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Abstract

We study the computational aspects of the two central solution concepts of stochastic games
played on finite graphs for an infinite number of steps: the value in two-player zero-sum
games, and Nash equilibria in multi-player games. In both settings, exact solutions are in-
tractable. For two-player zero-sum concurrent stochastic games, values can be irrational, and
the associated decision problem is SQRT-SUM hard. For multi-player turn-based stochastic
games, the equilibriumprobabilities can be irrational, and deciding the constrained existence
of a Nash equilibrium is undecidable in the presence of memory, and ∃R-complete when the
players are restricted to stationary strategies. Hence, in both settings, the natural compu-
tational problem is the approximation of the solution within an arbitrary additive error. In
this thesis, we present improved complexity results and algorithms for such approximation
problems.

The first part of the thesis considers two-player zero-sum concurrent stochastic games
with two classic objectives: (a) stateful-discounted objectives, which are similar to the classic
discounted-sum objectives, but states are associated with different discount factors rather
than a single discount factor; and (b) parity objectives, which are a canonical representation
for 𝜔-regular objectives. For stateful-discounted objectives, given an ordering of the discount
factors, the limit value is the limit of the value of the stateful-discounted objectives, as
the discount factors approach zero according to the given order. The value-approximation
problem is known to be in EXPSPACE for the limit value of stateful-discounted objectives and
in PSPACE for parity objectives, and the best-known algorithms for both problems are at least
exponential time, with an exponential dependence on the number of states and actions. Our
main results for the value-approximation problem for the limit value of stateful-discounted
objectives andparity objectives are as follows: (a)we establish TFNPNP complexity; and (b)we
present algorithms that improve the dependency on the number of actions in the exponent
from linear to logarithmic. In particular, if the number of states is constant, our algorithms
run in polynomial time.

The second part of the thesis considers multi-player turn-based stochastic games with
terminal payoffs, where the players are restricted to stationary strategies. We study the
approximate constrained existence problem of Nash equilibria: given a game that has a Nash
equilibrium in which the payoff of every player lies in a given interval, compute a strategy
profile that is an 𝜀-Nash equilibrium and that satisfies the same constraints up to an additive
error 𝜀. Our main results are as follows: (a) we present an FNPNP algorithm for the problem;
and (b) we establish that its decision version is NP-hard, already with two players. For the
upper bound, we show that if a constrained Nash equilibrium exists, then there exists one
in which the non-zero probabilities are at least an inverse of a double-exponential in the
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input size, and that such a strategy profile can be represented, up to an additive error 𝜀, with
floating-point numbers of polynomial size. We complement the upper bound with a lower
bound on this approach: we present a gamewith only five players in which every constrained
Nash equilibrium requires double-exponentially small probabilities.

The two parts share a common technical toolkit: bounds on solutions of systems of
polynomial inequalities that arise from real algebraic geometry, the floating-point represen-
tation of doubly-exponentially small numbers, and guess-and-verify procedures that resolve
single-player games with an NP oracle.
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Chapter 1

Introduction

In this thesis, we present improved complexity results and algorithms for the approximate
computation of the two central solution concepts of stochastic games played on graphs: the
value in two-player zero-sum games, and Nash equilibria in multi-player games. Belowwe
present the models of stochastic games, the relevant objectives, the solution concepts, the
computational problems, previous results, and finally our contributions.
Stochastic games. Stochastic games are games played on finite-state graphs for an infinite
number of steps, where the transitions are governed by a probabilistic transition function.
These games were introduced in the seminal work of Shapley [47] and are a fundamental
model in game theory. We consider the following twomodels in this thesis.

• Concurrent stochastic games. In each step of a concurrent stochastic game, both play-
ers simultaneously and independently of the other player choose an action. Given
the current state and the chosen actions, the next state is obtained according to a
stochastic transition function. An infinite number of such steps results in a play, which
is an infinite sequence of states and actions. Concurrent stochastic games have been
widely studied in the literature from the mathematical perspective [28, 29, 43, 47], and
from the algorithmic and computational complexity perspective, including: complexity
for reachability objectives [3, 27, 31, 37], algorithms for limit-average objectives [36, 45],
complexity for qualitative solutions for 𝜔-regular objectives [2], complexity for quanti-
tative solutions for 𝜔-regular objectives [8, 22], and in the context of temporal logic [9].
In particular, in the analysis of reactive systems, concurrent games provide the appro-
priate model for reactive systems with components that interact synchronously [5, 6,
9].

• Multi-player turn-based stochastic graph games. In a turn-based stochastic graph game,
every vertex is either controlled by one of the players or is a stochastic vertex. In each
step, the player who controls the current vertex chooses the successor vertex, and in a
stochastic vertex the successor is chosen according to a probability distribution that is
part of the game. Every player has their own payoff, and thus the game is not zero-sum
in general. Such games provide amodelling framework for a wide range of domains,
including epidemic processes [40], formal verification [30], learning theory [1], cyber-
physical systems [49], distributed and probabilistic programs [7], and probabilistic
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planning [51]. They have been extensively studied, with several results characterizing
their computational complexity [24, 54], and others studying restrictions and payoff
functions that yield tractable fragments [20, 54].

Objectives and payoffs. An objective is a measurable function that assigns to every play a
real-valued reward. In the first part of the thesis, we consider the following two objectives.
The classic discounted-sum objective is as follows: every transition is assigned a reward and
the objective assigns to a play the discounted-sum of the rewards. While the classic objective
has a single discount factor, the stateful-discounted objective has multiple discount factors.
In the stateful-discounted objective, each state is associated with a discount factor, and,
in the objective, the discount at a step depends on the current state. We also consider the
boolean parity objectives, which are a canonical form to express all 𝜔-regular objectives [52],
which provide a robust specification for all properties that arise in verification. For example,
all LTL formulas can be converted to deterministic parity automata. In parity objectives,
every state is associated with an integer priority, and a play is winning for (or satisfies) the
objective if the minimum priority visited infinitely often is even. In the second part of the
thesis, we consider terminal payoffs: every terminal vertex of the game is associated with a
payoff for each player, and a play that reaches a terminal vertex assigns to every player the
corresponding payoff. Since the payoffs of the players are unrelated, this simple quantitative
objective already captures the interaction of agents with individual goals.
Strategies. Strategies are recipes that define the choice of the players. In general, they
are functions that, given a game history, return a probability distribution over the available
choices. A stationary strategy depends on the history only through the current state (or
vertex), i.e., it uses randomness but no memory. For zero-sum concurrent stochastic games,
stationary strategies suffice for stateful-discounted objectives, whereas for parity objectives
even 𝜀-optimal strategies require infinite memory [2]. For multi-player games, the memory
of the players is a critical parameter. If the players are allowed unboundedmemory, then
the basic decision problems about Nash equilibria are undecidable [54]. Moreover, from a
practical perspective, strategies that require large memory lead to complex controllers and
are harder to implement. Since finite-memory strategies can be encoded in the state space
of the game, it suffices, in many cases, to consider stationary strategies, which require no
memory at all. Thus, in the second part of the thesis, we restrict all players to stationary
strategies.
Values and equilibria. Given a two-player zero-sum concurrent stochastic game and an
objective, the value of Player 1 at a state is the maximal expectation that the player can guar-
antee for the objective against all strategies of Player 2. For stateful-discounted objectives,
given an ordering of the discount factors, the limit value at a state is the limit of the value
function for the discounted objective as the discount factors approach zero in the given
order. In multi-player games, the classic solution concept is the Nash equilibrium [44]: a
strategy profile is a Nash equilibrium if no player can unilaterally deviate to achieve a strictly
better payoff. A strategy profile is an 𝜀-Nash equilibrium if no player can gain more than 𝜀 by
unilaterally deviating from their strategy. While Nash equilibria always exist in the games we
consider, the equilibria that arise in the existence proofs are often adversarial in nature and
offer poor outcomes for all players [24, 53]. Hence, the more compelling question is whether
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one can decide, and compute if possible, a Nash equilibriumwhose payoff vector satisfies
given constraints.
Computational problems. The computational problems we consider in this thesis are as
follows. For two-player zero-sum concurrent stochastic games, the main computational
problems are: (a) the value-decision problem, given a state and a threshold 𝛼, asks whether
the value at the state is at least 𝛼; and (b) the value-approximation problem, given a state and
an error 𝜀 > 0, asks to compute an approximation of the value for the state within an additive
error of 𝜀. We consider theaboveproblems for the limit valueof stateful-discountedobjectives
and the value for parity objectives. For multi-player turn-based stochastic games, the classic
problem is the constrained existenceproblem,which, given a gameand two threshold vectors,
asks whether there exists a Nash equilibrium in which the payoff of every player lies in the
given interval. We consider the following approximate variant of this problem: given a game
that is guaranteed to have a Nash equilibrium satisfying the constraints, compute a strategy
profile that is an 𝜀-Nash equilibrium and satisfies the same constraints up to an additive
error 𝜀. The decision version of this problem is a promise problem: it asks to distinguish the
case that there is a Nash equilibrium satisfying the constraints from the case that there is not
even an 𝜀-Nash equilibrium satisfying the constraints up to 𝜀. Instances that fall outside these
two cases are considered indeterminate, and the output may be arbitrary in those cases.
Motivation. Themotivation to study the limit of the stateful-discounted objective is as fol-
lows. First, this limit generalizes the classic limit-average objectives. Second, it characterizes
the value for the parity objectives in concurrent stochastic games [4, 34], where the order
of limit corresponds to the order of importance of priorities in parity objectives. Third, the
limit value has been shown to correspond to the value for other objectives such as priority
mean-payoff for various subclasses of concurrent stochastic games [33]. The motivation to
study approximate solutions, as opposed to exact ones, is that in both settings the exact
problems are intractable, and the intractability is a consequence of the numbers involved
rather than of the combinatorial structure of the games. We elaborate on this point below.

• Values. For concurrent games, even for special classes of objectives such as reachability
and safety, values can be irrational, and the decision problem related to exact value
is SQRT− SUM hard [27]. The SQRT− SUM problem is a classic problem in computa-
tional geometry, and whether SQRT− SUM belongs to NP has been a long-standing
open problem.

• Equilibria. For multi-player games, the constrained existence problem is undecidable
when the players are allowed unboundedmemory: it is already known that checking
whether the payoff of a player can lie in a given interval is undecidable with just ten
agents [54, Theorem 4.9]. Restricting players to deterministic (pure) strategies does not
help, as theproblem remainsundecidable. When theplayers are restricted to stationary
strategies, the problem becomes decidable, but it is ∃R-complete [38], where ∃R is the
class of problems that can be reduced to the satisfiability of a formula in the existential
theoryof the reals. Moreover, for the functional versionof theproblem, theprobabilities
of the stationary strategies can be irrational [54, Theorem 4.6], even for games with
just four players. Such strategies cannot be executed in real-world scenarios, since it is
hard to simulate choosing an edge with an irrational probability.
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In addition, the relaxation of the equilibrium notion is well-motivated on its own. The
standard definition of Nash equilibrium requires that no player can improve their payoff by
any non-zero amount by unilaterally deviating from their strategy, even if the improvement is
arbitrarily small [44]. This strict notion of optimality contributes significantly to the computa-
tional complexity of decidingwhether a constrained Nash equilibrium exists. From a practical
perspective, however, it is reasonable to assume that players are unlikely to deviate from
their current strategies for only negligible gains. Hence, 𝜀-Nash equilibria are a well-studied
relaxation of the classic notion [25, 41].
Previous results for values. For a single discount factor, the limit value corresponds to
the value of the well-studiedmean-payoff or long-run average objectives [43], and, for par-
ity objectives, the computational problems admit a linear reduction to the limit value of
stateful-discounted objectives [4, 34]. The value-decision problem for concurrent stochastic
games is SQRT− SUM hard [27]: this result holds for reachability objectives, and hence also
for parity objectives and the limit value for even a single discount factor. The complexity
upper bounds for the value-approximation problem of concurrent stochastic games are as
follows: (a) EXPSPACE for the limit value of stateful-discounted objectives; and (b) PSPACE
for parity objectives [21, 22]. The above result for the limit value follows from a reduction
to the theory of reals, where the number of discount factors corresponds to the number of
quantifier alternations. For the special class of reachability objectives, the complexity upper
bound of TFNPNP for the value-approximation problem has been established in [31], where
TFNPNP is the total functional form of the second level of the polynomial hierarchy. The result
of [31] has been recently extended to limit-average objectives (which correspond to the limit
value of a single discount factor) [19]. To the best of our knowledge, the above complexity
upper bounds are the best bounds for the limit value of general stateful-discounted objectives
and parity objectives. The best-known algorithms for the value-approximation problem are
as follows: (a) double exponential time for the limit value of stateful-discounted objectives;
and (b) exponential time for parity objectives, where the exponent is a product that depends
at least linearly on the number of states and actions [21, 22] (see Chapter 3 for further details).
While iterative approaches are desirable, they neither exist for parity objectives nor guarantee
efficiency even in special cases. For example, for reachability and safety objectives, itera-
tive approaches like value-iteration or strategy-iteration have a double-exponential lower
bound [35]; and, for parity objectives, iterative approaches like strategy iteration are not
known, as strategies require infinite memory [2].
Previous results for equilibria. The constrained existence problem of Nash equilibria in
multi-player turn-based stochastic games is undecidable for general strategies [54, Theo-
rem 4.9], and, for stationary strategies, it is NP-hard [54, Theorem 4.4] andwas later shown to
be ∃R-complete [38]. The ∃R-completeness result requires seven players. For approximate
solutions, the work of Deligkas, Fearnley, Melissourgos, and Spirakis [26] observed that the
class 𝜀-∃R, which captures the complexity of deciding whether approximate solutions exist
to systems of real-valued constraints, is polynomial-time reducible to the class ∃R itself.
This equivalence in the complexity of ∃R and of its approximate version hinges on the fact
that solutions to such existential theory of the reals problems can involve values that are
double-exponentially large. To address this, they identified a restricted fragment of ∃R for
which 𝜀-approximate solutions can be computed by a quasi-polynomial time approximation
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scheme. In a related direction, Bose, Ibsen-Jensen, and Totzke [19] studied 𝜀-Nash equilibria
in concurrent and partial-observation settings, also using approximation-based techniques.
Their work differs from ours in two key ways. First, they do not address the constrained exis-
tence problem for 𝜀-Nash equilibria; the unconstrained variant of the problem is significantly
easier in terms of computational complexity. Second, they assume that the number of players
is fixed, whereas in our setting the number of players is part of the input. To the best of our
knowledge, the results of this thesis are the first analysis of constrained 𝜀-Nash equilibria in
multi-player gameswhere the number of players is not fixed. Finally, the approximation tech-
niques that we use have appeared in various forms in the literature, particularly in the context
of approximating values in concurrent games. Frederiksen and Miltersen [31] introduced
floating-point approximation methods to compute the values of concurrent reachability
games up to arbitrary precision, and placed the problem in the complexity class TFNPNP. For
that class of games, however, no hardness results such as the NP-hardness we establish here
were previously known.
Our contributions. In this thesis, our main contributions are as follows. For the value-
approximation problem in concurrent stochastic games: (a) we establish TFNPNP upper
bounds, both for the limit value of stateful-discounted objectives and for parity objectives;
and (b) we present algorithms which are exponential time and improve the dependency on
the number of actions in the exponent from linear to logarithmic. In particular, if the number
of states is constant, our algorithms run in polynomial time. The comparison of previous
results and our results is summarized in Tables 1.1 and 1.2. For the approximate constrained
existence problem of Nash equilibria in multi-player turn-based stochastic games: (a) we
present an FNPNP algorithm for the functional problem, which implies an NPNP upper bound
for its decision version; (b)weestablish that thedecision version isNP-hard, already for games
with two players; and (c) we present a game with five players in which every constrained
Nash equilibrium requires double-exponentially small probabilities, which shows a limit of
the techniques we use. The comparison of previous results and our results is summarized in
Table 1.3.

Complexity
Previous Ours

Limit EXPSPACE
(Theory of reals) TFNPNP

Parity PSPACE (Theorem 3.2-Item 1, Theorem 3.3-Item 1)
[21, 22]

Table 1.1: Complexity upper bounds of the value-approximation in concurrent stochastic games for the limit value of stateful-discounted
objectives and parity objectives.

Technical contributions. Our main technical contributions are as follows. For the value-
approximation problem, we first present a bound on the roots of multi-variate polynomials
with integer coefficients (Section 4.2). Given the bounds on roots of polynomials, we es-
tablish new characterizations for the limit and stateful-discounted values (Section 4.3 and
Section 4.4), which lead to an approximation of the limit value by the stateful-discounted
value when the discount factors are double-exponentially small (Section 4.5). Given this con-
nection, we establish the improved complexities and algorithms for the value-approximation
for the limit value of stateful-discounted objectives and parity objectives in Chapter 5 and
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Algorithms
Previous Ours

Limit exp
(︀
𝒪(2𝑑𝑚2𝑛+ log(1/𝜀) + log(B))

)︀
exp

(︃
𝒪
(︃
𝑛𝑑 log(𝑚) + log(B)

+ log(log(1/𝜀))

)︃)︃
(Theorem 3.2-Item 2,
Theorem 3.3-Item 2)

(Theory of reals)

Parity
exp

(︃
𝒪
(︃
𝑚𝑛+ 𝑑 log(𝑛) + log(B)

+ log(log(1/𝜀))

)︃)︃
[21, 22]

Table 1.2: Algorithmic upper bounds of the value-approximation in concurrent stochastic games for the limit value of stateful-discounted
objectives and parity objectives, where 𝑛 is the number of states,𝑚 is the number of actions, 𝑑 is the number of discount factors/parity
index, B is the bit-size of numbers in the input, 𝜀 is the additive error, and exp is the exponential function.

Upper bound Lower bound

Exact ∃R ∃R-hard
[38] [38] (7 players)

Approximate FNPNP, NPNP NP-hard
(Theorem 3.5) (Theorem 3.6, 2 players)

Table 1.3: Complexity of the constrained existence problem of Nash equilibria in multi-player turn-based stochastic games, where the
players are restricted to stationary strategies. The approximate problem asks for an 𝜀-Nash equilibrium that satisfies the constraints up to
an additive error 𝜀, under the promise that an exact constrained Nash equilibrium exists.

Chapter 6. For the approximate constrained existence problem of Nash equilibria, our ap-
proach relies on showing that if a constrained stationary equilibrium exists, then there is one
in which the probability values used in the strategies are not too small—specifically, they are
lower-bounded by the inverse of a doubly exponential function of the input size (Section 7.1).
This structural property is established by an explicit encoding of the problem in the exis-
tential theory of the reals, along with the bounds on the solutions of systems of polynomial
inequalities of Basu, Pollack, and Roy [18], in the spirit of the work of Hansen, Koucký, and
Miltersen on zero-sum concurrent reachability games [37]. This bound alone is insufficient,
because representing such tiny probabilities explicitly requires exponentially many bits in
fixed-point representation. Hence, we show that if a constrained Nash equilibrium exists,
then there is also an 𝜀-Nash equilibrium that can be encoded with floating-point numbers of
polynomial size (Section 7.2), and we present a coNP procedure that verifies that no player
has a profitable deviation (Section 7.3).
A common toolkit. Although the two solution concepts we study are different, the technical
approach that leads to the improved complexity bounds is common to both parts of the
thesis, and consists of the following three ingredients.

• Bounds from real algebraic geometry. In both settings, the numbers that arise in a
solution can be doubly exponentially small, and in both settings the required bounds
are obtained bywriting the problem as a systemof polynomial inequalities with integer
coefficients. For values, we require a new bound on the region around the origin where
a multi-variate polynomial cannot vanish (Lemma 4.4); for equilibria, we require the
bound of [18] on the radius of a ball that intersects every cell of the partition induced
by a set of polynomials (Lemma 2.8).

• Floating-point representation. Since the numbers involved are doubly exponentially
small, the fixed-point representation requires exponentially many bits, and hence it
does not lead to polynomial-size certificates. In both parts, we use the floating-point
representation of numbers and probability distributions, along with the continuity of
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the value of Markov chains with respect to the relative distance of the transition proba-
bilities [50], to establish that approximate solutions admit polynomial-size certificates
(Section 2.6).

• Guess-and-verify with an NP oracle. In both parts, the approximate solution is obtained
by guessing a polynomial-size certificate and verifying it, where the verification re-
quires the resolution of single-player games, i.e., Markov decision processes, whose
transition probabilities are represented in floating point. This resolution is achieved by
an oracle call to NP, which places the value-approximation problem in TFNPNP and the
approximate constrained existence problem in FNPNP.

Organization of the thesis. The rest of this thesis is organized as follows. In Chapter 2, we
present the definitions of the twomodels of stochastic games, the objectives, the solution
concepts, the computational problems, and the selected results from the literature that both
parts of the thesis rely on. In Chapter 3, we present the previous results and the formal
statements of our results. The two parts of the thesis are then dedicated to the proofs of these
results. The first part considers the value-approximation problem for concurrent stochastic
games: in Chapter 4, we establish the mathematical properties of the stateful-discounted
and limit values; in Chapter 5, we present the algorithms; and in Chapter 6, we establish the
TFNPNP upper bounds. The second part considers the approximate constrained existence
problem of Nash equilibria: in Chapter 7, we present the FNPNP algorithm; in Chapter 8, we
present the game with five players that requires double-exponentially small probabilities;
and in Chapter 9, we establish the NP-hardness of the decision version. Finally, in Chapter 10,
we conclude with a discussion of open problems.
Publications. This thesis is based on the following two publications. The results of the first
part appeared in the work of Asadi, Chatterjee, Saona, and Svoboda [12], and the results of
the second part are based on the work of Asadi, Brice, Chatterjee, and Thejaswini [10]; an
extended preprint is available as [11].
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Chapter 2

Preliminaries

We present the definitions and the results from the literature that are used throughout the
thesis. The chapter is organized as follows. In Section 2.1, we present basic notations. In
Section 2.2, we present concurrent stochastic games, which is the model of the first part of
the thesis, along with the objectives, the strategies, and the values. In Section 2.3, we present
multi-player turn-based stochastic graph games, which is the model of the second part of
the thesis, along with the notions of Nash equilibria. In Section 2.4, we present the computa-
tional problems we consider and the relevant complexity classes. Finally, in Section 2.5 and
Section 2.6, we present the selected results from the literature on real algebraic geometry
and on the floating-point representation of numbers, which both parts of the thesis rely on.

2.1 Basic Notations

Sets and distributions. Given a finite set𝒳 , a probability distribution over𝒳 is a function
d : 𝒳 → [0, 1] such that

∑︀
𝑥∈𝒳 d(𝑥) = 1. The set of all probability distributions over 𝒳 is

denoted byΔ(𝒳 ). For d ∈ Δ(𝒳 ), the support of d is defined as supp(d) := {𝑥 | d(𝑥) > 0}.
For a positive integer 𝑘, the set of positive integers smaller than or equal to 𝑘 is defined as
[𝑘] := {1, . . . , 𝑘}. Given a real 𝑥, we denote 2𝑥 by exp(𝑥).
Numbers and their representation. Integers are always implicitly assumed to be rep-
resented in binary. Given a positive integer 𝑘, we define bit(𝑘) := ⌈log2(𝑘 + 1)⌉, which
is the number of bits required to write 𝑘. For a rational 𝑘1/𝑘2, we define bit(𝑘1/𝑘2) :=
bit(𝑘1) + bit(𝑘2). Given a real 𝑥, the sign function is

sign(𝑥) =

⎧⎪⎨⎪⎩
−1 if 𝑥 < 0,

0 if 𝑥 = 0,

1 if 𝑥 > 0.

Moreover, we use the classic arithmetic with infinity, i.e., 𝑥 +∞ = ∞ and 𝑥 −∞ = −∞.
Throughout the thesis, we denote by B the bit-size of the numbers that appear in the input.
Graphs. A directed graph (𝑉,𝐸) consists of a set 𝑉 of vertices and a set𝐸 of ordered pairs of
vertices, called edges. For simplicity, we often write 𝑢𝑣 for an edge (𝑢, 𝑣) ∈ 𝐸. For a vertex 𝑢,
we denote by𝐸(𝑢) := 𝐸 ∩ ({𝑢} × 𝑉 ) the set of outgoing edges of 𝑢, and, for a set𝑋 ⊆ 𝑉 of
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vertices, we denote by𝐸(𝑋) :=
⋃︀

𝑢∈𝑋 𝐸(𝑢). A path in the directed graph (𝑉,𝐸) is a (finite or
infinite) sequence of vertices from 𝑉 such that every pair of two consecutive elements is an
edge. A cycle is a path with distinct vertices such that the last element of the sequence and
the first one also form an edge.
Probability spaces. Given a (finite or infinite) set of outcomesΩ and a probability measure
P overΩ, let𝑋 be a random variable overΩ, i.e., a mapping𝑋 : Ω→ R. We writeEP[𝑋], or
simply E[𝑋], for the expected value of𝑋 , when it is defined.

2.2 Concurrent Stochastic Games
In this section, we present the model of the first part of the thesis, and follow the standard
definitions related to concurrent stochastic games.
Concurrent stochastic games. A concurrent stochastic game (CSG) is a two-player finite
game𝐺 = (𝒮,𝒜,ℬ, 𝛿) consisting of

• the set of states 𝒮 , of size 𝑛;

• the sets of actions for each player𝒜 and ℬ, with at most𝑚 actions; and

• the stochastic transition function 𝛿 : 𝒮 ×𝒜× ℬ → Δ(𝒮).

Steps. Given an initial state 𝑠 ∈ 𝒮 , the game proceeds as follows. In each step, both players
choose an action simultaneously, 𝑎 ∈ 𝒜 and 𝑏 ∈ ℬ. Based on both actions (𝑎, 𝑏) and current
state 𝑠, the next state is drawn according to the probability distribution 𝛿(𝑠, 𝑎, 𝑏).
Histories and plays. At step 𝑘 of a CSG, each player possesses information in the form of
the finite sequence of the states visited and the actions chosen by both players. A 𝑘-history
𝜔(𝑘) = ⟨𝑠0, 𝑎0, 𝑏0, 𝑠1, 𝑎1, 𝑏1, . . . , 𝑠𝑘⟩ is a finite sequence of states and actions such that, for
all steps 0 ≤ 𝑡 < 𝑘, we have 𝑠𝑡+1 ∈ supp(𝛿(𝑠𝑡, 𝑎𝑡, 𝑏𝑡)). The set of all 𝑘-histories is denoted
by Ω(𝑘). Similarly, a play 𝜔 = ⟨𝑠0, 𝑎0, 𝑏0, 𝑠1, 𝑎1, 𝑏1, . . .⟩ is an infinite sequence of states and
actions such that, for all steps 𝑡 ≥ 0, we have 𝑠𝑡+1 ∈ supp(𝛿(𝑠𝑡, 𝑎𝑡, 𝑏𝑡)). The set of all plays is
denoted byΩ. For any state 𝑠, the set of all plays starting at 𝑠, i.e., 𝜔 = ⟨𝑠0, 𝑎0, 𝑏0, . . .⟩where
𝑠0 = 𝑠, is denoted byΩ𝑠.
Objectives. An objective is a measurable function that assigns a real number to all plays.
Player 1 aims tomaximize the expectation of the objective, while Player 2 minimizes it. We
consider the following objectives.

