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1 | INTRODUCTION

The no-three-in-line problem, posed by Dudeney at the beginning of the 20th century [8], asks for
the maximum number of points that can be placed on an n X n grid such that no three points
are collinear. Despite significant attention over the years, the problem remains open: The best
known upper bound 2n comes from the observation that each of the n horizontal lines can contain
at most two points, while the best known lower bound (1.5 — 0o(1))n comes from the modular
hyperbola construction of Hall, Jackson, Sudbery and Wild [20] (improving on an earlier algebraic
construction of Erdés; see [30]). For more history and background, see, for example, the surveys
by Brass, Moser and Pach [5] and Eppstein [10], and Green’s list of open problems [17].

Several different conjectures have been made concerning the asymptotic behaviour of the
answer to the no-three-in-line problem, including suggestions that it could be roughly 1.5n [17],
roughly 2n [5] or somewhere in between [10, 18]. For small values of n, examples attaining the
trivial upper bound 2z are known [2, 12-14].

A natural generalisation of this problem, first studied by Brass and Knauer [4] in a more general
context, is to ask for the maximum size of a subset of the n X n grid containing at most k points
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on each line. Denoting this maximum by f; (n), the trivial upper bound is f; (n) < kn. Lefmann
[28, Proposition 2] proved that f; (n) = Q(kn) for every k > 2. Recently, Kovacs, Nagy and Szab6
[27] showed that f; (n) = kn for each k > Cy/nlogn (when C > 12.5 and n is sufficiently large
in terms of C). They also noted [27, section 4] that, conditionally on some strong results about
random regular graphs (i.e. the bipartite version of the Kim-Vu sandwich conjecture [24]; see [3,
15, 25] for recent progress), their approach could yield an analogous statement for k of order at
least log n.

We strengthen these results by proving that f; (n) = kn for every n > k > K, for some absolute
constant K, (our proof gives K, = 1037, but we did not attempt to optimise it).

Theorem 1.1. Let n, k be integers such that 10%7 < k < n. Then there exists a subset S of then X n
grid of size kn such that every line contains at most k points of S.

In a different work, Kovacs, Nagy and Szabé [26] studied this problem in the regime when k is
small compared to 1, using randomised algebraic constructions. In particular, they demonstrated
that f;(n) > (k — 2 — (k mod 2))n when n is sufficiently large in terms of k, and conjectured
that f; (n) = kn — o(n) when k = k(n) — o0 as n — o0. Theorem 1.1 confirms this conjecture in
a strong sense.

Interestingly, all known linear-size constructions for the no-three-in-line problem are alge-
braic in nature (though there are random constructions [11, 16] of size about n/4/logn). In a
related question, Green [17] asked whether every ‘large’ no-three-in-line set reduces to an algebraic
curve modulo some prime. Although Theorem 1.1 only gives no-(k + 1)-in-line sets for large k, we
remark that our constructions are purely probabilistic and do not exhibit any algebraic structure.

1.1 | Proofideas

Let £ be the set of lines intersecting the n X n grid in at least two points. For each line L € L,
define its weight as

w() 1= Ll
n

€ [2/n,1].

The framework of Kovacs, Nagy and Szabo [27] allows us to reduce Theorem 1.1 to Theorem 1.2
below, which permits a 0.01k excess over the expected number of points on the lines that are
not horizontal or vertical. Therefore, the main content of this paper is the proof of Theorem 1.2
(though, for the reader’s convenience, we also present a deduction of Theorem 1.1 in Section 5).

Theorem 1.2. Let n, k be integers such that 103° < k < 0.9 - n. Then there exists a subset S C [n]?
that contains exactly k points on each horizontal and each vertical line, and at most k - (w(L) + 0.01)
points on every other line L € L.

Kovacs, Nagy and Szabo [27] were able to prove a result along the lines of Theorem 1.2 under the
much stronger assumption that k is at least about /7 log n. They did this by choosing the desired
point set randomly, using concentration inequalities to show that the number of points on each
line is unlikely to deviate much from its expectation. This works when k grows sufficiently fast
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as a function of n but breaks down for constant k: The main issue is that a union bound over all
lines becomes too inefficient.

To overcome this issue, we build on ideas from the work of Jain and Pham [21] on optimal
thresholds for Latin squares in random hypergraphs. Namely, we design an iterative subsampling
procedure that uses the Lovasz Local Lemma at each step, maintaining control over the number
of points on each line (roughly speaking, we maintain tight control over the number of points
on lines whose weight exceeds some threshold, gradually raising this threshold as the procedure
continues and the light lines become increasingly unimportant). Moreover, at each step of the
procedure, instead of constructing a single configuration of points, we construct a ‘spread’ prob-
ability distribution over suitable configurations. We then use this spread property to show that a
sample from the final distribution obtained from our procedure is likely to satisfy a certain Hall-
type condition, which provides a subset containing exactly k points on each horizontal and each
vertical line.

1.2 | Higher dimensions

A further generalisation of this problem, introduced by Brass and Knauer [4], is to ask for the
maximum size of a subset of the d-dimensional grid [n]¢ that contains at most k points in each
affine subspace of dimension ¢ (where 1 < ¢ < d — 1). Denoting this maximum by f ;,(n), the
trivial upper bound is f 4 ,(n) < knd=".

