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Abstract

We study the ground state of a system of N two-dimensional trapped almost-bosonic anyons.
This setup can equivalently be viewed as bosons interacting through long-range magnetic
potentials generated by magnetic charges carried by each particle. These magnetic charges
are assumed to be smeared over discs of radius R—a model known as extended anyons. To
recover the point-like anyons perspective, we consider the joint limit R — Oas N — oo. We
rigorously justify the average-field approximation for any radius R that decays polynomially,
and even for certain exponentially decaying R. The average-field approximation asserts that
the particles behave like independent, identical bosons interacting through a self-consistent
magnetic field. Our result significantly improves upon the best-known estimates from [1, 2],
and itin particular covers radii that are much smaller than the mean interparticle distance. The
proof strategy builds on a recent work on two-dimensional attractive Bose gases by Junge
and the author [3].
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1 Introduction

A system of N free two-dimensional anyons with statistics parameter « can formally be
described by an N-body wavefunction of the form

~ . ) x — Xk
W(xy,...,xn) = 1_[ kW (xy, ..., xy) with ik =arg L —,
1<j<k<N |x — x|’
where W is a bosonic wavefunction, which is to say symmetric under particle exchange. We
refer to [4-8] for physical reviews. The wavefunction ¥ satisfies
\I/(xl,...,xj,...,xk,...,xN) :ei“”\fl(xh...,xk,...,xj,...,xN),

meaning that its behaviour under particle exchange interpolates between bosons (¢ = 0) and
fermions (¢ = 1). However, this implies that the wavefunction is in general not single-valued,
making this description difficult to use in practice. A way to overcome this issue is to realise
that the action of the free Hamiltonian

N
DA+ V()
j=1

on the anyonic wavefunction U is formally equivalent to the action of an effective, o-
dependent Hamiltonian on the bosonic wavefunction W [5, 9, 10]. This is called the magnetic
gauge picture of the anyonic problem and consists in working with the Hamiltonian

N
Z pj+aA;) +V(x)) (1.1)

acting on
N
= 9.
sym

the symmetric tensor product of N copies of the one-body Hilbert space §3 := L%(R?). Here,
we introduced the momentum operator

pj = —iVj,
and the statistical gauge vector potential
Y (g =)
A=) L (1.2)
' ,; lxj — xil?
k#j

felt by the j-th particle due to the influence of all other particles (denoting (x, = (—y, x)).
The external trapping potential V : R — R is assumed to satisfy

V) >c ' x*=C (1.3)
for some constants s, ¢, C > 0. Moreover, suppose that
VV|? s s
v <c(—A+V)+C(—A+V)"+V~, (1.4)

for some constants ¢, C > 0.
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Almost-bosonic anyons Page3of33 260

In this work we consider « of the form

i
N-1’
for some given fixed constant 8. This places us in a so-called almost-bosonic limit, because

a — 0as N — oo, and it ensures that the anyon statistics has an effect at the leading order
[1,2, 11-14].

o =

(1.5)

1.1 Extended anyons

The Hamiltonian (1.1) is actually too singular to be considered as acting on product states
u®V | regardless of the regularity of the one-particle wavefunction . To resolve this, we
introduce a length scale R over which the magnetic charges are smeared; this is called an
extended anyons model. For a detailed discussion, we refer to [2, 15, 16] and references
therein. We let R — 0 when N — oo to recover the point-like anyons perspective.

Let wg be the two-dimensional Coulomb potential generated by a unit charge smeared

over a disc or radius R:
1po.»

o (1.6)

wg = log| - | *

Define also wg = log | - |. Considering that
1

X
V¥ (x) = —,
x|

it is natural to introduce the regularised gauge vector potential Af given by

N

AR =" V6iwgp(x; — x). (1.7)
k=1
k£

This leads to the regularised Hamiltonian

N
Hll\f :Z(pj +04A§)2—|—V(xj). (1.8)
j=1

For fixed R > 0, this operator is essentially self-adjoint and bounded from below (see [17],
[18, Theorem X.17]), which can be expanded as

N
Hﬁ:Z—Aj+V(xj<)+2a Z pj - Viwg(xj — xp)
j=1 1<j,k<N
-
+a? Y ViuwrGy —x) - ViwrGy —x0+a® Y [Vur@; -l
1<j,k, <N 1<j,k<N
kA o
(1.9)

where we used that p and V+=wg commute. Though this operator does not have a unique
limit as R — 0 and the singular Hamiltonian (1.1) is not essentially self-adjoint [19-23], we
obtain a unique nonlinear model when taking the joint limit R — 0 as N — oo as long as
R <« e~N. We refer to [11] for a discussion on the other regimes.
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1.2 Average-field approximation

The average-field approximation is obtained by substituting the potentials (1.2) and (1.7)
with the average-field potentials A[p] and AR[p] defined by

Alpl = V*woxp and AR[p] = Viwg xp,

where p is the normalised 1-body density of a given wavefunction W:

p(x):/ dx2...de|\IJ(x,x2,...,xN)|2.
R2(N-1)

Then, the regularised Hamiltonian (1.8) is approximated by the N-body average-field
Hamiltonian

: N 2
Hiflpl =Y (pj + N = DAR[p]) + V(x)).
j=1

Given a a fixed density p, this is a non-interacting magnetic Hamiltonian acting on $" and
its ground state W is therefore a pure Bose—Einstein condensate, that is of the form
v =y®N
for some 1-body wavefunction u € ). The energy per particle associated to such a state is
N7Hu®N, 101N ) = (i, [ + aV = DARLD? + V] ).
For consistency we set
p=lul,

meaning that the density is that of the state u®V _ This leads to the nonlinear average-field
energy functional Sﬁ‘g given by

2
et = [ <\<p+iﬂAR[|u|2Du\ +V|u|2), (1.10)

where a (N — 1) was replaced by 8 in accordance with (1.5). Furthermore, in the limit R — 0
this energy functional converges to the singular average-field energy functional £ given by

eaf[u]zf (I + ipALPDul” + Viul?) (1.11)
RZ

(see [1, Proposition A.5], [2, Proposition A.6]).

1.3 The mean-field point of view

In principle, the average-field approximation does not require the Hamiltonian H 1{5 to exhibit
Bose-Einstein condensation. In fact, it has been widely used in the physics literature to
perturb around fermions (¢ = 1) [24-31]. However, when taking 8 = a(N — 1) fixed, which
is natural for the study of 8;‘{, the limit N — oo can be seen as a mean-field-like limit of
many-body bosonic systems. Indeed, the two-body terms in (1.9) come with prefactors 1/N
and 1/N 2 and the three-body term with a prefactor 1/N 2 See [32, Section 1.4] for a related
discussion.
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Furthermore, the functionals 5?{ and £ defined in (1.10) and (1.11) may also be derived
from the mean-field picture of H ]I\f . To see this, we write

(qf, H,{f\l/> IN =Tr (A + V)y") + 28 Tr (p1 - VVEwr(x — x2)v2)

N -2
'ngﬁ Tr (Vle(xl —x2) - Viwg(xy — XS))’S))

1
+7 5 Tr (Ve =) P yg”). (1L12)

for any W € $" and where yé,k) denotes the k-body reduced density matrix of W. Since we
are considering a mean-field bosonic Hamiltonian (for fixed R at least), it is natural to use

the ansatz .
~ N k) k k
WA u®N oyl ) ),

for which
Tr (p1 - Viwgr ey — x2)[u®?) (u®?)) = / AR[u®) - upu (1.13)
RZ

and
2
T (V4w — a0+ Y wn — ) @) = [l ARl e
R2

Inserting these identities into (1.12) and neglecting the last term because it is heuristically of
order O(N 1), we obtain
NN, HRW) ~ £4[u].

Taking the joint limit R — 0 as N — oo again leads to the singular functional .

The convergence of the many-body ground state energy per particle to that of the functional
& as well as Bose—Einstein condensation in its minimisers, were first established in [2] for
anyons with radius R = N7, under the condition

0 1(1+ 1)_1
< < — -
1 4 K

with s the exponent in (1.3). This range was later extended to 0 < 1 < 1/4 in [1], where
an external magnetic field was considered. In the present paper we extend these results to
anyons with radius N =" for any > 0, and even to anyons with radius R = ¢~* for any
0 < k < 1. In particular, we cover the case R < N~!/2, meaning that the radius of the
magnetic charges is much smaller than the mean interparticle distance.

