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Abstract

We propose a sensing scheme for detecting weak forces that achieves sensitivity scaling propor-
tional to the number of individual sensors without relying on entanglement or other non-classical
resources. Our scheme utilizes coherent averaging across a chain of N optomechanical cavities,
unidirectionally coupled via a laser beam. As the beam passes through the cavities, it accumulates
phase shifts induced by a common external force acting on the mechanical elements. Remarkably,
this fully classical approach achieves the sensitivity scaling typically associated with quantum-
enhanced protocols, providing a robust and experimentally feasible route to precision sensing.
Potential applications range from high-sensitivity gravitational field measurements at the Large
Hadron Collider to probing dark matter interactions and detecting gravitational waves. This work
opens a new pathway for leveraging coherent light-matter interactions for force sensing.

1. Introduction

Detecting extremely weak forces with high sensitivity remains a central challenge in modern physics,
with broad relevance to both fundamental research and technological development. In fundamental stud-
ies, enhanced sensitivity enables the exploration of new physical regimes, including the investigation of
gravity at the quantum scale, the search for dark matter (DM) candidates, and the examination of the
principles underlying quantum mechanics. From a technological perspective, advances in ultra-sensitive
force detection underpin the development of precision measurement techniques and sensor technologies
with wide-ranging applications.

Optomechanical systems [1] have long been used to tackle diverse questions in quantum mechanics,
from the exploration of fundamental physics [2—4] to sensing applications [5-7]. The ground state cool-
ing of the mechanical element and the radiation-pressure interaction with a light field allow to enter a
quantum regime where the mechanical motion becomes highly sensitive to small disturbances [8-10]. In
this context, optomechanical systems represent ideal platforms to test weak forces as they offer high force
sensitivity with many recent advances [11-13]. This opens new paths to unveil and test physical effects,
ranging from quantum-gravity signatures [14—18], to DM detection [19-22], or measurements of high-
frequency gravitational waves from continuous sources [23].

Improving a detector’s sensitivity means making the signal stand out more clearly from background
noise. A common method is to average the results over N measurements, either by repeating the same
experiment or by collecting data from multiple independent probes. This approach leads to a signal-
to-noise ratio (SNR) enhanced by a factor proportional to v/N, known as the standard quantum limit
(SQL). Quantum correlations between probes can push this improvement even further, reaching what is
known as the Heisenberg limit (HL), where the SNR scales linearly with N, the number of probes [24].
Although entanglement and squeezing have demonstrated such gains, their practical use is limited by the
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fragility of quantum resources under the effects of decoherence, which significantly restrict the number
of usable probes in an experiment [25, 26].

Another possibility to surpass the SQL is to couple the N probes simultaneously to a single quan-
tum system (‘bus’) and eventually read out the latter instead of measuring the probes individually. In
the literature, the term coherent averaging is used for this approach [27-29]. The phase information
from the N probes accumulates in the quantum bus, leading to an improvement of the SNR without
entanglement or quantum resources; even simple product states of the probes are sufficient, and in cer-
tain regimes they can achieve full HL scaling. Because it avoids fragile entangled states, the scheme can
be more robust to decoherence, making it significantly more practical in realistic, noisy experimental
settings. Among the several other ways that have been found to bypass the entanglement requirement
to reach HL sensitivity, we just mention non-linear schemes [30, 31], multi-pass schemes [32], or non-
unitary encoding of the parameter [33]. In fact, coherent averaging can be seen as an interference phe-
nomenon that also works in the classical wave regime, where it is used for SNR enhancement in mul-
tipass microscopy of sensitive samples [34, 35]. In [29] it was suggested for enhancing the sensitivity of
measurements of Newton’s constant G using a set of classical harmonic oscillators all coupled to a cen-
tral one. Alternatively, a classical coherent averaging of measurement signals can also enhance the sensi-
tivity of optomechanical sensor arrays: instead of a single quantum bus readout of the accumulated out-
put signal, one performs individual homodyne measurements on the sensors, all driven by the same con-
tinuous laser field, and combines the data in post processing based on fixed temporal relations between
the readout signals [21].

Here, we propose a sensing scheme that exploits coherent averaging for cascaded optomechanical
systems. The systems are connected through a unidirectional optical field that acts as the bus and accu-
mulates all the phase signals before being measured. As the readout is performed on the same light
mode, the necessary temporal relation between different light-sensor interactions is fixed by adjusting
the setup geometry. In contrast to parallel homodyne measurements where individual path lengths have
to be adjusted on the scale of the optical wave length, the necessary precision in the cascaded geome-
try is defined by the mechanical frequency as only the accumulating phase shifts linked to the oscillator
phases of the mechanical elements have to be matched. This is a practical advantage while the accumula-
tion of loss in the cascaded geometry imposes additional constraints on each sensor system as well as on
the routing of light through the cascade.

We investigate three different readout regimes: (a) the stroboscopic regime with light pulses much
shorter than the mechanical period, (b) the continuous-wave regime with light pulses that are longer
than the mechanical period and the signal duration, and (c) the continuous-wave regime with light
pulses that are shorter than the signal duration. For all three regimes, we find that Heisenberg-like scal-
ing can be achieved in the ideal case without photon losses. We show that in presence of losses, even
though the N?-scaling is lost, there is an enhancement up to an optimal number of systems Nyp in
comparison to the SQL. To show the utility of the scheme, we discuss three example applications: (1)
detection of gravitational field at Large Hadron Collider (LHC), (2) DM detection, (3) gravitational
waves detection.

The proposed configuration is conceptually analogous to sequential multi-pass schemes, in which
precision improves by repeatedly sending light through the same cavity. However, the cascaded system
offers a complementary approach in which multiple sensors independently receive the same signal. This
may be advantageous in scenarios where a single system cannot be reused, such as when a high-intensity
laser pulse induces incoherent absorption, loss, or damage.

We note that the cascaded setup inherently introduces a time delay between consecutive cavities due
to light propagation. In other words, the bus receives each probe signal sequentially, seemingly at odds
with the assumption of simultaneous probe-bus couplings for coherent averaging. This however depends
on the timing of the probe signals. For example, the signal may be imprinted on consecutive mechan-
ical elements with a time delay and the light propagation may be adjusted to exactly match this delay.
This can be the case in one of our example applications, the detection of the gravitational field at the
LHC. Furthermore, if decoherence of the mechanical elements is happening on a much longer time scale
than their oscillation period, simultaneity can effectively be achieved by setting the time delay between
two oscillators to match an integer multiple of the mechanical period. On the other hand, should the
total delay across the chain remain negligible compared to the mechanical period, the interactions are
rendered effectively simultaneous.

In section 2 we describe the cascaded optomechanical setup and how the signal is imprinted on the
motion of the mechanical element in each cavity; by deriving and iterating the input-output relations,
we obtain a general recursive formula for the output field amplitude. The solution to this recursive rela-
tion is given explicitly in the following three subsections: in section 2.1 for the stroboscopic regime, in
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Table 1. Parameters used in this article.

Meaning Symbol
Frequency of n'™ mechanical resonator Q,
Bandwidth of the n® mechanical signal AQ,
Standard deviation of mechanical phase fluctuations o4
Frequency of n'™ cavity w§
Detuning of n™ cavity A,
Linewidth of n' cavity Kn
Coupling rate of n'" optomechanical system &
Probe pulse duration T
Probe light frequency wr,

Attenuation factor quantifying optical loss per cavity n
Inter-cavity delay T
Total number of optomechanical systems N
Number of input photons N;

section 2.2 for the continuous-wave (CW) regime, and in section 2.3 for the CW regime with a con-
tinuous signal. In section 3 we introduce the metrological bounds to the SNR for Gaussian states in

the weak coupling regime. The results for the three limiting cases are presented in section 3.1, and the
upper bound case obtained when all the cavities are identical in section 3.2. In section 4 we discuss three
potential applications of the cascaded sensing scheme: 4.1 DM searches, section 4.2 Gravitational waves,
and section 4.3 Gravitational field of ultra-relativistic matter. In section 5 we draw our conclusions and
outline possible directions for future work. All parameters used in the paper are listed in table 1.

2. Cascaded optomechanics

We implement a coherent-averaging scheme to detect weak signals encoded as phase shifts in mechanical
resonators. The system, shown in figure 1, consists of N optomechanical cavities, acting as parameter-
dependent probes. They are uni-directionally coupled through laser light that serves as a common ‘quan-
tum bus’ By fixing the initial polarization and inserting polarizing beam splitter (PBS) and quarter wave
plates (QWPs) (or alternatively Faraday rotators) along the path, it is possible to drive the pulse through
all the cavities avoiding back reflected light. As the optical pulse enters each cavity, it interacts with the
respective mechanical resonator. An external signal that perturbs the resonator motion imprints a phase
shift ¢ on the bus field. These shifts accumulate coherently in the input laser pulse, amplifying the effect
of the signal. The output pulse is eventually measured to extract information on the phase shift induced
by the signal on the mechanical motion.

