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In this work we establish several monotonicity and decomposition re-
sults in the framework of random regular graphs. Among other results, we
show that, for a wide range of parameters d; < d», there exists a coupling of
G(n,dy) and G(n,dy) satisfying that G(n,d;) C G(n,dp) with high prob-
ability, confirming a conjecture of Gao, Isaev and McKay in a new regime.
Our contributions include new tools for analysing contiguity and total vari-
ation distance between random regular graph models, a novel procedure for
generating unions of random edge-disjoint perfect matchings, and refined es-
timates of Gao’s bounds on the number of perfect matchings in random regu-
lar graphs. In addition, we make progress towards another conjecture of Isaev,
McKay, Southwell and Zhukovskii.

1. Introduction. The theory of random graphs has seen a number of fascinating ad-
vancements over the last few decades. Part of the effort has been focused on understanding
the relations between different models or instances of the same model. The simplest example
of such a relation is illustrated by the widely used technique of sprinkling in Erd6s—Rényi
graphs or, more generally, in percolation on graphs and lattices. The technique exploits the
simple observation that, given a graph G, the p-percolated graph G, can be written as a
union of independent random subgraphs of G percolated with probabilities p; and p, for
P, P1, p2 €10, 1] satisfying 1 — p = (1 — p1)(1 — p»). While sprinkling has immensely ad-
vanced the field of percolation, its applicability is limited to models where edges appear
independently of each other.

The efficiency of powerful percolation techniques has motivated the need for establishing
connections with other random graph models where methods like sprinkling are not directly
available. A cornerstone work in this direction is due to Kim and Vu [18] who showed that the
Erd6s—Rényi random graph G ~ G(n, p) and the random regular graph H ~ G(n, d) with
w(logn) =np ~d < n'/37°W can be coupled so that, roughly speaking:

e if np is slightly smaller than d, then G C H, and
e if np is slightly larger than d, then H \ G contains very few edges.

Moreover, Kim and Vu famously conjectured that the range of values where the above rela-
tions hold can be extended to np ~ d < (1 —¢)n, and the second statement can be improved to
an exact inclusion of H in G. The significance of this conjecture in the framework of random
regular graphs is indisputable: indeed, while switching techniques for computing probabili-
ties in dense random regular graphs and, more generally, random graphs with fixed degrees,
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exist [10] (see also [5, 16, 17, 22-24, 26, 30] for related applications of switchings), the
technical proofs of many related results often lack the elegance of their Erd6s—Rényi coun-
terparts. The conjecture has seen significant developments in the last twenty years [3, 9, 20]
and is currently confirmed for the range np ~ d > (logn)* due to Gao, Isaev and McKay [8].

While the Kim—Vu conjecture serves as a bridge between Erd6s—Rényi graphs and ran-
dom regular graphs, comparing random regular graphs of different degree has also attracted
attention [13, 15, 28, 30]. Note that monotonicity for random regular graphs with different
degrees (with respect to inclusion) is related to the Kim—Vu conjecture, yet it does not fol-
low from it in any straightforward way. At the same time, establishing monotone couplings
remains highly desirable. Such monotonicity for random regular graphs was conjectured by
Gao, Isaev and McKay [9].

CONJECTURE 1.1 (Conjecture 1.21in [9]). Consider integers d; < dp withdy,d> € [1,n—
1], such that (d,d>) # (1,2), (di,d2) # (n — 3,n — 2) and each of din and dhn is even.
Then, there exists a coupling of G| ~ G(n, d;) and G» ~ G(n, dy) such that P(G| C Gy) =
1—0(1).

Conjecture 1.1 is known to hold in a few cases [6, 8, 13]:

di=1landd, €[3,n—1],

w((logn)”y=dy <n'/7/logn and d5 € [dy,n — 1],
o(l)=d <n'Panddr,=d; + 1,

(logn)4 <cdy <d» <n— (log n)* for some constant ¢ > 1,
min{d,d, — di} = w(n/logn).

A closer look at the listed cases reveals that, while the monotonicity properties of random
regular graphs of large polylogarithmic degrees are relatively well understood, graphs with
slowly growing degrees remain elusive. Our first result bridges this gap and confirms Con-
jecture 1.1 in the case when n is even and d is not too large.

THEOREM 1.2. Consider n even, d, € [3,n'/7 /logn] and d> € [dy, n — 1] such that dy =
w(1). Then there exists a coupling of G1 ~ G(n,dy) and G, ~ G(n, dy) such that P(G{ C
Gy =1-o0(1).

Theorem 1.2 will be derived by combining the second point in the above list with several
technical results guaranteeing that, in a certain sense, G (n, d3) can be decomposed into edge-
disjoint G (n, dy) and dy — d; perfect matchings for 3 < d; <d, < nl/10,

While Conjecture 1.1 requires that the graphs G| and G, are chosen uniformly at ran-
dom, no restriction is imposed on the graph G, \ G. With an eye towards recovering the
properties of the sprinkling technique in the framework of random regular graphs, requiring
that the complement of G| in G, behaves as a random (dy — dj)-regular graph is a natu-
ral additional restriction. More precisely, for dy, d> € [1,n — 1] with d| < d3, we denote by
G(n,d1) ® G(n,dy — dp) the random dp-regular graph obtained by sampling independently
G1 ~ G(n,dy) and G, ~ G(n,d> — dy) conditionally on G, G, being edge-disjoint, and
taking their union. Isaev, McKay, Southwell and Zhukovskii [13] conjectured that the distri-
bution of G(n,d) & G(n,dy — dy) is essentially the one of G(n, d) as long as d> tends to
infinity.

CONJECTURE 1.3 (Conjecture 1.2 in [13]). Ford;,d> €[1,n — 1] withd; <dp = w(1),
there exists a coupling of Gg ~ G(n,d1) ® G(n,d» — d1) and G ~ G(n,dz) such that
P(Gg=G)=1—-o0().
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The authors of [13] verified Conjecture 1.3 in several cases, namely:

o di=1,d,=w()and d» = 0o(n'/?),
e min{d|,d> —di,n —d>} = w(n/logn),
e d?(n/min{dy —dy,n —dy +di1H* < (logn)/3.

They also observed that the assumption d» = w (1) is actually necessary. We contribute to the
understanding of Conjecture 1.3 by verifying that, for large d» < n'/10, the distributions of
G(n,dy) ® G(n,dy — dy) are asymptotically the same for all d; far from 1 and d».

THEOREM 1.4. Consider n even, d» = w(1) and d, = O(nl/lo). Fix dy, d{ with
min{dl, d;, dr—d,dy — d{} =w(l).

Then, there exists a coupling of Gg ~ G(n,d1) ® G(n,dy — dy) and Gg ~ G(n,d}) @
G(n,dy — d)) such that P(Gg = Gg) =1 —o(1).

Simply put, while Theorem 1.4 does not claim that G(n, d>) can be decomposed as a
disjoint union of G(n, d;) and G(n, d> — d1), it confirms that this disjoint union has asymp-
totically the same distribution as long as each of d; and d, — d; is large.

A classic result due to Molloy, Robalewska, Robinson and Wormald [28] ensures that,
whend = O(1) and d +---+dy =d with (d, dy, d>2) # (2, 1, 1), the properties holding with
high probability in the model G(n,d;1) @ --- @ G(n, dy) also hold with high probability in
the model G(n, d) and vice versa. Using this result to decompose a random d-regular graph
on an even number of vertices into a disjoint union of perfect matchings and Hamilton cycles
has sometimes been instrumental for the analysis of random regular graphs, see [1, 19, 30]. In
a more structural setting, Ferber and Jain [4] showed that pseudorandom d-regular graphs on
an even number of vertices can be decomposed into d edge-disjoint perfect matchings, that
is, such graphs have a 1-factorisation. While the latter result holds in vast generality and, in
particular, implies that G (n, d) has a 1-factorisation with high probability, the probabilistic
properties of the exhibited 1-factorisation remain unclear. In this work, at the price of restrict-
ing the range of values for d, we show that the model G(n,1) ® --- ® G(n, 1), with G(n, 1)
repeated d times, serves as a good approximation of the model of random d-regular graphs
in the following sense.