For anyons with radius R = ¢V “ fork > 1, our main result is no longer expected to hold.
In this regime, the energy of the fully uncorrelated trial state W = u®" diverges due to the
singular two-body interaction, regardless of how smooth u is. This indicates that correlations
should be taken into account in the trial state, leading to a different energy functional than
&4 Recently, an upper bound on the energy—which even covers the singular case R = 0—
was derived in [11] using Jastrow—Dyson-type trial states. Deriving a matching lower bound
remains an interesting but likely challenging open problem.

1.4 Main result

Define the many-body ground state energy per particle

e}f,:N_linf{<\IJ, H{}\y):\yeﬁN,u\pn :1], (1.15)
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260 Page6of33 F.L. A.Visconti

and the ground state energy of the average-field functional (1.11)
e =inf {€%u] 1 u € §, ull = 1}. (1.16)

We prove the convergence of ef, to ¢, The convergence of the ground states of Hy to
condensates in minimisers of £ follows directly from the convergence of the energies,
thanks to arguments from [33] (see also [1, 2]).

Theorem 1.1 Consider N extended anyons of radius R in an external potential V satisfying
(1.3). Suppose that R is either of the form

R=N7T (1.17)

for some 1 > 0, or of the form

K

R=e¢"", (1.18)
for some 0 < k < 1. Take the statistics parameter to scale as

__P
v (1.19)

for some fixed B € R. Define ellf, and e as in (1.15) and (1.16). Then,

lim eX = e > —o0. (1.20)
N—oo

Moreover, for a sequence {Vn}n of ground states of H A’f, there exists a Borel probability
measure | supported on the set of minimisers of ¥ such that, along a subsequence,

lim Tr’yq(,’“) —/du(u)|u®k)(u®k|‘ =0,. (1.21)
N—oo N

for any integer k. If £ has a unique minimiser uys (up to a phase), then for the whole
sequence,

. k k k
ngI;OTr‘Véj — [uF) (U I‘ =0,
for any integer k.

Remark 1.2 Instead of considering free anyons, we can introduce an interaction potential into
the Hamiltonian (1.8), as was done in [34]. Specifically, we consider the Hamiltonian

N

. 2 1
R
Hy'g = § (pj—l-aAj) +V )+ § un (xi — X;)
j=1 1<i<j<N

acting on 9N where the interaction potential vy is either of the form
vy = N2 u(N"), (1.22)

for v > 0, or of the form

v
2N e

v
Uy = e N-)

’

for 0 < v < 1. Using the uncorrelated trial state W = u®" leads to the singular functional

£y =/ (o + ipALP DUl + Vil + Sjul) (1.23)
R2 2
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witha = fRZ v. To ensure that the functional (1.23) is stable, one needs to assume that

a>—a*(p),

where a*() is the optimal constant in the magnetic Gagliardo—Nirenberg inequality:

= / ul* < / |+ BATDul”.
R2 R2

valid for all ¥ € HY(R?) with |lu|| = 1 (see [34, 35] for more details). Assuming v €
LY(R?) N L'*#(R?) for some ¢ > 0, and taking R as in Theorem 1.1, a straightforward
combination of the proof of Theorem 1.1 and the proof of [3, Theorem 2] yields

Jim et = e, (1.24)

where e}{‘,‘ g 1s the ground state energy per particle of H}\}“R and ¢™ is the ground state

energy of £, Bose—Einstein condensation (BEC) in minimisers of £™ follows from the
energy convergence. In [34], the convergence (1.24) (and consequently BEC) was shown for
potentials of the form vy = N 2vy(NV-) and for R = N7, under the much more restrictive

conditions s

< -,
4s + 4

where s is the exponent appearing in the assumption (1.3) on the trapping potential.

V<

S
d
6s+6 T

Organisation of the paper. In Sect. 2, we fix some notation, provide preliminary results, and
explain the proof strategy of Theorem 1.1. In Sect. 3, we prove Theorem 1.1 assuming the
validity of two key estimates: Lemmas 3.1 and 3.2. Section 4 is entirely devoted to the proof
of Lemmas 3.1 and 3.2.

2 Notation, preliminaries and proof strategy
2.1 Notation

Let Sy be the group of permutations of {1, ..., N}. For ¢ € N1 and Yo € $N2 | define the
symmetric tensor product ¥| Qs Y2 € SN+ by

1
-,XN1+N2)— W Z wl(x[f(l)a'-'vxo'(Nl))

TESNI N, X Y (Xa (N 4+1)s - - - » X (N1 +N2))-

Y1 ®s Ya(xy, ..

Denote the i-fold tensor product of avector f € Hby f ® ¢ ¢ and the i-fold tensor product
of an operator A : § — ) by A®. Denote by G!(X) the space of trace-class operators on a
given Hilbert space X [36]. Define the set of states on X by

SX)={re6'@:r=r*=0Trx =1}.

The k-particle reduced density matrix I'®) of a given state I' € S(§) is obtained by taking
the partial trace over all but the first k variables:

I =Ty T
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Moreover, we define the k-particle reduced density matrix yé,k) of a normalised wavefunction
v e 9V by
k
vy =Tripion W) (W],

Finally, given a multi-index J = (j1,..., ju) € Nf)w, we define
M
=Y i
i=1

2.2 Estimates on the interaction terms

We recall some estimates on the smeared Coulomb potential wg, which exploit the
regularising effect of the smeared charge.

Lemma 2.1 (Smeared Coulomb potential) Let wg be defined as in (1.6). Then, there exists
a universal constant C > 0 such that

sup |wgr| < C +|logR|, sup|Vwg| < CR™" and sup |Vwg| <C, 2.1
B(0,1) R2 B(0,1)C

for R small enough.
Proof See [2, Lemma 2.1]. O

Lemma 2.2 (Singular two-body term) There exists a universal constant C > 0 such that,
for R small enough,
[Vwr(xi = x2)” < Cllog RI (1 = Ap) (2.2)

in the quadratic form sense on L?(R%).
Proof See [14, Lemma 2.5]. O

Lemma 2.3 (Three-body term) There exists a universal constant C > 0 such that, for R
small enough,

0= > Viwg(—x0) - Viwr(rj —x) < C(1—Ap — Ay — Az) (2.3)
1<j.k.t<3
JEkALE]

in the quadratic form sense on L?(R®).

Proof See [2, Lemma 2.4]. O

2.3 A priori energy bounds

We provide here some bounds on the ground state energy per particle ellf,, and on the kinetic
energy of ground states of H /\; .

Proposition 2.4 (Energy bounds on the ground state) Take R as in Theorem 1.1. Then, the
many-body ground state energy per particle e,’fj defined in (1.15) satisfies

lim sup e,lf, < 2.4)
N—o0
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with ¢ given by (1.16). Moreover; for R of the form (1.17) or (1.18) with k < 1/2, the
estimate
Tr (A + V)p) < C 2.5)

holds for any normalised ground state W of HE, and for some constant C that depends only
on B and the constant C in (1.3).

Proof For R of the form (1.17), the bound (2.4) was already proved in [2, Section 3.3] using
the trial state (uj}ef)@N , Where u",‘ef is a normalised minimiser of 5;‘{. Moreover, this bound
easily extends to R of the form (1.18) with k < 1/2 using the estimate (2.2). For « > 1/2,
however, this estimate is no longer strong enough to control the singular two-body term.
Instead, one can use a Jastrow—Dyson trial state to obtain the correct bound, as was done in
[11]. We refer to that work for more detail.

The bound on the kinetic energy (2.5) was proved in [2, Proposition 2.6] for R of the
form (1.17). Again, this easily extends to the exponential case (1.18) under the condition
Kk < 1/2 using the estimate (2.2). For k > 1/2, however, it is unclear whether a simple proof
of (2.5) exists, and we will need to work much harder to prove it; this is explained in the last
paragraph of Sect. 3. o

2.4 Strategy of proof

To prove Theorem 1.1 we wish to compare the many-body ground state energy per particle
en to that of the average-field functional (1.10)

e = inf {5;‘;[14] cuef, ull =1},

and use the convergence
af _ af

. aj

AR =

The upper bound limsupey < e is already given in Proposition 2.4 and is essentially
obtained using the trial state (u‘l‘ef)‘g’N , where u;‘ef is a minimiser of (1.10). Proving a matching
lower bound however requires a lot more work, and we follow the general proof strategy
of [3], which itself builds on ideas from [33, 37, 38]. We also use ideas from [1, 2]. The
main idea of the proof is to use a localisation in momentum space in order to reduce the
infinite-dimensional problem to multiple finite-dimensional ones. Then, for each of those
finite-dimensional problems, we use the following quantitative version of the quantum de

Finetti theorem [39, 40].