Brass and Knauer [4, Lemma 8] proved that f} ; ,(n) = Q(nd—t=d+1)/ky which was slightly
sharpened by Lefmann [28, Lemma 2] to Q(nd—t~((d+1))/k) Sudakov and Tomon [33, Theo-
rem 1.4] observed that f; ;,(n) = Q,(n") when k is sufficiently large in terms of d, using
a connection to optimal subspace evasive sets over finite fields; different constructions of
such sets were given by Dvir and Lovett [9], Conlon [6] and Sudakov and Tomon [33]. Later,
Ghosal, Goenka and Keevash [16, Theorem 1.1] extended the bound f 4,(n) = Q;(n4~") to all
k>d+1.

However, in general, the known lower bounds differ from the trivial upper bound by at least a
multiplicative constant factor. We close this gap asymptotically as k — oo by showing that in this

regime f) 4.(n) = (1 — 04(1)knd—t,

Theorem 1.3. For an integer d and ¢ > 0, there exists K; = K,(¢g,d) such that the following
holds. For all integers n, k,t such that K; <k < n' and 1 <t < d — 1, there exists a subset S C [n]¢
that contains at most k points in each t-dimensional affine subspace of RY, and contains at least
(1 — )k points in each axis-aligned t-dimensional affine subspace of R¢ that intersects [n]%. As a
consequence,

Fran) > —ekn.

The proof of Theorem 1.3 follows the same overall scheme as the proof of Theorem 1.2,
but is significantly simpler (because it does not aim for an exact bound). So, the rest of the
paper is organised as follows. After reviewing several known results in Section 2, we present
the short proof of Theorem 1.3 in Section 3. Then, we prove Theorem 1.2 in Section 4, use
it to derive Theorem 1.1 in Section 5 and discuss related questions and further directions in
Section 6.
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2 | PRELIMINARIES
Notation

For a positive integer n, we write [n] = {1, ..., n}. For non-negative reals a, b, c we use the short-
hand (a + b)c to denote the interval [(a — b)c, (a + b)c]. For an event £ in some probability space,
we denote its complement by £. For functions f = f(n) and g = g(n), we write f = O(g) to mean
that there is a constant C such that |f| < C|g|, and f = Q(g) to mean that there is a constant
¢ > O such that f(n) > c|g(n)| for sufficiently large n. Subscripts on asymptotic notation indicate
quantities that should be treated as constants. For a (hyper)graph G, we write V(G) and E(G) for
its vertex and edge sets, respectively. For a graph G and subsets A, B C V(G), we write E;(A, B)
for the set of edges between A and B in G, and e;(A, B) = |E;(A, B)|. For a vertex v of a graph G,
we write deg;(v) for its degree in G.
We use the following standard version of the Chernoff bound.

Proposition 2.1. Let X, ..., X,, beindependent Ber(p) random variables. Then, forevery § € (0, 1),

52
PX,+ - +X,&€(1+d)pn] <2exp (— §n>

The following version of the Lovasz Local Lemma (also employed in [19, 21]) provides control
over an ensemble of independent random variables, conditioned on the non-occurrence of a fam-
ily of ‘bad events’. Its proof follows from the standard inductive proof of the Lovasz Local Lemma
(see [1, Chapter 5.1]).

Proposition 2.2 ([21, Proposition 6]). Consider independent random variables {§;};c; and events
{€;}jes, where each event &; depends on a subset X; C I of variables. Assume that each event has
probability at most g, and that each set X ; intersects at most A other sets from {X 1} c;. If 4qA < 1,
then

L. P[;e €] >0 and
2. for every event £ depending on a subset of variables X C I which intersects at most M of the sets
%4 j} jer

p lg’ ﬂ] g_j] < P[] - exp(6gM).
JE

Also, we recall the classical Ore-Ryser criterion for the existence of a k-regular spanning sub-
graph in a bipartite graph (see, e.g. [29, section 7, Example 16]), which also follows from the
max-flow-min-cut theorem.

Proposition 2.3. A bipartite graph G with parts A, and B, of equal size has a k-regular spanning
subgraph if and only if for all subsets A C A, and B C B, we have

eg(A, By \ B) > k(|A| — |B).
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Finally, we need the following facts about the number of integer points on lines in the plane
(Proposition 2.4), and, more generally, on ¢-dimensional affine subspaces in R? (Proposition 2.5).

Proposition 2.4. Let £ be the set of lines in R? intersecting the grid [n]? in at least two points. Then,
for every point (x;, x,) € [n]? and a € (0,1],

HLeL: (x;,x) €L, |[n*NL|>an}| < 18a>
Proof. If a < 2/n, then the total number of lines in £ containing (x;, x,) is at most n? < 4a=2.

