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Abstract
We study the ground state of a system of N two-dimensional trapped almost-bosonic anyons.
This setup can equivalently be viewed as bosons interacting through long-range magnetic
potentials generated by magnetic charges carried by each particle. These magnetic charges
are assumed to be smeared over discs of radius R—a model known as extended anyons. To
recover the point-like anyons perspective, we consider the joint limit R → 0 as N → ∞. We
rigorously justify the average-field approximation for any radius R that decays polynomially,
and even for certain exponentially decaying R. The average-field approximation asserts that
the particles behave like independent, identical bosons interacting through a self-consistent
magnetic field. Our result significantly improves upon the best-known estimates from [1, 2],
and it in particular covers radii that aremuch smaller than themean interparticle distance. The
proof strategy builds on a recent work on two-dimensional attractive Bose gases by Junge
and the author [3].
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1 Introduction

A system of N free two-dimensional anyons with statistics parameter α can formally be
described by an N -body wavefunction of the form

�̃(x1, . . . , xN ) =
∏

1≤ j<k≤N

eiαφ jk�(x1, . . . , xN ) with φ jk = arg
x j − xk
|x j − xk | ,

where � is a bosonic wavefunction, which is to say symmetric under particle exchange. We
refer to [4–8] for physical reviews. The wavefunction �̃ satisfies

�̃(x1, . . . , x j , . . . , xk, . . . , xN ) = eiαπ �̃(x1, . . . , xk, . . . , x j , . . . , xN ),

meaning that its behaviour under particle exchange interpolates between bosons (α = 0) and
fermions (α = 1). However, this implies that thewavefunction is in general not single-valued,
making this description difficult to use in practice. A way to overcome this issue is to realise
that the action of the free Hamiltonian

N∑

j=1

−� j + V (x j )

on the anyonic wavefunction �̃ is formally equivalent to the action of an effective, α-
dependent Hamiltonian on the bosonic wavefunction� [5, 9, 10]. This is called the magnetic
gauge picture of the anyonic problem and consists in working with the Hamiltonian

HN =
N∑

j=1

(
p j + αA j

)2 + V (x j ) (1.1)

acting on

HN =
N⊗

sym

H,

the symmetric tensor product of N copies of the one-body Hilbert spaceH := L2(R2). Here,
we introduced the momentum operator

p j = −i∇ j ,

and the statistical gauge vector potential

A j =
N∑

k=1
k �= j

(
x j − xk

)⊥

|x j − xk |2 (1.2)

felt by the j-th particle due to the influence of all other particles (denoting (x, y)⊥ = (−y, x)).
The external trapping potential V : R2 → R+ is assumed to satisfy

V (x) ≥ c−1|x |s − C (1.3)

for some constants s, c,C > 0. Moreover, suppose that

|∇V |2
2V

≤ c(−� + V ) + C(−� + V )2 + V 2, (1.4)

for some constants c,C > 0.
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In this work we consider α of the form

α = β

N − 1
, (1.5)

for some given fixed constant β. This places us in a so-called almost-bosonic limit, because
α → 0 as N → ∞, and it ensures that the anyon statistics has an effect at the leading order
[1, 2, 11–14].

1.1 Extended anyons

The Hamiltonian (1.1) is actually too singular to be considered as acting on product states
u⊗N , regardless of the regularity of the one-particle wavefunction u. To resolve this, we
introduce a length scale R over which the magnetic charges are smeared; this is called an
extended anyons model. For a detailed discussion, we refer to [2, 15, 16] and references
therein. We let R → 0 when N → ∞ to recover the point-like anyons perspective.

Let wR be the two-dimensional Coulomb potential generated by a unit charge smeared
over a disc or radius R:

wR = log | · | ∗ 1B(0,R)

πR2 . (1.6)

Define also w0 = log | · |. Considering that

∇⊥w0(x) = x⊥

|x |2 ,

it is natural to introduce the regularised gauge vector potential AR
j given by

AR
j =

N∑

k=1
k �= j

∇⊥wR(x j − xk). (1.7)

This leads to the regularised Hamiltonian

HR
N =

N∑

j=1

(
p j + αAR

j

)2 + V (x j ). (1.8)

For fixed R > 0, this operator is essentially self-adjoint and bounded from below (see [17],
[18, Theorem X.17]), which can be expanded as

HR
N =

N∑

j=1

−� j + V (x j ) + 2α
∑

1≤ j,k≤N
j �=k

p j · ∇⊥wR(x j − xk)

+ α2
∑

1≤ j,k,�≤N
j �=k �=��= j

∇⊥wR(x j − xk) · ∇⊥wR(x j − x�) + α2
∑

1≤ j,k≤N
j �=k

∣∣∇wR(x j − xk)
∣∣2 ,

(1.9)

where we used that p and ∇⊥wR commute. Though this operator does not have a unique
limit as R → 0 and the singular Hamiltonian (1.1) is not essentially self-adjoint [19–23], we
obtain a unique nonlinear model when taking the joint limit R → 0 as N → ∞ as long as
R � e−N . We refer to [11] for a discussion on the other regimes.
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1.2 Average-field approximation

The average-field approximation is obtained by substituting the potentials (1.2) and (1.7)
with the average-field potentials A[ρ] and AR[ρ] defined by

A[ρ] = ∇⊥w0 ∗ ρ and AR[ρ] = ∇⊥wR ∗ ρ,

where ρ is the normalised 1-body density of a given wavefunction �:

ρ(x) =
∫

R2(N−1)
dx2 . . . dxN |�(x, x2, . . . , xN )|2.

Then, the regularised Hamiltonian (1.8) is approximated by the N -body average-field
Hamiltonian

H af
N [ρ] =

N∑

j=1

(
p j + α(N − 1)AR[ρ]

)2 + V (x j ).

Given a a fixed density ρ, this is a non-interacting magnetic Hamiltonian acting on HN and
its ground state � is therefore a pure Bose–Einstein condensate, that is of the form

� = u⊗N ,

for some 1-body wavefunction u ∈ H. The energy per particle associated to such a state is

N−1
〈
u⊗N , H af

N [ρ]u⊗N
〉
=
〈
u,
[
(p + α(N − 1)AR[ρ])2 + V

]
u
〉
.

For consistency we set
ρ = |u|2,

meaning that the density is that of the state u⊗N . This leads to the nonlinear average-field
energy functional Eaf

R given by

Eaf
R [u] =

∫

R2

(∣∣∣(p + iβAR[|u|2])u
∣∣∣
2 + V |u|2

)
, (1.10)

where α(N −1)was replaced by β in accordance with (1.5). Furthermore, in the limit R → 0
this energy functional converges to the singular average-field energy functional Eaf given by

Eaf[u] =
∫

R2

(∣∣(p + iβA[|u|2])u∣∣2 + V |u|2
)

(1.11)

(see [1, Proposition A.5], [2, Proposition A.6]).

1.3 Themean-field point of view

In principle, the average-field approximation does not require the Hamiltonian HR
N to exhibit

Bose–Einstein condensation. In fact, it has been widely used in the physics literature to
perturb around fermions (α = 1) [24–31]. However, when taking β = α(N −1) fixed, which
is natural for the study of Eaf

R , the limit N → ∞ can be seen as a mean-field-like limit of
many-body bosonic systems. Indeed, the two-body terms in (1.9) come with prefactors 1/N
and 1/N 2, and the three-body term with a prefactor 1/N 2. See [32, Section 1.4] for a related
discussion.
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Furthermore, the functionals Eaf
R and Eaf defined in (1.10) and (1.11) may also be derived

from the mean-field picture of HR
N . To see this, we write

〈
�, HR

N �
〉
/N = Tr

(
(−� + V )γ

(1)
�

) + 2β Tr
(
p1 · ∇⊥wR(x1 − x2)γ

(2)
�

)

+β2 N − 2

N − 1
Tr

(∇⊥wR(x1 − x2) · ∇⊥wR(x1 − x3)γ
(3)
�

)

+β2 1

N − 1
Tr

( |∇wR(x1 − x2)|2 γ
(2)
�

)
, (1.12)

for any � ∈ HN and where γ
(k)
� denotes the k-body reduced density matrix of �. Since we

are considering a mean-field bosonic Hamiltonian (for fixed R at least), it is natural to use
the ansatz

� ≈ u⊗N , γ
(k)
� ≈ |u⊗k〉〈u⊗k |,

for which

Tr
(
p1 · ∇⊥wR(x1 − x2)|u⊗2〉〈u⊗2|) =

∫

R2
AR[|u|2] · upu (1.13)

and

Tr
(∇⊥wR(x1 − x2) · ∇⊥wR(x1 − x3)|u⊗3〉〈u⊗3|) =

∫

R2
|u|2

∣∣∣AR[|u|2]
∣∣∣
2
. (1.14)

Inserting these identities into (1.12) and neglecting the last term because it is heuristically of
order O(N−1), we obtain

N−1〈�, HR
N �〉 ≈ Eaf

R [u].
Taking the joint limit R → 0 as N → ∞ again leads to the singular functional Eaf.

The convergence of themany-body ground state energy per particle to that of the functional
Eaf, as well as Bose–Einstein condensation in its minimisers, were first established in [2] for
anyons with radius R = N−η, under the condition

0 < η <
1

4

(
1 + 1

s

)−1

with s the exponent in (1.3). This range was later extended to 0 < η < 1/4 in [1], where
an external magnetic field was considered. In the present paper we extend these results to
anyons with radius N−η for any η > 0, and even to anyons with radius R = e−Nκ

for any
0 < κ < 1. In particular, we cover the case R � N−1/2, meaning that the radius of the
magnetic charges is much smaller than the mean interparticle distance.

For anyons with radius R = e−Nκ
for κ ≥ 1, our main result is no longer expected to hold.

In this regime, the energy of the fully uncorrelated trial state � = u⊗N diverges due to the
singular two-body interaction, regardless of how smooth u is. This indicates that correlations
should be taken into account in the trial state, leading to a different energy functional than
Eaf. Recently, an upper bound on the energy—which even covers the singular case R = 0—
was derived in [11] using Jastrow–Dyson-type trial states. Deriving a matching lower bound
remains an interesting but likely challenging open problem.

1.4 Main result

Define the many-body ground state energy per particle

eRN = N−1 inf
{〈

�, HR
N �

〉
: � ∈ HN , ‖�‖ = 1

}
, (1.15)
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and the ground state energy of the average-field functional (1.11)

eaf = inf
{Eaf[u] : u ∈ H, ‖u‖ = 1

}
. (1.16)

We prove the convergence of eRN to eaf. The convergence of the ground states of HN to
condensates in minimisers of Eaf follows directly from the convergence of the energies,
thanks to arguments from [33] (see also [1, 2]).