Theorem 2.5 Given a Hilbert space X of dimension d and a symmetric state 'y € S(X%),
there exists a probability measure p on S(X) such that

logd
TAeBeC(ry - /S(x) ySdu))| = €'\ == 14l Bllopll Cllo

for all self-adjoint operators A, B and C on X, and for some universal constant C' > 0.

Proof In [39], the statement was proved with A, B, C replaced by quantum measurement.
See [41, Proposition 3.3] and [38, Lemma 3.3] for an adaptation to self-adjoint operators. O

We wish to apply Theorem 2.5 on energy subspaces of the 1-body operator
h=—-A+V.
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260 Page 100f33 F.L. A.Visconti

More precisely, on the subspaces defined by the spectral projections
Pi=1(h <N*), and P =1(N*"D" <p < N%%), 2<i<M, 2.6)

for some nonnegative parameters ¢ and M.
Before applying Theorem 2.5, we rewrite the energy of a ground state W of H ,{f in terms
of the 3-particle reduced density matrix I'® of W and of the 3-body Hamiltonian

HE =T + W, + B*W;,

with the operators T, W, and W3 given by

1 1
:g(h1+h2+h3), Wy =~ Z pj - Viwg(xj — xi)

1<j,k<3
J#k
and {
Ws = 3 Z VEiwr(xj — xx) - VEwg(x; — xo).
1<j k<3
JEREUE]

Namely, we will bound the energy of ¥ from below by
(W, HfW) > N Tr (A1),

Using that the spectral projections defined in (2.6) form a resolution of the identity we will
then roughly get

TR~ 7R 3
Tr(AfT) > )" Tr(Py,® P, ® Py H{ Py ® Py © P TY).

I<iy,ip,i3=M

1<iy, i} ih<M
The reason we can discard the projections on the subspace 1(N2M¢ < 1)§ is that the
parameters ¢ and M will be chosen so that the energy of the one-body operator /4 is large
enough to easily control that of the interaction terms using the estimates (2.1) and (2.3).

Next, we will decompose the many-body wavefunction according to the occupancy of its

energy levels. Namely, we decompose W as

v=Yw, with v, =P @, ... @ PLIy,

g
where the sum is taken over multi-indices J = (j1, ..., jpy+1) satisfying |J| = N. Defining
also
Ly =¥yl
we find
Tr(AfTP) 2y > Tr(Py®@ P, @ P AP @ Py@ PyTY,).  (27)

ll/ 1<l} l% l§<M
1<iy,ip,iz<M

After that, we define
imax(J) = max {i € {1,..., M} : j; > N'7%}
for some § > 0, and distinguish between the terms that satisfy imax (J) = imax(J) and for

whichiy,...,i é are all less than inax (J), and the ones that do not. In the latter case, we will
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show that their energy is much smaller than the overall kinetic energy of the system and that
they can therefore be neglected. Once these terms are neglected, we will be left with
imax
7R3 7R 3
T (AfT®) 2 > Y, Tr(Py®@P,®PH{ Py ®@Py®PsT))). (2.8)
J,J i1,ip,i3=1

. - AT
imax (D) =imax () 1 ’12’13_1

Going from (2.7) to (2.8) is one of the main difficulties in adapting the proof strategy of [3]
and, in particular, new ideas are required to deal with the momentum operators contained in
the potential W5;. Since the proof of (2.8) is the key technical part of the paper, we discuss it
briefly. A naive application of the Cauchy—Schwarz inequality shows that the terms we wish
to control can be bounded by

Tr (P, ® Py, ® Py WsPiy ® Py ® PiiTV),

where one the indices, say i3, is such that j;; < N 1=8¢ (and likewise for W>). Then, an
application of Lemmas 2.3 and 2.6 roughly implies

Tr (P, ® P, ® Py W3 Py ® P, ® Py T ) S N7 Tr (P, @ Pyhy Py @ P, TY) < Tr(l' ™),

meaning that we can hope to show that these terms are controlled by the kinetic energy.
Though this turns out to be the case—and is the statement of Lemma 3.2 below—we face a
multitude of important technical difficulties when trying to prove it, which is why the proof
is postponed to Sect. 4.

Lemma 2.6 Let Py, P>, P3 and Q be orthogonal projections on $). Given a state
e S(Plll ®S szz ®S P3/3 ®S sz_jl_jzlsﬁlv)7

for some ji, ja, j3 > 1, we have

11— D01 —2) J1GG1— D2
Te(ppr®) = A= DG =2 o o g proy - =D
r(PT) NN — )(N —2) r(Pi® I NN DN -2 &
and o
Tr(P @ Py@ PT®) = — 2B (2.10)

T NN -D((N=-2)
Proof of Lemma 2.6 The proof is a straightforward adaptation of [3, Lemma 4].

Fixing i = ipax(J) in (2.8) and defining the projection P; by

j
P;=Y P,
i=1

we can rewrite
i
'y 3 'y 3
Y Tr(Py® P, ® P H Py @ Py @ PyTY ) = Tr (PP ASPETY)).
i1,i2,i3=1

AT
i,i5,i3=1

This is almost of the correct form to apply Theorem 2.5 on the space X = P; §.
The only remaining issue is that we can only apply Theorem 2.5 to a state belonging
to S (%K ), for some K, and we currently have I 7.0 which is in general not even a state.
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Said differently, we would like to know exactly how many particle have momenta in P;, and
discard the information about the rest. This can be done by fixing, in addition to i = ipmax(J),
the number K of particles that have momenta in P;, and using Lemma 2.7 to construct a state
vi.x € S(PXHK). Having done so, we will obtain

Tr (A7) 2 ZZ() ()||w||2Tr( Ry D), @.11)
i=1 K

where ¥; g is given by

imax (J)
W g = Z \Iji» with  jmax = Z Jk-
J k=1
imax (J)=i
Jmax=

For each state y; g, we will apply Theorem 2.5 using the CLR-type estimate (3.9) and
Proposition 2.8 to bound the error terms, to obtain

Tr (Hfy%) 2 / du(y) Tr (R y®3) > e (2.12)
S(#:9)

Inserting (2.12) into (2.11) and using that €% R converges to ¢ will yield the desired result.
Lemma 2.7 Let P and Q be orthogonal projections on $). Given a state

I es(PY ®, Q®V-NgN),
for some j > 1, there exists another state

I e S(P®%/)

N\ (i
PEIT® pe3 = ). (2.13)
3) 3)

Proof The proof is a straightforward adaptation of [3, Lemma 5]. O

such that

Proposition 2.8 (Plane wave estimate) Let V satisfy (1.4) and define h = —A + V. Denote
by P; the spectral projection 1(h < N?¥), for any i, e > 0. Let ey be the multiplication
operator on ) by either cos(k - x) or sin(k - x). Then,

N218
+ P;erIP; SPimin{l,CW}Pi, (2.14)

for some universal constant C > 0.

The proof is the same as that of [3, Proposition 4], and we provide in full detail to correct
a minor mistake.

Proof Take k € R? \ {0} and e; = cos(k-x) (ex = sin(k-x) being similar). The first bound in
(2.14) is just |ex| < 1. To prove the other bound, we take some smooth compactly supported
function f and use an integration by parts to deduce

(P f, cos(k-x)P,-f):/de|P,-f|2cos(k.x)=/dx(—A|P,~f|2)|k|*2cos(k-x).
R
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Here, we used the identity cos(k - x) = —Acos(k - x)/ |k|2. Hence, an application of the
Cauchy—Schwarz inequality implies

(P f,cos(k - x)P; f) < ClkI2(IV P fIIP + IP FINAP f1D.
Therefore, the claim follows from the bounds
P,(—A)P; < N¥¢P; and Pj(—A)’P; < CN**P, (2.15)

and a density argument. On the one hand, the first bound is an immediate consequence of the
nonnegativity of V. On the other hand, to prove the second bound, we start by noticing that

(=AM = (=A+ V) = (=A)V = V(=A) = V2

Moreover,

2
(=A)V +V(=A) = 2V1/2( A |V )v‘/2
2V

Thus, an application of the estimate (1.4) gives the second bound in (2.15). This concludes
the proof of Proposition 2.8. O

3 Mean-field limit: proof of Theorem 1.1

We establish the lower bound
eR>etf —CN7Y (3.1)

for some v > 0, and where e*}ef denotes the ground state energy of the functional Sj‘ef defined
in (1.10). Then, the energy convergence (1.20) follows from

af aj
exr —~> e

¢
as N — oo (see [1, Appendix A]). The state convergence follows directly using ideas from
(1.21) [33] (see also [1, 2]). The upper bound matching (3.1) is given in Proposition 2.4.