Otherwise, let # := [2a~!] < n.If (x, x,) is the only integer point within the rectangle [x,, x, +
¢ —1]1%X[x, — (£ —1),x, + (£ —1)] on some line L € L, then

2
[[n]*NL| < n/¢ +1 < 2n/¢ <

n n

w(l) =

Therefore, since every two points determine a unique line, the desired number of lines is
bounded by the number of integer points in this rectangle, which is at most 2£2 < 2(2a™! + 1)? <
18a~2. d

Proposition 2.5. Let n,d,t be integers such that 1 <t <d—1, and let Fay denote the set of
t-dimensional affine subspaces of R%. Then, for every point x € [n]¢ and a € (0,1],

[{F C[n]?: x€F, |F|>an', F=F n[n] forsomeF' € Fy,}| = O4(a™®). 6))

Proof. Consider a set F = F’' n [n]¢ satisfying the conditions in Equation 1, and let ' C Z¢ be
the lattice generated by F — x. Note that F C (I' + x) n [n]¢ € F' n[n]¢ = F,and hence F = (T' +
x) N [n]¢. In particular, F is uniquely determined by T, and

IT N [—n,n]% > |F| > an'. (2)

Denote the rank of T by t’ < t. Let vy, ..., vy € F — x C [—n, n]¢ be some linearly independent
vectors, let T" C T be the lattice generated by them and let V = spang(I") = spang(T). Note that
D={ Zf;l Uy & €pyensCp €0,1)} € [—'n,t'n]* NV is a fundamental domain for I (and thus
its determinant detI” is equal to the ¢’-dimensional volume of D). Then, for every z € V and
two distinct points y;,y, € (I + z) N [-n,n]%, the translates y; + D and y, + D are disjoint and
contained in [—(¢' + 1)n, (¢' + 1)n]¢ N V. Hence, Uy +2n[—nne(y + D) is contained in the t'-

dimensional Euclidean ball in V' of radius \/E(t’ + 1)n centred at the origin. Therefore,ast’ < t <
d’

, g, _ volu(BO,Vd(t' + Dn)) n!
I(T" +2) N [-n,n]%| < vol, (D) - Od(detﬂ)'

Summing over all [T : T'] cosets of I’ in T and using that detT’” = [T : I'] - detT, we conclude
that |T' N [-n,n]?| = 04(n'/ detT). By Equation 2, this implies that detT" = O,4(«"). The desired
statement now follows from a result of Schmidt [32, Theorem 2], which states that for every M > 0,
the number of lattices I' C 74 with det" < M is O, (M ), O
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3 | PROOF OF THEOREM 1.3

It might be possible to prove the bound f} 4,(n) > (1 — £)kn?~"! (for k sufficiently large in terms
of ¢,d) using some type of probabilistic deletion method, in the spirit of [16]. However, we
take a different approach based on repeated applications of the Lovasz Local Lemma. This
gives the stronger ‘almost regularity’ property in the statement of Theorem 1.3 (that every axis-
aligned subspace of dimension ¢ has about k points), and serves as a warm-up for the proof of
Theorem 1.2.

Our proof of Theorem 1.3 does not rely heavily on the specific structure of affine subspaces
intersecting the integer grid. The following definition captures the property of main importance
to us.

Definition 3.1 (polynomial tails). We say that a hypergraph H (of mixed uniformity) has polyno-
mial tails (with parameters N, C € N), if every edge of H contains at most N vertices, and for every
vertex v € V(H) and a € (0,1],

{F € E(H) : veF, wF)>a}| <Ca°,

where w(F) := |F|/N is the weight of an edge F.

Definition 3.2. Let n,d,t be integers such that 1 <t <d —1, and let Fay denote the set of t-
dimensional affine subspaces of R¢. Define H,, 4. as the hypergraph on the vertex set [n]¢ with

E(M,4,) ={F C[n]* : F =F n[n]® forsome F' € F, }.

Since every t-dimensional affine subspace of R? intersects [r] in at most n! points, Proposition 2.5
immediately implies that H,, ; , has polynomial tails with N = n‘ and some C = C(d).

Definition 3.3 (good set). Let H be a hypergraph having polynomial tails (with parameters N and

C). For areal number m € [1, N], we say that a set S C V(H) is m-good if it satisfies the following
conditions:

(1) (concentration for ‘heavy’ edges) For every edge F € E(H) with w(F) € (m~2/3,1], we have
ISNF| €@ +m™ " ?)m - wF).
(2) (upper bound for ‘medium’ edges) For every edge F € E(H) with w(F) € (m~2, m~%/3], we
have

ISNF| <1+ m Y/2)ym!/3,

(3) (very few vertices in ‘light’ edges) For every edge F € E(H) with w(F) < m~2, we have

|ISNF| <6C + 3.
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Theorem 3.4. Let H be a hypergraph having polynomial tails (with parameters N and C). Then
there is K = K(C) such that for every m with K < m < N, there exists an m-good subset of V(H).

Proof of Theorem 1.3 assuming Theorem 3.4. Recall from Definition 3.2 that the hypergraph
H, 4, has polynomial tails with parameters N = n' and some C = C(d). We may assume that
€ < 1/2, and that k is sufficiently large in terms of €, d, C. Then, by Theorem 3.4, there exists an
(1 — £/2)k-good subset S of [n].

We claim that S has the desired properties. Indeed, if F/ is a t-dimensional affine subspace, then
F = F’ n[n]?is an edge of H, 4,- Thus, by conditions (1), (2), (3) from Definition 3.3,

IS A F| < max ((1 +((1—e/2k)"12)(1 = £/2)k, 6C + 3) <k

For the lower bound, we note that if F/ is an axis-aligned ¢-dimensional affine subspace intersect-
ing [n]¢, then the corresponding edge F = F’ n [n]? of H,, 4, has weight 1. Therefore, by condition
(1) from Definition 3.3,

ISNF|> (1 - ((1—&/2k)/H(1 —e/2)k > (1 - o)k.
This completes the proof. O

To prove Theorem 3.4, we consider a sequence of real numbers m;) < m(y) < ... < m, defined
as

may=m,  mgy=mi, NY><mg) <N. 3)

Then, we prove the existence of an m(l-)-good set foreachi =r,r —1,...,1 via a downward induc-
tion, applying the Lovasz Local Lemma (Proposition 2.2(1)) at each step. This way, Theorem 3.4
easily follows from Lemma 3.5 below.

