Projection Methods with Alternating Inertial Steps
for Variational Inequalities: Weak and Linear
Convergence

Yekini Shehu*, Olaniyi S. Iyiolal
July 2, 2020

Abstract

The projection methods with vanilla inertial extrapolation step for variational
inequalities have been of interest to many authors recently due to the improved
convergence speed contributed by the presence of inertial extrapolation step.
However, it is discovered that these projection methods with inertial steps
lose the Fejér monotonicity of the iterates with respect to the solution, which
is being enjoyed by their corresponding non-inertial projection methods for
variational inequalities. This lack of Fejér monotonicity makes projection
methods with vanilla inertial extrapolation step for variational inequalities
not to converge faster than their corresponding non-inertial projection meth-
ods at times. Also, it has recently been proved that the projection methods
with vanilla inertial extrapolation step may provide convergence rates that
are worse than the classical projected gradient methods for strongly convex
functions. In this paper, we introduce projection methods with alternated
inertial extrapolation step for solving variational inequalities. We show that
the sequence of iterates generated by our methods converges weakly to a so-
lution of the variational inequality under some appropriate conditions. The
Fejér monotonicity of even subsequence is recovered in these methods and
linear rate of convergence is obtained. The numerical implementations of our
methods compared with some other inertial projection methods show that
our method is more efficient and outperforms some of these inertial projec-
tion methods.
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1 Introduction

Let H denote a real Hilbert space with scalar product (-, -) and induced norm || - ||.
Consider C' as a nonempty, closed and convex subset of H and A : C — H a
continuous mapping. The variational inequality problem (for short, VI(A,C)) is
defined as: find x € C' such that

(Az,y —x) >0, VyeC. (1)

We shall denote by S the set of solutions of VI(A,C) (1). Several applications of
VI(A, C) (1) are discussed in [2, 4, 18, 25, 26, 27, 32].

A point x € C' is a solution of VI(A, C) (1) if and only if (see [18] for the details)
z = Po(z —yAz),y >0 and r,(z) =2z — Po(z — vyAz) = 0.

This led to the introduction of fixed point approach to solve VI(A, C) (1) ((see, e.g.,
16, 27, 36]).

If A is n-strongly monotone and L-Lipschitz-continuous, then the sequence generated
by gradient-projection method

Tni1 = Po(x, — NAzx,) (2)

converges to a solution of VI(4,C) (1) if the step-size A € (0, 23). The gradient-
projection method (2) fails if A is monotone. For example, take C = R? and A a
rotation with 7 angle. Then A is monotone and L-Lipschitz-continuous and (0, 0) is
the unique solution of VI(A, C') (1). However, {x,} generated by gradient-projection

method (2) satisfies the property ||z,+1| > ||z,| for all n.

In [28], Korpelevich introduced the extra-gradient method, which is:

X1 € C,
Tpr1 = Po(x, — MAy,), n>1,

where A, € (0, 7). It is shown in [28] that {z,} converges to a solution of VI(A,C)
(1) when A is monotone and L-Lipschitz-continuous. Similar results are found in
(1,8, 11, 17, 20, 21, 35, 38, 42, 44].

A question of interest in projection method for of VI(A4, C) (1) is how to minimize
the number of projections per iterations in extra-gradient method (3). This is be-
cause if Po does not have a closed form formula, then a minimization problem has
to be solved twice per iteration in implementing extra-gradient method (3). In such
situation, the efficiency of the extra-gradient method (3) is affected. This has led
to introducing some projection methods with one projection per iteration in solving

VI(A, ) (1).



In [12], Censor et al. introduced the subgradient extragradient method: z; € H,

Yn = PC(xn - /\nAmn)a
T, :={weH: (x, — Az, — Yn,w — y,) < 0}, (4)
Tnt1 = Pr, (2, — N Ayn).

Censor et al. [12] proved that {z,} generated by (4) converges weakly to a solution
of VI(A, C') (1) under some appropriate conditions on {A,}.

Recently, Maingé and Gobinddass [30], motivated by Malitsky [31] introduced the
following iterative method for solving VI(A,C) (1): choose ¢ € (0,1}, A_; € (0, 00)
and x1,19 € C
{ Yn :xn‘l'ﬁ(xn_xn—l)y (5)
Tn4+1 = PC(xn - )\nAyn)a

and showed that {x,} generated by (5) converges weakly to a solution of VI(A, ()
(1) when A is monotone and L-Lipschitz-continuous. The method (5) requires one
projection P onto C' and no further projections onto the half-space unlike (4).

When A is pseudo-monotone and L-Lipschitz-continuous in VI(A,C) (1), Ceng et
al. [9] introduced the following method (here, we take o, = 0 and S,, = the identity
mapping in [9, Theorem 3.1]):

( T € C,

Yn = Pc<In - )\nA‘rn)a

Zn = PC(xn - /\nAyn>7 (6)
Co={2€C [z < an— I}

find x,.; € C, such that

(Tp — Tpy1 + € — O AT 11, Tpp1 — ) > —€,, Ya € C,

\
where {e,} is an error sequence, {o,} C (0,7) and {e,} C [0,00). The in-
tuition of the last step of (6) comes from the approximate proximal methods.
Ceng et al. [9] showed that {z,} generated by (6) converges weakly to a solu-
tion of VI(A, C') (1) and under the condition (see Yao and Postolache [45] also) that
0 < liminf, ,(Ax,, z — z,),Vz € C. This method (6) of Ceng et al. [9] requires
computations of projection twice per iteration.

The extragradient method (3) and subgradient extragradient method (4) are men-
tioned for a brief history lesson of our introduction. Equation (5) and (6) are men-
tioned as methods with weaknesses (lack of convergence proof for pseudo-monotone
for (5) and two projection steps for (6)). Methods from [14, 15, 39, 41] are com-
pared against our proposed methods because they only require one projection per
step and are proven to converge for pseudo-monotone problems. Now, we give some
discussion on the methods proposed in [14, 15, 41].