Let W be a ground state of H 1’5 and denote by I' the projection |W)(W|. Define also the
kinetic and interaction operators

1 1 . 1 .
T=3(nth+h), W=z 3 Wk and Ws=o > Wi(j.k0),

1<j,k<3 1<j,k,£<3
ik JERACE]
(3.2)
with
h=—A+V, Wi,k =p; Viwgr(x; —x) 3.3)
and
W3(j, k, €) = VEwg(xj —xi) - VEwg(xj — xo). (3.4)

By symmetry of W, the nonnegativity of the fourth term in (1.9), and the assumption (1.19)
on o, we have

N, HEW) = T (TT®) 4+ pTr (Wl @) + ﬂQZ—_? Tr (W3T®).
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The factor (N — 2)/(N — 1) in the right can be replaced by 1 at the cost of a small amount
of the kinetic energy. Specifically, Lemma 2.3 implies

ﬂ2

1- %‘ | Tr (W30 @) < CN7'Tr ((C + M),

Hence, by defining the effective three-body Hamiltonian
Hf =T + W, + B> W3,

we obtain 3
N, HEW) = T (AFT®) — N T (€ + mr ). (3.5)

Next, we split § into M +1 annuli in momentum space according to the spectral projections

Pi=1(h < N%¥), P,=1(N2-De <p <N2&) 2<i<M,

Pa1 = LN?Me < ), G0

for some nonnegative parameters ¢ and M that will be chosen later. In the polynomial case
R = N7, the parameter ¢ will be universal, and in the exponential case R = e~ N it will
depend only on «. The parameter M shall be taken such that

M =0 (logR™"/logN). (3.7)

In particular, M will be constant in the polynomial case. To shorten some notation, we define

I
P[j =PF® Pj, P,'jk =P ® Pj Q P, P;= ZP/' and Q; =1—-DP;. 3.8)
j=1
Thanks to assumption (1.3) and (3.7), we have the Cwikel-Lieb—Rosenblum (CLR) type

estimate
dim(Py $) < CR™C. 3.9)
(see [33, Lemma 3.3] and references therein).
We claim that
M
N~ <n1/ H,’j\y> > 3 T (P AR Py ) = CN 2 Te (€ + WTD) - (3.10)
i1,i2,i3=1
it =1
(taking & small enough in (3.6)). To prove this, we use the resolution of the identity

M+1
Yop=1 (3.11)
i=1
to expand
M+1
TR 7R 3
Tr (H3 I )) = Z Tr (Pi1i2i3H3 Piiiéigr( ))'
i1,i2,i3=1
ii}ih=1
After that, we bound the interaction terms containing at least one projection Ppsy1 using
Lemma 3.1, and insert the result into (3.5) to deduce (3.10). An example of such a term is

M
Z Tr (Pm+1)inis I:I3RPiii§i§F(3)) =Tr (Py+1 ® Py @ Py HEPy @ Py @ Py ),
i2,i3

T Ty
l] ,l2,l3
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which we rewrote using the projection Py; defined in (3.8); all the others can be rewritten
in a similar way. Since Lemma 3.1 will not be used again in the proof of Theorem 1.1, we
postpone its own proof to Sect. 4.

Lemma 3.1 (High-momenta estimates) Take R as in Theorem 1.1, and M satisfying (3.7).
Then, there exists a universal constant C > 0 such that, for any state T’ € S($°), and any
projections Qy, ..., Qs € {Py, Pyy1},

ITr (Py41 ® 01 ® 02W203® 04® Qs < CN"*Tr (C+mr'Y) (.12
and
ITr (Pys1 ® Q1 ® Q2W303® Q4 ® OsT)| < CN“*Tr (C+mr®P).  (3.13)

Next, we decompose W according to the occupation of each energy level P;. For each
configuration J = (ji;, ..., jiyy) € Ng’”l with |J| = N, define

vy = PP @@ PR,

as well as
yg =¥y (W] and Ty =[w){9,]. (.14)

Moreover, for any multi-index J, define

Jiis) _ (jl, e fM+1) (3.15)
with y
Jk = Jk + ik + Sirk + isk
forall k € {1,..., M + 1}. Define also
r iitiny =1

l<"1"2"3'=’|‘§’_%> l(f1i2f3>,l“§"§"§)'

Then, we use the identity
G p. .. _ (3) y
Prtigit T Piisis = D Prtisit T iy Prviois
7 J
to deduce

M
N ES) =Y ) Tr(P,»l,-z,-3ﬁ3RP,-{,-,r“> ) =CN"ETe ((C+mT D), (3.16)
T

213 J(ilizi:;:lilzlg)

where we are summing over all multi-indices J of size M + 1 such that |[J| = N — 3.
To bound the first term in the right-hand side of (3.16), we define

imax(J) =max {i € {1,..., M} : ji > N7}, (3.17)

for some § > 0 to be chosen later. For readability’s sake, we sometimes omit J and simply
write imax. Also, by convention, we take imax(J) = 0 if the set on the right is empty. We
make the following important distinction regarding the sum over iy, ..., ié in (3.16): either
all indices are less than i, - in which case we use Theorem 2.5 - or not. In the latter case,
we need to bound

Tt (Pinis Wa Py T )
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and o
TI'( 111213W3 ,,2? /)

J(111213,xité13)

when one the indices, say iy, is such that j;;, < N 1=8¢ This is done in Lemma 3.2, which,
from the technical point of view, is the main novelty of the present work. Since the proof is
rather complicated and intricate, we postpone it to Sect. 4.

Lemma 3.2 (Low-occupancy estimates) Take R as in Theorem 1.1, and M satisfying (3.7).
Let 5, A > 0. Then,

‘Z Z Z Z Tr ’1’2’3W2 ’1’2‘3F1<i|i2iziii§i§))‘

Ji1=imax+1i2,i3 ll 12 13
< CpA(N~ADe2 4 N=02=De 4 N=(=0/2028 1 (c + T D) (3.18)
and

’ E E E E Tr 111213W3Pﬂl£lé J(i1i2i3 i/liéié))’

I ir=imax+1i2,03 i},

< CA(N~ADe2 4 N=C62=28 4 N=U=02228Y 1 (C )T D), (3.19)

for some constant Cp > 0 depending only on A > 0, and with k = 0 in the polynomial case
(1.17). Here, we are summing over all multi-indices J of size M + 1 satisfying |J| = N — 3.

Taking 6, A > 5 and inserting (3.18) and (3.19) into (3.16), we obtain

imax
3)
N7, HN Z Z Tr Piriais H3 P’i’§’3rj(i|izi2 iiiérg))

J iy,i,i3=1

il =1
—C(N™f — CN~U=0/2028) T ((C + T D), (3.20)

with ¥ = 0 in the polynomial case (1.17). Hence, we will take
1—«

&< 3.21
7 (3.21)

to make sure that the last term in (3.20) is small.
Before we apply Theorem 2.5, we do some rewriting. We decompose first over the value
of imax:

imax M i
E E il E E E 173 I Pi iy
Py 12l J(111213 ihi5i3) Piyiis Py 11213 ](r11213 iipif) T 111213
J l} l% l? 1 i=1 l} ,ip,i3=1
i,i5,i3=1 i, 12 13_1 lmax(J i

Atfixed iy, ..., ié, the last sum in the right can be rewritten as

Z 1112 3 J(ili2i3 sifibid) Pijiyiy = Z zlzé grg/ J" Pijisis (3.22)
J/ J//
imax L) =i imax (l/) =i
imax(i/,):i
where we are summing over J’s satisfying | J| = N — 3 in the left, and over J/, J” satisfying
|J'| = |J”| = N in the right. To see why this holds, notice first that, due to the presence of

@ Springer



Almost-bosonic anyons Page170f33 260

the projections P;,;,;; and Piiiéié’ the multi-index J” is entirely determined by the choice of
J'. Said differently, the double sum on the right-hand side is essentially only a single sum.
Moreover, for every J', there is exactly one J such that J(17213) = J’,

Define now
imax (J)

jmax(l) = Z Jis
i=1
as well as W; g and I'; g by
\I"i,K = Z \Ill and Fi,K = |\IJ,'_K>(‘~IIZ"K| . (323)

J
imax ()=
Jmax (S)=K

Thus, we can rewrite (3.22) further as

Z P’i’é i3 J(1|12H) J('l’z 3>Pi1i2i3 = Z Plilélé rl KPHQB
K
lmax(i) i

All in all, we have shown that

N~ W, HEw ZZTr (B2 RS T ) —C (N2 +N~1=9/2428) T (C+myr D),

i=1 K
(3.24)

where we are summing over N — MN!7% < K < N.The parameter « in (3.24) is equal to
0 in the polynomial case (1.17).