We model each optomechanical system 7 as a single optical cavity mode with frequency w, that is
modulated proportionally to the position X,,(f) of a classical end mirror oscillating with central fre-
quency €2,. We assume that all cavity modes are initially in the ground state |0). The signal is assumed
to be imprinted on the motion of the end mirrors before the start of the measurement. The dynamics of
all light modes (cavity and probe light) is expressed in the reference frame of the (central) frequency of
the probe light wy. Hence, for each cavity, we have the Hamiltonian

Hn = Hn,a,o + Hn,b,O + Hn,I: where
n,a,0 — h (An — &nn (t)) dld”’

Flpo = / dw (@ —w1) bl (@) by (@), ()

o —in B bt (w)d, — b, (w)al
H, =ih 27T/dw (bn (w)a, — by, (w)an).

H, .0 describes the single-mode field of the nth cavity with detuning A, = wS — wy, expressed in

terms of bosonic annihilation and creation operators, which satisfy the standard commutation relation
[d,,d]] = 1. The term also contains the shift of the cavity frequency due to the change in position of the
mechanical element: the parameter g, denotes the optomechanical coupling between the mechanical res-
onator and the cavity field, while g,(t) = X,,(t)1/2m,,/k. The second Hamiltonian term I:Inyoﬁ;, corre-
sponds to the free Hamiltonian of the outside field, representing a mode continuum in terms of oper-
ators bl (w) and b, (w), which satisfy the canonical commutation relations [b,(w), b} (w’)] = 6(w — w”).
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Figure 1. Sketch of the cascaded system with N optomechanical cavities. An input optical pulse enters the first cavity and, using
suitable optical elements (quarter-wave plates (QWPs) and polarizing beam splitters (PBSs)), is directed through all subsequent
cavities before reaching the detector. During its propagation, the pulse interacts with each mechanical resonator, acquiring a
phase shift that cumulatively encodes the contributions from all N systems.

Table 2. General restrictions of the considered regime. In
addition, we approximate the effect of optical losses as an
attenuation of the light field amplitude.

Frequency-independent coupling Kn(w) & Ky
High-finesse cavity T K 1/Kn
Bad-cavity regime Qy < Ky
Weak coupling regime & K Kn

Finally, the last term I:In, 1 models the interaction at the fixed mirror between the cavity and input fields
as a beam-splitter with frequency-independent coupling given by the linewidth «, (Markovian approxi-
mation [36]). This form of the coupling is a good approximation for high-finesse cavities, that is, when
the cavity roundtrip time 7 is much shorter than the time scale of cavity decay (see chapter 9 of [37]).
Therefore, we make the assumption &, < 1/7;. While many of the following steps are general, eventu-
ally, we shall operate in the bad cavity regime in which 2, < k,. The optomechanical coupling rates g,
are later also assumed small. The general restrictions used throughout the whole analysis are listed in
table 2.

The dynamical degrees of freedom for each cavity are the intra-cavity field 4, and the external field
by (w). Their dynamics is governed by the Heisenberg equations of motion. Following the standard
approach [38] (see appendix A), we can obtain a formal solution for l;n (w, t) which we substitute into
the equation of motion for a,(t) to obtain the cavity Langevin equation,

Oudin (£) = [Ty +igudn (1)] dn (£) — /RabI™ (2), (2)
where we used the abbreviation ', = x,,/2 +iA,,.. The input field is defined as

B dw
B V2T

and t) — —oo is the asymptotic initial time at which the cavity and the light field are still decoupled,

[, (t0), b (w, )] = 0. With #; — 0o, we can define an analogous expression for the output field,

e—i(w—UJL)(t_to)En (w, to)7 )

l;gout) (t) — / j%e—i(w—m)(t—n)[’n (w; tl), (4)

where b,(w, ;) is the free field for #; — +00, and thereby obtain the input-output relation [38],
B (£) = B () + /R (1) (5)

4



10P Publishing

New J. Phys. 28 (2026) 084505 M M Marchese et al

As the state of the input light field, we consider a Gaussian laser pulse of length 7
¥ (t0)) = ][ D [BTe—m—sz—m,)z/z} Ivac), ©)
w

where the continuous wave regime corresponds to 7 — co.

In our cascaded setup, the input field of the n™ cavity b{i"(¢) is determined by the output field of
the preceding cavity, subject to a propagation delay T. We model possible losses between the cavities by
beam-splitter transformations that remove a fraction of the output field and inject an equivalent amount
of vacuum noise into the next input field represented by vacuum fields ¢ (¢). This gives rise to the
condition

b (1) = b (£ — T)eX &) (£ — T) ¥, 7)
with the abbreviations x =w; T —1iln,/7, £ =w,T—iln\/T—7, and the attenuation parameter 7 €
[0,1]. Note that we shift the vacuum fields in time and append a phase for convenience. The above for-
mula applies for n>2 as we do not account for extra losses before the first cavity. Iterating (5) and (7),

the n'h output field can be expressed in terms of the original first input field, the cumulative response of
all n cavities, and the cumulative vacuum noise input,

B (1) = 0D [ (£ = (n = 1))

+1§n(t—(n—I)T)Jrén(tf(nfl)T)}, 8)

introducing the cumulative operators,

t) = i:\//?kak(wr (k—1)T)e ik=1x,

k=1

n—1 (9)
) =e€> a™ (t+ (k—1)T)ex,

Ideally, the mechanical signal should coincide with the arrival time of the pulse at the n™ cavity,
(n—1)T. Let us therefore express the mechanical amplitude as g, (t) = Q,(t— (n — 1)T), with Q,(¢) ide-
ally centered around ¢ = 0. Then, we integrate the cavity Langevin equation (2) for t > £y, make use of
the bad cavity regime and let fy — —oco to obtain the recursive relation (see appendix A)

B (1) = o / dt' e 60" [ (11
+B,_ (t—t")+C, (t—t)} (10)
where By=0 and C; =0 and G,(t) =T, —ig,Q.(¢). We will be mainly concerned with the mean value
of the cumulative response of N > 1 cavities, (Bn(t)), as it is the coherent output field amplitude by
which we measure the mechanical signal. When taking the expectation value, the vacuum noise input

always vanishes, (C,) = 0. Therefore, the recursion formula (10) can be formulated in terms of the time-
shifted output amplitude, f3,(t) = 5(t) + (B,(t)) as

Bo(t) = Boor (¢ —nn/ d' eSO g (1 1), (11)

where (1) = B(r) := (b{™ (1)) = Be /> and
(B () =" DB, (1= (n—1) T) DT, (12)

We notice that the attenuation x does not explicitly appear in the recursion formula (10). The atten-
uation only enters in the dependence of the actual output field amplitude after n cavities on the 3, in
equation (12), by the (n— 1)-fold attenuation factor.

5
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We denote the Fourier transform of the time-shifted output amplitude as (,(w) = [ dte'“3,(1)/v/2m
and use the inverse Fourier transform to translate the recursion formula (11) into frequency space,

B Kn . , ei (w—w ’)t
0 (W) = Bu— —— [ dw'B,— dt ———, 13
o) = uca () = 52 [ dw'Bos ) [ ar G (13)

—_———
=F,(w’,w—w’)
where fy(w) = B(w) = e (b (w +w;)) = Bre™“/2. As we are concerned with the measurement of
weak mechanical signals and realistic optomechanical coupling rates are typically small, g, < k,, we can

reasonably expand to lowest order in |g,Q,()|/fn,

N 21 (Q) mignén (Q)

Fo(w',Q) ~
R (T —iw’)®

; (14)

where Q,(Q) = 7,(Q)e 2("=DT is the Fourier transform of the mechanical displacement. For conve-
nience, we define the integral operator £, acting on a frequency-space function by

. 12 C —w!

L,[a] (w) ::/dw’ [1_el¢n(w )} d(w/)w, (15)
with the cavity response phase e"(“) = —(T,, —iw)*/(T,, — iw), i.e. ¢,(w) =7 + 2arctan(2(w —
A,)/Ky). The recursion (13) then reads

Bn = ei¢)"anl - ign'cn |:an1:| ’ BO = /Ba (16)

noting that all 5k and ¢y are functions of w and ¢, = g,/k,. To first order in ¢,, the consistent solution
to this recursion for N cavities can be stated as

N
By e Zim i — izskeizj”:m 4L, {eizi;i $e 5] ’ (17)
k=1

using the convention Z% +1(--.) =0. In general, the result cannot be given analytically, but there are two
limiting regimes in which approximate analytic treatments are possible: the stroboscopic regime of short
light pulses compared to the mechanical signal and the CW regime of a light pulse that is much longer
than the mechanical signal. The former regime can also be considered beyond the weak-coupling limit
(see appendix A.1). An analysis of the validity of the three limiting cases for the purposes of this article
is provided in appendix C.

