-a-plte by = a
k() = © (HO‘_ R Ers (1+a>

61 e ) 5(1 _t)l—i-a
e (1 —t)1T2e R — .
+ R(O)e + ( ) +1+a < 1+OK

Let

and note that -, _
dv _dF _dR
dt  dt  dt i
—a(1l —t)*R+a(l — t)*R + by(1 — t)>* !
—a(l —t)*w + byo(1 — t)** .

Thus, by using the initial condition w(0) = &' (0) — R(0) = 0, we have

by mu-pite oo a(l —t)t+e a
v =350 (“‘t) E<1+a B (154 )

which implies that

— R(0 7 pnite by, a a
R(t) = (0) e )<1—|—a— 1 R <a)

1+a) R(0) 1+a
Bl @ 1 E(l — t)1+a
a(1—t)"2E_ T
+ R(O)GH ( ) I+ ( 1+a

Similarly, we have that

R(t) = 1 7&(17(17?&)1-%@) R(O)(1+a) —b =R < a )
I _(l—l—a)e a) —be R
—= a Q(l B t)H_a
ot (L= 1) (m

a 1-— t)l"’_a a
(1 nep, (DT g ( )
+b2€ * <( t) T+a ( 1+« ) o \ 1 4+ «
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by _a ) a(l —t)tte ( a >
i+ [ (1 —1)**F1a | ——— | — F1-a :
+R(O)6+ <( ) w( 1+« o \1+a

(J.182)

(J.183)

(J.184)

(J.185)

(J.186)

(J.187)

(J.188)



For t € [0,1], R(t), R(t) > 0. Furthermore, the following upper bounds hold for ¢ € [0, 1]:

- By By - 1\ e !
R/(t)SR(0)+CL1+2+bl<> +r<2_ )—2+1+a

1+« 1+« (J.189)
_ 2 a
+ bl <1 Oéa) (1+ oz)1+c1a T¥a
Let us take
a = C1vcAmin, b1 = Coyv*c* Max, =} U2C2l04 (J.190)
p?

with 'y, Cs, C3 constants independent from ~, p, a, v, ¢ or the spectrum of . Then, we have
that R (t) <1+ R(0) for t € [0,1], as @ = Q(In(1/~)) and

In®(1/7)y Y
ﬁ )\maxa + E = 0(1) (Jlgl)
As a result, we can apply the argument in (J.106) to obtain that
R(1) < R'(1) = R(1) +w(1). (J.192)
Note that Lemma |J.13]yields
=olta —2+ﬁ
lime 2B, o () = ( ! ) “r <2 - >a_2+1+1a. (J.103)
z—0 Ha \ 14+« 1+« 1+«
Thus,
R(1) = = RO betia B -
0=ty RO+ —he g (7))

— @ 1 _2+1+7a 1 1
+b e1+a( > F(Q— )a_2+1+a
' 1+« 1+« (J.194)
1

z 1 1Jr1+a
< R(0)e T + < ) r <2 _
1+«

< R(0)e ™% + (14 a)bya 2 s,
where in the second line we have used the non-negativity of the exponential integral function
and in the third line we have used that F( — H%) <TI'(2) =1 for all @ > 1. Next, we
bound w(1) as

62 2& 20 2« a
1 — F 1 1+a l(x—El_a
w(l) 1+a( (1—1—04)( TayreaT 1+a(l—i—oz))
b2 F( 2w
1+« 1+«
< (1 + 04)6267%,

(J.195)

) (1+ a)l%afl%

where in the last line we have used that " (%) < 1 for @« > 1. By combining (J.192),
(J.194) and (J.195), we conclude that

R(1) < R(0)e T + (14 ) Bba T+ + (1+ a)bya 1ie

Amax@y INT7 (1/7)  a?4? InTr (1/7) (J.196)
—¢ M )

which gives the thesis, after applying Theorem 9.6 and Propositions 9.8/ and J.12, since
n(l) =0. O
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Proof of (9.49). By taking a =1Inln(1/v), we have

1 2 21I11‘*%I 1
a1 Z2E )
Inln(1/~ 2 Inln(1/v)
= fyln ]n(l/fy)elﬂnlnl(l/v) —|— (ln ]n(l/f}/)) 612+1n1n(11/v) (J197)
p?

2

(inln(1/7))e + g (nln(1 /)’

which readily gives (9.49), as Amax, Amin = ©,(1). O

J.4.3 Proofs on the harmonic schedule

In this section, we prove Theorem 9.11, providing a more general result that allows for A,
and A\, to depend on 7.

Lemma J.16. Consider the ODE

~ ~ di?(t
dR = —af(t)Rdt + by7*(t)dt — by dt( )dt, a,by, by >0, (J.198)

with initial condition R(0). Then,

R(t) = eoFtt ( )+ / ) (b4 (s) — 2bai(s)7 (s ))ds) (J.199)
where 7/ () denotes the derivative of 7)(t) and F(t) := [} 7(s)ds.

Proof. Define .
u(t) = R(t) + by (t).
Then,
du(t) = —an(t)u(t)dt + bii?(t)dt + aboi®(t)dt,

which implies
d (u(t)e™™ ™) = byif(t)e* Odt + abyi® ()™ V.