Lemma 3.5. Let H be a hypergraph having polynomial tails (with parameters N and C). Let m,, m
be real numbers such that K < m < m, < N for some K = K(C). Suppose that either

(a) (induction step) m, = m> and S, is an my-good subset of V(H), or
(b) (base case) my = N < m* and S, = V(H) (which is trivially m,-good).

Then there exists an m-good set S C Sy,.

Proof. Letd := m~1/12, We will assume that m is sufficiently large in terms of C (and, in particular,
that § < 0.01). We claim that for an edge F € E(H),

[SonFle@+ 53)m0 cw(F)  ifwF) e (m?1]; 4)

ISy NFI <1 +8)my-m™?  ifw(F) € (my?, m™?]. (5)
Indeed, in case (a), since m, = m> and §° = mgl/ 12 this follows from conditions (1) and (2) from
the definition of an m,-good set. On the other hand, in case (b) we have m, = N and S, = V(H),
and hence |Sy, N F| = m,, - w(F) for every edge F € E(H) by the definition of weight.
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Let p :=m/m,, and let S be a random subset of S, obtained by including each vertex inde-
pendently with probability p. We will show that S is m-good with positive probability, through an
application of the Lovasz Local Lemma (Proposition 2.2(1)). First, we identify the bad events and
estimate their probabilities.

Heavy edges. For an edge F € E(H) with w(F) € (m~2/3,1], let £,(F) denote the bad event
that S does not satisfy condition (1) for this edge F: That is, |SNF| & (1 £ 8)m - w(F). By
Equation 4, for such edges F we have |S, N F| € (1 + 6°)m, - w(F). Thus, if & (F) occurs, then

ISAF| & (1+£8/2)plS, NF.
Therefore, by the Chernoff bound (Proposition 2.1),

_(8/2)°plIS, ﬂFI) < 2exp (_(5/2)2(1 —8*)m - w(F)
3 = 3

PIE(F)] < 2exp< ) < 2exp (—-m'/*/13).
Medium edges. For an edge F € E(H) with w(F) € (m~2, m~%/3],let &,(F) denote the bad event
that S does not satisfy condition (2) for this edge F. By Equation 4, for such edges F we have

ISonFl<m := (14 8)m, - m2/3|.

Let X be a sum of m’ independent Ber(p) random variables. Then, by the Chernoff bound
(Proposition 2.1),

P[&,(F)] = [P’[lS NF|> 1+ 5)m1/3] < P[X > 1+ 5)m1/3] <P[X & (1+6/2)pm]

2 ! 2(ml/3 =
< 2exp <—m> < 2exp (—W) <2exp (—ml/6/13).

Light edges. Note that for edges F with w(F) < mgz, condition (3) for S is implied by condition
(3) for Sy, so it suffices to consider only edges with w(F) € (m 2, m™2]. Let &(F) denote the bad
event that S does not satisfy condition (3) for such an edge F. By Equation 5, we have |S; N F| <

(1 + 8%)mym~2. Therefore, denoting C; := 6C + 4,

|So N F|

M%WH=MWDH>CJ<<
Cl

> S < (4 8mem™ m/mg) " < @/m).
Since m is sufficiently large in terms of C, the maximum probability q of a bad event then satisfies
q < max (2 exp(—m'/©/13), (2/m)6c+4) = (2/m)°C+4,

Degree of the dependency graph. So, we have exactly one bad event (£, &, or &;) for each edge
F € E(H)withw(F) € (m; 2,1]. Note that each of these events depends only on the Bernoulli ran-
dom variables associated with the underlying vertices of S, N F, and the number of such vertices
satisfies |S, N F| < (1 + §*)m, by Equation 4 and Equation 5.

Recall that H has polynomial tails (with parameters N and C). Therefore, for every vertex v €
V(H) we can bound the number of edges with large weight containing v as follows:

{FEEM) :vEF, wkF)>m;*} < Cmc.
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As my < m?, the maximum degree A of the dependency graph of our bad events then satisfies
A< (1+8%)m,- Cm(z)c <2Cm*t3,  andthus 4gA < C2°CH7 /m.

Since m is sufficiently large in terms of C, Proposition 2.2(1) completes the proof. O

Proof of Theorem 3.4. Consider a sequence of real numbers m = m;y < my) < ... < my, satisfy-
ing Equation 3. By Lemma 3.5(b), there exists an m,,-good subset of V(H). Iteratively applying
Lemma 3.5(a), we conclude that there exists an m1y-good subset of V(H), as required. O

4 | PROOF OF THEOREM 1.2

In this section, our goal is to prove Theorem 1.2. Here we do not use the language of hypergraphs
with polynomial tails: Though some parts of our argument can be translated to that setting, other
parts substantially rely on the fact that the grid [n]? can be interpreted as the complete bipartite
graph K, ,,. Definition 4.1 below provides a suitable analogue of good sets from Definition 3.3.