THEOREM 1.5. Consider n even and d € [3,n'/1°]. Fix a sequence (Ap)neoN where Ay,
is a set of d-regular graphs on n vertices. If G(n,1) & --- ® G(n, 1) € A, holds with high
probability, then G (n,d) € A, holds with high probability as well.

We remark that, with some more effort, the range of values for d in Theorems 1.4 and 1.5
may be slightly improved but the current estimates on the variance of the number of perfect
matchings in random regular graphs (see [6], Theorem 10, needed for our Proposition 3.8)
do not allow us to go beyond d < n'/7~¢. We restrict our analysis to the range d € [3,n'/19]
for the sake of simplicity. In general, we believe that Theorem 1.5 as well as its reciprocal
implication should hold for d € [3,n — 3].

CONJECTURE 1.6. Consider n even and d € [3, n — 3]. Fix a sequence (A, ),c2n Where
A, is a set of d-regular graphs on n vertices. Then, G(n,1) & --- ® G(n, 1) € A, holds with
high probability if and only if G(n, d) € A, holds with high probability.
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Outline of the main ideas. The proofs of Theorems 1.4 and 1.5 are based on two results:
Corollary 2.9 and Corollary 3.2. Corollary 2.9 specialises a more general technical result,
Proposition 2.8, which establishes that, for measures 1, 77, and t,, on the space of n-vertex
graphs, if the measures n,, 7, are close (in total variation distance, or contiguous) and T,
satisfies a weak technical assumption, then the measures 7, ® t,, 71, @ 7, are also close in
the corresponding sense. Corollary 2.9 then specialises this observation to the setting where
7, has distribution G(n,d) & G(n,d2) ® --- & G(n, d;) for a wide range of parameters k
anddl, ...,dk.

Corollary 3.2 bounds the total variation distance between G(n,d) ® G(n, 1) and G(n,d +
1) whenever d < n'/1°. We observe that a weaker version of Corollary 3.2 can be derived
directly from a work of Gao [6]. However, the explicit error bounds one can extract from
Gao’s proof are inconveniently large, and do not allow us to iterate the result to conclude
that G(n,d1)) ®G(n,1)Pd---® G, 1) and G(n,d + 1) are close in total variation distance
for di = o(d). To overcome this inconvenience, we build on Gao’s approach, which itself
relies on the orthogonal decomposition and projection method introduced by Janson [14]. An
application of this technique allows us to well approximate the number of perfect matchings
via a linear regression involving the number of triangles, which is significantly easier to
analyse due to the locality of the triangle count. Computing the third and fourth moments of
the number of triangles in the random d-regular graph (see Lemma 3.5) allows us to sharpen
concentration estimates coming from the second moment method. In turn, this enables us to
refine Gao’s bounds through the orthogonal decomposition and projection method. Equipped
with our knowledge about perfect matchings in random regular graphs, we analyse the total
variation distance between G(n,d) @ G(n, 1) and G(n,d + 1) by using a result of McKay
[25] (see Theorem 2.1) about counting sparse graphs with given degree sequence in dense
host graphs, and a convenient consequence of Strassen’s theorem observed by Isaev, McKay,
Southwell and Zhukovskii [13] (see Theorem 2.3).

Finally, while Theorem 1.2 can be derived from Corollary 2.9 and Corollary 3.2 when
di1 = w(1), the two results are insufficient when d; = O(1). Indeed, when d; = O (1), the
bound on the total variation distance between G (n,d) ® G(n, 1) and G(n,d + 1) given by
Corollary 3.2 is a positive constant and, therefore, does not provide an inclusion-wise mono-
tone coupling with high probability. In this case, for all £ > 1, our approach relies on de-
veloping an alternative sampling procedure (see Definition 5.1) to approximately generate
Gn,1)®...®G(n,1), with G(n, 1) repeated kd; times, in blocks of d| perfect match-
ings. To do so, we rely on a random overlay idea: we show that, for m = O (1) unlabelled
regular graphs with degrees of order O(1), by attributing the same vertex labels to them
uniformly at random and independently, the resulting labelled graphs are edge-disjoint with
probability bounded away from O and depending only on m and the degree of each graph
(see Lemma 2.10). Then, we show that, for every ¢ > 0, one can choose a large constant
k = k(e) > 1 and couple G (n,d;) and the graph generated by the alternative procedure so
that G(n, d;) coincides with a graph corresponding to one of the k blocks with probabil-
ity at least 1 — ¢ (see Lemmas 5.3 and 5.4). We note that, with very minor modifications,
Lemma 5.3 provides a general coupling tool of measures i and v x --- x v where u, v are
absolutely continuous measures on the same space, and may be of independent interest.

Organisation of the paper. In Section 2, we state and establish some preliminary results.
Section 3 is dedicated to the proof of Proposition 3.1 which is used to derive Theorems 1.4
and 1.5 in Section 4. Section 5 contains some coupling results instrumental in the proof of
Theorem 1.2 in Section 6. We conclude with a brief discussion in Section 7.

2. Notation and preliminaries. We first recall (mostly classic) notation and terminol-
ogy used in the sequel.
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2.1. Notation and terminology. We use mostly standard but varying notation.

General notation. For a positive integer n, we denote [n] = {1, ..., n}. For positive in-
tegers m < n, we also write ([;’1]) for all subsets of [n] of size m. For real numbers a, b, ¢
with ¢ > 0, we write a = b &+ ¢ to mean that a € [b — ¢, b + c]. Floor and ceiling notation is
omitted when rounding is insignificant for the argument.

Given a graph G, we write V (G) for its vertex set and E(G) for its edge set.

For integers n > 1 and d € [1,n — 1], we denote by G4 = G;(n) the family of d-regular
graphs on n vertices. We denote by 114 , the uniform probability distribution on the family
Ga(n), but often omit the index n and write uy for better readability. For integers & > 1
and dj,...,dy > 1 withd; +---+dy <n—1, we denote by G(n,d1) @ --- ® G(n,dy) the
union of independent copies of G(n, d}), ..., G(n,dy) on the same vertex set conditionally
on being edge-disjoint. We denote by v, , the probability distribution on G, (n) such that
v4.n(G) is proportional to the number of 1-factorisations of G. Again, we often write v, for
better readability. Given two measures i and v on the same family of graphs G, u @ v is a
measure on G such that, for every G € G, (u @ v)(G) is proportional to

Y. w(GHV(G),
G1,G2€G
G1UG=G
G1NGr=9
where G| N G, = @ means that the edge sets of G| and G» are disjoint.

We work with a measurable space (€2, F) where 2 is always a finite or countable set. By
default, we assume F to be the family of all subsets of 2 and omit it from the notation. A
sequence of events (E,),>1 is said to hold with high probability or whp if P(E,;) — 1 as
n— o0.

We use standard asymptotic notation. For functions f = f(n) and g = g(n) (with g non-
negative), we write f = O(g) to say that there is a constant C such that | f(n)| < Cg(n), and
we write f = Q(g) to say that there is a constant ¢ > 0 such that f(n) > cg(n) for suffi-
ciently large n. We write f = ®(g) to say that f = O(g) and f = Q(g), and we also write
f=o0(g) or g=w(f) tosay that f(n)/g(n) - 0asn— oo.

Coupling. For two (probability) distributions 1 and wy on the measurable spaces €21
and €29, respectively, a coupling of w1 and p; is a (probability) distribution on the space
Q1 x Qp, with first marginal ¢; and second marginal ;.