Theorem 1.1 Consider N extended anyons of radius R in an external potential V satisfying
(1.3). Suppose that R is either of the form

R = N−η, (1.17)

for some η > 0, or of the form
R = e−Nκ

, (1.18)

for some 0 < κ < 1. Take the statistics parameter to scale as

α = β

N − 1
(1.19)

for some fixed β ∈ R. Define eRN and eaf as in (1.15) and (1.16). Then,

lim
N→∞ eRN = eaf > −∞. (1.20)

Moreover, for a sequence {�N }N of ground states of H R
N , there exists a Borel probability

measure μ supported on the set of minimisers of Eaf such that, along a subsequence,

lim
N→∞Tr

∣∣∣γ (k)
�N

−
∫

dμ(u)|u⊗k〉〈u⊗k |
∣∣∣ = 0, . (1.21)

for any integer k. If Eaf has a unique minimiser uaf (up to a phase), then for the whole
sequence,

lim
N→∞Tr

∣∣∣γ (k)
�N

− |u⊗k
af 〉〈u⊗k

af |
∣∣∣ = 0,

for any integer k.

Remark 1.2 Instead of considering free anyons, we can introduce an interaction potential into
the Hamiltonian (1.8), as was done in [34]. Specifically, we consider the Hamiltonian

H int
N ,R =

N∑

j=1

(
p j + αAR

j

)2 + V (x j ) + 1

N − 1

∑

1≤i< j≤N

vN (xi − x j )

acting on HN , where the interaction potential vN is either of the form

vN = N 2νv(N ν ·), (1.22)

for ν > 0, or of the form
vN = e2N

ν

v(eN
ν ·),

for 0 < ν < 1. Using the uncorrelated trial state � = u⊗N leads to the singular functional

E int[u] =
∫

R2

(∣∣(p + iβA[|u|2])u∣∣2 + V |u|2 + a

2
|u|4

)
, (1.23)
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with a = ∫
R2 v. To ensure that the functional (1.23) is stable, one needs to assume that

a > −a∗(β),

where a∗(β) is the optimal constant in the magnetic Gagliardo–Nirenberg inequality:

a∗(β)

2

∫

R2
|u|4 ≤

∫

R2

∣∣(p + βA[|u|2])u∣∣2 ,

valid for all u ∈ H1(R2) with ‖u‖ = 1 (see [34, 35] for more details). Assuming v ∈
L1(R2) ∩ L1+ε(R2) for some ε > 0, and taking R as in Theorem 1.1, a straightforward
combination of the proof of Theorem 1.1 and the proof of [3, Theorem 2] yields

lim
N→∞ eintN ,R = eint, (1.24)

where eintN ,R is the ground state energy per particle of H int
N ,R and eint is the ground state

energy of E int. Bose–Einstein condensation (BEC) in minimisers of E int follows from the
energy convergence. In [34], the convergence (1.24) (and consequently BEC) was shown for
potentials of the form vN = N 2νv(N ν ·) and for R = N−η, under the much more restrictive
conditions

ν <
s

6s + 6
and η <

s

4s + 4
,

where s is the exponent appearing in the assumption (1.3) on the trapping potential.

Organisation of the paper. In Sect. 2, we fix some notation, provide preliminary results, and
explain the proof strategy of Theorem 1.1. In Sect. 3, we prove Theorem 1.1 assuming the
validity of two key estimates: Lemmas 3.1 and 3.2. Section4 is entirely devoted to the proof
of Lemmas 3.1 and 3.2.

2 Notation, preliminaries and proof strategy

2.1 Notation

Let SN be the group of permutations of {1, . . . , N }. For ψ1 ∈ HN1 and ψ2 ∈ HN2 , define the
symmetric tensor product ψ1 ⊗s ψ2 ∈ HN1+N2 by

ψ1 ⊗s ψ2(x1, . . . , xN1+N2 ) = 1√
N1!N2!(N1 + N2)!

∑

σ∈SN1+N2

ψ1(xσ(1), . . . , xσ(N1))

× ψ2(xσ(N1+1), . . . , xσ(N1+N2)).

Denote the i-fold tensor product of a vector f ∈ H by f ⊗i ∈ Hi , and the i-fold tensor product
of an operator A : H → H by A⊗i . Denote byS1(X) the space of trace-class operators on a
given Hilbert space X [36]. Define the set of states on X by

S(X) = {
� ∈ S1(X) : � = �∗ ≥ 0,TrX � = 1

}
.

The k-particle reduced density matrix �(k) of a given state � ∈ S(HN ) is obtained by taking
the partial trace over all but the first k variables:

�(k) = Trk+1→N �.

123



  260 Page 8 of 33 F. L. A. Visconti

Moreover, we define the k-particle reduced density matrix γ
(k)
� of a normalised wavefunction

� ∈ HN by
γ

(k)
� = Trk+1→N |�〉〈�|.

Finally, given a multi-index J = ( j1, . . . , jM ) ∈ N
M
0 , we define

|J | =
M∑

i=1

ji .

2.2 Estimates on the interaction terms

We recall some estimates on the smeared Coulomb potential wR , which exploit the
regularising effect of the smeared charge.

Lemma 2.1 (Smeared Coulomb potential) Let wR be defined as in (1.6). Then, there exists
a universal constant C > 0 such that

sup
B(0,1)

|wR | ≤ C + | log R|, sup
R2

|∇wR | ≤ CR−1 and sup
B(0,1)�

|∇wR | ≤ C, (2.1)

for R small enough.

Proof See [2, Lemma 2.1]. ��
Lemma 2.2 (Singular two-body term) There exists a universal constant C > 0 such that,
for R small enough,

|∇wR(x1 − x2)|2 ≤ C | log R|2 (1 − �1) (2.2)

in the quadratic form sense on L2(R4).

Proof See [14, Lemma 2.5]. ��
Lemma 2.3 (Three-body term) There exists a universal constant C > 0 such that, for R
small enough,

0 ≤
∑

1≤ j,k,�≤3
j �=k �=��= j

∇⊥wR(x j − xk) · ∇⊥wR(x j − x�) ≤ C (1 − �1 − �2 − �3) (2.3)

in the quadratic form sense on L2(R6).

Proof See [2, Lemma 2.4]. ��

2.3 A priori energy bounds

We provide here some bounds on the ground state energy per particle eRN , and on the kinetic
energy of ground states of HR

N .

Proposition 2.4 (Energy bounds on the ground state) Take R as in Theorem 1.1. Then, the
many-body ground state energy per particle eRN defined in (1.15) satisfies

lim sup
N→∞

eRN ≤ eaf, (2.4)
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with eaf given by (1.16). Moreover, for R of the form (1.17) or (1.18) with κ < 1/2, the
estimate

Tr
(
(−� + V )γ

(1)
�

) ≤ C (2.5)

holds for any normalised ground state � of H R
N , and for some constant C that depends only

on β and the constant C in (1.3).

Proof For R of the form (1.17), the bound (2.4) was already proved in [2, Section 3.3] using
the trial state (uafR )⊗N , where uafR is a normalised minimiser of Eaf

R . Moreover, this bound
easily extends to R of the form (1.18) with κ < 1/2 using the estimate (2.2). For κ ≥ 1/2,
however, this estimate is no longer strong enough to control the singular two-body term.
Instead, one can use a Jastrow–Dyson trial state to obtain the correct bound, as was done in
[11]. We refer to that work for more detail.

The bound on the kinetic energy (2.5) was proved in [2, Proposition 2.6] for R of the
form (1.17). Again, this easily extends to the exponential case (1.18) under the condition
κ < 1/2 using the estimate (2.2). For κ ≥ 1/2, however, it is unclear whether a simple proof
of (2.5) exists, and we will need to work much harder to prove it; this is explained in the last
paragraph of Sect. 3. ��

2.4 Strategy of proof

To prove Theorem 1.1 we wish to compare the many-body ground state energy per particle
eN to that of the average-field functional (1.10)

eafR = inf
{Eaf

R [u] : u ∈ H, ‖u‖ = 1
}
,

and use the convergence
lim
R→0

eafR = eaf.

The upper bound lim sup eN ≤ eaf is already given in Proposition 2.4 and is essentially
obtained using the trial state (uafR )⊗N , where uafR is a minimiser of (1.10). Proving a matching
lower bound however requires a lot more work, and we follow the general proof strategy
of [3], which itself builds on ideas from [33, 37, 38]. We also use ideas from [1, 2]. The
main idea of the proof is to use a localisation in momentum space in order to reduce the
infinite-dimensional problem to multiple finite-dimensional ones. Then, for each of those
finite-dimensional problems, we use the following quantitative version of the quantum de
Finetti theorem [39, 40].

Theorem 2.5 Given a Hilbert space X of dimension d and a symmetric state �K ∈ S(XK ),
there exists a probability measure μ on S(X) such that

∣∣∣Tr A ⊗ B ⊗ C
(
�

(3)
K −

∫

S(X)

γ ⊗3dμ(γ )
)∣∣∣ ≤ C ′

√
log d

K
‖A‖op‖B‖op‖C‖op

for all self-adjoint operators A, B and C on X, and for some universal constant C ′ > 0.

Proof In [39], the statement was proved with A, B,C replaced by quantum measurement.
See [41, Proposition 3.3] and [38, Lemma 3.3] for an adaptation to self-adjoint operators. ��

We wish to apply Theorem 2.5 on energy subspaces of the 1-body operator

h = −� + V .
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More precisely, on the subspaces defined by the spectral projections

P1 = 1(h < N 2ε), and Pi = 1(N 2(i−1)ε ≤ h < N 2iε), 2 ≤ i ≤ M, (2.6)

for some nonnegative parameters ε and M .
Before applying Theorem 2.5, we rewrite the energy of a ground state � of HR

N in terms
of the 3-particle reduced density matrix �(3) of � and of the 3-body Hamiltonian

H̃ R
3 = T + βW2 + β2W3,

with the operators T ,W2 and W3 given by

T = 1

3
(h1 + h2 + h3) , W2 = 1

3

∑

1≤ j,k≤3
j �=k

p j · ∇⊥wR(x j − xk)

and

W3 = 1

6

∑

1≤ j,k,�≤3
j �=k �=��= j

∇⊥wR(x j − xk) · ∇⊥wR(x j − x�).

Namely, we will bound the energy of � from below by

〈�, HR
N �〉 � N Tr

(
H̃ R
3 �(3)).

Using that the spectral projections defined in (2.6) form a resolution of the identity we will
then roughly get

Tr
(
H̃ R
3 �(3)) �

∑

1≤i1,i2,i3≤M
1≤i ′1,i ′2,i ′3≤M

Tr
(
Pi1 ⊗ Pi2 ⊗ Pi3 H̃

R
3 Pi ′1 ⊗ Pi ′2 ⊗ Pi ′3�

(3)).