• Parity objective. Given a priority function 𝑝 : 𝒮 → {0, . . . , 𝑑} with 𝑑 as its index, the
parity objective is an indicator of the even parity condition onminimal priority visited
infinitely often in plays. More formally, we define Parity𝑝 : Ω→ {0, 1} as

Parity𝑝(𝜔) :=

{︃
1 min{𝑝(𝑠) | ∀𝑖 ≥ 0 ∃𝑗 ≥ 𝑖 𝑠𝑗 = 𝑠} is even
0 otherwise
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• Stateful-discounted objective. Consider 𝑑 discount factors 𝜆1, · · · , 𝜆𝑑 ∈ (0, 1].
Given an assignment function 𝜒 : 𝒮 → [𝑑], we define the discount function
Λ: 𝒮 → {𝜆1, · · · , 𝜆𝑑} as Λ(𝑠) := 𝜆𝜒(𝑠) for all states 𝑠 ∈ 𝒮. Given a reward function
𝑟 : 𝒮 ×𝒜×ℬ → [0, 1] that assigns a reward value 𝑟(𝑠, 𝑎, 𝑏) for all (𝑠, 𝑎, 𝑏), the stateful-
discounted objective DiscΛ : Ω→ [0, 1] is defined as, for all 𝜔 = ⟨𝑠0, 𝑎0, 𝑏0, · · · ⟩,

DiscΛ(𝜔) :=
∑︁
𝑖≥0

(︃
𝑟(𝑠𝑖, 𝑎𝑖, 𝑏𝑖)Λ(𝑠𝑖)

∏︁
𝑗<𝑖

(1− Λ(𝑠𝑗))

)︃
.

Strategies. A strategy is a function that assigns a probability distribution over actions to every
finite history and is denoted by 𝜎 :

⋃︀
𝑘 Ω

(𝑘) → Δ(𝒜) for Player 1 (resp. 𝜏 :
⋃︀

𝑘 Ω
(𝑘) → Δ(ℬ)

for Player 2). Given strategies 𝜎 and 𝜏 , the game proceeds as follows. At step 𝑘, the current
history is some 𝜔(𝑘) ∈ Ω(𝑘). Player 1 (resp. Player 2) chooses an action according to the
distribution 𝜎

(︀
𝜔(𝑘)

)︀
(resp. 𝜏

(︀
𝜔(𝑘)

)︀
). The set of all strategies for Player 1 and Player 2 is

denoted by Σ and Γ respectively. A stationary strategy depends on the past observations
only through the current state. A stationary strategy for Player 1 (resp. Player 2) is denoted
by 𝜎 : 𝒮 → Δ(𝒜) (resp. 𝜏 : 𝒮 → Δ(ℬ)). The set of all stationary strategies for Player 1 and
Player 2 is denoted byΣ𝑆 and Γ𝑆 respectively. A pure stationary strategy 𝜎 : 𝒮 → 𝒜 (resp.
𝜏 : 𝒮 → ℬ) for Player 1 (resp. Player 2) is a stationary strategy thatmaps to Dirac distributions
only. The set of all pure stationary strategies for Player 1 and Player 2 is denoted byΣ𝑃𝑆 and
Γ𝑃𝑆 respectively.
Probability space. An initial state 𝑠 and a pair of strategies (𝜎, 𝜏 ) induce a unique probability
overΩ𝑠, endowed with the sigma-algebra generated by the cylinders corresponding to finite
histories. We denote by P𝜎,𝜏

𝑠 andE𝜎,𝜏
𝑠 the probability and the expectation respectively.

We state the determinacy for CSGs with stateful-discounted and parity objectives.

Theorem 2.1 (Parity determinacy [42]). For all CSGs, states 𝑠, and priority functions 𝑝,

sup
𝜎∈Σ

inf
𝜏∈Γ

E𝜎,𝜏
𝑠 [Parity𝑝] = inf

𝜏∈Γ
sup
𝜎∈Σ

E𝜎,𝜏
𝑠 [Parity𝑝] .

Theorem 2.2 (Stateful-discounted determinacy [47]). For all CSGs, states 𝑠, reward functions,
and discount functionsΛ, we have

sup
𝜎∈Σ𝑆

inf
𝜏∈Γ𝑆

E𝜎,𝜏
𝑠 [DiscΛ] = inf

𝜏∈Γ𝑆
sup
𝜎∈Σ𝑆

E𝜎,𝜏
𝑠 [DiscΛ] .

Values. The above determinacy results imply that switching the quantification order of
strategies does not make a difference and leads to the unique notion of value. The stateful-
discounted value for a state 𝑠 is defined as

valΛ(𝑠) := sup
𝜎∈Σ𝑆

inf
𝜏∈Γ𝑆

E𝜎,𝜏
𝑠 [DiscΛ] .

We define the parity value val𝑝(𝑠) for a state 𝑠 analogously. The limit value for a state 𝑠 is
defined as

val𝜒(𝑠) := lim
𝜆1→0+

· · · lim
𝜆𝑑→0+

valΛ(𝑠) .
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𝜀-optimal strategies. Given 𝜀 ≥ 0, a strategy 𝜎 for Player 1 is 𝜀-optimal for the stateful-
discounted objective if, for all states 𝑠 ∈ 𝒮 , we have

inf
𝜏∈Γ𝑆

E𝜎,𝜏
𝑠 [DiscΛ] ≥ valΛ(𝑠)− 𝜀 .

We say the strategy is optimal if 𝜀 = 0. The notion of 𝜀-optimal strategies for Player 2 is
defined analogously. Similarly, we define 𝜀-optimal strategies for the parity objectives.
Markov decision processes and Markov chains. For 𝑖 ∈ {1, 2}, a Player-𝑖Markov decision
process (Player-𝑖MDP) is a special class of CSGs where the other player has only one action
and is denoted byP = (𝒮,𝒜, 𝛿 : 𝒮 ×𝒜 → Δ(𝒮)). A Markov chain (MC) is a special class of
MDPs where both players have only one action and is denoted by C = (𝒮, 𝛿 : 𝒮 → Δ(𝒮)). In
Markov chains we write 𝛿(𝑠, 𝑠′) to denote 𝛿(𝑠)(𝑠′).
Absorbing MCs. We say an MC C is absorbing if there exists a subset of absorbing states
𝒮0 ⊆ 𝒮 such that

• for all 𝑠 ∈ 𝒮0, we have 𝛿(𝑠, 𝑠) = 1; and

• for all 𝑠0 ∈ 𝒮 ∖ 𝒮0, there exist states 𝑠1, . . . , 𝑠𝑘 such that 𝛿(𝑠𝑖, 𝑠𝑖+1) > 0 and 𝑠𝑘 ∈ 𝒮0.

States in 𝒮0 are called absorbing.
MDPs andMCs given stationary strategies in CSGs. Given a stationary strategy 𝜎 for Player 1
in a game𝐺, by fixing the strategy 𝜎, we obtain a Player-2 MDP𝐺𝜎 = (𝒮,ℬ, 𝛿𝜎)where the
transition function 𝛿𝜎 : 𝒮 × ℬ → Δ(𝒮) is given by

𝛿𝜎(𝑠, 𝑏)(𝑠
′) :=

∑︁
𝑎∈𝒜

𝛿(𝑠, 𝑎, 𝑏)(𝑠′) · 𝜎(𝑠)(𝑎) ,

for all 𝑠, 𝑠′ ∈ 𝒮 and 𝑏 ∈ ℬ. Analogously, we obtain a Player-1 MDP𝐺𝜏 by fixing a stationary
strategy 𝜏 for Player 2. Moreover, by fixing stationary strategies 𝜎 and 𝜏 for both players, we
obtain an MC𝐺𝜎,𝜏 = (𝒮, 𝛿𝜎,𝜏 ), where the transition function 𝛿𝜎,𝜏 : 𝒮 → Δ(𝒮) is given by

𝛿𝜎,𝜏 (𝑠)(𝑠
′) =

∑︁
𝑎∈𝒜

∑︁
𝑏∈ℬ

𝛿(𝑠, 𝑎, 𝑏)(𝑠′) · 𝜎(𝑠)(𝑎) · 𝜏(𝑠)(𝑏) ,

for all 𝑠, 𝑠′ ∈ 𝒮 .
Reachability objectives in MCs. Given an MC C and a target set 𝑇 ⊆ 𝒮, the reachability
objective is the indicator function of plays eventually reaching 𝑇 . More formally, for a play
𝜔 = ⟨𝑠0, 𝑠1, · · · ⟩, we define Reach𝑇 : Ω→ {0, 1} as

Reach𝑇 (𝜔) :=

{︃
1 ∃𝑖 ≥ 0 𝑠𝑖 ∈ 𝑇

0 otherwise

We define the probability of reaching the target set 𝑇 from state 𝑠 as val𝑇 (𝑠) := E𝑠[Reach𝑇 ].

12



2.3 Multi-player Turn-based Stochastic Graph Games
In this section, we present the model of the second part of the thesis. In contrast to the
previous section, the games are turn-based, the number of players is arbitrary, and every
player has their own payoff, and hence the games are not zero-sum. Throughout the thesis,
we use the word game for multi-player simple quantitative turn-based games played on
graphs.

Definition 2.3 (Game). A game is a tuple 𝒢 that consists of:

• a directed graph (𝑉,𝐸), called the underlying graph of 𝒢, where the number of vertices
is denoted by 𝑛;

• a finite setΠ of players;

• a partition (𝑉𝑖)𝑖∈Π∪{?} of the set 𝑉 , where 𝑉𝑖 denotes the set of vertices controlled by
player 𝑖, and the vertices in 𝑉? are called stochastic vertices;

• a probability function p : 𝐸(𝑉?) → [0, 1], such that for each stochastic vertex 𝑣, the
restriction of p to𝐸(𝑣) is a probability distribution;

• amapping 𝜇 : 𝑇 → [0, 1]Π called payoff function, where 𝑇 is the set of terminal vertices,
that is, vertices of the graph (𝑉,𝐸) that have no outgoing edges. We also write 𝜇𝑖, for
each player 𝑖, for the function that maps a terminal vertex 𝑡 to the 𝑖th coordinate of the
tuple 𝜇(𝑡); and

• a vertex 𝑣0 ∈ 𝑉 , which is the initial vertex of the game.

When referring to a game 𝒢, we will often use the notations 𝑉 for vertices,𝐸 for edges,Π
for players, and so on without necessarily recalling them.

Definition 2.4 (Markov decision process, Markov chain). AMarkov decision process is a game
with one player. AMarkov chain is a game with zero players.

Note that the above notions coincide with the ones of Section 2.2, where the states of the
MDP (resp. of the MC) are the vertices of the game, and the terminal vertices are absorbing.
Plays. We call play a path in the underlying graph that is infinite, or whose last vertex is a
terminal vertex. Thepayoff functions𝜇and𝜇𝑖, definedonly for terminal vertices, are extended
naturally to plays as follows: for a play of the form ℎ𝑡, with 𝑡 ∈ 𝑇 , we define 𝜇(ℎ𝑡) = 𝜇(𝑡),
and for an infinite play 𝜋, we define 𝜇(𝜋) = (0)𝑖∈Π, i.e., all players receive the payoff 0 in an
infinite path where no terminal vertex is reached.
Strategies and strategy profiles. In the second part of the thesis, by strategy, we always
mean a stationary strategy, that is, a strategy that only depends on the current vertex. Thus, in
a game 𝒢, a strategy for player 𝑖 is a mapping 𝜎𝑖 that maps each vertex 𝑣 ∈ 𝑉𝑖 to a probability
distribution over the successors of 𝑣. A strategy profile for a subset 𝑃 ⊆ Π is a tuple (𝜎𝑖)𝑖∈𝑃 ,
that we usually write 𝜎̄ if 𝑃 = Π, and 𝜎̄−𝑖 if 𝑃 = Π ∖ {𝑖} for some player 𝑖. We then write
(𝜎̄−𝑖, 𝜎

′
𝑖) to denote the strategy profile 𝜏 defined by 𝜏𝑖 = 𝜎′

𝑖 and 𝜏𝑗 = 𝜎𝑗 for 𝑗 ̸= 𝑖.
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A strategy profile 𝜎̄ for all players in the game 𝒢 defines a probability measure P𝜎̄ over
plays, which turns the payoff functions 𝜇𝑖 into random variables. We then writeE(𝜎̄) for the
expectation operator EP𝜎̄ . If the game is a Markov chain, then we just write E to represent
this value. We say themaximum payoff of an MDP is themaximum of all expectations over all
stationary strategies, and write val := max𝜎 E(𝜎) to denote it.
Equilibria. In such games, we study equilibria, that is, strategy profiles that offer some
stability guarantees. The most famous notion of equilibrium is the Nash equilibrium [44].

Definition 2.5 (Nash equilibrium). A Nash equilibrium, or NE for short, in the game 𝒢 is a
strategy profile 𝜎̄ such that for each player 𝑖 and every strategy 𝜎′

𝑖, we have

E(𝜎̄−𝑖, 𝜎
′
𝑖)[𝜇𝑖] ≤ E(𝜎̄)[𝜇𝑖] .

A classical quantitative relaxation of Nash equilibria is that of 𝜀-approximate Nash equi-
libria, or just 𝜀-Nash equilibria.

Definition 2.6 (𝜀-Nash equilibrium). Let 𝜀 > 0. An 𝜀-Nash equilibrium, or 𝜀-NE for short, in
the game 𝒢 is a strategy profile 𝜎̄ such that for each player 𝑖 and every strategy 𝜎′

𝑖, we have
E(𝜎̄−𝑖, 𝜎

′
𝑖)[𝜇𝑖]− 𝜀 ≤ E(𝜎̄)[𝜇𝑖].

2.4 Computational Problems and Complexity Classes
In this section, we present the computational problems that we consider in this thesis. In
both parts, the problems ask for an approximation of a solution within an additive error 𝜀,
and, in both parts, the complexity upper bounds we establish are in the second level of the
functional polynomial hierarchy.
Value-approximation problems. The computational problems of the first part of the thesis
are the approximation of the limit value of stateful-discounted objectives and of the value of
parity objectives in CSGs.

LIMITVALUE. Consider a CSG𝐺, a state 𝑠, a reward function 𝑟, an assignment function
𝜒 : 𝒮 → [𝑑], and an additive error 𝜀. The transition function 𝛿 and the reward function 𝑟
are represented by rational numbers using at most B bits. Compute an approximation
𝑣 of the limit value at state 𝑠 such that

|𝑣 − val𝜒(𝑠)| ≤ 𝜀 .

PARITYVALUE. Consider a CSG𝐺, a state 𝑠, a priority function 𝑝 with index 𝑑, and an
additive error 𝜀. The transition function 𝛿 is represented by rational numbers using at
most B bits. Compute an approximation 𝑣 of the parity value at state 𝑠 such that

|𝑣 − val𝑝(𝑠)| ≤ 𝜀 .
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Constrained existence problems. The computational problem of the second part of the
thesis is the approximate variant of the following classic decision problem about Nash equi-
libria.

CONSTRAINEDNE. Given a game 𝒢 and two vectors 𝑥̄, 𝑦 ∈ QΠ, called threshold vectors,
does there exist an NE 𝜎̄ in 𝒢 that satisfies the inequality 𝑥̄ ≤ E(𝜎̄)[𝜇] ≤ 𝑦?

TheCONSTRAINEDNEproblem isundecidable if theplayers areallowed tousememory [54],
which is excluded by our formalism here. Where the players are restricted to stationary
strategies—as in our definition—this problem is ∃R-complete [38]. In order to obtain a more
tractable problem, we consider here an approximate version defined using the notion of
𝜀-NEs: we wish to obtain, for sure, the answer yeswhen an NE satisfying the constraint exists,
and to obtain, for sure, the answer nowhen we are far from having such an NE, because there
is not even an 𝜀-NE that satisfies the constraint up to 𝜀—but in the limit case, we can accept
any answer. Formally, we want an algorithm that solves the following problem.

APPROXCONSTRAINEDNE.Given a game𝒢, two vectors 𝑥̄, 𝑦 ∈ QΠ, and a rational number
𝜀 > 0 input using fixed-point representation, such that either:

1. there is an NE 𝜎̄ in 𝒢 with 𝑥𝑖 ≤ E(𝜎̄) [𝜇𝑖] ≤ 𝑦𝑖 for each player 𝑖; or

2. there is no 𝜀-NE 𝜎̄ in 𝒢 satisfying 𝑥𝑖 − 𝜀 ≤ E(𝜎̄) [𝜇𝑖] ≤ 𝑦𝑖 + 𝜀 for each player 𝑖;

holds, then are we in case 1?

We call functional APPROXCONSTRAINEDNE problem the functional version of this problem,
in which the answer yes is replaced by a succinct representation of an 𝜀-NE that satisfies
the constraint up to 𝜀. In the sequel, we show an FNPNP upper bound on this functional
problem, which implies an NPNP upper bound on the non-functional one; and an NP lower
bound on the non-functional approximate problem, which implies an FNP lower bound on
the functional one.
Complexity classes. We recall the complexity classes that we use. The class FNP is the
class of search problems whose solutions can be verified in polynomial time, and TFNP is
the subclass of FNP consisting of the total search problems, i.e., the problems for which a
solution is guaranteed to exist for every input. For a class 𝒞 of search problems, we denote
by 𝒞NP the class of problems that are solvable in 𝒞 with access to an NP oracle. The class
TFNPNP, which is also written TFNP[NP] in the literature, is the total functional form of the
second level of the polynomial hierarchy. The value-approximation problems of the first part
are total: for every input, an approximation of the value exists, and hence the relevant class is
TFNPNP. In contrast, the APPROXCONSTRAINEDNE problem is a promise problem: the output
is required to be correct only on the inputs that satisfy the promise, and hence the relevant
class is FNPNP. Finally, ∃R is the class of problems that can be reduced in polynomial time to
the satisfiability of a sentence in the existential theory of the reals, which we define in the
next section.
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2.5 The Existential Theory of the Reals
Both parts of the thesis rely on the encoding of the problemat hand as a systemof polynomial
inequalities with integer coefficients, and on quantitative bounds on the solutions of such
systems. In this section, we present the relevant definitions and the two results from real
algebraic geometry that we use.
Sentences in the theory of the reals. A sentence in the existential theory of the reals is of
the form

𝜙 = ∃𝑥1 ∃𝑥2 · · · ∃𝑥𝑘 𝐹 (𝑥1, . . . , 𝑥𝑘) ,

where 𝐹 (𝑥1, . . . , 𝑥𝑘) is a quantifier-free formula in the language of ordered fields over the
realsR. More concretely, atomic sub-formulas are

𝑃 (𝑥1, . . . , 𝑥𝑘) = 0 or 𝑃 (𝑥1, . . . , 𝑥𝑘) < 0 ,

where 𝑃 ∈ R[𝑥1, . . . , 𝑥𝑘] is a polynomial overR, and arbitrary formulas are built by Boolean
connectives. More generally, we consider sentences with several blocks of alternating quan-
tifiers, as in Theorem 2.7 below.

The following result is a specialization of Theorem 1 of [16], and is the basic algorithmic
tool for the resolution of such sentences.

Theorem2.7 ([16]). Consider ℓ variables𝑥1, · · · , 𝑥ℓ andaset of polynomials𝒫 = {𝑃1, · · · , 𝑃𝑘}
such that, for all 𝑖 ∈ [𝑘], the polynomial 𝑃𝑖 is a polynomial in 𝑥1, · · · , 𝑥ℓ of degree at most𝐷,
with integer coefficients of bit-size at most B. Let𝑋1, · · · , 𝑋𝑑 be a partition of the variables
into 𝑑 subsets such that𝑋𝑖 has size ℓ𝑖. Let

Φ = (𝑄𝑑𝑋𝑑) · · · (𝑄1𝑋1) 𝜙(𝑃1, · · · , 𝑃𝑘)

be a sentence with 𝑑 alternating quantifiers, i.e., 𝑄𝑖 ∈ {∃,∀} and 𝑄𝑖+1 ̸= 𝑄𝑖, where
𝜙(𝑃1, · · · , 𝑃𝑘) is a quantifier-free formula whose atomic formulas are of the form 𝑃𝑖 ◁▷ 0with
◁▷∈ {<,>,=}. Then, there exists an algorithm to decide the truth ofΦ in time

𝑘
∏︀

𝑖 𝒪(ℓ𝑖+1) ·𝐷
∏︀

𝑖 𝒪(ℓ𝑖) · 𝒪(len(𝜙)B2) ,

where len(𝜙) is the length of the quantifier-free formula 𝜙.

Along with the above algorithmic result, the following complexity result also follows
from [16]: if there is a constant number of quantifier alternations, then the complexity is
PSPACE, and in general the complexity is EXPSPACE.

We now present the second result, which bounds the magnitude of the solutions of a
system of polynomial inequalities. Before we state the result, we recall that a partition of
semi-algebraic subsets of R𝑘 generated by a set of polynomials 𝒫 is the collection of all
nonempty sets of the form

{𝑥 ∈ R𝑘 | sign(𝑃 (𝑥)) = 𝜍(𝑃 ) for all 𝑃 ∈ 𝒫} ,
where 𝜍 : 𝒫 → {−1, 0, 1} ranges over all possible sign assignments. Intuitively, the partition
is obtained by slicing R𝑘 according to which side of each polynomial in 𝒫 a point lies on
(positive, zero, or negative). The parts of this partition are called the cells of𝒫 .

Lemma 2.8 ([18, Theorem 1.3.5]). Given a set𝒫 of polynomials of degree𝐷 in 𝑘 variables with
coefficients in Z of bit-size B, there exists a ball of radius 2B𝐷𝒪(𝑘) that intersects every cell of𝒫 .
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2.6 Floating-point Representation
The bounds of the previous section imply that the solutions of the problems we consider
involve numbers that are doubly exponentially small in the size of the input. In the fixed-point
representation, such numbers require exponentially many bits, and hence they do not yield
polynomial-size certificates. In this section, we present the floating-point representation
of numbers and of probability distributions, and we recall the results from the literature
that allow us to argue that approximate solutions admit polynomial-size certificates in this
representation. The definitions and the results of this section are used in both parts of the
thesis, and are due to the work of Frederiksen and Miltersen [31] and the work of Solan [50].
Floating-point number representation. We define the set of floating-point numbers with
precision ℓ as

ℱ(ℓ) :=
{︀
𝑤 · 2𝑒 | 𝑤 ∈ {0, · · · , 2ℓ − 1}, 𝑒 ∈ Z

}︀
.

The floating-point representation of an element 𝑥 = 𝑤 · 2𝑒 ∈ ℱ(ℓ) uses bit(𝑤) + bit(|𝑒|)
bits. In particular, a number as small as 2−2B is representable with𝒪(B) bits, whereas its
fixed-point representation requires 2B bits. We define the relative distance of two positive
real numbers 𝑥, ̃︀𝑥 as

rel(𝑥, ̃︀𝑥) := max
{︂
𝑥̃︀𝑥, ̃︀𝑥𝑥

}︂
− 1 = inf{𝛼 > 0 : 𝑥 ≤ (1 + 𝛼)̃︀𝑥, ̃︀𝑥 ≤ (1 + 𝛼)𝑥} .

We set rel(0, 0) := 0, and for non-negative 𝑥 and ̃︀𝑥, rel(𝑥, ̃︀𝑥) :=∞ if exactly one of 𝑥 and ̃︀𝑥 is
zero. Intuitively, rel(𝑥, ̃︀𝑥) describes themultiplicative distance. Observe that if two values are
close to 0, but 𝜀 apart for some small 𝜀, then their relative distance is larger than if these values
are much larger and only 𝜀 apart. We say 𝑥 is (ℓ, 𝑖)-close to ̃︀𝑥 if rel(𝑥, ̃︀𝑥) ≤ (1− 21−ℓ)−𝑖 − 1,
where ℓ is a positive integer and 𝑖 is a non-negative integer. The notion of (ℓ, 𝑖)-closeness
measures how far two numbers can differ after 𝑖 steps of rounding in an ℓ-bit floating-point
system: the parameter ℓ controls the precision, i.e., the gaps between representable numbers,
and the parameter 𝑖 allows for cumulative rounding error. Thus, 𝑥 is (ℓ, 𝑖)-close to ̃︀𝑥 if their
relative difference is within about 𝑖 · 21−ℓ, that is, within 𝑖 units of machine precision.
Arithmetic operations. We define⊕ℓ,⊖ℓ,⊗ℓ,⊘ℓ as finite precision arithmetic operations
+,−, *, / respectively by truncating the result of the exact arithmetic operation to ℓ bits. We
drop the superscript ℓ if the context is clear.
Floating-point probability distribution representation. We denote by𝒟(ℓ) the set of all
floating-point probability distributions with precision ℓ. A probability distribution d ∈ Δ([𝑡])
belongs to𝒟(ℓ) if there exists𝑤1, 𝑤2, · · · , 𝑤𝑡 ∈ ℱ(ℓ) such that

• for all 𝑖 ∈ [𝑡], we have d(𝑖) = 𝑤𝑖∑︀
𝑗∈[𝑡] 𝑤𝑗

; and

•
∑︀

𝑗∈[𝑡] 𝑤𝑗 and 1 are (ℓ, 𝑡)-close.

We define the relative distance rel for probability distributions as

rel(d,̃︀d) := max{rel(d(𝑖),̃︀d(𝑖)) : 𝑖 ∈ [𝑡]} .
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We say d is (ℓ, 𝑖)-close to ̃︀d if rel(d,̃︀d) ≤ (1− 21−ℓ)−𝑖− 1, where ℓ is a positive integer and 𝑖 is
a non-negative integer.

Belowwe recall the results from the literature related to the floating-point representation,
the approximation of probability distributions, and the values of Markov chains.

Lemma 2.9 ([31, Lemma 1]). Consider three non-negative real numbers 𝑥, 𝑦, 𝑧. If 𝑥 and 𝑦 are
(ℓ, 𝑖)-close, and 𝑦 and 𝑧 are (ℓ, 𝑗)-close, then 𝑥 and 𝑧 are (ℓ, 𝑖+ 𝑗)-close.

Lemma 2.10 ([31, Lemma 4]). Consider non-negative real numbers 𝑥, 𝑦. Let ̃︀𝑥 ∈ ℱ(ℓ) be a
number that is (ℓ, 𝑖)-close to 𝑥 and ̃︀𝑦 ∈ ℱ(ℓ) be a number that is (ℓ, 𝑗)-close to 𝑦. Then, the
following assertions hold.

1. The number ̃︀𝑥⊕ ̃︀𝑦 is (ℓ,max(𝑖, 𝑗) + 1)-close to 𝑥+ 𝑦;

2. the number ̃︀𝑥⊖ ̃︀𝑦 is (ℓ,max(𝑖, 𝑗) + 1)-close to 𝑥− 𝑦;

3. the number ̃︀𝑥⊗ ̃︀𝑦 is (ℓ, 𝑖+ 𝑗 + 1)-close to 𝑥 * 𝑦; and

4. the number ̃︀𝑥⊘ ̃︀𝑦 is (ℓ, 𝑖+ 𝑗 + 1)-close to 𝑥/𝑦.

Moreover, all arithmetic operations can be computed in polynomial time with respect to ℓ.

Lemma 2.11 ([31, Lemma 5]). Consider 𝑥1, · · · , 𝑥𝑡 ∈ ℱ(ℓ). Let d(𝑖) := 𝑥𝑖 ⊘
(︁⨁︀𝑡

𝑗=1 𝑥𝑗

)︁
. Then,

there exists ̃︀d ∈ 𝒟(ℓ) such that for all 𝑖, we have ̃︀d(𝑖) = d(𝑖)/
(︁∑︀𝑡

𝑗=1 d(𝑗)
)︁
, and d and ̃︀d are

(ℓ, 2𝑡)-close.

Lemma 2.12 ([31, Lemma 6]). Consider a probability distribution d ∈ Δ([𝑡]). Then, there exists̃︀d ∈ 𝒟(ℓ) such that d and ̃︀d are (ℓ, 2𝑡+ 2)-close.

The following result of Solan bounds the change of the reachability value of a Markov
chain in terms of the relative distance of the transition functions. It is the continuity prop-
erty that allows us to replace the exact probabilities of a solution by their floating-point
approximations.