Total variation distance. For two probability distributions | and pu, defined on a com-
mon measurable space 2, the toral variation distance between (1 and w, is defined as

’

drv(pr, p2) = Sle|M1(A) — 12(A)

where the supremum is taken over all subsets of 2. Moreover, since we assume the sample
space €2 to be finite or countable, the above definition is equivalent to

1
(D) drv(pis p2) =3 D i) = pa(x).

xeR

Contiguity. Fix a sequence of measurable spaces (£2,),>1. For every n > 1, consider
two probability measures u, and v, on the space 2,. We say that (u,),>1 and (v,),>1 are
contiguous if, for every sequence of events (4,),>1, we have that

n(Ap) —— 1 &= v, (A)) —— 1.
n—00 n—00
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For convenience, we will often abuse terminology and say that i, and v, are contiguous. It
is easy to see that u, and v, are contiguous if drv(u,, v,) = o(1). However, the converse
does not hold in general, as contiguity only concerns sequences of events which hold whp.
For instance, by setting 2, = {0, 1}, u, = Ber(1/3) and v, = Ber(2/3) for all n > 1, the
measures W, and v, are contiguous but dtv(u,, vy) =1/3 foralln > 1.

2.2. Preliminary results.
2.2.1. Helpful results from the literature. 'We begin this section with a theorem of McKay
[25] determining the number of graphs with a given (sparse) degree sequence g1, ..., g, in

the complement of a (sparse) graph X.

THEOREM 2.1 (Theorem 4.6 in [25]). Fix e € (0,2/3), a graph X with vertex set [n] and

degree sequence xi, ..., X, and integers g1, . .., gn € [0, n — 1] with even sum. Define
1 n
e(G)==) g, A= Zg,<gl 1) and a=— > gig)
24 4e(G) (G) 2e(G) . eEW)
Suppose that

=2+ (3 + +1)< Z
= max g; 2maxg, max x; £ gi-

i€ln] i€[n] i€ln] =1
Then, the number of graphs with degree sequence g1, ..., g, on the vertex set [n] which are
edge-disjoint from X is equal to
2¢(G))! A?
(2¢(G))! p(_k_xz_a_a( ))
e(G) 2¢O [T, &i! e(G)

where the constant in the O (-) term is uniform over the choice of all parameters.

The following preliminary result concerns contiguity between models of random regular
graphs of bounded degree. It is a particular case of Corollary 4.17 in [30]; see also [15, 28].

THEOREM 2.2 (See Corollary 4.17 in [30]). Fixk>2and d > 3. Let dy,...,dy > 1 be
such that dy + - -- + dy = d. For even n, the models G(n,d) and G(n,d;) ® --- ® G(n, dy)
are contiguous.

Next, we state a coupling result from [13] related to Strassen’s theorem, see also [21],
Proposition 6.

THEOREM 2.3 (Corollary 2.2 from [13]). Fix §,¢e € [0, 1] and a bipartite graph G
with parts S, T. Suppose that S contains at least (1 — §)|S| vertices of degree at least
(1 — &)|E(G)|/IS|, and similarly T contains at least (1 — 8)|T| vertices of degree at least
(1 —e)|E(G)|/|T|. Then, there is a coupling (X, Z) with X uniformly distributed on S and
Z uniformly distributed on T such that P(XZ ¢ G) <26+ ¢/(1 —¢&).

The last lemma in this section guarantees that two measures (, v on the same measurable
space can be coupled in such a way that their outputs coincide with probability 1 —dtv (i, v),
and ensures an additional independence property. The version stated below (in particular,
parts (ii) and (iii)) are slightly different from the original Theorem 2.12 in [2]: part (ii) differs
due to the scaling of dtv in [2] while part (iii) follows from the proof of Theorem 2.12 in [2]
rather than the statement itself.
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LEMMA 2.4 (see Theorem 2.12 in [2] and its proof). For any two probability distribu-
tions ( and v on a finite or countable space 2, there exists a coupling (X, Y) such that the
following hold simultaneously:

(1) X has distribution (1 and Y has distribution v,
(i) X =Y with probability 1 — dtv(u, v),
(iil)) X and Y are independent conditionally on the event X # Y, provided that the latter
event holds with positive probability. In this case, for every x € Q, the probability that X = x
conditionally on X # Y is proportional to (1(x) — min(u(x), v(x)).

2.2.2. Other preliminary results. We start with a simple observation used several times
throughout the paper, often without explicit mention.

LEMMA 2.5 (6 is associative for measures). Fix three probability distributions ., v, n
on the same family of graphs G. Then, (W V) B n=uDv H .

PROOF. For any G € G, note that ((u & v) & 1)(G) is proportional to

Y. (@G -n(G3) = > w(G1V(G)N(G3).
G1,G3€g G1,G2,G3€G
G1UG3=G G1UGLUG3=G
GING3=0 G1,G2,G3 pairwise edge-disjoint

Moreover, (@ v @ n)(G) is also proportional to the same quantity. Since each of (u ®v) &7
and © @ v @ n is a probability distribution, they must coincide. []

An example for an application of Lemma 2.5 is that, for every k and dj, ..., d; > 1 which
sum to d, we have

vi=Gn,1)®..8Gn,1)=v4, ®--- Dy,

where the G(n, 1) is repeated d times in the middle expression, the first equality uses the
definition of v; and the second one is a consequence of Lemma 2.5.

The next proposition quantifies the contiguity relation between two measures and shows
that, if two sequences are contiguous, then their total variation distance is bounded away
from 1.

PROPOSITION 2.6.  Fix a sequence of finite or countable measurable spaces ($2,),>1 and
contiguous probability distributions n, and 1, on 2,. Denote n = (N,)n>1 and 1 = () n>1.
Then, each of the following holds.

(i) Forevery$ > 0, there existy =y (8,n,1) € (0,68) and ng = no(8,n, ) > 1 such that,
for every n > ng and every event A, C Q, Ny (Ap) <y implies 1,(A,) <68 and 1,(Ap) <y
implies n,(A,) <4.

(ii) There exist an absolute constant ¢ > 0 and ng € N such that drv(n,, 1,) < 1 — ¢ for
alln > ny.

PrROOF. For (i), we show the first implication; the second one is derived similarly. Sup-
pose for contradiction that there is § > 0 and a sequence 1 <n; <ny < --- such that, for
every i > 1, there is an event E,; such that n,, (E,,) < 1/i but ,, (Ej,;) > 6.

Define events (A,),eny Where A, =, for n ¢ {ny,n2,...} and, foreveryi > 1, A,, =
E;,.. Then, by construction, we have that limy,—, oo 7,(A,) = 1, which by contiguity implies
lim,,— o 7, (A,) = 1. However, this contradicts the fact that limsup;_, o, 7Jn, (Ap;) < 1 — 6.
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Thus, there exists a constant ¥y > 0 satisfying (i), and choosing y = min(8, yp) finishes the
proof of (i).

Now we deduce (ii) from (i). Fix any 6 € (0, 1) and y, ng as in (i). Fix any sequence of
events (A,),>1 and n > ng. We show that |n,(A,) — 1,(A,)| is bounded away from 1. If
N (Ay) <y, then 71,(A,) <68 and |n,(A,) — 1,(A;)| < 8, which is bounded away from 1.
Note that a similar inequality holds when 7, (A,) < y. Finally, if min(n,(A,), 1,(An)) >y,
then |9, (A,) —7,(A,)| < 1—y, which is again bounded away from 1, completing the proof.

O

The following lemma shows that contiguity has a convenient fractional reformulation.

LEMMA 2.7.  Fix a sequence of finite or countable measurable spaces (2,)n>1 and con-
tiguous probability measures 1, and 0, on (2p)n>1. Fix a family {ay , :n > 1,x € Q,} of
uniformly bounded nonnegative real numbers. Then,

D Aot () —= 0 <= " axaiin(x) —= 0.

xe2, X€Qy,

Note that one retrieves the classic definition of contiguity when ay , € {0, 1} for every
n>1andx € Q,.

PROOF. We show that convergence on the left-hand side implies convergence on the
right-hand side; the inverse implication follows by symmetry. Suppose that
ergn ax nMn(x) = 0. Fix € > 0 and, for every n > 1, define the sets S, = {x € 2, 1 a, , <
etand L, ={x € Q, :ay, > ¢}. Then,

Z ax,nnn(x) = Z ax,nnn(x) = 8r]n(Ln)-
x€e, xeL,

Hence, n,(L,) — 0 and, by contiguity of the measures 7, and 7,, we have 1,,(L,) — 0. As
a result, for every ¢ > 0, there is ng > 1 such that, for every n > ny,

Z ax,nﬁn(x) = Z ax,nﬁn(x) + Z ax,nﬁn(x)
xXeQ, xX€eLy X€ESy

= maX{ax,n n>1,x € Quina(Ly) + enn(Sy) < 2e.