Since ¥; g is symmetric and belongs to ]P’?K Rs Ql@
find a symmetric state y; k € S (IP’I.@’K $%X) such that

N\ (K
e = (5) (5) moons

(NfK)bN, we can use Lemma 2.7 to

Hence, we may rewrite (3.24) as

U N\ (K
N7l <\1/, H,’j\l:) =23 (3)(3) Te(Ty k) Tr (AR y,3)
i=1 K
—C(N7%* + N~U=92825 Tr (€ + T D). (3.25)
‘We now use Theorem 2.5 to bound Tr(H. R (3)) from below. To that end, we define

3 3
A)’z(lg = Vz(lg /S(P-m Y& dui k (1),

where p; g is the probability measure from Theorem 2.5 applied to the state y; ¥ €
S(PX HK). Thus,

Te (ARYSY) = fS(P mT r (ARy®) duik () + Tr (AR AYR).  (3.26)

Only the first term contributes to the ground state energy; the second is an error as we now
show.
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Analysis of T. A direct application of Theorem 2.5 yields

logR™!
Tr (TAyS) = c,/ogTNM, (3.27)

where we used the CLR-type estimate (3.9) to bound the dimension of IP; §).
Analysis of W5. In order to apply Theorem 2.5, we need to write W5 in a tensorised form. By
symmetry, it suffices to consider

Wa(1,2) = p1 - Vwg(x) — x2).

For readability’s sake, we define

1o
XK= TaR
Then, using the Fourier transform, we write
Wa(1,2) = —2ri / dk§g (k) k= i —ethap ik

where e, 1 denotes the normalised direction of the vector kL. Moreover, using that
Pt = &Gk + py)
and that ¢;1 - k = 0, we get
k
Wa(1,2) = —2ni/deT(| ) ket xz)e L-Pp1.

Developing e*"1=%2) and using that k — X’f (‘k) e is odd, we further rewrite this as

Xr (k)
|kl

Wa(1,2) = 2n/dk

(sin(k - x1) cos(k - xp) — cos(k - x1) sin(k - x2)) e;L - P1.

(3.28)
Finally, splitting the integral over k between |k| < N‘¢ and |k| > N'¢, and using Theorem 2.5
and Proposition 2.8, we obtain

logR™! |Xr (k)]
T (Waar ) =~ [ dkiBie bRl !
K Jusnie k]
logR™' . / | Xr (k)]
— €| 2= Ne dk||Piegs - PP lop n
K iR
logR™! .
>_C /OgTNZw, (3.29)

Here, we used that || XgllLe < llxrll1 < C.
Analysis of W3. By symmetry, we need to deal only with

W3(1,2,3) = Vwg(x) — x2) - VIwg(x) — x3).

Using again the Fourier transform, we have

w23 = [ (k) Sl [ aw e,
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Developing the complex exponentials and using the oddness of k Xle(lk ) e;L yields

W3(1,2,3) = [/ dk dK' 3 (k) 2R (K') = Ikl e|/kc/L| (cos(k.xl)cos(k’~x1)sin(k.x2)sin(k’.x3)

+sin(k - x1) sin(k” - x1) cos(k - x2) cos(k’ - x3)
—cos(k - x1) sin(k’ - x1) sin(k - x2) cos(k’ - x3)

—sin(k - x1) cos(k’ - x1) cos(k - x2) sin(k’ - X3)>. (3.30)

Using once more Theorem 2.5 and Proposition 2.8, we find

logR™"
Tr (Wsay,3) = —C,/OgTNZ'S. (3.31)

Here we again split the integral over k between |k| < N i€ and |k| > N'¢, and we did the
same for k’.
Inserting (3.27)—(3.31) into (3.26), and using that y; g is a probability measure, we obtain

- log R~ .
Tr (AF YY) = / Tr (ARy®3) dpi x (v) — €| —S— N2e. (332)
S®;$) K

As a result of (3.25) and (3.32), we have

M -1
N~ <x1/, H§w> =3 (Z) (13{) Tr Fi’K[s Tr (AR y®3) du k (7)

i=1 K ®i$)
1 M -1
log R™! N K\ i
-C K ZZ<3) (3)Nl TI‘F,'YK
i=1 K
— C(N72% 4+ N2 e ((C + T D). (3.33)

-1
On the one hand, using (1;/) (13{) < landthat K > N — MN'=% we can bound the second
term in (3.33) by

log R~/ %Z MY (YN ter g < ent12 g RV NZma(De
% 3 3 i\K = g Js

i=1 K J

where we recall that i;,,x was defined in (3.17). Thanks to 1 < N‘ngimax/N and Lemma 2.6,
we deduce

1 M —1
IOgR ' N K 2ie
() (5w
- i _1)e Jmax ()
< CNG/24e=1/2 [106 R—1 5 N 2imax(D)—De Jmaxid)
< Jogr TS Doy,
J

< CNGVZDEA2 flog R0 T (P 1) (C + ) Pipo T )

< CNCY22=12 flo0 R=1Tr ((C + mTD).
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This means that this term is much smaller than the kinetic energy under the condition
(B8/24+2)e <(1—k)/2 (3.34)

(with ¥ = 0 in the polynomial case). On the other hand, to simplify the first term in (3.33),
we define the Borel measure

L (N 'K
EDD <3> <3>Tr(ri,K)Mi,K
i=1 K

and we extend the definition (1.10) of the average-field functional Eff to mixed-states y
through )
ERlyl =Tr (H{y®).

Summing up, the inequality (3.33) simplifies to
N7, HY W) = f Exlyldun(y)
SPuH)

—C(N_S+N_8€/2+2€+N(38/2+2)8_(1_K)/2\/@)Tr ((C+h)F“)),

with ¥ = 0 in the polynomial case (1.17). To conclude the proof of proof of Theorem 1.1,
we wish to use

Tr (h0V) < € (3.35)
and
lim inf / E¥yldun(y) = . (3.36)
N=00 JSPyH)

For R of the form N—# or of the form e~ V" with 0 < k < 1/2, the bound (3.35) is given
in Proposition 2.4. Regarding (3.36), we essentially need to show that the sequence (uy)y
converges to a probability measure supported on pure states |u)(u|. For this, we show that
the measure y satisfies

- N2 < f () < 1. (337)
SPu9H)

Granted that (3.35) and (3.37) are true, we can follow [1, Section 3.7.] (see references therein)
to prove that (w5 ) ;v indeed converges to a probability measure supported on pure states |u) (u|,
from which (3.36) and thus (1.20) follow. The upper bound in (3.37) is a consequence of the

estimate (g] )_1 (]3< ) < 1 and the identity

M+1

o> Tk =1

i=0 K

For the lower bound, we use

L(M«m““” ZZ( ) ( )TrF’K_ZZTr IP’®*F<3>

i=1 K i=1 K
M

_ZZTrF,K —ZTrFOK

i=0 K

M
=3 (Tr (PP @ iTy) + Tr (P @ Q2T ) + Tr (QF°T %))
i=1 K
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>1—C(N"* + NMTr ((C + r®)

and (3.35). To bound the error terms, we used

M M
Y S T (@) < CNTEY S T (Q(C + QT ) < CNTE T ((C+ T D),

i=1 K i=1 K
and

- N _
XK:Tr Fox < CN™2Me ; < (Pss1hPya Ty ) < CN72Me XK:Tr (Pus1hPy T3k

< CN2Mer (hT ).

The last estimate results from the fact that we are summing over N — M N =8 <« g < N,
which follows from the convention that ijn,x = O (corresponding to i = 0) when jiz < N 1-de
forall k € {1, ..., M}. This concludes the proof of Theorem 1.1, except for R of the form
e N with1/2 <k < 1.