The reason we can discard the projections on the subspace 1(N 2Mε ≤ h)H is that the
parameters ε and M will be chosen so that the energy of the one-body operator h is large
enough to easily control that of the interaction terms using the estimates (2.1) and (2.3).

Next, we will decompose the many-body wavefunction according to the occupancy of its
energy levels. Namely, we decompose � as

� =
∑

J

�J with �J = P⊗ j1
1 ⊗s · · · ⊗s P

⊗ jM+1
M+1 �,

where the sum is taken over multi-indices J = ( j1, . . . , jM+1) satisfying |J | = N . Defining
also

�J ,J ′ = |�J ′ 〉〈�J |,
we find

Tr
(
H̃ R
3 �(3)) �

∑

J ,J ′

∑

1≤i1,i2,i3≤M
1≤i ′1,i ′2,i ′3≤M

Tr
(
Pi1 ⊗ Pi2 ⊗ Pi3 H̃

R
3 Pi ′1 ⊗ Pi ′2 ⊗ Pi ′3�

(3)
J ,J ′

)
. (2.7)

After that, we define

imax(J ) = max
{
i ∈ {1, . . . , M} : ji ≥ N 1−δε

}

for some δ > 0, and distinguish between the terms that satisfy imax(J ) = imax(J ′) and for
which i1, . . . , i ′3 are all less than imax(J ), and the ones that do not. In the latter case, we will

123



Almost-bosonic anyons Page 11 of 33   260 

show that their energy is much smaller than the overall kinetic energy of the system and that
they can therefore be neglected. Once these terms are neglected, we will be left with

Tr
(
H̃ R
3 �(3)) �

∑

J ,J ′
imax(J )=imax(J ′)

imax∑

i1,i2,i3=1
i ′1,i ′2,i ′3=1

Tr
(
Pi1 ⊗ Pi2 ⊗ Pi3 H̃

R
3 Pi ′1 ⊗ Pi ′2 ⊗ Pi ′3�

(3)
J ,J ′

)
. (2.8)

Going from (2.7) to (2.8) is one of the main difficulties in adapting the proof strategy of [3]
and, in particular, new ideas are required to deal with the momentum operators contained in
the potential W2. Since the proof of (2.8) is the key technical part of the paper, we discuss it
briefly. A naive application of the Cauchy–Schwarz inequality shows that the terms we wish
to control can be bounded by

Tr
(
Pi1 ⊗ Pi2 ⊗ Pi3W3Pi1 ⊗ Pi2 ⊗ Pi3�

(3)
J

)
,

where one the indices, say i3, is such that ji3 ≤ N 1−δε (and likewise for W2). Then, an
application of Lemmas 2.3 and 2.6 roughly implies

Tr
(
Pi1⊗Pi2⊗Pi3W3Pi1⊗Pi2⊗Pi3�

(3)
J

)
� N−δε Tr

(
Pi1⊗Pi2h1Pi1⊗Pi2�

(2)
J

) � Tr(h�(1)),

meaning that we can hope to show that these terms are controlled by the kinetic energy.
Though this turns out to be the case—and is the statement of Lemma 3.2 below—we face a
multitude of important technical difficulties when trying to prove it, which is why the proof
is postponed to Sect. 4.

Lemma 2.6 Let P1, P2, P3 and Q be orthogonal projections on H. Given a state

� ∈ S(P j1
1 ⊗s P

j2
2 ⊗s P

j3
3 ⊗s Q

N− j1− j2HN ),

for some j1, j2, j3 ≥ 1, we have

Tr
(
P3
1 �(3)) = j1( j1 − 1)( j1 − 2)

N (N − 1)(N − 2)
, Tr

(
P2
1 ⊗ P2�

(3)) = j1( j1 − 1) j2
N (N − 1)(N − 2)

(2.9)

and

Tr
(
P1 ⊗ P2 ⊗ P3�

(3)) = j1 j2 j3
N (N − 1)(N − 2)

. (2.10)

Proof of Lemma 2.6 The proof is a straightforward adaptation of [3, Lemma 4].

Fixing i = imax(J ) in (2.8) and defining the projection P j by

P j =
j∑

i=1

Pi ,

we can rewrite

i∑

i1,i2,i3=1
i ′1,i ′2,i ′3=1

Tr
(
Pi1 ⊗ Pi2 ⊗ Pi3 H̃

R
3 Pi ′1 ⊗ Pi ′2 ⊗ Pi ′3�

(3)
J ,J ′

) = Tr
(
P

⊗3
i H̃ R

3 P
⊗3
i �

(3)
J ,J ′

)
.

This is almost of the correct form to apply Theorem 2.5 on the space X = PiH.
The only remaining issue is that we can only apply Theorem 2.5 to a state belonging

to S(XK ), for some K , and we currently have �J ,J ′ , which is in general not even a state.
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Said differently, we would like to know exactly how many particle have momenta in Pi , and
discard the information about the rest. This can be done by fixing, in addition to i = imax(J ),
the number K of particles that have momenta in Pi , and using Lemma 2.7 to construct a state
γi,K ∈ S(P⊗K

i HK ). Having done so, we will obtain

Tr
(
H̃ R
3 �(3)) �

M∑

i=1

∑

K

(
N

3

)−1(K
3

)
‖�i,K ‖2 Tr (H̃ R

3 γ
(3)
i,K

)
, (2.11)

where �i,K is given by

�i,K =
∑

J
imax(J )=i
jmax=K

�J , with jmax =
imax(J )∑

k=1

jk .

For each state γi,K , we will apply Theorem 2.5 using the CLR-type estimate (3.9) and
Proposition 2.8 to bound the error terms, to obtain

Tr
(
H̃ R
3 γ

(3)
i,K

)
�
∫

S(PiH)

dμ(γ )Tr
(
H̃ R
3 γ ⊗3) � eafR . (2.12)

Inserting (2.12) into (2.11) and using that eafR converges to eaf will yield the desired result.

Lemma 2.7 Let P and Q be orthogonal projections on H. Given a state

� ∈ S(P⊗ j ⊗s Q
⊗(N− j)HN ),

for some j ≥ 1, there exists another state

� j ∈ S(P⊗ jH j )

such that

P⊗3�(3)P⊗3 =
(
N

3

)−1( j

3

)
�

(3)
j . (2.13)

Proof The proof is a straightforward adaptation of [3, Lemma 5]. ��
Proposition 2.8 (Plane wave estimate) Let V satisfy (1.4) and define h = −� + V . Denote
by Pi the spectral projection 1(h < N 2iε), for any i, ε > 0. Let ek be the multiplication
operator on H by either cos(k · x) or sin(k · x). Then,

± PiekPi ≤ Pi min

{
1,C

N 2iε

|k|2
}
Pi , (2.14)

for some universal constant C > 0.

The proof is the same as that of [3, Proposition 4], and we provide in full detail to correct
a minor mistake.

Proof Take k ∈ R
2 \{0} and ek = cos(k ·x) (ek = sin(k ·x) being similar). The first bound in

(2.14) is just |ek | ≤ 1. To prove the other bound, we take some smooth compactly supported
function f and use an integration by parts to deduce

〈Pi f , cos(k · x)Pi f 〉 =
∫

R2
dx |Pi f |2 cos(k · x) =

∫
dx(−�|Pi f |2)|k|−2 cos(k · x).
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Here, we used the identity cos(k · x) = −� cos(k · x)/|k|2. Hence, an application of the
Cauchy–Schwarz inequality implies

〈Pi f , cos(k · x)Pi f 〉 ≤ C |k|−2(‖∇Pi f ‖2 + ‖Pi f ‖‖�Pi f ‖).
Therefore, the claim follows from the bounds

Pi (−�)Pi ≤ N 2iεPi and Pi (−�)2Pi ≤ CN 4iεPi (2.15)

and a density argument. On the one hand, the first bound is an immediate consequence of the
nonnegativity of V . On the other hand, to prove the second bound, we start by noticing that

(−�)2 = (−� + V )2 − (−�)V − V (−�) − V 2.

Moreover,

(−�)V + V (−�) = 2V 1/2
(

− � −
∣∣∣∣
∇V

2V

∣∣∣∣
2 )

V 1/2

Thus, an application of the estimate (1.4) gives the second bound in (2.15). This concludes
the proof of Proposition 2.8. ��

3 Mean-field limit: proof of Theorem 1.1

We establish the lower bound
eRN ≥ eafR − CN−ν (3.1)

for some ν > 0, and where eafR denotes the ground state energy of the functional Eaf
R defined

in (1.10). Then, the energy convergence (1.20) follows from

eafR → eaf

as N → ∞ (see [1, Appendix A]). The state convergence follows directly using ideas from
(1.21) [33] (see also [1, 2]). The upper bound matching (3.1) is given in Proposition 2.4.

Let � be a ground state of HR
N and denote by � the projection |�〉〈�|. Define also the

kinetic and interaction operators

T = 1

3
(h1 + h2 + h3), W2 = 1

3

∑

1≤ j,k≤3
j �=k

W2( j, k) and W3 = 1

6

∑

1≤ j,k,�≤3
j �=k �=��= j

W3( j, k, �),

(3.2)
with

h = −� + V , W2( j, k) = p j · ∇⊥wR(x j − xk) (3.3)

and
W3( j, k, �) = ∇⊥wR(x j − xk) · ∇⊥wR(x j − x�). (3.4)

By symmetry of �, the nonnegativity of the fourth term in (1.9), and the assumption (1.19)
on α, we have

N−1
〈
�, HR

N �
〉
≥ Tr

(
T�(3)) + β Tr

(
W2�

(3)) + β2 N − 2

N − 1
Tr

(
W3�

(3)).
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The factor (N − 2)/(N − 1) in the right can be replaced by 1 at the cost of a small amount
of the kinetic energy. Specifically, Lemma 2.3 implies

β2
∣∣∣∣1 − N − 2

N − 1

∣∣∣∣
∣∣Tr

(
W3�

(3))∣∣ ≤ CN−1 Tr
(
(C + h)�(1)).