2.1. Stroboscopic regime

The stroboscopic regime corresponds to the case of an input pulse that is short compared to the
timescale of mechanical motion, Q2,7 < 1, [39, 40]. This means that not only the average input field
but also all the responses (B,(¢)) and 3,(t) remain sharply peaked in time around ¢~ 0 compared to
the mechanical motion. Conversely, in frequency space, the responses 3, are spectrally broad com-
pared to the Qx, and we can therefore approximate Bn(w — Q)Qk(Q) ~ Bn (w)ék(ﬂ) for any n>0 and
k>1. In addition, the cavity response times are also assumed short, %, >> {2, so that ¢,(w — Q)Qk(Q) ~
$n(w)Qr(). Thus the integral operator (15), applied to such spectrally broad functions, can be approxi-
mated by,

) 2
L,[6] () ~ [1 - e'¢”(‘“)] & (w) Qi (0). (18)
The Ist-order recursion formula (17) simplifies to,

iSOV 5 g —cos pj(w ~
ele:] [¢](W)+2'T]jQ](0)(1 #i( ))] B(W) . (19)
We find that the signals imprint a cumulative spectral phase modulation onto the input field. This result
holds, in particular, when the mechanical displacement is constant in time, as the stroboscopic regime
then applies for any 7 < oo and « > 0. The ¢;(w) describe the responses of the undisplaced cavities,
which filter and reshape light pulses that are spectrally broad compared to the cavity linewidths.

By (w) ~

6
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Table 3. Restrictions for different considered limiting regimes. Additionally, K7 >> 1 is assumed in all of them.

Stroboscopic CwW CW (continuous signal)
Mechanical period vs pulse duration Qr L1 Q7> 1 Q> 1
Signal bandwidth vs pulse duration — AQT>1 AQ,T K1

2.2. CW regime

In the opposite regime, the pulse is long compared not only to the cavity lifetime, x,7 > 1, and the
mechanical oscillation, 2,7 >> 1, but also to the duration of the mechanical signal, 2,7 > AQ,7 > 1. In
other words, the light pulse /3 is spectrally much narrower than any of the ¢y and Q, so that, whenever
the integral operator (15) is applied to a function including 3, one can assume w’ & 0 in the arguments
of said functions,

2
. ~ RE . ~
Le[eZe2 5] ()~ The 2O () B (0), (20)
k
where the time-domain amplitude 5(0) = [ dwf(w)/+/27 arises due to the remaining integral in

equation (15). The right hand side of equatlon (20) is peaked in frequency space around (). The delay
times T between the cavities can be arbitrary.

Moreover, in equation (17), we can also make use of the fact that the Q are sharply peaked com-
pared to the cavity linewidths, AQy < &, for all k,n > 1, and approximate ¢,(w) ~ ¢,,(0) whenever the
phases appear together with the Q;. Hence,

By (W) ~ e 22190 | B (w) ng“k —15O) Qp (w) | . (21)

k

Instead of a cumulative phase imprinted on the broad carrier light pulse in the stroboscopic regime, here
we have spectrally resolved sidebands that build up with each cavity and modulate the carrier in time.

2.3. CW regime for continuous signals

There is one more relevant limit that the two discussed regimes do not cover: The light pulse could

be long compared to the cavity and the mechanical oscillation frequencies, but the mechanical signals
could be perfectly harmonic or quasi-continuous with a longer duration than the light pulse; that is,

KT > Q7> 1> AQur for all k,n > 1. In this case, we make use of the fact that a real-valued oscil-
lating Q,,(¢) will yield a Fourier transform Q,(w) that is sharply peaked around £,,. This yields spec-
trally separated sidebands around the carrier /3, which is much less sharply peaked around zero. In (15),
we can now reduce the integral to two terms in which we replace the argument of the ¢, and of B by
w’ &~ w + Q4. Furthermore, we can also approximate ¢, (w £ Q) ~ ¢,(0) as before.

Ly [eizm B} (w) = %Egzwm [5 (W+ Q) F Q] (0)* + B (w— ) F ' [ Q] (o)} . (22

k

where F_~ = [ dw’ Qi(w’)/V/27 is the inverse Fourier transform of ©(w)Qx(w) at t = 0 with
O the Heav1s1de step function centered at w = 0. Plugged into the solution (17), we obtain a sum of all
the sidebands from each cavity

~ i K _1 _ - « ~ _ ~
By () B0 l ‘lng e (w4 ) F [ 0 + Bl - 00 i [0 <0>)] |
(23)
In the simplest scenario, the mechanical frequencies are all the same, in which case the sideband ampli-
tudes accumulate. The spectral profile of the sidebands is now given by the S-profile, as opposed to (21)

where the profile was given by the mechanical signals, Q,,.
A summary of the approximations according to the different regimes is given in table 3.

7
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3. Coherent enhancement of metrological bounds

Based on the expressions for the output field of the '™ cavity and the cases discussed in the previ-
ous section, we now derive achievable lower bounds on the uncertainty with which a signal encoded
in the mechanical displacements Q,(#) can be estimated. We assume that all Q, are linearly propor-
tional to a single parameter ¥ of the signal. A fundamental upper bound on the SNR for a given
setup optimized over all possible measurements can be obtained via the Carmér-Rao bound as SNR =
¥/ N<SNRCR = 9V NH, where N is the number of independent repetitions of the measurement
and H is the Quantum Fisher Information (QFI) [41] associated with the output field after the N-th
cavity. Since we consider an initial coherent state of the light field and a quadratic Hamiltonian that
preserves Gaussianity, we can restrict our analysis generally to Gaussian states [41, 42]. The key advan-
tage of Gaussian states lies in the fact that they are completely characterized by their first and second
moments, collected in the displacement vector d = ()T and the covariance matrix o with components

oij = ({(fi—d;), (rj —d7)}), respectively. Here, = {bS out)( 1),b1(\?ut) (wi),...} is the infinite dimensional
vector of output creation and annihilation operators of the spectral modes which is obtained from the
annihilation operators l;I(\(,mt) (t) and the corresponding creation operators by Fourier transformation.

This structural property of Gaussian states allows the QFI to be written in a compact form, depend-
ing only on the complex covariance matrix and the displacement vector [41, 43]. In our model, the sig-
nal parameter is encoded only in the coherent field amplitudes and leaves the second moments unaf-
fected. Therefore, we can restrict our analysis to the corresponding term in the QFI,

Ha=2(89d) o~ (9yd). (24)

The associated Cramér-Rao bound can be saturated by spectrally (or temporally) resolved homodyne
detection of the output field. For non-Gaussian field states and homodyne measurements, the CFI of the
measured quadrature distribution is lower bounded by the expression (24).

In the following, we assume that the covariance matrix is that of the free field, o =I. The QFI for a
continuum of spectral modes reduces to

Ha = 4/dw\aﬂ<z;§;’“‘> (W)= 4nN*1/dw|aﬂBN(w) 2. (25)

A complete treatment would include perturbations of the covariance matrix due to thermal fluctuations
of the mechanical resonator and the back-action of the readout light on the mechanics. In the weak cou-
pling regime (g,<k,), back-action can be safely neglected as the effect on the light field is of second
order in g,. We do not assume that the mechanical elements are cooled to the quantum ground state but
consider the opposite regime where the environmental temperature is much larger than %, /kg for all #,
where kg is Boltzmann’s constant. Therefore, thermal fluctuations dominate over quantum fluctuations.
An analysis of thermal contributions to the covariance matrix is given in appendix B using the strobo-
scopic regime as an example. In that case, we find that o =1 is a good approximation if the mechanical
element is cooled to temperatures of several Kelvin for typical optomechanical parameters.

3.1. SNR for three limiting cases
We immediately obtain bounds on the SNR after N optomechanical cavities for the different regimes

discussed above. We give the expressions for single-shot experiments (N = 1) as independent repetitions
only give rise to a factor v . For the stroboscopic regime, we find

N B 1/2
SNRy (N) <205 ( / dw| 9o B () |2)

/d

In addition, if the pulse spectrum and the cavity detuning are chosen such that the pulse fits into each
of the cavity modes, that is, 77!, A, < k,,, we can evaluate the phases ¢; at w = 0 (the peak of ), and

N 1/2

(1—cosg;j(w)) B (w) . (26)

I\OQ

N
SNRy (N <4n Z% 1 — cos ¢; (0)) , (27)
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-2 . . . e
where Ny, = /77" is the number of input photons. We see that the SNR is additive in the case of van-
ishing noise, 7 — 1.
In the continuous wave regime with finite signal duration, we obtain

N 1/2

1
SNRu, (N)<2n 7 NI/2——— x / (28)

VARG

If the spectral sidebands produced by each optomechanical cavity are assumed to be equivalent up to
their amplitude, that is, Q¢(w) = Qk0S(w), the integration over |S(w)|* can be performed independently
from the sum over cavities. This results in

N
dw Z ‘%e_i‘bk(o) Qx (w)
k=1

k

SNR(N)<2n" ™ N2 My, (29)

N gK,

kk 4 =
Z?e 70 Qug
k=1 "k

where My, = ([ dw|S(w)[?)'/2//T+/7. For the case of a continuous signal, we use equation (23) and
take into account that the two sidebands do not overlap (since 247 > 1) to obtain

2 o\ 1/2

ngﬁk “I%OF 71 Q] (0)

klk

SNR (N)<2n" T N'/% x ng —nOF Q] (0 (30)
k=1 T

This concludes the limiting cases that we treat in this article. In the following we restrict our considera-
tions to equal cavities which leads to general results that apply to all limiting cases.