By integrating the equation above, we obtain
u(t)e* T = u(0)e* " + / ) (b7 (s) + abyi(s) ) ds.
Noting that u(0) = R(0) + by7?(0) and F(0) = 0 gives

~ t
R(t) = —boip*(t) + e FOR(0) + e~ FObyi? (0) + e~F® / ') (blff(s) + absz’(s))ds.
0

(J.200)
Furthermore, we have
L (O () = aeF O (s) + 25 ()7 (),
which implies that
t t
/ ae PO (s)ds = e O72(t) — 72(0) — 2 / e F©)7(5)i7 (5)ds. (J.201)
0 0
Combining (J.200) and (J.201) gives the desired result. O

428



Theorem. General version of Theorem 9.11. Let Assumptions 9.3/ and 9.4/ hold, and let
6” be the solution obtained with Algorithm 9.1, Assume that

>\max 1 72
2, g o (1.202)
Consider the schedule
- Q ) 3vVA+90 A+ 90)A\pax 12 2(A +90) ~
n(t) = , with ¢ ;= ————,  7:=max 5 ¥, L,
t+71 AInin )\mln )\min P
(J.203)

where A is a universal constant s.t. R(0)+(?/2 < A. Then, by setting ¢ = 3,/2(A + 90)/Amin,
we have that, with overwhelming probability,

)\max 1 72
R(07) = O, <)\§mn7+ N p2> . (J.204)

Proof. Let us introduce the shorthands
VBB CL2) a0 )
c? p? dt

J(t, B) = =2uai (e B) R + 7P (1) ”C(R)(}ij Cl2) 2t di()

F(t,R) = —2Xmin)(t) pte(R) R + Apax 7 (1)

p? dt
Then, consider the auxiliary ODEs
_ _ _ _ dp?(t —, _
AR = —ai()R'dt + by (t)dt — by’ ) 4y = f(t,R)dt, @by, by >0,
dt (J.205)
dir’() ., |
dE, = _Qﬁ@)ﬁldt + blﬁ2(t)dt - bZ = i (t R/) a, @17b2 > 07

dt
with initial conditions & (0) = R(0) = R(0) = R(0) = R'(0). By Lemma J.16, we have

( +/ T (B (s) — 2bai(s)if (s ))d8>
() = O (RO)+ [ 7O (byiP(s) — 2ai()i(5))ds )
where .
F(t) ::/O n(s)ds.
By plugging in the schedule defined in (J.203), we obtain

t+71

F(t) =alog—,  7(t)=—7—

(t+7)%

Thus, assuming that aa > 2 (which will be verified later), we have that

R(t) = (t 1 T)“a (R(O) +ble(;§_1) ((t 4 or)mat TEa—l)

2

+ 20— 706 Y ((t D T“a_2)>.

T (an
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This readily gives the upper bound

B B o? B o2
R'(t) < R(0) +D 25
0= B0 NG G a2
5 o2 (J.206)
< b 2D,
< RO+ "raa —1) * *72(ao — 2)
valid for all ¢ € [0, 1]. Furthermore, for t = 1, we also obtain the upper bound
R(1) < ( T >m R(0) +5 o’ + 25 :
“\1+7 'O+ N@a—1 (1 +7)2@a-2)
) ) (J.207)
_ -« -«
< 7o 2
<7 R(O)+b1m_1 + bgm_2
Let us now pick
Ao B 2y B 2
4= =0 b1 = Amax—, by = 4c . J.208
a A1 90 1 5 2 C p2 ( )
This implies that
T = max <b1, 2\/@) , ao = 3, (J.209)
which combined with (J.206) gives
_ 9(A
R (t) < R(0) + a® = R(0) + (;90) (J.210)
We now verify that, for all ¢ € [0, 1],
@ < Quminpte(R(t)) = 2Ammerf | ———o . (J.211)
2\/R(t) + (?/2
For (J.211) to hold, it suffices that
@ < 2\mmerf ¢ (J.212)
2,/ A+ 9(A +90) /X2,

due to (J.210) and to the fact that R(O) +¢%/2 < A. Note that
erf(z / 2Z
T = \/_ = 9

where the inequalities holds for all z € [0,1/v/2]. Furthermore, as ¢ = 3,/2(A + 90) /A in,
one can readily verify that

C

2/ A+ 9(A +90) /X2y, =2

Thus, (J.212) is implied by

2C)\mln
9\/A +O(A+90)/\2,,

(J.213)
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which holds due to the definitions of ¢, @ and to the fact that A,;, < 1.

By Lemma J.5, we have that
2ve(R) (R+¢*/2)

2

<1,
C

which implies that

ve(R) (R(t) +¢*/2)

by > AmaxC 5 7, (J.214)

Cc

for all t € [0,1]. Now, note that di?(t)/dt < —2a%/(1 + 1) < 0 for t € [0,1]. Thus,
E’(t) > 0. In fact, if this is not the case, by continuity of R, there exists an interval
(t*,*+6) C [0,1] s.t. B (t*) = 0 and R (t) < 0 for all t € (t*,¢*+0). However, if R (t*) = 0,
then the derivative of R evaluated at t* is > 0, which is a contradiction.

As a result, we have
FEE @) <R (),  forall teo1]. (J.215)
Again, by Lemma J.5, we have that

pel ) 1 20,(R) (R + */2)

rwrep 09T e

Thus, by setting

2 2
Q — QCAmaX 1 , bl & P)/QI/(C7 C)’ bQ — 02127
w(¢%/2 2 P
we have that
f&R®) > f R (1)), for all t € [0, 1]. (J.216)

Note that f(¢, R) and f(t, R) are continuous in both variables in the intervals ¢ € [0, 1]
and R € [0, 1]. Furthermore, they are also Lipschitz in R in these same intervals. Thus, by
Theorem 1.3 in |Teschl| [2012],

R(t) < R(t), R(t)<R(1), for all t € (0,1]. (J.217)
Note that )
(6]
sup n(t) = — < —, J.218
te[og]n( )= S (4.218)

which follows from

3vVA+90 A2 1 1
o VAt min < < . (J.219)
T Amin 97 Amax(A +90) = 3vv/A+90 ~ 3790
Thus, noting that
= i (1) Amax 1 4°
M= =S O )
the desired result follows from Theorem 9.6 and Propositions 9.8 and J.12. O
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J.4.4 Proofs on the minimax rates
In this section, we consider the notation D = (X,Y) and D} = (X/,Y/), with X, X| € R"*¢

and Y)Y/ € R", where the two neighboring datasets differ in their i-th row (z;,y;) and
(«},y:). Assume that all data satisfies Assumption 9.3, i.e., (x;,y;) are sampled i.i.d. such
that z; ~ N(0,Y), y; = 0" + z;, and (%, y.) is sampled from this same distribution
independently. In this section, the asymptotic notation will hide only numerical absolute

constants, independent of ¢ and 7.