Lemma 2.13 ([50, Thm. 6]). Consider two absorbing MCs C and ̃︀C with identical state sets
and a target set 𝑇 . We denote by val𝑇 and ̃︁val𝑇 the reachability value ofC and ̃︀C respectively.
Fix 𝜀 := max𝑠,𝑠′ rel(𝛿(𝑠, 𝑠′), ̃︀𝛿(𝑠, 𝑠′)). Then, for all states 𝑠 ∈ 𝒮 , we have

| val𝑇 (𝑠)− ̃︁val𝑇 (𝑠)| ≤ 4𝑛𝜀 .

The following corollary extends the above result from reachability objectives to objectives
that assign an arbitrary payoff in [0, 1] to the absorbing states, which is the form in which we
use it in the second part of the thesis.

Corollary 2.14. Consider two absorbing MCs C and ̃︀C with identical state sets, a set 𝒮0 of
absorbing states, andapayoff function𝜇 : 𝒮0 → [0, 1]. Wedenotebyval𝜇 and̃︁val𝜇 the expected
payoff ofC and ̃︀C respectively. Fix 𝜀 := max𝑠,𝑠′ rel(𝛿(𝑠, 𝑠′), ̃︀𝛿(𝑠, 𝑠′)). Then, for all states 𝑠 ∈ 𝒮 ,
we have

⃒⃒⃒
val𝜇(𝑠)− ̃︁val𝜇(𝑠)

⃒⃒⃒
≤ 4𝑛𝜀.
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Proof. For all 𝑧 ∈ [0, 1], we define the target set 𝑇𝑧 := {𝑠′ ∈ 𝒮0 | 𝜇(𝑠′) ≥ 𝑧}. Since the MC is
absorbing, an absorbing state is reached with probability 1, and hence, for all states 𝑠, we
have

val𝜇(𝑠) =
∫︁ 1

0

val𝑇𝑧(𝑠) 𝑑𝑧 ,

and analogously for ̃︀C . By Lemma 2.13, for all 𝑧 ∈ [0, 1], we have | val𝑇𝑧(𝑠)−̃︁val𝑇𝑧(𝑠)| ≤ 4𝑛𝜀.
Therefore, ⃒⃒⃒

val𝜇(𝑠)− ̃︁val𝜇(𝑠)
⃒⃒⃒
≤
∫︁ 1

0

⃒⃒⃒
val𝑇𝑧(𝑠)− ̃︁val𝑇𝑧(𝑠)

⃒⃒⃒
𝑑𝑧 ≤ 4𝑛𝜀 ,

which yields the result.

Finally, we recall that the reachability value of a Markov chain whose transition function
is represented in floating point can be approximated in polynomial time.

Lemma 2.15 ([31, Thm. 4]). Consider an absorbing MC C and a target set 𝑇 . For all 𝑠 ∈ 𝒮 , we
have 𝛿(𝑠) ∈ 𝒟(ℓ)where ℓ ≥ 1000𝑛2. Then, there exists a polynomial-time algorithm that for
all states 𝑠 ∈ 𝒮 , computes an approximation 𝑣 ∈ ℱ(ℓ) for the reachability value such that

|𝑣 − val𝑇 (𝑠)| ≤ 80𝑛42−ℓ .

Analogously to Corollary 2.14, we extend the above result from reachability objectives to
payoffs on the absorbing states.

Corollary 2.16. Consider anabsorbingMCC , a set𝒮0 of absorbing states, andapayoff function
𝜇 : 𝒮0 → [0, 1]. For all 𝑠 ∈ 𝒮 , we have 𝛿(𝑠) ∈ 𝒟(ℓ), and, for all 𝑠 ∈ 𝒮0, we have 𝜇(𝑠) ∈ ℱ(ℓ),
where ℓ ≥ 1000𝑛2. Then, there exists a polynomial-time algorithm that for all states 𝑠 ∈ 𝒮 ,
computes an approximation 𝑣 of the expected payoff val𝜇(𝑠) such that

|𝑣 − val𝜇(𝑠)| ≤ 128𝑛42−ℓ .

Proof. We construct an MCC1 fromC with a reachability objective and two additional ab-
sorbing states⊤ and⊥, so the set of states is𝒮1 := 𝒮∪{⊤,⊥}, and the target set is𝑇 := {⊤}.
The transition function 𝛿1 is defined as 𝛿1(𝑠) := 𝛿(𝑠) for all states 𝑠 ∈ 𝒮 ∖ 𝒮0, and, for all
𝑠 ∈ 𝒮0, we have

𝛿1(𝑠,⊤) := 𝜇(𝑠), 𝛿1(𝑠,⊥) := 1− 𝜇(𝑠) .

Note thatC1 is absorbing, and that, since inC an absorbing state is reachedwith probability 1,
for all states 𝑠 ∈ 𝒮, the reachability value of 𝑇 in C1 is val𝜇(𝑠). We define the approximate
transition function 𝛿2 where, for all 𝑠 ∈ 𝒮0, we have

𝛿2(𝑠,⊤) := 𝜇(𝑠), 𝛿2(𝑠,⊥) := 1⊖ 𝜇(𝑠) ,

and 𝛿2(𝑠) := 𝛿1(𝑠) for all other states. By Lemma 2.10, we have that 𝛿1 and 𝛿2 are (ℓ, 1)-close,
and 𝛿2 is computable in polynomial time. By Lemma 2.11, there exists 𝛿3 ∈ 𝒟(ℓ) such that 𝛿2
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and 𝛿3 are (ℓ, 2𝑛)-close, and 𝛿3 is computable in polynomial time. Therefore, by Lemma 2.9,
we have that 𝛿1 and 𝛿3 are (ℓ, 2𝑛+ 1)-close, and hence, for all states 𝑠, 𝑠′, we have

rel(𝛿1(𝑠, 𝑠′), 𝛿3(𝑠, 𝑠′)) ≤
1

(1− 21−ℓ)2𝑛+1
− 1

≤ 1

1− (2𝑛+ 1)21−ℓ
− 1 (Bernoulli inequality)

=
(2𝑛+ 1)21−ℓ

1− (2𝑛+ 1)21−ℓ
(rearrange)

≤ (2𝑛+ 1)22−ℓ
(︀
ℓ ≥ 1000𝑛2

)︀
≤ 12𝑛2−ℓ . (𝑛 ≥ 1)

We denote by C2 the MC derived from C1 with the transition function 𝛿3, and by val2𝑇 its
reachability value. By Lemma2.13, for all states 𝑠 ∈ 𝒮 , wehave | val𝜇(𝑠)−val2𝑇 (𝑠)| ≤ 48𝑛22−ℓ.
By Lemma 2.15, we compute in polynomial time an approximation 𝑣 of val2𝑇 (𝑠) such that
|𝑣−val2𝑇 (𝑠)| ≤ 80𝑛42−ℓ. By combining the two inequalities, we get |𝑣−val𝜇(𝑠)| ≤ 128𝑛42−ℓ,
which yields the result.
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Chapter 3

Overview of Results

In this chapter, we present the previous results in the literature and the formal statements of
our results. The chapter is organized as follows. In Section 3.1 and Section 3.2, we consider
the value-approximation problems LIMITVALUE and PARITYVALUE in concurrent stochastic
games. In Section 3.3 and Section 3.4, we consider the APPROXCONSTRAINEDNE problem in
multi-player turn-based stochastic games. Finally, in Section 3.5, we present the roadmap of
the proofs, which occupy the two parts of the thesis.

3.1 Previous Results for Value Approximation
We discuss the previous works on computing the approximation of limit and parity values in
CSGs. A natural approach for these computational problems is via the theory of reals, whose
main computational result we recalled in Theorem 2.7. We now discuss the algorithms and
complexity results from the literature for the limit value of stateful-discounted objectives.
The basic computational approach is via the theory of reals. For a single discount factor, the
reduction to the theory of reals and dealing with its limit (which corresponds to limit-average
objectives) was presented in [23]. In the general case (𝑑 discount factors), each limit can
be considered as the quantification ∃𝜀𝑖′ ∀𝜀𝑖 ≤ 𝜀𝑖′ in the theory of reals. Thus, concurrent
stochastic games with the limit value of stateful-discounted objectives can be reduced to the
theory of reals with quantifier alternation. This reduction gives a theory of reals sentence
with the following parameters:

ℓ = 𝒪(𝑚2𝑛), 𝑘 = 𝒪(𝑚2𝑛), 𝐷 = 4,
∏︁
𝑖

(ℓ𝑖 + 1) = 𝒪(2𝑑𝑚2𝑛) .

Applying Theorem 2.7 to the reduction we obtain the following result.

Theorem 3.1 (LIMITVALUE: Previous Result). For the LIMITVALUE problem, the following asser-
tions hold.

1. The problem is in EXPSPACE; and

2. the problem can be solved in time exp
(︀
𝒪
(︀
2𝑑𝑚2𝑛+ log(1/𝜀) + log(B)

)︀)︀
.
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For parity objectives, the result of [4, 34] reduces CSGs with parity objectives to CSGs
with the limit value of stateful-discounted objectives. The reduction is achieved as follows.
Consider the formula𝑅(𝑎0, 𝑎1, . . . , 𝑎2𝑑−1) from [4], which is a formula with multiple discount
factors. Since for stateful-discounted objectives the mapping is contractive, the fixpoints
are unique (least and greatest fixpoints coincide). The last sentence of [4, Theorem 4] states
that the limit of𝑅(𝑎0, 𝑎1, . . . , 𝑎2𝑑−1) corresponds to the value for parity objectives. The Pre
operator of the formula corresponds to the Bellman operator for stateful-discounted objec-
tives, which establishes the connection to stateful-discounted games. This connection is
mademore explicit in the construction provided in [34, Section 2.2]. This linear reduction
and the above theorem lead to similar results for parity objectives. Besides this reduc-
tion to the theory of reals, there are two other approaches for the PARITYVALUE problem.
First, we can consider the nested fixpoint characterization as provided in [8] and a reduc-
tion to the theory of reals with quantifier alternation. However, this does not lead to a
better complexity. Second, a different approach is presented in [22] and [21, Chapter 8].
This approach has the following components: (a) it enumerates over all possible subsets
of actions for every state; and (b) for each of the enumerations, it requires a solution of a
qualitative value problem (or limit-sure winning) in concurrent stochastic games with parity
objectives, and the value-approximation for concurrent stochastic games with reachabil-
ity objectives. This approach gives PSPACE complexity and the algorithmic complexity is
exp (𝒪 (𝑚𝑛+ 𝑑 log(𝑛) + log(log(1/𝜀)) + log(B))).

3.2 Our Results for Value Approximation
Our main results for the value-approximation problems are as follows.

Theorem 3.2 (LIMITVALUE: Complexity and Algorithm). For the LIMITVALUE problem, the
following assertions hold.

1. The problem is in TFNPNP; and

2. the problem can be solved in time exp (𝒪 (𝑛𝑑 log(𝑚) + log(B) + log(log(1/𝜀)))).

Theorem 3.3 (PARITYVALUE: Complexity and Algorithm). For the PARITYVALUE problem, the
following assertions hold.

1. The problem is in TFNPNP; and

2. the problem can be solved in time exp (𝒪 (𝑛𝑑 log(𝑚) + log(B) + log(log(1/𝜀)))).

The comparison of the above results with the previous results is summarized in Tables 1.1
and 1.2. In particular, the complexity upper bound improves the previous EXPSPACE upper
bound for the limit value and the previous PSPACE upper bound for parity objectives, and the
algorithms improve the dependency on the number of actions in the exponent from linear to
logarithmic. Hence, if the number of states is constant, then our algorithms run in polynomial
time.
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3.3 Previous Results for Constrained Equilibria
We now discuss the previous works on the constrained existence of Nash equilibria in multi-
player turn-based stochastic games. The CONSTRAINEDNE problem is undecidable when the
players are allowed to usememory: it is already undecidable to checkwhether there is a Nash
equilibrium in which the payoff of a player lies in a given interval, even for games with ten
players [54, Theorem 4.9]. The problem remains undecidable when the players are restricted
to pure strategies. When the players are restricted to stationary strategies, which is the setting
we consider, the problem is decidable, and the following results are known.

Theorem 3.4 (CONSTRAINEDNE: Previous Results [38, 54]). For the CONSTRAINEDNE problem,
where the players are restricted to stationary strategies, the following assertions hold.

1. The problem is NP-hard [54, Theorem 4.4]; and

2. the problem is ∃R-complete [38], where the hardness holds for gameswith seven players.

Moreover, for the functional version of the CONSTRAINEDNE problem, the probabilities
of the stationary strategies of an equilibrium can be irrational [54, Theorem 4.6], even for
games with four players. Hence, the exact problem does not admit an algorithm that outputs
an equilibrium explicitly, and the approximation of the equilibrium is the natural computa-
tional problem. For approximate solutions, no upper bound better than the one for the exact
problemwas known. Indeed, the work of Deligkas, Fearnley, Melissourgos, and Spirakis [26]
showed that the class 𝜀-∃R, which captures the complexity of deciding whether approxi-
mate solutions exist to systems of real-valued constraints, is polynomial-time reducible to
∃R itself, and that this equivalence hinges on the fact that the solutions of such systems
can be doubly exponentially large. The techniques we use for the upper bound originate
in the work of Frederiksen and Miltersen [31], who established a TFNPNP upper bound for
the value-approximation problem in two-player zero-sum concurrent reachability games;
for that class of games, no hardness result, such as the NP-hardness we establish here, is
known. Finally, the work of Bose, Ibsen-Jensen, and Totzke [19] studied 𝜀-Nash equilibria in
concurrent and partial-observation games; they consider the unconstrained problem, which
is computationally significantly simpler, and they assume that the number of players is fixed,
while in our setting the number of players is part of the input.

3.4 Our Results for Constrained Equilibria
Our main results for the APPROXCONSTRAINEDNE problem are as follows. The first result is the
upper bound.

Theorem 3.5 (APPROXCONSTRAINEDNE: Complexity). There exists an FNPNP procedure that
solves the functional APPROXCONSTRAINEDNE problem. Consequently, the APPROXCON-
STRAINEDNE problem is in NPNP.

The second result is the hardness of the problem, which holds already for two players,
whereas the ∃R-hardness of the exact problem requires seven players.
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Theorem 3.6 (APPROXCONSTRAINEDNE: Hardness). The APPROXCONSTRAINEDNE problem is
NP-hard, even with two players.

The third result concerns the limits of our approach for the upper bound. The upper
bound relies on the fact that if a constrained NE exists, then there is one in which the non-
zero probabilities are at least an inverse of a double-exponential in the size of the input
(Lemma 7.1). One might suspect that such small probabilities are merely theoretical and are
not actually required in equilibria. The following result shows that this is not the case, already
for games with five players, whereas the ∃R-completeness of the exact problem requires
seven players.

Theorem 3.7 (Patience of constrained equilibria). For all 𝑛 ∈ N, there exist a game 𝒢𝑛 with
five players and two threshold vectors 𝑥̄ and 𝑦 such that there is a stationary Nash equilibrium
𝜎̄ in 𝒢𝑛 satisfying 𝑥̄ ≤ E(𝜎̄)[𝜇] ≤ 𝑦, but where all such stationary Nash equilibria contain
probabilities that are double-exponentially small in 𝑛.

The comparison of the above results with the previous results is summarized in Table 1.3.
The above results leave a gap between the NPNP upper bound and the NP lower bound for the
APPROXCONSTRAINEDNEproblem. We remark that Theorem3.7 concerns exact Nash equilibria
only: in the game 𝒢𝑛, there exists an 𝜀-Nash equilibrium that satisfies the constraints and in
which all probabilities are representable with polynomially many bits in the fixed-point rep-
resentation (Lemma 8.8). We conjecture that this is a general phenomenon (Conjecture 8.9),
which would close the above gap and establish that the decision version of the problem is
NP-complete.

3.5 Roadmap of the Proofs
The two parts of the thesis are dedicated to the proofs of the above results. Although the two
solution concepts are different, the proofs of the upper bounds follow the same three steps,
which we summarize below.
Bounds on the numbers that arise in a solution. The first step is to write the problem as a
system of polynomial inequalities with integer coefficients, and to bound the numbers that
arise in its solutions. For the value-approximation problem, we establish a new bound on the
roots ofmulti-variate polynomials with integer coefficients, which shows that there is a region
around the origin where such a polynomial cannot vanish (Lemma 4.4 in Section 4.2). Along
with new characterizations of the stateful-discounted and limit values (Section 4.3 and Sec-
tion 4.4), this bound implies that the limit value is approximated by the stateful-discounted
value when the discount factors are double-exponentially small (Section 4.5). For the con-
strained existence problem, we present an explicit encoding of the problem in the existential
theory of the reals, and, along with the bound of Basu, Pollack, and Roy (Lemma 2.8), we
show that if a constrained NE exists, then there is one whose non-zero probabilities are at
least an inverse of a double-exponential in the size of the input (Section 7.1).
Polynomial-size certificates in floating point. The bounds of the first step show that the
numbers involved are doubly exponentially small, and hence they cannot bewritten explicitly
in the fixed-point representation. The second step is to establish that approximate solutions
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admit polynomial-size certificates in the floating-point representation of Section 2.6. For
the value-approximation problem, we show that there exist 𝜀-optimal stationary strategies
whose non-zero probabilities are bounded from below, and hence that are representable
in polynomial size (Lemma 6.6). For the constrained existence problem, we show that if a
constrained NE exists, then there is an 𝜀-NE, satisfying the constraints up to 𝜀, in which all
probability distributions are floating-point distributions of polynomial size (Lemma 7.3). In
both cases, the argument relies on the continuity of the values with respect to the relative
distance of the probabilities.
Guess-and-verify with an NP oracle. The third step is the algorithm: guess the certificate
of the second step, and verify it. In both parts, the verification requires the resolution of
single-player games, i.e., MDPs, whose transition probabilities are represented in floating
point, and, in both parts, this resolution is achieved by an oracle call to NP (Lemma 6.2 and
Lemma 7.4). The resulting procedures place the LIMITVALUE and PARITYVALUE problems in
TFNPNP (Chapter 6) and the functional APPROXCONSTRAINEDNE problem in FNPNP (Chapter 7).
Algorithms and lower bounds. Besides the above, the first part presents algorithms for the
LIMITVALUE and PARITYVALUE problems (Chapter 5), which are obtained by a binary search
over the value, where each step requires the resolution of an auxiliary matrix game; and
the second part presents the two lower bounds, namely the game with five players that
requires doubly exponentially small probabilities (Chapter 8) and the NP-hardness of the
APPROXCONSTRAINEDNE problem (Chapter 9).
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Part I*

Concurrent Stochastic Games with
Stateful-discounted and Parity Objectives

*The content of this part was published in full as [12].
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Chapter 4

Mathematical Properties of
Stateful-discounted and Limit Values

In this chapter, we present a new approach to the limit value approximation via the stateful-
discounted value (Theorem 4.12). We follow the approach of [13] extending it step by step
using similar arguments. We use this technical result to improve complexities and algorithmic
bounds of computing 𝜀-approximation of the limit and parity values. The chapter is organized
as follows. In Section 4.1, we present some useful definitions and previous results in the
literature. In Section 4.2, we present a bound on the roots of multi-variate polynomials
which is used to establish a connection between the stateful-discounted and limit values. In
Sections 4.3 and 4.4, we introduce new characterizations of the stateful-discounted and limit
values. In Section 4.5, we finally show Theorem 4.12.

4.1 Notations and Selected Results from Literature
We first present somebasic notations anddefinitions. Recall the notations related to numbers
and their bit-size from Section 2.1.
Polynomials. A uni-variate polynomial 𝑃 of degree𝐷 with integer coefficients of bit-size B
is defined as 𝑃 (𝑥) :=

∑︀𝐷
𝑖=0 𝑐𝑖𝑥

𝑖 where |𝑐𝑖| < 2B. We define ‖𝑃‖∞ := max(|𝑐0|, · · · , |𝑐𝐷|). A
𝑘-variate polynomial𝑃 in𝑥1, · · · , 𝑥𝑘 of degree𝐷1, · · · , 𝐷𝑘 with integer coefficients of bit-size
B is defined as

𝑃 (𝑥1, · · · , 𝑥𝑘) :=
∑︁

0≤𝑖1≤𝐷1

· · ·
∑︁

0≤𝑖𝑘≤𝐷𝑘

𝑐𝑖1,··· ,𝑖𝑘

𝑘∏︁
𝑗=1

𝑥
𝑖𝑗
𝑗 ,

where |𝑐𝑖1,··· ,𝑖𝑘 | ≤ 2B. Polynomial 𝑃 is nonzero if 𝑐𝑖1,··· ,𝑖𝑘 ̸= 0 for some 𝑖1, · · · , 𝑖𝑘. We say 𝛼 is
a root of 𝑃 if 𝑃 (𝛼) = 0. In this thesis, we only consider real roots.
Matrix notations. Given a square matrix𝑀 , we denote the determinant of𝑀 by det(𝑀)
and denote the signed sum of all minors of𝑀 by 𝑆(𝑀). Given two 𝑘 × ℓmatrices𝑀1 and
𝑀2, we denote the Hadamard product of𝑀1 and𝑀2 by𝑀1 ⊙𝑀2. Given a positive integer 𝑘,
often implicitly clear from context, we denote by 1 (resp. 0) the 𝑘-dimensional vector with all
elements equal to 1 (resp. 0) and denote by Id the 𝑘 × 𝑘 identity matrix.
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Matrix games. Amatrix𝑀 defines a gameplayed between two opponents, where rows (resp.
columns) correspond to possible actions for the row- (resp. column-) player, and the entry
(𝑀)𝑖,𝑗 is the reward the column-player pays the row-player when the pair of actions (𝑖, 𝑗) is
chosen. The value of a matrix game, denoted val𝑀 , is the maximum amount the row-player
can guarantee, i.e., the amount they can obtain regardless of the column-player’s strategy.

Below, we recall some useful results from the literature regarding the value of a matrix
game (Lemma 4.1) and the determinant of a polynomial matrix (Lemma 4.2).

Lemma 4.1 ([48, Thm. 2]). Consider a matrix game𝑀 . Then, there exists a square sub-matrix
𝑀0 such that 𝑆(𝑀0) ̸= 0 and val(𝑀) = det(𝑀0)

𝑆(𝑀0)
.

Lemma 4.2 ([17, Prop. 8.12]). Consider a 𝑘 × 𝑘 matrix 𝑀 whose entries are polynomials
in 𝑥1, · · · , 𝑥ℓ of degrees𝐷1, · · · , 𝐷ℓ with integer coefficients of bit-size B. Then, det(𝑀) is a
polynomial in 𝑥1, · · · , 𝑥ℓ of degrees 𝑘𝐷1, · · · , 𝑘𝐷ℓ with integer coefficients of bit-size 𝑘B +
𝑘 bit(𝑘) + ℓ bit(𝑘 max(𝐷1, · · · , 𝐷ℓ) + 1).

Corollary 4.3. Consider a 𝑘 × 𝑘 matrix 𝑀 whose entries are polynomials in 𝑥1, · · · , 𝑥ℓ of
degrees 𝐷1, · · · , 𝐷ℓ with integer coefficients of bit-size B. Then, 𝑆(𝑀) is a polynomial in
𝑥1, · · · , 𝑥ℓ of degrees 𝑘𝐷1, · · · , 𝑘𝐷ℓ with integer coefficients.

Proof. By definition, 𝑆(𝑀) is the signed sum of all minors of𝑀 . Therefore, the result follows
from Lemma 4.2.

4.2 Bounds on Roots of Polynomials with Integer
Coefficients

In this section, we present a bound on the roots of multi-variate polynomials 𝑃 with integer
coefficients (Lemma 4.4). This result shows that there exists a region close to 0 within which
𝑃 does not have a root. We use this technical result to establish a connection between the
stateful-discounted value and limit value.

Lemma4.4. Consideranonzeropolynomial𝑃 in𝑥1, · · · , 𝑥ℓ of degrees𝐷1, · · · , 𝐷ℓwith integer
coefficients of bit-size B. Let𝐷 := max(𝐷1, · · · , 𝐷ℓ) and B1 := 4ℓ bit(𝐷) + B + 1. Then,

∀𝑥1 ∈ (0, exp(−B1)] ∀𝑥2 ∈
(︀
0, (𝑥1)

𝐷+1
]︀
· · · ∀ 𝑥ℓ ∈

(︀
0, (𝑥ℓ−1)

𝐷+1
]︀

|𝑃 (𝑥1, · · · , 𝑥ℓ)| ≥ exp(B1 − ℓ) · (𝑥ℓ)
𝐷+1 .

Proof. We proceed with the proof by induction on ℓ.
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Base case ℓ = 1. Consider 𝑃 (𝑥1) = 𝑐0 + 𝑐1𝑥1 + · · ·+ 𝑐𝐷1𝑥
𝐷1
1 . Note that 𝑃 is nonzero. Let 𝑘

be the smallest index where 𝑐𝑘 ̸= 0. Therefore, for all 𝑥1 ≤ exp(−B1), we have

|𝑃 (𝑥1)| ≥ |𝑐𝑘|𝑥𝑘
1 −

∑︁
𝑗>𝑘

|𝑐𝑗|𝑥𝑗
1 (triangle inequality)

≥ |𝑐𝑘|𝑥𝑘
1 − 𝑥𝑘+1

1

∑︁
𝑗>𝑘

|𝑐𝑗| (𝑥𝑗
1 ≤ 𝑥𝑘+1

1 )

≥ 𝑥𝑘
1 − 𝑥𝑘+1

1

∑︁
𝑗>𝑘

|𝑐𝑗| (|𝑐𝑘| ≥ 1)

≥ 𝑥𝑘
1 −𝐷 exp(B)𝑥𝑘+1

1 (|𝑐𝑗| ≤ exp(B))
≥ 𝑥𝑘

1 (1−𝐷 exp(B)𝑥1) (rearrange)

≥ 𝑥𝑘
1 (exp(B1)𝑥1 −𝐷 exp(B)𝑥1) (𝑥1 ≤ exp(−B1))

≥ exp(B1 − 1)𝑥𝐷+1
1 , (𝑘 ≤ 𝐷 and𝐷 exp(B) ≤ exp(B1 − 1))

which completes the case.
Induction case ℓ > 1. We partition 𝑃 into

𝑃 (𝑥) = 𝑃0 + 𝑃1(𝑥1) + · · ·+ 𝑃ℓ(𝑥1, · · · , 𝑥ℓ) .

Note that 𝑃 is nonzero. Therefore, let 𝑖 be the smallest index where 𝑃𝑖 ̸= 0. By the choice of
𝑖, for all 𝑗 < 𝑖, we have that 𝑃𝑗 = 0. Fix 𝑥1, · · · , 𝑥ℓ such that 𝑥1 ≤ exp(−B1), and 𝑥𝑖 ≤ 𝑥𝐷+1

𝑖−1

for 𝑖 > 1. We show that

|𝑃𝑖(𝑥1, · · · , 𝑥𝑖)| −
∑︁
𝑗>𝑖

|𝑃𝑗(𝑥1, · · · , 𝑥𝑗)| ≥ exp(B1 − ℓ)𝑥𝐷+1
ℓ , (4.1)

which concludes the case.
To bound the term |𝑃𝑖(𝑥1, · · · , 𝑥𝑖)| of the LHS of Eq. (4.1) from below, we define

𝑄(𝑦) := 𝑃𝑖(𝑥1 · · · , 𝑥𝑖−1, 𝑦) =

𝐷𝑖∑︁
𝑗=1

𝐶𝑗(𝑥1, · · · , 𝑥𝑖−1)𝑦
𝑗 ,

where for all 1 ≤ 𝑗 ≤ 𝐷𝑖, we have

𝐶𝑗(𝑥1, · · · , 𝑥𝑖−1) :=

𝐷1∑︁
𝑗1=0

· · ·
𝐷𝑖−1∑︁
𝑗𝑖−1=0

𝑐𝑗1,··· ,𝑗𝑖−1,𝑗,0,··· ,0

𝑖−1∏︁
𝑘=1

𝑥𝑗𝑘
𝑘 .