3.2. Equal cavities
If we assume that all sensors provide the same contribution to the SNR, we obtain the upper bound for
the SNR after N sensors as

N—1

for all three cases, where SNRcr(1) is the bound of the SNR for a single optomechanical cavity. To
evaluate the advantage of the cascaded sensing scheme in comparison to incoherent combination of
the measurement outcomes of N optomechanical sensors into one measurement statistics, we have

to compare the SNR scaling above with the scaling of independent measurements SNRcg | incon(N) =
V/NSNRcg(1). In figure 2, the quotient SNRcr(N)/SNRcR, incon (N) = v/ Np™N=1)/2 is plotted as func-
tion of N for different values of 1. While the SNR increases indefinitely with N for attenuation parame-
ter ) = 1, for each 1) # 1, there exists an N,y at which SNRcr(N)/SNRcR, incoh (N) reaches a maximum.
Without any further noise sources and assuming that measurements are implemented that actually sat-
urate the bound (e.g. homodyning ones), Ny is the number of optomechanical cavities to optimally
exploit the cascaded sensing scheme. It is easy to show analytically that Ny is one of the two integers
that are closest to —1/log(n). For n very close to 1 (roughly for values larger 0.7), we find that Ny

is the integer part of 77/(1 — 1) and SNRcr(Nopt)/SNReR, incoh (Nopt) = 1/+/€(1 — 1), where e is Euler’s
number.

In figure 3, we show plots of the optimal number of sensors Ny, and the corresponding enhance-
ment ratio SNRcr (Nopt) /SNReR, incoh (Nopt) for values of 77 between 0.8 and 0.999.

We like to note that, in practice, remaining differences between cavity frequencies and small errors
in the adjustments of the optical delays between the sensors are unavoidable. While the latter approxi-
mately correspond to constant phase shifts (under the assumption that the product of signal bandwidth
and delay timing error is much smaller than one), mechanical frequency differences lead to a dephas-
ing that increases with time in the case of continuous measurements and have to be adjusted regularly.
The resulting phase shifts can be modeled as stochastic fluctuations with a vanishing mean. As can be
seen from our results in section 3.1, phase differences between the amplitudes from different cavities
enter the SNR essentially as a factor |, e%®| (under the assumption of otherwise identical cavities).
For phase fluctuations much smaller than 1, this expression can be expanded to second order and aver-
aged. For fluctuations of the mechanical phase, we can assume identical variance which will not affect
the N-scaling to leading order. The phase fluctuations resulting from optical delay fluctuations d T, will
be approximately of the form (5@ = QZN ' 6T,, where (2 is the average mechanical frequency. If we
assume equivalent variance o/ of the 4T, the N-scaling is ensured to be approximately preserved for
NQ%of < 1.
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Figure 2. Plot of the ratio of the upper bounds for the coherent and incoherent signal to noise ratios SNRcr (N) and

SNRcR, incoh (N). In the ideal case of no losses (blue dots) the ratio increases indefinitely proportionally to v/N. As losses are
introduced (yellow dots 7 = 0.9, green dots n = 0.8, red dots 7 = 0.7) there is an interplay between the coherent accumula-
tion of the signal and decoherence which leads to an optimal number of systems Nop: above which the advantage is lost, and the
SNR decreases. Higher values of losses correspond to lower SNR-ratios and smaller Nop;.
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Figure 3. Plots of the optimal number of sensors Nop; and the maximal SNR ratio SNRcgr (Nopt) /SNRcR, incoh (Nopt ) @s a function
of the loss from the light field between the sensors 1 — 7 from 7 = 0.999 to = 0.8.

4. Potential applications

In this section, we discuss three sensing applications which could profit from the cascaded sensing
scheme presented in this article.

4.1.DM

Despite the abundance of astrophysical and cosmological observations in favor of the existence of DM
particles, the fundamental nature of these constituents has not been identified. DM is expected to
interact very weakly with standard matter (SM) and perhaps only through gravity. A crucial charac-
teristic such as the mass has not been established yet, and the range of possible values is very broad,
from 107°% kg up to several of solar masses. Observations indicate that the local DM mass density is
Py =5.3x 1072 kgm > [20]. DM candidates are usually classified according to their masses 1, into
two main categories and their interaction with SM can be described in different ways: heavy DM or
particle-like candidates defined by m, > 107¢ kg are expected to behave as a dilute gas of single par-
ticles; ultralight wave-like candidates, with 107 kg < m,, < 0.1 x 107 kg are described as a persis-
tent wave-like field. Different experimental setups and measurement apparata are required to investigate
different parts of the parameter space. However, for all the models interacting with SM only through
mass, massive mechanical sensors are required, and optomechanics offer potential platforms to search a
wide range of candidates. Assuming that the DM is in equilibrium with the galaxy halo, it is expected to
move at a typical speed of v, ~ 10° ms™!, from the viral theorem, and then having a de Broglie wave-
length of A\, =2xhi/(m, vy) [4]. We focus on “ultra light” DM, where candidates possess low mass
(m, < 0.1 x 107°° kg) and extremely large mode occupation numbers. This means that we can treat
these candidates as a bosonic field that oscillates in time with wavelength A\, > 1 mm and natural field
frequency wy = m, */h < 2w x 107 s~1. The frequency spread dw, =~ m, v3 /(2h) = 21 x 10°~" leads

10
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to a coherence time Teon & 27 /0wy, & 27 X 107 /w, [20]. These models therefore give rise to extremely
weak, coherent and persistent field oscillations that can potentially be detected, and the core problem
reduces to the detection of a weak signal which makes it an extremely suitable application for the cas-
caded optomechanical scheme. Assuming that DM consists of a single ultralight field, the observable sig-
nature is a temporally oscillating force that acts on the detector, with strength proportional to the mass.
This can be parametrized as

Fy =gy pxf(1), (32)

where g, is the unknown DM coupling that depends on the DM model assumed, p, is the local DM
density, and f(#) contains the time-dependence of the signal. In the steady state at resonance, the result-
ing amplitude of a mechanical sensor with frequency 2 and damping rate Q¢ is q,s = F,,/(2mQ*¢).
Hence, a search for DM could be done by trying to estimate the parameter ¥, = g, p, by optomechani-
cal read-out of the mechanical amplitude. This approach is promising, as it is supported by several stud-
ies on optomechanical methods for DM detection [19, 20, 22, 44, 45]. Since some sensors are small sys-
tems, it has also been already proposed to use arrays of many of these sensors [20]. Due to the small size
of the systems and the possibility to combine them with integrated optics, losses between sensors may be
significantly restricted. In that case, our framework of cascaded optomechanical sensing is applicable and
the coherent enhancement of sensitivity provides a factor VN in the most ideal case.

4.2. Gravitational waves

Since the first detection of gravitational waves by the LIGO/Virgo collaboration [46], many more tran-
sient signals from binary mergers have been observed and gravitational astrophysics is expanding quickly
with new detectors going online and being proposed. Also continuous gravitational wave signals from
large binaries in the low frequency regime are very likely to be detected soon with LISA in space [47].
However, signals from binary mergers only represent a subset of possible signals. Other types include
non-transient gravitational wave signals in the kHz-band and above that can be continuous, for example,
emitted by fast rotating neutron starts [48-50], or a stochastic background, for example, emitted during
the rapid evaporation of primordial black holes [51].

Besides the general possibility to employ interferometric gravitational wave antennas like LIGO and
Virgo for the detection of non-transient gravitational wave signals [49, 51], there are several other pro-
posals to employ highly controlled mechanical sensors for the detection of continuous gravitational wave
signals at frequencies in the kHz range and above [23, 52-56]. Since these sensors are usually much
smaller than the wavelength of the gravitational waves they are proposed to detect, in essence, a gravi-
tational wave of frequency w and strain h acts as a time dependent tidal force with gradient [57, 58]

|VFy| ocw?h/2. (33)

In many cases, the proposed readout mechanism for the mechanical sensors is via the electromagnetic
field and sensors can be bundled into a larger volume to form a more sensitive detector network (as has
been demonstrated for torsion bar antennas [59] and interferometers [60]). Therefore, gravitational wave
detection of continuous high-frequency signals is another potential application for cascaded optome-
chanical metrology.