When R is of the form e~ V" with 1/2 < k < 1, the estimate (2.5) of Proposition 2.4
no longer applies, and we need to prove (3.35) in a different way. Namely, we will use
the nonnegativity of the singular two-body term |Vwg (x; — x2)|?, which we dropped at the
beginning of the proof. Let us be more precise. Recall that we are considering the many-body
Hamiltonian H ,{f given by

N
HE =" —Aj+V(x))+2ep; - AF + o> (AR,
j=1

As a consequence of the Cauchy—Schwarz inequality, we have
2ap; - AF > —8(—Aj) — 87 P (A,
for all § > 0. Splitting p; - Af into (1 — 7)p; ~Af +1p; - Af, we deduce

N
HE > (1= 18)(—=A) + V(xj) +2¢(1 — 1)pj - AR + (1 — 167 He? (AF)?,
j=1

for all 0 < T < 1. Using the nonnegativity of V and doing some rewriting, we get
N
HE =3 (0 =8)thj+ (1 —1)(hj +2ap; - AR) + (1 =571 )e* (AF)?.
j=1

Next, we expand (Af)2 to separate the three-body term from the singular two-body one.
Testing on both sides with W and using (2.3), we find

NN HEW) > (1 -8 — (1 =8 D)) Tr (h0D) + (1 — o) Tr (HET®)
+(1 =86 ')’ N2 Tr([Vwg (x] — x2)[PTP). (3.38)
Taking 0 < T < § < 1, it is easy to see that

1-6—C(1—86"%>0 and 1-6""¢>0.
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Hence, the last term in (3.38) is nonnegative and we may drop it. Regarding the second one,
we can repeat more or less the same proof as before to show that

Tr (H§T®) > / EMyldun(y) — Clog N)~ ' Tr ((C + mr®).
SPuH)
Moreover, the average-field function S;}f satisfies
vl =o0.

This is shown using the spectral decomposition of y; we refer to [1, Section 3.6] for more
detail. Combing this with (3.37) and (3.38), we get

Tr(hTD) < C(1 4 en).

Thanks to Proposition 2.4, this shows that we have proved (3.35) for R of the form e N

with 1/2 < k < 1. The rest of the proof is exactly the same as before, and we have therefore
finished proving Theorem 1.1.

4 Proof of the main estimates
4.1 High-momenta estimates: proof of Lemma 3.1

We begin with the proof of the estimate (3.13). Thanks to the Cauchy—Schwarz inequality
and the estimates (2.1) and (2.3), we have

ITr (Pp4+1® Q1 ® Q2W303 ® 04 ® Os)|
< CN*R72Tr (Py+1 ® 01 ® Qo)
+CN*Tr(Q3® Q4® Qs(1— A1 — Ay — A3) 03 ® Q4 ® OsT)
<CN#Tr((C +mr?).
In the second inequality we used
N*R72 < N"*N*M* and Py N*M Pyt < PysihPusr.

The former follows from the definition of R and assumption (3.7). The latter is an immediate
consequence of the definition of Py 1.
‘We now prove (3.12). We only take care of

Wa(1,2) = p1 - VVwg(x) — x2)
as the other terms are analogous. Due to Vi - Vle()q — xp) = 0, we have
p1 - Viwg(x — x2) = Viwg(x) — x2) - p1.
Combining this with the Cauchy—Schwarz inequality and the estimate (2.1), we find

[Tr (Py+1® 01 @ 02W2(1,2)03 ® 04 ® OsI)|
< CRAN*Tr (Py41 ® 01 ® 021)
+CNH#Tr (03 ® 04 ® 05(—A1) 03 ® Q4 ® QsT)
<CN*Tr((C +mrY).

This concludes the proof of Lemma 3.1.
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4.2 Low-occupancy estimates: Proof of Lemma 3.2

In this section we provide the proof of Lemma 3.2. Although the proof used in the exponential
case covers polynomial scalings as well, we first present a simpler proof for the polynomial
case for the reader’s convenience. Both proofs rely on the following lemma, for which we
define

Pix =P; ®Pr and Pjy =P; @ Px @ Py,

with P; = 1(h < N%¢).

Lemma 4.1 Let Wr(1,2) and W5(1, 2, 3) be as in (3.3) and (3.4 ), with projections as in (3.6).
Then, there exists a universal constant C > 0 such that, for any iy, i, ii, ié and f, g € 92,

(Biia . Wl DBy 8) < C mim (N0, NOSCE) B, FlpiBgel. @)
Moreover, for any i1, i2, i3,
Piyinis Wa(1,2,3) Py iy < CNH9%, 4.2)

Proof of Lemma 4.1 We start with (4.2). Define

_1Ipo,r

XR ZR2

and write
Ia A N
W3(1,2,3) = // dk dk’ xr (k) xR (k )m

e [ cos(k - x1) cos(k’ - x1) sin(k - x2) sin(k’ - x3)

K|
+ sin(k - x1) sin(k” - x1) cos(k - x2) cos(k” - x3)
— cos(k - x1) sin(k” - x1) sin(k - x2) cos(k” - x3)

— sin(k - x1) cos(k” - x1) cos(k - x2) sin(k” - x3)],

as in the decomposition (3.30). Then, we split the integral over |k| < N%2¢ and |k| > N%2¢,
and likewise for k". Conjugating with P; ;,;, and applying Proposition 2.8 to P;, sin(k - x2) P;,
and P, sin(k’ - x3) P;;, we obtain

Piiiz W3(1, 2, 3) Py iis

dk N2i28 dk’ N2i38
sc(/ —+f dk—S)(/ —/+/ di’ ,3)
ki<nize [kl Jigsnioe 1K wi<nie KT Jisnize K]

< CN@HRE,

Here, we used || XgllL < [ xrllp1 < C.
Now, we prove (4.1) for f and g smooth with compact support; the result follows from a
density argument. We again write in Fourier

xR (k)
|k|
—cos(k - x1) sin(k - x2)) e;L - P1,

Wr(1,2) =4n f dk (sin(k - x1) cos(k - x2)
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as in (3.28). To prove the bound involving NZ1#_we split the integral over|k| < N''¢ and
|k| > N'¢. On the first sector, we have

xR (k) . .
‘/ _ deTT <IP’,-1,-2f (sin(k - x1) cos(k - x2) — cos(k - x1) sin(k - x2)) €L - Plpi;i§8>‘
k|<Ni1¢

< CN*|[By, £ 11IP1 Py 18-

On the second sector, we write sin(k - x1) = —k - Vcos(k -xl)/|k|2 (resp. cos(k - x1) =
k- Vsin(k - x1)/]k|?) and use two successive integrations by parts on x| to obtain

ir(k
V ax Xk K (]P’,-,l-zf (sink - x1) cos(k - x2) — cos(k - x1) sin(k - x2)) e, - PAPyi g>‘
k|>Ni1€ |k| 112

dk
scf s lnimiaf] [piPise] < OV By PR ol
k|>nite k]

Here, we used the bound (2.15).

The bound with N2™X(2:2)¢ ig proved similarly: we split between |k| < N™2X(2:2)¢ apd
k| > N™Max(2:i)¢ and we use two integrations by parts on the variable x; in the second
sector. We omit the details. O

Proof of Lemma 3.2 in the polynomial case We begin by proving (3.19) since it is slightly
easier. We provide the details only for

W3(1,2,3) = V3wg(x) — x2) - Viwg(x) — x3)

as the other terms are dealt with analogously. Using the Cauchy—Schwarz inequality and
Lemmas 2.6 and 4.1, we expand, for all 7 > 0,

3) (i2+i3)e . ©))
‘TI' 111213W3(1 2 3) i léz; ](ili2i3) j("/liéi%))| <tCN Tr (P”zzzgl"j(,llm )

_ICN(12+13)5 Tr (Pl/ A ’F(%)/ /et ) (43)

S5
On the one hand thanks to Lemma 2.6, the first term can be bounded by
Tr (Paiais D iiy) < NG+ DG+ DGy + DT iy
Thus, using j;, < N1=% the estimate
P,N*DEp < CP(C+ )P, (4.4)
and Lemma 2.6, we deduce

N@ti)e (Pi1i2i3 Fo)

J1i2i3)

) < CN %2 Ty ((C + h)rg(?ﬂzl?))'