Hence, by defining the effective three-body Hamiltonian

H̃ R
3 = T + βW2 + β2W3,

we obtain
N−1

〈
�, HR

N �
〉
≥ Tr

(
H̃ R
3 �(3)) − CN−1 Tr

(
(C + h)�(1)). (3.5)

Next,we splitH intoM+1 annuli inmomentum space according to the spectral projections

P1 = 1(h < N 2ε), Pi = 1(N 2(i−1)ε ≤ h < N 2iε), 2 ≤ i ≤ M,

PM+1 = 1(N 2Mε ≤ h),
(3.6)

for some nonnegative parameters ε and M that will be chosen later. In the polynomial case
R = N−η, the parameter ε will be universal, and in the exponential case R = e−Nκ

it will
depend only on κ . The parameter M shall be taken such that

M = O (
log R−1/ log N

)
. (3.7)

In particular, M will be constant in the polynomial case. To shorten some notation, we define

Pi j = Pi ⊗ Pj , Pi jk = Pi ⊗ Pj ⊗ Pk, Pi =
i∑

j=1

Pj and Qi = 1 − Pi . (3.8)

Thanks to assumption (1.3) and (3.7), we have the Cwikel–Lieb–Rosenblum (CLR) type
estimate

dim(PMH) ≤ CR−C . (3.9)

(see [33, Lemma 3.3] and references therein).
We claim that

N−1
〈
�, HR

N �
〉
≥

M∑

i1,i2,i3=1
i ′1,i ′2,i ′3=1

Tr
(
Pi1i2i3 H̃

R
3 Pi ′1i ′2i ′3�

(3)) − CN−2ε Tr
(
(C + h)�(1)) (3.10)

(taking ε small enough in (3.6)). To prove this, we use the resolution of the identity

M+1∑

i=1

Pi = 1 (3.11)

to expand

Tr
(
H̃ R
3 �(3)) =

M+1∑

i1,i2,i3=1
i ′1,i ′2,i ′3=1

Tr
(
Pi1i2i3 H̃

R
3 Pi ′1i ′2i ′3�

(3)).

After that, we bound the interaction terms containing at least one projection PM+1 using
Lemma 3.1, and insert the result into (3.5) to deduce (3.10). An example of such a term is

M∑

i2,i3
i ′1,i ′2,i ′3

Tr
(
P(M+1)i2i3 H̃

R
3 Pi ′1i ′2i ′3�

(3)) = Tr
(
PM+1 ⊗ PM ⊗ PM H̃ R

3 PM ⊗ PM ⊗ PM�(3)),
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which we rewrote using the projection PM defined in (3.8); all the others can be rewritten
in a similar way. Since Lemma 3.1 will not be used again in the proof of Theorem 1.1, we
postpone its own proof to Sect. 4.

Lemma 3.1 (High-momenta estimates) Take R as in Theorem 1.1, and M satisfying (3.7).
Then, there exists a universal constant C > 0 such that, for any state � ∈ S(H3), and any
projections Q1, . . . , Q5 ∈ {PM , PM+1},

|Tr (PM+1 ⊗ Q1 ⊗ Q2W2Q3 ⊗ Q4 ⊗ Q5�)| ≤ CN−2ε Tr
(
(C + h)�(1)) (3.12)

and

|Tr (PM+1 ⊗ Q1 ⊗ Q2W3Q3 ⊗ Q4 ⊗ Q5�)| ≤ CN−2ε Tr
(
(C + h)�(1)). (3.13)

Next, we decompose � according to the occupation of each energy level Pi . For each
configuration J = ( ji1 , . . . , jiM+1) ∈ N

M+1
0 with |J | = N , define

�J = P⊗ j1
1 ⊗s · · · ⊗s P

⊗ jM+1
M+1 �,

as well as
�J ,J ′ = ∣∣�J ′

〉 〈
�J

∣∣ and �J = ∣∣�J
〉 〈

�J
∣∣ . (3.14)

Moreover, for any multi-index J , define

J (i1i2i3) =
(
j̃1, . . . , j̃M+1

)
(3.15)

with
j̃k = jk + δi1k + δi2k + δi3k

for all k ∈ {1, . . . , M + 1}. Define also
�
J (i1i2 i3;i ′1i ′2 i ′3) = �

J (i1i2 i3),J (i ′1i ′2 i ′3) .

Then, we use the identity

Pi ′1i ′2i ′3�
(3)Pi1i2i3 =

∑

J

Pi ′1i ′2i ′3�
(3)

J (i1i2 i3;i ′1i ′2 i ′3)
Pi1i2i3

to deduce

N−1〈�, HR
N �〉 ≥

∑

J

M∑

i1,i2,i3=1
i ′1,i ′2,i ′3=1

Tr
(
Pi1i2i3 H̃

R
3 Pi ′1i ′2i ′3�

(3)

J (i1 i2 i3;i ′1 i ′2 i ′3)

)−CN−2ε Tr
(
(C+h)�(1)), (3.16)

where we are summing over all multi-indices J of size M + 1 such that |J | = N − 3.
To bound the first term in the right-hand side of (3.16), we define

imax(J ) = max
{
i ∈ {1, . . . , M} : ji ≥ N 1−δε

}
, (3.17)

for some δ > 0 to be chosen later. For readability’s sake, we sometimes omit J and simply
write imax. Also, by convention, we take imax(J ) = 0 if the set on the right is empty. We
make the following important distinction regarding the sum over i1, . . . , i ′3 in (3.16): either
all indices are less than imax - in which case we use Theorem 2.5 - or not. In the latter case,
we need to bound

Tr
(
Pi1i2i3W2Pi ′1i ′2i ′3�

(3)

J (i1i2 i3;i ′1i ′2 i ′3)

)

123



  260 Page 16 of 33 F. L. A. Visconti

and
Tr

(
Pi1i2i3W3Pi ′1i ′2i ′3�

(3)

J (i1i2 i3;i ′1i ′2 i ′3)

)

when one the indices, say i1, is such that ji1 < N 1−δε. This is done in Lemma 3.2, which,
from the technical point of view, is the main novelty of the present work. Since the proof is
rather complicated and intricate, we postpone it to Sect. 4.

Lemma 3.2 (Low-occupancy estimates) Take R as in Theorem 1.1, and M satisfying (3.7).
Let δ,� > 0. Then,

∣∣∣
∑

J

M∑

i1=imax+1

∑

i2,i3

∑

i ′1,i ′2,i ′3

Tr
(
Pi1i2i3W2Pi ′1i ′2i ′3�

(3)

J (i1i2 i3;i ′1i ′2 i ′3)

)∣∣∣

≤ C�

(
N−(�−3)ε/2 + N−(δ/2−2)ε + N−(1−κ)/2+2ε)Tr

(
(C + h) �(1)) (3.18)

and

∣∣∣
∑

J

M∑

i1=imax+1

∑

i2,i3

∑

i ′1,i ′2,i ′3

Tr
(
Pi1i2i3W3Pi ′1i ′2i ′3�

(3)

J (i1i2 i3;i ′1i ′2 i ′3)

)∣∣∣

≤ C�

(
N−(�−3)ε/2 + N−(δ/2−2)ε + N−(1−κ)/2+2ε)Tr

(
(C + h) �(1)), (3.19)

for some constant C� > 0 depending only on � > 0, and with κ = 0 in the polynomial case
(1.17). Here, we are summing over all multi-indices J of size M + 1 satisfying |J | = N − 3.

Taking δ,� ≥ 5 and inserting (3.18) and (3.19) into (3.16), we obtain

N−1〈�, HR
N �〉 ≥

∑

J

imax∑

i1,i2,i3=1
i ′1,i ′2,i ′3=1

Tr
(
Pi1i2i3 H̃

R
3 Pi ′1i ′2i ′3�

(3)

J (i1i2 i3;i ′1i ′2 i ′3)

)

−C(N−ε − CN−(1−κ)/2+2ε)Tr
(
(C + h)�(1)), (3.20)

with κ = 0 in the polynomial case (1.17). Hence, we will take

ε <
1 − κ

4
(3.21)

to make sure that the last term in (3.20) is small.
Before we apply Theorem 2.5, we do some rewriting. We decompose first over the value

of imax:

∑

J

imax∑

i1,i2,i3=1
i ′1,i ′2,i ′3=1

Pi ′1i ′2i ′3�
(3)

J (i1i2 i3;i ′1i ′2 i ′3)
Pi1i2i3 =

M∑

i=1

i∑

i1,i2,i3=1
i ′1,i ′2,i ′3=1

∑

J
imax(J )=i

Pi ′1i ′2i ′3�
(3)

J (i1i2 i3;i ′1i ′2 i ′3)
Pi1i2i3 .

At fixed i1, . . . , i ′3, the last sum in the right can be rewritten as
∑

J
imax(J )=i

Pi ′1i ′2i ′3�
(3)

J (i1i2 i3;i ′1i ′2 i ′3)
Pi1i2i3 =

∑

J ′,J ′′
imax(J ′)=i
imax(J ′′)=i

Pi ′1i ′2i ′3�
(3)
J ′,J ′′ Pi1i2i3 , (3.22)

where we are summing over J ’s satisfying |J | = N −3 in the left, and over J ′, J ′′ satisfying
|J ′| = |J ′′| = N in the right. To see why this holds, notice first that, due to the presence of
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the projections Pi1i2i3 and Pi ′1i ′2i ′3 , the multi-index J ′′ is entirely determined by the choice of
J ′. Said differently, the double sum on the right-hand side is essentially only a single sum.
Moreover, for every J ′, there is exactly one J such that J (i1i2i3) = J ′.

Define now

jmax(J ) =
imax(J )∑

i=1

ji ,

as well as �i,K and �i,K by

�i,K =
∑

J
imax(J )=i
jmax(J )=K

�J and �i,K = ∣∣�i,K
〉 〈

�i,K
∣∣ . (3.23)

Thus, we can rewrite (3.22) further as
∑

J
imax(J )=i

Pi ′1i ′2i ′3�
(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)
Pi1i2i3 =

∑

K

Pi ′1i ′2i ′3�
(3)
i,K Pi1i2i3 .

All in all, we have shown that

N−1〈�, HR
N �〉 ≥

M∑

i=1

∑

K

Tr
(
P

⊗3
i H̃ R

3 P
⊗3
i �

(3)
i,K

)−C(N−2ε+N−(1−κ)/2+2ε)Tr
(
(C+h)�(1)),

(3.24)
where we are summing over N − MN 1−δε ≤ K ≤ N . The parameter κ in (3.24) is equal to
0 in the polynomial case (1.17).

Since �i,K is symmetric and belongs to P⊗K
i ⊗s Q

⊗(N−K )
i HN , we can use Lemma 2.7 to

find a symmetric state γi,K ∈ S(P⊗K
i HK ) such that

P
⊗3
i �

(3)
i,KP

⊗3
i =

(
N

3

)−1(K
3

)
Tr(�i,K )γ

(3)
i,K .