As the latter holds for every e > 0, this completes the proof. [J

The next proposition relates the total variation distance and contiguity of measures with
the operation .

PROPOSITION 2.8.  For every integer n > 1, fix probability distributions n,, 1, and t, on
the family F, of labelled n-vertex graphs. For every graph G € F,,, define

) Bu(G)= Y mw(H).

HeF,:GNH=2

Suppose that, for some constant y > 0 and every G, G’ € F,, we have B,(G) < yB,(G').
Then, each of the following holds.

@) drv(nn ® T, 1n @ ) < 2ydTv(n, Nn)-
(b) Suppose that the sequences of measures (,)n>1 and (,)n>1 are contiguous. Then,
the sequences (1, ® T,)n>1 and (N, ® T,)n>1 are contiguous as well.
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Note that, in Proposition 2.8, F,, is not necessarily the support of ,, 1, and t,, meaning
that some graphs G € F;, can be attributed weight 0 by any of these measures.

PROOF OF PROPOSITION 2.8.  To begin with, we focus on the proof of part (a). Denote
for brevity A, = n, & 1, and A, = 1, @ 7,,. Moreover, for every S € F,, define

Yn(S):= Y m(G)m(H) and W,:= )" ¥,(S),

G,HeF, SEFn
GUH=S
GNH=2

and denote by ¥, (S) and W, the analogous quantities obtained by replacing 7, with 7,.
Then, we have

1/fn(S) 1/fn(S)

~ 1
drv O ) == Y [Aa(S) = Xy <S>|—
2
SeFn Se]-'

By summing over G first, note that W, = } ¢, 1.(G)Bn(G), and similar equality holds for
W,, and 7j,,. In particular, by the triangle inequality,
3) Wy =Wl < D7 [10(G) = 712(G)|Bu(G) < 2drv (. nn)glax Bn(G).
GeF, I
By using (3) and the trlangle inequality again, we obtain that

Yn(S) wn<S) «MS) ()
v, v, \f

drv O, hn) < 5 >
SeFn

Se]—'

S Y 6.1eF, = 1M (G) — fin(G) |ty (H) iy Un(S) |, —~®n|
29, 2 w,,

SeFn
_ X6 Im(G) = in(G)1B(G) | W, — 0|

N 2W, 2W,

_ 241 (i, fin) MaxGez, fn(G)

< o .

Finally, by using that W, = > ¢ 7, 1:(G)Bn(G) = minger, B,(G) and the assumption on
B, in the statement, we obtain that

2dtrv (N, Np) Maxger, Bu(G)

drv (i, dn) < -
e mingez, B (G)

<2ydrv(nn, M),

which finishes the proof of part (a).
We turn to the proof of part (b). For every n > 1, fix A, € F;,. Then,

N - V(S
2 seA, Yn(S) and B (A,) = ZSeAf Vn( )'
v, v,
Suppose that A,,(A,) — 0. For every n > 1 and G € F,,, denote

An (An) =

) _oTh(H
P Y HeF,:GUHEA, GnH=g Tn(H) 10,11,
' maxgGer, Bn(G)

Using that ¥, < maxger, B,(G), we obtain that

An(Ap) = M > Z ZHGH ‘GUHeA,,GNH=2 Tn(H)

m(G)=Y_ agan(G).

l’l GeF, maXGE.Fn ﬂl’l(G) GeF,
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Since A,(A,) — 0, the right-hand side of the above inequality does as well. Thus, by
Lemma 2.7 and the contiguity of 1, and 7, it follows that > ;. 7 aG n.(G) — 0. How-

ever, by assumption on B, and the inequality mingez, B,(G) < \il,,,

X:SGAf 1)Zn(S) < Z ZHe]—'n:GUHeAn,GﬂH:Q T (H) 5 (G)

In(An) = < : 7
n(An U, GeF, minger, B(G)
=y Z aG,nﬁn(G)7
GeF,

implying that in(An) — 0. Since the implication 5»,, (A,) —> 0= A, (A,) — 0 is derived
similarly, the proof of part (b) follows. []

A combination of Theorem 2.1 and Proposition 2.8 implies the following useful corollary.
Recall that ;g = ptg4,, stands for the uniform distribution on the space G, (n).

COROLLARY 2.9. Consider integers k =k(n) >2 and dy =d|(n), ..., dy =dx(n) > 1 of
sum D = D(n) such that D3 < n. Fix two sequences of measures (,)n>1 and (1,)n>1 where
nn and 0, are defined on the space Gg,(n), and set T, := g, n D - - - B Ua, n- Then, each of
the following holds.

(a) There exists an absolute constant C > 0 such that, for everyn > 1,

drv(n @ T, n @ 1) < C - d1v (i, n)-

(b) Suppose (nn)n>1 and (,)n>1 are contiguous. Then, (7, ® t,)n>1 and (N, © Tp)n>1
are also contiguous.

PROOF. For every n > 1, define 1, =, ® 1, and dn = Nn @ 1,. Also, for every G € Gy,,
set Bn(G) = ZHGQD—dl .GnH=g Tn(H). We will show that, for all graphs G, G’ € G4,

D3

@) 5.6 = (1+0( ") )8.(0).
where the implicit constant in the O(-) term does not depend on the parameters of the prob-
lem. Note that both parts of the statement then follow by combining (4) and Proposition 2.8.

To this end, denote by A(G) the family of (k — 1)-tuples (Hp, ..., Hy) € Gg, X -+ X Gg,
such that G, H», ..., Hy are pairwise edge-disjoint. Then, by writing D; = d + - - - +d; for all
i € [k] and applying Theorem 2.1 consecutively k — 1 times for X;_; :=GU HyU---U H;_
and (g1,...,8n) =(d;, ..., d;) foralli € [2, k], we obtain that | A(G)] is equal to

k (din)! di —1 di —1\? d;D;_ d; D?
i (din/2)124m2 T, d! 2 ) > -

where we used that
P d?|E(X;_1)| _ d;Dj_,

| di —1 1
TGy - ="5 and oS 2L d d; 2
e(Gi) i=1 e(Gi) JLeE(X;—1) in

In particular, since Zfzz d; Di2 < D?and

IA(G)]
I{(Ha, ..., Hy) € Gg, X --- X Gy, pairwise edge-disjoint}|’
we have that (4) holds, as desired. [

pn(G) =
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The last lemma in this section shows that, for m > 2 unlabelled regular graphs on n vertices
and with uniformly bounded degrees, by attributing labels in [n#] independently to each of
them (thus realising them on the same vertex set), the probability that these graphs remain
are pairwise edge-disjoint only depends on m and the degrees of the given graphs. Given a
labelled graph G, the skeleton of G is the unlabelled graph obtained from G by erasing the
labels of its vertices. The next lemma is a special case of Corollary 2.6 in [11].

LEMMA 2.10. Fixm >2,dy,...,dy > 1 and m unlabelled regular graphs on n vertices
with degrees equal to d, . . ., d,,, respectively. For every i € [m], denote by H; the (random)
graph obtained from the ith unlabelled graph by attributing the labels in [n] bijectively,
uniformly at random and independently for different i. Then, the probability that Hy, . .., Hy,
are pairwise edge-disjoint is exp(—D/2) + o(1) where D = Y"1 ;. _y<;n dkde and the o(1) is
uniform over all choices of Hy, ..., Hy,. -

3. Main technical result: Decomposing one matching at a time. This section is ded-
icated to the proof of the following technical proposition. For the sake of coherence, we
state the following results with the same restriction d < n'/19, The proof works for a slightly
larger range of d, but clearly cannot go past n'/7. We made no attempt at determining the
best possible range.

PROPOSITION 3.1. There exists a constant Co > 0 such that, for all even n and d =
d(n) € [3,n'/10), the number of perfect matchings Y in G (n, d) satisfies

P(|Y —E[Y]|>d “'E[Y]) < Cod .