Denote by M a generic p?/2-zCDP algorithm. M applied to D (or D’) outputs a random
variable in the probability space of the data and the private mechanism. Let p(p) (pM(D;))
be the probability density function of the random variable M (D) (M(D})) when taking into
account the randomness of M, X and Y (X! and Y/). Define L; to be the random variable

8/
L = Py (0)

_ , 1.220
oy (0) ( )

where 6’ is set to be the random variable 8’ = M(D}). Then, due to the definition of zCDP
(see Definition 9.1), we have that, for all D, D! and a > 1,

— 1)p?
E[LY| D, D] < exp (M) . (J.221)
Thus, taking the expectation with respect to D and D), we have
— 1)p?
E[L] < exp <a(0‘2>p> . (J.222)

As in |Cai et al. [2021], let us define the tracing attack

Ai(0) = zx] (0 —67). (J.223)

Unless differently stated, in this section, when we use the notation |E, we refer to expectations
on the randomness of the data (X,Y’) and of the algorithm M.

Lemma J.17. Let Assumption 9.3 hold and let (* be an absolute positive constant. Then,
there exists a prior w on 0* with support in ||0*||, < 1 and an absolute constant C' > 0 such

that, for any algorithm M with sups. 1 E [||M||§} < 00, either one of the following holds

E. | > E[A(M(D))]

i€[n)

>Cd,  or  Epxym|IM(D) 03] >C. (J.224)

Proof. Consider a generic algorithm M. We have

n n

>_E [z M(D)] = 3 E|M(D); 3 ayly: — 207 |, (J.225)

i=1 i=1 jeld) i€ln)

g
&=
=
<
E
0

since the term * vanishes in expectation from the definition of A; in (J.223) and where we
replace z; = y; — x} 0* and introduce the notation z;; € R to denote the j-th entry of the
data vector ;. By Assumption 9.3, we have

p(yilz:, 0%) = N(x] 0%, ¢?), 89>.fp(?/z‘|$z‘79 ) = J(ygg)p(yim’@ ), (J.226)
J
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which give

0
CQ 09* logp(yllxza 9 ) ng( TQ*)

P (J.227)
¢2 567 logp(Y|X,07) = > ay(yi — 2] 6%),

1€[n]

as p(Y|X,0*) = ;p(y;|z;, 0%). Thus, we have (dropping the dependence of M on X and Y)

E |M; > iy — x| =

1€[n]

005

[./\/l (2 log p(Y| X, 6’*)]

= [ M5 (i g0 ) BOORY X0, V)X e

_ / et ( I ) pXOBMLX, V)axay ans

ag* / MGEp(XP(Y X, 6)p(M,] X, Y )dXdY dM

(J.228)
where the fourth line holds since p(Y'|X) is the only term that depends on 6*, and the

derivative is swapped with the integration due to dominated convergence, as in the open ball
16*||, < 1 we uniformly have

E

0 A\ ,
<89; log p(Y'|X. 6 )) ] <00,  E[M} <. (J.229)

Here, the first condition follows from Assumption 9.3, and the second one by hypothesis.
Notice that the previous equation, by Cauchy-Schwartz inequality, implies the condition for
completeness in Theorem 2.1 in |Cai et al.| [2025], and that this condition also implies the
function g;(6*) := E [M;] being differentiable for all #* in ||6*||, < 1. Then, plugging (J.228)
in (J.225) and taking the expectation over the prior 7 of 6%, we get

> E [Ai(M(D))]] = ("Ex

i€[n]

> 5 0®) (1.230)

JEld]

Consider the prior 7 on 6* such that all the entries 6 are independent and distributed according
to

15d°/% /1 2
mi(z) = 16 <d - 22) : (J.231)
with support in z € (—d~/2,d"%/2). This prior is such that the support is [|0*]|, < 1, it
vanishes at the boundary and
/ / 2
“E.or, l_zﬂf(’z)] =1,  E.., (Wﬂ(z)> ~ 10d. (J.232)
mj(2) m;(2)
Let us define the one dimensional function
hy(67) = Eo- [9,(6)] (J.233)
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where the notation Ee takes expectation over all the (independent) entries of 6*, except for
the j-th. Then, due to (J.229), we can apply Stein's Lemma as stated in Lemma 2.1 in |Cai
et al. [2025], which yields

I K2 ICHI o 75(05)
(J.234)
By triangle inequality, we have
o) g5 > 020 g 07) - ) 20 (1235)
Plugging in (J.234) and using (J.232)), we get
7’ (0%
B |®)] 21 - Bt - ) 2 . (1230

Summing over j we get

0 ' (07)
> E. l*g’(Q*) >d—Er | Y |(g5(0%) = 6) 2 ]
J€ld] 03 ! Ljeld] ’ Pm(07)

e[ [ -7 (5

JEld]
2
J ]Eﬂ-

> d—\[B, [|E[M(D)] - ]3] VIO
>d (1 - \/10E7r,X,Y,M {HM(D) - G*HSD :

>dJEw > (907 = 07)

Li€ld]

Plugging this inequality in (J.230) we get

i€[n]

Suppose E; x v m [||M(D) - 9*||§} < 1/40. Then, we have E, [Zie[n]E[Ai(M(D))]]
¢?d/2. Thus, the desired result follows by taking C'= min(¢?/2,1/40).