1.1 Contributions and Related Work

He [19] introduced the projection and contraction method for solving VI(A, C') (1):
Yn = PC(xn - )‘Axn)’
dn =Tn — Yn — )‘(Axn - Ayn)7 (7)
Tp+1 = Tn — ’Ynndrm

where v € (0,2) and {n,} is given by

(xn_yn,dn>
=4 T 70
0, dy = 0.

In [15], Dong et al. proposed the following inertial projection and contraction
method for VI(A,C) (1):

Wy = Ty + an<xn - xnfl)u

Yn = PC(wn - )\Awn>7 (8)
dn = Wp — Yn — )‘(Awn - Ayn)a

Tpy1 = Wp — ’777ndn>

where w,, = x, + ay,(x, — x,,_1) is the inertial step and {n,} is given by

<wn_yn7dn>
Mo = e 70
0, d, =0,

0<a, <apr1 <a<1with 0,0 > 0 such that
2

(b) 0 < v < Zﬁzfgigfaogfa%‘iz”. Under conditions (a) and (b), Dong et al. [15]

showed that {z,} generated by (8) converges weakly to a solution of VI(A,C) (1).

and

When the inertial factor {«,} is chosen such that 0 < «,, < @,, where

. n
a. = { min {aa lzn—2n_1]] }a Tn 7é Tp-1
n

Q, otherwise

witha € [0,1) and > 7 | ¢, < 00, appropriate convergence results of (8) to a solution
of VI(A, C') (1) have been obtained in [14, 41]. The results in [14, 15, 41] all extend
the result of He [19] when «,, = 0 and they have been shown numerically to improve
the speed of convergence of the projection and contraction method studied in [7, 19].

In all the inertial projection methods proposed in [14, 15, 41], it is seen that the
Fejér monotonicity of ||z, — x*||,z* € S is lost and this makes {z,} generated by
the methods in [14, 15, 41] to move or swing back and forth around S. This further-
more makes these methods sometimes not converge faster than their counterpart
non-inertial methods.

It is our aim in this paper to propose an inertial projection method in which Fejér
monotonicity of ||z, — x*||,z* € S is regained to some extent. We show that {z,}
generated by our proposed method converges to a point in S under some mild
assumptions. In simple terms, our contributions in this paper are:
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We propose a projection-type algorithm with alternated inertial step which
requires one evaluation of projection onto the feasible set C' per iteration.
The inertial extrapolation step proposed is different from the famous vanilla
inertial extrapolation step proposed in [14, 15, 41] for solving VI(A,C) (1).
Our method is particularly useful in cases when computation of projection
onto the feasible set is difficult.

Our proposed method for solving VI(A, C') (1) assumes the operator is pseudo-
monotone and therefore more applicable than the methods in [29, 31]) where
A is assumed to be monotone.

In our proposed algorithm, the inertial factor «, > 1 is possible. This is
not allowed in many other proposed projection-type methods with inertial
extrapolation step in the literature, where «,, < 1 (see, for example, [14, 15,
41]). Therefore, our proposed method brings novelty and state of the art
contributions to inertial projection-type method for solving VI(A4, C) (1).

inear convergen riori an riori error esti r -
Linear convergence, a priori and a posteriori error estimates of generated se
quences are given in the special case when A is strongly-pseudo-monotone.

We give some carefully designed computational experiments to show that our
proposed method is efficient and outperforms some related inertial projection-
type methods.

Organization of the paper: Some definitions and results are given in Section 2. Some
discussions about our proposed methods are given in Section 3. The proof of global
convergence of our algorithms are given in Section 4 and the linear convergence
analysis is given in Section 5. We give numerical implementations in Section 6. We
end the paper with some remarks in Section 7.

2

Preliminaries

Definition 2.1. A mapping A: H — H 1is called

n-strongly monotone on H if there exists a constant n > 0 such that (Az —
Ay,fl? - y) > 77||I - yH27 fO'I" all T,y € H;

monotone on H if (Ax — Ay, x —y) >0 for all z,y € H;

d-pseudo-monotone on H if there exists 6 > 0 such that (Ay,z —y) > 0 =
<A£L’,l’ - y> > 6”3: - y”27 T,y € Hz'

pseudo-monotone on H if, for allx,y € H, (Ay,z—y) > 0= (Azx,z—y) > 0;

L-Lipschitz-continuous on H if there ezists a constant L > 0 such that || Az —
Ay|| < L||z — yl| for all z,y € H.

sequentially weakly continuous if for each sequence {x,} we have: {x,} con-
verges weakly to x implies {Ax,} converges weakly to Ax.



Remark 2.2. Note that (a) implies (b), (a) implies (c), (c¢) implies (d) and (b)
implies (d) in the above definitions. Furthermore, if (c) is satisfied, then VI(A, C)
(1) has a unique solution.

Definition 2.3. Let C' be a nonempty, closed and convex subset of H. Pc is called
the metric projection of H onto C' if, for any point u € H, there exists a unique
point Pou € C' such that

lv — Poull < Jlu -yl vy € C.
Pe satisfies (see, e.g., [5])
(x — vy, Pox — Poy) > ||Pox — Poyl|* Vz,y € H. (9)
Furthermore, Pox is characterized by the properties
Pcx € C and (x— Pox,Pox —y) >0 Vy e C. (10)
This characterization implies that
|z = ylI* > |la — Pea|* +|ly — Pex|]® Vo € H,Vy € C. (11)
Lemma 2.4. The following statements hold in H:
() lz+yl?* = llz* + 2(z, y) + [ly* for all w,y € H;
(i) lz+yl* < llzll* +2(y,x +y) for allw,y € H
(iii) ||ox+Byl* = a(a+p)|lz|*+B(a+B)llyl*—ablz—yl? Vz,y € H Vo, €R.