Recall that £ denotes the set of lines in R? intersecting the grid [n]? in at least two points, and
that for every line L € L,

w(ny = 0Ll

Definition 4.1 (nice set). For a real number m € [1, n], we say that a set S C [n]? is m-nice if it
satisfies the following conditions:

-2/3

(1) (concentration for ‘heavy’ lines) For every line L € £ with w(L) € (m~*/>,1], we have

ISNLl € (1 +m Y?)m - wk).

(2) (upper bound for ‘medium’ lines) For every line L € £ with w(L) € (m~2, m~%/3], we have

ISNLI <1+ m_l/lz)m1/3.

2

(3) (very few points on ‘light’ lines) For every line L € £ with w(L) < m™*, we have

ISNL| <C :=14.

(4) (quasirandomness) For every pair of subsets I,J C [n] of size at least n/10, we have

ISNIxD)| €@ +m™ ' )\1|J|-m/n.

For the rest of this section, we fix K := 10°¢ and ¢ := 0.005.

Conditions (1), (2), (3) from Definition 4.1 imply that, for k > K, a (1 + €)k-nice set contains at
most k - (w(L) + 0.01) points on each line L € L. To prove Theorem 1.2, we will take such a set
and ‘regularise’ it: That is, we will find a subset containing exactly k points on each horizontal
and each vertical line.
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This regularisation step is the reason we need the quasirandomness condition in Definition 4.1.
However, this quasirandomness condition is not enough on its own, and we need a further idea
of Jain and Pham [21]. Indeed, instead of constructing a single nice set, we construct a suffi-
ciently ‘spread’ probability distribution supported on nice sets, and prove that a sample from this
distribution can be regularised with positive probability.

Formally, we say that a probability distribution on subsets of [1]? is p-spread if, for every subset
T C [n]? and a sample S from this distribution,

P[T c S] < p'T.

Our proof of Theorem 1.2 follows the same general strategy as the proof of Theorem 1.3. Namely,
given n > k > K, we consider a sequence of real numbers m;y < m,) < ... < my, such that

may = (1 + 9k, M) = m?i), n/3 < mgy < n, (6)

and find (m(;) + 1)/n-spread distributions supported on m;-nice sets for i =r,r —1,...,1 via
a downward induction. We handle the base case and the induction step of this procedure in
Lemma 4.2(b) and Lemma 4.2(a), respectively. Then, in Lemma 4.3, we perform the final reg-
ularisation step: Specifically, we show that a sample from the (m(;y + 1)/n-spread distribution
supported on m;-nice sets has a subset containing exactly k points on each horizontal and each
vertical line with positive probability.

Lemma 4.2. Let n be an integer and m,, m be real numbers such that K < m < my < n. Suppose
that either

(a) my, = m> and there exists an (m,, + 1)/n-spread distribution supported on my-nice sets, or
(b) my = n < m? (in this case, we have the trivial 1-spread distribution supported on the m-nice set

[n]*).

Then there exists an (m + 1)/n-spread distribution supported on m-nice sets.

Proof. Letd := m~1/12 < 0.001. Let S, be an m,-nice set sampled from the ‘original distribution’
(provided by (a) or (b)). We first claim that for each line L € L,

[SoNLle @+ 53)mO cwl)  ifwl) e (m 2 1]; @)
1SN L] < (1+8)my-m™?  ifw(L) € (my*,m™2]. ®)
-1/12

Indeed, in case (a), since my, = m> and §° = m, """, this follows from conditions (1) and (2) from
the definition of an m-nice set. On the other hand, in case (b), we have m;, = n and S, = [n]?,
and hence |S, N L| = m,, - w(L) for every line L by the definition of weight.

Let p :=m/m,, and let S be a random subset of S, obtained by including each point with
probability p (independently of each other and of the randomness of S)). For most of the proof,
we will not actually need the randomness of S;;, so we fix an arbitrary outcome of S;, and implicitly
work in the corresponding conditional probability space.

To apply the Lovasz Local Lemma (Proposition 2.2), we first identify the bad events and estimate
their probabilities (these calculations are almost identical to those in the proof of Lemma 3.5).

8518017 SUOWIWIOD @A 11D 3|qedl|dde au Aq pausenoh aie SaoNe VO ‘88N 40 s8Nl Joj AeiqiT aUIIUQ AB|IA UO (SUOTHPUOO-PUB-SLBILI0D A3 1M Aed)1BUTIUO//SHHL) SUORIPUOD PUe SLB | 8U18es [9202/0T/¥T] uo ARiqIT8uluo A8|IM 1SN YaURILO0D Aq OTS0L SWIA/ZTTT 0T/I0PAL0Y A 1M ARe1q 1 BUIIUO"00SUIRWIPUO|//SdNY WOl papeojumod ‘0T ‘9202 ‘02T2697T



NO-(k + 1)-IN-LINE PROBLEM FOR LARGE CONSTANT k | 11 of 18

Heavy lines. For a line L € £ with w(L) € (m~%/3,1], let £ (L) denote the bad event that S
does not satisfy condition (1) from Definition 4.1 for this line L: Thatis, |[SNL| ¢ (1 £ §)m - w(L).
By Equation 7, for such lines L we have |S, N L| € (1 + §*)m,, - w(L). Thus, if & (L) occurs, then

ISNL| &1 +6/2)p|SyNL.
Therefore, by the Chernoff bound (Proposition 2.1),

_(6/2°pIS,n L > < 2exp (_(5/2)2(1 —8)m - w(lL)
3 = 3

P[&(L)] < 2exp < ) < 2exp (-m'/¢/13).