Hence, we may rewrite (3.24) as

N−1
〈
�, HR

N �
〉
≥

M∑

i=1

∑

K

(
N

3

)(
K

3

)−1

Tr(�i,K )Tr
(
H̃ R
3 γ

(3)
i,K

)

−C(N−2ε + N−(1−κ)/2+2ε)Tr
(
(C + h)�(1)). (3.25)

We now use Theorem 2.5 to bound Tr(H̃ R
3 γ

(3)
i,K ) from below. To that end, we define

�γ
(3)
i,K = γ

(3)
i,K −

∫

S(PiH)

γ ⊗3 dμi,K (γ ),

where μi,K is the probability measure from Theorem 2.5 applied to the state γi,K ∈
S(PK

i H
K ). Thus,

Tr
(
H̃ R
3 γ

(3)
i,K

) =
∫

S(PiH)

Tr
(
H̃ R
3 γ ⊗3) dμi,K (γ ) + Tr

(
H̃ R
3 �γ

(3)
i,K

)
. (3.26)

Only the first term contributes to the ground state energy; the second is an error as we now
show.
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Analysis of T . A direct application of Theorem 2.5 yields

Tr
(
T�γ

(3)
i,K

) ≥ −C

√
log R−1

K
N 2iε, (3.27)

where we used the CLR-type estimate (3.9) to bound the dimension of PiH.
Analysis of W2. In order to apply Theorem 2.5, we need to writeW2 in a tensorised form. By
symmetry, it suffices to consider

W2(1, 2) = p1 · ∇⊥wR(x1 − x2).

For readability’s sake, we define

χR = 1B(0,R)

πR2 .

Then, using the Fourier transform, we write

W2(1, 2) = −2π i
∫

dkχ̂R(k)
ek⊥
|k| e

−ik·x2p1eik·x1 ,

where ek⊥ denotes the normalised direction of the vector k⊥. Moreover, using that

p1eik·x1 = eik·x1(ik + p1)

and that ek⊥ · k = 0, we get

W2(1, 2) = −2π i
∫

dk
χ̂R(k)

|k| eik·(x1−x2)ek⊥ · p1.

Developing eik·(x1−x2) and using that k �→ χ̂R(k)
|k| ek⊥ is odd, we further rewrite this as

W2(1, 2) = 2π
∫

dk
χ̂R(k)

|k| (sin(k · x1) cos(k · x2) − cos(k · x1) sin(k · x2)) ek⊥ · p1.
(3.28)

Finally, splitting the integral over k between |k| ≤ Niε and |k| > Niε , and using Theorem 2.5
and Proposition 2.8, we obtain

Tr
(
W2�γ

(3)
i,K

) ≥ −C

√
log R−1

K

∫

|k|≤Niε
dk‖Pi ek⊥ · pPi‖op |χ̂R(k)|

|k|

− C

√
log R−1

K
N 2iε

∫

|k|>Niε
dk‖Pi ek⊥ · pPi‖op |χ̂R(k)|

|k|3

≥ −C

√
log R−1

K
N 2iε. (3.29)

Here, we used that ‖χ̂R‖L∞ ≤ ‖χR‖L1 ≤ C .
Analysis of W3. By symmetry, we need to deal only with

W3(1, 2, 3) = ∇⊥wR(x1 − x2) · ∇⊥wR(x1 − x3).

Using again the Fourier transform, we have

W3(1, 2, 3) =
∫

dkχR(k)
ek⊥
|k| e

ik·(x1−x2)
∫

dk′χR(k′)ek′⊥
|k′| e

ik′·(x1−x3).
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Developing the complex exponentials and using the oddness of k �→ χ̂R(k)
|k| ek⊥ yields

W3(1, 2, 3) =
∫∫

dk dk′χ̂R(k)χ̂R(k′) ek⊥
|k| · ek′⊥

|k′|
(
cos(k · x1) cos(k′ · x1) sin(k · x2) sin(k′ · x3)

+ sin(k · x1) sin(k′ · x1) cos(k · x2) cos(k′ · x3)
− cos(k · x1) sin(k′ · x1) sin(k · x2) cos(k′ · x3)
− sin(k · x1) cos(k′ · x1) cos(k · x2) sin(k′ · x3)

)
. (3.30)

Using once more Theorem 2.5 and Proposition 2.8, we find

Tr
(
W3�γ

(3)
i,K

) ≥ −C

√
log R−1

K
N 2iε. (3.31)

Here we again split the integral over k between |k| ≤ Niε and |k| > Niε, and we did the
same for k′.

Inserting (3.27)–(3.31) into (3.26), and using thatμi,K is a probability measure, we obtain

Tr
(
H̃ R
3 γ

(3)
i,K

) ≥
∫

S(PiH)

Tr
(
H̃ R
3 γ ⊗3) dμi,K (γ ) − C

√
log R−1

K
N 2iε. (3.32)

As a result of (3.25) and (3.32), we have

N−1
〈
�, HR

N �
〉
≥

M∑

i=1

∑

K

(
N

3

)−1(K
3

)
Tr �i,K

∫

S(PiH)

Tr
(
H̃ R
3 γ ⊗3) dμi,K (γ )

− C

√
log R−1

K

M∑

i=1

∑

K

(
N

3

)−1(K
3

)
N 2iε Tr �i,K

− C(N−2ε + N−δε/2+2ε)Tr
(
(C + h)�(1)). (3.33)

On the one hand, using
(N
3

)−1(K
3

) ≤ 1 and that K ≥ N −MN 1−δε, we can bound the second
term in (3.33) by
√
log R−1

K

M∑

i=1

∑

K

(
N

3

)−1(K
3

)
N2iε Tr �i,K ≤ CN δε/2−1/2

√
log R−1

∑

J

N2imax(J )ε Tr �J ,

where we recall that imax was defined in (3.17). Thanks to 1 ≤ N δε jimax/N and Lemma 2.6,
we deduce

√
log R−1

K

M∑

i=1

∑

K

(
N

3

)−1(K
3

)
N 2iε Tr �i,K

≤ CN (3δ/2+2)ε−1/2
√
log R−1

∑

J

N 2(imax(J )−1)ε jmax(J )

N
Tr �J

≤ CN (3δ/2+2)ε−1/2
√
log R−1

∑

J

Tr
(
Pimax(J )(C + h)Pimax(J )�

(1)
J

)

≤ CN (3δ/2+2)ε−1/2
√
log R−1 Tr

(
(C + h)�(1)).
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This means that this term is much smaller than the kinetic energy under the condition

(3δ/2 + 2) ε < (1 − κ)/2 (3.34)

(with κ = 0 in the polynomial case). On the other hand, to simplify the first term in (3.33),
we define the Borel measure

μN =
M∑

i=1

∑

K

(
N

3

)−1(K
3

)
Tr(�i,K )μi,K

and we extend the definition (1.10) of the average-field functional Eaf
R to mixed-states γ

through
Eaf
R [γ ] = Tr

(
H̃ R
3 γ ⊗3).

Summing up, the inequality (3.33) simplifies to

N−1〈�, HR
N �〉 ≥

∫

S(PMH)

Eaf
R [γ ] dμN (γ )

−C(N−ε + N−δε/2+2ε + N (3δ/2+2)ε−(1−κ)/2
√
log N )Tr

(
(C + h)�(1)),

with κ = 0 in the polynomial case (1.17). To conclude the proof of proof of Theorem 1.1,
we wish to use

Tr
(
h�(1)) ≤ C (3.35)

and

lim inf
N→∞

∫

S(PMH)

Eaf
R [γ ] dμN (γ ) ≥ eaf. (3.36)

For R of the form N−β or of the form e−Nκ
with 0 < κ < 1/2, the bound (3.35) is given

in Proposition 2.4. Regarding (3.36), we essentially need to show that the sequence (μN )N
converges to a probability measure supported on pure states |u〉〈u|. For this, we show that
the measure μN satisfies

1 − CN−2ε ≤
∫

S(PMH)

μN (γ ) ≤ 1. (3.37)

Granted that (3.35) and (3.37) are true, we can follow [1, Section 3.7.] (see references therein)
to prove that (μN )N indeed converges to a probabilitymeasure supportedonpure states |u〉〈u|,
from which (3.36) and thus (1.20) follow. The upper bound in (3.37) is a consequence of the

estimate
(N
3

)−1(K
3

) ≤ 1 and the identity

M+1∑

i=0

∑

K

Tr �i,K = 1.

For the lower bound, we use
∫

S(PMH)

μN (γ ) =
M∑

i=1

∑

K

(
N

3

)−1(K
3

)
Tr �i,K =

M∑

i=1

∑

K

Tr
(
P

⊗3
i �

(3)
i,K

)

=
M∑

i=0

∑

K

Tr �i,K −
∑

K

Tr �0,K

−
M∑

i=1

∑

K

(
Tr

(
P

⊗2
i ⊗s Qi�

(3)
i,K

) + Tr
(
Pi ⊗s Q

⊗2
i �

(3)
i,K

) + Tr
(
Q

⊗3
i �

(3)
i,K

))
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≥ 1 − C(N−2ε + N−2Mε)Tr
(
(C + h)�(1))

and (3.35). To bound the error terms, we used

M∑

i=1

∑

K

Tr
(
Qi�

(1)
i,K

) ≤ CN−2ε
M∑

i=1

∑

K

Tr
(
Qi (C + h)Qi�

(1)
i,K

) ≤ CN−2ε Tr
(
(C + h)�(1)),

and

∑

K

Tr �0,K ≤ CN−2Mε
∑

K

N

K
Tr

(
PM+1hPM+1�

(1)
0,K

) ≤ CN−2Mε
∑

K

Tr
(
PM+1hPM+1�

(1)
0,K

)

≤ CN−2Mε Tr
(
h�(1)).

The last estimate results from the fact that we are summing over N − MN 1−δε ≤ K ≤ N ,
which follows from the convention that imax = 0 (corresponding to i = 0) when jk ≤ N 1−δε

for all k ∈ {1, . . . , M}. This concludes the proof of Theorem 1.1, except for R of the form
e−Nκ

with 1/2 ≤ κ < 1.
When R is of the form e−Nκ

with 1/2 ≤ κ < 1, the estimate (2.5) of Proposition 2.4
no longer applies, and we need to prove (3.35) in a different way. Namely, we will use
the nonnegativity of the singular two-body term |∇wR(x1 − x2)|2, which we dropped at the
beginning of the proof. Let us be more precise. Recall that we are considering the many-body
Hamiltonian HR

N given by

HR
N =

N∑

j=1

−� j + V (x j ) + 2αp j · AR
j + α2(AR

j )
2.

As a consequence of the Cauchy–Schwarz inequality, we have

2αp j · AR
j ≥ −δ(−� j ) − δ−1α2(AR

j )
2,

for all δ > 0. Splitting p j · AR
j into (1 − τ)p j · AR

j + τp j · AR
j , we deduce

HR
N ≥

N∑

j=1

(1 − τδ)(−� j ) + V (x j ) + 2α(1 − τ)p j · AR
j + (1 − τδ−1)α2(AR

j )
2,

for all 0 < τ < 1. Using the nonnegativity of V and doing some rewriting, we get

HR
N ≥

N∑

j=1

(1 − δ)τh j + (1 − τ)(h j + 2αp j · AR
j ) + (1 − δ−1τ)α2(AR

j )
2.