4.3. Gravitational field of ultra-relativistic matter

A third potential application of the cascaded optomechanical sensing scheme is the detection of the grav-
itational field of ultra-relativistic matter at the LHC [61]. The gravitational attraction of the circulat-

ing proton bunches is dominated by their kinetic energy which is a factor ~7000 larger than the energy
associated with their rest mass. While the gravitational effect of kinetic energy is evidenced in many
astrophysical observations, this prediction of general relativity has not been experimentally tested. Tests
at the LHC would enable full control over the generation of ultra-relativistic sources of gravitational
fields, allowing for precise and repeatable measurements [62]. Besides the exciting possibility of the first
direct evidence for the gravitational attraction of kinetic energy, gravity measurements at particle accel-
erators could also be used to test alternative gravity theories in yet unexplored regimes [63]. The LHC
consists of a 27 km ring in which 2800 bunches of protons circulate at speeds approaching ¢, with each
bunch carrying a total energy of 10° ] distributed among approximately 1.15 x 10! protons. Each bunch
is approximately 30 cm long and lasts approximately 1 ns. To profit from phase locking techniques, a
sensor positioned near the ring must resonate at frequencies matching the bunch passage rate: the full
beam provides a rate of 31.2 MHz, while a single bunch orbiting the ring passes with a frequency of 11
kHz. Lower frequencies can be achieved through periodic modulation of the beam position, where the

11
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LHC beam is active for half the sensor’s oscillation period. One can estimate the effective acceleration
amplitude driving the sensor as [61]

4GP
do.LHC ~ 57 (34)

where G is the gravitational constant, P the average power of the particle beam (3.8 x 10'*> W in the
case of the LHC) and d the distance between the center of the mechanical resonator and the beam axis.
This leads to the corresponding steady state oscillation amplitude g, s = arnc/(2€2°¢) of the mechanical
resonator.

Since the proton bunches at the LHC move in a 27 km long ring, in principle, many acceleration
sensors can be placed around the beam line and their signals can be correlated. Therefore, significant
enhancement could be provided by the cascaded sensing scheme if losses between sensors can be limited.

5. Conclusions

We have shown that coherently coupling N optomechanical sensors via their output light field in a cas-
caded way can improve the total SNR significantly. In the ideal case, that is, without loss from the out-
put light field between the cavities, this version of coherent averaging leads to an increase of the SNR
proportional to N while incoherent averaging leads to the usual scaling with y/N. If losses are included,
represented by an attenuation factor 7, the advantage of the cascaded readout over the incoherent read-
out scales as (N~1/24/N which implies an optimal value for N beyond which the advantage starts to
decrease. For 7 close to one, the enhancement factor is approximately 1/4/¢(1 — ), where e is Euler’s
number, which can mean a significant improvement. Note that coherent averaging can be combined
with quantum resources such as squeezed input light to increase sensitivity further [21, 64].

We have discussed that the cascaded sensing scheme can be employed in fundamental research with
the examples of DM detection, gravitational wave astronomy and measurements of the gravitational field
of ultra-relativistic matter. We expect that further proposals for applications may be found in the future.

In this work we modeled the mechanical oscillator as a moving end mirror of a cavity without con-
sidering back-action from the readout light. While this is justified for the case of macroscopic mirrors
and small back-action (as we show in the appendix), it may be worthwhile to extend our analysis to a
full quantum mechanical model treating the mirror position as another dynamical degree of freedom.
This is left for future work.
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Appendix A. General recursion formula

We begin from the Hamiltonian H, describing each one-sided cavity, written in a frame rotating at the
(central) probe frequency wy. Equivalently, one may transform into the frame co-rotating with the input
light by applying the unitary U, () = exp{iwi[d}d, + [ dwb](w)b,(w)]t}. In this frame, the bare cavity
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resonance w, appears through the detuning A, = w, —w; and the linewidth x,. The mechanical sig-
nal is treated classically and encoded in the dimensionless quadrature g, (f), oscillating at a mechani-
cal frequency €2,. We work in the bad-cavity limit {2, < k,, and assume weak optomechanical coupling
strengths g,,.

The equations of motion for the co-rotating field operators read

Oyt (1) = =iy (1) +igngn (1) dy (£) — \/Z / dwb, (w,1),

By (w, 1) = g—;én(t)—i(w—wL)l;n (w,1), (A1)

where t; — —o0 denotes the asymptotic initial time at which the cavity and the external field are uncou-
pled, so that [d,(f), b} (w, )] = 0. The continuum of operators outside the cavity satisfies the standard
commutation relations [b,(w,1),b}(w’,1)] = §(w —w’) at all times. Under the Markov approximation of
a flat coupling density, one can integrate the second equation from £, to ¢ and substitute the result into

the first equation, yielding

dw

me_i(“’_““)(t_t")l;n (w,ty). (A2)

0y (t) = [_iAn - % +ignqn (t)} apn (t) - \/Kiﬂl;gn) (t) ) I;Sn) (t) = /

Alternatively, the cavity dynamics may be written in terms of the output field b (¢) =
(2m) 712 [dwe (W)=}, (w:t,) with t; — 0o, leading to the usual input-output relation [38]

b (1) = D™ (£) + \/rpdy (1) (A3)

The corresponding Heisenberg-picture operators in the laboratory frame are a{(¢) = a,(t)e "' and
b (w,t) = by, (w,t)e" 1%, This representation is useful when evaluating expectation values with respect
to the initial state of the incoming field before the first cavity,

[V (o)) = Hf)l {5076_@%_72(“)_%)2/2} |vac), (A4)

which corresponds to a Gaussian pulse of duration 7, centered at wy, and arriving at the first cavity at
t = 0. One then finds

(B (1) = j%” (4 (t0) 1B (w, 10) |9 (10)) = Boe™" /27 1,
sothat B(f) := (B ()) = Boe /7. (A5)

The CW limit is recovered by taking 7 — oo.

In the cascaded configuration, the asymptotic output of cavity (n — 1) serves as the input to cav-
ity n after free propagation over a delay time T > 1/k. In the laboratory frame this implies 5™ (¢) =
E(out,H) . .

oy (t—T), and in the co-rotating frame,

b (6) = b (1= T) T, n> 1. (A6)

By repeatedly applying equations (A3) and (A6), the output field of the nth cavity can be written in
terms of the original input field and the accumulated response of all preceding cavities,

O (0 = B 1 T) T 40

n—1
= =" (t—(n—1)T)e DT Z Fnjan—j (t—jT) et (A7)
j=0

:B,,(tf (n—1)T)ei(»—DewrT

The cumulative response up to cavity # is therefore defined as

n—1 n
By() = \fRnjanj(t+ (n—j—1)T)e "I DT =NV (¢4 (k—1) T)e kDT (A8)
j=0 k=1
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Ideally, the mechanical modulation should be synchronized with the arrival of the pulse at the

n™ cavity (n— 1)T. We therefore write gq,,(t) = Q,(t — (n — 1)T), with Q,(t) centered around t = 0.

Introducing T', = k,,/2 + 1A, we integrate the Langevin equation (A2) to obtain

dn () = dn (to) exp {—I‘n(tf 1) + ign /tdt’ Qu(t'—(n—1) T)}
—\/7/ dt’ bm) exp{ Lu(t—1t") —|—1gn/ dr’" Qu (¢ —(n—l)T)}

Ry (1) e~ G- (=D DG=0) _ @n/ dt' B (¢ — ) e DD iy G (1) 1= Ty — g Qu (7).
0
(A9)
In the approximation, we have used the bad-cavity condition: Q,(¢') &~ Q,(t) as long as ¢’ lies within the
response time of the cavity, |t —t'| < 1/k,.

Next, we shift the time argument by the pulse arrival time and rewrite the result in terms of the first
input field and the cumulative response of the earlier cavities,

dy (t+ (n—1)T)

n—1)T—ty
— 4y (1) e~ Cr(OEH=DT—1) _ \/%7/ dt 5O (14 (n— 2) T— /) e~ GO +ieaT
0

t+(n—1)T—t,
i, (to)e—Gn(t)(t+(n—l)T—to) . Tin/ Odt/ e~ Gn(D)t'+i(n—1)wr T [E(lin) (t— t/) ‘|‘an1 (t— t/)}
0

Lz ee, —\/Hnei("_l)w"T/ dt’ e~ G0 [l}?‘“ (t—t")+B,_, (t— t’)} for any finite t. (A10)
0

This limit is justified as long as the cavity field is evaluated at finite times, well after the asymptotic
past 1.
To derive a recursion relation for B,, we sum according to equation (AS8),

n o i
_ Zﬁk/ dt/e—Gk(t)t {b(lm) (t— t/) +Bk—1 (t— tl)]
k=1 0

/ di’ e= G0’ {I;(lin)(t t) + By (t—t") } ka

%,_/
=B,—1(1)
— B () — ki / dt’ e~ G0’ [éﬁin) (t—1t") + Boy (1 — t’)} . (A11)
0

With By = 0, this recursion holds for any n>>1. Because of the explicit time dependence in the exponen-
tial, the integral does not reduce to a simple convolution, and in general no closed-form analytic solu-
tion is expected.