Medium lines. For a line L € £ with w(L) € (m~2, m=2/3], let &,(L) denote the bad event that S
does not satisfy condition (2) for this line L. By Equation 7, for such lines L we have

ISoNL| <m' := [(1+8Hm,-m~ /3]

Let X be a sum of m’ independent Ber(p) random variables. Then, by the Chernoff bound
(Proposition 2.1),

MQ@H:PDSnu>(L+&mUﬂ<Pp>41+®mvﬂgpmg(htwmmW]

2 ! 2(ml/3 —
<zenp (~CLEM ) o (OO0 e (i),

Light lines. Note that for lines with w(L) < m; 2, condition (3) for S is implied by condition
(3) for Sy, so it suffices to consider only lines with w(L) € (m?,m2]. Let &(L) denote the bad
event that S does not satisfy condition (3) for such a line L. By Equation 8, we have |S;NL| <
(1 + 8%)mym~2. Therefore, recalling that C = 14,

— C+1
ISoNL]\ cy1 (€ (14 8)mym™2 < 1 >1s
P&@L)] =P[ISNLI > C+1] < : < : <(=) .
[£(L)] =PI | ]<c+1 p i1 p

(Here we used the standard estimate (Z) < (en/k)k.)
Since m > K = 10%%, the maximum probability g of a bad event then satisfies

q < max(2exp(-m'/®/13),(1/(5m)*) = (1/(5m))*>.

Passing to the conditional distribution. So, we have exactly one bad event for each line L with
weight in (m 2,1] that intersects S,,. Note that each of the events & (L), &, (L) and &;(L) depends
only on the Bernoulli random variables associated with the underlying points of S; N L, and the
number of such points satisfies |S, N L| < (1 + §*)m,, by Equation 7 and Equation 8. Furthermore,
by Proposition 2.4, there are at mostD : = 18m‘0‘ lines with weight larger than m 2 passing through
each point of the grid [n]?. Therefore, since m, < m?, the maximum degree A of the dependency
graph satisfies

A< (1+8)my-D<20m) <20m", andthus gA < (1/(5m)" -20m" <1/4.

Let £ denote the event that none of the bad events occur. Then P[£] > 0 by Proposition 2.2(1), and
we can consider the conditional distribution of S given &£.
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Quasirandomness. If £ occurs, then S clearly satisfies conditions (1), (2) and (3). Next, we
check that, in the conditional probability space given £, our random set S also satisfies condition
(4) with high probability (denote the event that condition (4) fails by &,).

Since each of the n horizontal lines contains at most (1 + §°)m,, points of S, the total number
of events N in our application of the local lemma satisfies

N<n-(1+8)my-D<20mn, andthus gN < (1/(5m)'°-20mn < n.
In case (a), condition (4) for S, gives that
1Se NI XD € (A £8HN| -my/n

for every pair of sets I,J C [n] of size at least n/10. On the other hand, in case (b) we trivially have
|Sy NI x J)| = |I||J]. Either way, by the Chernoff bound (Proposition 2.1),

PISNUI XDl & A £ HI|J]-m/n] <P[ISNUIXT)| & A £8/2)p-[SonUIXT)]

8/2)?p|So NI xJ 2(1-63 5/6
aexp (LC/DPISONUXDIN (G2 =8mn\ ) ( mlon
3 3102 1300

Therefore, by the union bound and Proposition 2.2(2),

P[E&, | €] < P[&,] - exp(6gN) < 22" - 2 exp(—m*/®n/1300) - exp(6gN)
©)
<exp(n - (2+ 1 —(m*°/1300) + 6)) < exp(—n).

(Here we again used that m > K = 103%.)

Spreadness. So far we have been conditioning on a fixed outcome of S;;, and working only with
the randomness of S C S,. Now we incorporate the randomness of S, as well (so from now on,
when we wish to consider probabilities conditional on an outcome of S, we indicate this explicitly
with notation like ‘P[- | Sy]’).

Consider the distribution obtained by first sampling S, from its original distribution, and then
sampling S from the conditional distribution given this outcome of S, and the events € and é&,.
We claim that this distribution satisfies the desired properties. It is supported on m-nice sets by
construction, hence it only remains to check that it is (m + 1)/n-spread.

Consider a non-empty set T C [n]?. In both cases (a) and (b), our original distribution is ((1 +
m~3)m,/n)-spread, and thus

T

P[T C So] < (1 +mmy/n)" = (A/p)- A + m™)m/n) (10)

Condition on an outcome of S, such that T C S,,. Since the event ‘T' C S’ depends on at most
D - |T| bad events (of the form &, (L), &,(L) or £;(L)), Proposition 2.2(2) implies that

P[T CS|&,S,] <P[T CS|S,]-exp(6gDI|T]) < (p - exp(6gD)'T! < (p- A + m3))ITI.