Note that𝑄 is a univariate polynomial of degree at most𝐷𝑖, where the absolute values of the
coefficients are at most

|𝐶𝑗(𝑥1, · · · , 𝑥𝑖−1)| ≤ exp(B)(𝐷 + 1)𝑖−1

≤ exp(B + (𝑖− 1) bit(𝐷 + 1))

≤ exp(B + 2ℓ bit(𝐷))

≤ exp(B1 − bit(𝐷)− (𝑖+ 1)) , (4.2)
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where in the first inequality we use 𝑐𝑗1,··· ,𝑗𝑖−1,𝑗,0,··· ,0 ≤ exp(B), in the second inequality we use
(𝐷+1)𝑖−1 ≤ exp((𝑖−1) bit(𝐷+1)), in the third inequalitywe use 𝑖−1 ≤ ℓ andbit(𝐷+1) ≤
2 bit(𝐷), and in the fourth inequality we use B + 2ℓ bit(𝐷) + bit(𝐷) + (𝑖 + 1) ≤ B1. For
all 1 ≤ 𝑗 ≤ 𝐷𝑖, note that 𝐶𝑗 is a polynomial in 𝑥1, · · · , 𝑥𝑖−1 of degrees𝐷1, · · · , 𝐷𝑖−1 with
integer coefficients of bit-size B. Therefore, if𝐶𝑗 is nonzero, then by induction, we have

𝐶𝑗(𝑥1, · · · , 𝑥𝑖−1) ≥ exp(B1 − (𝑖− 1))𝑥𝐷+1
𝑖−1 ≥ exp(B1 − (𝑖− 1))𝑥𝑖 . (4.3)

Consider 𝑄(𝑦) = 𝑐0 + 𝑐1𝑦 + · · · + 𝑐𝐷𝑖
𝑦𝐷𝑖 , where for all 𝑗, we have 𝑐𝑗 = 𝐶𝑗(𝑥1, · · · , 𝑥𝑖−1).

Since 𝑃𝑖 is nonzero, by the definition of 𝑄, there exists 𝑗 such that 𝐶𝑗 ̸= 0. Therefore, by
Eq. (4.3), we have that𝑄 is also nonzero. Let 𝑘 be the smallest index where 𝑐𝑘 ̸= 0. Therefore,

|𝑃𝑖(𝑥1, · · · , 𝑥𝑖)|
= |𝑄(𝑥𝑖)| (def. 𝑄)

≥ |𝑐𝑘𝑥𝑘
𝑖 | −

∑︁
𝑗>𝑘

|𝑐𝑗𝑥𝑗
𝑖 | (triangle inequality)

≥ |𝑐𝑘𝑥𝑘
𝑖 | − 𝑥𝑘+1

𝑖

∑︁
𝑗>𝑘

|𝑐𝑗|
(︀
𝑥𝑗
𝑖 ≤ 𝑥𝑘+1

𝑖

)︀
= 𝑥𝑘

𝑖

(︃
|𝑐𝑘| − 𝑥𝑖

∑︁
𝑗>𝑘

|𝑐𝑗|

)︃
(rearrange)

≥ 𝑥𝑘
𝑖 (|𝑐𝑘| − exp(B1 − (𝑖+ 1))𝑥𝑖) (Eq. (4.2))

≥ 𝑥𝑘
𝑖 (exp(B1 − (𝑖− 1))𝑥𝑖 − exp(B1 − (𝑖+ 1))𝑥𝑖) (Eq. (4.3))

≥ 𝑥𝐷+1
𝑖 (exp(B1 − (𝑖− 1))− exp(B1 − (𝑖+ 1))) . (𝑘 ≤ 𝐷) (4.4)

To bound the term
∑︀

𝑗>𝑖 |𝑃𝑗(𝑥1, · · · , 𝑥𝑗)| of the LHS of Eq. (4.1) from above, consider𝑃𝑗 for all
𝑗 > 𝑖. Recall that 𝑃𝑗 is a polynomial in 𝑥1, · · · , 𝑥𝑗 of degrees at most𝐷1, · · · , 𝐷𝑗 with integer
coefficients of bit-size B. Therefore, the number of terms in 𝑃𝑗 is at most (𝐷 + 1)𝑗 , and for
each term, the degree of 𝑥𝑗 is at least 1. Therefore,

|𝑃𝑗(𝑥1, · · · , 𝑥𝑗)| ≤ (𝐷 + 1)𝑗 · exp(B) · 𝑥𝑗 (𝑐𝑖1,··· ,𝑖𝑗 ,0,··· ,0 ≤ exp(B))
≤ (𝐷 + 1)ℓ · exp(B) · 𝑥𝑗

(︀
(𝐷 + 1)𝑗 ≤ (𝐷 + 1)ℓ

)︀
.

Hence, ∑︁
𝑗>𝑖

|𝑃𝑗(𝑥1, · · · , 𝑥𝑗)| ≤ (𝐷 + 1)ℓ exp(B)
∑︁
𝑗>𝑖

𝑥𝑗

≤ ℓ(𝐷 + 1)ℓ exp(B) · 𝑥𝑖+1

≤ exp (bit(ℓ) + ℓ bit(𝐷 + 1) + B) · 𝑥𝑖+1

≤ exp (bit(ℓ) + 2ℓ bit(𝐷) + B) · 𝑥𝑖+1

≤ exp(B1 − (𝑖+ 1))𝑥𝑖+1

≤ exp(B1 − (𝑖+ 1))𝑥𝐷+1
𝑖 , (4.5)

where in the second inequalitywe use𝑥𝑗 ≤ 𝑥𝑖+1 for all 𝑗 ≥ 𝑖+1, in the third inequalitywe use
ℓ·(𝐷+1)ℓ ≤ exp(bit(ℓ)+ℓ bit(𝐷+1)), in the fourth inequalityweusebit(𝐷+1) ≤ 2 bit(𝐷),
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in the fifth inequality we use bit(ℓ)+2ℓ bit(𝐷)+B+(𝑖+1) ≤ B1, and in the sixth inequality
we use 𝑥𝑖+1 ≤ 𝑥𝐷+1

𝑖 . By combining Eqs. (4.4) and (4.5), we get

|𝑃𝑖(𝑥1, · · · , 𝑥𝑖)| −
∑︁
𝑗>𝑖

|𝑃𝑗(𝑥1, · · · , 𝑥𝑗)| ≥ exp(B1 − 𝑖)𝑥𝐷+1
𝑖

≥ exp(B1 − ℓ)𝑥𝐷+1
𝑖 (𝑖 ≤ ℓ)

≥ exp(B1 − ℓ)𝑥𝐷+1
ℓ , (𝑥ℓ ≤ 𝑥𝑖)

which concludes the claim, completes the case, and yields the result.

We notice that Lemma 4.4 may be compared with the minimal distance of two semi-
algebraic sets that do not intersect, formalized for example in [46, Corollary 3.8], but these
results are incomparable. For example, consider a multivariate polynomial 𝑃 and the al-
gebraic sets {𝑥 ∈ Rℓ : 𝑃 (𝑥1, . . . , 𝑥ℓ) = 0} and {0}. These sets intersect at the origin if
𝑃 (0, . . . , 0) = 0. In this case, there is no minimal distance between these two sets, while
Lemma 4.4 provides a region for them. To the best of our knowledge, Lemma 4.4 is a new
result.

4.3 Characterization of Stateful-discounted Value
In this section, we introduce a new characterization of the stateful-discounted value in CSGs
(Corollary 4.6 and Lemma 4.5), which generalizes the result presented in [13] from a single
discount factor tomultiple discount factors. In particular, Corollary 4.6 generalizes Theorem 1
of [13].
Stateful-discounted payoff. Consider a CSG𝐺, a state 𝑠, a reward function 𝑟, and a discount
function Λ. Given a pair of stationary strategies (𝜎, 𝜏), we define the stateful-discounted
payoff as

𝜈𝜎,𝜏 (𝑠) := E𝜎,𝜏
𝑠 [DiscΛ] .

By fixing 𝜎 and 𝜏 , we obtain a transition function

𝛿𝜎,𝜏 (𝑠, 𝑠′) :=
∑︁
𝑎∈𝒜
𝑏∈ℬ

𝜎(𝑠)(𝑎) · 𝜏(𝑠)(𝑏) · 𝛿(𝑠, 𝑎, 𝑏)(𝑠′) ,

which is described as a matrix, i.e., 𝛿𝜎,𝜏 ∈ R𝑛×𝑛. The stage reward function is defined as

𝑟𝜎,𝜏 (𝑠) :=
∑︁
𝑎∈𝒜
𝑏∈ℬ

𝜎(𝑠)(𝑎) · 𝜏(𝑠)(𝑏) · 𝑟(𝑠, 𝑎, 𝑏) ,

which is described as a vector, i.e., 𝑟𝜎,𝜏 ∈ R𝑛. Therefore, the Bellman operator defined in [47]
can be written as a recursive expression:

𝜈𝜎,𝜏 = Λ⊙ 𝑟𝜎,𝜏 + (1− Λ)⊙ (𝛿𝜎,𝜏𝜈𝜎,𝜏 ) .

Thematrix Id−
(︀
(1− Λ) 1⊤ )︀⊙𝛿𝜎,𝜏 is strictly diagonally dominant, and therefore, is invertible.

By Cramer’s rule, we have

𝜈𝜎,𝜏 (𝑠) =
∇𝑠

Λ(𝜎, 𝜏)

∇Λ(𝜎, 𝜏)
, (4.6)
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where ∇Λ(𝜎, 𝜏) := det
(︀
Id−

(︀
(1− Λ) 1⊤ )︀⊙ 𝛿𝜎,𝜏

)︀
and ∇𝑠

Λ(𝜎, 𝜏) is the determinant of an
𝑛× 𝑛matrix derived by substituting the 𝑠-th column of the matrix Id−

(︀
(1− Λ)1⊤)︀⊙ 𝛿𝜎,𝜏

withΛ⊙ 𝑟𝜎,𝜏 .
Auxiliarymatrix game𝑊 𝑠

Λ(𝑧). We define amatrix game where the actions of each player
are the pure stationary strategies in the stochastic game. The payoff of the game is obtained
by the linearization of the quotient in Eq. (4.6). More formally, for all parameters 𝑧 ∈ R,̂︀𝜎 ∈ Σ𝑃𝑆 , and ̂︀𝜏 ∈ Γ𝑃𝑆 , we define the payoff of the matrix game as

𝑊 𝑠
Λ(𝑧)[̂︀𝜎, ̂︀𝜏 ] := ∇𝑠

Λ(̂︀𝜎, ̂︀𝜏)− 𝑧 · ∇Λ(̂︀𝜎, ̂︀𝜏) .
The value of𝑊 𝑠

Λ(𝑧) is denoted by val (𝑊 𝑠
Λ(𝑧)).

The following statements (Lemma 4.5 and Corollary 4.6) connect the stateful-discounted
value with the value of the matrix game.

Lemma 4.5. Consider a CSG 𝐺, a state 𝑠, a reward function, and an assignment function
𝜒 : 𝒮 → [𝑑]. Then, the following assertions hold.

1. The map (𝑧, 𝜆1, · · · , 𝜆𝑑) ↦→ val(𝑊 𝑠
Λ(𝑧)) is continuous;

2. for all discount factors 𝜆1, · · · , 𝜆𝑑 and 𝑧1, 𝑧2 ∈ R such that 𝑧1 ≤ 𝑧2, we have that
val (𝑊 𝑠

Λ(𝑧1)) ≥ val (𝑊 𝑠
Λ(𝑧2)) + (𝑧2 − 𝑧1) (min𝑖 𝜆𝑖)

𝑛, in particular, 𝑧 ↦→ val(𝑊 𝑠
Λ(𝑧)) is

strictly decreasing; and

3. for all discount factors 𝜆1, · · · , 𝜆𝑑, we have val (𝑊 𝑠
Λ(valΛ(𝑠))) = 0.

Corollary 4.6. Consider a CSG𝐺, a state 𝑠, a reward function, and a discount functionΛ. Then,
valΛ(𝑠) is the unique 𝑧* ∈ R such that

val (𝑊 𝑠
Λ(𝑧

*)) = 0 .

Belowwe define randomized strategies in thematrix game derived from stationary strate-
gies in concurrent stochastic games.
Strategies for thematrix game. Given a Player-1 (resp. Player 2) stationary strategy 𝜎 (resp.
𝜏 ), we denote by𝜎 (resp. 𝜏 ) a randomized strategy for the matrix game𝑊 𝑠

Λ(𝑧) defined as

𝜎(̂︀𝜎) :=∏︁
𝑠∈𝒮

𝜎(𝑠)(̂︀𝜎(𝑠)) ∀̂︀𝜎 ∈ Σ𝑃𝑆 .

Also, we define

𝑊 𝑠
Λ(𝑧)[𝜎, 𝜏 ] :=

∑︁
̂︀𝜎∈Σ𝑃𝑆

∑︁
̂︀𝜏∈Γ𝑃𝑆

𝜎(̂︀𝜎) · 𝜏 (̂︀𝜏) ·𝑊 𝑠
Λ(𝑧)[̂︀𝜎, ̂︀𝜏 ] .

The following result is instrumental to prove that the value of the matrix game is strictly
decreasing (Lemma 4.5-Item 2).

Lemma 4.7. Consider a 𝑘 × 𝑘 stochastic matrix 𝑀 and a discount function Λ: [𝑘] →
{𝜆1, · · · , 𝜆𝑑}. Then, we have

det
(︀
Id−

(︀
(1− Λ)1⊤)︀⊙𝑀

)︀
≥
(︁

min
𝑖

𝜆𝑖

)︁𝑘
.
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Proof. Fix ̂︁𝑀 := Id−
(︀
(1− Λ)1⊤)︀⊙𝑀 . We claim that the matrix ̂︁𝑀 is a strictly diagonally

dominant matrix. Indeed,𝑀 is a stochastic matrix. Therefore, for the 𝑖-th row of ̂︁𝑀 , we have

̂︁𝑀𝑖,𝑖 −
∑︁
𝑗 ̸=𝑖

|̂︁𝑀𝑖,𝑗| = 1− (1− Λ(𝑖))
∑︁
𝑗

𝑀𝑖,𝑗 (def. ̂︁𝑀)

= Λ(𝑖) . (𝑀 is a stochastic matrix)

Consider the (possibly complex) eigenvalues 𝜉1, · · · , 𝜉𝑘. By Gershgorin circle theorem [32],
for all 𝑖, we have that |𝜉𝑖 − 1| ≤ 1−min𝑖 𝜆𝑖. Therefore, we have

det(̂︁𝑀) =
∏︁
𝑖

𝜉𝑖 ≥
(︁

min
𝑖

𝜆𝑖

)︁𝑘
,

which concludes the proof.

The following result is instrumental to prove that the stateful-discounted value forces the
matrix game to have value zero (Lemma 4.5-Item 3).

Lemma 4.8. Consider a CSG 𝐺, a state 𝑠, a reward function, a discount function Λ, and a
Player-1 stationary strategy 𝜎. Then, for all ̂︀𝜏 ∈ Γ𝑃𝑆 and 𝑧 ∈ R, we have

𝑊 𝑠
Λ(𝑧)[𝜎, ̂︀𝜏 ] = ∇𝑠

Λ(𝜎, ̂︀𝜏)− 𝑧 · ∇Λ(𝜎, ̂︀𝜏) ,
where𝜎 is the strategy for𝑊 𝑠

Λ(𝑧) derived by the strategy 𝜎.

Proof. For all 𝜎 ∈ Σ𝑆 and 𝜏 ∈ Γ𝑆 , we define𝑀(𝜎, 𝜏) := Id −
(︀
(1− Λ)1⊤)︀ ⊙ 𝛿𝜎,𝜏 . We also

denote by 𝜎𝑠→𝑎 the stationary strategy derived from 𝜎 where Player 1 chooses the action 𝑎 at
the state 𝑠. By definition,∇Λ(𝜎, 𝜏) = det(𝑀(𝜎, 𝜏)). We now show that

∇Λ(𝜎, ̂︀𝜏) = ∑︁
̂︀𝜎∈Σ𝑃𝑆

𝜎(̂︀𝜎) · ∇Λ(̂︀𝜎, ̂︀𝜏) .
Indeed, the 𝑠-th row of𝑀(𝜎, ̂︀𝜏) only depends on 𝜎(𝑠). Therefore, by multi-linearity of the
determinant, we have

det(𝑀(𝜎, ̂︀𝜏)) = det

(︃∑︁
𝑎∈𝒜

𝜎(𝑠)(𝑎)𝑀(𝜎𝑠→𝑎, ̂︀𝜏))︃
=
∑︁
𝑎∈𝒜

𝜎(𝑠)(𝑎) · det(𝑀(𝜎𝑠→𝑎, ̂︀𝜏)) .
Hence, by induction, we have

∇Λ(𝜎, ̂︀𝜏) = det(𝑀(𝜎, ̂︀𝜏)) = ∑︁
̂︀𝜎∈Σ𝑃𝑆

𝜎(̂︀𝜎) · det(𝑀(̂︀𝜎, ̂︀𝜏)) = ∑︁
̂︀𝜎∈Σ𝑃𝑆

𝜎(̂︀𝜎) · ∇Λ(̂︀𝜎, ̂︀𝜏) .
By similar arguments, we can show that

∇𝑠
Λ(𝜎, ̂︀𝜏) = ∑︁

̂︀𝜎∈Σ𝑃𝑆

𝜎(̂︀𝜎) · ∇𝑠
Λ(̂︀𝜎, ̂︀𝜏) .
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Therefore,

𝑊 𝑠
Λ(𝑧)[𝜎, ̂︀𝜏 ] = ∑︁

̂︀𝜎∈Σ𝑃𝑆

𝜎(̂︀𝜎) ·𝑊 𝑠
Λ(𝑧)[̂︀𝜎, ̂︀𝜏 ]

=
∑︁
̂︀𝜎∈Σ𝑃𝑆

𝜎(̂︀𝜎) [∇𝑠
Λ(̂︀𝜎, ̂︀𝜏)− 𝑧 · ∇Λ(̂︀𝜎, ̂︀𝜏)]

= ∇𝑠
Λ(𝜎, ̂︀𝜏)− 𝑧 · ∇Λ(𝜎, ̂︀𝜏) ,

which completes the proof.

Proof of Lemma 4.5. We prove the three items as follows.

1. By the continuity of the determinant, the entries of𝑊 𝑠
Λ(𝑧) depend continuously on

parameters 𝑧, 𝜆1, · · · , 𝜆𝑑. Therefore, the map (𝑧, 𝜆1, · · · , 𝜆𝑑) ↦→ val(𝑊 𝑠
Λ(𝑧)) is contin-

uous, which yields the item.

2. For all ̂︀𝜎 ∈ Σ𝑃𝑆 and ̂︀𝜏 ∈ Γ𝑃𝑆 , we have

𝑊 𝑠
Λ(𝑧1)[̂︀𝜎, ̂︀𝜏 ]−𝑊 𝑠

Λ(𝑧2)[̂︀𝜎, ̂︀𝜏 ] = (𝑧2 − 𝑧1)∇Λ(̂︀𝜎, ̂︀𝜏) (def. 𝑊 𝑠
Λ)

= (𝑧2 − 𝑧1) det
(︀
Id−

(︀
(1− Λ)1⊤)︀⊙ 𝛿̂︀𝜎,̂︀𝜏)︀ (def. ∇Λ)

≥ (𝑧2 − 𝑧1)
(︁

min
𝑖

𝜆𝑖

)︁𝑛
(Lemma 4.7)

The result follows from the fact that increasing each entry of a matrix game by at least
𝑡 increases the value by at least 𝑡.

3. By the result of [47], there exist optimal stationary strategies 𝜎* and 𝜏 * for CSGs with
stateful-discounted objectives. Therefore, for all ̂︀𝜏 ∈ Γ𝑃𝑆 , we have

𝜈𝜎*,̂︀𝜏 (𝑠) = ∇𝑠
Λ(𝜎

*, ̂︀𝜏)
∇Λ(𝜎*, ̂︀𝜏) ≥ valΛ(𝑠) .

Hence,
∇𝑠

Λ(𝜎
*, ̂︀𝜏)− valΛ(𝑠) · ∇Λ(𝜎

*, ̂︀𝜏) ≥ 0 .

By Lemma 4.8, in the matrix game𝑊 𝑠
Λ(valΛ(𝑠)), we have

𝑊 𝑠
Λ (valΛ(𝑠)) [𝜎*, ̂︀𝜏 ] = ∇𝑠

Λ(𝜎
*, ̂︀𝜏)− valΛ(𝑠) · ∇Λ(𝜎

*, ̂︀𝜏) ≥ 0 ∀̂︀𝜏 ∈ Γ𝑃𝑆 ,

which guarantees that val (𝑊 𝑠
Λ(valΛ(𝑠))) ≥ 0. By symmetric arguments on 𝜏 *, we get

val (𝑊 𝑠
Λ(valΛ(𝑠))) ≤ 0. The result follows from combining these two inequalities.

Proof of Corollary 4.6. By Lemma 4.5-Item 2, the mapping 𝑧 ↦→ val (𝑊 𝑠
Λ(𝑧)) is strictly de-

creasing. By Lemma 4.5-Item 3, we know that val (𝑊 𝑠
Λ(valΛ(𝑠))) = 0. Hence, there exists the

unique 𝑧* = valΛ(𝑠) ∈ R such that

val (𝑊 𝑠
Λ(𝑧

*)) = 0 ,

which yields the result.
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4.4 Characterization of Limit Value
In this section, we introduce a new characterization of the limit value in CSGs (Corollary 4.10
and Lemma 4.9), which generalizes the result presented in [13] from a single discount factor
to multiple discount factors. In particular, Corollary 4.10 generalizes Theorem 2 of [13].
Limit function. Given a CSG𝐺, a reward function, and an assignment function 𝜒 : 𝒮 → [𝑑],
we define the limit function as

𝐹 𝑠
𝜒(𝑧) := lim

𝜆1→0+
· · · lim

𝜆𝑑→0+

val (𝑊 𝑠
Λ(𝑧))

(𝜆𝑑)𝑛
.

Lemma 4.9. Consider a CSG 𝐺, a state 𝑠, a reward function, and an assignment function
𝜒 : 𝒮 → [𝑑]. Then, the following assertions hold.

1. For all 𝑧 ∈ R, the limit 𝐹 𝑠
𝜒(𝑧) exists inR ∪ {−∞,+∞}; and

2. for all 𝑧1 < 𝑧2, we have 𝐹 𝑠
𝜒(𝑧1) ≥ 𝐹 𝑠

𝜒(𝑧2) + (𝑧2 − 𝑧1); moreover, there exist 𝑧1, 𝑧2 ∈ R
such that 𝐹 𝑠

𝜒(𝑧2) ≤ 0 ≤ 𝐹 𝑠
𝜒(𝑧1).

Corollary 4.10. Consider a CSG𝐺, a state 𝑠, a reward function, and an assignment function
𝜒 : 𝒮 → [𝑑]. Then, val𝜒(𝑠) is the unique 𝑧* ∈ R such that

∀𝑧 > 𝑧* 𝐹 𝑠
𝜒(𝑧) < 0 and ∀𝑧 < 𝑧* 𝐹 𝑠

𝜒(𝑧) > 0 .

Belowwe first present Lemma 4.11, which shows that, given a fixed parameter 𝑧, the value
of the matrix game is a rational function when discount factors are small enough, which
implies the existence of the limit function. We then prove Lemma 4.9 and Corollary 4.10.

Lemma 4.11. Consider a CSG𝐺, a state 𝑠, a reward function, an assignment function 𝜒 : 𝒮 →
[𝑑], and a real number 𝑧 ∈ R. Then, there exist two polynomials 𝑃 and𝑄 in 𝜆1, · · · , 𝜆𝑑 such
that

∃𝜆0
1 > 0 ∀𝜆1 ∈ (0, 𝜆0

1) · · · ∃𝜆0
𝑑 > 0 ∀𝜆𝑑 ∈ (0, 𝜆0

𝑑)

s.t. 𝑄(𝜆1, · · · , 𝜆𝑑) ̸= 0 and val (𝑊 𝑠
Λ(𝑧)) =

𝑃 (𝜆1, · · · , 𝜆𝑑)

𝑄(𝜆1, · · · , 𝜆𝑑)
.

Proof. By Lemma 4.1, there exists a sub-matrix𝑀 in𝑊 𝑠
Λ(𝑧) such that

val (𝑊 𝑠
Λ(𝑧)) =

det(𝑀)

𝑆(𝑀)
.

Since 𝑧 is fixed, the matrix𝑀 is a matrix with polynomial entries in 𝜆1, · · · , 𝜆𝑑. Therefore, by
Lemma 4.2 and Corollary 4.3, there exist two polynomials 𝑃 and𝑄 in 𝜆1, · · · , 𝜆𝑑 such that

val (𝑊 𝑠
Λ(𝑧)) =

𝑃 (𝜆1, · · · , 𝜆𝑑)

𝑄(𝜆1, · · · , 𝜆𝑑)
.
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Since the matrix𝑊 𝑠
Λ(𝑧) is finite, the set of all sub-matrices is finite. Therefore, there exist two

finite sets of polynomials𝒫 and𝒬 such that for all 𝜆1, · · · , 𝜆𝑑, there exists𝑃 ∈ 𝒫 and𝑄 ∈ 𝒬
such that

val (𝑊 𝑠
Λ(𝑧)) =

𝑃 (𝜆1, · · · , 𝜆𝑑)

𝑄(𝜆1, · · · , 𝜆𝑑)
.

By Lemma 4.5-Item 1, we have val (𝑊 𝑠
Λ(𝑧)) is continuous in 𝜆1, · · · , 𝜆𝑑. Therefore, as

(𝜆1, · · · , 𝜆𝑑) varies in (0, 1]𝑑, the value of the matrix game can only jump from one rational
function to another if the graphs of two rationals intersect. More formally, val (𝑊 𝑠

Λ(𝑧)) can
jump from 𝑃1

𝑄1
to 𝑃2

𝑄2
when discount factors are 𝜆1, · · · , 𝜆𝑑, if we have

𝑃1(𝜆1, · · · , 𝜆𝑑)

𝑄1(𝜆1, · · · , 𝜆𝑑)
=

𝑃2(𝜆1, · · · , 𝜆𝑑)

𝑄2(𝜆1, · · · , 𝜆𝑑)
.

We now claim that for every 𝑃1, 𝑃2 ∈ 𝒫 and𝑄1, 𝑄2 ∈ 𝒬, either 𝑃1

𝑄1
and 𝑃2

𝑄2
are congruent, or

∃𝜆0
1 > 0 ∀𝜆1 ∈ (0, 𝜆0

1) · · · ∃𝜆0
𝑑 > 0 ∀𝜆𝑑 ∈ (0, 𝜆0

𝑑)

s.t.
𝑃1(𝜆1, · · · , 𝜆𝑑)

𝑄1(𝜆1, · · · , 𝜆𝑑)
̸= 𝑃2(𝜆1, · · · , 𝜆𝑑)

𝑄2(𝜆1, · · · , 𝜆𝑑)
.

Indeed, we define the polynomial𝐶 := 𝑃1 ·𝑄2 − 𝑃2 ·𝑄1.
Case𝐶 = 0. If𝐶 = 0, then 𝑃1

𝑄1
and 𝑃2

𝑄2
are congruent, which completes the case.

Case𝐶 ̸= 0. If𝐶 ̸= 0, then by Lemma 4.4, we have that

∃𝜆0
1 > 0 ∀𝜆1 ∈ (0, 𝜆0

1) · · · ∃𝜆0
𝑑 > 0 ∀𝜆𝑑 ∈ (0, 𝜆0

𝑑)

s.t. 𝐶(𝜆1, · · · , 𝜆𝑑) ̸= 0 .