The following consequence of Theorem 2.3 and Proposition 3.1 will be used in the proofs
of each of our main results.

COROLLARY 3.2. There exists a constant Cy > 0 such that, for all even n and d = d(n) €

drv(ia ® w1, pa+1) < Crd~ '

PROOF OF COROLLARY 3.2 ASSUMING PROPOSITION 3.1.  Consider an auxiliary bipar-
tite graph H with parts

S={(Gq,Gay1) €Ga(n) x Gay1(n) : Gg S Gay1}

and T = Gy11(n) where (Gg, Gg+1) € S is adjacent to G, | € T if G411 = G;,. Note
that every vertex in S has exactly one neighbour in 7 and thus |E(H)| = |S|. Moreover,
the degree of a vertex G in T is equal to the number of perfect matchings in G, meaning
that |E(H)| = |T| - E[Y], where Y is the number of perfect matchings in G(n,d + 1). By
Proposition 3.1, at least (1 — Cod~""1)|T| of the vertices in T have at least (1 —d_l'l)JE[f’] =
(1 —d~“Y|E(H)|/|T| neighbours in S. By applying Theorem 2.3 to the graph H with & =
d='!'and 8§ = Cod—!"!, we find a coupling (X, Z) with X uniformly distributed on S and Z
uniformly distributed on 7" such that

P(XZ ¢ E(H))=0(d™'").

However, by definition, the second marginal X’ of X is distributed according to g @ 1, and
thus

drv (g ® i1, nav1) <P(X' # Z)=P(XZ ¢ E(H)) = 0(d" "),

which concludes the proof. [J
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In the remainder of this section, we focus on the proof of Proposition 3.1. Recall that
Y stands for the number of perfect matchings in the random d-regular graph G(n, d). To
show Proposition 3.1, one may be tempted to compute the first two moments of ¥ and apply
Chebyshev’s inequality. While such an estimate exists in the literature [6], it only shows
that P(|Y — E[Y]| = d~'E[Y]) = O(d~"), which is insufficient for our purposes due to the
divergence of the harmonic sum. We extend this approach by analysing higher moments.

Computing higher moments of Y directly becomes a complicated task. One elegant ap-
proach for studying the number of perfect matchings relies on a method known as orthogonal
decomposition and projection introduced by Janson [14] and first applied in the setting of
random regular graphs by Gao [6]. Here we follow Gao’s presentation in [6]. We define X
to be the number of triangles in G(n,d) and Y* = aX + b with a = Cov(X, Y)/ Var[X]
and b = E[Y] — aE[X], where we recall that Cov(X, Y) = E[XY] — E[X]E[Y]. Then, by
choice of a and b, it is easy to verify that E[Y*] = E[Y] but it also holds that Y* minimises
E[(Y — Y*)?]. We will control the moments of ¥ — Y* and Y* separately.

First, we collect several relevant estimates due to Gao [6, 7]. We recall that asymptotic
notation is used with respect to n — oo and hidden constants are universal.

CLAIM 3.3 ([6,7]). Consider d =d(n) € [3,n'/1°]. Each of the following holds.

1. Cov(X,Y)= O(E[X]E[Y]/d?),

2. E[X]=(1+0m")d-1)3/6.

3. Var(X) = (1+ 0(n~Y)(d — 1)3/6.

4. E[Y? =1 4+d3/6+0Wd*+d3/n+ Jd/n(logn)*)E[Y]?.

The first and fourth points are from [6], Theorem 10, the second point is from [6], Theo-
rem 9, and the third point follows from [7], Section 4.2. Another tool used in our subsequent
analysis is the following theorem from [7] estimating the probability that an edge belongs to
a random regular graph conditionally on some part of it being already exposed.

THEOREM 3.4 (Theorem 2 in [7]). Fixd = o(n), a random d-regular graph G ~ G(n, d)
and a graph H on the same vertex set and with maximum degree at most d. Suppose that
dn —2|E(H)| = 2(dn) and that uv ¢ E(H) for some vertices u, v. Then,

(d — degpy (u))(d — degpy (v))
dn
2 2
_(1_¢H;uv))(1+0<|E<H>| L E@) +d_)>’

n n? d?’n? n?

Puve GIH CG) =

where

¢n(uv) = degy (u)degy (v) + Z degy (x) + Z degy ()
xeNgu) YENH (V)

—d —2|E(H)| ~ (d — 1)(degyy (u) + deg (v))

with Ng(u) and Ny (v) denoting the neighbourhoods of u and v in H, respectively. Thus, if
we have |E(H)| = O(1) and d* < n, then

(d —degy (u))(d — degy (v))

Puve G|HCG)= (1 + O(l>)
n dn

In [7], Section 5.2, it is shown that E[X*] = (1 4+ o(1))E[X]* for all fixed k > 1 when
d = w(1) and d = o(n'/?). However, this estimate is not sufficiently precise for our purposes
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when k € {2, 3,4}. The goal of the next lemma is to go further in the understanding of the
error term when d < n!/19. While the same arguments could be extended to larger values
of k at the cost of an additional technical effort (and smaller values for d), we focus on the
cases k € {2, 3, 4} relevant to our proof. We remark that the joint distribution of the number of
short cycles in random regular graphs has been studied in much detail by McKay, Wormald
and Wysocka in [27], where the first two moments of X can be found. However, they do not
explicitly compute the higher moments of X, which we also need to control.

LEMMA 3.5. Consider d = d(n) € [3, n'/10]. Then, for each k € {2, 3, 4},

E[X*] =E[X]* + (’;) E[X]*! + O(E[X]72).

PROOF. For k =2, the proof follows directly from Claim 3.3. Thus, we are left to handle
the cases k =3 and k =4. Set N = () and define Hj, ..., Hy to be an arbitrary ordering
of all triangles in K,,. Also, define X; to be the indicator random variable of the event H; C
G(n,d), so we have X = ZlN:l X;.

The case k = 3. We will in fact show that E[X3)] = E[X]? + O(E[X]), where X3) =
X(X — 1)(X — 2) is the third factorial moment of X. As E[X3)] = E[X?] — 3E[X?] +
2E[X], the result will follow by applying the lemma for k = 2. We now compute E[X 3)] =
> . k)e([g/]) E[X; X ; X] by distinguishing cases. Note that, by a simple application of the

second part of Theorem 3.4, for all distinct i, j, k € [n], R = H; U H; U Hy, any subgraph S
of R and for every edge uv € E(R) \ E(S),

d—d d—d 1
5)  Pluve Gnd)|S S Gn,dy) = L de8sW)d — degsw) (1 + 0(—)).

dn n

We write E[X3)] = X1 + X where X is the contribution to E[X3)] by the triplets
(H;, H;, Hy) whose union contains more edges than vertices, and X is the contribution to
E[X 3)] by the triplets (H;, H;, Hi) whose union contains at most as many edges as vertices.
We start with the following claim.

CLAamM 3.6. X1 = O(E[X]).

PROOF. Fix atriplet (H;, H;, Hy) whose union R = H; U H; U H contains h = |E(R)| €
[5, 9] edges and at most 42 — 1 vertices. Consider an arbitrary ordering ey, .. ., e, of the edges
of R, and denote by R; the graph induced by e, ..., ¢;. By (5), for every i € [X],

P(e; € G(n, d)|Ri—1 € G(n.d))

(6) 1 d—degp (u))(d—degp. (v
:<1+0<_>>( gr_ (W)(d —degp_ (V) :O@).
n dn n
Therefore, by multiplying the probabilities in (6) for every i € [h], we obtain that
d\"
@) P(RC G(n,d)) = 0((—) )
n

By combining (7), a simple union bound over the values & € [5, 9], the inequality d'° < n
and the second point of Claim 3.3, we obtain that

5150 (2) ) o) oo

n

as desired. [0
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We now estimate X, that is, the contribution of the triplets (H;, H;, Hy) such that their
union R satisfies |E(R)| < |V (R)|. In this case, observe that actually |E(R)| = |V (R)| since
every connected component of R contains a cycle, and therefore has at least as many edges as
vertices. Moreover, every connected component of R contains a single cycle, implying that
different triangles in the triplet (H;, H;, Hy) must be (vertex-)disjoint.