Lemma 2.5. (/33, Lem. 2.2]) Suppose A is pseudo-monotone in VI(A,C) (1). Then
S is closed, convexr and M(A,C) = S, where M(A,C) = {x € C: (Ay,y — x) >
0, VyeC}.

We remark that the definition of M (A, C') in Lemma 2.5 differs from the definition of
S in VI(A,C) (1). Observe that this change is necessary when considering pseudo-
monotone rather than monotone variational inequalities. Using Definition (1) would

make all fixed points solutions to the variational inequalities. For example, consider
VI(A,C) where A = d/dz[— cos(z)] with C' = [, 7].

Definition 2.6. A sequence {z,} in H is said to converge weakly to p € H if
Vz € H, lim (z,, 2) = (p, 2).
n—oo

Lemma 2.7. (/37]) Let C be a nonempty set of H and {x,} be a sequence in H
such that the following two conditions hold:

(i) for any x € C, lim,,_, ||z, — z|| ezists;

(ii) every sequential weak cluster point of {x,} is in C.

Then {x,} converges weakly to a point in C.



Definition 2.8. A sequence {x,} is Fejér monotone with respect to a set S if each
point in the sequence is not strictly farther from any point in S than its predecessor.
In other words,

st — 2l < llz — 2II,¥2 € 5.

Definition 2.9. Suppose a sequence {x,} in H converges in norm to x* € H. We
say that {x,} converges to x* R-linearly if limsup, , _ ||z, —2*||* < 1. We say that
{z,} converges to x* Q-linearly if there exists pu € (0,1) such that ||z,41 — z*|| <
pllx, — x*|| for all sufficiently large n. It is well known that Q-linear convergence
implies R-linear convergence, but the reverse implication is not true.

3 Proposed Methods

In this section, we introduce our projection-type method with alternated inertial
extrapolation step and give some discussions.

Assumption 3.1. In this section and the next, let us assume that the following
assumptions are satisfied:

(a) The feasible set C' is a nonempty, closed, and convex subset of H.

(b) A : H — H is pseudo-monotone, sequentially weakly continuous and L-
Lipschitz-continuous.

(c¢) The solution set S of VI(A, C) (1) is nonempty.

Assumption 3.2. For the first proposed method, we assume that the iterative
parameters satisfy these conditions:

(a) v €(0,2)

(b) 0<a, <a< =
~
(C) A E ((), —1[)

Now, our first proposed method is introduced.



Algorithm 1 Inertial Projection Method with Fixed Step-size

1: Choose the iterative parameters a,,,y and A such that Assumption 3.2 hold. Let
Zo, 1 € H be given starting points. Set n := 1.

2: Compute
T, n = even
Wn = { Ty + ap(xy — Tp—1), n=odd.
and
Yn = Po(w, — NMuw,). (12)
If ||w, — ynl| =0 or ||Ay,| = 0, STOP. Otherwise
3: Compute
dy, = wy, — Yy — MAw, — Ay,), Vn > 1. (13)
4. Compute
Tpt1 = Wy — VMpdpn, 1 2> 1, (14)

where {n,} is given by

5. Set n <~ n+ 1, and go to 2.

Remark 3.3.

(a) We give some intuition for Step 3 (Equation 13) of Algorithm 1. This step
can be considered a weighted average of (w, — y, ~ AAw,) and a hypothetical
(w!, —yi, ~ ANAw,,) where w!, = w,, — NMw,, and y/, = y, — AAy,. This looks similar
to Heun’s method or "improved” Euler from numerical methods for ODEs (please
see [40, page 328] for more details).

(b) From Algorithm 1, we have that =, € H and y,, € C. In Step 4 of Algorithm 1,
N, is the vector projection of (w, — y,) onto the direction d,,. Thus, large steps
in the direction d,, are only taken if d,, and the vanilla projected gradient direction
agree.

(c) Algorithm 1 requires, at each iteration, only one projection onto the feasible set
C' and it is different from other methods in [8, 9, 10, 11, 13, 29, 45] where more than
one projection per iteration is needed.

(d) Our proposed Algorithm 1 allows the inertial factor i, > 1 (e.g., take v = %)
which is not allowed in many other proposed projection-type methods with inertial
extrapolation step in the literature, where «,, < 1 (see, for example, [14, 15, 41]).
In fact, in our method, one can choose o, > 1 (when v < 1). This brings novelty



and state of the art contributions to inertial projection-type methods for solving
VI(A,C) (1) in terms of empirical convergence rate (as confirmed by the numerical
examples in Section 6). O

In the case when the Lipschitz constant L of A is not available, we propose the
following method with adaptive step-size.

Algorithm 2 Inertial Projection Method with Adaptive Step-size

1: Choose the iterative parameters o,y such that Assumption 3.2 (a)-(b) hold,
€ (0,1) and Ay > 0. Let xo, 1 € H be given starting points. Set n := 1.
2: Compute

W — T, n = even
e Tp + (T, — xy1), n=odd.
and
Yn = Po(w, — N\ Aw,), (15)
where
; pllwn—=yn||
Apr =40 { Aw, Ayl A”}  Awn 7 Ay (16)
Ans otherwise.
If ||w, — yn|| = 0 or ||Ay,|| = 0, STOP. Otherwise
3: Compute
dy, = wy, — Y — A\ (Aw, — Ay,), Vn > 1. (17)
4: Compute
Tp4+1 = Wp — 777ndm n > 17 (18)

where {n,} is given by

5. Set n <—n + 1, and go to 2.

Remark 3.4. Note that by (16), A\yi1 < Ay, Vn > 1. Also, observe in Algorithm
2 that if Aw,, # Ay,, then

pllwn —ynll o pllwn —ynll _ p
[Aw, — Ay,ll — Lljwn —yall L

which implies that 0 < min {)\1, %} < A, Vn > 1. This means that lim A, exists.
n—oo
Thus, there exists A > 0 such that lim A\, = \.

n—oo



4 Convergence Analysis

Next, we show that the sequence {z,,} generated by our Algorithm 1 and Algorithm 2
converges weakly to a point in S under Assumptions 3.1 and 3.2. To achieve this,
we first establish some lemmas below.