If𝐶(𝜆1, · · · , 𝜆𝑑) ̸= 0, then 𝑃1(𝜆1,··· ,𝜆𝑑)
𝑄1(𝜆1,··· ,𝜆𝑑)

̸= 𝑃2(𝜆1,··· ,𝜆𝑑)
𝑄2(𝜆1,··· ,𝜆𝑑)

, which completes the case and concludes
the proof.

Proof of Lemma 4.9. We prove the two items as follows.

1. It is a direct implication of Lemma 4.11.

2. We define 𝑧1 := min 𝑟(𝑠, 𝑎, 𝑏) and 𝑧2 := max 𝑟(𝑠, 𝑎, 𝑏). For all 𝜆1, · · · , 𝜆𝑑, we have

val (𝑊 𝑠
Λ(𝑧2)) ≤ val (𝑊 𝑠

Λ(valΛ(𝑠))) ≤ val (𝑊 𝑠
Λ(𝑧1)) .

By dividing both sides by (𝜆𝑑)
𝑛 and taking 𝜆𝑑, · · · , 𝜆1 to 0 respectively, we get

𝐹 𝑠
𝜒(𝑧2) ≤ 0 ≤ 𝐹 𝑠

𝜒(𝑧1) ,

Finally, fix arbitrary 𝑧1 < 𝑧2. By Lemma 4.5-Item 2,

val(𝑊 𝑠
Λ(𝑧1))

(𝜆𝑑)𝑛
≥ val(𝑊 𝑠

Λ(𝑧2))

(𝜆𝑑)𝑛
+ (𝑧2 − 𝑧1)

(︂
min𝑖 𝜆𝑖

𝜆𝑑

)︂𝑛

.

With the other discount factors fixed, the last ratio equals 1 for all sufficiently small 𝜆𝑑.
Taking the iterated limits therefore gives 𝐹 𝑠

𝜒(𝑧1) ≥ 𝐹 𝑠
𝜒(𝑧2) + (𝑧2 − 𝑧1), which yields the

result.
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Proof of Corollary 4.10. Consider the function𝐹 𝑠
𝜒. The quantitativemonotonicity and the two

weak sign inequalities in Lemma 4.9-Item 2 imply that there is a unique point 𝑧* such that
𝐹 𝑠
𝜒(𝑧) > 0 for 𝑧 < 𝑧* and 𝐹 𝑠

𝜒(𝑧) < 0 for 𝑧 > 𝑧*. For all 𝜀 > 0, we have that 𝐹 𝑠
𝜒(𝑧

* + 𝜀) < 0.
Hence,

∃𝜆0
1 > 0 ∀𝜆1 ∈ (0, 𝜆0

1) · · · ∃𝜆0
𝑑 > 0 ∀𝜆𝑑 ∈ (0, 𝜆0

𝑑)

s.t. val (𝑊 𝑠
Λ(𝑧

* + 𝜀)) < 0 .

By Lemma 4.5-Item 2,

∃𝜆0
1 > 0 ∀𝜆1 ∈ (0, 𝜆0

1) · · · ∃𝜆0
𝑑 > 0 ∀𝜆𝑑 ∈ (0, 𝜆0

𝑑)

s.t. valΛ(𝑠) < 𝑧* + 𝜀 .

Therefore, for all 𝜀 > 0, we get

lim
𝜆1→0+

· · · lim
𝜆𝑑→0+

valΛ(𝑠) ≤ 𝑧* + 𝜀 .

By taking 𝜀 to 0, we have
lim

𝜆1→0+
· · · lim

𝜆𝑑→0+
valΛ(𝑠) ≤ 𝑧* .

By symmetric arguments on 𝑧* − 𝜀, we get

lim
𝜆1→0+

· · · lim
𝜆𝑑→0+

valΛ(𝑠) ≥ 𝑧* ,

which concludes the proof.

4.5 Approximation of Limit Value
In this section, we introduce an approach for the approximation of the limit value via the
stateful-discounted value (Theorem 4.12). The rest of the section is dedicated to its proof.

Theorem 4.12. Consider a CSG 𝐺, a state 𝑠, a reward function 𝑟, an assignment function
𝜒 : 𝒮 → [𝑑], and an additive error 𝜀 > 0. The transition function 𝛿 and the reward function 𝑟
are representedby rational numbers. Let𝐷 be the least commonmultiple of their denominators,
and let B bound the bit-sizes of𝐷 and of all numerators. Note that bit(𝐷) is polynomial in the
input size. Fix

𝐷 := max(|Σ𝑃𝑆|, |Γ𝑃𝑆|), B1 := 11𝐷𝑛(B + bit(𝑛) + bit(𝐷) + bit(𝜀)) ,

and, for all 1 ≤ 𝑖 ≤ 𝑑, we set 𝜆0
𝑖 := exp (−B1(𝑛𝐷 + 1)𝑖−1). Then, we have

| valΛ0(𝑠)− val𝜒(𝑠)| ≤ 𝜀 .
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Remark 4.13 (Novelty). As mentioned previously, our result is a generalization of [13]. The
key non-trivial aspect of the generalization relies on the fact that [13] considers uni-variate
polynomials, whereas our result requires analysis of multi-variate polynomials. Lemma 4.4
is the key mathematical foundation, and the complete proofs require significant technical
generalization.

Below we first show the algebraic properties of val(𝑊 𝑠
Λ(𝑧)) (Lemma 4.14) to derive some

insights on the asymptotic behavior of the sign of the map (𝜆1, · · · , 𝜆𝑑) ↦→ val(𝑊 𝑠
Λ(𝑧))

as 𝜆𝑑, · · · , 𝜆1 go to 0 respectively (Lemma 4.15). We then use Lemma 4.15 to establish a
connection between the stateful-discounted value and the limit value in Theorem 4.12.

Lemma 4.14. Consider a CSG𝐺, a state 𝑠, a reward function 𝑟, and an assignment function
𝜒 : 𝒮 → [𝑑]. The transition function 𝛿 and the reward function 𝑟 are represented by rational
numbers. Let 𝐷 be the least common multiple of their denominators, and let B bound the
bit-sizes of𝐷 and of all numerators. Let𝐷 := max(|Σ𝑃𝑆|, |Γ𝑃𝑆|). Then, there exist two finite
sets𝒫 and𝒬 of nonzero polynomials in 𝑧, 𝜆1, · · · , 𝜆𝑑 of degrees𝐷,𝑛𝐷 · · · , 𝑛𝐷 with integer
coefficients such that for all 𝑧 ∈ R and 𝜆1, · · · , 𝜆𝑑, there exist 𝑃 ∈ 𝒫 and𝑄 ∈ 𝒬 such that

𝑄(𝑧, 𝜆1, · · · , 𝜆𝑑) ̸= 0, val (𝑊 𝑠
Λ(𝑧)) =

𝑃 (𝑧, 𝜆1, · · · , 𝜆𝑑)

𝑄(𝑧, 𝜆1, · · · , 𝜆𝑑)
.

Moreover, the coefficients of 𝑃 are of bit-size 7𝐷𝑛(B + bit(𝑛) + bit(𝐷)).

Proof. By definition,𝑊 𝑠
Λ(𝑧)[̂︀𝜎, ̂︀𝜏 ] = ∇𝑠

Λ(̂︀𝜎, ̂︀𝜏)−𝑧 ·∇Λ(̂︀𝜎, ̂︀𝜏) for all pure stationary strategies ̂︀𝜎
and̂︀𝜏 . Note that∇𝑠

Λ(̂︀𝜎, ̂︀𝜏)and∇Λ(̂︀𝜎, ̂︀𝜏)are thedeterminantof twomatriceswhoseentries are
polynomial in𝜆1, · · · , 𝜆𝑑 of degrees 1, 1, · · · , 1with rational coefficientswhosedenominators
divide𝐷 and whose numerators have bit-size B. Therefore, by Lemma 4.2, the entries of
𝐷𝑛𝑊 𝑠

Λ(𝑧) are polynomials in 𝑧, 𝜆1, · · · , 𝜆𝑑 of degrees 1, 𝑛, · · · , 𝑛with integer coefficients of
bit-size

𝑛B + 𝑛 bit(𝑛) + 𝑑 bit(𝑛+ 1) ≤ 𝑛B + 3𝑛 bit(𝑛) =: B′ .

We now define two sets of nonzero polynomials𝒫 and𝒬 as

𝒫 := {det(𝑀) |𝑀 is a sub-matrix of𝐷𝑛𝑊 𝑠
Λ(𝑧)} ,

𝒬 := {𝐷𝑛𝑆(𝑀) |𝑀 is a sub-matrix of𝐷𝑛𝑊 𝑠
Λ(𝑧)} .

By Lemma 4.1, for all 𝑧, there exists a sub-matrix𝑀 in the matrix game𝐷𝑛𝑊 𝑠
Λ(𝑧) such that

val (𝑊 𝑠
Λ(𝑧)) =

det(𝑀)

𝐷𝑛𝑆(𝑀)
,

where the equality is due to the fact that det(𝐷−𝑛𝑀) = 𝐷−𝑘𝑛 det(𝑀) and 𝑆(𝐷−𝑛𝑀) =
𝐷−(𝑘−1)𝑛𝑆(𝑀) for the 𝑘 × 𝑘 matrix𝑀 . Note that𝑀 is a polynomial matrix. Hence, there
exist 𝑃 ∈ 𝒫 and𝑄 ∈ 𝒬 such that for all 𝑧 and 𝜆1, · · · , 𝜆𝑑, we have

𝑄(𝑧, 𝜆1, · · · , 𝜆𝑑) ̸= 0, val (𝑊 𝑠
Λ(𝑧)) =

𝑃 (𝑧, 𝜆1, · · · , 𝜆𝑑)

𝑄(𝑧, 𝜆1, · · · , 𝜆𝑑)
.
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Wenowshow that𝒫 and𝒬 satisfy the requirements of the lemma. Let𝑃 := det(𝑀) and𝑄 :=
𝐷𝑛𝑆(𝑀), where𝑀 is a 𝑘 × 𝑘 sub-matrix of𝐷𝑛𝑊 𝑠

Λ(𝑧). First, by Lemma 4.5-Item 2, we know
that 𝑧 ↦→ val(𝑊 𝑠

Λ(𝑧)) is strictly decreasing, therefore 𝑃 is nonzero. Second, we know that
entries of𝑀 are polynomials in 𝑧, 𝜆1, · · · , 𝜆𝑑 of degrees 1, 𝑛, · · · , 𝑛with integer coefficients
of bit-size B′. Therefore, by Lemma 4.2, we have that 𝑃 is a polynomial in 𝑧, 𝜆1, · · · , 𝜆𝑑 of
degrees 𝑘, 𝑘𝑛, · · · , 𝑘𝑛with integer coefficients of bit-size

𝑘B′ + 𝑘 bit(𝑘) + (𝑑+ 1) bit(𝑘𝑛+ 1) ≤ 𝐷B′ +𝐷 bit(𝐷) + (𝑑+ 1) bit(𝑛𝐷 + 1)

≤ 𝐷(B′ + bit(𝐷) + 4𝑛 bit(𝑛𝐷))

= 𝐷(𝑛B + 3𝑛 bit(𝑛) + bit(𝐷) + 4𝑛 bit(𝑛𝐷))

≤ 𝐷𝑛(B + 3 bit(𝑛) + bit(𝐷) + 4 bit(𝑛𝐷))

≤ 7𝐷𝑛(B + bit(𝑛) + bit(𝐷)) ,

where in the first inequality we use 𝑘 ≤ 𝐷, in the second inequality we use (𝑑+ 1) bit(𝑛𝐷 +
1) ≤ 4𝑛𝐷 bit(𝑛𝐷), in the first equality we use B′ = 𝑛B + 3𝑛 bit(𝑛), in the third inequality
we use bit(𝐷) ≤ 𝑛 bit(𝐷), and in the fourth inequality we use bit(𝑛𝐷) ≤ bit(𝑛) + bit(𝐷).

Similarly, since 𝑆(𝑀) is the sum of the entries of the adjugate matrix of𝑀 , by Corol-
lary 4.3, we have that 𝑄 is a polynomial in 𝑧, 𝜆1, · · · , 𝜆𝑑 of degrees 𝐷,𝑛𝐷, · · · , 𝑛𝐷 with
integer coefficients, which completes the proof.

Lemma4.15. Consider a CSG𝐺, a state 𝑠, a reward function 𝑟, an assignment function𝜒 : 𝒮 →
[𝑑], and a rational number 𝑧 of bit-size𝜅. The transition function 𝛿 and the reward function 𝑟 are
represented by rational numbers. Let𝐷 be the least commonmultiple of their denominators,
and let B bound the bit-sizes of𝐷 and of all numerators. Fix

𝐷 := max
(︀⃒⃒
Σ𝑃𝑆

⃒⃒
,
⃒⃒
Γ𝑃𝑆

⃒⃒)︀
, B1 := 11𝐷𝑛(B + bit(𝑛) + bit(𝐷) + 𝜅) ,

and, for all 1 ≤ 𝑖 ≤ 𝑑, we have 𝜆0
𝑖 := exp (−B1(𝑛𝐷 + 1)𝑖−1). Then,⎧⎪⎨⎪⎩

val
(︀
𝑊 𝑠

Λ0(𝑧)
)︀
> 0 =⇒ 𝐹 𝑠

𝜒(𝑧) ≥ 0 ,

val
(︀
𝑊 𝑠

Λ0(𝑧)
)︀
< 0 =⇒ 𝐹 𝑠

𝜒(𝑧) ≤ 0 ,

val
(︀
𝑊 𝑠

Λ0(𝑧)
)︀
= 0 =⇒ 𝐹 𝑠

𝜒(𝑧) = 0 .

Proof. We claim that

∀𝜆1 ∈ (0, exp(−B1)] · · · ∀𝜆𝑖 ∈
(︀
0, (𝜆𝑖−1)

𝑛𝐷+1
]︀
· · · ∀𝜆𝑑 ∈

(︀
0, (𝜆𝑑−1)

𝑛𝐷+1
]︀

sign (val(𝑊 𝑠
Λ(𝑧))) = sign(val(𝑊 𝑠

Λ0(𝑧))) ,

which proves the result. By Lemma 4.5-Item 1, the map (𝑧, 𝜆1, · · · , 𝜆𝑑) ↦→ val(𝑊 𝑠
Λ(𝑧)) is con-

tinuous. Therefore, the necessary condition for changing sign of (𝜆1, · · · , 𝜆𝑑) ↦→ val(𝑊 𝑠
Λ(𝑧))

is that val(𝑊 𝑠
Λ1(𝑧)) = 0 for some 𝜆1

1, · · · , 𝜆1
𝑑. For the sake of contradiction, assume there

exists 𝜆1
1, · · · , 𝜆1

𝑑 such that 𝜆1
1 ≤ exp(−B1) and 𝜆1

𝑖 ≤ (𝜆1
𝑖−1)

𝑛𝐷+1 for all 𝑖 > 1. Let 𝒫 and𝒬
be the finite sets defined in Lemma 4.14. Let 𝑃 ∈ 𝒫 and𝑄 ∈ 𝒬 such that

val (𝑊 𝑠
Λ1(𝑧)) =

𝑃 (𝑧, 𝜆1
1, · · · , 𝜆1

𝑑)

𝑄(𝑧, 𝜆1
1, · · · , 𝜆1

𝑑)
.

41



Since val(𝑊 𝑠
Λ1(𝑧)) = 0, we have that 𝑃 (𝑧, 𝜆1

1, · · · , 𝜆1
𝑑) = 0. Write the fixed rational 𝑧 = 𝑎/𝑏

in lowest terms. We define

𝑃𝑧(𝜆1, · · · , 𝜆𝑑) := 𝑏𝐷 · 𝑃 (𝑧, 𝜆1, · · · , 𝜆𝑑) .

Polynomial 𝑃 is a polynomial in 𝑧, 𝜆1, · · · , 𝜆𝑑 of degrees 𝐷,𝑛𝐷, · · · , 𝑛𝐷 with integer co-
efficients of bit-size 7𝐷𝑛(B + bit(𝑛) + bit(𝐷)). Since 𝑧 is a rational number of bit-size 𝜅,
we have that 𝑃𝑧 is a polynomial in 𝜆1, · · · , 𝜆𝑑 of degrees 𝑛𝐷, · · · , 𝑛𝐷 with integer coeffi-
cients of bit-size 7𝐷𝑛(B + bit(𝑛) + bit(𝐷) + 𝜅). If 𝑃𝑧 = 0, then on the one hand, we have
val
(︀
𝑊 𝑠

Λ0(𝑧)
)︀
= 0, and on the other hand, we have that

∀𝜆1 ∈ (0, exp(−B1)] · · · ∀𝜆𝑖 ∈
(︀
0, (𝜆𝑖−1)

𝑛𝐷+1
]︀
· · · ∀𝜆𝑑 ∈

(︀
0, (𝜆𝑑−1)

𝑛𝐷+1
]︀

val(𝑊 𝑠
Λ(𝑧)) = 0 ,

which implies that 𝐹 𝑠
𝜒(𝑧) = 0 and the proof of this case is done. Therefore, 𝑃𝑧 is nonzero.

SinceB1 = 11𝐷𝑛(B+bit(𝑛)+bit(𝐷)+𝜅), by Lemma 4.4, we have that𝑃𝑧(𝜆
1
1, · · · , 𝜆1

𝑑) ̸= 0,
which contradicts the assumption and completes the proof.

Proof of Theorem 4.12. We set 𝜅 := bit(𝜀). We define 𝒵 := {0, 2−𝜅, 2 · 2−𝜅, · · · , 1}. By
Lemma 4.5-Item 2, we have that 𝑧 ↦→ val(𝑊 𝑠

Λ0(𝑧)) is strictly decreasing. Therefore, there
exists 𝑧 ∈ 𝒵 such that val(𝑊 𝑠

Λ0(𝑧)) ≥ 0 and val(𝑊 𝑠
Λ0(𝑧 + 2−𝜅)) ≤ 0. By Lemma 4.5-Item 2,

we have
𝑧 ≤ valΛ0(𝑠) ≤ 𝑧 + 2−𝜅 . (4.7)

By Lemma 4.15 and Corollary 4.10, we have

𝑧 ≤ val𝜒(𝑠) ≤ 𝑧 + 2−𝜅 . (4.8)

The result follows from combining Eq. (4.7) and Eq. (4.8).
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Chapter 5

Algorithms for LIMITVALUE and PARITYVALUE

In this chapter, we present algorithms for computing 𝜀-approximation of stateful-discounted,
limit, and parity values. The chapter is organized as follows. In Section 5.1, we recall two
classical algorithmic procedures that are used in our algorithms. In Section 5.2, we present an
algorithm for computing 𝜀-approximate stateful-discounted value. In Section 5.3, we present
an algorithm for computing 𝜀-approximate limit value, and as a consequence, we also obtain
an algorithm for computing 𝜀-approximate parity value.

5.1 Selected Algorithms from Literature
In this section, we recall classical algorithms for computing the determinant of a matrix and
computing the value of a matrix game.

Lemma 5.1 ([15]). Consider a 𝑘 × 𝑘matrix𝑀 with rational entries of bit-size B. Then, there
exists a procedureDET(𝑀) that computes the determinant of𝑀 in time ̃︀𝒪 (𝑘4B2), and DET(𝑀)
is of bit-size𝒪(𝑘 log(𝑘)B).

Lemma 5.2 ([39]). Consider a 𝑘 × 𝑘matrix game𝑀 with rational entries of bit-size B. Then,
there exists a procedure VAL(𝑀) that computes the value of the matrix game 𝑀 in timẽ︀𝒪(𝑘3.5B), and VAL(𝑀) is of bit-size𝒪(B).

5.2 Algorithm for Approximate Stateful-discounted Value
In this section, we present an algorithm for computing 𝜀-approximation of the stateful-
discounted value in CSGs. Given a CSG𝐺, a reward function, and a discount functionΛ, the
procedure runs a binary search over the stateful-discounted value of state 𝑠. At the beginning,
𝑧 and 𝑧 are the under and over approximation of valΛ(𝑠). In each step, the algorithm halves
the interval [𝑧, 𝑧] by increasing 𝑧 or decreasing 𝑧 based on the sign of val

(︀
𝑊 𝑠

Λ

(︀
𝑧+𝑧
2

)︀)︀
. After

bit(𝜀) steps, the algorithmoutputs the 𝜀-approximate value (𝑧+𝑧)/2. The formal description
is shown in Algorithm 1, and the correctness and the time complexity of the algorithm are
shown in Lemma 5.3.
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Algorithm 1 APPROXDISCOUNTED
Input: Game𝐺, state 𝑠, reward function 𝑟, a discount functionΛ, additive error 𝜀
Output: Approximate stateful-discounted value 𝑣 such that |𝑣 − valΛ(𝑠)| ≤ 𝜀
1: procedure APPROXDISCOUNTED(𝐺, 𝑠, 𝑟,Λ, 𝜀)
2: 𝑧 ← 0 and 𝑧 ← 1
3: while 𝑧 − 𝑧 > 𝜀 do
4: 𝑧 ← 𝑧+𝑧

2

5: 𝜈 ← val(𝑊 𝑠
Λ(𝑧))

6: if 𝜈 ≥ 0 then
7: 𝑧 ← 𝑧
8: else
9: 𝑧 ← 𝑧
10: return 𝑧+𝑧

2

Lemma 5.3. Consider a CSG 𝐺, a state 𝑠, a reward function 𝑟, a discount function Λ, and
an additive error 𝜀 > 0. The transition function 𝛿, the reward function 𝑟, and the discount
functionΛ are represented by rational numbers of bit-size B. Then, Algorithm 1 computes the
𝜀-approximation of the stateful-discounted value of state 𝑠. Moreover, the algorithm runs in
time exp (𝒪(𝑛 log(𝑚) + log(B) + log(log(1/𝜀)))).

Proof. We first present theproof of correctness and then the time complexity of the algorithm.
Correctness. The procedure is a binary search over the stateful-discounted value of state 𝑠.
At the beginning, 𝑧 and 𝑧 are the under and over approximation of valΛ(𝑠). In each step, by
Lemma 4.5-Item 2, the algorithm halves the interval [𝑧, 𝑧] by increasing (resp. decreasing)
𝑧 (resp. 𝑧) based on the sign of 𝜈. Therefore, in all steps, 𝑧 ≤ valΛ(𝑠) ≤ 𝑧 is invariant. The
algorithm terminates after at most bit(𝜀) steps. The correctness of the procedure follows
from the invariant 𝑧 ≤ valΛ(𝑠) ≤ 𝑧 and 𝑧 − 𝑧 ≤ 𝜀.
Time complexity. The procedure executes at most bit(𝜀) iterations. All lines except Line 5
require constant arithmetic operations. Line 5 consists of two parts as follows.

• Construction of𝑊 𝑠
Λ(𝑧). Recall that

𝑊 𝑠
Λ(𝑧)[̂︀𝜎, ̂︀𝜏 ] = ∇𝑠

Λ(̂︀𝜎, ̂︀𝜏)− 𝑧 · ∇Λ(̂︀𝜎, ̂︀𝜏) ,
where∇𝑠

Λ(̂︀𝜎, ̂︀𝜏) and∇Λ(̂︀𝜎, ̂︀𝜏) are the determinants of two 𝑛 × 𝑛matrices. The con-
struction of matrices runs in time 𝒪(𝑛2B). The algorithm uses DETto compute the
determinants, which runs in ̃︀𝒪(𝑛4B2) by Lemma 5.1. The determinants are of bit-size
𝒪(𝑛 log(𝑛)B). The number of entries of𝑊 𝑠

Λ(𝑧) is at most𝑚2𝑛. Therefore, its construc-
tion runs in time ̃︀𝒪(𝑚2𝑛). The entries of𝑊 𝑠

Λ(𝑧) are of bit-size𝒪(𝑛 log(𝑛)B+ log(1/𝜀)).

• Computation of val(𝑊 𝑠
Λ(𝑧)). The procedure uses VALto compute the value of thematrix

game𝑊 𝑠
Λ(𝑧). Therefore, by Lemma 5.2, it runs in time ̃︀𝒪 (︀𝑚3.5𝑛B2 log2(1/𝜀)

)︀
.

Hence, Line 5 runs in time ̃︀𝒪(𝑚3.5𝑛B2 log3(1/𝜀)), which completes the proof.
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5.3 Algorithms for Approximate Limit and Parity Values
In this section, we present an algorithm for computing 𝜀-approximation of the limit and
parity values in CSGs. Given a CSG 𝐺, a reward function, and an assignment function 𝜒,
the procedure outputs the 𝜀/2-approximate of the stateful-discounted value of state 𝑠 for
someΛ0 by calling APPROXDISCOUNTED. By Theorem 4.12, the stateful-discounted value is an
𝜀/2-approximation of the limit value. Thus, the returned value of the algorithm is indeed an
𝜀-approximate of the limit value. The formal description is shown in Algorithm 2, and the
correctness and the time complexity of the algorithm is shown in Lemma 5.4. Since CSGs
with parity objectives have a linear-size reduction to CSGs with the limit value of stateful-
discounted objectives, as a consequence of the above algorithm, we obtain an algorithm for
parity value approximation.

Algorithm 2 APPROXLIMIT
Input: Game𝐺, state 𝑠, reward function 𝑟, assignment function 𝜒, additive error 𝜀
Output: Approximate limit value 𝑣 such that |𝑣 − val𝜒(𝑠)| ≤ 𝜀
1: procedure APPROXLIMIT(𝐺, 𝑠, 𝑟, 𝜒, 𝜀)
2: 𝐷 ← lcm of the denominators in 𝛿 and 𝑟
3: B← max(B, bit(𝐷))
4: 𝐷 ← 𝑚𝑛

5: B1 ← 11𝐷𝑛 (B + bit(𝑛) + bit(𝐷) + bit(𝜀))
6: for 𝑖← 1 to 𝑑 do
7: 𝜆0

𝑖 ← exp (−B1(𝑛𝐷 + 1)𝑖−1)

8: 𝑣 ← APPROXDISCOUNTED(𝐺, 𝑠, 𝑟,Λ0, 𝜀/2)
9: return 𝑣

Lemma 5.4. Consider a CSG 𝐺, a state 𝑠, a reward function 𝑟, an assignment function
𝜒 : 𝒮 → [𝑑], and an additive error 𝜀 > 0. The transition function 𝛿 and the reward func-
tion 𝑟 are represented by rational numbers of bit-size B. Then, Algorithm 2 computes
the 𝜀-approximation of the limit value of state 𝑠. Moreover, the algorithm runs in time
exp (𝒪(𝑛𝑑 log(𝑚) + log(B) + log(log(1/𝜀)))).

Proof. We first present theproof of correctness and then the time complexity of the algorithm.
Correctness. The procedure computes the 𝜀/2-approximate stateful-discounted value 𝑣 for
Λ0 and outputs 𝑣 as the approximate limit value. The procedure APPROXDISCOUNTED outputs
𝑣 such that

|𝑣 − valΛ0(𝑠)| ≤ 𝜀/2 . (5.1)

By Theorem 4.12, we have that

|valΛ0(𝑠)− val𝜒(𝑠)| ≤ 𝜀/2 . (5.2)

By combining Eqs. (5.1) and (5.2), we get that 𝑣 is an 𝜀-approximation of val𝜒(𝑠).
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Time complexity. All lines except Line 8 require at most 𝒪(𝑑) arithmetic operations. In
Line 8, the algorithm calls APPROXDISCOUNTED with parameters (𝐺, 𝑠, 𝑟,Λ0, 𝜀/2). The bit-
size of the discount functionΛ0 is ̃︀𝒪 (︀𝑛𝑑𝑚𝑛𝑑(B + bit(𝜀))

)︀
. Therefore, this line runs in timẽ︀𝒪(𝑚7.5𝑛𝑑B2 log5(1/𝜀)), which completes the proof.

Proof of Theorem 3.2-Item 2. It is a direct implication of Lemma 5.4.