Consider an arbitrary ordering ey, ..., eg of the edges of R, and denote by R; the graph
induced by ey, ..., e; forall i € [9]. By (5), we have

(d —degg,  (u))(d —degg,  (v))
dn '

Without loss of generality, assume each of {eq, €2, €3}, {es, es5, e} and {e7, eg, e9} forms a
triangle. By multiplying the said probabilities, we obtain

e Gma=(1+0(L)) (£ 44D @0 ( o1y

By summing over all triplets (H;, H;, Hy) giving rise to R as described above and using that
d'% < n, it follows that

5= (5)('37) (139) - (1+0(2))

(o))

=E[X] + O(E[X]).

Pler € Gond)|Ri-t € G d) = (14 0(%))

Thus, by combining Claim 3.6 and (8), we obtain that E[X 3)] = E[X]? + O(E[X]), as de-
sired.

The case k = 4. Analogously to the previous case, we show that E[X 4)] = E[X * +
O(E[X]?), where X = X(X — 1)(X — 2)(X — 3). As E[X4)] = E[X*] — 6E[X?] +
11E[X?%] —6E[X], the result will follow from the cases k = 2 and k = 3 of the current lemma.
Having E[X 4)] = Z(i ik é)€([1\1]) E[X; X ;X X¢], we again write E[X 4)] = X + X7, where

A 4

X is the contribution to E[X 4)] of the tuples (H;, H;, Hy, H;) whose union contains more
edges than vertices, and X is the contribution to E[X 4)] of the tuples (H;, H;, Hy, Hy)

whose union contains at most as many edges as vertices. We start with a claim analogous to
Claim 3.6 for the case k = 4.

CLAIM 3.7. =, = OE[X]).

PROOF. Similar to the proof of Claim 3.6, fix a tuple (H;, H;, Hy, Hy) whose union
R=H; UH;U H; U Hy contains h = |E(R)| € [5, 12] edges and at most & — 1 vertices.
Similarly to (7), we obtain

©9) P(R C G(n,d)) = 0<<§)h>.

By combining (9), a simple union bound over the values & € [5, 12], the inequality d'® < n
and the second point of Claim 3.3, we obtain that

i :éo(;ah—l(d)h) = 0<d—12) = 0(d% = O(E[X]%),

n n

as desired. O
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We now estimate X;. As in the case k = 3, all tuples (H;, H;, Hy, Hy) with union R
contributing to X, satisfy that every connected component of R contains a single cycle and,
therefore, any two triangles must be (vertex-)disjoint. Similar to (8), we obtain

(10) 22:@) (ngS) (ng6> (ng9>'(1+0<%)>(d;—1?12
=E[X]* + O(E[X]?).

Thus by Claim 3.7 and (10) we obtain that E[X 4)] = E[X]* + OE[X]?), completing the
proof of Lemma 3.5. [

Finally, we estimate E[(Y — Y*)?]. Our proof closely follows the proof of Claim 12 in
Gao’s work [6], but we use Lemma 3.5 to obtain a more precise estimate.

PROPOSITION 3.8. Consider d = d(n) € [3,n'/1°]. Then, Var[Y — Y*] = O(E[Y]?>/d*).

PROOF. By definition of Y* =aX + b,

Cov(Y*,Y* — Y) = Var[Y*] — Cov(Y*, Y) = a* Var[X] — a Cov(X, Y) =0.
Moreover, by the above equality and the fact that E[Y] = E[Y*], we obtain that
Var[Y —Y*] =Cov(Y,Y — Y¥)

= [E[r*] - E[(v*)’]) + (E[(r*)’] - E[r¥*])
= (Var[Y] — Var[Y*]) + Cov(Y*,Y* —Y)
= Var[Y] — Var[Y*].

(11)

On the one hand, by the fourth point in Claim 3.3 and the fact that d 10 < 51, we deduce that

3 2 5
(12) Var[Y]= <L + 0<i + a + \/g(lognf))E[Y]z = ELY] + O(E[Y] )

6d3 d*  n 6d3 d*
On the other hand, by the first point in Claim 3.3 and Lemma 3.5 for kK = 2, we have

_ Cov(X,Y)*  (d3+0(d*+d/n)*(E[X]E[Y])?
T Varlx] E[X]+0(1) '

Var[Y*]

Last, using the second point in Claim 3.3 and the fact that d 10 < ;7. we obtain that

E[Y]? E[Y]?
(13) Var[Y*] = % + 0(%).

Therefore, by combining (11), (12) and (13), it follows that
Var[Y — Y*] = Var[Y] — Var[Y*] = O (E[Y]*/d"),
as desired. [J

We are ready to finish the proof of Proposition 3.1.

PROOF OF PROPOSITION 3.1. First, note that

P(|Y —E[Y]|>d "'E[Y])
(14)
<P(|y —Y*|=d "E[Y]/2) + P(|Y* —E[Y*]| = d" "' E[r*]/2).
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For the first term, Chebyshev’s inequality and Proposition 3.8 implies that
Var[Y — Y*]

(15) P(|Y — Y*| > d " E[Y]/2) < PR ey

O(d_l'g).

To bound the second term, we express E[(Y* — E[Y *])4] as a function of the moments of X.
We have that

a *E[(r* —E[r*))*] =E[(X - E[x))"]
=E[X*] - 4E[X?|E[X] + 6E[X*|E[X]* — 3E[X]*.
By applying Lemma 3.5 for each k € {2, 3, 4}, we obtain that
a *E[(Y* —E[Y*])Y] = (‘2‘) E[X]® — 4 (;) E[X]’+6 (g) E[X]* + O(E[X]?)

= O(E[X]).

Combining this with the definition of a, Claim 3.3, the fact that E[X] = ®(Var[X]) = ed?
from the k = 2 case of Lemma 3.5, and Markov’s inequality yields

P(|Y* —E[Y*]| = d~"'E[Y]/2) =P(|Y* — E[Y*]|* = d"**E[Y]*/16)

_ El(r* — B[y
— d*4E[Y]*/16

a*E[X)? E[X]? _
=0<d—TE[Y]4) =0(d12 44> 0(d"9).

Together with (14) and (15), this finishes the proof. [J

4. Proofs of Theorems 1.4 and 1.5. With Corollary 3.2 in hand, the proofs of Theorems
1.4 and 1.5 are relatively easy. We start with a proof of Theorem 1.4.

PROOF OF THEOREM 1.4. We assume without loss of generality that d| < dy — d; and
dj <dp — d}; in particular, di + d| < d,. For r, s with r + 5 < d>, define 1, s = pu, ® s ®
U1 --- @ uy where g is repeated dp — r — s times. By the triangle inequality, we have

6 drv(ia, ® ldr—dy» Ra; D Iay—a))
< drv(iay @ tdy—dy»> Nay.a)) + ATV Ny s a) D tay—ar)-

Since the two terms are treated similarly, we focus on bounding the first one. Again, by the
triangle inequality,

drv(id; ® tdy—di» Nay.a)) = drv Ny dy—dyi» Nay .a])

a7 dy—dy—1
< Y dvay.jr1s My )-
Jj=dj

By combining Corollary 2.9(a) and Corollary 3.2, we have drv(ng,,j+1,N4y,j) = O(j_“)

hold for every j € [d>], with an absolute constant hidden in the O(:) notation. By plugging
this bound into (17) and using that d{ = w(1), we obtain that
—d;—1

drv(iay @ dy—dy» Nay.a)) = O ( Z J 1'1) (d1) )—0(1).

Jj=d|
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The second term in (16) is bounded from above in a similar way, which leads to the desired
result. [

Next, we prove Theorem 1.5.