LY

Lemma J.18. Let Assumption|9.3 hold, (* be an absolute positive constant and d? /(p*n* Amin )
O(1). Define M to be the set of all p*/2-zCDP algorithms such that SUpg- <1 E [||/\/l||§} <
oo. Then, there exists a prior ™ on 0* with support in ||0*||, < 1 such that

. d?
inf Expxy [RIM(X,Y))] = Q <712(ep_1)> . (J.239)
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Proof. Note that, according to (J.223) and (J.220), we have

E[AM(D)] =0, E[(L; — DA;M(D)))] = E[L;:A;(M(D;))] = E [Ai(M(l()J))z]zi )

The first one holds because z;, z; and (M(D}) — 6*) are independent, and the first one is
mean-0. The last equality follows from

E(LAMD))] = [ 2220 4510 (0)d0

Prmo;(0)
= /Ai(e)pM(D)(Q)dQ (J.241)
= E[A;(M(D))].
Then, we have
ZE A(M(D))] = ZE (L — 1) AM(DL))
< i \/IEZ [(L; —1)?] \/IE [A;(M(D)))?] (J.242)

< my/E [(L; — 1)2/E[A;(M(D}))?],

where we used Cauchy-Schwartz in the second line and the fact that the samples are equally
distributed in the last line.

Since E[L;] = 1, we have
E[(Li— 1P| =E[L}] -1 <exp (p?) — 1,

E [Ay(MD)] =E |22 (o] (M) - 67)’]
)

where the steps in the third line are again motivated by the fact that 21, x; and (M(D}) — 6%)
are independent.

(J.243)
= CE||52 (m(D}) - #7)

= 2°E[R (M(D))],

Let us now focus on the LHS of (J.242). Suppose

2E; mxy [RIM(D))]

Enaxy [IM(D) - 6] < N

< (. (J.244)

Setting C to be the same constant as in Lemma J.17, by (J.224) we have that

E. | > E[A(M(D))]

1€[n]

> Chd. (J.245)

This, together with (J.243) and (J.242), after taking the expectation with respect to 7 yields

n? (er® —

Exmxy [R(M(D))] = <d21>> , (J.246)
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which yields the desired result.

Suppose instead that
2B pmxy [RIM(D))]

. > (. (J.247)
Then, by hypothesis, we would have
AminC1 d? d?
E, R D))] > =0 =0 -], J.248
MXY [ (M( ))] = 92 <n2p2> (ng (€p2 _ 1)) ( )
which again yields the desired result.
O

Lemma J.19. Let Assumption |9.3 hold, (* be an absolute positive constant, d < n =
O(d?), Amin > 0 and Apax = O(1). Define M to be the set of all algorithms such that
SUP|jg+ |, <1 {IIMII%} < 0o. Then, we have

inf sup E[R(M(X,Y))] =Q <d> : (J.249)

MEM g+, <1 n

Proof. Let us denote 75 as the Gaussian distribution in d dimensions N'(0,¢?/(An)I), with
A = 2Amax, truncated at [|6*]|, > 1. Then, we have
inf sup ER(M(X,Y)) > inf Epr E[R(M(X,Y))]. J.250
Jat, e BIROMXY)] 2 jaf Bon EROMOC YY) (1250
Let B be the closed unit ball, and let B be the ellipsoid £/2B. Given any algorithm M,
define the composition Mp = X 7'/2Projs /2 o M. This implies that, for all (X,Y),
Mp(X,Y) € B. Furthermore, for all (X,Y") and 6* € B, we have
|22 (Mp(X,Y) = 07)

= [Projs V2M(X,Y) - 2120

= || Projs X2M(X,Y) = Projs 226" (J.251)

2
2

< Hzm (M(X,Y) — 6%

2
97

where the second step holds since X'/26* € B, and the last step holds since projections on
closed convex sets are non-expansive. Thus, we have R(Mp(X,Y)) < R(M(X,Y)). Then,
since the support of mp is included in B, it holds that

inf Epron, E[RIM(X,Y))] = inf B, E[R(Mp(X,Y))], (J.252)
where the equality follows from the fact that the set of algorithms {Mp | M € M} is a subset
of M.

Let us denote with 7 = N(0,¢%/(An)I) the non-truncated Gaussian distribution and with
A the event that §* ~ 7 is such that [|§*||, < 1. Then, dropping the notation M and the
dependence of M from (X,Y), one has

1
inf By, B [R(Mp)] = o inf Ege B [R(Mp)14]

P(A) M
1 .
— BA) 1/r\14fE9*NWE [R(Mp)(1—1ac)]
> ]P’(lA) inf Bo- .- [R(Mp)] - P(lA) sup Eg- - E [R(Mp)1ac].

(J.253)
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Note that

sup Egeor E[R(Mp) 1] < sup \/Egeorn B [R(Mp)2]|/P(A°) < 2\ /P(A9),  (J.254)
M M

where the first step follows from Cauchy-Schwartz inequality and the second step holds since
|Mgll, < 1. Furthermore, since A > 2 and n > d, due to concentration of the norm of
Gaussian vectors we have that P(A) > 1 — 2e14 for some absolute constant ¢;. Then, we
also have

inf Eg. [R(M5)] = inf Eg. [ [R(M)]
C2

n

> ftr ((E ST X o+ )\I)E‘I/QD_1>

= itr ((I + Az—l)_1>

CQ
> o3 tr (X)
¢d

- A\ pax?