Corollary 5.5. Consider a CSG𝐺, a priority function 𝑝, a state 𝑠, and an additive error 𝜀 > 0.
The transition function 𝛿 is represented by rational numbers of bit-size B. Then, there exists
an algorithm that computes the 𝜀-approximation of the parity value of state 𝑠. Moreover, the
algorithm runs in time exp (𝒪(𝑛𝑑 log(𝑚) + log(B) + log(log(1/𝜀)))).

Proof. By [4, 34], there exists a linear-size reduction from the CSGs with parity objectives to
the CSGs with the limit value of stateful-discounted objectives. Therefore, the result follows
from Lemma 5.4.

Proof of Theorem 3.3-Item 2. It is a direct implication of Corollary 5.5.
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Chapter 6

Complexity of LIMITVALUE and PARITYVALUE

In this chapter, we show that the LIMITVALUE and PARITYVALUE problems are in TFNPNP. The
chapter is organized as follows. In Sections 6.1 to 6.3, we present algorithms for computing
𝜀-approximate stateful-discounted value in MCs, MDPs, and CSGs. Each algorithm is used in
the subsequent algorithm as a procedure. By our technical result on the limit value approxi-
mation via the stateful-discounted value (Theorem 4.12), we consequently obtain a TFNPNP

procedure for the LIMITVALUE problem. Since there exists a linear-size reduction from CSGs
with parity objectives to CSGs with the limit value of stateful-discounted objectives [4, 34],
the PARITYVALUE problem is also in TFNPNP. Throughout the chapter, we use the definitions
and the results related to Markov chains, Markov decision processes, and the floating-point
representation of numbers and probability distributions that we presented in Section 2.2 and
Section 2.6.

6.1 Stateful-discounted Value Approximation in MCs
In this section, we present an algorithm for computing 𝜀-approximate stateful-discounted
value in MCs by a reduction fromMCs with stateful-discounted objectives to MCs with reach-
ability objectives.

Lemma 6.1. Consider an MC C , a reward function 𝑟, and a discount functionΛ. For all 𝑠 ∈ 𝒮 ,
we set

𝛿(𝑠) ∈ 𝒟(ℓ), 𝑟(𝑠) ∈ ℱ(ℓ), Λ(𝑠) ∈ ℱ(ℓ) ,

where ℓ ≥ 1000𝑛2. Then, there exists a polynomial-time algorithm that for all states 𝑠 ∈ 𝒮 ,
computes an approximation 𝑣 for the stateful-discounted value such that

|𝑣 − valΛ(𝑠)| ≤ 176𝑛42−ℓ .

Proof. We construct a new MC C1 from C with a reachability objective and two additional
absorbing states⊤ and⊥ so the set of states is 𝒮1 := 𝒮 ∪ {⊤,⊥}. The target set is 𝑇 := {⊤},
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and the state⊥ is absorbing. The transition function 𝛿1 is defined as

𝛿1(𝑠, 𝑠
′) :=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(1− Λ(𝑠)) · 𝛿(𝑠, 𝑠′) 𝑠, 𝑠′ ∈ 𝒮∑︀
𝑠′′∈𝒮 Λ(𝑠) · 𝑟(𝑠) · 𝛿(𝑠, 𝑠′′) 𝑠 ∈ 𝒮, 𝑠′ = ⊤∑︀
𝑠′′∈𝒮 Λ(𝑠) · (1− 𝑟(𝑠)) · 𝛿(𝑠, 𝑠′′) 𝑠 ∈ 𝒮, 𝑠′ = ⊥

1 𝑠 ∈ {⊤,⊥}, 𝑠′ = 𝑠

0 otherwise

We denote by valΛ the stateful-discounted value in C and by val1𝑇 the reachability value in
C1. Note that C1 is absorbing. Observe that the Bellman equation for C with the stateful-
discounted objective is the same as the Bellman equation forC1 with the reachability objec-
tive. Therefore, for all 𝑠 ∈ 𝒮 , we have

valΛ(𝑠) = val1𝑇 (𝑠) . (6.1)

We define the approximate transition function as

𝛿2(𝑠, 𝑠
′) :=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(1⊖ Λ(𝑠))⊗ 𝛿(𝑠, 𝑠′) 𝑠, 𝑠′ ∈ 𝒮⨁︀
𝑠′′∈𝒮 Λ(𝑠)⊗ 𝑟(𝑠)⊗ 𝛿(𝑠, 𝑠′′) 𝑠 ∈ 𝒮, 𝑠′ = ⊤⨁︀
𝑠′′∈𝒮 Λ(𝑠)⊗ (1⊖ 𝑟(𝑠))⊗ 𝛿(𝑠, 𝑠′′) 𝑠 ∈ 𝒮, 𝑠′ = ⊥

1 𝑠 ∈ {⊤,⊥}, 𝑠′ = 𝑠

0 otherwise

By the definition of finite precision arithmetic operators, we have 𝛿2(𝑠, 𝑠
′) ∈ ℱ(ℓ). Also,

by Lemma 2.10, we have 𝛿1(𝑠, 𝑠′) and 𝛿2(𝑠, 𝑠
′) are (ℓ, 𝑛 + 3)-close, and 𝛿2 is computable in

polynomial time. By Lemma 2.11, there exists 𝛿3 ∈ 𝒟(ℓ) such that 𝛿2 and 𝛿3 are (ℓ, 2𝑛)-close.
Moreover, 𝛿3 is computable in polynomial time. Therefore, by Lemma 2.9, we have 𝛿1 and 𝛿3
are (ℓ, 3𝑛+ 3)-close. Therefore, for all 𝑠, 𝑠′ ∈ 𝒮 , we have

rel(𝛿1(𝑠, 𝑠′), 𝛿3(𝑠, 𝑠′)) ≤
1

(1− 21−ℓ)3𝑛+3
− 1

≤ 1

1− (3𝑛+ 3)21−ℓ
− 1 (Bernoulli inequality)

=
(3𝑛+ 3)21−ℓ

1− (3𝑛+ 3)21−ℓ
(rearrange)

≤ (3𝑛+ 3)22−ℓ
(︀
ℓ ≥ 1000𝑛2

)︀
≤ 24𝑛2−ℓ . (𝑛 ≥ 1)

We define an MC C2 derived from C1 with transition function 𝛿3. We denote by val2𝑇 the
reachability value in C2. By Lemma 2.13, for all 𝑠 ∈ 𝒮 , we have

| val1𝑇 (𝑠)− val2𝑇 (𝑠)| ≤ 96𝑛22−ℓ . (6.2)

By Lemma 2.15, for all 𝑠 ∈ 𝒮 , we can compute an approximation 𝑣(𝑠) of the reachability value
of C2 starting from 𝑠 in polynomial time such that

|𝑣(𝑠)− val2𝑇 (𝑠)| ≤ 80𝑛42−ℓ . (6.3)
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By combining Eqs. (6.1) to (6.3), for all states 𝑠 ∈ 𝒮 , we have
|𝑣(𝑠)− valΛ(𝑠)| ≤ 176𝑛42−ℓ ,

which yields the result.

6.2 Stateful-discounted Value Approximation in MDPs
In this section, we present an NP procedure for the approximate decision problem of the
stateful-discounted values in MDPs. This is accomplished by guessing a pure stationary
strategy and verifying if the strategy achieves the given threshold. The verification procedure
uses the algorithm for computing approximate stateful-discounted values in MCs.

Lemma6.2. The problemof deciding if the stateful-discounted value for Player-1 MDPs is below
a threshold up to an additive error is in NP where the input is a Player-1 MDP P , a reward
function 𝑟, a discount functionΛ, a state 𝑠, a threshold 0 ≤ 𝛼 ≤ 1, an additive error 𝜀 = 2−𝜅

and a positive integer ℓ such that, for all 𝑠′ ∈ 𝒮 and 𝑎 ∈ 𝒜, we have
𝛿(𝑠′, 𝑎) ∈ 𝒟(ℓ), 𝑟(𝑠′, 𝑎) ∈ ℱ(ℓ), Λ(𝑠′) ∈ ℱ(ℓ), ℓ ≥ 1000𝑛2 + 𝜅 .

Note that the numbers 𝛼 and 𝜀 are represented in fixed-point binary and the NP procedure is
such that

• if 𝛼 ≤ valΛ(𝑠)− 𝜀, then it outputs YES; and

• if 𝛼 ≥ valΛ(𝑠) + 𝜀, then it outputs NO.

Proof. We first present the NP procedure and then prove its soundness and completeness.
Procedure. The procedure guesses a pure stationary strategy 𝜎 for Player 1. Note that the
size of the representation of a pure stationary strategy is polynomial with respect to the size
of the representation ofP . By fixing 𝜎, we obtain an MCP𝜎. We denote by 𝑣𝜎 its stateful-
discounted value. By Lemma 6.1, there exists a polynomial time algorithm that computes
an 𝜀-approximation ̃︀𝑣𝜎 of 𝑣𝜎. Our procedure outputs YES if 𝛼 ≤ ̃︀𝑣𝜎(𝑠). If there exists no such
pure stationary strategy, the procedure outputs NO.
Soundness. If 𝛼 ≤ valΛ(𝑠)− 𝜀, then, by [29], there exists a pure stationary strategy 𝜎 such
that valΛ = 𝑣𝜎. The procedure non-deterministically guesses 𝜎. By Lemma 6.1, we havẽ︀𝑣𝜎(𝑠) + 𝜀 ≥ 𝑣𝜎(𝑠). Therefore, we have 𝛼 ≤ ̃︀𝑣𝜎(𝑠), and the procedure outputs YES.
Completeness. If 𝛼 ≥ valΛ(𝑠) + 𝜀, then for all pure stationary strategies 𝜎, we have 𝛼 ≥
𝑣𝜎(𝑠) + 𝜀. By Lemma 6.1, we have ̃︀𝑣𝜎(𝑠) − 𝜀 ≤ 𝑣𝜎(𝑠). Therefore, 𝛼 ≥ ̃︀𝑣𝜎(𝑠) which implies
that the procedure outputs NO and yields the result.

Lemma 6.2 also holds for Player-2 MDPs by symmetric arguments. More formally, we
have the following result.

Corollary 6.3. The problem of deciding if the stateful-discounted value for Player-2 MDPs is
above a threshold up to an additive error is inNPwhere the input is a Player-2 MDPP , a reward
function 𝑟, a discount functionΛ, a state 𝑠, a threshold 0 ≤ 𝛼 ≤ 1, an additive error 𝜀 = 2−𝜅

and a positive integer ℓ such that, for all 𝑠′ ∈ 𝒮 and 𝑏 ∈ ℬ, we have
𝛿(𝑠′, 𝑏) ∈ 𝒟(ℓ), 𝑟(𝑠′, 𝑏) ∈ ℱ(ℓ), Λ(𝑠′) ∈ ℱ(ℓ), ℓ ≥ 1000𝑛2 + 𝜅 .
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6.3 Stateful-discounted, Limit, and Parity Values
Approximation in CSGs

In this section, we first present a continuity result for MDPs with the stateful-discounted ob-
jectives (Lemma 6.4), which is a generalization of [29, Eq. 4.19]. We then show the existence
of 𝜀-optimal stationary strategies for stateful-discounted objectives that are representable
in polynomial-size with respect to the size of the game and bit(𝜀) (Lemma 6.6). We finally
present a TFNPNP algorithm for CSGs with the stateful-discounted objectives, where the dis-
count function is represented in floating-point (Lemma 6.8). By our technical result on the
limit value approximation via the stateful-discounted value (Theorem 4.12), we consequently
obtain a TFNPNP procedure for the LIMITVALUE problem. Since there exists a linear-size re-
duction from CSGs with parity objectives to CSGs with the limit value of stateful-discounted
objectives [4, 34], the PARITYVALUE problem is also in TFNPNP.

Lemma 6.4. Consider 𝑖 ∈ {1, 2} and two Player-𝑖MDPs P and ̃︁P with identical state and
action sets, a reward function 𝑟, and a discount function Λ. We denote by valΛ and ̃︁valΛ the
stateful-discounted value ofP and ̃︁P respectively. Then, for all 𝑠 ∈ 𝒮 , we have⃒⃒⃒

valΛ(𝑠)− ̃︁valΛ(𝑠)
⃒⃒⃒
≤ ‖𝛿 −

̃︀𝛿‖∞
min𝑠 Λ(𝑠)

.

Proof. We only prove for Player-1 MDPs. The proof for Player-2 MDPs is symmetric. By the
Bellman equation defined in [47], for all 𝑠 ∈ 𝒮 , we have⃒⃒⃒

valΛ(𝑠)− ̃︁valΛ(𝑠)
⃒⃒⃒

≤ max
𝑎

⃒⃒⃒⃒
⃒Λ(𝑠)𝑟(𝑠, 𝑎) + (1− Λ(𝑠))

∑︁
𝑠′

𝛿(𝑠, 𝑎)(𝑠′) valΛ(𝑠′)

− Λ(𝑠)𝑟(𝑠, 𝑎)− (1− Λ(𝑠))
∑︁
𝑠′

̃︀𝛿(𝑠, 𝑎)(𝑠′)̃︁valΛ(𝑠′)

⃒⃒⃒⃒
⃒

= (1− Λ(𝑠))max
𝑎

⃒⃒⃒⃒
⃒∑︁

𝑠′

𝛿(𝑠, 𝑎)(𝑠′)(valΛ(𝑠′)− ̃︁valΛ(𝑠′))

+
∑︁
𝑠′

(𝛿(𝑠, 𝑎)(𝑠′)− ̃︀𝛿(𝑠, 𝑎)(𝑠′))̃︁valΛ(𝑠′)

⃒⃒⃒⃒
⃒

≤ (1− Λ(𝑠))
(︁
‖ valΛ−̃︁valΛ‖∞ + ‖𝛿 − ̃︀𝛿‖∞ ‖̃︁valΛ‖∞

)︁
≤ (1− Λ(𝑠))

(︁
‖ valΛ−̃︁valΛ‖∞ + ‖𝛿 − ̃︀𝛿‖∞)︁

≤
(︁
1−min

𝑠
Λ(𝑠)

)︁(︁
‖ valΛ−̃︁valΛ‖∞ + ‖𝛿 − ̃︀𝛿‖∞)︁ , (6.4)

where in the first inequalitywe use the Bellman equation, in the first equalitywe use algebraic
manipulation, in the second inequalityweuse thedefinitionof thenormandCauchy–Schwarz
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inequality, in the third inequality we use ‖̃︁valΛ‖∞ ≤ ‖𝑟‖∞ ≤ 1, and in the fourth inequality
we use min𝑠 Λ(𝑠) ≤ Λ(𝑠). Since Eq. (6.4) holds for all states 𝑠, we have

‖ valΛ−̃︁valΛ‖∞ ≤
(︁
1−min

𝑠
Λ(𝑠)

)︁(︁
‖ valΛ−̃︁valΛ‖∞ + ‖𝛿 − ̃︀𝛿‖∞)︁ ,

or equivalently

‖ valΛ−̃︁valΛ‖∞ ≤
(︂
1−min𝑠 Λ(𝑠)

min𝑠 Λ(𝑠)

)︂
‖𝛿 − ̃︀𝛿‖∞ ≤ ‖𝛿 − ̃︀𝛿‖∞min𝑠 Λ(𝑠)

,

which yields the result.

Lemma 6.5. Consider two Player-1 stationary strategies 𝜎 and ̃︀𝜎 and a stateful-discounted
objective in a CSG with 𝑛 states. Fix 𝛼 := max𝑠 rel(𝜎(𝑠), ̃︀𝜎(𝑠)). If 𝛼 < ∞, then, for every
Player-2 stationary strategy 𝜏 and state 𝑠,⃒⃒

E𝜎,𝜏
𝑠 [DiscΛ]− Ẽ︀𝜎,𝜏𝑠 [DiscΛ]

⃒⃒
≤ 4(𝑛+ 2)𝛼 .

Proof. Fix 𝜏 and apply the reduction to reachability used in Lemma 6.1 to both induced MCs.
Every transition in the two resulting MCs is the same non-negative linear combination of the
corresponding probabilities in 𝜎 and ̃︀𝜎. Hence, their relative distance is at most 𝛼. The result
follows from Lemma 2.13, applied to the resulting MCs with 𝑛+ 2 states.

Lemma 6.6. Consider a CSG𝐺, a reward function, a discount functionΛ, and an additive error
𝜀 = 2−𝜅. FixΛ := min𝑠 Λ(𝑠). Let ℓ be a positive integer such that ℓ ≥ 1000(𝑛+𝑚)2+𝜅. Then,
there exist 𝜀-optimal stationary strategies 𝜎 and 𝜏 such that

∀𝑠 ∈ 𝒮 𝜎(𝑠) ∈ 𝒟(ℓ), 𝜏(𝑠) ∈ 𝒟(ℓ) ,

∀𝑠 ∈ 𝒮, 𝑎 ∈ 𝒜 𝜎(𝑠)(𝑎) ̸= 0 =⇒ 𝜎(𝑠)(𝑎) ≥ Λ 𝜀

8𝑚
,

∀𝑠 ∈ 𝒮, 𝑏 ∈ ℬ 𝜏(𝑠)(𝑏) ̸= 0 =⇒ 𝜏(𝑠)(𝑏) ≥ Λ 𝜀

8𝑚
.

Proof. We only prove the existence of 𝜎 since the existence of 𝜏 follows by symmetric argu-
ments. By [47], there exists the optimal stationary strategy 𝜎* for Player 1. Fix 𝛿 := Λ𝜀/(4𝑚).
For every state 𝑠, let𝐵𝑠 contain the actions whose probability under 𝜎*(𝑠) is at most 𝛿, and
let 𝜌𝑠 :=

∑︀
𝑎∈𝐵𝑠

𝜎*(𝑠)(𝑎). Since 𝜌𝑠 ≤ 𝑚𝛿 ≤ 1/4, choose an action 𝑎𝑠 /∈ 𝐵𝑠. We define 𝜎1 by

𝜎1(𝑠)(𝑎) :=

⎧⎪⎨⎪⎩
0 𝑎 ∈ 𝐵𝑠 ,

𝜎*(𝑠)(𝑎) + 𝜌𝑠 𝑎 = 𝑎𝑠 ,

𝜎*(𝑠)(𝑎) otherwise.

By construction, 𝜎1(𝑠) is a probability distribution and
∑︀

𝑎 |𝜎1(𝑠)(𝑎) − 𝜎*(𝑠)(𝑎)| = 2𝜌𝑠 ≤
Λ𝜀/2. Fixing either strategy yields Player-2 MDPs whose rewards and transition rows differ
by at most this quantity. The same Bellman argument as in Lemma 6.4 shows that 𝜎1 is
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𝜀/2-optimal. By Lemma 2.12, there exists 𝜎2 such that for all 𝑠 ∈ 𝒮, we have 𝜎2(𝑠) ∈ 𝒟(ℓ),
and 𝜎1(𝑠) and 𝜎2(𝑠) are (ℓ, 2𝑚+ 2)-close. Fix 𝛼 := max𝑠 rel(𝜎1(𝑠), 𝜎2(𝑠)). Then,

𝛼 ≤ 1

(1− 21−ℓ)2𝑚+2
− 1

≤ 16𝑚2−ℓ

≤ 𝜀

8(𝑛+ 2)
.

By Lemma 6.5, replacing 𝜎1 with 𝜎2 changes every payoff by at most 𝜀/2. Every nonzero
probability of 𝜎1 is greater than 𝛿; moreover, finite relative distance preserves support and
𝛼 ≤ 1, so every nonzero probability of 𝜎2 is at least 𝛿/(1 + 𝛼) ≥ Λ𝜀/(8𝑚). Combining the
two approximation steps shows that 𝜎2 is 𝜀-optimal, completing the proof.

Remark 6.7. For all CSGs with stateful-discounted objectives, there exist 𝜀-optimal stationary
strategies which can be represented in polynomial size with respect to the size of the game
and bit(𝜀). Indeed, the preceding lower bound on nonzero probabilities has an exponent
whose binary representation is polynomial in the floating-point representation ofΛ and in
bit(𝜀), while the required mantissa precision is independent ofΛ.

Lemma6.8. Theproblemof computing an 𝜀-approximation of the stateful-discounted value for
CSGs is in TFNPNP for inputs CSGs𝐺, reward functions, discount functionsΛ, states 𝑠, additive
errors 𝜀 = 2−𝜅, and positive integers ℓ such that, for all states 𝑠′ ∈ 𝒮 , we haveΛ(𝑠′) ∈ ℱ(ℓ).

Proof. We first present the procedure and then prove its soundness and completeness.
Procedure. The procedure guesses two 𝜀/4-optimal stationary strategies 𝜎* and 𝜏 * and an
integer 𝑗 ∈ [0, 2𝜅+2]. By Remark 6.7, the size of the representation of stationary strategies is
polynomial with respect to the size of𝐺 and bit(𝜀). By fixing strategy 𝜎* (resp. 𝜏 *), we obtain
a Player-2 MDP𝐺𝜎* (resp. a Player-1 MDP𝐺𝜏*). We denote by 𝑣𝜎* (resp. 𝑣𝜏*) the value of𝐺𝜎*

(resp. 𝐺𝜏*). Wedefine𝛼 := 𝑗2−(𝜅+2) ∈ [0, 1]. The procedure outputs𝛼 if𝛼−3𝜀/4 ≤ 𝑣𝜎*−𝜀/4
and𝛼+3𝜀/4 ≥ 𝑣𝜏*+𝜀/4, which canbe verifiedby twoNPoracles implementedby Lemma6.2
and Corollary 6.3.
Soundness. We assume that 𝛼 is not an 𝜀-approximation of the stateful-discounted value
of𝐺, i.e., that 𝛼 /∈ [valΛ(𝑠)− 𝜀, valΛ(𝑠) + 𝜀], and prove that the procedure does not output
𝛼 in this case. Without loss of generality, we assume 𝛼 ≥ valΛ(𝑠) + 𝜀. For all stationary
strategies 𝜎, we have that 𝑣𝜎 ≤ valΛ(𝑠). Therefore, we have

𝛼− 3𝜀/4 > valΛ(𝑠) + 𝜀/4 ≥ 𝑣𝜎 + 𝜀/4 .

Hence, the NP procedure defined in Corollary 6.3 successfully decides that the inequality
𝛼− 3𝜀/4 ≤ 𝑣𝜎 − 𝜀/4 is not true, and therefore the procedure does not output𝛼, which yields
the soundness of the procedure.
Completeness. By Remark 6.7, there exist 𝜀/4-optimal stationary strategies 𝜎* and 𝜏 * which
are polynomial-size representable. The procedure non-deterministically guesses 𝜎* and 𝜏 *.
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Since both strategies are 𝜀/4-optimal, we have valΛ(𝑠) ≤ 𝑣𝜎* + 𝜀/4 and 𝑣𝜏* − 𝜀/4 ≤ valΛ(𝑠).
By the choice of 𝑗, there exists 𝛼 such that 𝛼 ∈ [valΛ(𝑠)− 𝜀/4, valΛ(𝑠) + 𝜀/4]. Therefore,

𝛼− 3𝜀/4 ≤ valΛ(𝑠)− 𝜀/2 ≤ 𝑣𝜎* − 𝜀/4 , and
𝛼 + 3𝜀/4 ≥ valΛ(𝑠) + 𝜀/2 ≥ 𝑣𝜏* + 𝜀/4 ,

and the procedure outputs 𝛼. This yields the completeness of the procedure and completes
the proof.

Proof of Theorem 3.2-Item 1. It is a direct implication of Lemma 6.8 and Theorem 4.12.

Proof of Theorem 3.3-Item 1. By [4, 34], there exists a linear-size reduction from the PAR-
ITYVALUE problem to the LIMITVALUE problem. Therefore, the result follows from Theo-
rem 3.2-Item 1.
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Part II*

Constrained Approximate Nash Equilibria
in Multi-player Stochastic Graph Games

*The content of this part is based on [10]; an extended preprint is available as [11].

55





Chapter 7

Computing Constrained Approximate
Nash Equilibria

In this chapter, we present the FNPNP upper bound for the functional APPROXCONSTRAINEDNE
problem (Theorem 3.5). Throughout the chapter, we use 𝑛 for the number of vertices in the
game, |𝐸| for the number of edges in the game, and B for the bit-size used to represent the
probabilities and the payoffs. The probabilities and the payoffs of the input are represented
in fixed-point binary, and hence, for all ℓ ≥ B, they belong to ℱ(ℓ). We assume that we
are given an instance (𝒢, 𝑥̄, 𝑦, 𝜀) of the functional APPROXCONSTRAINEDNE problem. We call
(𝜀-)constrained NE an (𝜀-)NE in 𝒢 such that each player 𝑖’s payoff lies in the interval [𝑥𝑖, 𝑦𝑖]
(resp. [𝑥𝑖 − 𝜀, 𝑦𝑖 + 𝜀]).

The rest of the chapter is organized as follows, and follows the three steps thatweoutlined
in Section 3.5. In Section 7.1, we showhow the problemof computing a constrained stationary
NE is encoded as a sentence in the existential theory of the reals, and, by applying the result
of Basu, Pollack, and Roy (Lemma 2.8), we show that any solution to the resulting system
of polynomial inequalities lies within a ball of at most double-exponential radius. This
implies that, in the worst case, the smallest non-zero probabilities in a stationary equilibrium
may be as small as inverse double-exponential in the size of the input. In Section 7.2, we
show that it is sufficient to represent the probabilities using floating-point numbers with
polynomial precision. The argument relies on the continuity result of Solan (Corollary 2.14):
small perturbations in transition probabilities lead to only small changes in the value of the
associated Markov chain, and hence approximate equilibria obtained where the probabilities
are slightly perturbed still yield approximately correct payoffs. Finally, in Section 7.3, we
provide a coNP procedure (Lemma 7.4) to decide whether the maximum payoff in a Markov
decisionprocess, where the probabilities are given in floating-point representation, lies above
or below a given threshold up to an additive 𝜀; and we present the FNPNP procedure, which
guesses a stationary strategy profile that approximately satisfies the constraints and verifies
it using the above results.
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7.1 Double-exponentially Small Probabilities Suffice
In this section, we show that if a constrained stationary NE exists, then there is one in which
all non-zero probabilities are bounded from below by the inverse of a double-exponential
function of the input size.

Lemma 7.1. If there exists a constrained Nash equilibrium 𝜎̄, then there exists a constrained
Nash equilibrium such that the non-zero probabilities are at least 2−B·2𝒪(|𝐸||Π|) .

Proof. This statement is similar to a result in the work of Hansen, Koucký, and Miltersen [37,
Thm. 4]. Wewrite the sentence in the existential theory of the reals for solving the constrained
stationary Nash equilibrium problem in the following proposition.

Proposition 7.2. There exists a sentence in the existential theory of the reals for computing a
constrained stationary Nash equilibrium with𝒪(|𝐸||Π|) variables, where all polynomials are
of degree at most 2.

Proof. The following part is similar to the sentence for constrained stationary Nash equilibria
found in the work of Ummels and Wojtczak [54, Theorem 4.5]. However, we require the
explicit bounds on the number of variables, the degree of the polynomials, and the length of
the sentence. Thus, we rewrite the explicit sentence. First, by the assumption, there exists
a strategy profile that is a stationary Nash equilibrium 𝜎̄. Let 𝑆 be the set of all edges that
are taken with non-zero probability in the strategy profile 𝜎̄. Furthermore, we define the
set of vertices 𝑉𝑆 fromwhich terminals can be reached with non-zero probability when the
edges outside 𝑆 are removed. Second, we have a formula that states that the variables 𝑝𝑣𝑤
indeed describe a strategy. We enforce that the non-zero variables belong to the set 𝑆. We
further ensure that for stochastic vertices, the variable 𝑝𝑣𝑤 encodes exactly the value dictated
by the probability function p of the stochastic vertex. This involves satisfying the following
constraints:

1. 𝑝𝑣𝑤 > 0, for each 𝑣𝑤 ∈ 𝑆;

2. 𝑝𝑣𝑤 ≤ 1, for each 𝑣𝑤 ∈ 𝑆;

3. 𝑝𝑣𝑤 = 0, for each 𝑣𝑤 /∈ 𝑆;

4.
∑︀

𝑣𝑤∈𝐸(𝑣) 𝑝𝑣𝑤 = 1, for each non-terminal vertex 𝑣; and

5. 𝑝𝑣𝑤 = p(𝑣𝑤), for all stochastic vertices 𝑣.