Lemma 4.1. Suppose {x,} is generated by Algorithm 1. Then under under Assump-
tions 3.1 and 3.2, {xa,} is Fejér monotone with respect to S and lim ||xe, — z*||
n—oo

exists, where x* € S, the solution set of VI(A,C') (1).
Proof. Choose x* € S. Then

Lon+2 = Wopt+1 — ’7772n+1d2n+17

d2n+1 = Won+1 — Yon+1 — )\(AwZn-l-l - A92n+1)

and
(Want1—Y2nt1,d2nt1)
Mon+1 = lld2nt1]I? S
So,
#2042 — *|° = [Jwans1 — Y2nsrdansr — |
= (wans1 — =) — YM2ns1donia ||’
= Hw2n+1 - 95*H2 - 2’7772n+1<w2n+1 — ", d2n+1>
71 | o || (19)
Note that
<w2n+1 —a", d2n+1> = <7~U2n+1 — Yon+1, d2n+1> + <y2n+1 — ", d2n+1>- (20)

By yont1 = Po(wans1 — Aws,11) and property (10), we get (since z* € )
(Yont1 — 7, Wang1 — Yonp1 — AAway 1) > 0. (21)
By the pseudomonotonicity of A:
(AYan+1, Yont1 — ") > 0. (22)
(Az*, yani1 — =) > 0 (see Equation (1)) and A > 0, therefore,
(AAy2nt1, Yont1 — %) > 0. (23)
Adding (21) and (23), we obtain
(Yont1 — 27, Want1 — Yans1 — AMAwanir + AAyanga) > 0.
ie.,
(Yant1 — &%, dapy1) > 0. (24)
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Combining (20) and (24) gives

(Wany1 — 2, dany1) > (Wang1 — Yont1, dony1)- (25)

Put (25) into (19) (noting that 79,41 = <“’2”+1_y2”+1’d2"+1>);

lld2n+1]1?

#2042 — w*HQ < Jlwan — m*Hz — 29241 (Want1 — Yont1, dont1) + 7277§n+1Hd2n+1H2
= ||w2n+1 - $*||2 - 27772n+1<w2n+1 — Yon+1, d2n+1>

+¥*Nant1 (Wont1 — Yon+1, dont1)

= [|wang1 — i'f*H2 =72 = Y)M2nr1{Wans1 — Yant1, d2nt1)- (26)
Observe that
Mont1{Want1 — Yont1, dont1) = |Mons1donsa]
= %Hﬂfznu - w2n+1H2' (27)

From (26) and (27), we get

9 _
oz = 2 < omnes = = B2 s = il (25)
Now, by Lemma 2.4 (iii), we get
Wop+1 — T = Lon+1 T Qon41\Ton+1 — L2n) — X
I |7 | + ( ) —a*||?

= (1 + agu1) (@2n41 — 27) — Qi1 (w20 — 27)|
(1 + azppr) [Tons1 — 2|° = agpi |0, — 2|

+oni1(1 + aong1)||Tans1 — $2n|’2. (29)

By following the same line of argument in obtaining (28), one can show:

* * 2—
lomss — 2l < Jewgm — 2" — VV)H:cznﬂ—wgnH?
2_
— ez — 21 = L e — 2l (30)
Using (30) and (29):
2—n

lwsss =2 < (14 agur) [um—x*n?— ||x2n+1—aszn||2]

—042n+1||$2n - flC*H2 + 042n+1(1 + 042n+1)||$2n+1 - -’152n||2

* 2 -
s = 21 = (1 + aenr) (T’V - aan) [omss — 220]31)
Using (31) in (28), we have
x||12 * |12 2— Y 2
||I2n+2 - H < ||$2n - H - (1 + 062n+1) T — Qop41 ||$2n+1 - 962nH

11



(2-9)

2042 — Wap1 [|*- (32)

Since ay, < o < 2—7, we get from (32) that
2242 — 2% < |lzon — 27|

This implies that {||z2, —2*||} and {4, } are bounded. Furthermore, lim,,_, ||z2, —
x*|| exists.

]

Lemma 4.2. Suppose {x,} and {y,} are generated by Algorithm 1. Then under
under Assumptions 3.1 and 3.2, lim ||z2, — Yon|| = 0.
n—oo

Proof. Rearranging (32) and using the fact that ||z, — z*|| is bounded, we get

lim ||l’2n - 172n+1|| =0. (33)
—00
Now,
HdZnH = Han — Yon — )\(Aw2n - Ay2n>H
S ”an - y2n|| + )\HAw?n - Ay2n||
< (14 ML) ||wan — yan]|-

This means

1 S 1 (34)
[danll = (14 AL)|lwan — youll
Now
<w2n — Yon, d2n> = <w2n — Yon, Wan — Yon — )\(Aan - Ay2n)>
- ||w2n - y2n||2 - <w2n — Yon, /\(Aw2n - Ay2n)>
Z Han - y2nH2 - >\L”w2n - y2nH2
Using (34) and (35),
Wop — (%) d n
[anes — ] = ol | = 2 Yoa o)
([ dan |
1- )L
> g e — gl (36)
Using (33) in (36), we get (noting that wsq, = xa,)
lim |22, — y2n| = 0.
n—oo
OJ

We develop the technique in [43] to obtain the following result.
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Lemma 4.3. Assume that {x,} is generated by Algorithm 1. Let p € H denote the
weak limit of the subsequence {xa,, } of {xan}. Thenp € S.