PROOF OF THEOREM 1.5. For every i € [n — 1], recall the probability distribution v; =
u1 @ --- @ u repeated i times and define A; = u; b vy—;. Fix a sequence (A;),con With
A, € Gg(n) for all n € 2N and vy(A,) — 0. For every ¢ > 0, fix di = d1(¢) > 2 with the
property that ) al ~L1 < ¢. Again, by combining the triangle inequality, Corollary 2.9(a)
and Corollary 3.2, we obtain

|Aa, (An) — wa(An)| < drv gy, ma)
-1

< > drv(his hig1)
(18) i=d,

d-1
= 0(2 drv(ui @ p1, Mi+1)> = 0(e)

i=d

with some absolute constant hidden in the O (-) term. Moreover, by combining Theorem 2.2
and Corollary 2.9(b), we have that Ao = vy are A4, are contiguous. Therefore, A4, (A,) — 0.
Plugging this into (18) implies that limsup,,_, o, u4(A,) = O(¢). Since the latter holds for
every ¢ > 0, this implies that ug(A,) — 0, as desired. [

5. Coupling lemmas: Prelude to the proof of Theorem 1.2. In this section, we present
several technical lemmas in preparation for the proof of Theorem 1.2.

To begin with, we define the isomorphism class of a graph G to be the set of graphs H
for which V (G) = V (H) for which there exists a bijective map o : V(G) — V (H) such that
0 (G) = H, that is, for every pair of distinct vertices u, v € V(G), uv € E(G) if and only if
o(u)o(v) € E(H). For fixed n > 1 and d € [n — 1], we denote by Cy = C4(n) the family of
isomorphism classes in G;(n); in particular, C; is a partition of the set of d-regular graphs
on n vertices. Recall from Section 2.1 that (14, is the uniform distribution on G4 (n) and vy,
is the probability distribution on G4(n) proportional to the number of 1-factorisations. We
define the probability distributions iy = ftg » and Vg = Vg, on the space C4 by setting, for
each A C(y,

fan(A) =" an(G) and Bg,(A) =" v4n(G).
SeAGeS SecAGeS

Note that for every class S € C; and for every graph G € S, we have ug(G)|S| = 1q(S) since
wa(G) =1/|G4(n)| for all G € G4(n). Moreover, the same holds for vy, that is, v7(G)|S| =
v4(S): indeed, every two graphs in the same isomorphism class have the same number of
1-factorisations.

Next, we fix an integer d > 1, define a procedure for sampling a union of kd disjoint
perfect matchings on n vertices based on the isomorphism class structure of G4(n), and show
that it recovers the distribution vig ;.

DEFINITION 5.1 (Alternative sampling procedure (ASP)). Fix a sequence of independent
and identically distributed random variables (¥;){, on the space Cy4(n) with distribution vy ;.

For every k > 1, conditionally on a realisation of Y1, ..., Y, the random graph H| & - - - & Hy
is obtained as follows: for every i € [k], H; is sampled according to the uniform distribution
on the isomorphism class Y¥; conditionally on Hy, ..., Hy being edge-disjoint. We denote the

distribution of Hy @ - - - @ Hy by nk.a4.n or simply nx 4.
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LEMMA 5.2.  Forall fixed k,d > 1 and all graphs G € Gig, Nk.a(G) = (1 +0(1))vka(G)
where the o(1) is uniform over all choices of G € Giq.

PROOF. Fix k,d > 1 and recall that, by Lemma 2.10, for any choice of k (not necessarily
distinct) classes A, ..., Ax € Cq4, the proportion of the k-tuples of graphs in A} X Ay X - -+ X
Ay such that every two graphs are edge-disjoint is e~ 2/2 4 0(1) where D = (lg)a'2 and the o(1)
is uniform over the choice of the classes. For any graph G € G4, by the previous observation
and the definition of the ASP, n; 4(G) is equal to

k
1
Z l_[f)d(Ai) Z — T
Apyon AreCyi=1 Grear —Grea, €@ P2 +o() i 1Al
edge-disjoint and
GU--UGr=G
- 3 iz va(Gi)
e=D2 { o)

Aq,...,AxeCy G1€AY,...,GrEAL
edge-disjoint and
G1U---UG=G

_ ¥ [T va(Gi)
- —D/2 ’
Gi.....GreGa, © /2+o(1)
edge-disjoint and
GU--UGr=G
where the first equality used that vy (G;)|A;| = v4(A;) for every i € [k] and the o(1) is uni-
form over the choice of G. However, the last term is also proportional to (Vg @ - - - B vy)(G) =
vkd (G) with vy repeated k times, where the equality follows from the associativity of the &
operation (Lemma 2.5). Since each of n 4 and v, is a probability distribution, these two
distributions must coincide up to the multiplicative (1 + o(1))-factor, as desired. [J

The next lemma couples the distribution of the variables (¥;)?2, from the definition of the
ASP with the distribution i so that, for every suitably large k and a random variable X with
distribution 14, we have X € {Y1, ..., Yx} with probability close to 1.

LEMMA 5.3. Foreverye >0andd > 1, thereare k =k(e,d) > 1 andng =no(e,d, k) >
1 with the following property: for every n > ng, there is a coupling of the random variable
X with distribution jiq and the random variables Yy, ..., Yr from Definition 5.1 such that
X e {Yy,..., Yy} with probability at least 1 — ¢.

PROOF. Fix k > 1 to be chosen suitably large in the sequel. We inductively couple X and
the sequences Yy, ..., Y; for every i > 1 by using a sequence of Bernoulli random variables
Ip=0,11, I,.... For every i > 1, the event I; = 1 will indicate that X € {Yy,...,Y;}: in
particular, showing that Iy = 1 holds for some k > 1 with probability at least 1 — ¢ is enough
to conclude.

We iteratively construct a sequence of measures ¢; = ¢; k.4.» on Cy and partition functions

Zi=Zikan= Y Li(A)

AeCy

for all i > 0, starting with £y = ftg and Zg = 1. Fix i > 1 and suppose that X and the sequence
Y1,...,Yi_1 have been coupled, the case i = 1 being trivial. If [;_1 =1, weset [; =1, ¢ =
¢i—1 and proceed to the next step. If I;_; = 0, suppose that the distribution of X conditionally
on I;_1 = 0isequal to & _1; note that this assumption holds when i = 1. Then, by Lemma 2.4,
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we fix a coupling of X and Y; conditionally on /;_; = 0 so that X = ¥; with probability
1 —drv(&i—1/Zi—1,vq). As mentioned earlier, we let I; denote the indicator random variable
of the event X = Y; and, for every S € C4, we set

G/ min<§"1(s), Dd(S)> and Zi= Y &i(A).
z Zi-1 AeCy

By Lemma 2.4(iii) applied with u = ¢;_1/Z;_1 and v = vy, it follows that ¢;/Z; is the
distribution of X conditionally on /; = 0 and, moreover, conditionally on I;_; = 0, the
event I; = 0 is independent of the random variables Y1, ..., Y;_;. Furthermore, note that
Z; =P; =0|l;_1 =0) =dtv(¢i-1/Zi—1,Vq) and, as a consequence, for every k > 1, the
probability that I = 0 is equal to the product Z; - - - Z; by the chain rule. The remainder of
the proof is dedicated to showing that this product tends to 0 as k — co.

We argue by contradiction. Suppose that I; = 0O and the (decreasing) sequence
(Z1---Z;)i>1 converges to a strictly positive limit o > 0. Fix k > 1 and, for every i > 0,
denote by B; C C,4 the subset of classes S where ¢; (S) > 0 and note that the sequence of sets
(Bj)i>0 is decreasing with respect to inclusion. We show by induction that, for each class
SeByandforeveryie{k—1,k—2,...,0},

k=1 j

() = 1a(8) Y ] e

j=i t=i

(19) Gi(S) =

i—1

The case i =k — 1 requires that x—1(S) > v4(S)Z;—_1, which follows from the assumption
S € By and the definition of ¢ in (19). Suppose that the statement holds fori + 1 € [k — 1].
Since S € By C Bj;1, we know that ¢;4+1(S) > 0 and, therefore, min(¢; (S)/Z;i, v4(S)) =
Vg(S). Then, by using (19) again, we deduce that

G(s) it S

Gi+1(8) = 7 —0a($)=0a(S) Y ] Ze
’ J=itle=i+1
and therefore,
Gi(S) _ - ]
—— =@+ 3 I Z
! j=i+le=i+1

implying the induction hypothesis for i.
By the induction hypothesis for i = 0, for every S € By, we have that

k=1 j

2a(S) =50(8) = a(8) Y [] Ze = va(S) - ak.

j=0¢=0
In particular, fiq(Bx) > vq(By) - ok and, as a consequence,
1>pus({G:3S€ By, GeS})>va({G:3S € By, G € S}) - ak.