The variables 𝑟𝑖𝑣 correspond to the payoff player 𝑖 receives by starting from the vertex 𝑣. The
payoffs 𝑟𝑖𝑣 are equal to 0 for all vertices outside 𝑉𝑆 , because no terminal is reachable from
such vertices. The payoffs for other vertices satisfy the following constraints.

6. 𝑟𝑖𝑡 = 𝜇𝑖(𝑡), for 𝑡 ∈ 𝑇 ;

7. 𝑟𝑖𝑣 = 0, for 𝑣 /∈ 𝑉𝑆 ; and

8. 𝑟𝑖𝑣 =
∑︀

𝑣𝑤∈𝐸(𝑣) 𝑝𝑣𝑤 𝑟𝑖𝑤, for 𝑣 ∈ 𝑉𝑆 ∖ 𝑇 .
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We now check that there is no unilateral deviation for the players by adding the following
constraints. This check is enough because, when fixing the strategies of all players except
player 𝑖, the resulting structure is an MDP. For MDPs, the Bellman equations characterize the
value of each state, and the equation below enforces that the value at a vertex 𝑣 is at least as
large as the value of any successor, thereby ensuring consistency with the Bellman equations
of the induced MDP [14, Theorem 10.109].

9. 𝑟𝑖𝑣 ≥ 𝑟𝑖𝑤, for 𝑣 ∈ 𝑉𝑖 and 𝑣𝑤 ∈ 𝐸.

10. 𝑥𝑖 ≤ 𝑟𝑖𝑣0 ≤ 𝑦𝑖, for each player 𝑖.

Finally, we add the auxiliary variables 𝑔𝑣𝑤 to keep track of the size of 𝑝𝑣𝑤, which satisfy the
following constraint:

11. 𝑔𝑣𝑤 𝑝𝑣𝑤 = 1, for each 𝑣𝑤 ∈ 𝑆.

Thus, our sentence is ∃𝑝 ∃𝑟 ∃𝑔 that satisfies constraints 1–11, completing the proof. y

Recall from Lemma 2.8 that if a system of polynomial inequalities is satisfiable, then
there is a valuation satisfying it within a ball whose radius is double-exponentially large
with respect to the input size. Note that each of the constraints in the above sentence is a
polynomial of degree at most 2, and that the total number of variables is𝒪(|𝐸||Π|). Note
also that we had introduced the auxiliary variables 𝑔𝑣𝑤 and required that 𝑔𝑣𝑤 𝑝𝑣𝑤 = 1 for
each 𝑣𝑤 ∈ 𝑆. Since this is also a polynomial in the system, using Lemma 2.8, for all 𝑣𝑤 ∈ 𝑆,
we have 𝑔𝑣𝑤 ≤ 2B·2𝒪(|𝐸||Π|) . Consequently, we have 𝑝𝑣𝑤 ≥ 2−B·2𝒪(|𝐸||Π|) , which completes the
proof.

7.2 Floating-point Representation of Approximate
Equilibria

The bound of the previous section is not sufficient to obtain a polynomial-size certificate,
because representing such tiny probabilities explicitly requires exponentiallymany bits in the
fixed-point representation. In this section, we show that the probabilities can be represented
succinctly in the floating-point representation of Section 2.6, at the cost of considering 𝜀-Nash
equilibria instead of exact ones. While floating-point representations cannot express the
exact probabilities required in an exact Nash equilibrium, they are sufficient for representing
approximate equilibria.

Lemma 7.3. If there exists a constrained stationary Nash equilibrium 𝜎̄, then there exists a(︀
64𝑛22−ℓ

)︀
-constrained stationary Nash equilibrium 𝜎̄′ such that for all players 𝑖 and vertices

𝑣 ∈ 𝑉𝑖, we have 𝜎̄′(𝑣) ∈ 𝒟(ℓ), where ℓ ≥ 1000𝑛2.

Proof. A stationary strategy consists of a probability distribution over the successors of each
vertex. We can truncate a strategy by truncating each of these probability distributions. Let
the strategy profile 𝜎̄′ be the truncation of the strategy profile 𝜎̄ as defined in Lemma 2.11.
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Therefore, for all players 𝑖 and vertices 𝑣 ∈ 𝑉𝑖, we have that 𝜎̄(𝑣) and 𝜎̄′(𝑣) are (ℓ, 2𝑛)-close.
Consequently, for all vertices 𝑣, 𝑤 ∈ 𝑉 ,

rel(𝜎̄(𝑣)(𝑤), 𝜎̄′(𝑣)(𝑤)) ≤ 1

(1− 21−ℓ)2𝑛
− 1

≤ 1

1− 2𝑛21−ℓ
− 1 (Bernoulli inequality)

=
2𝑛21−ℓ

1− 2𝑛21−ℓ
(rearrange)

≤ 8𝑛2−ℓ .
(︀
ℓ ≥ 1000𝑛2

)︀
(7.1)

We now bound the difference of the payoffs of 𝜎̄ and 𝜎̄′. By fixing a strategy profile, we obtain
an MC in which the terminal vertices are absorbing; moreover, we can assume that the MC is
absorbing, since we can redirect the vertices fromwhich no terminal is reachable to a fresh
absorbing vertex with payoff 0 for all players, without changing any of the payoffs. Therefore,
by Eq. (7.1) and Corollary 2.14, for all players 𝑖, we have

|E(𝜎̄)[𝜇𝑖]− E(𝜎̄′)[𝜇𝑖]| ≤ 32𝑛22−ℓ . (7.2)

We fix Δ := 32𝑛22−ℓ and show that 𝜎̄′ is a 2Δ-constrained Nash equilibrium. First, since
𝜎̄ satisfies the payoff constraints, by Eq. (7.2), the strategy profile 𝜎̄′ satisfies the payoff
constraints up to the additive error Δ. Second, consider a player 𝑖 and a strategy 𝜎′′

𝑖 for
player 𝑖. Since the strategy profiles (𝜎̄−𝑖, 𝜎

′′
𝑖 ) and (𝜎̄′

−𝑖, 𝜎
′′
𝑖 ) differ only in the strategies of the

players other than 𝑖, the bound of Eq. (7.1) applies to the MCs they induce, and hence, by
Corollary 2.14, we have

E(𝜎̄′
−𝑖, 𝜎

′′
𝑖 )[𝜇𝑖] ≤ E(𝜎̄−𝑖, 𝜎

′′
𝑖 )[𝜇𝑖] + Δ .

Since 𝜎̄ is a Nash equilibrium, we haveE(𝜎̄−𝑖, 𝜎
′′
𝑖 )[𝜇𝑖] ≤ E(𝜎̄)[𝜇𝑖], and, by Eq. (7.2), we have

E(𝜎̄)[𝜇𝑖] ≤ E(𝜎̄′)[𝜇𝑖] + Δ. By combining the three inequalities, we get

E(𝜎̄′
−𝑖, 𝜎

′′
𝑖 )[𝜇𝑖] ≤ E(𝜎̄′)[𝜇𝑖] + 2Δ ,

which shows that 𝜎̄′ is a 2Δ-Nash equilibrium and completes the proof.

In the above result, we show that it is sufficient to consider floating-point representable
strategies to solve the problem. Note that the bit-size of the representation of such a strategy
profile is polynomial with respect to the size of the game and bit(𝜀): by Lemma 7.1, the non-
zero probabilities are at least 2−B·2𝒪(|𝐸||Π|) , and hence, in the floating-point representation,
the exponent of each of them requires at most𝒪(B|𝐸||Π|) bits, while the mantissa requires
ℓ bits, where ℓ is polynomial in the size of the game and bit(𝜀).

7.3 The FNPNP Procedure
In this section, we present the FNPNP procedure. We first present the coNP procedure that de-
cides whether themaximum payoff of an MDPwhose transition probabilities are represented
in floating point is below a given threshold, up to an additive error.
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Lemma 7.4. The problem of deciding if the payoff for MDPs is below a threshold up to an
additive error is in coNP where the input is an MDP P , a payoff function 𝜇, a vertex 𝑣, a
threshold 0 ≤ 𝛼 ≤ 1, an additive error 𝜀 = 2−𝜅 and a positive integer ℓ such that, for all
stochastic vertices𝑤 ∈ 𝑉 and terminal vertices 𝑡 ∈ 𝑇 , we have

p(𝑤, ·) ∈ 𝒟(ℓ), 𝜇(𝑡) ∈ ℱ(ℓ), ℓ ≥ 1000𝑛2 + 𝜅 .

Define val := sup𝜎 E(𝜎)[𝜇]. Note that the numbers 𝛼 and 𝜀 are represented in fixed-point
binary and the procedure is such that

• if 𝛼 ≤ val−𝜀, then it outputs no; and

• if 𝛼 ≥ val+𝜀, then it outputs yes.

Proof. We present the complement of the procedure, which is in NP, and then prove its
soundness and completeness.
Procedure. The procedure guesses a pure stationary strategy 𝜎 for the player. Note that
the size of the representation of a pure stationary strategy is polynomial with respect to
the size of the representation ofP . By fixing 𝜎, we obtain an MC C , which we can assume
to be absorbing, as in the proof of Lemma 7.3. We denote by val𝜎 the value E(𝜎)[𝜇]. By
Corollary 2.16, there exists a polynomial time algorithm that computes an 𝜀-approximation̂︁val𝜎 of val𝜎. Our procedure outputs no if 𝛼 ≤ ̂︁val𝜎. If there exists no such pure stationary
strategy, the procedure outputs yes.
Completeness. If 𝛼 ≤ val−𝜀, then, by [29], there exists a pure stationary strategy 𝜎 such
that val = val𝜎. The procedure non-deterministically guesses 𝜎. By Corollary 2.16, we havê︁val𝜎 + 𝜀 ≥ val𝜎. Therefore, we have 𝛼 ≤ ̂︁val𝜎, and the procedure outputs no.
Soundness. If 𝛼 ≥ val+𝜀, then for all pure stationary strategies 𝜎, we have 𝛼 ≥ val𝜎 +𝜀.
By Corollary 2.16, we have ̂︁val𝜎 − 𝜀 ≤ val𝜎. Therefore, 𝛼 ≥ ̂︁val𝜎, which implies that the
procedure outputs yes and yields the result.

We now have all the ingredients to present the FNPNP procedure.

Proof of Theorem 3.5. We first present the procedure and then prove its soundness and com-
pleteness.
Procedure. Let ℓ be a positive integer that is polynomial in the size of the game and in bit(𝜀),
and large enough that 64𝑛22−ℓ ≤ 𝜀/8 and ℓ ≥ B + 1000𝑛2 + bit(𝜀). Since the input proba-
bilities are represented in fixed-point binary, they belong to𝒟(ℓ). The procedure guesses a
stationary strategy profile 𝜎̄. By Lemma 7.1 and Lemma 7.3, the size of the representation of 𝜎̄
is polynomial with respect to the size of the game and bit(𝜀). By fixing the strategy profile
𝜎̄, we obtain an MC C . We denote by val𝑖 the payoff of C where the payoff function is 𝜇𝑖.
By Corollary 2.16, the procedure computes the 𝜀/8-approximate payoff ̂︁val𝑖 in polynomial
time. For each player 𝑖, by fixing the strategy profile 𝜎̄−𝑖, we obtain an MDPP𝑖. We denote
by ̃︁val𝑖 the value ofP𝑖 where the payoff function is 𝜇𝑖. Then, the procedure checks if there
exists an 𝜀-unilateral deviation for player 𝑖 by deciding if ̃︁val𝑖 is at most ̂︁val𝑖 + 3𝜀/4 up to the
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additive error 𝜀/8, which is decided by an oracle call to the coNP procedure of Lemma 7.4.
The procedure also checks, for every player 𝑖, that

𝑥𝑖 − 7𝜀/8 ≤ ̂︁val𝑖 ≤ 𝑦𝑖 + 7𝜀/8 .

If all the checks succeed, it outputs 𝜎̄.
Soundness. We assume that 𝜎̄ is not an 𝜀-constrained Nash equilibrium. If val𝑖 < 𝑥𝑖 − 𝜀 for
some player 𝑖, then ̂︁val𝑖 < 𝑥𝑖 − 7𝜀/8; analogously, if val𝑖 > 𝑦𝑖 + 𝜀, then ̂︁val𝑖 > 𝑦𝑖 + 7𝜀/8. In
either case, the payoff check rejects 𝜎̄. It remains to consider the case where an 𝜀-unilateral
deviation is possible for some player 𝑖, equivalently, val𝑖 ≤ ̃︁val𝑖 − 𝜀. Therefore, we have

̂︁val𝑖 + 3𝜀/4 ≤ val𝑖 +7𝜀/8
(︁̂︁val𝑖 is an 𝜀/8-approximation of val𝑖

)︁
≤ ̃︁val𝑖 − 𝜀/8 . (𝜀-unilateral deviation)

However, for this case, the coNP procedure defined in Lemma 7.4 successfully outputs no.
Therefore, our procedure does not output 𝜎̄ as an 𝜀-constrained stationary Nash equilibrium,
which yields the soundness of our procedure.
Completeness. By the promise of the problem, there exists a constrained Nash equilibrium.
Hence, by Lemma 7.1 and Lemma 7.3, there exists an 𝜀/8-constrained stationary Nash equilib-
rium 𝜎̄ which is polynomial-size representable. The procedure non-deterministically guesses
𝜎̄. Since 𝜎̄ satisfies the payoff constraints up to 𝜀/8 and |̂︁val𝑖 − val𝑖 | ≤ 𝜀/8, it passes the
payoff checks. Since the strategy profile is an 𝜀/8-Nash equilibrium, for all players 𝑖, we havẽ︁val𝑖 ≤ val𝑖 +𝜀/8. Therefore, we get

̂︁val𝑖 + 3𝜀/4 ≥ val𝑖 +5𝜀/8
(︁̂︁val𝑖 is an 𝜀/8-approximation of val𝑖

)︁
≥ ̃︁val𝑖 + 4𝜀/8 (̃︁val𝑖 ≤ val𝑖 +𝜀/8)

≥ ̃︁val𝑖 + 𝜀/8 .

Thus, the coNPprocedure outputs yes. Therefore, our procedure successfully decides that 𝜎̄ is
an 𝜀-constrained stationary Nash equilibrium. This yields the completeness of the procedure
and completes the proof.
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Chapter 8

On (Very) Small Probabilities

In this chapter, weprovide a tight lower bound for Lemma7.1, by showing that in a constrained
NE, players might need to use double-exponentially small probabilities (Theorem 3.7). This
result itself is not surprising due to the ∃R-completeness of the problem [38] even in games
with 7 players or more. But we tighten this result by producing an explicit game with only 5
players where such double-exponentially small probabilities are required. The chapter is or-
ganized as follows. In Section 8.1, we present the construction of the game 𝒢𝑛. In Section 8.2,
we show that every constrained Nash equilibrium in 𝒢𝑛 requires double-exponentially small
probabilities, and, in Section 8.3, we show that such a Nash equilibrium indeed exists. Finally,
in Section 8.4, we show that the above lower bound does not hold for 𝜀-Nash equilibria in
the game 𝒢𝑛, and we present a conjecture that generalizes this observation.

8.1 The Game 𝒢𝑛

Let 𝑛 ∈ N. The game 𝒢𝑛 is depicted by Figure 8.1. It contains five players, named#,2,△,
3, andD: the shape of each vertex indicates which player controls it, and black vertices are
stochastic ones—the probability distribution is then indicated on the outgoing edges. All
omitted rewards are 0. For convenience, we allow rewards greater than 1 here, accounting
for the fact that all rewards can easily be normalized by dividing them by the greatest of them
(namely 𝑛). The threshold vectors are 𝑥̄ and 𝑦, where 𝑥∘ = 𝑦∘ = 1, and, for every other player
𝑖, we have 𝑥𝑖 = 0 and 𝑦𝑖 = 𝑛; that is, the constraint requires that player#’s expected payoff
is exactly 1, and leaves the payoffs of the other players unconstrained. Note that the game
𝒢𝑛 has𝒪(𝑛) vertices and edges. For now, the reader should ignore the notations 𝛽𝑖, 𝛾𝑖, 𝛿𝑖, 𝜂𝑖.

Intuitively, the construction is the following: in each gadget def𝑖, from the vertex 𝑟𝑖,
player # has to randomize between the terminal vertices 𝑡𝑖 and 𝑡′𝑖 (in the gadget def0 the
randomization is imposed, because player# does not control the vertex 𝑟0). The probability
of going to the vertex 𝑡𝑖 will be called 𝛼𝑖. We are interested in NEs such that player# gets
expected payoff 1: that means that the players should never go to those gadgets, nor to the
terminal vertices 𝑡𝑖0 or 𝑡𝑖1. But then, deviating and going to those gadgets or vertices must
never be a profitable deviation. This imposes strict restrictions on which expected payoffs
the players should get in each gadget mul𝑖, and therefore on how they can randomize their
own strategies. In particular, from the vertex 𝑐𝑖, we will see that player3must necessarily

63



randomize, which is possible in a Nash equilibrium only if both sides are equivalent from
their perspective: with this idea, each gadget mul𝑖 binds the values of 𝛼𝑖−1 and 𝛼𝑖, imposing
𝛼𝑖 = 𝛼2

𝑖−1. Then, by induction, we find 𝛼𝑛 = 1
22𝑛

.

𝑠0

…mul2mul1 mul𝑛

1
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1
𝑛

1
𝑛

(a) The game 𝒢𝑛
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Figure 8.1: A game where very small probabilities are necessary. The rewards corresponding to all the players not explicitly mentioned are
zero.

8.2 Small Probabilities are Necessary
In this section, we show that every constrained Nash equilibrium of the game 𝒢𝑛 requires a
double-exponentially small probability.

Lemma 8.1. In the game 𝒢𝑛, if there exists a stationary Nash equilibrium 𝜎̄ in which player#
gets expected payoff 1, then we have 𝜎∘(𝑟𝑛) =

1
22𝑛

.

Proof. Let 𝜎̄ be such a stationary NE.
For each 𝑖 ∈ {0, . . . , 𝑛}, we write 𝛼𝑖, 𝛽𝑖, 𝛾𝑖, 𝛿𝑖, and 𝜂𝑖, for the probabilities 𝜎∘(𝑟𝑖)(𝑡𝑖),

𝜎◇(𝑐𝑖)(𝑑𝑖), 𝜎∘(𝑓𝑖)(𝑡𝑖2), 𝜎∘(𝑗𝑖)(𝑘𝑖), and 𝜎∘(𝑚𝑖)(𝑡𝑖4), respectively. Since the vertex 𝑟0 is stochas-
tic, we fix 𝛼0 =

1
2
. We will now show the following.

Proposition 8.2. For each 𝑖, we have 𝛼𝑖 =
1

22𝑖
.

Proof. The proposition is immediately true for 𝑖 = 0.
Let now 𝑖 > 0, and let us assume that we have𝛼𝑖−1 =

1

22𝑖−1 . Let us already note that since
player# gets expected payoff 1, and since there is no terminal vertex in this game where

64



they can get more than 1, all terminal vertices where they get less than 1must be reached
with probability 0. That implies for example that from the vertex 𝑎𝑖, which is reached with
non-zero probability, player△ goes deterministically to 𝑏𝑖, and that from the vertex 𝑏𝑖, player
D goes deterministically to the vertex 𝑐𝑖.

This will first help us prove the following claim.

Claim 8.3. We have 0 < 𝛽𝑖 < 1.

Proof. Since player△ and playerD go to the terminal vertices 𝑡𝑖0 and 𝑡𝑖1, respectively, with
probability 0, and have no profitable deviation in 𝜎̄, we know that from the vertex 𝑐𝑖, those
players must get at least expected payoffs 𝑛− 𝑖+ 1

8
and 11

8
, respectively. For player△, that

implies 𝛽𝑖 < 1, since player△’s expected payoff is always smaller than or equal to 𝑛− 𝑖 if
the vertex 𝑑𝑖 is reached. For playerD it implies 𝛽𝑖 > 0, since playerD’s expected payoff is
smaller than or equal to 1 if the vertex 𝑔𝑖 is reached. y

Now, since the vertex 𝑑𝑖 is reached with non-zero probability, and since no terminal
vertex giving player# the reward 0must ever be reached, we necessarily have 𝜎�(𝑑𝑖)(𝑟𝑖) =
𝜎△(𝑒𝑖)(𝑟𝑖) = 0, and from the vertex 𝑑𝑖 player2 and△ deterministically go to the vertex 𝑓𝑖.
There, we can prove the following claim.

Claim 8.4. We have 𝛾𝑖 = 𝛼𝑖.

Proof. By deviating and going to the gadget def𝑖, player2 and player△ can get the expected
payoffs 𝛼𝑖 and 𝑛− 𝑖− 𝛼𝑖, respectively. But none of those deviations is profitable, since the
strategy profile 𝜎̄ is an NE. For player2, this means that they get at least the expected payoff
𝛼𝑖 from 𝑓𝑖, i.e., that we have 𝛾𝑖 ≥ 𝛼𝑖. For player△, this means that they get at least the
expected payoff 𝑛− 𝑖− 𝛼𝑖 from 𝑓𝑖, i.e., that we have 𝛾𝑖 ≤ 𝛼𝑖. y

On the other side, the same argument implies that player2 and△ deterministically go
to the vertex 𝑗𝑖, and that we have, then, the following result.

Claim 8.5. We have 𝛿𝑖 = 𝛼𝑖−1.

Proof. Since going to the gadget def𝑖−1 is not a profitable deviation for player2, theymust get
at least the expected payoff𝛼𝑖−1 by going to 𝑗𝑖, which implies 𝛿𝑖 ≥ 𝛼𝑖−1. Sincewehave𝛼𝑖−1 =

1

22𝑖−1 > 0 by induction hypothesis, we now know that the vertex 𝑘𝑖 is reached with positive
probability, which implies that from there, player3, and then playerD, deterministically
go to the vertex𝑚𝑖. Thus, if the vertex 𝑘𝑖 is reached, player△ gets expected payoff 𝑛 − 𝑖.
Since going to the gadget def𝑖−1 is not profitable for them either, theymust get at least payoff
𝑛− 𝑖+ 1− 𝛼𝑖−1 by going to 𝑗𝑖, that is, we have 𝛿𝑖 ≤ 𝛼𝑖−1. y

Now that we know that the vertex 𝑘𝑖 is reached with positive probability, and therefore
that from there, player3 andD go to the vertex𝑚𝑖, we can apply the same reasoning in that
last vertex.

Claim 8.6. We have 𝜂𝑖 = 𝛼𝑖−1.

Proof. Since going to the gadget def𝑖−1 is not a profitable deviation for player3, we have
𝜂𝑖 ≥ 𝛼𝑖−1. Since it is not a profitable deviation for playerD, we have 𝜂𝑖 ≤ 𝛼𝑖−1. y
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We can now connect 𝛼𝑖−1 and 𝛼𝑖. By Claim 8.3, from the vertex 𝑐𝑖, player 3 proceeds
to a strict randomization. Since going deterministically to 𝑑𝑖 or to 𝑔𝑖 must not be profitable
deviations, they must get exactly the same expected payoff on both sides. From 𝑑𝑖, using
Claim 8.4, we find that they get expected payoff 𝛼𝑖. From 𝑔𝑖, using Claim 8.5 and Claim 8.6,
we find that they get expected payoff 𝛼2

𝑖−1. Using the induction hypothesis, we obtain

𝛼𝑖 = 𝛼2
𝑖−1 =

1

22𝑖
,

as desired. y

By taking 𝑖 = 𝑛, we can conclude.

8.3 Small Probabilities Suffice
We now know that if a stationary NE satisfying this constraint exists, it necessarily includes a
double-exponentially small probability. We now prove that such an NE exists.

Lemma 8.7. For every 𝑛 ∈ N, the game 𝒢𝑛 has a stationary Nash equilibriumwhere player
#’s expected payoff is 1.

Proof. The proof of Lemma 8.1 defines almost completely how such a stationary NE must
behave. The only probability that was not completely defined was 𝛽𝑖: let us fix it to 1

2
, and let

us call this strategy profile 𝜎̄. Let us now check that no player has a profitable deviation.
Player#. Player# has expected payoff 1when following 𝜎̄, and there is no terminal vertex
that could give them a better reward: therefore, they have no profitable deviation.
Player 2. From each vertex of the form 𝑑𝑖, the play continues deterministically to 𝑓𝑖 and
then ends in 𝑡𝑖2 with probability 𝛾𝑖 = 𝛼𝑖, giving player 2 expected payoff 𝛼𝑖. Thus, going
to the gadget def𝑖 is not a profitable deviation. From vertices of the form 𝑔𝑖, the situation is
analogous.
Player△. From each vertex of the form 𝑒𝑖, player△ gets expected payoff 𝑛− 𝑖− 𝛼𝑖, hence
going to the gadget def𝑖 is not a profitable deviation; and the situation is analogous from the
vertices of the form ℎ𝑖. From each vertex 𝑎𝑖, they get expected payoff

1

2
(𝑛− 𝑖− 𝛼𝑖) +

1

2
(𝑛− 𝑖+ 1− 𝛼𝑖−1) = 𝑛− 𝑖+

1

2
− 1

2
𝛼𝑖 −

1

2
𝛼𝑖−1 .

Since 𝛼𝑖−1 ≤ 𝛼0 =
1
2
and 𝛼𝑖 ≤ 𝛼1 =

1
4
, this expected payoff is greater than or equal to the

quantity

𝑛− 𝑖+
1

2
− 1

2

1

4
− 1

2

1

2
= 𝑛− 𝑖+

1

8
,

hence going to the terminal vertex 𝑡𝑖0 is not a profitable deviation either.
Player3. From each vertex of the form 𝑘𝑖, player3 gets expected payoff 𝛼𝑖−1, hence going to
the gadget def𝑖−1 is not a profitable deviation. From the vertex 𝑐𝑖, player3will get expected
payoff 𝛼𝑖 = 𝛼2

𝑖−1 whether they go to 𝑑𝑖 or to 𝑔𝑖, hence they have no profitable deviation from
𝑐𝑖 either.

66



PlayerD. From every vertex of the form ℓ𝑖, playerD gets expected payoff 1 − 𝛼𝑖−1, hence
going to the gadget def𝑖−1 is not a profitable deviation. From a vertex of the form 𝑏𝑖, playerD
gets expected payoff

1

2
· 2 + 1

2
(1− 𝛼𝑖−1 + 𝛼𝑖−1(1− 𝛼𝑖−1)) =

3

2
− 1

2
𝛼2
𝑖−1 ≥

3

2
− 1

2

(︂
1

2

)︂2

=
11

8
,

hence they have no profitable deviation from the vertex 𝑏𝑖 either.

Proof of Theorem 3.7. The result follows from combining Lemma 8.1 and Lemma 8.7.

Theorem 3.7 should be understood as a lower bound on Lemma 7.1, that shows that one
cannot expect a better complexity than NPNP using the techniques we use here.

8.4 Approximate Equilibria in the Game 𝒢𝑛

However, let us now note that the above result is true only for exact Nash equilibria. For
𝜀-NEs, our construction does not lead to the same result, as shown by the following lemma.