Since n > m, combining this with Equation 9 gives that

— P[T CS|E&,S (14 m=3)TI
p[resieng,s| < [TCSIES] (p-A+m)
1-P[&4] E,S0] 1 — exp(—n)

<@ +2exp(-m) - (p-A+m N <(p-A+m)HT.
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Recalling Equation 10, we conclude that
E[1res, - P[T € S1€0T,5]| <@ +m=Pm/l < (@m+ 1)/,

which means precisely that our new distribution is (m + 1) /n-spread. 1

In Lemma 4.3 below, we carry out the final regularisation step. The case analysis in its proof is
similar to that in [21, Proposition 11].

Lemma 4.3. Let n, k be integers such that K < k < 0.9n. Consider a (1 + €)k + 1)/n-spread distri-
bution supported on (1 + €)k-nice sets, and let S C [n]? be a random sample from this distribution.
Then, with positive probability, there exists a subset S’ C S that contains exactly k points on each
horizontal and each vertical line.

Proof. Our random subset S C [n]? naturally corresponds to a random bipartite graph G with two
parts of size n. Call these two parts A, and B,,. We need to prove that G has a k-regular spanning
subgraph. By Proposition 2.3, it suffices to check that, with positive probability, for every choice
of subsets A C A, B C B, we have

eg(A, By \ B) > k(|A| — |B)). ety)

We cover all possible choices of A C A, and B C B, by seven ‘types’ (a pair of sets (4, B) may
have more than one type):

(A,B)isof type 0if |B| > |Al;

(A,B)isof typelif |A| > 2|B|;

(A,B)isof type 2if |A| > n/10 and |B| < n/2;

(A,B)isof type 3if |B| < |A| < 2|B| and |B| < n/10;

(A,B)is of type I*if | By, \ B| > 2|A, \ A|;

(A,B)is of type 2*if |B, \ B| = n/10 and |A, \ A| < n/2;

(A,B)is of type 3*if |Ay \ A| < |By \ B| < 2|4, \ 4] and |4, \ A| < n/10.

First, we check that every pair of sets has at least one type. Indeed, if a pair of sets (A4, B) is not of
type O then |B| < |A|, and hence |B| < n/2or |A, \ A| < n/2. Consider the case when |B| < n/2:
if |A| > n/10 then this pair is of type 2; otherwise, |B| < |A| < n/10, and thus this pair is of type
1 or of type 3. Similarly, in the case when |A, \ A| < n/2, this pair is of type 1*, 2* or 3*.

Note that pairs of sets (A, B) of type O trivially satisfy Equation 11. We will show that

* with probability 1, all pairs of types 1, 1*, 2 and 2* satisfy Equation 11;
» with probability greater than 1/2, all pairs of type 3 satisfy Equation 11;
+ with probability greater than 1/2, all pairs of type 3* satisfy Equation 11.

This will immediately imply that, with positive probability, Equation 11 holds for all choices of
A C Ayand B C B,

Note that Equation 11 can be equivalently written as e; (B, \ B, 4, \ (4, \ 4)) = k(|B, \ B| —
|Ay \ Al]). Therefore, by symmetry, it suffices to consider types 1, 2 and 3.

Since k > K = 10%¢ and ¢ = 0.005, we have £/4 > ((1 + €)k)~!/12. Thus, by condition (1) from
Definition 4.1, every vertex in G has degree in (1 + £/4)(1 + €)k.
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Type 1 pairs: For a pair (A, B) of type 1 (with |A| > 2|B|), we have

eG(A,By\ B)> ) deg(v) — ). degg(v) > |A] - (1 —/4)A + &)k — |B] - (1 +£/4)(1 + )k
VEA VEB
> k(|A| — |B|) + k((3c/4 — € /4)|A| — (5¢/4 + €7 /4)|B]) > k(|A| — |B).

Type 2 pairs: For a pair (4, B) of type 2 (with |A| > n/10and |B, \ B| = n — |B| > n/2), condition
(4) from Definition 4.1 implies that

n — |B]
n

eg(A,By\B) > (1 —¢/4)- (1 + e)k/n - |A|(n — |B]) > k|A| > k(|A| — |B).
Type 3 pairs: Consider a pair (A, B) of type 3 (with |B| < |A| < 2|B| and |B| < n/10). Note that
ifeg(A, By \ B) < k(JA| — |B]), then

¢g(A,B)> Y degs(v) — k(IA| — [B]) > (1 — ¢/4)(1 + €) — DKIA| +k|B| > k|BI.

VEA

For a set of possible edges E C A X B of size k|B|, let £(A, B, E) be the event that E C E;(A, B).
Since our distribution is ((1 + )k + 1)/n-spread, we have

precan.py < (VAIBI) . (Qtok+1 W felal a+ok+1\" 6B\
s D,y B k|B| n I k —n < " .

ECAXB, |E|=k|B|
For every b < n/10, we sum these probabilities over all pairs of sets (A, B) with |B| = b and b <
|A| < 2b, to obtain that

kb 3p kb
> ) PIEA,BE)| < <”> 'b<"> : <@> <(2) <@>
|B=b ECAXB, b 2b n b n
b<|Al<2b |E|=kb

< ((6e)° - (6/10)73)" < (1/4)".

Therefore, the probability that there is a pair of type 3 violating Equation 11 is at most

m14b 1/2.
;</></ O

Proof of Theorem 1.2. Recall that K = 10, ¢ = 0.005 and K < k < 0.9n. Let (1 + &)k = m(;, <
My < ... < My, be the sequence of real numbers from Equation 6.