Our main interest lies in the expectation value of the cumulative response of a large number N > 1
of cavities, (By(t)), as it is the coherent output field amplitude by which we measure the mechanical
signal. It is convenient to introduce the time-shifted output amplitude 3,(t) = 5(t) + (B, (1)), for which
the recursion becomes

(B (1) = Bu (1= (n=1) T) V4T = B, (1) = B, (1) = R /°° /™08,y (1—1t),  (A12)
0

with Sy = 5. The measured output in the laboratory frame and its Fourier components are given by

<l;§10ut,H) (t)> =8, (t— (n _ 1) T) eiwL[(n—l)T—t]7
dt

<l;;(1°ut’H> (w)) = N

eiwt<l;§10ut,H) (1)) = Bn (w—wr) elln—DwT (A13)
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Here (3, (w = [dte“'B,(t)/v/2m. Using the inverse Fourier transform, equation (A12) can be
expressed in frequency space as

1 —Gu(t)t’ dw’ —lw' t—t") 3 W'
B (w) = Boer (w /m/dtc e 05 )

B Ky , , el(w w )t
=B —— /[ d _ dt ————. Al4
o) = 52 [ b ) [arg o (A1)
=:F(w/,w—w’)
Since realistic optomechanical couplings satisfy g, < k,, and we are interested in weak mechanical sig-
nals, it is natural to expand to lowest order in |g,Q,(?)|/kn

2m5() | VErig,Q () dr

h i _ 2 () ein—1)T
I, —iw’ (Fn—iw’)2 ’ wit Qﬂ( ) \/EQ (t)e qn( )e

(A15)

F,(w',Q) ~

This first-order expansion is sufficient to evaluate the quantum Fisher information around vanishing
mechanical signal amplitude.

The mechanical excitation oscillates at a frequency (2, < k,,, but it need not be strictly harmonic.
One may instead consider a mechanical pulse with spectral profile Q,(Q) centered at €, and width
AQ, < Q,. Introducing the cavity phase response e!®(*) = —(T', —iw)*/(T, — iw), the recursion
becomes

~ i > ﬁngn 12 Bn 1 ( ) 3 3
By (w) =€) g, do' == 2 Q,(w—w)+0{e Bo(w) =B (w). (A16)
(«) () =i [ {2}, B =5w
The integral term is of order €, := g,/k, and represents a convolution in frequency, with a width deter-
mined by the broader of the two integrands. Iterating this relation while consistently retaining only first-
order terms in ¢, yields the total response.
For compactness, we define the linear operator £, acting on a frequency-domain function as

L,[d] (w) = /dw/(?foz(i:/,))z én (\C;Z;WW/) _ /dwl [1 761@1(“,)}2&((&/) Q”(\L;T_ﬂw/) (A17)

In this notation, the recursion reads

Bn = ew)ngnfl - iEn'Cn |:an1:| ) BO = /31 (A18)

where f; and ¢y are functions of w. The consistent first-order solution is

B,,:exp iZ@ B—iZekexp Z ®j ¢ Lk exp{ Z@}B
i=1 k=1

j=k+1

+Z(’){ej5k}, (A19)
ik

which follows directly by induction, with the convention Y7, (---) =0.

A.1. Stroboscopic regime beyond weak signals

The stroboscopic regime also applies when the optomechanical coupling or mechanical signal is
not weak. In this case, let us directly approximate G,(t) =~ G,(0) in the time-domain recursion for-
mula (A12),

o0
B () = Bu1 (1) — Hn/ dt'e (t/) e (0 B (t— t/) ) (A20)
—o0
with © is the Heaviside function. Now we have a convolution that is conveniently solved in Fourier

space. To this end, we introduce the Fourier transform of the convolution kernel and an associated sig-
nal phase,

. 1 1
$1) = [ 0 (e 0O - i
1 — knSh (w) — _F: +1[gnQn (O) +w] — _Sﬂ (W) —. eix,,(w)7 (A21)

T, —i[g.Qn (0) +w] S*(w)
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Bn (W) = anl (w) - Knsn (W) anl ( ) = el)(n(w)ﬁ = exXp { ZXI( } . (A22)

We also see an accumulating phase in the output spectral amplitude as the signature of coherent
averaging.

Appendix B. Thermal noise

Inclusion of thermal and quantum back action noise requires a full quantum treatment, since, these two
noise contributions arise when also the mechanical degree of freedom is treated as a quantum operator.

The aim of this appendix is to show that both effects can be neglected under reasonable conditions.
We restrict our considerations to the stroboscopic regime where the light pulse is much shorter than the
mechanical period (77! > Q) while we still assume that it is much longer than the cavity decay time
(k> 77!). Furthermore, we only consider the interaction of the light pulse with a single cavity. This is
reasonable since if we find that the contribution is small, then it can be added up linearly for many cav-
ities. Starting with the Hamiltonian in equation (1), we can drop the index n, and we need to add the
free Hamiltonian for the mechanical oscillator H. v = HQETE, where ¢ and ¢ are the creation and annihi-
lation operator for the mechanical mode. The equations of motion are

Bie(1) = —iQe () +i-S=at (a(p),

a(r) (ET (t)+f(t)) \/Zfdwl;(w,t), (B1)

(w, 1) + %d(t).

s

0 (1) = —1Aa(t) +

S

b (w, ) = —i(w—uwr)

We assume that the resonator is initially in a thermal state at temperature T, which is then coherently
displaced by the signal we aim to detect. For simplicity, we also assume that the thermalization time is
long compared to the probing time and the resonator state is thus given by a displaced thermal state
oscillating at the mechanical frequency (2. What we measure is the modulation of the coherent output
light amplitude due to this oscillation for a probe pulse of classical magnitude. Hence we can safely lin-
earize the system of equations. Splitting each operator O into an expectation value O (here, o = @ and

B =Db) and a zero-mean quantum fluctuation 6O ((50} = 0) and omitting quadratic terms in the fluctu-
ations, we obtain two sets of differential equations: one set for the quantum fluctuations,

8,06 (1) = —iQ0e (1) + i% (a* (1)6a (1) +a (1) dat (1)),

00a(t) = —iAda(t) —l—i%a(t) (6¢" (1) +6¢ (1)) +1ﬁ5a( 1) (c*(r)+¢(1) — \/Zfdwél; (w, 1),
Dy0b (w, 1) = —i (w — wy ) 0b (w, 1) + \/Z(S&(t);
(B2)

and one for the classical averages,

e () = —iQe( )+17|a( 11,

= 1 i cF C — K
O (t) = —iAa(t) +i ﬂa(t) (¢ (1) +c(t) — 4/ p [ dwf (w,1), (B3)
OB (w,1) = —i(w—w) Bw, ) + /3=
0
Both systems of equations of motion can be solved.

B.1. Solution for classical averages

For the classical average, we take the formal solution of the input light field S(w,t) =

e W) (t=1) B(w  ty) + /K /(27) ftz dt’e~(@=«)(=t) o (¢') and we substitute it in the differential
equation for the cavity field o to get

dian(t) = |[~iA+iga (1) = 5] () = VRB (1) (B4)
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where g(t) = (¢*(¢) +¢(t))/v/2 is the mechanical position displacement and 3(t) = 1/1/(27)

[ dweiw=w)(t=) B(1y t5) corresponds to the input laser pulse centered around ¢ =0, as defined in the
main text. The mechanical displacement is obtained by solving the equation for ¢(#), which splits into a
term of zeroth order and a term of first order in the optomechanical strength g,

e (t) = ¢ (ty) e~ 0—1) +i% /t dt'e (=)o (1) 2. (BS)

We split the position displacement into the respective contributions, g(t) = g© () + gV (¢), with

E(to) efiQ(tfto) 4 (to) eiQ(tfto)

V2 ’
t t (B6)
7" (1) :g/ dt’sin (Q(t—t")) |a (') |? %gsin(ﬂt)/ dt’|a(t") 2.

to to

4% (1) =

The approximation holds in the stroboscopic regime in which the mechanical dynamics €2 is slow com-
pared to the duration of the cavity response to the input laser pulse which leads to |a(t")| restricting
significant contributions of the integrand to the regime Qt' < 1 around ¢’ = 0. Explicitly, the formal
solution of the cavity amplitude is,

"t /- ’ t ’ B 3 11— 11
a(t)= a(to)efr(t*"))eigjtn d'a(t’) _ \/E/ dr'e~T(=1) gl fi data(s )B(t'), (B7)
to

abbreviating I' = k/2 + 1A as before. Since the first term vanishes for ) — —oo, the amplitude is indeed
non-vanishing only for the duration of the laser pulse. Moreover, since the pulse is slow in comparison
to the cavity decay time, we can approximate 3(t') & 5(t) in the second term. This also allows us to
approximate f; dt’g(?") ~ q(0)(r —t’) since the mechanical motion is slow compared to both the cavity
decay and the pulse and the latter is centered around ¢ = 0. Noticing that (") (0) & 0, we arrive at the
final expression for the cavity amplitude,

~__ VEB()
a(t) ~ T i (0) (B8)