Next, we expand (AR
j )

2 to separate the three-body term from the singular two-body one.
Testing on both sides with � and using (2.3), we find

N−1〈�, HR
N �〉 ≥ (1 − δ − C(1 − δ−1))τ Tr

(
h�(1)) + (1 − τ)Tr

(
H̃ R
3 �(3))

+(1 − δ−1τ)α2N 2 Tr(|∇wR(x1 − x2)|2�(2)). (3.38)

Taking 0 < τ < δ < 1, it is easy to see that

1 − δ − C(1 − δ−1) ≥ 0 and 1 − δ−1τ ≥ 0.
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Hence, the last term in (3.38) is nonnegative and we may drop it. Regarding the second one,
we can repeat more or less the same proof as before to show that

Tr
(
H̃ R
N �(3)) ≥

∫

S(PMH)

Eaf
R [γ ] dμN (γ ) − C(log N )−1 Tr

(
(C + h)�(1)).

Moreover, the average-field function Eaf
R satisfies

Eaf
R [γ ] ≥ 0.

This is shown using the spectral decomposition of γ ; we refer to [1, Section 3.6] for more
detail. Combing this with (3.37) and (3.38), we get

Tr(h�(1)) ≤ C(1 + eN ).

Thanks to Proposition 2.4, this shows that we have proved (3.35) for R of the form e−Nκ

with 1/2 ≤ κ < 1. The rest of the proof is exactly the same as before, and we have therefore
finished proving Theorem 1.1.

4 Proof of themain estimates

4.1 High-momenta estimates: proof of Lemma 3.1

We begin with the proof of the estimate (3.13). Thanks to the Cauchy–Schwarz inequality
and the estimates (2.1) and (2.3), we have

|Tr (PM+1 ⊗ Q1 ⊗ Q2W3Q3 ⊗ Q4 ⊗ Q5�)|
≤ CN 2εR−2 Tr

(
PM+1 ⊗ Q1 ⊗ Q2�

)

+ CN−2ε Tr
(
Q3 ⊗ Q4 ⊗ Q5

(
1 − �1 − �2 − �3

)
Q3 ⊗ Q4 ⊗ Q5�

)

≤ CN−2ε Tr
(
(C + h)�(1)).

In the second inequality we used

N 2εR−2 ≤ N−2εN 2Mε and PM+1N
2MεPM+1 ≤ PM+1hPM+1.

The former follows from the definition of R and assumption (3.7). The latter is an immediate
consequence of the definition of PM+1.

We now prove (3.12). We only take care of

W2(1, 2) = p1 · ∇⊥wR(x1 − x2)

as the other terms are analogous. Due to ∇1 · ∇⊥wR(x1 − x2) = 0, we have

p1 · ∇⊥wR(x1 − x2) = ∇⊥wR(x1 − x2) · p1.
Combining this with the Cauchy–Schwarz inequality and the estimate (2.1), we find

|Tr (PM+1 ⊗ Q1 ⊗ Q2W2(1, 2)Q3 ⊗ Q4 ⊗ Q5�)|
≤ CR−2N 2ε Tr (PM+1 ⊗ Q1 ⊗ Q2�)

+ CN−2ε Tr
(
Q3 ⊗ Q4 ⊗ Q5(−�1)Q3 ⊗ Q4 ⊗ Q5�

)

≤ CN−2ε Tr
(
(C + h)�(1)).

This concludes the proof of Lemma 3.1.
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4.2 Low-occupancy estimates: Proof of Lemma 3.2

In this sectionwe provide the proof of Lemma 3.2. Although the proof used in the exponential
case covers polynomial scalings as well, we first present a simpler proof for the polynomial
case for the reader’s convenience. Both proofs rely on the following lemma, for which we
define

P jk = P j ⊗ Pk and P jk� = P j ⊗ Pk ⊗ P�,

with P j = 1(h ≤ N 2 jε).

Lemma 4.1 Let W2(1, 2) and W3(1, 2, 3) be as in (3.3) and (3.4), with projections as in (3.6).
Then, there exists a universal constant C > 0 such that, for any i1, i2, i ′1, i ′2 and f , g ∈ H2,

〈Pi1i2 f ,W2(1, 2)Pi ′1i ′2g〉 ≤ C min
(
Ni1ε, Nmax(i2,i ′2)ε

)‖Pi1i2 f ‖‖p1Pi ′1i ′2g‖. (4.1)

Moreover, for any i1, i2, i3,

Pi1i2i3W3(1, 2, 3)Pi1i2i3 ≤ CN (i2+i3)ε. (4.2)

Proof of Lemma 4.1 We start with (4.2). Define

χR = 1B(0,R)

πR2

and write

W3(1, 2, 3) =
∫∫

dk dk′χ̂R(k)χ̂R(k′)ek⊥
|k|

· ek′⊥
|k′|

[
cos(k · x1) cos(k′ · x1) sin(k · x2) sin(k′ · x3)

+ sin(k · x1) sin(k′ · x1) cos(k · x2) cos(k′ · x3)
− cos(k · x1) sin(k′ · x1) sin(k · x2) cos(k′ · x3)
− sin(k · x1) cos(k′ · x1) cos(k · x2) sin(k′ · x3)

]
,

as in the decomposition (3.30). Then, we split the integral over |k| ≤ Ni2ε and |k| > Ni2ε,
and likewise for k′. Conjugating with Pi1i2i3 and applying Proposition 2.8 to Pi2 sin(k ·x2)Pi2
and Pi3 sin(k

′ · x3)Pi3 , we obtain
Pi1i2i3W3(1, 2, 3)Pi1i2i3

≤ C
( ∫

|k|≤Ni2ε

dk

|k| +
∫

|k|>Ni2ε
dk

N 2i2ε

|k|3
)( ∫

|k′|≤Ni3ε

dk′

|k′| +
∫

|k′|>Ni3ε
dk′ N 2i3ε

|k′|3
)

≤ CN (i2+i3)ε.

Here, we used ‖χ̂R‖L∞ ≤ ‖χR‖L1 ≤ C .
Now, we prove (4.1) for f and g smooth with compact support; the result follows from a

density argument. We again write in Fourier

W2(1, 2) = 4π
∫

dk
χ̂R(k)

|k| (sin(k · x1) cos(k · x2)
− cos(k · x1) sin(k · x2)) ek⊥ · p1,
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as in (3.28). To prove the bound involving N 2i1ε, we split the integral over|k| ≤ Ni1ε and
|k| > Ni1ε . On the first sector, we have
∣∣∣∣
∫

|k|≤Ni1ε
dk

χ̂R(k)

|k|
〈
Pi1i2 f (sin(k · x1) cos(k · x2) − cos(k · x1) sin(k · x2)) ek⊥ · p1Pi ′1i ′2g

〉∣∣∣∣

≤ CNi1ε‖Pi1i2 f ‖‖p1Pi ′1i ′2g‖.
On the second sector, we write sin(k · x1) = −k · ∇ cos(k · x1)/|k|2 (resp. cos(k · x1) =
k · ∇ sin(k · x1)/|k|2) and use two successive integrations by parts on x1 to obtain
∣∣∣∣
∫

|k|>Ni1ε
dk

χ̂R(k)

|k|
〈
Pi1i2 f (sin(k · x1) cos(k · x2) − cos(k · x1) sin(k · x2)) ek⊥ · pA1 Pi ′1i ′2g

〉∣∣∣∣

≤ C
∫

|k|>Ni1ε

dk

|k|3
∥∥−�1Pi1i2 f

∥∥
∥∥∥p1Pi ′1i ′2g

∥∥∥ ≤ CNi1ε‖Pi1i2 f ‖‖p1Pi ′1i ′2g‖.

Here, we used the bound (2.15).
The bound with N 2max(i2,i ′2)ε is proved similarly: we split between |k| ≤ Nmax(i2,i ′2)ε and

|k| > Nmax(i2,i ′2)ε , and we use two integrations by parts on the variable x2 in the second
sector. We omit the details. ��
Proof of Lemma 3.2 in the polynomial case We begin by proving (3.19) since it is slightly
easier. We provide the details only for

W3(1, 2, 3) = ∇⊥wR(x1 − x2) · ∇⊥wR(x1 − x3)

as the other terms are dealt with analogously. Using the Cauchy–Schwarz inequality and
Lemmas 2.6 and 4.1, we expand, for all τ > 0,

∣∣∣Tr
(
Pi1i2i3W3(1, 2, 3)Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣ ≤ τCN (i2+i3)ε Tr
(
Pi1i2i3�

(3)
J (i1i2 i3)

)

+τ−1CN (i ′2+i ′3)ε Tr
(
Pi ′1i ′2i ′3�

(3)

J (i ′1i ′2 i ′3)

)
. (4.3)

On the one hand thanks to Lemma 2.6, the first term can be bounded by

Tr
(
Pi1i2i3�

(3)
J (i1i2 i3)

) ≤ N−3( ji1 + 1)( ji2 + 1)( ji3 + 1)Tr �J (i1i2 i3) .

Thus, using ji1 ≤ N 1−δε, the estimate

Pi N
2(i−1)εPi ≤ CPi (C + h)Pi (4.4)

and Lemma 2.6, we deduce

N (i2+i3)ε Tr
(
Pi1i2i3�

(3)
J (i1i2 i3)

) ≤ CN−δε+2ε Tr
(
(C + h)�

(1)
J (i1i2 i3)

)
.

On the other hand, thanks to (4.4), we have

N (i ′2+i ′3)ε Tr
(
Pi ′1i ′2i ′3�

(3)

J (i ′1i ′2 i ′3)

) ≤ N 2ε Tr
(
(C + h)�

(1)

J (i ′1i ′2 i ′3)

)
.

Injecting the previous two inequalities into (4.3) and optimising over τ , we find
∣∣∣Tr

(
Pi1i2i3W3(1, 2, 3)Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣ ≤ CN−(δ/2−2)ε Tr
(
(C + h)�

(1)
J (i1i2 i3)

)

+CN−(δ/2−2)ε Tr
(
(C + h)�

(1)

J (i ′1i ′2 i ′3)

)
.
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Summing over J , this becomes
∑

J

∣∣Tr
(
Pi1i2i3W3(1, 2, 3)Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣ ≤ CN−(δ/2−2)ε Tr
(
(C + h)�(1)).