Then, by Lemma 4.2(b), there exists an (m,y + 1)/n-spread distribution supported on m,)-nice
sets. Iteratively applying Lemma 4.2(a), we obtain an (m;) + 1)/n-spread distribution supported
on my)-nice sets. Next, Lemma 4.3 implies that there exists an m;)-nice set S containing a subset
S’ C S with exactly k points on each horizontal and each vertical line.

We claim that S has the desired properties. For this, we need to check that for every line L € L,
we have [S'NL| <k-(w(L)+0.01). Let§ := m /12 < 0.001. Since S is m;)-nice, condition (1)

1)
~2/3

implies that for every line L with w(L) € (m(l) , 1],

ISNLI <A+ 8)mgy-w(L) =(1+8)(1+ek-wl)<k-(wl)+0.01).
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On the other hand, conditions (2) and (3) imply that for every line L with w(L) < m(i/ 3,
IS N L| < max ((1 +om[’, 14) <001 - k.
This completes the proof, because S’ is a subset of S. O

5 | PROOF OF THEOREM 1.1

In this section, we deduce Theorem 1.1 from Theorem 1.2 using the results of Kovacs, Nagy and
Szab6 [27]. The key observation behind this deduction is that the only lines with weight close
to 1 are horizontal lines, vertical lines and the lines of slope +1 near the main diagonals of the
n X n grid.

Proof of Theorem 1.1. First, we prove the statement under the additional assumption that k <
in, 4| nand 10 | k. As in [27, Definition 3.2], we partition the n X n grid into 16 blocks of size
n/4 x n/4. Formally, for each 1 < i, j < 4, we define

Gy i={yem?P: (-D5<x<if, G-DE <y<ji}.

We also set

- %k, ifi=jori+j=5(.e.,if Gij intersects one of the main diagonals);
. %k, otherwise,

and let w; ;(L) :=|G; ;N L|/(n/4) for each line L € L.

For each i, j, we apply Theorem 1.2 (with parameters n/4 and k; ;;
implies that 10%° < 12—0k <k ;< %k < 0.9 - n/4, and thus the necessary conditions hold) to obtain
asubset S; ; C G; ; with exactly k; ; points on each horizontal and each vertical line, and at most

k; ; - (w; ;(L) +0.01) points on every other line L. Let S := || S;; be the union of all these

1<ij<4

note that 1037 < k < %n

sets.

Since each S; ; contains exactly k; ; points on each horizontal line and each vertical line, S
contains exactly k points on each horizontal and each vertical line. Crucially, by [27, Lemma 3.5],
for every line L which is not horizontal or vertical, we have

Z ki,jwi,j(L)S k,

1<i, j<4

4
5

SO

4
ISnLI= ) Is,;nLI< ), ki (w; /(L) +0.01) < Tk +0.01 Y kj =084k

1<i,jg4 1<, jg4 1<i,j<4

Since k > 10%, this implies, in particular, that |S N L| < k — 15. This completes the proof of

Theorem 1.1 in the case when k < %n, 4|n,and 10 | k.
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For the general case, note that if 1037 < k < %n thenn’ :=4- |n/4] andk’ :=10- [k/10] sat-
isfy k' < %n’ ,4 | n' and 10 | k’. Thus, the statement of the theorem for n and k follows from the
same statement for n’ and k’ via [27, Lemma 3.12 and Lemma 3.13], making use of the ‘reserve’
of 15 points per line. Finally, an explicit construction [27, Proposition 3.1] takes care of the case

k>§n. O

6 | CONCLUDING REMARKS

Smaller values of k? We did not try to optimise the constant K, = 1037 in Theorem 1.1, and our
argument provides a lot of room for optimisation. However, making any progress on the classical
no-three-in-line problem (i.e. the case k = 2) would likely require new ideas. Note that, even for
‘light’ lines, our argument can only guarantee that they contain at most C = 14 points of our set
(see condition (3) in Definition 4.1).

Partitioning the grid into no-(k + 1)-in-line sets. In [21], Jain and Pham constructed an
optimally spread probability distribution over decompositions of the edge set of K, ,, into perfect
matchings (i.e. over Latin squares of order n). It is plausible that, modifying our approach in a
suitable way, one also might be able to prove that for a sufficiently large k and every n divisible
by k, the grid [n]? can be partitioned into n/k sets of size kn, each containing no k + 1 points on
aline.

Exact bound in higher dimensions? A natural further direction is to obtain an exact bound
in Theorem 1.3, analogous to Theorem 1.1. In order to achieve this using our approach, one would
need to come up with a suitable version of the regularisation step (Lemma 4.3). Note that aset S’ C
[n]¢ that contains exactly k points in each axis-aligned affine subspace of dimension ¢ corresponds
to a multipartite (n,d, d — t, k)-design (i.e. a d-uniform d-partite hypergraph with n vertices in
each part, such that every set of d — ¢ vertices from different parts is contained in exactly k of its
edges). Then, one would need to find such a set S’ inside a ‘random-like’ configuration S C [n]¢
with (1 + o(1))k points in each axis-aligned affine subspace of dimension ¢. This appears to be
related to the challenging problem of finding designs inside Erd6s-Rényi random hypergraphs of
appropriate density (see [7, 21-23, 31] for partial results in this direction).
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