On the other hand, thanks to (4.4), we have
N(l2+l?)5Tr(Pl/ o /F ,,/ ) < N28TI'((C+]’1)F(1)/// )

iy (1 11213 ) (l 1213)
Injecting the previous two inequalities into (4.3) and optimising over 7, we find

’TI‘ ;i Ws(1,2,3)Pyii T (3) )| < CN*(8/272)8 Tr ((C+h)l—~(1) )

l1hat3 J@12i3) J(zl i) J1123)

+CN~ (8/2—2)¢ Tr ((C+h)r(l(,)’z’l/))
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Summing over J, this becomes

A3 _ _
D | Tr (PiinisW3(1,2,3) Py T J(l)lw S ))| < CN~O2=2e Ty (€ + yrW).
J

Finally, we sum over iy, ..., ig and use that M is a constant to obtain (3.19).
We now prove (3.18). Again, we bound only

Wr(1,2) = p1 - wr(x) — x2) + wr(x1 — x2) - Pi

and leave the rest to the reader. Thanks to the Cauchy—Schwarz inequality and Lem-
mas 2.6 and 4.1, we have

3
‘Tl‘ l1!213W2(1 2)P/ i T () N )|

11213 J<i|i2i3)J<zitét3)

= CNmaX(iz’iz)gr Tr (Pilizis F(J3(31i2i3))

max(in,i )8 -1 ®
+CN 2> Tr (P,’,’,’( AP iyi5i5 ]('/’élé))

< CN™X2EN T2 (i + D) iy + DGty + DT i)
+ CNmaX(iQ’iz)gN_St_lN2i1£(j[; + 1)(% + l)(]l; + 1) Tr Fl(i/liéié)’ 4.5)

for all T > 0. On the one hand, when i, > ié, we use jj < N1-%¢ the estimate “4.4),
Lemma 2.6, and optimise over t to show that

3) —(8/2-2 2
|Tr( inis Wa (1, Z)P,i,é; i) i 1) | < CN~G/2-De 1y (Pi2i3 Cc + hl)Plzl%FJm’zu))

+ CN=OPDE T (P (C+ h) Py T )

iyiyi3 iyiyi3 (,1,2,3)

= CN- P22y ((C + h)l_‘y(?“w))

+CN~02 ey ((C+h)1“(1)/ )

( 162i3)
On the other hand, when iy < i/, an appropriate choice of 7 in (4.5) yields

| Tt (Pt Wa (1, 2 Py T ) < CNTORZ2E T (P (C ) Py T

Ni3 " i) j(fllzm)

+ ONTOR2E T (P (C ) Py T30 )

iyiniy Jas

< CN=O22emr ((C+ T )

J1123)

+CNTOP2E Ty ((€+ h)r(l(,)’u:’))

Gathering the previous estimates and carrying out all the sums gives (3.18). This concludes
the proof of Lemma 3.2 for polynomially decreasing radii. O

Proof of Lemma 3.2 in the exponential case Analysis of W3. We first prove (3.19). We give the
proof in full detail for

W3(1,2,3) = V>wg(x) — x2) - VEwg(x) — x3),

and we assume that i1 > ip > i3, as well as i{ > i) > i} and i; > i{. The rest is left to
the reader. To prove (3.19), we make a distinction between |i; — i3] < A and |i] — i3] >
A, and likewise for (i{,i3) and (i, i}). Since we only need to use j;, < N1=% when
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lir — i3], liy — @41, lit — ij] < A, we begin by treating the other cases. Namely, we bound

first
Z Z Z ’TI’ Piyizis W3 (1, 2, 3)Pl,’§§ j(mzt3> J(l|‘2"s>)‘ (4.6)
S 1zipZi3 i) =iy >iy
i1>i3+A
and

Z Z Z ’Tr Piyizis W3 (1, 2, 3)P’,’§§ 1011213) J(’|’2'3>)‘ “.7)

i1Zix>i3 ] >i)>i}
lit—i3]<A lij =i}l <A

11>i;+A

In order to bound (4.6), we use the Cauchy—Schwarz inequality and Lemmas 2.6 and 4.1
to write

’Tr (Piyinis W3(1, 2, 3) Py T )]

i1igis J1i2i3), 1012;)
< tCNOCTENT Gy + DG + DG + DT 6
+e ENETENT G DGy + DG+ DTT g0,
for all T > 0. Swapping j;, and Jij by an appropriate choice of 7, using the estimate

P;N*TVEp < CP/(C+ h) P, 4.8)
and Lemma 2.6, we thus obtain

‘Tr l]lzqu}(l 2 3)P/ /l/ 3) )|

BELLE) J1i2i3) ](z, 5i3)

< CNETIVERN G N QRN GO T (P (C 1) Paigis T i)

i1i5i3

2 +4)e/2 2 2 r®
+ CN(IZ i1)e/ N(l3 i1+4)e/ N(lz 11)3/ N(l3 11)‘9/ Tr (Pl/tzl/ (C + hl) i’ lztg (,’,é,%))’
whenever ji, and j;; are both nonzero. When either of the two indices is null, the previous
inequality is no longer true. In fact, if ji, and j;; are both zero, the right-hand side vanishes,
whereas the left-hand side can be positive. It is however easy to see that when jié =0,

the previous inequality can be made true by replacing Pié by 1/+/N in the right-hand side
(recalling that P, iy = =P ® P,»é ® P;;). The same can also be done with P;, when j;, = 0.
In the following, it will often be the case that inequalities are proved under conditions such
as ji,, j,»é > 1 and can easily be adapted to cover j;, = 0 or jié = 0. We do not mention this
each time to avoid redundancy. Using that

dore ., =T, 4.9)
J

Jiaiz) —

we may carry out the J sum in (4.6) to obtain

(3)
Z|Tr Piyiniy W3(1, 2, 3) Py T JG102i3) j<i’1i§ig))|
- A

<CN(!2 11)5/2N(z3 11+4)£/2N(l2 t)a/ZN(z —tl)s/ZTr (P,,,/,;(C-Fhl) hisis 3))

+ CN(iz—il)s/ZN(i3—i1+4)e/2N(i2—i|)s/2N(i3—il)s/ZN— Tr (Pi1i3 (C + hl)Pi|i3F(2))
+ CN(zz l|)8/2N(1‘5 11+4)s/2N(1 —i )s/ZN(t —i )5/2 Tr (Pz’zgz (C +hl) z ))
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L. 2 s 4 2 Y 2 i 2 -1 2
+ CNETER N G2 N G2 N GEER N T (Py (€ + ) Py TP).

The two terms containing the factors N ~! correspond to j;, = 0 and j;; = 0. Lastly, carrying
out the remaining sums using the geometric series formula, the resolution of the identity

M+1

Z P=1 (4.10)

and the fact that M satisfies (3.7), we find

Z Z Z |Tr P111213W3(1 2 3)P’/12-3 ‘]3(3|1212) J(‘12’3))|

J i1=ix>i3 11>12>13
i1>i3+A

< CN~A=921 ((C + T D). .11

Hence, we have bounded (4.6) as desired.
To bound (4.7), we begin by writing

‘Tr Prigis W3 (1, 2,3) Py T ,331%) Sy
< TCN*? N7 (jiy + DU + DGis + DT 1200
+r71CN2"i'9N’3(jii + DGy + DGy, + D Tr Fﬂiiiéié)' (4.12)
An appropriate choice of T then gives
| Tr (Paiaia W3(1, 2. 3) Py, T o i)

<cNG ’1+2)5T1‘(P/ (C + ha) ztztzr 0 )

i1i2i3 _[(H’Z”%)

+CN(’1 426 Ty (lez/z’(c+h1)P e /F ,, , ), 4.13)

1iyly (l 1i2i3)

for j;,, jii > 1. Although the adaptation for jii = 0 is straightforward - namely we just
replace Pii by 1/ VN - the case Jji; = 01is trickier. Indeed, we cannot simply replace P;, by

1/ /N because we also used the estimate N21¢ P;, < CP;(C+ h)P;,. However, a different
choice of 7 in (4.12) yields

‘Tr PiirisW3(1,2,3)Pyrir it 3) )}

11213 J(lllzm J“l ihi%)

3
<CN~ (1=K)/2+2¢ . (Pz’1213 (C + hy) l2i2,31ﬂ(10)“2,3))
LON-(H0/ 2428 Ty (P, 1 (C +h1) Py </15ﬂ>) (4.14)

for j;; = 0. Combining (4.13) and (4.14), we can carry out the sums in (4.7) essentially as
we did in (4.11) to obtain