E[tr (X" X/n+A)7'3)]

(J.255)

where the second step follows from the closed form of the Bayes estimator under Gaussian prior
(see, e.g., Eq. (63) in Mourtada [2022]), the third step follows from Jensen inequality since
the mapping A — tr(A™!) is convex if A is positive definite (see Eq. (1.33) in [Bhatial [2007]),
and the last two steps follow from the fact that A has been set to 2)\,.x and tr(X) = d.

Then, putting (J.253), (J.254) and (J.255) together, we get

2
d
i/r\1/lf EpsrpE[R(Mp)] > ¢ o= Appaxe Y2, (J.256)
Since n = O(d?), merging with (J.250), (J.252) yields the desired result. O

Proof of Theorem 9.12. Note that, if supg. 1 E [HMH%} diverges, then
supjg+|,<1 E[R(M(X,Y))] diverges as well. Thus, let us focus on the class of p*/2-zCDP

algorithms such that supjg. - E {HMH;} < 00. By Lemmas J.18 and J.19, and using the
same argument as in (J.250), we have

: d d?
AltréfM HGS*IHIQP;lE [RIM(X,Y))] =Q (n + M) . (J.257)

Notice that, if p > 1,

d? d d? d
S S— Y oy = 2
eom=0(i)  me=oln) (:259)
i.e., the first terms in the RHS of (J.260) and (J.257) dominate. On the other hand, if p < 1,
we have P P
———— =0 : J.259
1w = () (:259)
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Thus, for any value of p > 0, we have that

. d d?
/\l{rgw ”95*1”1221151 [RIM(X,Y))]=Q (n + n2p2> : (J.260)

which gives the desired result when taking sequentially the limits d/n — vy and vy — 0. O

J.5 Proofs for Section 9.6

In this section, we always assume Assumptions 9.3, 9.4 and 9.13 to hold. We consider
the limit ¥ — 0, and use the notation f(7y) < g(v) to indicate two quantities such that
f(v) = ©,(g(v)), where the notation ©. does not track constants depending on ¢, ¥,

¢, 16%]12, and . Similarly, we will consider the notations > and < for Q,(-) and O, (:)
respectlvely. Furthermore, unless differently specified, we will always consider schedules such
that 7(t) < 2/~ uniformly in ¢, so that 7(t) = 7(t).

We have
D(t) = /O A(s)e(R(s))ds,  F(t) == /O 7i(s)ds. (J.261)
where we defined the shorthand F'(¢). Then, (9.63) reads
) = F(@)+
+ /0 (7 (5)ve(R()) (R(s) + ¢ /27T (1) = T(s)) +2¢°5°(s)7* T (T (1) = T(s))) ds.

(J.262)
Within this section, for convenience, we also introduce the shorthand v = ¢7;(0).

Proposition J.20. Let F(z), K(z), J(x) be defined according to (9.64). Consider the
shorthands

K1:2_¢_¢7 ’K‘:2:3_¢7 ’%3:2_(?7 (J263)

so that k1 > 1, ko > 2, and k3 > 1 due to Assumption 9.13. Then, we have that F(x) < z=",
K(z) < x7"2, and J (x) < x~"8 uniformly forx > 1, and F(x) < K(x) < J(x) < 1 uniformly
for x < 1.

Proof. Due to Assumption 9.13| we have that, for d — oo,

z) — / PN e ey K(x) — / PN, T(x) = / PN Ae edA,
(J.264)
Then, for the second part of the statement, notice that F(z), K(x) and J(z) are decreasing
in z, and a direct computation for = € {0, 1} yields the desired result. For x > 1, the desired
result is given by the same approach used in Lemma D.5 in |Collins-Woodfin et al.|[2024b]. [

Lemma J.21. Assume ¢ < 1 and 7)(t) < 2/~ uniformly in t € [0,1]. Then, we have

R(1) D+ [ (PO =) + 5512 T (01) ~ T(s))) ds

F(cF(t)) + / YK (cF(t) — cF(s)) + 62 (s)y2T (cF(t) — cF(s))) ds
F(cF(t))

Vv

Vv

(J.265)
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Furthermore, if R(t) is uniformly upper bounded by a constant not dependent on =y, we have

R(t) < F(cF(t +/ Ay (cF(t) — cF(s)) + 2% (s)v* T (cF(t) — cF(s))) ds.
(J.266)

Proof. By Lemma J.5, we have that p.(R) < ¢. Then, multiplying both sides by 7(s) and
integrating from s to ¢, we get

D(t) — D(s) < e (F(t) — F(s)), (.267)

~

and I'(t) < cF(t) when setting s = 0. Then, since F, K and J are all uniformly =< to
decreasing functions, we have

(cF(t) — cF(s)) (J.268)

Furthermore, again due to Lemma J.5, since ¢ < 1, we have ¢ < v .(R(s))(R(s) + (*/2).
Thus, since all terms on the RHS of (J.262) are positive, and dropping numerical constants,
we get the first part of the thesis.