In particular, by Proposition 2.6(i) and the contiguity of s and v, justified by Theorem 2.2,
there exists a large enough k so that

va({G :3S € By, G € S}) < (ak)™! implies that py({G :3S € By, G € S}) <a.

Furthermore, note that, under the event /; = 0, X must belong to a class in By with probability
1. Thus,

1a({G:3S€ B, GeS) =P =0)=Z; - Z; > a,

leading to a contradiction. [J
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Finally, we show that Lemma 5.3 implies that G(n,d) and G(n,1) & --- & G(n, 1) re-
peated kd times can be coupled so that the former random graph is included in the latter with
probability close to 1.

LEMMA 5.4. Forevery ¢ > 0 and d > 1, there exists k = k(e,d) > 1 with the following
property: there is a coupling of the random graphs G with distribution g and Gg with
distribution vig so that G € Gg with probability at least 1 — .

PrROOF. First of all, fix k = k(e/2, d) as given in Lemma 5.3 and sample the correspond-
ing (coupled) random variables X, Y1, ..., Y. Next, we sample (according to a coupling to
be explained shortly) the random graph G uniformly at random in the set X, and the random
graph G, = H| @ - - - @ Hy according to the ASP. By definition of X, the graph G is sampled
uniformly at random in G, while the graph G, has distribution 7y 4.

By Lemma 5.3, with probability at least 1 — &/2, there exists i € [k] such that X = Y;.
Moreover, observe that, conditionally on the sets Y, ..., Yi, for every i € [k], the graph H; is
distributed uniformly on the set Y;: indeed, by symmetry, every graph in Y; participates in the
same number of k-tuples of edge-disjoint graphs in Y1 X --- X Yx. As a result, conditionally
on the sets X, Yy, ..., Y and the event X = Y; for some i € [k], the graphs G and H; can
be coupled so that G = H; with probability 1. Since the probability measures vis and ng 4
coincide up to a (1 4 o(1))-factor by Lemma 5.2, one can couple the graphs Gg and Gg, so
that Gg = Gy, with probability 1 — o(1), which is enough to conclude. [J

6. Proof of Theorem 1.2. We are ready to prove Theorem 1.2.

PROOF OF THEOREM 1.2. Recall that, by [6], Theorem 6, Theorem 1.2 holds when
w((logn)’) =di < d, <n— 1. Therefore, it is enough to show the statement when d; < d, <
z(n) := (logn)8: indeed, for every di < z(n) and d; € [z(n), n — 1], a coupling satisfying whp
G(n,dy) € G(n, d>) can be constructed via two couplings where whp G(n, d1) C G(n, z(n))
and G (n, z(n)) € G(n, d»), respectively. We thus focus on the regime d> < z(n). We consider
the cases d; = O (1) and d| = w(1) separately.

Case 1: dy = O(1). First, we set d’ = d»/2 and show that drv (g’ ® va,—a', ha,) = 0(1).
By using the triangle inequality and Corollary 2.9(a), we get

drv (g ®© vay—ar, hdy)

dy—d’ —1
< Z drv(ar+i ® Vay—d'—is Md'+i+1 P Vdy—d'—i—1)
i=0
(20) dy—d'—1
= Z drv((ar+i ® 1) ® Vay—ar—i—1, hd'+i+1 D Vay—d'—i—1)
i=0
dy—d’ —1
<C- Y dv(iasi ® w1, farvit)s
i=0

where C > 0 is the absolute constant in Corollary 2.9(a). Then, by Corollary 3.2,

dr—d'—1 dr—1
QD) dv(a ®ar-ata) <C- Y. (@ +i) M =c- Y T =0,
i=0 j=d’
Fix any set of kd; edge-disjoint perfect matchings My, ..., Myq, € K,. On the one hand,

we show that, for any choice of My, ..., M4, the probability that My, ..., My, are the
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first kd; matchings in the composition of G(n, 1) ® --- ® G(n, 1) ® G(n,d") with G(n, 1)
repeated dy — d’ times is the same for all choices of M, ..., Mg, up to a multiplicative
factor of (1 + o(1)). Indeed, similar to the proof of Corollary 2.9, the latter statement follows
by d’ — d; + 1 consecutive applications of Theorem 2.1, d’ — d; of them with parameters

x1=---=xne[kd1,d’—1] and g =---=g,=1
and the last one with parameters
X1=---=x,=dy—d and g1=---=gn=d/-

As a result, for every k > 1, there is a coupling ensuring that whp G(n,1) & --- b G(n, 1)
repeated kd; times is a subgraph of G(n, 1) ®---® G(n, 1) ® G(n,d") with G (n, 1) repeated
dr — d’ times.

On the other hand, by Lemma 5.4 applied with d = d, for every ¢ > 0, there is k =
k(e,d1) > 1 and a coupling where G(n,d;) is realised as a subgraph of G(n,1) & --- &
G(n, 1) repeated kd; times with probability at least 1 — . By composing the above two
couplings and using (21) and the fact that the latter result holds for every ¢ > 0, we obtain
the desired conclusion when d; = O(1).

Case 2: di = w(1). By replacing d’ with d; in (20) and (21), one similarly derives that

dy—di—1 dr—1
22)  drv(pa, ® Ndy-di ha) <C- Y i+ H=C- Y T =0(D).
i=0 Jj=d,

Once again, by d, — d; consecutive applications of Theorem 2.1 with
X1 =" ""=Xp E[dl,dz—l] and g1=---=gn=1,

for every dj-regular graph G C K,,, the probability that G is the dj-regular graph in the
composition of G(n,d;) ® G(n,1) & --- ® G(n, 1) with G(n, 1) repeated d» — d; times is
the same for all G up to a multiplicative factor of (1 4-0(1)). In particular, there is a coupling
between the first marginal mentioned above and the random graph G (n, d1) which identifies
the two whp. By combining this observation with (22), we conclude there exists a coupling
such that P(G1 € G2) =1 — o(1) where Gy, G, are sampled from w4, and w4, respectively,
as desired. [J

7. Concluding remarks. In this paper, we exhibited several results related to the mono-
tonicity and the nesting properties of random regular graphs, making progress towards Con-
jecture 1.1 by Gao, Isaev and McKay [9], and Conjecture 1.3 by Isaev, McKay, Southwell
and Zhukovskii [13]. While partial progress has been obtained on each of them, completing
the general picture remains an important open problem. One particular point of interest is the
converse implication of Theorem 1.5 for d < n'/19, or more generally for d € [n — 1]. While
our proof fails to establish contiguity between G (n,d) and G(n, 1) & --- @& G(n, 1) repeated
d times, this would follow directly by combining our approach and a version of Theorem 2.2
fork =d and d| = - - - = dy = 1 with arbitrarily slowly growing d = w(1).

It would also be interesting to extend Theorems 1.2 and 1.4 for odd »n (as long as the ran-
dom regular graphs with those parameters exist). Again, our approach could be instrumental
in deriving a similar bound to Corollary 3.2 for drv (g @ 12, 1Ld+2) but important estimates
for the count of 2-factors in random regular graphs are unavailable. A key missing ingredient
is exhibiting good concentration for the number of these 2-factors: to the best of our knowl-
edge, no such result currently exists in the literature for regular graphs with growing degree
(see [29] for results concerning random regular graphs of bounded degree).

We hope that the results in this work could serve as a valuable tool in the study of random
regular graphs. In a forthcoming work [12], the authors employ Theorem 1.5 to establish an
approximate version of the Itai—Zehavi conjecture for random regular graphs.
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