Z Z Z Tr PlllZBW%(l 2 3)Pl/lél§ J3(?11213) J(l L))|

i1Zi>i3 zl>12>z3
lir—i3|<A lij—i4|<A

11>11+A
< C(N~A=3e/2 4 N=U=0/2828) Ty (€ + T D).
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This is the desired bound on (4.7).
Having bounded (4.6) and (4.7), all that is left to do to prove (3.19) is to deal with

Z Z Z |TI' 111213W3 111213F (l|’21'5> 1(11123))|~ (415)

i1>i2>03 11>1223
lip—i3|<A |1 —i |<A

Ill ifl<A

Here, we are summing over i| > imax + 1, meaning that we always have j;, < N 1=8¢. we do
not write it explicitly to avoid cluttering the notation. Proceeding as before, using additionally
Jjiy < N'7%_ we can write

‘Tr(P,-l,-z,»3W3P,, r® )| < CNTOP2E 3 T (P (€ 4 ) Py,

iiyij JG102i3) J('i i5i%) J(i1f2i3))

i3
—(8/2-2 3)
+CN 6/ )e Z Tr Pl/ . /(C+h1)Pl/l/l%F /éig)).
is>iy

Thus, we can carry out all the sums in (4.15) to obtain the bound

3) —(8/2—-2)¢ (1)

S LT s, ) SOV )
i1>iy>13 11>12>13
|ll—l%\<A‘l is1<A

ll—i’ <A
1

Gathering the previous estimates yields (3.19).

Analysis of W>. We now prove (3.18). We only provide the details of the proof for
Wa(l,2) = p1 - wrxi —x2) + wr(x) — x2) - pi

since it is the most difficult term to treat and that the others are bounded analogously. For the
same reason, we take iy > iy > iy and iy > ij > i}. To prove (3.18), we distinguish between
lif —i2] < A and |i{ —i2| > A, and similarly for i1, i and i1, i]. Since we only need to use
the hypothesis j;, < N'7% to deal with the case where the three indices i1, i, i} are close,
we first take care of the others. Namely, we bound

ZZ Z ZTI‘ P ii Wa(1,2) P, 111‘; J<’I’2’z) St 2,%)) (4.16)

J i1=iz 11>12
12>12
i >ir+A

Z Z Z ZTI' 111213W2(1 2) ’1’2’3 j(lllzl’;) j(’12'3)) (417)

J i1>i+A l>¢2

2>12
i} —i2|<A
and
E E E E Tr 1|1212W2(1 2)P, 111213 j(’1’212) J(’12'3)) (4.18)
J iz z]>z2
lir—i2| <A ir>i}
lij—i2| <A
i1>i]+A

Note that there is only a single sum over the third coefficient i3 (rather than a double sum)
because of the orthogonality of the projections P;.

@ Springer



Almost-bosonic anyons Page290f33 260

To bound (4.16), we start by writing

(3)
ZTT (Pi1i213W2(1 2)P’ ’zz JG1i2i3), FLGL ’i3))

i1.i)
izzié

N-3 N-3
= <Z Piliriy ® 19¢ )‘pl<i1f2i3), Wa(1,2) Z P,'Q,'é,g ® 1%( )\Ijj(i’liéi3)>-
i1 i} -

izzié

Then, thanks to

®(N-3) _ X ®(N-2 ®(N-3)
Z Pz’z’z3 ®1 ( ‘IJJ(; i4i3) =Pu ®P12®1 ( ) Z Piji£i3®1 ( lpj(iiiézg)a
> i =
ir>iy ix>i)

we can apply Lemma 4.1 and the Cauchy—Schwarz inequality to obtain

3) 3)
‘ Z Tr (Piyini W2(1, 2) Py, T JG1i2i3) J<l|’2’3))‘ = TCZTI (Piiais (ADPiiois T 1))
i1,i

i
izzié

ICN2128 Z Tr l p Hr(:") )
12 ]('1 ii3)
i
izzié

forall T > 0. Takingz = N (=i +De 4nd using the estimate (4.8), we deduce

’ Z Tr 1112HW2(1 2)Py s 3) )’

t 1213 J(111213) J(’l 213)
i1,i}
izzié
in—i|+1 3)
< C N2—ij+Dhe ZTI‘ (Pi1i2i3 C + hl)PiliZNFJ(lllzl:;))
i
ir—i/+1)e 3)
+CN@IEDE N o ( P,,,/,3(c+h1)P,/,£,zr Mm)
i
izzié

We may now carry out all the sums in (4.16) using (4.9) first, and then (4.10), and the
geometric series formula to obtain

5 5 Sm et a2V T )

J 1= 11 >12
12>l2
i >ir+A

4.19)
Thus, we have the bounded (4.16) as wished.
To bound (4.17), we this time write

3
‘ Z Tr <P111213 WZ(l 2)Plil£l% JG1123) J(Il 2:3)) ‘
i

12>12

2i 3
< tCN~?* Tr( lllzlSF(J(?]izi3))
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-1 r®
+7 C Z TI' Pl/l/u(lh) lllél3 j(’i’é”))

izzié

which, by taking = N@~2+D¢_further implies

(3)
’ Z TI' P111213W2(1 2) 111£l3 j(iliziS) j(i/liéi3))’
lz =
2>12
3
< CNETHDETE (P i (C 4 ) Py T ;gl,.w)
FONE S T (0 ) T ).
)
izzié

Carrying out all the remaining sums as in (4.19), we obtain

XX X 2T (P Wl P )| SN TE(C HEC),
J i1>i+A 1>12
12>12
liy—i2| <A

which is the desired estimate on (4.17).
To bound (4.18), we use Lemma 2.6 to obtain

r®
Tr 1,2)P;
‘ Z (Pirizia W2(1,2) iigis T J@1i2i3), J“lz’z))
i
2,
12212

< TCN** N7y + DGin + DG + DT j6100)
+TTIONPIE Y N T Gy 4 DUy + DG + DT iy, (4.20)
i} -
izzié

for all ¢ > 0. Choosing 7 such that j;, and Jiy are swapped and balancing out the front
coefficients, we find

(3)
’ Z Tr P”tzngZ(l 2) 111513 J(i1i2i3) ](i/liéi3))’
12 =
i2>ié
—i1+2 3)
< Cc NG —i+2e 7y (Pl/lZH(C +h2)Pi{iztzFJ(1112n))

(i} =i1+2) r®
+CNOTEDET (P (C + hi) Py ,(f’lf;fg))'

Here, the adaptation for j;; = 0 is straightforward, whereas it is more delicate for j;, = 0.
More specifically, when j;, = 0, we instead write

r®
‘ Z Tr P‘1’2’3W2(1 2P, iliis ‘](i]izi})qi([iié’é))’
iy
i2>ié

<CcN-(- K)/2+28Tr( Pyiy(C + h1) Piyiy J(l.l,.m))
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+CN T2 N T (P (C 4 h) Py T )

a i1iyi3 J(iiiéig) .
L)
izzié
Carrying out the sums in (4.18), we obtain

’Z Z Z ZTI‘ P111213W2(1 2)P, zlzén 1(1112’3) J(ll 2:3))’

i1>i> ]

—ih|<

lir—i2|<A ,22,2
liy—i2| <A
i|>ii+A

< C(N~A7e/2 4 N=U=0RR2E) T (€ 4 T D).

Having bounded (4.16)—(4.18), we are left with

Z Z Z ZTI Piyiyis Wa (1, 2) P, 11’2” J(’1'2lz) 1(112,3)) (4.21)

o ”>12A i1> 2
i1—iz2]<
lzzlz
i) —i2| <A
iy —i1|<A

Using (4.20), ji, < N 1-8¢ and balancing out the front coefficients, we find

[€) —8e/2
‘ZTr (Piainiy Wa(1,2) Py, T J(?lw S )| = CNTE T ,2,3(C+h1)Pm3rJ(,l,2,3))
l
izzzié
_ 2
LONde/2+e ZTr Pyitiy (C+ 1) Py ,(1;,-;,-3))'

:!
5
izzié

Finally, we obtain

‘Z Z Z ZTI‘ 111213‘)‘/2(1 2) 111213

i1>in
lit—i2| <A

10112’3) 1<’1’2"4))‘

< CN~C221r ((C + D).

Gathering the previous estimates yields (3.18), thereby concluding the proof of Lemma 3.2.
O
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