B.2. Solution for the quantum fluctuations
The linearized equations of motion (B2) for the quantum fluctuations can be solved analogously. We
start with the solution for the light field,

t
5B (w, ) = b (w, ty) e (@) (=00) /Zi / dt'e i@ (=) 541 | (B9)
T Jt
which we substitute into the equation for the cavity field fluctuations,
0,64 (1) = — [T — igq (1)] 6a (1) + iger (1) 64 (1) — /3™ (1), (B10)

with dg(t) = [0¢(t) + 6§T(t)] /\/2. Here, the input field operator describes vacuum noise on top of the
coherent laser pulse, 5b™ () = \/1/2 [ dwe (@ =w1) (=) §p(wy, t5). The formal solution is

t / soal +! 4 ’ . t 11—=( 11 A
5a(r) = 6 (1) e o (T=iaa(t)) / de'e” M= PHRB ) [iga (1) 53.(1') — V/wob™ ()]
to

t t
~—/k / dt’e~C=ia0)(=1) 5500 (1) 1 g (1) / dt’e~[T=11©](=1") 55(+7) (B11)
to

to

which consists of a zeroth order and a first order contribution with respect to g, denoted by §a®) () and
64 (1), respectively. Here we exploited the fact that the first term in the first line vanishes for t, — —oo
due to the exponential decay with rate x/2, and we made use of the approximations in the stroboscopic
regime as before. In particular, «(¢) is a Gaussian pulse centered around ¢ = 0 that is short compared to
the mechanical oscillation time, but long compared to the cavity decay time. To proceed, we need the
solution for the mechanical fluctuations,

5e(t) = 68 (t) e—=10) 1 i% / drle (1) [a(¢)al (') +a* (¢') sa(t)], (B12)

to
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which again splits into a zeroth order and a first order contribution. In terms of the position fluctua-
tions, 64(t) = 64 (£) + 54 (£), these contributions are,

5¢(ty) eI =1) 1§t (1)) e 2(—1)

\ﬁ 9
6 (1) = g/ dt'sin [Q(t— )] [ (¢')da (t") + o (') 5aT (¢)] (B13)

to

53(1) =

~ gsin (1) / L [a* ()64 (¢') + o (¢') 66T (t’)] .

to

In the last line we used the stroboscopic approximation again, and we neglected second-order terms
in g by replacing the cavity fluctuation with its zeroth order contribution 6a(®). Upon insertion into
equation (B11), this amounts to neglecting terms of third order in g. Moreover, we notice that the
64" -contribution to §a(t) vanishes effectively in the stroboscopic regime, since we can approximate
sin(Qt') & sin(Qt) under the integral and then «(¢) sin(Qf) ~ O(27) is set to zero. This contribu-
tion, which represents backaction noise, is thus negligible within the linearized stroboscopic regime.
Introducing the abbreviation G(t) = T' —igg(¥) (), we are left with

t t
529 () = —v/r / dr'e=CO(=) 5p00 1y 54D (1) = iga (1) / dr'e=CO(=) 550 (1) (B14)
to

to

B.3. Displacement vector and covariance matrix
Assuming Gaussian statistics, the output field is fully determined by spectrally or time-resolved average
displacements and by the respective covariances between the quantum fluctuations around those dis-

. . . T
placements. Expressed in terms of the time-domain quadrature vector, d(t) = (b("‘“)(t), b("ut)T(t)) , the

time-resolved average displacements are simply given by the output amplitudes 3°"(¢). By virtue of the
input-output relation, the latter comprise the input laser pulse and the cavity response, which is approxi-
mately given in (B8), so that

T

¢ F0) . o

G(0)

G(0)
"G (0)

d(r) = (d(1)) = (B(1) +Vra(1), 5" (1) +Vra™ (1) ~ — ( (1)

The time-resolved covariances are given by the matrix elements,
o (1) = <{Ziu (t),d! (1) }> —2(d, ()] (5)) = <{£1a () —da (), d} (1) — di (5) }> . (B16)
Hence, they depend only on the quantum fluctuations of the output field modes. Explicitly,

o (t,1) = on (8,1:) = (36© () 66T (1)) + (36T (1) 56 (1;)),

. . (B17)
o1z (1) = 02 (15,8) = o () = ({6 (1), 66 (5) }).
By virtue of the input-output relation, we have
56 (1) = 66 (1) + /kda® (1) + v/roah (1). (B18)

Inserting the cavity terms from equation (B14) allows us to expand the covariances in terms of first
and second moments of the input field fluctuations and the unperturbed mechanical fluctuations. Most
of these terms vanish, since <5B(i“”(ti)5l;(i“)(z‘j)> = (63(in>T(ti)§l;(i“)T(tj)> = <(5l;(i")(t,-)5l;(i“)(tj)> =0 and
(64 (£)) = 0. The only non-vanishing moments are either of zeroth order or of second order in g. The
zeroth order terms are:

(86 (1) 66T (1)) = 6 (1 — 1) , (B19)
VR (1) 54O (1)) = k(54O (1) BT (5))* = —re=C @(i-0)0 (5 — 1), (B20)
=G(5) (=) —G" () (=)
50) (1) 56O (£)) = 20 (£ — 1) - 29 (4 — 1) -
K<§a (tJ) (56[ (t1)> K @ (t] t’) G (t]) + G* (ti) Tk @ (t’ t]) G (l‘]) + G* (ti)
~ e Fli—ul/2=i(A=g" (1) (4=) (B21)
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In the last line, we have exploited the stroboscopic regime once more: the fast exponential decay restricts
the difference |t; — t;| to small values of order 1/x so that we can approximate G(t;) ~ G(t;) and thus
G(tj) + G*(t;) ~ K. Hence, in this regime, we find the following identity that will be important later:

VEEB™ (£) 56T (1)) + k(34 (1) 567 (1)) = —w (a0 (1) 54T (1;)). (B22)

The second order terms are mixed second moments of §a(") and its adjoint operator at two different
times,

w(0a01 (5)5a (1)) = rgPa” () e (1) / o0 / dre™ @ O072) (550 (1) 53 (1)),
0 0 (B23)

t
r(0a) (1) 04T (1)) = na (1) 0” / dne=00(i) / diye™ ¢ O (550 (1) 530 (1,)),

to to

(B24)

.
w(6a (104" (£)) = —wga (t;) o (4) / dtye= GO (=) / ]dt2e*G<°>(ff*‘z><5q<°> (t1) 64 (1)). (B25)
to to

They all depend on two-time correlations of the mechanical position fluctuations, (53 (¢,)64% (t,)),
with respect to the displaced thermal state we assume for the mechanical mode. These are given by the
respective correlations of the full position operators with respect to the undisplaced thermal (Gibbs)
state,

(649 ()64 (1)) = Tr | ping (t1) 3 (tz)} = ficos ) (t — 1) + %e—m(ﬁ—fﬁ, (B26)

with 71 = [exp(hQ/kgT) — 1]~! the thermal occupation number. As the correlations oscillate with
the slow mechanical frequency, we can invoke the stroboscopic regime again and approximate their
time arguments by (#1,%,) ~ (0,0) due to the fast cavity decay and the short pulse duration in
equations (B23)—(B25). Hence,

w0 (058 (5)) = ot (a (5) 2o = (s ()60 @) (B22)
k(68 ()64 (1)) ~ — G*“(iz oD (1) 271; ! (B28)

We can now gather all the non-vanishing moments to obtain expressions for the covariance matrix ele-
ments in (B17). For o1, we get

on (ti,4) = (361 (1) 56T (1)) + & [<5a<1>T () 04 (£:)) + (6™ (;) 5aV1T (tj)>]
+VR(8a0 (1) 65T (1)) + R (6D (1) 64O (1)) + 1 (5a (1;) 64O (1))

~6 (i —1t) +(2n+1) a*(t)a(t) = o(t —tj) + (2n+ 1)'{—6*(5)5(@-). (B29)

kg’
G(0)?
Here, we made use of equation (B22) to cancel the second line, we inserted the approximate expres-
sion (B8) for the cavity amplitude, and we consistently omitted terms higher than second order in g by
replacing G(0) with I'. Similarly, for o}, we obtain

an(ti,tj)_n<{5a<1>(t,»),5a<l>(tj)}m(zn+1)G"‘g)za(tj)a(t,-)~ (2n+1) F‘f B(4)B(t). (B30)

The remaining two matrix elements 0,, and o,; are related to the given ones through equation (B17).
Overall, the thermal noise contributes a rank-1 update of the covariance matrix, & = o + wwf, as given
by the quadrature vector w = kgy/2s + 1(i3/I'?, —i3* /T**)T. Here, 3 is the vector with i-th component
given by 3(t;) and ww' denotes the complex outer product. Explicitly in the time domain, the vector
elements are wi(t;) = ikgy/2n+ 18(t;) /T2 and wy(t;) = wi(t;), so that one arrives at the matrix elements
oa(ti,t;) in (B29) and (B30). In the limit g — 0, the covariance matrix reduces to the trivial one for the
free mode continuum, o — oy = 1, as expected.
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B.4. Quantum fisher information

To evaluate the QFI with respect to the signal strength parameter ¢, as defined in equation (24), the
inverse of the covariance matrix is required. Since the thermal noise correction is a rank-1 update of the
free covariance matrix in terms of the above defined vector w, we can apply the complex-valued version
of the Sherman-Morrison formula for the matrix inverse [65],

WWT WWT

77T:]17 K202 )
1+wiw 1+ 275 (2714 1) Nin

o l=1

(B31)

with the number of input photons Nj, = [ dt|3(1)|* = ﬁTBZ. The term in the denominator dis-

plays the strength of the thermal noise correction; it is negligible for arbitrary detuning A as long as
32(g/k)*(2n+ 1)Ni, < 1, in which case its effect for N oscillators can be treated as additive and thus the
overall enhancement is only marginally affected. The QFI (24) becomes,

', | [ diw' (1) Dgd ()|

lg? = H0+6H, (B32)
142755 (2714 1) Nig

H= 2/dt|(r“)19d(t)|

where the first term H, corresponds to the QFI in the absence of thermal and back-action noise and the
second term d7H represents the correction due to thermal noise, as detailed in the previous subsection
(showing also that back action noise is negligible). Notice that there would be an additional contribu-
tion to the QFI coming from the 1J-dependence of the covariance matrix. However, we showed that this
dependence is of higher than second order in the optomechanical coupling g and can therefore omit it.