Proof. Since {z2,} is bounded by Lemma 4.1, then there exits a subsequence {xs,, } C
{2, } such that x9,, — p € H. Using the definition of y,, and (10) (noting that
Way, = Tay), we have

<~772n;C - )\A.’L’an - y2nk7x - y2nk> S O; v.flf € C?

and so ]
X(xan — Yongs & — Yon,. ) < (AZop,, T — Yo, ), Vo € C.
Hence,
1

X<'I2nk - y?nk; r — y2nk> + <Ax2nk7y2nk - xan> S <Ax2nk7 €r — x?nk>a vx S C (37)

Fixing x € C and letting k — oo in (37), we get (noting limy_,o || 20, — Y2, || =0
by Lemma 4.2), we obtain

0 < liminf(Azg,, ,x — x2,,), Vz e C. (38)

k—o0

Let us choose a decreasing sequence {¢;} C (0,00) such that klim ez = 0. For each
—00

€r, we denote by N, the smallest positive integer such that
(Aon,, @ — Top,) + € >0 Vj > Ny, (39)

where the existence of N}, follows from (38). Since {¢x} is decreasing, then { Ny} is
increasing. Also, for each k, Axaon, # 0 and, setting

v _ AZL’QNk
P Az P

one gets (Axan,,van,) = 1 for each k. Then by (39), we have for each k
(Azon, ,  + €xUan, — Tan,) > 0.
By the fact that A is pseudo-monotone, we get
(A(x + €xvan, ), T + €xvan, — Tan, ) > 0. (40)

Since {z2,, } converges weakly to p as k — oo and A is sequentially weakly con-
tinuous on H, we have that {Azs,, } converges weakly to Ap. Suppose Ap # 0
(otherwise, p € S). Then by the sequentially weakly lower semicontinuity of norm,
we get
0 < ||Ap|| = liminf || Aza,, |-
k—o00

Since {zn,} C {xn,} and € — 0 as k — oo, we get

0 < lim sup |€gvan, || = lim sup (€—k>

13



lim supy,_, ., € 0

i inl o [ ATan ]|~ TAD]
and this means limy_, ||€xvon, || = 0. Passing the limit & — oo in (40), we get
(Az,xz —p) > 0.
In view of Lemma 2.5, this implies p € S. n

Theorem 4.4. Suppose {z,} is generated by Algorithm 1. Then under under As-
sumptions 3.1 and 3.2, {x,} converges weakly to a point in S.

Proof. Since {z2,} is bounded by Lemma 4.1, then {z3,} has weakly convergent

subsequences. Suppose p € H denotes the weak limit of such a subsequence {xs,, }

of {x9,}. By Lemma 4.3, we have p € S. Also, by Lemma 4.1, we get lim ||z, — p|
n—oo

exists. It now follows from Lemma 2.7 that the whole sequence {z3,} converges
weakly to a point in S. Suppose {zs,} converges weakly to p € S and {zo,}
converges weakly to ¢ € S. Then

lp—all*> = (p—a,p—q)
= mp—q) — (¢, p—q)
= lim (x9n,p — ¢) — lim (x9,,p — q)
n—00 n—00

= lim (@9, — Ton,p — q) = 0.
n—oo

Thus, the weak limit p is unique. By definition, we have that for all z € H,
Tim (22, —p, 2) = 0.
Furthermore, by (33), we have for all z € H,
[(Zont1 — P, 2)| = [@2p41 — P+ Ton — Tan, 2)]

< @2 — s 2)| + K22ns1 — 20, 2)]|
< w2n —p, 2)| + 22001 — w2n||||2]| = 0, n — oo.

Therefore, {xg,41} converges weakly to p in S. Hence, {x,} converges weakly to a
point p € S.
]

The following remarks are in order.

Remark 4.5.
(a) Our results in Lemma 4.1, Lemma 4.2, Lemma 4.3 and Theorem 4.4 still hold
when A > 0 in Algorithm 1 is replaced with A, such that

1
0 <inf )\, < Ap < —.
igl _i,glf L

(b) In the convergence analysis in this paper, we do not assume that condition

0 < liminf(Ax,,z — x,),Vz € C

n—oo
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assumed by Ceng et al. [9] and Yao and Postolache [45] for VI(A,C') (1) with A
being pseudo-monotone. Also, there is one computation of projection per iteration
in our proposed methods unlike Ceng et al. [9] and Yao and Postolache [45], where
their methods involved twice computations of projection per iterations. This is an
improvement over the results [9, 45].

(¢) The assumptions imposed on the iterative parameters given in Assumption 3.2
appear simpler and easier than the assumption imposed on inertial projection method
introduced by Dong et al. [15]. Also we do not need the inertial factor {a,} to be
monotone nondecreasing in our result.

(d) Lemma 4.1 proves that our proposed method produces the Fejér monotonicity
of iterates with respect to the solution unlike the other inertial projection methods
in [14, 15, 41] and other related papers.

In the light of above Remark 3.4, we give the following result.

Theorem 4.6. Let {x,} be generated by Algorithm 2. Then under Assumptions 3.1
and 3.2 (a)-(b), {x,} converges weakly to a point in S.