Lemma 8.8. Let 𝑛 ∈ N and 𝜀 > 0. In the game 𝒢𝑛, there exists a stationary 𝜀-NE 𝜏 where
player#’s expected payoff is 1, and where for each player 𝑖 and every edge 𝑢𝑣 with 𝑢 ∈ 𝑉𝑖, the
size bit (𝜏𝑖(𝑢)(𝑣)) is bounded by a polynomial of bit(𝑛) and bit(𝜀).

Proof. Let 𝐼 be the smallest positive integer such that we have

1

22𝐼+1𝑛
≤ 𝜀 .

Let us consider the strategy profile 𝜏 , where, for every 𝑖:

• from the vertex 𝑟𝑖, player# goes to 𝑡𝑖 with probability 𝜃𝑖;

• from the vertex 𝑎𝑖, the players go deterministically to 𝑐𝑖, where player3 randomizes
uniformly between 𝑑𝑖 and 𝑔𝑖;

• from the vertex 𝑑𝑖, the players go deterministically to 𝑓𝑖, where player# goes to 𝑡𝑖2
with probability 𝜃𝑖;

• from the vertex 𝑔𝑖, the players go deterministically to the vertex 𝑗𝑖, where player# goes
to 𝑘𝑖 with probability 𝜃𝑖−1; and

• from the vertex 𝑘𝑖, the players go deterministically to the vertex𝑚𝑖, where player#
goes to 𝑡𝑖4 with probability 𝜃𝑖−1,

where 𝜃0 = 1
2
and, for 1 ≤ 𝑖 ≤ 𝑛,

𝜃𝑖 =

{︃
1

22𝑖
𝑖 < 𝐼,

0 𝑖 ≥ 𝐼.
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If 𝐼 > 𝑛, then 𝜏 coincides with the Nash equilibrium from Lemma 8.7, so the result follows.
Hence, assume 1 ≤ 𝐼 ≤ 𝑛.

Following the same arguments as in the proof of Lemma 8.7, no player has a profitable
deviation anywhere in this strategy profile, except player3, in the gadget mul𝐼 , who now has
an incentive to go deterministically to the vertex 𝑔𝐼 . Indeed, if the vertex 𝑑𝐼 is reached, they
get expected payoff 0, while if 𝑔𝐼 is reached, they get 𝜃2𝐼−1 =

1

22𝐼
. Then, since the vertex 𝑐𝐼 is

itself reached with probability 1
𝑛
, such a deviation is profitable by

1

𝑛
· 1
2
· 1

22𝐼
=

1

22𝐼+1𝑛
,

which is smaller than 𝜀 by hypothesis. Therefore, the strategy profile 𝜏 is an 𝜀-NE, and all
probabilities can bewrittenwith a number of bits that is polynomial in the size of the instance
(which includes 𝜀).

We conjecture that this can be generalized, and that as soon as we consider 𝜀-NEs instead
of NEs, double-exponentially small probabilities are no longer required.

Conjecture 8.9. Let 𝒢 be a game, let 𝑥̄, 𝑦 be two vectors denoting the constraints, and let
𝜀 > 0. If there exists a stationary 𝜀-NE in 𝒢 where the expected payoffs are between 𝑥̄ and 𝑦,
then there exists one that has polynomial-size fixed-point representation.

Proving such a result would lead to an NP upper bound on our approximate problem,
since such an 𝜀-NE can then be guessed and checked in polynomial time.
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Chapter 9

A Lower Bound: NP-hardness

We dedicate this chapter to show the NP-hardness of the APPROXCONSTRAINEDNE problem
(Theorem 3.6), which holds already for games with two players. While it was already known
that the CONSTRAINEDNE problem is NP-hard [54, Theorem 4.4], and later shown to be even
∃R-complete [38], we prove that even the relaxed version of the problem—deciding whether
an approximate stationary Nash equilibrium exists that satisfies the given constraints up to
𝜀—is NP-hard.1

The chapter is organized as follows. In Section 9.1, we present the reduction from the
3SAT problem. In Section 9.2, we show that a satisfying assignment of the formula yields a
constrained Nash equilibrium in the constructed game, and, in Section 9.3, we show that
even a constrained 𝜀-Nash equilibrium yields a satisfying assignment of the formula.

9.1 The Reduction
We proceed by reduction from the 3SAT problem. Let 𝜙 =

⋀︀𝑚
𝑖=1 (𝐿𝑖1 ∨ 𝐿𝑖2 ∨ 𝐿𝑖3) be a CNF

formula over the variables 𝑥1, . . . , 𝑥𝑛, where each 𝐿𝑖𝑗 is a literal, that is, a variable 𝑥𝑘 or its
negation¬𝑥𝑘. Note that 𝑛 and𝑚 are the parameters of the formula, and that the game 𝒢𝜙
we construct below has𝒪(𝑛+𝑚) vertices and edges.
Construction of the game 𝒢𝜙. We define the game 𝒢𝜙 as follows.

• There are two players, player# and player2.

• Player# controls the vertex⊤𝐿, for each literal𝐿. Player2 controls the vertex𝐶𝑖, for
each clause𝐶𝑖, and the vertex 𝐿, for each literal𝐿. The stochastic vertices are named
𝑠0 and 𝑠1. The terminal vertices are named 𝑡�, 𝑡∅, 𝑡∘�, and 𝑡∘.

• The initial vertex is the stochastic vertex 𝑠0, from which the outgoing edges are dis-
tributed as follows:

– the probability of going to the vertex 𝑥𝑘, for each 𝑘 ∈ {1, . . . , 𝑛}, is 1
2𝑘+1 ;

– the probability of going to the vertex ¬𝑥𝑘, for each 𝑘, is 1
2𝑘+1 ;

1This result is stronger than the one presented in the conference version [10], where the hardness was proven only for an arbitrary
number of players.
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– the probability of going to the vertex 𝑠1 is 1
2𝑛+1 ; and

– the probability of going to the terminal vertex 𝑡∘ is 1
2𝑛+1 .

Note that these probabilities sum up to 1, since 2
∑︀𝑛

𝑘=1
1

2𝑘+1 = 1− 1
2𝑛
.

• From the stochastic vertex 𝑠1, the outgoing edges are distributed as follows: for each
𝑖 ∈ {1, . . . ,𝑚}, the probability of going to the vertex𝐶𝑖 is 1

𝑚
.

• From each vertex𝐶𝑖, player2 canmove to the vertices 𝑡�, 𝐿𝑖1, 𝐿𝑖2, and 𝐿𝑖3.

• From each vertex 𝐿, player2 canmove to the vertices⊤𝐿 and 𝑡∘.

• From each vertex⊤𝐿, player# canmove to the vertices 𝑡∘� or 𝑡∅.

• In the terminal vertex 𝑡�, player# gets the payoff 0 and player2 gets the payoff 1. In
the terminal vertex 𝑡∅, both players receive the payoff 0. In the terminal vertex 𝑡∘�, they
both receive 1, and in 𝑡∘, player# receives 1, and player2 receives 0.

𝑠0
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∘
1
�
0

𝑠1

1
2𝑛+1

1
2𝑛+1

𝐶1

…
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∘
0
�
1

1
𝑚

1
𝑚

𝑥𝑛

¬𝑥𝑛

…

¬𝑥1

𝑥1

1
4

1
4

1
2𝑛+1

1
2𝑛+1

⊤𝑥𝑛

𝑡∘ :
∘
1
�
0

𝑡∘� :
∘
1
�
1

𝑡∅ :
∘
0
�
0

…

…

…

…

…

Figure 9.1: A reduction from 3SAT

That game is depicted by Figure 9.1. The gray dashed arrows correspond to the case
where𝐶1 = 𝑥1 ∨ 𝑥𝑛 ∨ ¬𝑥𝑛. For convenience, the vertex 𝑡∘ is depicted twice.
The instance of the APPROXCONSTRAINEDNE problem. Given the formula 𝜙, the reduction
outputs the game 𝒢𝜙, the threshold vectors 𝑥̄ := 𝑦 :=

(︀
1, 1

2

)︀
, that is, the constraint requires

that player#’s expected payoff is exactly 1 and player2’s expected payoff is exactly 1
2
, and

the additive error

𝜀 := 2−𝜅, where 𝜅 := 𝑛+ 3 + bit(6𝑛+ 8𝑚+ 1) . (9.1)

Note that the game, the threshold vectors, and the error are computable in polynomial time
with respect to the size of 𝜙, and that 𝜀 ≤ 1

2𝑛+3(6𝑛+8𝑚+1)
, since 2bit(𝑘) ≥ 𝑘 + 1 for all positive
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integers 𝑘. The two sections below show that the formula 𝜙 is satisfiable if and only if the
constructed instance is a positive instance of the APPROXCONSTRAINEDNE problem, which
establishes Theorem 3.6.

9.2 From Satisfying Assignments to Nash Equilibria
Proposition 9.1. If the formula 𝜙 is satisfiable, then there exists a stationary Nash equilibrium
in the game 𝒢𝜙 such that player#’s expected payoff is 1, and player2’s expected payoff is 1

2
.

Proof. We first define the strategy profile 𝜎̄, then show that it satisfies the constraints, and
finally that it is an NE.
Definition of 𝜎̄. Let 𝜈 : {𝑥1, . . . , 𝑥𝑛} → {0, 1} be a valuation satisfying the formula 𝜙. We
define the stationary strategy profile 𝜎̄ as follows: from each clause vertex𝐶𝑖, player2 goes
deterministically to a given vertex𝐿 such that the literal𝐿 is satisfied by the valuation 𝜈. From
each vertex of the form𝐿, player2 goes deterministically to the vertex⊤𝐿 if the valuation
𝜈 satisfies 𝐿, and to the vertex 𝑡∘ otherwise. From each vertex of the form ⊤𝐿, player #
deterministically goes to the vertex 𝑡∘� if the valuation 𝜈 satisfies 𝐿, and to the vertex 𝑡∅
otherwise.
The strategy profile 𝜎̄ satisfies the constraints. First, let us note that this game contains no
cycle, hence the probability of never reaching any terminal vertex is 0. This strategy profile
never reaches the terminal vertex 𝑡�, nor 𝑡∅. Therefore, player#’s expected payoff is 1.

As concerns player2, they get the payoff 0 only when the vertex 𝑡∘ is reached, i.e., only in
plays that either reach 𝑡∘ immediately from 𝑠0, or that traverse a vertex𝐿 such that the literal
𝐿 is not satisfied. For each𝑘, exactly oneof the two literals𝑥𝑘 and¬𝑥𝑘 is in that situation. That
literal is reached with probability exactly 1

2𝑘+1 , since it cannot be reached from 𝑠1: player2’s
strategy targets only satisfied literals. Moreover, the probability of reaching 𝑡∘ immediately is

1
2𝑛+1 . Therefore, the probability of reaching that vertex is

𝑛∑︁
𝑘=1

1

2𝑘+1
+

1

2𝑛+1
=

(︂
1

2
− 1

2𝑛+1

)︂
+

1

2𝑛+1
=

1

2
,

and player2’s expected payoff is 1
2
.

The strategyprofile 𝜎̄ is anNE.Player#hasnoprofitabledeviation, since theyget the expected
payoff 1, and could not get more. As for player2, from any vertex of the form𝐶𝑖, or 𝐿where
the literal 𝐿 is satisfied by 𝜈, they also get the expected payoff 1, which is the maximum.
From a vertex of the form 𝐿where 𝐿 is not satisfied by 𝜈, they get the payoff 0, but the only
deviation available consists in going to the vertex⊤𝐿, fromwhich player# goes to the vertex
𝑡∅, giving them also the payoff 0.

9.3 From Approximate Nash Equilibria to Satisfying
Assignments

For theconverse,weshowthe following stronger result,where theequilibrium isonly required
to be an 𝜀-NE and to satisfy the constraints up to 𝜀.
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Proposition 9.2. Let 𝜀 be as in Eq. (9.1). If there is a stationary 𝜀-Nash equilibrium 𝜎̄ in the
game 𝒢𝜙 that satisfies the constraints

• E(𝜎̄)[𝜇∘] ≥ 1− 𝜀; and

• 1
2
− 𝜀 ≤ E(𝜎̄)[𝜇�] ≤ 1

2
+ 𝜀,

then the formula 𝜙 is satisfiable.

Proof. Let 𝜎̄ be such a stationary 𝜀-NE. For each vertex 𝑣 and each player 𝑖 ∈ {#,2}, we
write 𝑒𝑖(𝑣) for player 𝑖’s expected payoff when the strategy profile 𝜎̄ is played from the vertex
𝑣. We first record the following observation, which we use repeatedly. Since the game 𝒢𝜙 is
acyclic, every vertex is visited at most once in a play. Therefore, if a vertex 𝑣 is reached with
probability 𝑝 > 0, then, on the one hand, no player has a deviation from the vertex 𝑣 that is
profitable by 𝜀/𝑝ormore, since such a deviationwould be profitable by 𝜀ormore in thewhole
game; and, on the other hand, since all the payoffs are at most 1, we have 𝑒∘(𝑣) ≥ 1− 𝜀/𝑝,
because 1− 𝜀 ≤ E(𝜎̄)[𝜇∘] ≤ 𝑝 · 𝑒∘(𝑣) + (1− 𝑝).

We now study the behavior of 𝜎̄ from the literal vertices.

Claim 9.3. Let 𝐿 be a literal, either of the form 𝑥𝑘 or of the form ¬𝑥𝑘. Let 𝛿𝑘 := 2𝑘+1𝜀. Then,
we have either 𝑒�(𝐿) ≤ 𝛿𝑘, or 𝑒�(𝐿) ≥ 1− 3𝛿𝑘.

Proof. The vertex𝐿 is reachedwith probability at least 1
2𝑘+1 . Hence, by the above observation,

no player has a deviation from the vertex𝐿 that is profitable by 𝛿𝑘 or more, and, moreover,
we have 𝑒∘(𝐿) ≥ 1 − 𝛿𝑘. Let us now write 𝛽 for the probability 𝜎�(𝐿)(⊤𝐿), and 𝛾 for the
probability 𝜎∘(⊤𝐿)(𝑡∘�).

We have 𝑒∘(𝐿) = 1−𝛽+𝛽𝛾. That expected payoffmust be larger than or equal to 1− 𝛿𝑘,
which implies

𝛽 − 𝛽𝛾 ≤ 𝛿𝑘 . (9.2)

Similarly, we have 𝑒�(𝐿) = 𝛽𝛾. Since the deviation that consists in going deterministically to
⊤𝐿 gives player2 the expected payoff 𝛾, and is not profitable by more than 𝛿𝑘, we obtain

𝛾 − 𝛽𝛾 ≤ 𝛿𝑘 . (9.3)

Note that, by the choice of 𝜀 in Eq. (9.1), we have 𝛿𝑘 ≤ 2𝑛+1𝜀 ≤ 1
4(6𝑛+8𝑚+1)

< 1
4
. We can now

separate two cases.

• If 𝛽 ≤ 1
2
, then Eq. (9.3) implies 𝛾

2
≤ 𝛾(1− 𝛽) ≤ 𝛿𝑘, i.e., 𝛾 ≤ 2𝛿𝑘, which implies

𝑒�(𝐿) = 𝛽𝛾 ≤ 1

2
· 2𝛿𝑘 = 𝛿𝑘 .

• If 𝛽 > 1
2
, then Eq. (9.2) implies 1

2
(1− 𝛾) ≤ 𝛽(1− 𝛾) ≤ 𝛿𝑘, i.e., 𝛾 ≥ 1− 2𝛿𝑘. Now, using

Eq. (9.3), we obtain (1− 2𝛿𝑘)(1− 𝛽) ≤ 𝛾(1− 𝛽) ≤ 𝛿𝑘, i.e.,

𝛽 ≥ 1− 𝛿𝑘
1− 2𝛿𝑘

=
1− 3𝛿𝑘
1− 2𝛿𝑘

,

and finally

𝑒�(𝐿) = 𝛽𝛾 ≥ (1− 2𝛿𝑘) ·
1− 3𝛿𝑘
1− 2𝛿𝑘

= 1− 3𝛿𝑘 .
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Note that the above computations are valid because 𝛿𝑘 < 1
4
. y

Let us now call green the literals 𝐿 such that 𝑒�(𝐿) ≥ 1− 3𝛿𝑘, and red those such that
𝑒�(𝐿) ≤ 𝛿𝑘. By Claim 9.3, every literal is green or red, and, since 𝛿𝑘 < 1

4
, no literal is both. As

one can expect, green and red literals will correspond to true and false literals—but we still
need to prove that every clause has a green literal, and that opposite literals have different
colors. In the sequel, we fix

𝛿 := 2𝑛+1𝑚𝜀 ,

and we note that, by the choice of 𝜀 in Eq. (9.1), we have 𝛿 ≤ 𝑚
4(6𝑛+8𝑚+1)

≤ 1
32
, and that 𝛿𝑘 ≤ 𝛿

for all 𝑘.

Claim 9.4. Every clause has a green literal.

Proof. Let𝐶𝑖 be a clause of 𝜙. The vertex𝐶𝑖 is reached with probability 1
2𝑛+1𝑚

, and hence, by
the observation above, no player has a deviation from𝐶𝑖 that is profitable by 𝛿 or more, and
we have 𝑒∘(𝐶𝑖) ≥ 1− 𝛿. Since going to the vertex 𝑡� gives player# the payoff 0, and all the
other successors of𝐶𝑖 give player# at most the payoff 1, we have 𝑒∘(𝐶𝑖) ≤ 1− 𝜎�(𝐶𝑖)(𝑡�),
and therefore

𝜎�(𝐶𝑖)(𝑡�) ≤ 𝛿 . (9.4)

Now, since going deterministically to the vertex 𝑡� gives player2 the payoff 1 andmust not
be profitable by more than 𝛿, we necessarily have 𝑒�(𝐶𝑖) ≥ 1− 𝛿. Moreover, by Eq. (9.4), we
have

𝑒�(𝐶𝑖) = 𝜎�(𝐶𝑖)(𝑡�) +
3∑︁

𝑗=1

𝜎�(𝐶𝑖)(𝐿𝑖𝑗) · 𝑒�(𝐿𝑖𝑗) ≤ 𝛿 + max
𝑗

𝑒�(𝐿𝑖𝑗) ,

and hence there is a literal𝐿 of the clause𝐶𝑖 such that 𝑒�(𝐿) ≥ 1− 2𝛿. Since 1− 2𝛿 > 1
2
>

𝛿 ≥ 𝛿𝑘, the literal 𝐿 is not red, and hence, by Claim 9.3, it is green. y

Claim 9.5. Two opposite literals always have different colors.

Proof. We first consider a general expression of player2’s expected payoff, namely

E(𝜎̄)[𝜇�] =
𝑛∑︁

𝑘=1

1

2𝑘+1
(𝑒�(𝑥𝑘) + 𝑒�(¬𝑥𝑘)) +

1

2𝑛+1
𝑒�(𝑠1) , (9.5)

where the last term accounts for the plays that traverse the vertex 𝑠1, and where the plays
that reach the vertex 𝑡∘ immediately contribute 0. For each literal 𝐿, we define 𝑐(𝐿) := 1 if 𝐿
is green and 𝑐(𝐿) := 0 if 𝐿 is red, and we define

𝑆 :=
𝑛∑︁

𝑘=1

1

2𝑘+1
(𝑐(𝑥𝑘) + 𝑐(¬𝑥𝑘)) +

1

2𝑛+1
.

We first bound the distance between 𝑆 and E(𝜎̄)[𝜇�]. On the one hand, by Claim 9.3, for
all literals 𝐿 over the variable 𝑥𝑘, we have |𝑒�(𝐿) − 𝑐(𝐿)| ≤ 3𝛿𝑘 = 3 · 2𝑘+1𝜀. On the other
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hand, by the proof of Claim 9.4, we have 𝑒�(𝐶𝑖) ≥ 1 − 𝛿 for all clauses 𝐶𝑖, and hence
𝑒�(𝑠1) =

1
𝑚

∑︀𝑚
𝑖=1 𝑒�(𝐶𝑖) ≥ 1− 𝛿. Therefore, by Eq. (9.5), we have

|E(𝜎̄)[𝜇�]− 𝑆| ≤
𝑛∑︁

𝑘=1

1

2𝑘+1
· 6 · 2𝑘+1𝜀+

1

2𝑛+1
𝛿

= 6𝑛𝜀+𝑚𝜀 ,

where the last equality uses 𝛿 = 2𝑛+1𝑚𝜀. Consequently, by the constraint on player 2’s
expected payoff, we have⃒⃒⃒⃒

𝑆 − 1

2

⃒⃒⃒⃒
≤ 𝜀+ (6𝑛+𝑚)𝜀 = (6𝑛+𝑚+ 1)𝜀 ≤ 2−(𝑛+3) , (9.6)

where the last inequality is by the choice of 𝜀 in Eq. (9.1). We now show that Eq. (9.6) implies
that, for all 𝑘, we have 𝑐(𝑥𝑘) + 𝑐(¬𝑥𝑘) = 1, which is the desired result. Indeed, we define
𝜃𝑘 := 𝑐(𝑥𝑘) + 𝑐(¬𝑥𝑘)− 1 ∈ {−1, 0, 1}, and note that

𝑆 − 1

2
=

𝑛∑︁
𝑘=1

𝜃𝑘
2𝑘+1

,

since
∑︀𝑛

𝑘=1
1

2𝑘+1 +
1

2𝑛+1 = 1
2
. For the sake of contradiction, assume that 𝜃𝑘 ̸= 0 for some 𝑘,

and let 𝑘0 be the smallest such index. Then, we have⃒⃒⃒⃒
𝑆 − 1

2

⃒⃒⃒⃒
≥ 1

2𝑘0+1
−
∑︁
𝑘>𝑘0

1

2𝑘+1
=

1

2𝑛+1
,

which contradicts Eq. (9.6) and completes the proof of the claim. y

By Claim 9.5, the valuation 𝜈 defined by 𝜈(𝑥𝑘) := 1 if and only if the literal 𝑥𝑘 is green is
well defined, and it satisfies exactly the green literals. By Claim 9.4, every clause of 𝜙 has a
green literal, and hence the valuation 𝜈 satisfies the formula 𝜙, which ends the proof.

We can now conclude the proof of the hardness result.

Proof of Theorem 3.6. Given a 3SAT formula 𝜙, we construct in polynomial time the instance
(𝒢𝜙, 𝑥̄, 𝑦, 𝜀) of the APPROXCONSTRAINEDNE problem as described in Section 9.1. We show
that the constructed instance satisfies the promise of the problem, and that the instance is
positive if and only if the formula 𝜙 is satisfiable.

On the one hand, if 𝜙 is satisfiable, then, by Proposition 9.1, there exists a stationary Nash
equilibrium in 𝒢𝜙 that satisfies the constraints, and hence the instance is in the first case of
the promise, i.e., it is a positive instance.

On the other hand, if 𝜙 is not satisfiable, then, by the contrapositive of Proposition 9.2,
there is no stationary 𝜀-Nash equilibrium in 𝒢𝜙 that satisfies the constraints up to 𝜀, and
hence the instance is in the second case of the promise, i.e., it is a negative instance.

Therefore, an algorithm that solves the APPROXCONSTRAINEDNE problem decides the
satisfiability of 𝜙, and hence the problem is NP-hard. Since the game 𝒢𝜙 has two players, the
hardness holds already for two players, which completes the proof.
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Chapter 10

Conclusion

In this thesis, we presented improved complexity upper bounds and algorithms for the
approximate computation of values and of Nash equilibria in stochastic games. We conclude
with a discussion of the open questions that our results raise.
Valueapproximation. For the value-approximationproblem for concurrent stochastic games
with the limit value of stateful-discounted objectives and with parity objectives, we estab-
lished TFNPNP upper bounds, and we presented algorithms that improve the dependency on
the number of actions in the exponent from linear to logarithmic. There are several interest-
ing directions for future work. First, whether the complexity can be further improved from
TFNPNP to TFNP is a major open question, even for reachability objectives. Second, whether
for parity objectives, the dependency on 𝑑 can be improved from linear to logarithmic, retain-
ing the logarithmic dependence on𝑚, is another interesting open question. Finally, the study
of priority mean-payoff objectives for concurrent stochastic games and their connection to
stateful-discounted objectives is another interesting direction for future work.
Constrainedapproximateequilibria. For the constrainedexistenceproblemofNash equilib-
ria inmulti-player turn-based stochastic games, we studied the following question: assuming
the existence of a stationary Nash equilibrium that satisfies given payoff constraints, can we
efficiently compute a stationary strategy profile that is an 𝜀-Nash equilibrium and satisfies
the constraints up to an additive error 𝜀? We showed that the decision version of this problem
lies in the class NPNP, and the corresponding search problem belongs to FNPNP. On the other
hand, we established only an NP-hardness lower bound. This leaves a gap in the known
complexity of the problem, and closing this gap remains an open question.

One possible direction is to prove that if an 𝜀-Nash equilibrium exists, then there also
exists one in which all probabilities are at least inverse-exponential in the size of the input,
assuming the existence of a Nash equilibrium (Conjecture 8.9). Such a result would not con-
tradict our example in Chapter 8, which shows that double-exponentially small probabilities
are required in the exact version of the problem. If exponentially small probabilities suffice in
the approximate setting, then a strategy profile could be represented using only polynomially
many bits in the fixed-point representation. Since such a strategy yields a polynomial certifi-
cate, and verification requires only finding the values ofMDPswith fixed-point representation,
this would yield an NP-completeness result for the decision version.

Alternatively, if such a bound does not hold, and there exists a counterexample where all
𝜀-Nash equilibria satisfying the constraints require double-exponentially small probabilities,
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this would suggest an inherent complexity. It would also point to intrinsic limitations in our
techniques, analogous to those demonstrated by Hansen, Koucký, and Miltersen [37], who
showed that double-exponentially small probabilities are necessary for 𝜀-optimal strategies
in concurrent stochastic games. Their result implies that any algorithm that explicitly ma-
nipulates these probabilities must use at least exponential space in the worst case, and our
results would also imply the same for our problem.
Generality of themodel. Although our results for the constrained existence problem focus
on turn-based stochastic games with terminal payoffs, we note that the lower bound also
holds in more general settings, including concurrent games and broader objectives such as
limit-average (mean-payoff) objectives. For the upper bound, we remark that the sentences
in the existential theory of the reals that we use for turn-based games with reachability
objectives can be naturally adapted to concurrent games with mean-payoff objectives, with
only a constant increase in the degree of the polynomials involved. By following similar proof
techniques, one can still obtain an FNPNP upper bound for the corresponding constrained
𝜀-NE problem in these more general settings. However, we restricted our presentation to
turn-based games with terminal payoffs to maintain clarity.
Acommonperspective. Finally, we remark that the twoparts of the thesis suggest a common
perspective on the two solution concepts. In both settings, the exact problem is intractable
because of the numbers that a solution requires: the values and the equilibrium probabilities
are irrational, and the smallest non-zero probabilities of a solution are doubly exponentially
small. In both settings, the approximate problembecomes tractable at the second level of the
functional polynomial hierarchy, and the algorithm is the same guess-and-verify procedure,
where the certificate is a strategy profile in floating-point representation and the verification
is a resolution of single-player games. In both settings, the remaining gap is between the
second and the first level of the hierarchy, and, in both settings, closing the gap amounts to
the same question: are doubly exponentially small numbers really necessary for approximate
solutions? An answer to this question for one of the two solution concepts would likely shed
light on the other.
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Appendix A

Declaration of the Use of Generative AI
and AI Tools

Generative AI was used in the preparation of this thesis for one purpose only: the typesetting
and formatting of the manuscript. The tool used was Claude Code (Anthropic).

Generative AI was not used for the research reported in this thesis. The models, the theo-
rems, theproofs, and the scientificwriting are theworkof the author and the co-authors of the
two publications on which this thesis is based, and were produced without the involvement
of such tools. No content of the thesis was generated by an AI system.

The author takes full responsibility and ownership of all content in this thesis, has verified
its accuracy, and confirms that it meets established scientific and academic standards.
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