The signal strength parameter ¢ thus enters the QFI only through the derivative of the displacement
vector (B15). Assuming, as in the main text, that 1 describes the signal amplitude up to a proportional-
ity constant, we set the mechanical position displacement at ¢t =0 to g(0) = Qv and arrive at

o0~ (- 52500, 2250 (833)

dropping higher order contributions of g again, consistently. The free-field QFI without thermal noise
simplifies to

Ho = WHQ Mg (B34)
|F|4 m ("{/2 +4A2)2 m»

For the noise correction of the QFI, we are left with

8¢'R*Q* (2n+1)N;, (2 +1)H,

§H =— __
TP+ 2622 T[*2n+ 1) Ny~ 2Q2+(2a+1)H,y ©

(B35)

The correction is always negative, as the thermal noise deteriorates coherence and thus reduces phase
sensitivity. In the limit of high noise-free sensitivity, (271 + 1)H, > 2Q?, the thermal noise would dimin-
ish the QFI almost completely as §#H — —%,. On the other hand, in the here relevant weak-signal
regime, (271 + 1)Hy < 2Q?, we can distinguish two limiting cases. At low temperatures, kg T < K2, we
have 7 =~ 0, and the mechanical zero-point fluctuations diminish the QFI by the small constant fraction
|6H /Ho| ~ Ho/2Q*< 1. More realistically, for low oscillator frequencies and comparably high tempera-
tures, kg T > hS2, we have 21+ 1 & 2kp T/hS2, and the relative correction is |[6H /Ho| ~ HoksT/HQQ.

This gives a condition under which we can safely neglect the contributions of thermal fluctuations of
the mechanical element to the covariance matrix of the output light field. It is

Q*hQ

T Thax =7
kgHo

(B36)

We consider typical optomechanical parameters, namely x/2m ~ 10° Hz, /27 ~ 10° Hz, A ~ Q.
Working in the weak-coupling regime with g/27 = 1 Hz and taking N, = 100, we further set the
mechanical signal parameters to Q =1 and ¢ = 0 without loss of generality. For this choice of param-
eters, we obtain T,y ~ 7.5 K. In this case, T << T can be achieved with simple cooling techniques.
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Appendix C. Checks of pulse length approximations

We aim to check the validity of the stroboscopic and CW approximations made in the main text, which
are standard approximations in the literature. To this end, we focus on the case of a single optomechani-
cal cavity illuminated by a Gaussian light pulse, 5 () = Be_’z/ 2, Assuming that we aim to estimate the
amplitude of the mechanical signal, Q(¢) ¥, the relevant quantity (excluding corrections to the covari-
ance matrix) that determines the QFI is

z:/mpﬂp$@ﬁﬁg4MM=$/mdwmwﬁ

with R(t) = / j‘i [1 - ei‘b(“’)} 230 (w)e v, (C1)

2m

Here, we have made use of Parseval’s theorem and the explicit form of the integral kernel (15). Given
the Fourier transform of the cavity response term,

dw i 2 dw K2e !
= ——=[1—e¢@ | emivr= [ 2 7 — \ork?O(f)e ", C2
() 2T [ ¢ } ¢ Vvam (T —iu})2 mr1O(1)e (C2)

we can simplify

B dt’ .
V2T

> ’ —_t—I7? t—T7? 2,2
= nz/ dt’ t'e 1" By (t—t') = K726y (t) + V21K T [1 + erf( T )] /T
0 2 V2T
(C3)

R(1) (t') Bo(t—1t")

This admits a convenient numerical evaluation of (C1) and comparison to approximate expressions.

C.1. Stroboscopic regime
For the case of the stroboscopic regime, we consider a continuous mechanical signal with Q < 1/7,
write Q(t) = ¥ cos(Qt), and compare the full QFI integral Z with the stroboscopic approximation

1

Lirob == @

Q) [ (o) ()
The numerical results for the case A =0 (which should be optimal for the stroboscopic regime) are pre-
sented in figure 4. The error is negligible in the full plotted regime. Expanding Q(#)* ~ ¥*(1 — Q*£) to
second order in 2t around the center of the pulse at ¢ = 0, we find that the error scales with (27)? for
long pulses as

Imev4Y/mﬂR@P (C5)

in this regime.

C.2. CW regime

In the continuous wave regime, {27 >> 1, we use a finite mechanical signal pulse with a pulse width in
time 0 = 1/AQ < 7. In the following, we compare R(t) with the corresponding result Ry(#) that we
obtain by assuming k7 >> 1 which corresponds to the pulse being spectrally much narrower than the
cavity response, i.e.

dw  KPeTWr K2
Ry (t) = Emﬁo (w) =~ ﬁﬁo (t) (Ce)

In the resonant case, A = 0, the approximated cavity response function for k7 >> 1 simplifies to Ry () =
48,(t). We check the size of the difference R = R — R square-integrated over ¢

Iir = /dt|5R(t) |2 (C7)
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Figure 4. Relative deviation of the stroboscopic approximation for Z from the full numerical result plotted over the mechanical
frequency in units of x for different values of 7.
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1 5 10 50
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Figure 5. Ratio of the square integrated error in the response function for the continuous wave approximation divided by the
square integrated approximate expression of the response function which is valid for k7 > 1.

relative to Ry square integrated over t, i.e.

Iz, = /dt|R0|2 =16y/7T. (C8)

The result in shown in figure 5 and shows that the relative error is of the order of 10~% or lower for
KT 2 50.
Now we use Ry to calculate Z and a Gaussian mechanical signal

2
Q(t) =Y cos(Qt)e 27 . (C9)
We stick to the case A = 0. The integral has an analytical solution

8\/w<e35+2 %—1)
dr|Q(t)Ro (1) |* = (C10)
st

1
IO::E

which we compare to the CW approximation we made in the main text, i.e.
1 _ o202
Tocom 1= 75 R0 (0) |2/dt|Q2 (1) = 8v/mo (e @y 1) . (C11)
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Figure 6. Ratio of the relative error of the CW approximation of the main text as a function of o /7.

Expanding the difference of the two functions to third order in o /7 leads to

2 —1
1 _IO/IO,cont ~ (g) (e_UZQZ + 1) (C12)
T
which decays quadratically with decreasing o /7. A plot of the relative error is shown in figure 6.

C.3. CW regime for continuous signals
In this regime, we assume that 7 > 1, k7 > 1, and in addition, AQ7 < 1. We consider the
monochromatic signal Q(#) =¥ cos(§2t) and the response function Ry(¢) which we have justified above
for kK7 >> 1. Then, we find for the QFI integral taking into account the explicit form of S5y (¢)

1

4
o 27I€772\/77TT _Q2p2
Teontsig, = ﬁz/dt|Q(t)R0(t)| =P (1+e ) (C13)

Alternatively, we can start directly from 9yL[G](w). In the described regime, we find

Q(w):ﬂ@(é(w—Q)+5(w+Q)). (C14)
Therefore,
r {Bo} (w) = g ([1 -~ ei¢(w—ﬂ)] 230 (w—Q)+ {1 - ei¢(w+ﬂ)} 250 (w+ Q)) . (C15)

Using the assumptions {27 > 1 and k7 > 1, the pulse spectrum Bo (w) is sharply localized around w =
0 in comparison to the cavity response and we can evaluate ¢(w £ Q) at w £ Q =0 in the expression
above such that

. 9K /- .

£ [50} (w) = T (50 (w =)+ Bo(w+ Q)) : (C16)
which corresponds to the side-band structure of the signal. Eventually, we recover the right hand side of
equation (C13), where the term e~ can now be identified as resulting from the finite overlap of the
two sidebands. Since we assume 27 > 1, it is justified to neglect the overlap as stated in the main text.
The relative error will decrease exponentially with (Q7)2.
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