Finally, we sum over i1, . . . , i ′3 and use that M is a constant to obtain (3.19).
We now prove (3.18). Again, we bound only

W2(1, 2) = p1 · wR(x1 − x2) + wR(x1 − x2) · p1
and leave the rest to the reader. Thanks to the Cauchy–Schwarz inequality and Lem-
mas 2.6 and 4.1, we have

∣∣∣Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣

≤ CNmax(i2,i ′2)ετ Tr
(
Pi1i2i3�

(3)
J (i1i2 i3)

)

+ CNmax(i2,i ′2)ετ−1 Tr
(
Pi ′1i ′2i ′3(−�1)Pi ′1i ′2i ′3�

(3)

J (i ′1i ′2 i ′3)

)

≤ CNmax(i2,i ′2)εN−3τ( ji1 + 1)( ji2 + 1)( ji3 + 1)Tr �J (i1i2 i3)

+ CNmax(i2,i ′2)εN−3τ−1N 2i ′1ε( ji ′1 + 1)( ji ′2 + 1)( ji ′3 + 1)Tr �
J (i ′1i ′2 i ′3) , (4.5)

for all τ > 0. On the one hand, when i2 ≥ i ′2, we use ji1 ≤ N 1−δε, the estimate (4.4),
Lemma 2.6, and optimise over τ to show that
∣∣Tr

(
Pi1i2i3W2(1, 2)Pi ′1i ′2i ′3�

(3)

J (i1 i2 i3),J (i ′1 i ′2 i ′3)

)∣∣ ≤ CN−(δ/2−2)ε Tr
(
Pi2i3 (C + h1)Pi2i3�

(2)
J (i1 i2 i3)

)

+ CN−(δ/2−2)ε Tr
(
Pi ′1i ′2i ′3 (C + h1)Pi ′1i ′2i ′3�

(3)

J (i ′1 i ′2 i ′3)

)

≤ CN−(δ/2−2)ε Tr
(
(C + h)�

(1)
J (i1 i2 i3)

)

+ CN−(δ/2−2)ε Tr
(
(C + h)�

(1)

J (i ′1 i ′2 i ′3)

)
.

On the other hand, when i2 < i ′2, an appropriate choice of τ in (4.5) yields
∣∣Tr

(
Pi1i2i3W2(1, 2)Pi ′1i ′2i ′3�

(3)

J (i1 i2 i3;i ′1 i ′2 i ′3)

)∣∣ ≤ CN−(δ/2−2)ε Tr
(
Pi ′2i3 (C + h1)Pi ′2i3�

(2)
J (i1 i2 i3)

)

+ CN−(δ/2−2)ε Tr
(
Pi ′1i2i ′3 (C + h1)Pi ′1i2i ′3�

(3)

J (i ′1 i ′2 i ′3)

)

≤ CN−(δ/2−2)ε Tr
(
(C + h)�

(1)
J (i1 i2 i3)

)

+ CN−(δ/2−2)ε Tr
(
(C + h)�

(1)

J (i ′1 i ′2 i ′3)

)
.

Gathering the previous estimates and carrying out all the sums gives (3.18). This concludes
the proof of Lemma 3.2 for polynomially decreasing radii. ��
Proof of Lemma 3.2 in the exponential case Analysis of W3.We first prove (3.19). We give the
proof in full detail for

W3(1, 2, 3) = ∇⊥wR(x1 − x2) · ∇⊥wR(x1 − x3),

and we assume that i1 ≥ i2 ≥ i3, as well as i ′1 ≥ i ′2 ≥ i ′3 and i1 ≥ i ′1. The rest is left to
the reader. To prove (3.19), we make a distinction between |i1 − i3| ≤ � and |i1 − i3| >

�, and likewise for (i ′1, i ′3) and (i1, i ′1). Since we only need to use ji1 ≤ N 1−δε when
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|i1 − i3|, |i ′1 − i ′3|, |i1 − i ′1| ≤ �, we begin by treating the other cases. Namely, we bound
first ∑

J

∑

i1≥i2≥i3
i1>i3+�

∑

i ′1≥i ′2≥i ′3

∣∣Tr
(
Pi1i2i3W3(1, 2, 3)Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣ (4.6)

and ∑

J

∑

i1≥i2≥i3|i1−i3|≤�

∑

i ′1≥i ′2≥i ′3
|i ′1−i ′3|≤�

i1>i ′1+�

∣∣Tr
(
Pi1i2i3W3(1, 2, 3)Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣. (4.7)

In order to bound (4.6), we use the Cauchy–Schwarz inequality and Lemmas 2.6 and 4.1
to write

∣∣∣Tr
(
Pi1i2i3W3(1, 2, 3)Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣

≤ τCN (i2+i3)εN−3( ji1 + 1)( ji2 + 1)( ji3 + 1)Tr �J (i1i2 i3)

+τ−1CN (i ′2+i ′3)εN−3( ji ′1 + 1)( ji ′2 + 1)( ji ′3 + 1)Tr �
J (i ′1i ′2 i ′3) ,

for all τ > 0. Swapping ji2 and ji ′2 by an appropriate choice of τ , using the estimate

Pi N
2(i−1)εPi ≤ CPi (C + h)Pi , (4.8)

and Lemma 2.6, we thus obtain
∣∣∣Tr

(
Pi1i2i3W3(1, 2, 3)Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣

≤ CN (i2−i1)ε/2N (i3−i1+4)ε/2N (i ′2−i ′1)ε/2N (i ′3−i ′1)ε/2 Tr
(
Pi1i ′2i3(C + h1)Pi1i ′2i3�

(3)
J (i1i2 i3)

)

+ CN (i2−i1)ε/2N (i3−i1+4)ε/2N (i ′2−i ′1)ε/2N (i ′3−i ′1)ε/2 Tr
(
Pi ′1i2i ′3(C + h1)Pi ′1i2i ′3�

(3)

J (i ′1i ′2 i ′3)

)
,

whenever ji2 and ji ′2 are both nonzero. When either of the two indices is null, the previous
inequality is no longer true. In fact, if ji2 and ji ′2 are both zero, the right-hand side vanishes,
whereas the left-hand side can be positive. It is however easy to see that when ji ′2 = 0,

the previous inequality can be made true by replacing Pi ′2 by 1/
√
N in the right-hand side

(recalling that Pi1i ′2i3 = Pi1 ⊗ Pi ′2 ⊗ Pi3 ). The same can also be done with Pi2 when ji2 = 0.
In the following, it will often be the case that inequalities are proved under conditions such
as ji2 , ji ′2 ≥ 1 and can easily be adapted to cover ji2 = 0 or ji ′2 = 0. We do not mention this
each time to avoid redundancy. Using that

∑

J

�
(3)
J (i1i2 i3) ≤ �(3), (4.9)

we may carry out the J sum in (4.6) to obtain
∑

J

∣∣Tr
(
Pi1i2i3W3(1, 2, 3)Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣

≤ CN (i2−i1)ε/2N (i3−i1+4)ε/2N (i ′2−i ′1)ε/2N (i ′3−i ′1)ε/2 Tr
(
Pi1i ′2i3(C + h1)Pi1i ′2i3�

(3))

+ CN (i2−i1)ε/2N (i3−i1+4)ε/2N (i ′2−i ′1)ε/2N (i ′3−i ′1)ε/2N−1 Tr
(
Pi1i3(C + h1)Pi1i3�

(2))

+ CN (i2−i1)ε/2N (i3−i1+4)ε/2N (i ′2−i ′1)ε/2N (i ′3−i ′1)ε/2 Tr
(
Pi ′1i2i ′3(C + h1)Pi ′1i2i ′3�

(3))
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+ CN (i2−i1)ε/2N (i3−i1+4)ε/2N (i ′2−i ′1)ε/2N (i ′3−i ′1)ε/2N−1 Tr
(
Pi ′1i ′3(C + h1)Pi ′1i ′3�

(2)).

The two terms containing the factors N−1 correspond to ji2 = 0 and ji ′2 = 0. Lastly, carrying
out the remaining sums using the geometric series formula, the resolution of the identity

M+1∑

i=1

Pi = 1 (4.10)

and the fact that M satisfies (3.7), we find
∑

J

∑

i1≥i2≥i3
i1>i3+�

∑

i ′1≥i ′2≥i ′3

∣∣Tr
(
Pi1i2i3W3(1, 2, 3)Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣

≤ CN−(�−3)ε/2 Tr
(
(C + h)�(1)). (4.11)

Hence, we have bounded (4.6) as desired.
To bound (4.7), we begin by writing

∣∣∣Tr
(
Pi1i2i3W3(1, 2, 3)Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣

≤ τCN 2i2εN−3( ji1 + 1)( ji2 + 1)( ji3 + 1)Tr �J (i1i2 i3)

+τ−1CN 2i ′1εN−3( ji ′1 + 1)( ji ′2 + 1)( ji ′3 + 1)Tr �
J (i ′1i ′2 i ′3) . (4.12)

An appropriate choice of τ then gives
∣∣∣Tr

(
Pi1i2i3W3(1, 2, 3)Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣

≤ CN (i ′1−i1+2)ε Tr
(
Pi ′1i2i3(C + h2)Pi ′1i2i3�

(3)
J (i1i2 i3)

)

+CN (i ′1−i1+2)ε Tr
(
Pi1i ′2i ′3(C + h1)Pi1i ′2i ′3�

(3)

J (i ′1i ′2 i ′3)

)
, (4.13)

for ji1 , ji ′1 ≥ 1. Although the adaptation for ji ′1 = 0 is straightforward - namely we just

replace Pi ′1 by 1/
√
N - the case ji1 = 0 is trickier. Indeed, we cannot simply replace Pi1 by

1/
√
N because we also used the estimate N 2i1εPi1 ≤ CPi1(C + h)Pi1 . However, a different

choice of τ in (4.12) yields
∣∣∣Tr

(
Pi1i2i3W3(1, 2, 3)Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣

≤ CN−(1−κ)/2+2ε Tr
(
Pi ′2i2i3(C + h2)Pi ′2i2i3�

(3)
J (i1i2 i3)

)

+CN−(1+κ)/2+2ε Tr
(
Pi ′1i ′3(C + h1)Pi ′1i ′3�

(2)

J (i ′1i ′2 i ′3)

)
, (4.14)

for ji1 = 0. Combining (4.13) and (4.14), we can carry out the sums in (4.7) essentially as
we did in (4.11) to obtain

∑

J

∑

i1≥i2≥i3|i1−i3|≤�

∑

i ′1≥i ′2≥i ′3
|i ′1−i ′3|≤�

i1>i ′1+�

∣∣Tr
(
Pi1i2i3W3(1, 2, 3)Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣

≤ C
(
N−(�−3)ε/2 + N−(1−κ)/2+2ε)Tr

(
(C + h)�(1)).
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This is the desired bound on (4.7).
Having bounded (4.6) and (4.7), all that is left to do to prove (3.19) is to deal with

∑

J

∑

i1≥i2≥i3|i1−i3|≤�

∑

i ′1≥i ′2≥i ′3
|i ′1−i ′3|≤�

|i1−i ′1|≤�

∣∣Tr
(
Pi1i2i3W3Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣. (4.15)

Here, we are summing over i1 ≥ imax + 1, meaning that we always have ji1 ≤ N 1−δε; we do
not write it explicitly to avoid cluttering the notation. Proceeding as before, using additionally
ji1 ≤ N 1−δε, we can write
∣∣∣Tr

(
Pi1i2i3W3Pi ′1i ′2i ′3�

(3)

J (i1i2 i3),J (i ′1i ′2 i ′3)

)∣∣ ≤ CN−(δ/2−2)ε
∑

i3

Tr
(
Pi2i3(C + h1)Pi2i3�

(2)
J (i1i2 i3)

)

+CN−(δ/2−2)ε
∑

i ′2≥i ′3

Tr
(
Pi ′1i ′2i ′3(C + h1)Pi ′1i ′2i ′3�

(3)

J (i ′1i ′2 i ′3)

)
.