Proof. Let x* € S . Replacing A with )\, in Lemma 4.1, one can easily obtain that
{2, } is Fejér monotone with respect to S and lim ||zg, — 2*|| exists. Furthermore,
n—o0

by Algorithm 2, we get

danll = ||wan — Yon — A2n(Away, — Ayay)||
|Wan, — Yan || + Azn || Awe, — Ayay ||

N

Aop
< (1 25wz = gl
2n+1
So,
1 1
r > - ) (41)
[ d2n (1 n >\22_+#1> wan — Yon
Also, using similar ideas as in (35), we get
<w2n — Yon, d2n> - <w2n — Yon, Won — Yon — AQn(AwZn - Aan)>
- ||w2n - y2n||2 - <w2n — Yon, /\Qn(AUJZn - Ay2n)>
> Hw2n - y2nH2 - )\ZnHAan - AanHHan - anH
)\Zn,u
Z ||w2n - y2n||2 - /\ ||w2n - y2nH2
2n+1
)\Qn,u
= (1= 22 g — gl (42)
2n+1
By (41) and (42), we get
[Z2n+1 — wonll = Y7on|ld2nl]
<w2n — Yon, d2n>

o
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<1 o ;\2n/—L>
> | s — gl (43)
<1 + )\22:+1)

By (33), we get from (43) (noting that lim,, ., A, = A and wa, = x3,)
lim |22, — y2n| = 0.
n—oo

The remaining part of the proof follows the same arguments as in Lemma 4.3 and
Theorem 4.4. O

5 Linear Convergence

In a special case when the operator A in VI(A, C') (1) is §-strongly pseudo-monotone,
then Step 3 and Step 4 in Algorithm 1 and Algorithm 2 are not needed to obtain
convergence. We propose the following method for the case when A is J-strongly
pseudo-monotone.

Algorithm 3 Inertial Projection Method for Strongly Pseudo-monotone

1: Define ¢ := ———=——, where 0 < \ < i—‘;. Choose the iterative parameter «
1+A(26—AL2)

such that 0 < a < ﬁ. Let zy,z; € H be given starting points. Set n := 1.
2: Compute

and
Tpi1 = Po(w, — NMuwy,). (44)

3: Set n < n+ 1, and go to 2.

Our focus here is to give theoretical linear rate of convergence of our proposed
Algorithm 3. Using Algorithm 3, we have the following result

Theorem 5.1. Suppose {z,,} is generated by Algorithm 3. If A is -strongly pseudo-
monotone on H, then {x,} converges at least R-linearly to the unique solution x*

of VI(A,C) (1) and

zz—a*|| 2 _
. =gz, n = even
||l’n -z || < |zo—z*|| n—L
=—lg2z, n=odd
q

Proof. By Algorithm 3, we have
Tpr1 = Po(w, — Mw,),¥n > 1
and by (10), we get
(Wp, — NMw, — Tpi1,u— Tpy1) < 0,Yu € C. (45)
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In particular, from (45), we obtain
(wp, — NMwy, — 1, 2" — xpp) < 0.

Thus,
2(wy — Tpa1, " — Tpg1) < 2M(Awy, ° — Tpyq). (46)

Since x* € S, we get (Az*,y — z*) > 0,Yy € C. Using the strong pseudo-
monotonicity of A, we have (Ay, y—z*) > d|ly—x*||?, Vy € C. Using Cauchy-schwarz
inequality, the Lipschitz continuity of A and the inequality 2ab < a® + b%,a,b € H,
we get

2A(Awy, 2" — xppq) —2XM Az, Tpyy — )

2N (Aw,, — Azpyq, " — Tpiq)

< =220||zpar — 27|+ 22X Awn — Az |||z — 27
< =2M|lwnrr — 27| + 2AL]|wn — Tppall|lznss — 27
< =2X8[|Tpta _x*||2+ [|wn _In-&-l”2
+AL |21 — 2" (47)

On the other hand, observe that

2wy — Tng1, 5 — Tng1) = ||wp — T ||
Hla* =z [P = [(wn — 2pi1) = (@7 = 20p0) |°
= wn = zpia[I* + 2nsr — 2| = [l — 2" (48)

Putting (47) and (48) into (46), we get

lwn = T + lznar — 21 = [lwn — 2*[|* <

—2X0]|@ns1 — 27|+ wn = g + (AL)?|2nsa — 27|,

Therefore, for all n > 1,

[1+)\(25—)\L2)] Znsr — |2 < [Jwn — 2|2 (49)
Thus,
* |12 1 *(|2
[Zn1 — 2|7 < [wn, — 2"
[1 (26— ALQ)]
= ¢|w, —2*|]*,¥n > 1. (50)
Now,
| want1 — 96‘*H2 = |[Tant1 + a(T2n1 — T20) — 13*H2

11+ @) (wans1 — 27) — (w2 — )|
= (1+a)|lzznes — 27| = af|lzan — 2|
+a(l+ o)llzan — 2o (51)
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Putting n = 2n in (50), we obtain
w21 = 27[* < ¢*llwan — 27[1* = ¢*[lw2n — 27" (52)
Again putting n = 2n + 1 in (50) and using both (51) and (52), we have

172012 — 27" < ¢*llwansa — 27|

(1 + a)[lwansr = 27|* = allwan — 2*[* + a(l + )| 22041 — fvzn||2]

= ¢ (1+a)
< @[+ a)aa — 2| = allwan — 2| + a1 + @) 22041 — 22l
< @[+ a)wsn — 2| = allasn — 2| + a1 + @) (|21 = 2| + [Jan — 2°
< @[+ ez — P = allean — 2|2 + a1+ @)1+ g ez — o]
= ¢[(+a) —ata(l+a)(1+qPfam -
< @llam -2,
By (53), we have
[2n42 — 2™ < qllwo, — 27|
< ¢llran—2 — 27
< q'les -2, V=1 (54)
This implies that
|xon — x| < @q”, Vn > 1. (55)
Using (55) in (52), we have
Janss =@l < allan =" < o — 2"
< @qn, vn > 1. (56)

It follows from (55) and (56) that {z,} converges R-linearly to z* and the desired
conclusion is obtained. O

The following result gives priori and posteriori error estimates of the subsequences
generated by Algorithm 3.