For the second part of the thesis, notice that Lemma J.5 gives
c

W S ke(R) S,

which implies that, if sup, R(t) < 1, the relations < in (J.267) can be replaced by <. Thus,
the thesis follows from Proposition J.20, since we have F(z) < F(ax) if a < 1, with the
same relation holding for IC and 7. O

(J.269)

Lemma J.22. Assume ¢ < 1 and 7)(t) < 2/~ uniformly int € [0,1]. Then, if

F(cF(t —I—/ )EVK (eF(t) — cF(s)) + 262 (s)v2 T (cF(t) — cF(s))) ds <1,
(.270)
uniformly in t € [0, 1], we have that
R(t) = F(cF(t)) + / )PAK (cF(t) — cF(s)) + 5% (s)72T (cF(t) — cF(s))) ds.
(J.271)

Proof. Define the following system of ODEs
dDj(t) = —=\;j(t)eDi(t)dt + Niif* (t)Pydt + 252 (1) dt, (J.272)

with D}(0) = D;(0) =d (wiTH*)2 /2, and R'(t) =157 \;Dj(t). Then, following the same
steps as in (9.62) and (9.63) we have that R'(t) is equal to the LHS in (J.270).

By hypothesis, there exists a large enough constant C; such that R'(t) < C; for all ¢ € [0, 1].
Then, consider the new system of ODEs

dDi(t) = —Am(t)\/mWD;(t)dt + NP () At + 252 ()2t (1.273)
2 /
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with D}(0) = D}(0), and R'(t) = 1 >2¢ \;Dj(t). Then, by ODE comparison, we have
R'(t) < R'(t) for all t € [0,1]. This follows from the same argument as in Theorem 1.3 in
Teschl [2012], since R'(t) (R'(t)) is non-decreasing in D;(t) (D;(t)) for all i.

Due to Lemma .5, since ¢ < 1, we have that there exists a sufficiently large constant C5
such that u.(R)Cy > ¢/v/2R + (2. Then, by ODE comparison, integrating as in (9.62) and
(9.63), and denoting C5 = Cq/2C + (2, we get

R(t) > +/ 8)PyK (CsD(t) — CsI'(s)) 4 252 (s)y2 T (CsT(t) — CgF(s))) ds

= R( )7
(J.274)
where the last step holds since ¢? =< v.(R(s))(R(s) + ¢*/2) (due to Lemma J.5 since ¢ < 1),
and since F(z) < F(ax) if a < 1 (with the same relation holding for K and J) due to
Proposition |J.20.

Thus, we have

R() 2 R(t) = B(1) 2 R(t), (J.275)
where the first inequality is a consequence of Lemma J.21, which directly yields R(t) < R/(t),
proving the thesis. [

Lemma J.23. Let 7(t) = 7(0)(1 —¢)*, with o € {0,1/2} or « > 1. Assume ¢ < 1,
n(0) <2/v, v =7(0)c = wy(1). Then, we have that

2 22 1 2 1 2
R(1) + Lﬁ” > v e 4 Lg(v), (J.276)
p p
where we introduced
i < ——
v a+1’
g(v) = v if o> 2 (J.277)
a+1’
2
*Inv if ¢ = :
v?Ilnv if ¢ T

Furthermore, the relation 2 in (J.276) becomes =< in the following cases: (i) a = 0, or (ii)
o =1/2 and v*v*/3/p? < 1, or (i) a > 1 and v?v/p? < 1.

Proof. By Lemma J.21, we have that

R(t) Z F(cF(t) +/ VEYK (cF(t) — cF(s)) + 6% (s)y* T (cF(t) — cF(s))) ds,
(J.278)

where 2> can be replaced by =< if the RHS is shown to be < 1 for all ¢ € [0, 1], due to Lemma
J.22.

Let us focus on the first term of the RHS of (J.278). Due to (9.33), (J.261) gives

v

F(t) = 1—(1—¢). 27
R (1) = (= (=0 (4279)
Then, due to Proposition |J.20, we have
F(cF(1)) <v ™™, (J.280)
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with F(cF(t)) <1 forall t € [0,1].

Let us now focus on the the second term of the RHS of (J.278), i.e.,
t
No(t) := 702/ 7 (s)K(cF(t) — cF(s))ds. (J.281)
0
Consider the change of variable u = cF'(t) — cF(s). This yields
cF(t)
Na(t) :«70/" (s () K (u)du. (1.282)
0

Furthermore, (J.279) yields

1

_ v . at+l _ p\o+l _ . U(OZ + 1) o+l art
u-a+1<(1 s) (1—-1)),  s=1 <v+(1 t) . (J.283)
Then, plugging the last relation in (9.33) we get
1 aHt
cii(s(w)) = v <“(O‘U+) . t)a“> | (J.284)
Plugging this in (J.282) we obtain
1 cF(t) 1 %
No(t) = oo+ / (u(a +1) +v(l =)™ )‘” K(u)du. (J.285)
0

Using Proposition J.20, and the fact that cF'(1) < v = w,(1), we have
1 1 e CF(l) fe)
No(1) < qva+t (/ uaTllC(u)du—i-/ ua+ﬂC(u)du>
0 1

. T, cF(1)
= yvott (/ watidu +/ ua+1u_”2du> (J.286)
0 1

1
X yyett,

where the last line holds since QLH — kg < —1 for any v > 0, since ko > 2. Notice that, with

a similar computation, we also have
No(t) Sy S 1, (J.287)

uniformly in ¢ € [0, 1], since ¢ < 1 and 7(0) < 2/~ by hypothesis.
Let us now focus on the third term in the RHS of (J.278) for a > 0:
t
Na(t) = 2 / 52(5) T (cF(t) — cF(s))ds, (.288)
0

where we have

p*5%(s) = 2aq(0)*(1 — s)** 1. (J.289)
The change of variable u = cF(t) — cF(s) yields
(0 5%(s(u)) 04

Ny(t) = | A(s(u)) f(u)duxpﬂ/OCF(t’<1—s<u>>a1J<u>du, (J.290)
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which gives, plugging in (J.283),

v72 F) ru et ot
A&@)f\pQU%; (U-+(1 ) ) T (uw)du. (J.291)