Thus, we can carry out all the sums in (4.15) to obtain the bound
∑

J

∑

i1≥i2≥i3|i1−i3|≤�

∑

i ′1≥i ′2≥i ′3
|i ′1−i ′3|≤�

|i1−i ′1|≤�

∣∣Tr
(
Pi1i2i3W3Pi ′1i ′2i ′3�

(3)

J (i1i2i3),J (i ′1i ′2i ′3)

)∣∣ ≤ CN−(δ/2−2)ε Tr
(
(C+h)�(1)).

Gathering the previous estimates yields (3.19).

Analysis of W2. We now prove (3.18). We only provide the details of the proof for

W2(1, 2) = p1 · wR(x1 − x2) + wR(x1 − x2) · p1
since it is the most difficult term to treat and that the others are bounded analogously. For the
same reason, we take i1 ≥ i2 ≥ i ′2 and i1 ≥ i ′1 ≥ i ′2. To prove (3.18), we distinguish between|i ′1 − i2| ≤ � and |i ′1 − i2| > �, and similarly for i1, i2 and i1, i ′1. Since we only need to use
the hypothesis ji1 ≤ N 1−δε to deal with the case where the three indices i1, i2, i ′1 are close,
we first take care of the others. Namely, we bound

∑

J

∑

i1≥i2

∑

i ′1≥i ′2
i2≥i ′2

i ′1>i2+�

∑

i3

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1i2 i3),J (i ′1i ′2 i3)

)
, (4.16)

∑

J

∑

i1>i2+�

∑

i ′1≥i ′2
i2≥i ′2

|i ′1−i2|≤�

∑

i3

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1i2 i3),J (i ′1i ′2 i3)

)
(4.17)

and ∑

J

∑

i1≥i2|i1−i2|≤�

∑

i ′1≥i ′2
i2≥i ′2

|i ′1−i2|≤�

i1>i ′1+�

∑

i3

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1i2 i3),J (i ′1i ′2 i3)

)
. (4.18)

Note that there is only a single sum over the third coefficient i3 (rather than a double sum)
because of the orthogonality of the projections Pi .
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To bound (4.16), we start by writing
∑

i1,i ′2
i2≥i ′2

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1i2 i3),J (i ′1i ′2 i3)

)

=
〈∑

i1

Pi1i2i3 ⊗ 1⊗(N−3)�J (i1i2 i3) ,W2(1, 2)
∑

i ′2
i2≥i ′2

Pi ′1i ′2i3 ⊗ 1⊗(N−3)�
J (i ′1i ′2 i3)

〉
.

Then, thanks to
∑

i ′2
i2≥i ′2

Pi ′1i ′2i3 ⊗ 1⊗(N−3)�
J (i ′1i ′2 i3) = PM ⊗ Pi2 ⊗ 1⊗(N−2)

∑

i ′2
i2≥i ′2

Pi ′1i ′2i3 ⊗ 1⊗(N−3)�
J (i ′1i ′2 i3) ,

we can apply Lemma 4.1 and the Cauchy–Schwarz inequality to obtain
∣∣∣
∑

i1,i ′2
i2≥i ′2

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1i2 i3),J (i ′1i ′2 i3)

)∣∣∣ ≤ τC
∑

i1

Tr
(
Pi1i2i3(−�1)Pi1i2i3�

(3)
J (i1i2 i3)

)

+τ−1CN 2i2ε
∑

i ′2
i2≥i ′2

Tr
(
Pi ′1i ′2i3�

(3)

J (i ′1i ′2 i3)

)
,

for all τ > 0. Taking τ = N (i2−i ′1+1)ε and using the estimate (4.8), we deduce
∣∣∣
∑

i1,i ′2
i2≥i ′2

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1i2 i3),J (i ′1i ′2 i3)

)∣∣∣

≤ CN (i2−i ′1+1)ε
∑

i1

Tr
(
Pi1i2i3(C + h1)Pi1i2i3�

(3)
J (i1i2 i3)

)

+CN (i2−i ′1+1)ε
∑

i ′2
i2≥i ′2

Tr
(
Pi ′1i ′2i3(C + h1)Pi ′1i ′2i3�

(3)

J (i ′1i ′2 i3)

)
.

We may now carry out all the sums in (4.16) using (4.9) first, and then (4.10), and the
geometric series formula to obtain
∣∣∣
∑

J

∑

i1≥i2

∑

i ′1≥i ′2
i2≥i ′2

i ′1>i2+�

∑

i3

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1i2 i3),J (i ′1i ′2 i3)

)∣∣∣ ≤ N−�ε Tr
(
(C + h)�(1)).

(4.19)
Thus, we have the bounded (4.16) as wished.

To bound (4.17), we this time write
∣∣∣
∑

i ′2
i2≥i ′2

Tr

(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1i2 i3),J (i ′1i ′2 i3)

) ∣∣∣

≤ τCN 2i2ε Tr
(
Pi1i2i3�

(3)
J (i1i2 i3)

)
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+τ−1C
∑

i ′2
i2≥i ′2

Tr
(
Pi ′1i ′2i3(p

A
1 )2Pi ′1i ′2i3�

(3)

J (i ′1i ′2 i3)

)
,

which, by taking τ = N (i1−i2+1)ε , further implies
∣∣∣
∑

i ′2
i2≥i ′2

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1i2 i3),J (i ′1i ′2 i3)

)∣∣∣

≤ CN (i2−i1+1)ε Tr
(
Pi1i2i3(C + h1)Pi1i2i3�

(3)
J (i1i2 i3)

)

+CN (i2−i1+1)ε
∑

i ′2
i2≥i ′2

Tr
(
Pi ′1i ′2i3(C + h1)Pi ′1i ′2i3�

(3)

J (i ′1i ′2 i3)

)
.

Carrying out all the remaining sums as in (4.19), we obtain
∣∣∣
∑

J

∑

i1>i2+�

∑

i ′1≥i ′2
i2≥i ′2

|i ′1−i2|≤�

∑

i3

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1 i2 i3),J (i ′1 i ′2 i3)

)∣∣∣ ≤ N−�ε Tr
(
(C + h)�(1)),

which is the desired estimate on (4.17).
To bound (4.18), we use Lemma 2.6 to obtain

∣∣∣
∑

i ′2
i2≥i ′2

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1i2 i3),J (i ′1i ′2 i3)

)∣∣∣

≤ τCN 2i2εN−3( ji1 + 1)( ji2 + 1)( ji3 + 1)Tr �J (i1i2 i3)

+τ−1CN 2i ′1ε
∑

i ′2
i2≥i ′2

N−3( ji ′1 + 1)( ji ′2 + 1)( ji3 + 1)Tr �
J (i ′1i ′2 i3) , (4.20)

for all τ > 0. Choosing τ such that ji1 and ji ′1 are swapped and balancing out the front
coefficients, we find

∣∣∣
∑

i ′2
i2≥i ′2

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1i2 i3),J (i ′1i ′2 i3)

)∣∣∣

≤ CN (i ′1−i1+2)ε Tr
(
Pi ′1i2i3(C + h2)Pi ′1i2i3�

(3)
J (i1i2 i3)

)

+CN (i ′1−i1+2)ε Tr
(
Pi1i ′2i3(C + h1)Pi1i ′2i3�

(3)

J (i ′1i ′2 i3)

)
.

Here, the adaptation for ji ′1 = 0 is straightforward, whereas it is more delicate for ji1 = 0.
More specifically, when ji1 = 0, we instead write

∣∣∣
∑

i ′2
i2≥i ′2

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1i2 i3),J (i ′1i ′2 i3)

)∣∣∣

≤ CN−(1−κ)/2+2ε Tr
(
Pi2i3(C + h1)Pi2i3�

(2)
J (i1i2 i3)

)
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+CN−(1+κ)/2+2ε
∑

i ′2
i2≥i ′2

Tr
(
Pi ′1i ′2i3(C + h1)Pi ′1i ′2i3�

(2)

J (i ′1i ′2 i3)

)
.

Carrying out the sums in (4.18), we obtain
∣∣∣
∑

J

∑

i1≥i2|i1−i2|≤�

∑

i ′1≥i ′2
i2≥i ′2

|i ′1−i2|≤�

i1>i ′1+�

∑

i3

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1i2 i3),J (i ′1i ′2 i3)

)∣∣∣

≤ C
(
N−(�−3)ε/2 + N−(1−κ)/2+2ε)Tr

(
(C + h)�(1)).

Having bounded (4.16)–(4.18), we are left with

∑

J

∑

i1≥i2|i1−i2|≤�

∑

i ′1≥i ′2
i2≥i ′2

|i ′1−i2|≤�

|i ′1−i1|≤�

∑

i3

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1i2 i3),J (i ′1i ′2 i3)

)
. (4.21)

Using (4.20), ji1 ≤ N 1−δε and balancing out the front coefficients, we find
∣∣∣
∑

i ′2
i2≥i ′2

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1 i2 i3),J (i ′1 i ′2 i3)

)∣∣∣ ≤ CN−δε/2+ε Tr
(
Pi2i3 (C + h1)Pi2i3�

(2
J (i1 i2 i3)

)

+CN−δε/2+ε
∑

i ′2
i2≥i ′2

Tr
(
Pi ′1i ′2i3 (C + h1)Pi ′1i ′2i3�

(2

J (i ′1 i ′2 i3)

)
.

Finally, we obtain
∣∣∣
∑

J

∑

i1≥i2|i1−i2|≤�

∑

i ′1≥i ′2
i2≥i ′2

|i ′1−i2|≤�

|i ′1−i1|≤�

∑

i3

Tr
(
Pi1i2i3W2(1, 2)Pi ′1i ′2i3�

(3)

J (i1i2 i3),J (i ′1i ′2 i3)

)∣∣∣

≤ CN−(δ/2−2)ε Tr
(
(C + h)�(1)).

Gathering the previous estimates yields (3.18), thereby concluding the proof ofLemma3.2.
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