Theorem 5.2. Suppose {z,,} is generated by Algorithm 3. If A is -strongly pseudo-
monotone, then

(i)

n

q
[22n 12 — "] < [ 22 = zal|, YR =1
1

and

q
|Tonia — || < |2 — Tonyall, Vn >1;
1

18
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(i)

n—1

q
|21 — 27| < T llwz — 24|, ¥n 2> 1.

and

#2011 — 27| < [220 — Tansall, Vn = 1.

Proof. Observe that

||‘T2n - ‘T*H ||J:2n - x2n+2|| + ||5E2n+2 - .’L'*H

IA A

Therefore,
1

HxQﬂ - iB*H < 1 H:CZn - x2n+2”7 Vn > 1.
From (54) and (58), we get

[z2nr2 =2 < q"||z2 — 27

IN

- q||$2 — a4, Vn2>1

By (54) and (58), we get,

|Tonie — || < qllzan — 2|

IN

1 720 — Tonsal|, Vn > 1.
—q

Hence, (i) is established.
By (54), we get
qllzon = 2% < ¢"lw2 = 27|, V> 1.

Thus
220 — 2*|] < ¢" Map —2*||, Vn > 1.

Using (56) and (58), we get

n—1

e — 4], Vn >1.

|2aner — 27| < lq

Also, (52) and (58) imply that

|lzoni1 — z*|| < qll@an — x|

IN

1 q||$2n — Topal|-

This establishes (ii).
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(57)
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Corollary 5.3. Suppose {x,} is generated by Algorithm 3. If A is §-strongly mono-
tone, then {x,} converges at least R-linearly to the unique solution x* of VI(A,C)
(1) and

3 N3

llze—a|| _
. g, n = even

|z, — 2| < |za—a*|| n=1 B
g2, n=odd

q

Consequently, the error estimates given in Theorem 5.2 are fulfilled.

Remark 5.4. (a) It has been shown quite recently in [3] that if w, = x,, + a(z, —
Tp_1),Yn > 1 in Algorithm 3, then linear convergence cannot be guaranteed. This
implies that the convergence rate for projection method with vanilla inertial extrap-
olation step is worse than the projection method without inertial step when the cost
function is strongly-pseudomonotone. In our proposed method in Algorithm 3, we
modify the inertial extrapolation step w, so that linear convergence is obtained.

(b) The results in this section reduce to the results of [24] when o = 0 in Algorithm 3.

(¢) Algorithm 3 performs well on a strongly monotone variational inequality by
Theorem 5.1 since every strongly monotone variational inequality is strongly pseudo-
monotone varaiational inequality. O

6 Numerical Examples

In this section, we provide many computational experiments and compare our pro-
posed methods considered in Section 3 with some existing methods in the literature.
All codes were written in MATLAB R2019a and performed on a PC Desktop In-
tel(R) Core(TM) i7-6600U CPU @ 2.60GHz 2.81 GHz, RAM 16.00 GB.

In all these examples below, we give numerical comparisons of our proposed Algo-
rithm 1 with the methods of Cholamjiak et.al (Prasit Alg.) in [14], Dong et.al (Dong
Alg.) in [15], Shehu et.al (Shehu Alg.) in [39] and Thong et.al (Thong Alg.) in [41].
In all the numerical implementations, we consider different values of v € (0, 2).

Example 6.1. Define A : R™ — R™ by
Az = (e_xmx n ﬁ> (Pz + q),

where @ is a positive definite matrix (i.e, z7Qxz > 0||z||* Vx € R™), P is a posi-
tive semi-definite matrix, ¢ € R™ and § > 0. Observe that A is differentiable and
there exists M > 0 such that |VAz| < M,z € R™. Therefore, by the Mean Value
Theorem A is Lipschitz continuous. Also, A is pseudo-monotone but not monotone
(see, e.g., [6, Example 2.1]). This is a popular numerical example for variational
inequalities with pseudo-monotone cost function. This example shows that the class
of pseudo-monotone variational inequalities properly contains the class of monotone
variational inequalities and has been considered by many authors (see, e.g., [6]).

Take C' := {z € R™|Bx < b}, where B is a matrix of size [* x m and b € RY with
[* = 10. Let us take zy = (1,1,...,1)T and z; is generated randomly in R™. We
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choose a,, = ﬁg—;,u =0.05, 8 = 0.01 and A\; = 0.5 in Algorithm 2.

In this example, we use the stopping criterion ||y, — w,| < 107° and the step-size
{A\n} is generated by (16).

Table 1: Example 6.1 Proposed Algorithm 2 with different values of

m = 100 m = 200 m = 300 m = 400

v CPU TIter. CPU [ter. CPU TIter. CPU TIter.

0.25 0.0408 6 0.0811 7 0.1260 7 0.2571 7

0.5 0.0419 6 0.0689 6 0.1055 6 0.2643 7
1 01130 6 0.2987 8 03234 6 0.4348 6
1.25 0.1075 6 0.2429 7 03931 7 0.9591 8

1.5 0.0881 6 02094 7 0.3957 7 04079 7

Table 2: Example 6.1 Comparison: Proposed Alg. 2, Prasit et.al Alg., Dong et.al
Alg., and Shehu et.al Alg. with v = 0.6

m = 80 m = 120

CPU (1072) Tter. CPU (1072) Tter.

Proposed Alg. 1 5.8005 6 9.2460 6
Prasit et.al Alg. 66.8240 14 103.6800 13
Dong et.al Alg. 20.1870 8 20.8320 8
Shehu et.al Alg. 143.4200 26 258.3300 28
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Figure 1: Example 6.1: v = 0.25,

m = 100 Figure 2: Example 6.1: v = 0.5, m = 200
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Figure 3: Example 6.1: v = 1.25,
m = 300

Figure 4: Example 6.1: v = 1.5, m = 400

—#— Proposed Alg, 1
«s @+ Prasit et al Alg.
34— Shehu et al Alg.
—g0— Dong et al Alg. 102

—#— Proposed Alg, 1
«s@¢+ Prasit et al Alg.
54— Shehu et al Alg.
—g0— Dong et al Alg.