Using Proposition J.20, we have

2

2 L cF(1) 4
N3(1) < Ty </ wett J (u)du +/ qu(u)du)
1

p2
2

pE

0

v 2 [ 1 ezt cF1) a1
= _ypatt / ua+1du—|—/ uotty "du | .
0 1

(J.292)

Notice that, since cF'(1) < v = w,(1) and kK3 = 2 — ¢, we have
a—1
1 if —— <1
| a+1+¢ ’

cF(1) o a- —1
/ urﬁu_'ﬁdu = UT_‘_%+¢>—1 if L + gb > 1, (J293)
1 a+1

—1
=1

1 if
Ry

This yields, since fol wartdu =< 1 for a > 0,

2 _
L
P a+1
2
-1
%qu if &
p a+1

(J.294)

2
7—20‘1’ Inv if

Thus, if a > 1, it is sufficient to have v?v/p* < 1 to guarantee that N3(1) < 1 (recall that
¢ < 1). Notice that, a direct computation from (J.291) shows that this condition is sufficient
to guarantee N3(t) < 1 uniformly in ¢t € [0, 1].

In the case a = 1/2, only the first case in (J.294) is possible, and this gives the condition
v20*3 [ p? < 1 to guarantee that N3(1) < 1 (and this is also sufficient to guarantee Nj(t) < 1
uniformly in ¢ € [0, 1]).

Thus, the first part of the thesis follows from plugging (J.280), (J.286) and (J.294) in (J.278),
since for & = 0 we have v = ¢fj(1), and 7(1) = 0 for a > 0.

The second part of the thesis follows from the fact that the RHS of (J.278) is uniformly <1
due to (J.280) and (J.287) for (i) a = 0, or (ii) a = 1/2 and v*v*/3/p* < 1, or (iii) a > 1
and v?v/p? < 1, due to the discussion following (J.294). O

Lemma J.24. Let 7(t) = 7(0)(1 —¢)*, with « = {0,1/2} and a > 1, such that 7(0) < 2/,
and denote v = 7(0)c. Assume p < ~* with b < 1 independent of ~y.
Suppose ¢p(a+ 1) < 2. Set ¢ S 1 and ¢n(0) = ~°, with

a+1 ) K

_ Fhp< ——
K+1 U TT e
a= (J.295)
2=+l ., K
K +2 2(K +1)’
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where K = (2 — ¢ — )(a+ 1). Then, we have that R(1) + 2¢*7?(1)v?/p? < 4", with

K e B
K+1 T 20K +1)
h = (J.296)
2K(1—b) P K
K+2 2(K +1)

Suppose p(a+1) > 2. Set ¢ S 1, and cn(0) = ~*. If

(k1 4+ ¢)(a+1)
b<1-— 2K D) (J.297)

then set a as in the first case of (J.295) to achieve the same h as in the first case of (J.296)).
If (J.297)) does not hold, then set

_2(1-b)
“= (J.298)

which gives R(1) + 2¢*7?(1)~?/p? < A", with

w if ¢la+1) > 2,
h=1 " b; n(alnn) (J.299)
k(1 — n(alny) . _
P Iy if pla+1)=2.

Furthermore, for each value of o, we have R(1) + 2¢*7?(1)+?/p* = ~" for all choices of ¢ and
all choices of a independent of ~y.

Proof. Consider the case ¢ = w,(1). Due to Lemma |J.5 and the same argument used in
(J.142)), we have that

R(t) 2 F(L(1)) + /0 (R()VK(T(E) — T(s)) + 263572 (T(1) — T(s)) ) ds
2 FEW)+ [ (RVK(F() — F(s)) + 5272 (F(1) - F(s))) ds  (4.300)
2 FEW)+ [ (KR () — F(s) + ()22 (F(t) = F(s))) ds,

where the the second step holds for an argument similar to the one in the proof of Lemma J.21,
as pi.(R) < 1. Then, the risk at all times is lower bounded by an expression which is identical
in form to the setting ¢ < 1, which implies that the smallest rates for R(1) + 2¢*7?(1)v?/p?

can be achieved for ¢ < 1. Furthermore, if ¢ <1 and v < 1, (J.280) gives R(1) 2 1, which is
a vacuous rate.

Then, let us focus on ¢ <1 and v = w,(1). Then, Lemma J.23 gives the lower bound in
(J.276). During the proof, we will suppose this bound to be tight, and we will find the value
of a (with v = 4*) that minimizes this lower bound. Later, we will verify that a € [—1,0)
(such that it is possible to consider ¢ < 1 and 7(0) < 2/7v), 2 —2b+4a/3 > 0 for a = 1/2,
and 2 — 2b+a > 0 for @ > 1, guaranteeing that indeed the lower bound in (J.276) is tight
and that the choice of a is optimal.

443



= Suppose ¢(a + 1) < 2. Then, Lemma J.23 gives

202~2 1 2
R(1) + ”pg)” 2T+ (J-301)
with
a 2a
- _ = 1 =2—-2b ) J.302
€1 akq, €2 04+1+ ; €3 +a+1 ( )

Then, the problem of hyper-parameter optimization reduces to finding a such that
min(ey, eg, €3) is maximized, giving the minimum lower bound on the risk. Consider the
value of a for which e; = e5. This gives

a+1
= — —-1,0 J.303
S el-L (J:303)
where the inclusion follows from o > 0 and K > « since x; > 1. Note that, for this
value of @, if b < 2(K7K+1) then we have

K

== Sa

(J.304)
Then, since e; is monotonically decreasing in a and e; and e3 are increasing in a (see
Figures J.2, J.4/ and |J.5 for a graphical presentation of this case), (J.303) gives the

optimal choice of a and (J.304) the corresponding lower bound on the risk. Furthermore,
note that, in this case, we have

K+2 1 a

2—-2b> =14+ —=——-=1- . .
T K+1 +K~|—1 a+1 (4:305)

Then, for a > 1 this gives 2 —2b+a > 0, and for a = 1/2 this gives 2 — 2b+4a/3 > 0,
which implies that (J.301) is tight, due to the second part of the thesis of Lemma J.23

If b > -2 the value of a in (J.303) is such that e; = e, > e3. Then, set e; = es,

2(K+1)
which vyields
21 =b)(a+1)
= — —-1,0 J.306
where the inclusion follows from b < 1 and x; > 1. Note that, for this value of a, since
b > ﬁ we have
2K(1—10)
—pa = T Lo, J.307
€1 = ¢€3 K+2 = €2 ( )

Then, since e; is monotonically decreasing in a and e; and e3 are increasing in a (see

Figure J.3 for a graphical presentation of this case), (J.300) gives the optimal choice of

a and (J.307) the corresponding lower bound on the risk. Furthermore, in this case, we

have that

20 -0)(K+1—a)
K+2

where the last step holds since K > «a. If a = 1/2, we have that 2 — 2b + 4a/3 > 0
since 3k1/2 + 2 > 3/2, which implies that (J.301) is tight due to the second part of the
thesis of Lemma J.23. This concludes the argument for the case ¢(a + 1) < 2.

22 +a= > 0, (J.308)
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Figure J.2: Plots of e;, e2 and e3 as Figure J.3: Plots of e;, ez and e3 as in
in (J.302) as a function of a for k; = (J.302) as a function of a for k; = 1.5, a =
1.5, « = 0, b = 0.25. Privacy comes 0, b = 0.4. Privacy comes with a perfor-
for free, since argmax(min(e;,ez,e3)) =  mance cost, since argmax(min(ey, ez, e3)) =
arg max(min(ep, e2)). arg max(min(ep, es)).

= Suppose ¢(a+ 1) > 2. Then, Lemma J.23 gives that (J.301) holds with

+1, e3=2-2b+as. (J.309)

a
€1 — —ak1 €y =
’ a+1

As before, set a for which e; = es. This gives the result in (J.303), and if

(k14 ¢)(a+1)
b<1-— KD (J.310)

we have that (J.304) holds. Notice that the case ¢(a+ 1) > 2 cannot happen for either
¢ <0ora<l,andfor a>1, we have
(k1 +¢)(a+1) (rito—Dla+1) ([(A-y¢)(a+])
2-%taz K+1 Ta= K+1 T K+1 >0,
(J.311)
where the last step holds since 1 — 1 > ¢ by Assumption 9.13. Then, this implies that
(J.301) is tight due to the second part of the thesis of Lemma |J.23.

If (J.310) does not hold, the value of a in (J.303) is such that e; = e; > e3. Then, set
e; = eg, which yields

2(1 = b)

K1+ ¢
where the inclusion follows from b < 1 and the lower bound on b. Notice that, for this
value of a and interval of b we have

€ [~1,0], (J.312)

2%, (1 —
_2ml=b) (J.313)

€1 = ¢€3 o
1

Then, since e; is monotonically decreasing in a and ey and e3 are increasing in a, (J.312)
gives the optimal choice of a and (J.313) the corresponding lower bound on the risk.
Furthermore, in this case, we have that

2(1 =b)(k1 + 9 —1)
K1+ ¢

2 —2+a= > 0, (J.314)

where the last step holds since ¢ > 0, which implies that (J.301) is tight due to the
second part of the thesis of Lemma J.23. This proves the thesis for the case ¢p(a+1) > 2.
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Figure J.4: Plots of e;, es and e3 as Figure J.5: Plots of e;, ey and e3 as

in (J.302) as a function of a for k1 = in (J.302) as a function of a for k1 =

30, «a = 2, b = 04. Privacy comes 1.5, a = 10, b = 0.4. Privacy comes

for free, since argmax(min(ey,ez,e3)) =  for free, since argmax(min(ey,ez,e3)) =
arg max(min(ep, e2)). arg max(min(ep, e2)).

= Suppose ¢(a+ 1) = 2. Then, Lemma J.23 gives that (J.301) holds with
a In(la| In(1/7))
= — = 1 =2-2b - . (J.315
el aky, e=-"7 + 1, es +ag In(1/7) ( )

Since the last term on the RHS of the last expression is 0,(1), the case given by (J.310)
is identical to the previous one.

When instead (J.310) does not hold, setting a as in (J.312) is also optimal as v — 0,
since In(1/7) = w, (In(|a|In(1/7)). Thus, the desired result follows.

Proof of Theorem 9.14. The proof is a direct consequence of Lemma J.24| together with
Theorem 9.6 and Proposition 9.8, after replacing k1 =2 — ¢ — 1. O]

Proof of Corollary 9.15. If ¢ <0, for any a > 0 we have that ¢(a+ 1) <0 < 2. Then,
taking & — oo (and consequently K — oo as defined in Lemma J.24), h as defined in (J.296))
converges (from below) to min(1,2(1 — b)), which gives the first part of the thesis.

If ¢ > 0, it is still desirable to consider the limit & — oo, as h is non-decreasing in « (this can
be seen from Lemma |J.23). Then, this setting reduces to the case ¢(a + 1) > 2. As o — o0,
we have that the threshold in (J.310) approaches

mto _1___ ¢ (J.316)

261 2 22—¢—1)

from above. Furthermore, the exponent h approaches 1 from below if b < b*, and it is equal
to 2(1 — b)% otherwise, which concludes the proof. O

b =1-—
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