= 0
s
|
I3
3 102
10*
10
10° 10’ 10° 10’
Number of iterations Number of iterations
Figure 5: Example 6.1 Comparison: Figure 6: Example 6.1 Comparison:

v =0.6, m =80 v = 0.6, m =120

22



Example 6.2. Define Ax = Mx +q, with M = BT B+ S + D, where S, D € R™*™
are randomly generated matrices such that S is skew-symmetric (hence it does not
arise from an optimization problem), D is a positive definite diagonal matrix (hence
the variational inequalities has a unique solution) and ¢ = 0. Suppose the feasible
set C := {r € R™|Bz < b}, for some random matrix B € R™* and random
vector b € R* with non-negative entries. The unique solution of VI(A4,C) (1) here
is * = {0}. Here, the Lipschitz constant L = || M|, o, = % and \, = X\ = =7
in Algorithm 1. We generate z(, z; randomly in R™. We use the stopping criterion
|z, — z*|| < 1073,

Table 3: Example 6.2 Proposed Algorithm 1 with different values of ~

m = 30 m = 50

vy CPU  TIter. CPU  [Iter.

0.25 10.8625 1026 28.9645 2250

0.5 9.7527 963 25.0423 1944

1 9.7189 838 19.2209 1550

1.25 7.7424 670 15.0703 1242

1.5 7.7202 681 13.9887 1158

Table 4: Example 6.2 Comparison: Alg. 1, Prasit et.al Alg., Shehu et.al Alg. and
Thong et.al Alg. for k =20

m = 30 m = 50 m = 70
CPU Iter. CPU Iter. CPU Iter.
Proposed Alg. 1 5.1326 549 23.1849 1175 26.2597 1690
Prasit et.al Alg.  6.4600 726 38.6367 1412 29.7394 1988

Shehu et.al Alg. 203.2958 29487 1404.8401 81893 2519.2316 172916

Thong et.al Alg. 66.6438 7696 153.6271 10960 216.6621 13858
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Figure 7: Example 6.2 with different y: Figure 8: Example 6.2 with different ~:
m = 30 m = 50
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Figure 9: Example 6.2 Figure 10: Example 6.2 Figure 11: Example 6.2
Comparison: m = 30 Comparison: m = 50 Comparison: m = 70

Example 6.3. Define A € R?*? by

Ay — 0.51’1(1]2 - 21‘2 - ]_07
—4z; + 0.122 — 107

and C' = {(z1,72) € R? | (1 — 2)® + (22 — 2)? < 1} Then A is pseudomonotone
but not monotone with Lipschitz constant L = 5 The unique solution of VI(A, C)
(1) is z* = (2.707,2.707)7. We take a,, = 24;77 and xg, z; are randomly generated in
Algorithm 1.

We use the stopping criterion ||z, — x*|| < 1072 for proposed Algorithm 1 with
the different choices of step-size A € (0, %) and .

24



Table 5: Example 6.3 Proposed Algorithm 1 with different values of A

A=0.01 A=0.1 A=0.15

v CPU (107°) Tter. CPU (107°) Tter. CPU (107°) Tter.

0.25 27.36 14 13.92 12 28.38 14
0.5 16.04 8 10.16 8 13.60 10
1 7.60 3 9.82 6 9.52 6
1.25 17.23 9 17.08 9 18.43 9
1.5 15.08 15 26.08 15 19.72 15

Table 6: Example 6.3 Comparison: Alg. 1, Prasit et.al Alg., Dong et.al Alg., Shehu

et.al Alg. and Thong et.al Alg. for v =0.1

A=0.01 A=0.1 A=0.19
CPU (10™%) Tter. CPU (107%) Tter. CPU (107%)  Tter.
Proposed Alg. 1 2.836 22 3.225 23 3.499 24
Dong et.al Alg. 4.488 50 6.069 62 6.186 66
Prasit et.al Alg. 91.046 879 94.349 879 139.660 1273
Shehu et.al Alg. 324.940 3378 209.64 2211 340.220 3665
Thong et.al Alg. 43.380 639 92.075 1356 2399.400 13131

Figure 12: Example 6.3
with different v: A =0.01 with different v: A =0.1
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Figure 15: Example 6.3 Figure 16: Example 6.3 Figure 17: Example 6.3
Comparison: A = 0.01 Comparison: A = 0.1 Comparison: A = 0.19

We check if the choices of v affect the efficiency of our methods or whether any
choice of v suffices in our methods. This is why we give Table 1, Table 3 and
Table 5. We also judge the sensitivity to v by showing the sensitivity to the other
hyperparameter A in Table 5 and Table 6. In Example 6.1, the optimum choice of
v is v = 0.6 using Algorithm 2. In Example 6.2, the optimum choice of v is v = 1.5
using Algorithm 1 with A chosen close to the Lipschitz constant of the cost function.
The optimum choice of v is 7 = 1 in Example 6.3 for A € (0, 1) using Algorithm 1.
The performance of Thong et al. is worse in Example 6.1. So, we decided not to
add the numerical results for Thong et al. in Example 6.1.

7 Final Remarks

A projection method with alternated inertial extrapolation step is introduced and
studied in this paper for solving variational inequality problems. The Fejér mono-
tonicity, which is lost in many other projection methods with inertial extrapolation
step is regained to some extent (as it appears to be lost in Figures 7, 8, 12, 15, 16,
and 17, but retained in the others) and convergence analysis of the proposed method
is given under some simpler conditions than other inertial projection methods for
solving variational inequality available in the literature. Another contribution in
this paper is that the inertial factor can be chosen bigger than 1 and this might
make our proposed method converges faster than other inertial projection methods
as shown in our numerical examples. Modifications of our result in solving Nash
equilibrium problems would be studied in the future.
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